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Abstract

We consider 3D free-boundary compressible elastodynamic system under the Rayleigh-Taylor sign condition. It describes
the motion of an isentropic inviscid elastic medium with moving boundary. The deformation tensor is assumed to satisfy the
neo-Hookean linear elasticity. The local well-posedness was proved by Trakhinin [84] by Nash-Moser iteration. In this paper,
we give a new proof of the local well-posedness by the combination of classical energy method and hyperbolic approach. In the
proof, we apply the tangential smoothing method to define the approximation system. The key observation is that the structure
of the wave equation of pressure together with Christodoulou-Lindblad [13] elliptic estimates reduces the energy estimates to
the control of tangentially-differentiated wave equations despite a potential loss of derivative in the source term. To the best
of our knowledge, we first establish the nonlinear energy estimate without loss of regularity for free-boundary compressible
elastodynamics. The energy estimate is also uniform in sound speed which yields the incompressible limit, i.e., the solutions of
the free-boundary compressible elastodynamic equations converge to the incompressible counterpart provided the convergence
of initial datum.

It is worth emphasizing that our method is completely applicable to compressible Euler equations. Our observation also
shows that it is not necessary to include the full time derivatives in the boundary energy and analyze higher order wave equations
as in Lindblad-Luo [59] and Luo [61] even if we require the energy is uniform in sound speed. Moreover, the enhanced regularity
for compressible Euler equations obtained in [59, 61] can still be recovered for a slightly compressible elastic medium by further
delicate analysis of the Alinhac good unknowns, which is completely different from Euler equations.
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1 Introduction
We consider 3D compressible elastodynamic equations describing the motion of an isentropic inviscid elastic medium with free
boundary [20, 31] 

ρDtu = −∇p + div (ρFF>) inD,
Dtρ + ρdiv u = 0 inD,
DtF = ∇uF inD.

(1.1)

Here D :=
⋃

0≤t≤T {t} × Dt and Dt ⊆ R
3 is the domain occupied by the elastic medium at time t. ∇ := (∂x1 , ∂x2 , ∂x3 ) is the

standard spatial derivative and div X := ∂xi X
i is the standard divergence for any vector field X. Dt := ∂t + u · ∇ is the material

derivative. Throughout this paper, Xi = δliXl for any vector field X, i.e., we use Einstein summation convention. The quantities
u, ρ, p denotes the velocity, density and fluid pressure of the elastic medium. F := (Fi j)3×3 is the deformation tensor and F>
denotes its transpose matrix. ρFF> is the Cauchy-Green stress tensor in the case of compressible neo-Hookean linear elasticity.
Dt := ∂t + u · ∇ is the material derivative.

We impose the equation of state as

p = p(ρ) being a strictly increasing function of ρ, for ρ ≥ ρ̄0 (1.2)

where ρ̄0 := ρ|∂D is a positive constant and we set ρ̄0 = 1 throughout this manuscript, which means the elastic medium is
isentropic with strictly positive density. We also impose the divergence constraints on the deformation tensor

div (ρF>) = 0. (1.3)

This will not make the system be over-determined because we only require it holds for the initial data and it automatically
propagates to any time (cf. Trakhinin [84, Proposition 2.1]). Note that the system (1.1) together with (1.2) and (1.3) describes
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the motion of elastic waves in a compressible inviscid neo-Hookean linear material corresponding to the elastic energy W(F) =
1
2 |F|

2. It also arises as the inviscid limit of the compressible visco-elastodynamics [20, 31] of the Oldroyd type [69, 70].
Next we introduce the boundary conditions 

V(∂Dt) = u · n on ∂D,
p = 0 on ∂D,
F> · n = 0 on ∂D.

(1.4)

The first boundary condition shows that the boundary moves with the velocity of the fluid. It can be considered as the definition
of free-boundary problem, and can be equivalently written as Dt |∂D ∈ T (∂D) where T (∂D) denotes the tangential bundle of
∂D, or (1, u) is tangent to ∂D. The second condition p = 0 means that outside the fluid region is the vacuum. The third
condition means that the deformation tensor is tangential on the boundary, which is also required for initial data only and then
automatically propagates. Here n denotes the exterior unit normal vector to ∂Dt.

Remark. The boundary condition F> · n = 0 originates from the Rankine-Hugoniot conditions for the vortex sheets in com-
pressible elastodynamics [7, 8, 9, 10]. It leads to det F = 0 on the boundary. Such “degeneracy” is due to the mathematical
formulation of the singular vortex sheet structure in elastic fluids. The same “degenaracy” takes place for the free-boundary
problems and vortex sheets problems for both incompressible [33, 29, 50, 51, 93] and compressible elastodynamics [84]. For
more illustrations, we refer readers to [8, Remark 2.1].

Energy conservation law Throughout this paper, we use Einstein summation convention, i.e., repeated indices is summation
on this index. We define Q(ρ) :=

∫ ρ

1 p(R)/R2 dR. Under (1.4), the system (1.1) has the following energy conservation law

d
dt

(
1
2

∫
Dt

ρ|u|2 + ρ|F|2 dx +

∫
Dt

ρQ(ρ) dx
)

=

∫
Dt

ρui · Dtui dx +

3∑
j=1

∫
Dt

ρFi jDtFi j dx +

∫
Dt

p(ρ)
ρ

Dtρ dx

= −

∫
Dt

(u · ∇)p dx +

3∑
j=1

∫
Dt

ρuiFk j∂kFi j dx +

3∑
j=1

∫
Dt

ρFi jFk j∂kui dx +

∫
Dt

p(−div u) dx

= −

∫
∂Dt

uini p dS +

∫
Dt

pdiv u dx −
∫
Dt

pdiv u dx

−

3∑
j=1

∫
Dt

ρFk j∂kuiFi j dx −
3∑

j=1

∫
Ω

ui ∂k(ρFk j)︸   ︷︷   ︸
=0

Fi j dx +

∫
∂Dt

ρui Fk jnk︸︷︷︸
=0

Fi j dS +

3∑
j=1

∫
Dt

ρFi jFk j∂kui dx

= 0.

(1.5)

Enthalpy formulation Before further introducing the Rayleigh-Taylor sign condition and more physical constraints, we
could simplify the system by introducing the enthalpy to replace pressure and density. Define F j := (F1 j,F2 j,F3 j) to be the j-th
column of F. Then we have

0 = div (ρF>) j := ∂k(ρFk j)⇒ ∂kFk j = −Fk j
∂kρ

ρ
= −Fk j∂k ln ρ =: −(F j · ∇) ln ρ,

and thus
div (ρFF>)i := ∂k(ρFi jFk j) = ∂k(ρFk j)︸   ︷︷   ︸

=0

Fi j + ρFk j∂kFi j = (ρ(F j · ∇)F j)i.

The second equation reads div u = −Dt(ln ρ) and the third equation reads

DtFi j = (∇uF)i j := Fk j∂kui = (F j · ∇)ui.

The boundary condition on F is expressed as 0 = (F> · n) j = Fi jni =: F j · n.
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Now we introduce the “enthalpy” h as an increasing function of ρ defined by h(ρ) :=
∫ ρ

1
p′(r)

r dr and e(h) := ln ρ(h). Under
the enthalpy formulation, 1

ρ
∂i p = ∂ih. Then the system (1.1) can be re-written as

Dtu = −∇h +
3∑

j=1
(F j · ∇)F j inD,

div u = −Dte(h) = −e′(h)Dth inD,
DtF j = (F j · ∇)u inD,
(div F>) j := ∂kFk j = −(F j · ∇)e(h) = −e′(h)(F j · ∇)h inD.

(1.6)

together with the boundary condition 
Dt |∂D ∈ T (∂D) on ∂D,
h = 0 on ∂D,
F j · n = 0 on ∂D.

(1.7)

The new system looks quite similar to the incompressible elastodynamic equations, where h plays the role as p of the
incompressible counterpart, while div u and div F> is no longer zero yet determined as a function of ρ and thus of h. In order
for the initial-boundary value problem of (1.6)-(1.7) being solvable, we need to impose some other natural physical conditions
and initial data satisfying the compatibility conditions.

Physical constraints First we impose the Rayleigh-Taylor sign condition on the free surface

−
∂h

∂n
≥ c0 > 0 on ∂Dt, (1.8)

where c0 is a given constant. This is equivalent to the natural physical condition − ∂p
∂n ≥ c′0 > 0 in the study of the motion of a

free-boundary fluid which says that the pressure is larger in the interior than on the boundary. Ebin [25] proved the ill-posedness
of incompressible Euler equations when (1.8) is violated. The condition (1.8) is only required for the initial data: We will justify
this condition by proving − ∂h

∂n on the boundary is a C0,1/4
t,x function, and thus (1.8) propagates in a positive time interval.

Next we impose the following natural conditions on e(h): For each fixed m ∈ N∗, there exists a constant A > 1 such that

|e(k)(h)| ≤ A and |e(k)(h)| ≤ A|e′(h)|k ≤ A|e′(h)| ∀k ≤ m + 1. (1.9)

Compatibility conditions on initial data Finally we require the initial data (u0,F0, h0,D0) to satisfy the compatibility con-
ditions at the boundary. From (1.6)-(1.7) we know div u|{0}×∂D0 = 0 and h0|∂D0 = 0 is needed, which is called the 0-th order
compatibility condition. We define the m-th order compatibility conditions to be

Dk
t h|{0}×∂D0 = 0, k = 0, 1, · · · ,m. (1.10)

We will prove in Section 8 that such initial data must exist provided that the sound speed c2 := p′(ρ) (or equivalently 1/e′(h))
is suitably large.

Given initial data (u0,F0, h0,D0) satisfying the compatibility conditions and constraints (1.3), F> · n|{0}×∂D0 = 0 as well as
Rayleigh-Taylor sign condition (1.8) at t = 0, where D0 ⊆ R

3 is a simply-connected bounded domain, we want to find a set
Dt ⊆ R

3 and velocity u, enthalpy h and deformation tensor F solving the system (1.6)-(1.10). In this manuscript, we aim to
prove the local well-posedness of (1.6)-(1.10) with energy estimates and the incompressible limit.

1.1 History and Background
The study of both free-surface fluid and elastodynamics has a long history and has blossomed in the recent decades. Let us first
review the results on the free-boundary Euler equations. For the incompressible case, Wu [87, 88] on the local well-posedness
(LWP) of full water wave system have been considered as the first breakthrough in the study of free-surface perfect fluid. We
also refer to Lannes [44, 4, 65] for the study of local theory of incompressible irrotational water wave. When the vorticity
is nonzero, Christodoulou-Lindblad [13] first established the a priori estimates without loss of regularity. Lindblad [55, 57]
proved the local well-posedness by using Nash-Moser iteration. Coutand-Shkoller [16, 17] introduced the tangential smoothing
method to proved the local well-posedness with or without surface tension and avoid the loss of regularity. See also [92, 2] for
the case without surface tension and [74, 78, 79, 80] for the nonzero surface tension case.
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The study for a free-surface compressible fluid is much more difficult because the pressure is governed by a wave equation
instead of being a Lagrangian multiplier in the incompressible case. We list the results in the case of a liquid. Lindblad [56, 58]
proved the LWP by Nash-Moser iteration and then Trakhinin [83] extended the LWP to non-isentropic, non-relativistic and
relativistic liquid with gravity in an unbounded domain via hyperbolic approach and also Nash-Moser iteration. The first a
priori estimates without loss of regularity was established by Lindblad-Luo [59] and then was extended to a compressible water
wave with vorticity Luo [61]. Ginsberg-Lindblad-Luo [27] proved the LWP for the self-gravitating liquid. Then the author joint
with Luo [62] proved the LWP for a compressible gravity water wave with vorticity with a simplified method. In the case of
nonzero surface tension, we refer to [14, 22, 23]. In the case of a gas, we refer to [15, 19, 39, 63, 32, 38] and references therein.

Now let us review the development of elastodynamics system which describe the motion of an elastic medium. When
the domain is fixed or Rn, most of the results focus on the incompressible visco-elastic case because the solution is expected
to be global. See [49, 53, 54, 47, 20, 52, 18] and references therein. For the compressible viscoelastic case, we refer to
[35, 36, 37, 71, 72]. The incompressible ideal elastodynamic equations satisfy the null condition and thus the global solution
in Rn can also be expected. We refer to [26, 76, 77, 48, 46, 85, 5].

However, the study of free-surface elastodynamics becomes quite different. On the one hand, the domain is no longer
Rn but with a boundary whose regularity is also limited and thus it is quite difficult to recover the global solution as in the
Rn-case. The only related result is Xu-Zhang-Zhang [89] that proved the global well-posedness (GWP) of incompressible
visco-elastodynamics with surface tension. On the other hand, the contribution of free boundary enters to the highest order
term in the energy, and extra stabilizing conditions such as Rayleigh-Taylor sign condtion are required. So far, nearly all the
known results only deal with the local-in-time a priori estimates and LWP for the neo-Hookean elastodynamics and most are
only available for the incompressible case. For the incompressible case, Hao-Wang [33] proved the Christodoulou-Lindblad
type a priori estimates under Rayleigh-Taylor sign condition (1.8). Gu-Wang [29] and Li-Wang-Zhang [51] proved the LWP
under a mixed stability condition. Li-Wang-Zhang [50] proved the LWP for the incompressible vortex sheets in elastodynamics
under a non-collinearity condition. Hu-Huang [34] proved the LWP under Rayleigh-Taylor sign condition by generalizing
Lindblad [55, 57], and Zhang [93] gives an alternative proof by generalizing Gu-Wang [30] in incompressible MHD. In the
case of nonzero surface tension, Gu-Lei [28] proved the LWP by vanishing viscosity method.

Futher difficulty arises in the compressible case compared with the incompressible case due to the coupling of pressure
wave and the motion of elastic medium. The only known result on the free-boundary problem in elastodynamics is Trakhinin
[84] that proved the LWP under either the non-collinearity condition1 or Rayleigh-Taylor sign condition. The proof in [84]
relies on the Nash-Moser iteration and thus cannot get energy estimates without loss of regularity. Trakhinin [84] also pointed
out that the ill-posedness happens if the Rayleigh-Taylor sign condition and the non-collinearity condition fail simultaneously.

As stated in the remark after (1.4), the free boundary problem can be considered as the one-phase problem of the vortex
sheets in compressible elastodynamics. For that, Chen-Hu-Wang [7, 8] proved the linearized stability of vortex sheets in 2D
compressible elastodynamics and Chen-Hu-Wang-Yuan [10] for the 3D case. Chen-Hu-Wang-Wang-Yuan [9] also proved
the nonlinear stability in 2D. We also mention that Chen-Secchi-Wang [6] proved the linear stability of contact discontinuity.
Morando-Trakhinin-Trebeschi [68] proved the structural stability of shocks in compressible elastodynamics. Among all these
results, the proofs strongly rely on Nash-Moser iteration. So far, no nonlinear energy estimate without loss of regularity is
available for the free-boundary compressible elastodynamics system.

The other topic considered in this manuscript is the incompressible limit. In physics, the incompressible limit helps people
to understand the property of a slightly compressible fluid via its incompressible counterpart and vice versa. In the mathematical
study of inviscid fluid, most results on the incompressible limit or slightly compressible fluid focus on the Euler equations in
fixed domain or Rn [41, 42, 24, 73, 75, 67, 1, 11, 12, 21] and reference therein. The incompressible limit method was also
used in elastodynamics [76, 49, 60]. In the study of the incompressible limit of a free-surface fluid, only quite few results
are available. See Lindblad-Luo [59] for compressible Euler, Luo [61] for compressible water wave, Disconzi-Luo [23] for
the nonzero surface tension case and the author [90] for compressible resistive MHD. The study of incompressible limit of
free-boundary compressible elastodynamics is still open.

In the presenting manuscript, we prove the local well-posedness of the free-boundary compressible ideal elastodynamics
system under Rayleigh-Taylor sign conditon (1.8) and the energy estimate without regularity loss. The energy estimates are
also uniform in sound speed and thus yield the incompressible limit. Our proof no longer relies on higher order wave equation
as in previous work [59, 61, 90] and also applies to Euler equations. Besides, we are able to recover the higher order energy
established in [59, 61, 90] for a slightly compressible elastic medium. To the best of our knowledge, we first establish the
energy estimates without loss of regularity and the incompressible limit of the free-boundary compressible elastodynamics
system under Rayleigh-Taylor sign condition. See Section 1.3 for detailed strategy of the proof.

1The non-collinearity condition reads |F j × Fk | ≥ δ > 0 for k , j. This non-collinearity condition allows us to express the gradient of the flow map in terms
of the deformation tensor, and thus actually enhances extra 1/2-order regularity of the free-boundary than being under Rayleigh-Taylor sign condition.
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1.2 Reformulation in Lagrangian coordinates and main results
We introduce Lagrangian coordinates to reduce the free-boundary problem to a fixed-domain problem. We introduce the
reference domain2 Ω := T2× (−1, 1) with boundary Γ := ∂Ω = T2× ({−1}∪ {1}). Denote the coordinates on Ω by y = (y1, y2, y3)
and the spatial derivative in the Lagrangian coordiantes by ∂ = ∂y. We define η : [0,T ] × Ω → D to be the flow map of the
velocity u by

∂tη(t, y) = u(t, η(t, y)), η(0, y) = η0(y),

where η0 : Ω → D0 is a diffeomorphism. For technical simplicity, we take η0 = Id, i.e., we assume the initial domian
D0 = Ω = T2 × (0, 1). In fact, our proof in the manuscript is also applicable to the case for general data η0 ∈ H4. By the chain
rule, one can verify that ∂t( f (t, η(t, y)) = (Dt f )(t, η(t, y)), i.e., the material derivative becomes time derivative in Lagrangian
coordinates.

Next we introduce the Lagrangian variables

v(t, y) := u(t, η(t, y)), h(t, y) := h(t, η(t, y)), Fi j(t, y) := Fi j(t, η(t, y)), F j(t, y) := F j(t, η(t, y)),

the co-factor matrix a := [∂η]−1 by ali = al
i := ∂yl

∂xi where xi := ηi(t, y) is the i-th component of Eulerian coordinate, the Jacobian
determinant J := det[∂η] and A := Ja. These quantities are always well-defined because η is around the identity map when t is
small. Then the free-boundary compressible elastodynamic system (1.6)-(1.7) can be re-written in Lagrangian coordinates as

∂tη = v in Ω,

∂tv = −∇ah +
3∑

j=1
(F j · ∇a)F j in Ω,

div av = −e′(h)∂th in Ω,

∂tF j = (F j · ∇a)v in Ω,

(div aF>) j = −e′(h)(F j · ∇a)h in Ω,

∂t |Γ ∈ T ([0,T ] × Γ) on Γ,

h = 0 on Γ,

F j · N = 0 on Γ,

− ∂h
∂N ≥ c0 > 0 on Γ,

(η, v, h, F)|t=0 = (Id, v0, h0,F0).

(1.11)

Here N = (0, 0,±1) is the exterior unit normal on the boundary Γ := T2 × {±1}, and (∇a f )i := ali∂l f . Note that the divergence
constraint on F and Taylor sign condition are only required for initial data, so the system (1.11) is not over-determined.

There are several important geometric identities in Lagrangian coordinates. We have Piola’s identity ∂lAli = 0 for any i, and

Dali = −alr∂mDηrami, D = ∂ or ∂t,

and ∂t J = Jdiv av. With the help of these identities, one can express the deformation tensor as the F0-directional derivative of
the flow map. We compute for any j

∂t(Fi jali) = ∂tFi jali + Fi j∂tali = Fk jamk∂mviali − Fi jalr∂mvrami = 0,

which yields Fi jali = F0
i jδ

li = F0
l j and thus

Fk j = Fi jali∂lηk = F0
l j∂lηk = (F0

j · ∂)ηk. (1.12)

From now on, div Y := ∂iY i denotes the standard Lagrangian divergence instead of the Eulerian one. Under this setting, the
divergence constraint becomes

div (F0>) j := ∂kF0
k j = −e′(h0)(F0

j · ∂)h0. (1.13)

2The reference domain allows us to work in one coordinate patch and the result for a general simply-connect domain follows from partition of unity. See
Coutand-Shkoller [16, 17] for details.
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Therefore, the system (1.11) can be further simplified to the following system.

∂tη = v in Ω,

∂tv = −∇ah +
3∑

j=1
(F0

j · ∂)2η in Ω,

div av = −e′(h)∂th in Ω,

div (F0>) j := ∂kF0
k j = −e′(h0)(F0

j · ∂)h0 in Ω,

∂t |Γ ∈ T ([0,T ] × Γ) on Γ,

h = 0 on Γ,

F0
j · N = 0 on Γ,

− ∂h
∂N ≥ c0 > 0 on Γ,

(η, v, h)|t=0 = (Id, v0, h0).

(1.14)

We aim to prove the local well-posedness and the incompressible limit of the system (1.14), i.e., the free-boundary com-
pressible elastodynamic system in Lagrangian coordinates. Before stating the main results, we introduce our energy functional
as follows. Here we denote ‖ f ‖s := ‖ f (t, ·)‖Hs(Ω) for any function f (t, y) on [0,T ] × Ω and | f |s := | f (t, ·)|Hs(Γ) for any function
f (t, y) on [0,T ] × Γ.

Definition 1.1. Define energy functional E at time T to be

E(T ) := ‖η‖24 + ‖v‖24 +

3∑
j=1

∥∥∥(F0
j · ∂)η

∥∥∥2

4
+ ‖h‖24 +

∣∣∣∣a3i∂4ηi

∣∣∣∣2
0

+ ‖∂tv‖23 +

3∑
j=1

∥∥∥(F0
j · ∂)∂tη

∥∥∥2

3
+ ‖∂th‖23

+
∥∥∥∂2

t v
∥∥∥2

2 +

3∑
j=1

∥∥∥(F0
j · ∂)∂2

t η
∥∥∥2

2
+

∥∥∥∥√
e′(h)∂2

t h
∥∥∥∥2

2

+
∥∥∥∥√

e′(h)∂3
t v

∥∥∥∥2

1
+

3∑
j=1

∥∥∥∥√
e′(h)(F0

j · ∂)∂3
t η

∥∥∥∥2

1
+

∥∥∥e′(h)∂3
t h

∥∥∥2
1

+
∥∥∥e′(h)∂4

t v
∥∥∥2

0 +

3∑
j=1

∥∥∥e′(h)(F0
j · ∂)∂4

t η
∥∥∥2

0
+

∥∥∥∥(e′(h))
3
2 ∂4

t h
∥∥∥∥2

0
.

(1.15)

And define higher order energy functional E(T ) to be

E(T ) := E(T ) +
∥∥∥∥√

e′(h)∂4
t v

∥∥∥∥2

1
+

∥∥∥∥√
e′(h)∂4

t

(
(F0

j · ∂)η
)∥∥∥∥2

1
+

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0

+
∥∥∥∥(e′(h))

3
2 ∂5

t h
∥∥∥∥2

0
+

∥∥∥e′(h)∂4
t h

∥∥∥2
1 . (1.16)

The main results in this manuscript are listed in the following 4 theorems.

1. Local well-posedness

Theorem 1.1. Given initial data v0,F0, h0 ∈ H4(Ω) satisfying the compatibility conditions (1.10) up to 4-th order3 and the
Rayleigh-Taylor sign condition (1.8), there exists some T > 0 depending only on the initial data, such that the system (1.14)
has a unique strong solution (η, v, h) with the energy estimates

sup
0≤t≤T

E(t) ≤ P
(
‖v0‖4, ‖F0‖4, ‖h0‖4

)
, (1.17)

where P(· · · ) represents a polynomial in its arguments.

�

3The reason for requiring 4-th order is that ∂4
t h appears in the boundary integral in the proof.
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2. Incompressible limit We parametrize the sound speed by parametre ε > 0 in such that

p′ε(ρ)|ρ=1 = ε.

We consider the compressible elastodynamic equations with variable (ηε, vε, Fε, hε) if the sound speed satisfies p′ε(ρ)|ρ=1 = ε.
Under this setting, the density ρε(h)→ 1 and thus the enthalpy e(hε) converges to 0 as ε→ ∞. The above energy estimates are
actually uniform in the sound speed, i.e., the energy bound of E(T ) does not rely on e′(h)−1.

For every ε > 0, let (vε0,F
0ε, hε0) ∈ H4(Ω) × H4(Ω) × H4(Ω) be the initial data with sound speed ε of the free-boundary

compressible elastodynamic system (1.14) satisfying the compatibility conditions up to 4-th order. Then we can establish the
incompressible limit in the following sense:

Theorem 1.2. Let v0 ∈ H4(Ω) be a divergence-free vector field and G0 ∈ H4(Ω) be a divergence-free matrix in the sense of
∂kG0

k j = 0 for all j. Define Q0 be the solution to the elliptic equation with constraints − ∂Q
∂N |Γ ≥ c0 > 0 −∆Q0 = ∂ivk

0∂kvi
0 − ∂iG0

k j∂kG0
i j in Ω,

Q0 = 0 on Γ.

Let (V,G,Q) be the solution to the free-boundary incompressible elastodynamic system with initial data (v0,G0,Q0) ∈ H4(Ω)×
H4(Ω) × H4(Ω): 

∂tη = V in Ω,

∂tV = −∇aQ +
3∑

j=1
(G · ∇a)G in Ω,

div aV = 0 in Ω,

(div G>) j := ∂kGk j = 0 in Ω,

∂t |Γ ∈ T ([0,T ] × Γ) on Γ,

Q = 0 on Γ,

G j · N = 0 on Γ,

−
∂Q
∂N ≥ c0 > 0 on Γ,

(η,V,G,Q)|t=0 = (Id, v0,G0,Q0).

(1.18)

Suppose also there exists a sequence of initial data of (1.11) (vε0,F
0ε, hε)

C1

−−→ (v0,G0,Q0) as ε → ∞ and satisfies the compati-
bility conditions up to 4-th order. Then there exist some T0 > 0 independent of ε such that

1. The corresponding energy functionals Eε,Eε are bounded uniformly in ε in [0,T0].

2. The corresponding solutions (vε, Fε, hε)
C1

−−→ (V,G,Q) as ε→ ∞ in [0,T0].

�

Remark. In fact, as ε → ∞ (i.e., e′(hε) → 0), E(T ) and E(T ) converge exactly to the energy functional of the free-boundary
incompressible elastodynamic system under Rayleigh-Taylor sign condition −∂3Q ≥ c′0 > 0 established by Zhang [93]

E∞ := ‖η‖24 + ‖V‖24 +

3∑
j=1

∥∥∥(G0
j · ∂)η

∥∥∥2

4
+ ‖Q‖24 +

∣∣∣∣a3i∂4ηi

∣∣∣∣2
0
.

The reason is that one can invoke the second equation to reduce time derivatives of v to spatial derivatives of h and (F0
j · ∂)η and

the weighted terms converge to zero.

3. Enhanced regularity in the slightly compressible case In Lindblad-Luo [59] and Luo [61] on the compressible Euler
equations, they required the H1-control of ∂4

t -derivatives to close the energy estimates and also the incompressible limit. In
Theorem 1.1 and 1.2 we are able to drop that higher order energy. Moreover, we are still able to prove such higher regularity
of full time derivatives for the elastodynamics equations when the elastic medium is slightly compressible, i.e., |e′(h)| � 1 is
sufficiently small. The following result shows that our method are also applicable for compressible Euler equations and also
recover the previous results [59, 61].
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Theorem 1.3. Suppose the initial data satisfies the compatibility conditions up to 5-th order. When the sound speed ε is
sufficiently large, the solution (v, F, h) constructed in Theorem 1.1 satisfies higher order energy estimates uniform in ε in [0,T1]
where 0 < T1 < T only depends on the initial data.

sup
0≤t≤T1

E(t) ≤ P
(
‖v0‖4, ‖F0‖4, ‖h0‖4

)
. (1.19)

�

4. Existence of initial data satisfying the compatibility conditions Finally, we proved the existence of initial data which
satisfies the compatibility conditions up to 5-th order4 and strongly converges to the incompressible data as the sound speed
goes to infinity. Define M0 := ‖v0‖

2
4 + ‖F0‖24 + ‖h0‖

2
4.

Theorem 1.4. Given the initial data (v0,G0,Q0) ∈ H5 × H5 × H5 of the incompressible elastodynamics system (1.18), there
exist initial data (vε0,F

0ε, hε0) ∈ H5 × H5 × H5 of (1.11) such that

1. (vε0,F
0ε, hε0)

C1

−−→ (v0,G0,Q0) as ε→ +∞.
2. (vε0,F

0ε, hε0) satisfies the compatibility conditions (1.10) up to 5-th order.
3. The energy functionals satisfy E(0) + E(0) ≤ P(M0).

�

1.3 Strategy of the proof
Our strategy is different from the previous works on either compressible Euler equations or incompressible elastodynamic
equations. In particular, the simultaneous presence of deformation tensor and compressibility makes the fixed-point argument
in [16, 17, 27, 62, 29, 30, 93] no longer applicable to solve the linearized system even if one has the a priori estimates without
regularity loss. Now we give illustrations on the strategy of the proof. Keep in mind that F0

j · N |Γ = 0 implies (F0
j · ∂) is a

tangential derivative on the boundary.

1.3.1 Control of the energy functional

Let us temporarily focus on the energy estimates of the original equation (1.14) instead of constructing the approximation
solution. The first step is div-curl-tangential decomposition

‖v‖4 .‖v‖0 + ‖curl v‖3 + ‖div v‖3 + |∂v · N |5/2,

‖(F0
j · ∂)η‖4 .‖(F0

j · ∂)η‖0 + ‖curl (F0
j · ∂)η‖3 + ‖div (F0

j · ∂)η‖3 + |∂((F0
j · ∂)η) · N |5/2.

The curl estimates can be directly controlled via the evolution equation. The boundary part can be reduced to interior tangential
estimates and divergence estimates by the normal trace lemma (cf. Lemma 2.3). To estimate ‖∂4v‖0 and ‖∂4(F0

j · ∂)η‖0, one

cannot directly take ∂4 in the equation ∂tv = −∇ah +
3∑

j=1
(F0

j · ∂)2η and compute the L2-type estimates because this requires the

control of ‖[∂4, ali]∂lh‖0 where ∂4a ≈ ∂4∂η × ∂η cannot be controlled in L2. For Euler equations [16, 17] one can integrate
∂1/2 by parts and control ‖curl η‖7/2, but this is no longer applicable to elastodynamics equations: The preserved property
of irrotationality for Euler equations, which is the key to the enhanced regularity of flow map η than v, no longer holds for
elastodynamics equations. Instead, ‖(F0

j · ∂)η‖9/2 is necessary for ‖curl η‖7/2 but impossible for us to control.
To overcome such difficulty, we use Alinhac good unknown method which reveals that the “essential” highest order term

in ∂4(∇a f ) should be the covariant derivative of the “Alinhac good unknown” instead of simply commute ∂4 with ∇a. In other
words, the main idea is to rewrite ∂4(∇a f ) to be the sum of convariance part ∇aF plus an L2(Ω)-bounded term C( f ) such that

∂4(∇a f ) = ∇aF + C( f ), with ‖F − ∂4 f ‖0 + ‖∂t(F − ∂4 f )‖0 + ‖C( f )‖0 ≤ P(E(t)).

The quantity F is called the “Alinhac good unknown” of f with respect to ∂4. That is to say, Alinhac’s good unknowns allow us
to take into account the covariance under the change of coordinates to avoid the extra regularity assumption on the flow map.

4The reason for requiring 5-th order is that ∂5
t h appears on the boundary integral in the analysis of enhanced regularity.
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To derive the precise form of F, one can use chain rule ∂i =
∂

∂yi =
∂ηα

∂yi

∂

∂ηα
= ∂iη · ∇a:

∇a(∂4 f ) = ∇a

(
(∂η · ∇a)(∂η · ∇a)(∂η · ∇a)(∂η · ∇a) f

)
= ∂4(∇a f ) + ∇a(∂4η · ∇a f ) + l.o.t..

It is not difficult to find that the term ∂4η · ∇a f also enters to the highest order, which should be merged into the covariance part.
Therefore, F := ∂4 f − ∂4η · ∇a f satisfies our requirement. Such crucial fact was first observed by Alinhac [3], and then widely
used in the study of first-order quasilinear hyperbolic system. In the study of free-surface fluid, this was first implicity applied
by Christodoulou-Lindblad [13], and later there are some explicit applications such as [64, 86, 30, 29, 93, 62, 91].

Now we introduce the Alinhac good unknowns V := ∂4v−∂4η ·∇av and H := ∂4h−∂4η ·∇ah and get the evolution equations.
Below, · · · stands for controllable terms.

∂tV + ∇aH −
3∑

j=1

(F0
j · ∂)

(
∂4(F0

j · ∂)η
)

= · · · , (1.20)

subject to

∇a · V = ∂4(div av) + C(v) in Ω and H = (−∂3h)a3k∂4ηk on Γ, (1.21)

where C( f ) is defined to be the error terms satisfying ∂4∇a f = ∇a(∂4 f −∂4η ·∇a f )+C( f ) and is controllable. Then the standard
L2-estimate of (1.20) gives the boundary integral contributed by the free surface∫

Γ

∂h
∂N

∂4ηka3ka3iVi dS =

∫
Γ

∂h
∂N

∂4ηka3ka3i(∂4∂tηi − ∂
4ηralr∂lvi) dS

=
1
2

d
dt

∫
Γ

∂h
∂N

∣∣∣∣a3i∂4ηi

∣∣∣∣2 dS + · · ·

−

∫
Γ

∂h
∂N

a3k∂4ηk∂ta3i∂4ηi dS −
∫

Γ

∂h
∂N

∂4ηka3ka3i∂4ηralr∂lvi dS .

(1.22)

Invoking the Taylor sign condition (1.8) we get the boundary energy
∣∣∣∣a3i∂4ηi

∣∣∣∣2
0
. Then plugging ∂ta3i = −a3r∂lvrali into the

second term yields the cancellation structure: The last two terms in (1.22) can be controlled by the boundary energy when
l = 3, and exactly cancel each other when l = 1, 2.

Key observation: Structure of wave equation of h From (1.14) we can deduce that div av = −e′(h)∂th and div a(F0
j · ∂)η =

−e′(h)(F0
j · ∂)h. This motivates us to consider the wave equation of h derived by taking div a in the second equation of (1.14)

e′(h)∂2
t h − ∆ah = e′(h)

3∑
j=1

(F0
j · ∂)2h + quadratic terms of first order derivative. (1.23)

Although the RHS of (1.23) has a potential to lose regularity due to the same order of derivatives, we are still able to do
the energy estimates thanks to special structure of (F0

j · ∂)2h. If we take L2 inner product of (1.23) and ∂th, the LHS gives the
energy terms 1

2
d
dt

∫
Ω

e′(h)|∂th|2 + |∇ah|2 dy containing div av. The RHS now becomes∫
Ω

e′(h)(F0
j · ∂)2h · ∂th = −

1
2

d
dt

∫
Ω

e′(h)|(F0
j · ∂)h|2 dy + · · · ,

which exactly gives the control of div a(F0
j · ∂)η. However, the H3-control of div av and div a(F0

j · ∂)η is not a direct result of the
L2-control of ∂3-differentiated wave equation (1.23) because integrating the Laplacian term by parts yields a boundary integral
which cannot be controlled due to the presence of normal derivatives.

Our idea to overcome this difficulty is to use Christodoulou-Lindblad type elliptic estimates in Lagrangian coordinates
(Lemma 2.6) and invoke (1.23) to replace two normal derivatives of h by two tangential derivatives. Repeatedly, the estimates
of h can be reduced to tangential derivatives of h, ∂h which can be controlled by tangentially-differentiated wave equation
(1.23). Specifically, we start with

‖h‖4 ≈ ‖∇ah‖3 . P(‖η‖3)(‖∆ah‖2 + ‖∂η‖3‖h‖3).
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Then invoking (1.23) we can reduce ‖∆ah‖2 to ‖e′(h)∂2
t h‖2 and ‖e′(h)(F0

j ·∂)2h‖2 plus lower order terms. Note that ∂t and (F0
j ·∂)

are tangential derivatives, so we gain 2 tangential derivatives once we proceed such a step. Then we can do the same thing for
‖e′(h)∂2

t h‖2 and ‖e′(h)(F0
j · ∂)2h‖2. For example,

‖e′(h)∂2
t h‖2 ≈ ‖e′(h)∇a∂

2
t h‖1 . P(‖η‖2)(‖e′(h)∆a∂

2
t h‖0 + ‖∂η‖2‖e′(h)∂2

t h‖0),

then plugging the ∂2
t -differentiated wave equations (1.23) reduces ‖e′(h)∆a∂

2
t h‖0 to ‖(e′(h))2∂4

t h‖0 and ‖(e′(h))2∂2
t (F0

j · ∂)2h‖0
which are purely tangential derivatives of h.

In summary, we have the following reduction procedure

‖e′(h)∂2
t h‖2 ‖(e′(h))2∂4

t h‖0

‖h‖4
3∑

j=1
‖(e′(h))2(F0

j · ∂)2∂2
t h‖0

3∑
j=1
‖e′(h)(F0

j · ∂)2h‖2
3∑

j,k=1
‖(e′(h))2(F0

k · ∂)2(F0
j · ∂)2h‖0,

(1.24)

and

‖e′(h)∂3
t h‖1

3∑
j=1
‖e′(h)(F0

j · ∂)∂2
t h‖1

‖∂th‖3
3∑

j=1
‖(F0

j · ∂)h‖3

3∑
j=1
‖e′(h)(F0

j · ∂)2∂th‖1
3∑

j,k=1
‖e′(h)(F0

k · ∂)2(F0
j · ∂)h‖1.

(1.25)

Therefore, (1.24) and (1.25) show that it suffices to control ∂3
t -differentiated, ∂2

t (F0
j · ∂)-differentiated, ∂t(F0

j · ∂)2-differentiated

and
3∑

k=1
(F0

k · ∂)2(F0
j · ∂)-differentiated wave equation (1.23), whose weighted L2-estimates exactly give the energy terms that we

want. See Section 3.4 for detailed computation.
The above analysis gives the control of divergence and thus finalize the control of full spatial derivatives. It now remains

to control the time derivatives of v and (F0
j · ∂)η. We can invoke ∂tv =

3∑
j=1

(F0
j · ∂)((F0

j · ∂)η) − ∇ah and ∂t((F0
j · ∂)η) = (F0

j · ∂)v

repeatedly to replace time derivatives by spatial derivatives until there is no time derivative.

1.3.2 Tangentially-smoothed approximation problem

1. Tangential smoothing: Necessity and adjusted mollification With the a priori estimates of (1.14), it is straightforward
to consider the standard iteration to prove the well-posedness. Specifically, if one starts with trivial solution (η(0), v(0), h(0)) =

(Id, 0, 0) and inductively define (η(n+1), v(n+1), h(n+1)) by

∂tη
(n+1) = v(n+1) in Ω,

∂tv(n+1) = −∇a(n) h(n+1) +
3∑

j=1
(F0

j · ∂)2η(n+1) in Ω,

diva(n) v(n+1) = −e′(h(n))∂th(n+1) in Ω,

h(n+1) = 0 on Γ,

(η(n+1), v(n+1), h(n+1))|t=0 = (Id, v0, h0)

(1.26)

where a(n) := [∂η(n)]−1, then we have to control ‖v‖4 when solving the linearized system where ‖∇a(n) h(n+1)‖4 is required.
Invoking Lemma 2.6 yields

‖∇a(n) h(n+1)‖4 . P(‖η(n)‖4)
(
‖∆a(n) h(n+1)‖3 + ‖∂η(n+1)‖4‖h(n+1)‖4

)
, (1.27)
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where ‖∂η(n+1)‖4 loses one tangential derivative. Another difficulty appears in the uniform-in-n estimates of the linearized
system (1.26) which is necessary for iteration. The boundary integral (1.22) appearing in the tangential estimates now becomes∫

Γ

∂h(n+1)

∂N
∂

2
∆η(n)

k︸  ︷︷  ︸
n-th solution

a(n)3ka(n)3i( ∂t∂
2
∆η(n+1)

i︸       ︷︷       ︸
(n+1)-th solution

−∂
2
∆η(n)

k a(n)lk∂lv(n+1)) dS (1.28)

which no longer exhibits the cancellation structure or produces the boundary energy term
∣∣∣∣a3i∂4ηi

∣∣∣∣2
0
.

Note that such derivative losses are both tangential and even appear in the study of Euler equations [16, 17, 19, 27, 62].
This motivates people to tangentially mollify the coefficients a to compensate the loss of regularity. Such tangential smoothing
method is first introduced by Coutand-Shkoller [16, 17]. Define Λκ to be the standard mollifier with parametre κ > 0 on R2

as in (2.4). In [16, 17], they defined η̃ := Λ2
κη and ã = [∂η̃]−1 and then defined the nonlinear κ-approximation problem by

replacing a with ã. However, such construction is not applicable to the elastodynamics system because we have to control
the term ‖[(F0

j · ∂),Λ2
κ]η‖4 in which there is a normal derivative F0

3 j∂3. Motivated by Gu-Wang [30], we can mollify η on the
boundary first, then do the harmonic extensin to the interior −∆η̃ = −∆η in Ω,

η̃ = Λ2
κη on Γ.

(1.29)

Denote ã := [∂η̃]−1 to be the cofactor matrix, J̃ := det[∂η̃] to be the Jacobian determinant and Ã := J̃ã. Then we define the
nonlinear κ-approximation system of (1.14) to be

∂tη = v + ψ in Ω,

∂tv = −∇ãh +
3∑

j=1
(F0

j · ∂)2η in Ω,

divãv = −e′(h)∂th in Ω,

div (F0>) j := ∂kF0
k j = −e′(h0)(F0

j · ∂)h0 in Ω,

∂t |Γ ∈ T ([0,T ] × Γ) on Γ,

h = 0,F0
j · N = 0 on Γ,

− ∂h
∂N ≥ c0 > 0 on Γ,

(η, v, h)|t=0 = (Id, v0, h0).

(1.30)

Here the term ψ = ψ(η, v) is a correction term which solves the following Laplacian equation
∆ψ = 0 in Ω,

ψ = ∆−1P,0
2∑

L=1

(
∆ηlãLk∂LΛ2

κv − ∆Λ2
κηkãLk∂Lv

)
on Γ,

(1.31)

where P,0 denotes the standard Littlewood-Paley projection in T2 which removes the zero-frequency part. ∆ := ∂2
1 +∂2

2 denotes

the tangential Laplacian operator. The special structure of ψ also indicates that it is more convenient to replace ∂4 by ∂
2
∆ in the

tangential estimates.
We emphasize that it seems necessary to add a correction term ψ defined in (1.31) to the flow map equation. The reason is

that the mollification breaks the cancellation structure in the boundary integral (1.22), which now becomes∫
Γ

∂h
∂N

∂
2
∆Λ2

κηkã3kã3i(∂
2
∆∂tηi − ∂

2
∆η̃rãlr∂lvi) dS

=
1
2

d
dt

∫
Γ

∂h
∂N

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣2 dS + · · ·

+

2∑
L=1

(∫
Γ

∂h
∂N

ã3k∂
2
∆Λκηkã3r∂LΛ2

κvrãLi∂
2
∆Λκηi dS −

∫
Γ

∂h
∂N

ã3k∂
2
∆Λ2

κηkã3i∂
2
∆Λ2

κηraLr∂Lvi dS
)
,

(1.32)

of which the last line is zero when κ = 0 according to the cancellation structure (1.22) but cannot be controlled when κ > 0.
In Ginsberg-Lindblad-Luo [27] they introduced κ2-weighted higher order terms in the energy functional which made the proof
quite complicated. Here, such term can be exactly cancelled with the contribution of ψ on Γ∫

Γ

∂h
∂N

ã3iã3k∂
2
∆η̃k∂

2
∆ψi dS .
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Remark. After introducing the correction term ψ, we no longer have ∂tη = v. We note that the contribution of ψ is controllable
and is analyzed in Lemma 3.2 and Section 3.4.2. Therefore, we are able to follow the strategy in Section 1.3.1 to prove the
uniform-in-κ a priori estimates of (1.30).

1.3.3 Construction of solutions to the approximation system

To prove the local well-posedness of (1.14), it now remains to construct the unique strong solution to the nonlinear κ-
approximation problem (1.30) for each fixed κ > 0. According to the analysis above, it now seems hopeful to proceed the
linearization and fixed-point argument because the coefficient a has been mollified to be a C∞-function ã. Let us consider the
linearized κ-approximation system (4.2)

∂tη = v + ψ̊ in Ω,

∂tv = −∇ ˚̃ah +
3∑

j=1
(F0

j · ∂)2η in Ω,

div ˚̃av = −e′(h̊)∂th in Ω,

div F0
j := ∂kF0

k j = −e′(h0)(F0
j · ∂)h0 in Ω,

h = 0, F0
j · N = 0 on Γ,

(η, v, h)|t=0 = (Id, v0, h0),

(1.33)

where the variables marked with “ring” on top denotes the n-th approximation solution in the iteration scheme and the others
correspond to the (n + 1)-th approximation solution.

1. Failure of fixed-point argument due to compressibility and deformation tensor Unfortunately, the fixed-point argument
seems not applicable to solve the linearized system (1.33) even if we could obtain the a priori estimates without loss of regularity.

The presence of Cauchy-Green tensor
3∑

j=1
(F0

j · ∂)2η makes the second equation of (1.33) lose one derivative in the fixed-point

argument. This tells an essential difficulty in elastodynamics that the Euler equations never have. In Gu-Wang [30] and Zhang
[93], they introduced a directional viscosity term in flow map to compensate the derivative loss:

∂tη − µ

3∑
j=1

(F0
j · ∂)2η = v + ψ̊.

But the estimate for vanishing viscosity process strongly relies on the incompressibility assumptions. In other words, the
compressibility stands for another essential difficulty compared with the study of Euler equations and incompressible elastody-
namics. See detailed analysis in Section 4.1. Therefore, it is not possible for us to deal with the compressible elastodynamic
system by merely technical modifying the methods in the study of compressible Euler equations [59, 27, 62] and incompressible
MHD [30] or elastodynamics [93].

2. Hyperbolic approach to solve the linearized κ-approximation system We observe that if we replace the first equation of
(1.33) by ∂t(F0

j ·∂)η = (F0
j ·∂)v+ (F0

j ·∂)ψ̊ and consider F j := (F0
j ·∂)η instead of η itself as an unknown of the linearized system,

then the linearized system (1.33) becomes a first-order symmetric hyperbolic system with characteristic boundary conditions
[45, 66] and thus can be solved by the arguments in Lax-Phillips [45]. Note that once F, v, h are solved, the flow map η is
automatically solved by ∂tη = v + ψ̊. After this, we can construct the solution of the nonlinear κ-approximation system (1.30)
for each fixed κ > 0 via standard Picard iteration and we refer to Section 4.2 for details. Finally, the uniform-in-κ estimate for
(1.30) yields the local well-posedness and energy estimates of the original system (1.14). Theorem 1.1 is proven.

1.3.4 Incompressible limit and Construction of initial data

The second goal of the presenting manuscript is to establish the incompressible limit as stated in Theorem 1.2. This directly
follows from the energy estimates uniform in sound speed, for which we need to set the energy functional E(T ) to be e′(h)-
weighted by suitable choices of the power of weight functions. We note that our choices of weight functions in E(T ) come from
the reduction procedures (1.24)-(1.25), and also help us avoid analyzing the higher order wave equation of h which are different
from the related previous works Lindblad-Luo [59], Luo [61] and the author [90]. Finally, we need to prove the existence
of the initial data satisfying the compatibility conditions (1.10) up to 5-th order. See Section 8 for detailed description and
construction. Once the initial datum are constructed, all the proofs of well-posedness and incompressible limit are finished.
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1.3.5 Comparison with previous works on Euler equations

In the previous works of incompressible limit of compressible free-surface inviscid fluid [59, 61, 90], the weighted H1-norm
of full time derivative of h is also required, i.e., ‖∂4

t h‖1 and ‖∂5
t h‖0. The reason is that the Christodoulou-Lindblad type energy

functionals in [59, 61, 90] contain the boundary energy of time derivatives. Our work shows that such boundary energies are
not necessary even if we require the energy to be uniform in sound speed. In other words, we show that the contribution of

free boundary is presented by
∣∣∣∣a3i∂4ηi

∣∣∣∣2
0
, exactly the tangential derivatives of the second fundamental form of the free boundary.

This coincides with the core conclusion in [13, 59, 61]: The regularity and geometry of the free surface enters to the highest
order. Hence, our proof is completely applicable to compressible Euler equations just by mathematically setting F = O and
avoid analyzing unnecessary terms. Moreover, we are also able to recover the enhanced regularity of full time derivatives in
[59, 61, 90] for a slightly compressible elastic medium. The proof method is completely different from [59, 61, 90] because we
do not allow more spatial derivatives appearing in the estimates due to the presence of deformation tensor. Such difficulty can
be overcome by further delicate analysis of Alinhac good unknowns and elliptic estimates. See Section 7 for details.

1.4 Organisation of the paper
In Section 2 we list preliminary lemmas which will be repeatedly used in the manuscript. In Section 3 we introduce the
nonlinear κ-approximation system (3.2) and prove the uniform-in-κ a priori estimates. Then we construct the solution to (3.2)
by linearization, hyperbolic approach and Picard iteration in Section 4. These two results together with the uniqueness prove
the local well-posedness of the free-boundary compressible elastodynamics system (1.14) in Section 5. Then we establish
the incompressible limit in Section 6, and recover the enhaced regularity of full time derivatives in Section 7. Finally, the
construction of initial data satisfying the compatibility conditions is shown in Section 8.

List of Notations:

• Ω := T2 × (−1, 1) and Γ := T2 × ({±1}).
• ‖ · ‖s: We denote ‖ f ‖s := ‖ f (t, ·)‖Hs(Ω) for any function f (t, y) on [0,T ] ×Ω.
• | · |s: We denote | f |s := | f (t, ·)|Hs(Γ) for any function f (t, y) on [0,T ] × Γ.
• ‖ · ‖Ḣs , | · |Ḣs : Homogeneous Sobolev norm, replacing Hs above by Ḣs.
• P(· · · ): A generic polynomial in its arguments;
• P0: P0 = P(‖F0‖4, ‖v0‖4, ‖h0‖4);
• [T, f ]g := T ( f g)−T ( f )g, and [T, f , g] := T ( f g)−T ( f )g− f T (g), where T denotes a differential operator or the mollifier

and f , g are arbitrary functions.
• ∂,∆: ∂ = ∂1, ∂2 denotes the tangential derivative and ∆ := ∂2

1 + ∂2
2 denotes the tangential Laplacian.

• ∇i
a f := ali∂l f , div af := ali∂lfi and (curl af)k := εkliaml∂mfi, where εkli is the sign of the 3-permutation (kli) ∈ S 3.

2 Preliminary lemmas
We need the following lemmas in this manuscript.

2.1 Sobolev inequalities
Lemma 2.1 (Kato-Ponce type inequalities). Let J = (I − ∆)1/2, s ≥ 0. Then the following estimates hold:

(1) ∀s ≥ 0, we have
‖J s( f g)‖L2 . ‖ f ‖W s,p1 ‖g‖Lp2 + ‖ f ‖Lq1 ‖g‖W s,q2 ,

‖∂s( f g)‖L2 . ‖ f ‖Ẇ s,p1 ‖g‖Lp2 + ‖ f ‖Lq1 ‖g‖Ẇ s,q2 ,
(2.1)

with 1/2 = 1/p1 + 1/p2 = 1/q1 + 1/q2 and 2 ≤ p1, q2 < ∞;
(2) ∀s ≥ 1, we have

‖J s( f g) − (J s f )g − f (J sg)‖Lp . ‖ f ‖W1,p1 ‖g‖W s−1,q2 + ‖ f ‖W s−1,q1 ‖g‖W1,q2 (2.2)

for all the 1 < p < p1, p2, q1, q2 < ∞ with 1/p1 + 1/p2 = 1/q1 + 1/q2 = 1/p.

Proof. See Kato-Ponce [40]. �
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Lemma 2.2 (Trace theorem for harmonic functions). Suppose that s ≥ 0.5 and u solves the boundary-valued problem ∆u = 0 in Ω,

u = g on Γ

where g ∈ Hs(Γ). Then it holds that
|g|s . ‖u‖s+0.5 . |g|s

Proof. The LHS follows from the standard Sobolev trace lemma, while the RHS is the property of Poisson integral, which can
be found in [82, Proposition 5.1.7]. �

Lemma 2.3 (Normal trace theorem). It holds that for a vector field X∣∣∣∣∂X · N
∣∣∣∣
−0.5
. ‖∂X‖0 + ‖div X‖0 (2.3)

Proof. The proof directly follows from testing by a H0.5(Γ) function and divergence theorem. See [30, Lemma 3.4]. �

2.2 Properties of tangential smoothing operator
Let ζ = ζ(y1, y2) ∈ C∞c (R2) be a standard cut-off function such that Spt ζ = B(0, 1) ⊆ R2, 0 ≤ ζ ≤ 1 and

∫
R2 ζ = 1. The

corresponding dilation is

ζκ(y1, y2) =
1
κ2 ζ

(y1

κ
,

y2

κ

)
, κ > 0.

Now we define
Λκ f (y1, y2, y3) :=

∫
R2
ζκ(y1 − z1, y2 − z2) f (z1, z2, z3) dz1 dz2. (2.4)

The following lemma records the basic properties of tangential smoothing.

Lemma 2.4 (Regularity and Commutator estimates). For κ > 0, we have
(1) The following regularity estimates:

‖Λκ f ‖s . ‖ f ‖s, ∀s ≥ 0; (2.5)
|Λκ f |s . | f |s, ∀s ≥ −0.5; (2.6)

|∂Λκ f |0 . κ−s| f |1−s, ∀s ∈ [0, 1]; (2.7)

| f − Λκ f |L∞ .
√
κ|∂ f |0.5. (2.8)

(2) Commutator estimates: Define the commutator [Λκ, f ]g := Λκ( f g) − f Λκ(g). Then it satisfies

|[Λκ, f ]g|0 . | f |L∞ |g|0, (2.9)

|[Λκ, f ]∂g|0 . | f |W1,∞ |g|0, (2.10)

|[Λκ, f ]∂g|0.5 . | f |W1,∞ |g|0.5. (2.11)

Proof. See [16, 30, 62, 91]. �

2.3 Elliptic estimates
Lemma 2.5 (Hodge-type decomposition). Let X be a smooth vector field and s ≥ 1, then it holds that

‖X‖s . ‖X‖0 + ‖curl X‖s−1 + ‖div X‖s−1 + |∂X · N |s−1.5. (2.12)

Proof. This follows from the well-known identity −∆X = curl curl X − ∇div X and integrating by parts. �

Lemma 2.6 (Christodoulou-Lindblad elliptic estimate). If f |∂Ω = 0, then the following elliptic estimate holds for r ≥ 2.

‖∇a f ‖r ≤ P(‖η‖r)
(
‖∆a f ‖r−1 + ‖∂η‖r‖ f ‖r

)
. (2.13)

Proof. See Ginsberg-Lindblad-Luo [27, Appendix B]. When r = 1, ‖η‖r, ‖∂η‖r should be replaced by H2-norm. The proof of
this version can be found in Luo-Zhang [62, Lemma 2.7]. �
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3 A priori estimates of the nonlinear approximation system
We define η̃ to be the smoothed version of η by  −∆η̃ = −∆η in Ω,

η̃ = Λ2
κη on Γ.

(3.1)

Denote ã := [∂η̃]−1 to be the cofactor matrix, J̃ := det[∂η̃] to be the Jacobian determinant and Ã := J̃ã. Then we define the
nonlinear κ-approximation system of (1.14) by

∂tη = v + ψ in Ω,

∂tv = −∇ãh +
3∑

j=1
(F0

j · ∂)2η in Ω,

divãv = −e′(h)∂th in Ω,

div (F0>) j := ∂kF0
k j = −e′(h0)(F0

j · ∂)h0 in Ω,

∂t |Γ ∈ T ([0,T ] × Γ) on Γ,

h = 0,F0
j · N = 0 on Γ,

− ∂h
∂N ≥ c0 > 0 on Γ,

(η, v, h)|t=0 = (Id, v0, h0).

(3.2)

Here the term ψ = ψ(η, v) is a correction term which solves the following Laplacian equation ∆ψ = 0 in Ω,

ψ = ∆−1P,0
∑2

L=1

(
∆ηlãLk∂LΛ2

κv − ∆Λ2
κηkãLk∂Lv

)
on Γ,

(3.3)

where P,0 denotes the standard Littlewood-Paley projection in T2 which removes the zero-frequency part. ∆ := ∂2
1 +∂2

2 denotes
the tangential Laplacian operator.

Remark.

1. The correction term ψ→ 0 as κ → 0. We introduce it to eliminate the higher order boundary terms which appears in the
tangential estimates of v. These higher order boundary terms are zero when κ = 0 but cannot be controlled when κ > 0.

2. The Littlewood-Paley projection is necessary here because we will repeatedly use the following inequality, otherwise the
zero frequency part cannot be controlled

|∆−1P,0 f |s ≈ |P,0 f |Hs−2 ≈ | f |Ḣs−2 .

3. The initial data is the same of origin system (1.14) because the compatibility conditions stay unchanged after mollification
due to ã(0) = a(0) = I3 (identity matrix).

In this section, we are going to prove the uniform-in-κ a priori estimates for the nonlinear κ-approximation system (3.2).
For each κ > 0, we define the energy functional to be

Eκ(T ) := ‖η‖24 + ‖v‖24 +

3∑
j=1

∥∥∥(F0
j · ∂)η

∥∥∥2

4
+ ‖h‖24 +

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣2
0

+ ‖∂tv‖23 +

3∑
j=1

∥∥∥(F0
j · ∂)∂tη

∥∥∥2

3
+ ‖∂th‖23

+
∥∥∥∂2

t v
∥∥∥2

2 +

3∑
j=1

∥∥∥(F0
j · ∂)∂2

t η
∥∥∥2

2
+

∥∥∥∥√
e′(h)∂2

t h
∥∥∥∥2

2

+
∥∥∥∥√

e′(h)∂3
t v

∥∥∥∥2

1
+

3∑
j=1

∥∥∥∥√
e′(h)(F0

j · ∂)∂3
t η

∥∥∥∥2

1
+

∥∥∥e′(h)∂3
t h

∥∥∥2
1

+
∥∥∥e′(h)∂4

t v
∥∥∥2

0 +

3∑
j=1

∥∥∥e′(h)(F0
j · ∂)∂4

t η
∥∥∥2

0
+

∥∥∥∥(e′(h))
3
2 ∂4

t h
∥∥∥∥2

0

(3.4)
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Our conclusion is

Proposition 3.1. There exists some T > 0 independent of κ, such that the energy functional Eκ satisfies

sup
0≤t≤T

Eκ(t) ≤ P(‖v0‖4, ‖F0‖4, ‖h0‖4), (3.5)

provided the following assumptions hold for all t ∈ [0,T ]

(−∂h · N)(t) ≥ c0/2 on Γ, (3.6)
‖J̃(t) − 1‖3 + ‖Id − ã(t)‖3 ≤ δ in Ω. (3.7)

Remark. The first a priori assumption (3.6) will be justified by verifying (−∂h · N) is a C0,1/4
t,x function on the boundary, and

thus the positivity of Taylor sign condition must propagate for a positive time. The second a priori assumption (3.7) can be
easily justified once the energy bounds are established by using ã(T ) − Id =

∫ T
0 ∂tã =

∫ T
0 ã : ∂t∂η̃ : ã dt and the smallness of T .

In Section 4, we will prove the local well-posedness of (3.2) in an κ-dependent time interval [0,Tκ]. Therefore, the uniform-
in-κ a priori estimate guarantees that the solution (η(κ), v(κ), h(κ)) to (3.2) converges to the solution to the original system
(1.14) in a κ-independent time interval [0,T ] as κ → 0+, i.e., local existence of the solution to free-boundary compressible
elastodynamic system is established. For simplicity, we omit the κ and only write (η, v, h) in this manuscript.

Before going to the proof, we present the estimates of the correction term ψ.

Lemma 3.2. We have the following estimates for (v, ψ, η) in (3.2).

‖η̃‖4 . ‖η‖4, (3.8)

‖ψ‖4 + ‖(F0
j · ∂)ψ‖4 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4), (3.9)

‖∂tψ‖4 + ‖∂t(F0
j · ∂)ψ‖3 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4, ‖∂tv‖3), (3.10)

‖∂2
t ψ‖3 + ‖∂2

t (F0
j · ∂)ψ‖2 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4, ‖∂tv‖3, ‖∂2
t v‖2), (3.11)

‖
√

e′(h)∂3
t ψ‖2 + ‖

√
e′(h)∂3

t (F0
j · ∂)ψ‖1 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4, ‖∂tv‖3, ‖∂2
t v‖2, ‖

√
e′(h)∂3

t v‖1), (3.12)

‖e′(h)∂4
t ψ‖1 + ‖e′(h)∂4

t (F0
j · ∂)ψ‖0 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4, ‖∂tv‖3, ‖∂2
t v‖2, ‖

√
e′(h)∂3

t v‖1, ‖e′(h)∂4
t v‖0). (3.13)

and

‖(F0
j · ∂)η̃‖4 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4) (3.14)

‖∂tη̃‖4 + ‖∂t(F0
j · ∂)η̃‖3 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4), (3.15)

‖∂2
t η̃‖3 + ‖∂2

t (F0
j · ∂)η̃‖2 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4, ‖∂tv‖3), (3.16)

‖∂3
t η̃‖2 + ‖∂3

t (F0
j · ∂)η̃‖1 . P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4, ‖∂tv‖3, ‖∂2
t v‖2), (3.17)

‖
√

e′(h)∂4
t η̃‖1 + ‖

√
e′(h)∂4

t (F0
j · ∂)η̃‖0 .P(‖F0‖4, ‖(F0

j · ∂)η‖4, ‖η‖4, ‖v‖4, ‖∂tv‖3, ‖∂2
t v‖2, ‖

√
e′(h)∂3

t v‖1) (3.18)

‖e′(h)∂5
t η̃‖0 . ‖e

′(h)∂5
t η‖0 .P(‖η‖4, ‖v‖4, ‖∂tv‖3, ‖∂2

t v‖2, ‖
√

e′(h)∂3
t v‖1, ‖e′(h)∂4

t v‖0), (3.19)

Proof. The estimates of η̃, ψ and their derivatives are exactly the same as [91, Lemma 3.2], which can be proved by using
the properties of mollifier and elliptic estimates, so we omit the details here. We just show the estimates of ‖(F0

j · ∂)ψ‖4 and
‖(F0

j · ∂)η̃‖4.
We recall the definition of η̃ in (3.1) and take (F0

j · ∂) in that equation to get −∆((F0
j · ∂)η̃) = −∆((F0

j · ∂)η) − [(F0
j · ∂),∆]η + [(F0

j · ∂),∆]η̃ in Ω,

(F0
j · ∂)η̃ = (F0

j · ∂)Λ2
κη on Γ.

(3.20)
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By standard elliptic estimates we have

‖(F0
j · ∂)η̃‖4 .

∥∥∥−∆((F0
j · ∂)η) − [(F0

j · ∂),∆]η + [(F0
j · ∂),∆]η̃

∥∥∥
2

+
∣∣∣(F0

j · ∂)Λ2
κη

∣∣∣
7/2

.‖(F0
j · ∂)η‖4 + ‖F0‖4‖η‖4 +

∣∣∣Λ2
κ((F

0
j · ∂)η)

∣∣∣
7/2

+
∣∣∣∣[(F0

j · ∂),Λ2
κ

]∣∣∣∣
7/2

.‖(F0
j · ∂)η‖4 + ‖F0‖4‖η‖4

+

2∑
L=1

∣∣∣∣[Λ2
κ ,F

0
L j

]
∂Lη

∣∣∣∣
1/2

+
∣∣∣∣[Λ2

κ ,F
0
L j

]
∂L∂

3η
∣∣∣∣
1/2

+
∣∣∣∣[∂3, [Λ2

κ ,F
0
L j]∂L

]
η
∣∣∣∣
1/2

.‖(F0
j · ∂)η‖4 + ‖F0‖4‖η‖4.

(3.21)

The time derivative of (F0
j ·∂)η̃ directly follows from ‖(F0

j ·∂)η̃‖4 and the estimates of ‖∂r
t η̃‖5−r. For example, ‖∂r

t (F0
j ·∂)η̃‖4−r .

‖F0‖3‖∂
r
t η̃‖5−r for 1 ≤ r ≤ 4.

The estimates of (F0
j · ∂)ψ follows in the same way as (F0

j · ∂)η̃, i.e., taking (F0
j · ∂) in the elliptic system (3.3) and using

standard elliptic estimates, so we omit the proof. Its time derivative can also be controlled by using the bounds of ∂r
tψ. �

Now we start to analyze the energy Eκ(T ). The first step is to control the full spatial derivative of v and (F0
j · ∂)η.

3.1 Div-Curl estimates of full spatial derivatives
Let s = 4 and X = v and (F0

j · ∂)η in Lemma 2.5 respectively, we have

‖v‖4 . ‖v‖0 + ‖div v‖3 + ‖curl v‖3 + |∂v · N |5/2, (3.22)

‖(F0
j · ∂)η‖4 . ‖(F0

j · ∂)η‖0 + ‖div ((F0
j · ∂)η)‖3 + ‖curl ((F0

j · ∂)η)‖3 + |∂((F0
j · ∂)η) · N|5/2. (3.23)

L2-estimates: Energy conservation The proof is nearly the same as in (1.5). Taking L2 inner product of the second equation
in (3.2) and v yields

1
2

d
dt

∫
Ω

|v|2 = −

∫
Ω

v · (∇ãh) +

3∑
j=1

(F0
j · ∂)2η · v dy.

Integrating by parts gives

−

∫
Ω

v · (∇ãh) =

∫
Ω

(divãv)h +

∫
Ω

∂lãlivih dy . −
1
2

∫
Ω

e′(h)|h|2 dy +
1
2

∫
Ω

e′′(h)∂th|h|2 +

∫
Ω

∂lãlivih dy,

and ∫
Ω

3∑
j=1

(F0
j · ∂)2η · v dy =

3∑
j=1

−
1
2

d
dt

∫
Ω

|(F0
j · ∂)η|2 dy +

∫
Ω

((F0
j · ∂)η) · ((F0

j · ∂)ψ) dy −
∫

Ω

(div F0
j )(F

0
j · ∂)η · v dy.

Therefore
d
dt

‖v‖20 +

3∑
j=1

∥∥∥(F0
j · ∂)η

∥∥∥2

0
+ ‖

√
e′(h)h‖20

 . P(Eκ(T )). (3.24)

As for h, one has ‖h(T )‖0 . ‖h0‖0 +
∫ T

0 ‖∂th(t)‖0 dt to control its L2 norm.

Boundary control: Reduce to divergence and interior tangential estimates The boundary part can be reduced to interior
tangential estimates and divergence by Lemma 2.3.∣∣∣∣∂4v · N

∣∣∣∣
−1/2
.

∥∥∥∥∂4v
∥∥∥∥

0
+

∥∥∥∥∂3div v
∥∥∥∥

0
. (3.25)

Similarly, ∣∣∣∣∂4((F0
j · ∂)η) · N

∣∣∣∣
−1/2
.

∥∥∥∥∂4
(
(F0

j · ∂)η
)∥∥∥∥

0
+

∥∥∥∥∂3div
(
(F0

j · ∂)η
)∥∥∥∥

0
. (3.26)
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Curl control: Direct computation First, it suffices to control the Eulerian curl due to the a priori assumption (3.7)

‖curl X‖3 ≤ ‖curlãX‖3 + ‖Id − ã‖2‖X‖4 . ‖curlãX‖3 + δ‖X‖4,

where the δ-term can be absorbed by ‖X‖4 in the energy functional.

Recall in (3.2) that we have ∂tη = v + ψ and ∂tv −
3∑

j=1
(F0

j · ∂)2η = −∇ãh. Taking (Eulerian curl) curlã, we get the evolution

equation of curlãv.

∂t (curlãv) −
3∑

j=1

(F0
j · ∂)

(
curlã((F0

j · ∂)η)
)

= curl ãt v +

3∑
j=1

[
curlã, (F0

j · ∂)
]

(F0
j · ∂)η︸                                           ︷︷                                           ︸

J0

. (3.27)

Then we take 3 spatial derivatives to get

∂t

(
∂3curlãv

)
−

3∑
j=1

(F0
j · ∂)∂3

(
curlã((F0

j · ∂)η)
)

= ∂3J0 +

3∑
j=1

[
∂3, (F0

j · ∂)
] (

curlã(F0
j · ∂)η

)
︸                                   ︷︷                                   ︸

J1

. (3.28)

Now we compute the L2-inner product of (3.28) with ∂3curlãv to get∫
Ω

(
∂t∂

3curlãv
) (
∂3curlãv

)
dy =

1
2

d
dt

∫
Ω

∣∣∣∂3curlãv
∣∣∣2 dy. (3.29)

Then we integrate (F0
j · ∂) by parts in the second term of LHS in (3.28). Note that the boundary term vanishes because

F0
j · N = 0 for j = 1, 2, 3.

−

3∑
j=1

∫
Ω

(F0
j · ∂)∂3

(
curlã((F0

j · ∂)η)
)
·
(
∂3curlãv

)
dy

=

3∑
j=1

∫
Ω

∂3
(
curlã((F0

j · ∂)η)
)
·
(
∂3curlã(F0

j · ∂)v
)

dy

+

3∑
j=1

∫
Ω

(div F0
j )∂

3
(
curlã((F0

j · ∂)η)
)
·
(
∂3curlãv

)
dy︸                                                            ︷︷                                                            ︸

J2

+

3∑
j=1

∫
Ω

∂3
(
curlã((F0

j · ∂)η)
)
·
[
(F0

j · ∂), ∂3curlã
]

v dy︸                                                             ︷︷                                                             ︸
J3

=

3∑
j=1

1
2

d
dt

∫
Ω

∣∣∣∂3curlã(F0
j · ∂)η

∣∣∣2 dy −
3∑

j=1

∫
Ω

∂3curlã((F0
j · ∂)η) · ∂3curlã(F0

j · ∂)ψ dy

+

3∑
j=1

∫
Ω

∂3curlã((F0
j · ∂)η) · ∂3

(
[curlã, ∂t] (F0

j · ∂)η
)

dy + J2 + J3

(3.30)

It remains to control the terms J0 ∼ J5 where

J4 := −
3∑

j=1

∫
Ω

∂3curlã((F0
j · ∂)η) · ∂3curlã(F0

j · ∂)ψ dy, (3.31)

J5 :=
3∑

j=1

∫
Ω

∂3curlã((F0
j · ∂)η) · ∂3

(
[curlã, ∂t] (F0

j · ∂)η
)

dy (3.32)
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These commutators can be controlled either by direct computation or using Lemma 3.2. We have∫
Ω

(∂3J0 + J1) ·
(
∂3curlãv

)
dy .

3∑
j=1

P(‖F0‖4, ‖(F0
j · ∂)η‖4.‖∂v‖4, ‖(F0

j · ∂)ã‖3, ‖ã‖3) . P(Eκ(T )). (3.33)

For J2, we have

J2 . ‖∂F0‖L∞‖(F0
j · ∂)η‖4‖v‖4. (3.34)

For J3, direct computation shows that

J3 . P
(
‖(F0

j · ∂)η‖4, ‖F0‖4, ‖v‖4, ‖(F0
j · ∂)ã‖3, ‖ã‖3

)
. P(Eκ(T )). (3.35)

By using Lemma 3.2, we have that

J4 + J5 . P
(
‖F0‖4, ‖(F0

j · ∂)η‖4, ‖ã‖3, ‖∂tã‖3, ‖∂ψ‖4
)
. P(Eκ(T )). (3.36)

Summing up (3.29), (3.30), (3.33)-(3.36), we get the Eulerian curl estimates by

1
2

d
dt

∫
Ω

∣∣∣∂3curlãv
∣∣∣2 dy +

3∑
j=1

∫
Ω

∣∣∣∂3curlã(F0
j · ∂)η

∣∣∣2 dy

 . P(Eκ(T )), (3.37)

and thus for sufficiently small δ > 0 we have

‖curl v(T )‖23 +
∥∥∥curl (F0

j · ∂)η(T )
∥∥∥2

3
. δ2

(
‖v‖24 + ‖(F0

j · ∂)η‖24
)

+ P0 +

∫ T

0
P(Eκ(t)) dt. (3.38)

Divergence estimates: Reduce to the elliptic estimates of h By the third equation of (3.2) and the a priori assumption (3.7),
we know

‖div v‖23 . δ
2‖v‖24 +

∥∥∥e′(h)∂th
∥∥∥2

3 . (3.39)

As for the divergence of the deformation tensor F, we recall that the original system (1.11) reads div aF = −e′(h)(F0
j · ∂)h.

Now we should re-produce a silimar formula of divã(F0
j ·∂)η for the smoothed-out problem (3.2) up to some error terms. Direct

computation together with ∂tη = v + ψ yields that

divã(F0
j · ∂)η(T ) − div F0

j =

∫ T

0
divã(F0

j · ∂)v dt +

∫ T

0
divã(F0

j · ∂)ψ + div ãt (F
0
j · ∂)η dt (3.40)

Recall that divãv = −∂te(h), so we commute divã with (F0
j · ∂) to get∫ T

0
divã(F0

j · ∂)v dt = −

∫ T

0
∂t

(
(F0

j · ∂)e(h)
)

dt +

∫ T

0

[
divã, (F0

j · ∂)
]

v dt

= − e′(h)(F0
j · ∂)h

∣∣∣∣∣T
0

+

∫ T

0

[
divã, (F0

j · ∂)
]

v dt.
(3.41)

Summing up these two equalities, we get

divã(F0
j · ∂)η(T ) = −e′(h)(F0

j · ∂)h(T ) +

∫ T

0
divã(F0

j · ∂)ψ + div ãt (F
0
j · ∂)η +

[
divã, (F0

j · ∂)
]

v dt. (3.42)

Direct computation shows that the commutator is only one term with first order derivative. One can also equivalently
compute in Eulerian coordinate.[

divã, (F0
j · ∂)

]
f =ãli∂l

(
Fk j

0 ∂k fi
)
− Fk j

0 ∂k

(
ãli∂l fi

)
=ãli∂lFk j

0 ∂k fi − Fk j
0 ∂kãli∂l fi = ãli∂lFk j

0 ∂k fi + Fk j
0 ãlr∂k∂mη̃rãmi∂l fi

=ãmi∂m

(
(F0

j · ∂)η̃r

)
ãlr∂l fi − ãli∂lFk j

0 ∂k fi + ãli∂lFk j
0 ∂k fi

=∇i
ã

(
(F0

j · ∂)η̃r

)
∇r

ã fi.

(3.43)
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On the other hand, we compute that

div ãt (F
0
j · ∂)η = −ãlr∂m∂tη̃rãmi∂l((F0

j · ∂)ηi) = −∇r
ã

(
(F0

j · ∂)ηi

)
∇i

ã∂tη̃r.

Therefore we get

divã(F0
j · ∂)η(T ) = − e′(h)(F0

j · ∂)h(T ) +

∫ T

0
divã(F0

j · ∂)ψ − ∇r
ã

(
(F0

j · ∂)ηi

)
∇i

ã∂tη̃r + ∇i
ã

(
(F0

j · ∂)η̃r

)
∇r

ãvi dt

= − e′(h)(F0
j · ∂)h(T ) +

∫ T

0
divã(F0

j · ∂)ψ − ∇r
ã

(
(F0

j · ∂)ηi

)
(∇i

ãψr) dt

+

∫ T

0
∇i

ã

(
(F0

j · ∂)η̃r

)
∇r

ã (∂tηi − ∂tη̃i) + ∇i
ã

(
(F0

j · ∂)η̃r − (F0
j · ∂)ηr

)
∇r

ãvi dt

(3.44)

Remark. We find that, if κ = 0 (and thus ψ = 0, η̃ = η), then the formula (3.44) for the smoothed-Eulerian divergence of F
exactly reproduces the divergence constraint for the original equation.

By Jensen’s inequality, we know∥∥∥div (F0
j · ∂)η(T )

∥∥∥2

3
. δ2

∥∥∥(F0
j · ∂)η

∥∥∥2

4
+

∥∥∥divã(F0
j · ∂)η(T )

∥∥∥2

3

.δ2
∥∥∥(F0

j · ∂)η
∥∥∥2

4
+

∥∥∥e′(h)(F0
j · ∂)h(T )

∥∥∥2

3
+

∫ T

0

∥∥∥divã(F0
j · ∂)ψ

∥∥∥2

3
+

∥∥∥div ãt (F
0
j · ∂)η

∥∥∥2

3
+

∥∥∥∥[divã, (F0
j · ∂)

]
v
∥∥∥∥2

3
dt

.δ2
∥∥∥(F0

j · ∂)η
∥∥∥2

4
+

∥∥∥e′(h)(F0
j · ∂)h(T )

∥∥∥2

3
+

∫ T

0
P

(
‖(F0

j · ∂)ψ‖4, ‖ã‖3, ‖∂tã‖3, ‖(F0
j · ∂)η‖4, ‖∂v‖3

)
dt

.δ2
∥∥∥(F0

j · ∂)η
∥∥∥2

4
+

∥∥∥e′(h)(F0
j · ∂)h(T )

∥∥∥2

3
+

∫ T

0
P(Eκ(t)) dt.

(3.45)

Therefore, the divergence control of v and (F0
j · ∂)η are reduced to weight norm

‖e′(h)∂th‖3 and ‖e′(h)(F0
j · ∂)h‖3

which will be further reduced to tangentially-differentiated wave equation of h by using Christodoulou-Lindblad elliptic esti-
mates Lemma 2.6. We postpone the proof to Section 3.3 and 3.4.

3.2 Tangential estimates of full spatial derivatives: Alinhac good unknown
The boundary part in the Hodge-type decomposition is reduced to the interior tangential estimates and divergence control. We
already reduce divergence control to the elliptic estimates of h. This part we deal with the interior tangential derivatives ‖∂4v‖0
and ‖∂4((F0

j · ∂)η)‖0. Due to the special structure of the correction term ψ, we replace ∂4 by ∂
2
∆. Note that we cannot directly

commute ∂
2
∆ in the equation ∂tv +

3∑
j=1

(F0
j ·∂)2η = −∇ãh because one of the leading order terms in the commutator [∂

2
∆,∇ã]h is

∂
2
∆ã · ∂h ≈ ∂

2
∆∂η̃× ∂η̃ · ∂h which cannot be controlled in L2. The reason is that the essential highest order term in the standard

derivatives of a covariant derivative is actually the covariant derivative of Alinhac good unknown, instead of simply commuting
∂

2
∆ with ∇ã.

For a function f , define its Alinhac good unknown to be f := ∂
2
∆ f − ∂

2
∆η̃ · ∇ã f . Then the following property holds

∂
2
∆(∇i

ã f ) = ∇αã (∂
2
∆ f ) + (∂

2
∆ãli)∂l f + [∂

2
∆, ãli, ∂l f ]

= ∇i
ã(∂

2
∆ f ) − ∂∆(ãlr∂∂mη̃rãmi)∂l f + [∂

2
∆, ãli, ∂l f ]

= ∇i
ã(∂

2
∆ f − ∂

2
∆ηrãlr∂l f )︸                         ︷︷                         ︸

=∇i
ãf

+ ∂
2
∆ηr∇

i
ã(∇r

ã f ) − ([∂∆, ãlrãmi]∂∂mη̃r)∂l f + [∂
2
∆, ãli, ∂l f ]︸                                                                    ︷︷                                                                    ︸

=:Ci( f )

,

21



where [∂
2
∆, g, h] := ∂

2
∆(gh) − ∂

2
∆(g)h − g∂

2
∆(h). Direct computation yields that

‖∂
2
∆ηr∇

i
ã(∇r

ã f )‖0 . ‖η̃‖4‖∇i
ã(∇r

ã f )‖L∞

‖([∂∆, ãlrãmi]∂∂mη̃r)∂l f ‖0 . ‖[∂∆, ãlrãmi]∂∂mη̃r‖0‖ f ‖W1,∞ . P(‖η̃‖4)‖ f ‖3

‖[∂
2
∆, ãli, ∂l f ]‖0 . P(‖η̃‖4)‖ f ‖4.

Therefore, Alinhac good unknown enjoys the following important properties:

∂
2
∆(∇i

ã f ) = ∇i
ãf + Cα( f ) (3.46)

with
‖Ci( f )‖ . P(‖η̃‖4)‖ f ‖4. (3.47)

We introduce the Alinhac good unknowns of v and h with respect to ∂
2
∆ by

V := ∂
2
∆v − ∂

2
∆η̃ · ∇ãv, H := ∂

2
∆h − ∂

2
∆η̃ · ∇ãh.

Taking ∂
2
∆ in the second equation of (3.2), we get the evolution of Alinhac good unknowns

∂tV + ∇ãH −
3∑

j=1

(F0
j · ∂)

(
∂

2
∆(F0

j · ∂)η
)

= ∂t(∂
2
∆η̃ · ∇ãv) −C(h) +

3∑
j=1

[
∂

2
∆, (F0

j · ∂)
]

((F0
j · ∂)η)︸                                                                ︷︷                                                                ︸

K0

, (3.48)

subjected to

∇ã · V = ∂
2
∆(divãv) −Ci(vi) in Ω (3.49)

H = (−∂3h)ã3k∂
2
∆η̃k on Γ. (3.50)

Now we take L2-inner product of (3.48) and V to get

1
2

d
dt

∫
Ω

|V|2 dy = −

∫
Ω

∇ãH · V dy +

3∑
j=1

∫
Ω

(
(F0

j · ∂)
(
∂

2
∆(F0

j · ∂)η
))

V dy +

∫
Ω

K0 · V dy (3.51)

For the first term on the RHS of (3.51), we integrate by parts and invoke (3.49)-(3.50) to get

−

∫
Ω

∇ãH · V = −

∫
Ω

ãli∂lH · Vi dy

= −

∫
Γ

H(ãliNlVi)dS +

∫
Ω

H(∇ã · V) dy +

∫
Ω

(∂µãli)HVi dy

=

∫
Γ

∂3h∂
2
∆η̃kã3kãliNlVidS +

∫
Ω

H∂
2
∆(divãv) dy −

∫
Ω

HCi(vi) +

∫
Ω

(∂lãli)HVα dy

= −

∫
Γ

(
−
∂h
∂N

)
∂

2
∆η̃kã3kã3iVidS +

∫
Ω

H∂
2
∆(divãv) dy −

∫
Ω

HCi(vi) +

∫
Ω

(∂lãli)HVi dy

= : B + K1 + K2 + K3.

(3.52)

We postpone the estimates of B to the end of this section because it is the most difficult part and contributes to the boundary
energy in Eκ(T ). The term K2,K3 can be controlled directly

K2 = −

∫
Ω

HCi(vi) .‖H‖0‖C(v)‖0 . P (‖h‖4, ‖η‖4, ‖v‖4, ‖ã‖3) . (3.53)

K3 =

∫
Ω

(∂lãli)HVi dy .‖∂ã‖L∞‖H‖0‖V‖0 . P (‖h‖4, ‖η‖4, ‖v‖4, ‖ã‖3) . (3.54)
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In K1, we invoke divãv = −e′(h)∂th to get

K1 =

∫
Ω

H∂
2
∆(divãv) dy =

∫
Ω

(
∂

2
∆h − ∂

2
∆η̃ · ∇ãh

)
∂

2
∆(e′(h)∂th) dy

= −
1
2

d
dt

∫
Ω

e′(h)
∣∣∣∣∂2

∆h
∣∣∣∣2 dy +

1
2

∫
Ω

e′′(h)∂th
∣∣∣∣∂2

∆h
∣∣∣∣2 dy

+

∫
Ω

H
([
∂

2
∆, e′(h)

]
∂th

)
dy−

∫
Ω

e′(h)∂
2
∆∂th∂

2
∆η̃ · ∇ãh dy︸                                  ︷︷                                  ︸

K11

. −
1
2

d
dt

∫
Ω

e′(h)
∣∣∣∣∂2

∆h
∣∣∣∣2 dy + K11 + P

(
‖η‖4, ‖v‖4, ‖h‖4, ‖e′(h)∂th‖3

)
(3.55)

The term K11 should be controlled by integrating ∂t by parts under the time integral.∫ T

0
K11(t) dt = −

∫ T

0

∫
Ω

e′(h)∂
2
∆∂th(∂

2
∆η̃ · ∇ãh) dy dt

∂t
=

∫
Ω

e′(h)∂
2
∆h(∂

2
∆η̃ · ∇ãh) dy

∣∣∣∣∣t=T

t=0
+

∫ T

0

∫
Ω

e′(h)∂
2
∆h∂t

(
∂

2
∆η̃ · ∇ãh

)
dy

.
∥∥∥∥e′(h)∂

2
∆h

∥∥∥∥
0
‖∂4η‖0‖∇ãh‖L∞

∣∣∣∣∣
t=T

+ P (‖h0‖4, ‖v0‖4) +

∫ T

0
P (‖h‖4, ‖η‖4, ‖v‖4) dt.

(3.56)

Invoking that ∂2η(0) = 0 (recall η(0, y) = y is identity map initially), we have

‖e′(h)∂
2
∆h‖0‖∂4η‖0‖∇ãh‖L∞

∣∣∣∣∣
t=T
. P(Eκ(T ))

∫ T

0

∥∥∥∥∂4∂tη(t)
∥∥∥∥2

0
dt

Remark. One can also use Young’s inequality to control
∫ T

0 K11 by

δ‖
√

e′(h)∂
2
∆h(T )‖20 +

(
P0 +

∫ T

0
P(‖v‖4, ‖η‖4, ‖h‖3, ‖

√
e′(h)∂th‖3) dt

)
.

Therefore we get the estimate of K1:∫ T

0
K1(t) dt . −

∥∥∥∥√
e′(h)∂

2
∆h(T )

∥∥∥∥2

0
+ P0 + P(Eκ(T ))

∫ T

0
P(Eκ(t)) dt. (3.57)

Next we estimate the tangential derivative of (F0
j · ∂)η produced in the second term on RHS of (3.51). Integrating (F0

j · ∂)
by parts yields that

3∑
j=1

∫
Ω

(
(F0

j · ∂)
(
∂

2
∆(F0

j · ∂)η
))

V dy = −

3∑
j=1

∫
Ω

(
∂

2
∆(F0

j · ∂)η
)

(F0
j · ∂)V dy−

∫
Ω

(div F0
j )

(
∂

2
∆(F0

j · ∂)η
)

V︸                                 ︷︷                                 ︸
K4

K4 has direct control

K4 .
3∑

j=1

‖∂F0‖L∞
∥∥∥(F0

j · ∂)η
∥∥∥

0
‖V‖0 .

3∑
j=1

P
(
‖(F0

j · ∂)η‖4, ‖v‖4, ‖ã‖3, ‖∂F0‖L∞
)
. (3.58)
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In the remaining term, we invoke V = ∂
2
∆v − ∂

2
∆η̃ · ∇ãv and v = ∂tη − ψ to get

−

3∑
j=1

∫
Ω

(
∂

2
∆(F0

j · ∂)η
)

(F0
j · ∂)V dy

= −

3∑
j=1

∫
Ω

(
∂

2
∆(F0

j · ∂)ηi
)

(F0
j · ∂)

(
∂

2
∆vi − ∂

2
∆η̃ · ∇ãvi

)
dy

= −

3∑
j=1

∫
Ω

(
∂

2
∆(F0

j · ∂)ηi
) (
∂

2
∆(F0

j · ∂)∂tηi

)
dy +

3∑
j=1

∫
Ω

(
∂

2
∆(F0

j · ∂)η
) (
∂

2
∆(F0

j · ∂)ψ
)

dy

+

3∑
j=1

∫
Ω

(
∂

2
∆(F0

j · ∂)ηi
) ([

∂
2
∆, (F0

j · ∂)
]

vi + (F0
j · ∂)

(
∂

2
∆η̃ · ∇ãvi

))
dy

=: −
3∑

j=1

1
2

d
dt

∫
Ω

∣∣∣∣∂2
∆(F0

j · ∂)η
∣∣∣∣2 dy + K5,

(3.59)

where the commutators K5 can be directly controlled with the help of Lemma 3.2

K5 .
3∑

j=1

∥∥∥(F0
j · ∂)η

∥∥∥
4

P
(
‖(F0

j · ∂)ψ‖4, ‖F0‖4, ‖v‖4, ‖η̃‖4, ‖(F0
j · ∂)η̃‖4

)
. P (Eκ(T )) . (3.60)

Summing up (3.58)-(3.60), we get

3∑
j=1

∫
Ω

(
(F0

j · ∂)
(
∂

2
∆(F0

j · ∂)η
))

V dy . −
3∑

j=1

1
2

d
dt

∫
Ω

∣∣∣∣∂2
∆(F0

j · ∂)η
∣∣∣∣2 dy +

∫ T

0
P(Eκ(t)) dt. (3.61)

Also, the last term in (3.51) can also be directly controlled∫
Ω

K0 · V .
(
‖∂t(∂

2
∆η̃ · ∇ãv)‖0 + ‖C(h)‖0 + ‖[∂

2
∆, (F0

j · ∂)](F0
j · ∂)η‖0

)
‖V‖0

.P

‖η‖4, ‖v‖4, ‖∂tv‖3, ‖h‖4, ‖F0‖4,

3∑
j=1

‖(F0
j · ∂)η‖4

 . P(Eκ(T )).
(3.62)

It remains to deal with the boundary term B produced in (3.52). In the proof we will see that the boundary integral together
with the Raylrigh-Taylor sign condition contributes to the boundary energy, which enters to the highest order and exactly gives
the control of the second fundamental form of the free surface. The correction term, first introduced by Gu-Wang [30], plays
the key role in eliminating the higher order terms brought by the tangential smoothing. First, we have

B = −

∫
Γ

(
−
∂h
∂N

)
∂

2
∆η̃kã3kã3iVi dS

=

∫
Γ

(
∂h
∂N

)
∂

2
∆η̃kã3kã3i∂

2
∆∂tηi dS

−

∫
Γ

(
∂h
∂N

)
∂

2
∆η̃kã3kã3i∂

2
∆ψi dS −

∫
Γ

(
∂h
∂N

)
∂

2
∆η̃kã3kã3i∂

2
∆η̃ · ∇ãvi dS

=:B1 + B2 + B3.

(3.63)

The term B1 is expected to give the boundary part of the energy functional Eκ(T ) after moving one mollifier from η̃k to ηi.
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∫
Γ

(
∂h
∂N

)
∂

2
∆η̃kã3kã3i∂

2
∆∂tηi dS

=

∫
Γ

(
∂h
∂N

)
∂

2
∆Λκηkã3kã3i∂

2
∆∂tΛκηi dS +

∫
Γ

∂
2
∆Λκηk

([
Λκ,

∂h
∂N

ã3kã3i
]
∂

2
∆∂tηi

)
dS︸                                                   ︷︷                                                   ︸

B11

=
1
2

d
dt

∫
Γ

∂h
∂N

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣2 dS + B11

−
1
2

∫
Γ

∂t

(
∂h
∂N

) ∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣2 dS︸                                     ︷︷                                     ︸
B12

−

∫
Γ

(
∂h
∂N

)
ã3k∂

2
∆Λκηk∂tã3i∂

2
∆Λκηi dS︸                                              ︷︷                                              ︸

B13

.

(3.64)

The time integral of the main term gives the boundary part of Eκ(T ) with the help of Taylor sign condition (1.8), (3.6).∫ T

0

(
1
2

d
dt

∫
Γ

∂h
∂N

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣2 dS
)

dt ≤ −
c0

4

∣∣∣∣ã3i∂4Λκ∂tηi

∣∣∣∣2
0

∣∣∣∣∣T
0
. (3.65)

B11 and B12 can be controlled with the help of mollifier property (Lemma 2.4).

B11 =

∫
Γ

∂1.5∆Λκηk∂
0.5

([
Λκ,

∂h
∂N

ã3kã3i
]
∂

2
∆∂tηi

)
dS

.‖ηk‖4
∣∣∣∂3hã3iã3k

∣∣∣
W1,∞ ‖∂tηi‖4 . P (‖η‖4, ‖v‖3, ‖h‖4) ,

(3.66)

B12 . |∂t∂3h|L∞
∣∣∣∣ã3i∂

2
∆Λκηi

∣∣∣∣2 . ‖∂th‖3
∣∣∣∣ã3i∂

2
∆Λκηi

∣∣∣∣2 . (3.67)

For B13, we invoke ∂tã3i = −ã3r∂m∂tη̃rãmi to get

B13 =

∫
Γ

(
∂h
∂N

)
ã3k∂

2
∆Λκηkã3r∂m∂tη̃rãmi∂

2
∆Λκηi dS

=

∫
Γ

(
∂h
∂N

)
ã3k∂

2
∆Λκηkã3r∂3∂tη̃rã3i∂

2
∆Λκηi dS

+

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3k∂

2
∆Λκηkã3r∂LΛ2

κvrãLi∂
2
∆Λκηi dS

+

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3k∂

2
∆Λκηkã3r∂LΛ2

κψrãLi∂
2
∆Λκηi dS

=:B131 + B132 + B133.

(3.68)

Among these three terms, B132 cannot be directly controlled. Instead, it will cancel with the main term in B3 and the correction
term B2. First we give the control of B131

B131 .
∣∣∣∣ã3i∂4Λκηi

∣∣∣∣2
0

∣∣∣∂3hã3r∂3∂tη̃r

∣∣∣
L∞ . P(Eκ(T )). (3.69)

In B133, we need to use the mollifier property Lemma 2.4 to control ∂
2
∆Λκη by sacrificing a 1/

√
κ. Luckily, the ψ term

compensates this factor such that the energy bound is still uniform in κ.

B133 .
2∑

L=1

1
√
κ

∣∣∣∂3hã3rãLi
∣∣∣
L∞

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣
0

∣∣∣∣∂Λκψ
∣∣∣∣
L∞
|η|7/2 . (3.70)

Then we use Sobolev embedding W1,4(T2) ↪→ L∞(T2) to get

∣∣∣∣∂ψ∣∣∣∣
L∞
.

∣∣∣∣∆ψ∣∣∣∣
L4

=

2∑
L=1

∣∣∣∣∆ (ηk − η̃k) ãLk∂LΛκv − ∆η̃kãLk∂L

(
v − Λ2

κv
)∣∣∣∣

L4
.
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By the mollifier property (2.8), we know ∣∣∣∣∂ψ∣∣∣∣
L∞
.
√
κP (‖η‖4, ‖v‖3) ,

and thus
B133 . P(Eκ(T )). (3.71)

Now we start to analyze B3 := −
∫

Γ

(
∂h
∂N

)
(∂

2
∆η̃k)ã3kã3i(∂

2
∆η̃ ·∇ãvi) dS . Again we separate normal derivative from tangential

derivative.

B3 = −

∫
Γ

(
∂h
∂N

)
∂

2
∆η̃kã3kã3i∂

2
∆η̃rã3r∂3vi dS

−

2∑
L=1

∫
Γ

(
∂h
∂N

)
∂

2
∆η̃kã3kã3i∂

2
∆η̃rãLr∂Lvi dS︸                                                    ︷︷                                                    ︸

B31

.
∣∣∣∣ã3i∂

2
∆η̃i

∣∣∣∣2
0

P (‖v‖3, ‖h‖3, ‖η‖4) + B31.

(3.72)

Here we note that ã3i∂
2
∆η̃i can be controlled by commuting one mollifier with the help of Lemma 2.4∣∣∣∣ã3i∂

2
∆η̃i

∣∣∣∣
0
≤

∣∣∣∣∣Λκ

(
ã3i∂

2
∆Λκηi

)∣∣∣∣∣
0

+
∣∣∣∣[Λκ, ã3k

]
∂

2
∆Λκηk

∣∣∣∣
0
. P(‖η‖4).

There are still 3 terms remaining to be controlled

B2 = −

∫
Γ

(
∂h
∂N

)
∂

2
∆η̃kã3kã3i∂

2
∆ψi dS (3.73)

B132 =

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3k∂

2
∆Λκηkã3r∂LΛ2

κvrãLi∂
2
∆Λκηi dS (3.74)

B31 = −

2∑
L=1

∫
Γ

(
∂h
∂N

)
∂

2
∆η̃kã3kã3i∂

2
∆η̃rãLr∂Lvi dS (3.75)

We plug the expression of ∆ψ in B2 to get

B2 = −

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3iã3k∂

2
∆η̃k∂

2(∆ηrãLr∂LΛ2
κvi) dS (3.76)

+

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3iã3k∂

2
∆η̃k∂

2η̃rãLr∂Lvi dS (3.77)

+

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3iã3k∂

2
∆η̃k([∂2, ãLr∂Lvi]∆η̃r) dS (3.78)

+

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3iã3k∂

2
∆η̃k∂

2P=0

(
∆ηkãLk∂LΛ2

κv − ∆Λ2
κηkãLk∂Lv

)
. (3.79)

First we notice that (3.77) + B31 = 0, and (3.78)-(3.79) can be controlled by direct computation. Notice that the zero
frequency part is always of lower order by Bernstein’s inequality.

(3.78) .P
(
‖h‖3, ‖η‖4, ‖v‖4,

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣
0

)
. P(Eκ(T )), (3.80)

(3.79) .
2∑

L=1

∣∣∣∂3hã3i
∣∣∣
L∞

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣
0

∣∣∣∣∆ηkãLk∂LΛ2
κv − ∆Λ2

κηkãLk∂Lv
∣∣∣∣
0
. P(Eκ(T )). (3.81)

26



In order for cancelling B132, we just need to commute one mollifier in B201 from ηk to ηi. We find that (3.82) exactly
canceles with B132. All the commutators (3.83)-(3.84) can be controlled directly so we omit the details.

(3.76) = −

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3k∂

2
∆Λκηk

(
ã3i∂LΛ2

κvi

) (
ãLr∂

2
∆Λκηr

)
dS (3.82)

−

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3k∂

2
∆Λκηk

([
Λκ, ã3iã3kãLr∂iΛ

2
κvi

]
∂

2
∆ηr

)
dS (3.83)

−

2∑
L=1

∫
Γ

(
∂h
∂N

)
ã3iã3k∂

2
∆η̃k

([
∂2, ãLr∂iΛ

2
κvi

]
∆ηr

)
dS . (3.84)

Summarising (3.63)-(3.84), we get the control of the boundary integral B by∫ T

0
B(t) dt . −

c0

4

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣2
0

+

∫ T

0
P(Eκ(t)) dt. (3.85)

Now, summing up (3.53), (3.54), (3.57), (3.61), (3.62), (3.63) and (3.85), we get the estimates of Alinhac good unknowns

‖V‖20 +

3∑
j=1

∥∥∥∥∂2
∆(F0

j · ∂)η
∥∥∥∥2

0
+

∥∥∥∥√
e′(h)∂

2
∆h

∥∥∥∥2

0
+

c0

4

∣∣∣∣ã3i∂
2
∆Λκηi

∣∣∣∣2
0
. P0 + P(Eκ(T ))

∫ T

0
P(Eκ(t)) dt. (3.86)

Finally by the definition of Alinhac good unknown, we know

‖∂4v‖0 . ‖V‖0 + ‖∂
2
∆η‖0‖ã∂v‖L∞ . ‖V‖0 + P(Eκ(T ))

∫ T

0
P(Eκ(t)) dt,

and thus we finalize the tangential estimates

∥∥∥∥∂4v
∥∥∥∥2

0
+

3∑
j=1

∥∥∥∥∂4(F0
j · ∂)η

∥∥∥∥2

0
+

∥∥∥∥√
e′(h)∂4h

∥∥∥∥2

0
+

c0

4

∣∣∣∣ã3i∂4Λκηi

∣∣∣∣2
0
. P0 + P(Eκ(T ))

∫ T

0
P(Eκ(t)) dt. (3.87)

3.3 Elliptic estimates and reduction to tangentially-differentiated wave equations

The divergence of v and (F0
j · ∂)η are reduced to ‖e′(h)∂th‖3 and

3∑
j=1
‖e′(h)(F0

j · ∂)h‖3 in div-curl estimates. In this section we

invoke Christodoulou-Lindblad type elliptic estimates (Lemma 2.6) to further reduce the estimates of h to tangential derivatives.
Let us derive the wave equation of h first. Taking smoothed-divergence divã in the second equation of (3.2), we get

e′(h)∂2
t h − ∆ãh = −∂tãli∂lvi − e′′(h)(∂th)2 −

3∑
j=1

(
(F0

j · ∂)
(
divã(F0

j · ∂)η
)
−

[
divã, (F0

j · ∂)
]

(F0
j · ∂)η

)
. (3.88)

Invoking the formula (3.44) of divã(F0
j · ∂)η, we know the wave equation of h becomes

e′(h)∂2
t h − ∆ãh = − ∂tãli∂lvi − ∇

i
ã

(
(F0

j · ∂)η̃l

)
∇l

ã

(
(F0

j · ∂)η̃i

)
+

3∑
j=1

e′(h)(F0
j · ∂)2h

− e′′(h)(∂th)2 +

3∑
j=1

e′′(h)
(
(F0

j · ∂)h
)2

−

3∑
j=1

(F0
j · ∂)

∫ T

0
divã(F0

j · ∂)ψ − ∇r
ã

(
(F0

j · ∂)ηi

)
∇i

ã∂tη̃r + ∇i
ã

(
(F0

j · ∂)η̃r

)
∇r

ãvi dt.

(3.89)
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Remark. Among all terms in the source part of (3.89), the first two lines show the terms that also appears in the original system
(1.14). In Eulerian coordinates, they can be written as

(∇v) · (∇v) − (∇F) · (∇F) +

3∑
j=1

e′(h)(F j · ∇)2
h − e′′(h)(Dth)2 + e′′(h)

3∑
j=1

(
(F j · ∇)h

)2
.

The last two terms are of higher order weight function and thus much are smaller. Therefore the main terms are the first three
terms.

Now we start to control h. From the a priori assumption (3.7) and Poincaré inequality, we have

‖h‖4 . ‖∂4h‖0 ≤ ‖∇ãh‖3 + ‖a − I3‖3‖h‖4 . ‖∇ãh‖3 + δ‖h‖4,

and the δ-term can be absorbed by LHS if we choose δ > 0 to be sufficiently small. From now on, we will use the notation
‖ f ‖r ≈ ‖∇ã f ‖r−1 to record similar inequality for 1 ≤ r ≤ 4.

Invoking Lemma 2.6, we have
‖h‖4 ≈ ‖∇ãh‖3 . P(‖η̃‖3)

(
‖∆ãh‖2 + ‖∂η̃‖3‖h‖3

)
. (3.90)

Then inserting the wave equation, we know

‖∆ãh‖2 .
∥∥∥e′(h)∂2

t h
∥∥∥

2 +

3∑
j=1

∥∥∥e′(h)(F0
j · ∂)2h

∥∥∥
2

+ ‖∂tã · ∂v‖2 +

3∑
j=1

∥∥∥∇ã((F0
j · ∂)η)

∥∥∥2

2
+

∥∥∥e′′(h)(∂th)2
∥∥∥

2 +

3∑
j=1

∥∥∥∥e′′(h)
(
(F0

j · ∂)h
)2∥∥∥∥

2

+

3∑
j=1

∫ T

0

∥∥∥∥(F0
j · ∂)

(
divã(F0

j · ∂)ψ − ∇r
ã

(
(F0

j · ∂)ηi

)
∇i

ã∂tη̃r + ∇i
ã

(
(F0

j · ∂)η̃r

)
∇r

ãvi

)∥∥∥∥
2

dt

.
∥∥∥e′(h)∂2

t h
∥∥∥

2 +

3∑
j=1

∥∥∥e′(h)(F0
j · ∂)2h

∥∥∥
2

+ ‖∂v‖22‖∂η̃‖L∞ +

3∑
j=1

‖ã‖22
∥∥∥(F0

j · ∂)η
∥∥∥2

3
+

∥∥∥(e′(h)∂th
)∥∥∥2

2 +

3∑
j=1

∥∥∥∥(e′(h)(F0
j · ∂)h

)∥∥∥∥2

2

+

∫ T

0
P

‖ã‖3, 3∑
j=1

‖(F0
j · ∂)ψ‖4 + ‖(F0

j · ∂)η̃‖4 + ‖(F0
j · ∂)η‖4, ‖∂tη̃‖4

 dt

.
∥∥∥e′(h)∂2

t h
∥∥∥

2 +

3∑
j=1

∥∥∥e′(h)(F0
j · ∂)2h

∥∥∥
2

+ P0 +

∫ T

0
P(Eκ(t)) dt.

(3.91)

Therefore, we reduce the estimates of ‖h‖4 to ‖e′(h)∂2
t h‖2 and

3∑
j=1
‖e′(h)(F0

j · ∂)2h‖2.

Remark.

1. In (3.90), the essential terms are ‖e′(h)∂2
t h‖2 and

3∑
j=1
‖e′(h)(F0

j · ∂)2h‖2 obtained from ∆ãh. The term P(‖η̃‖3)‖∂η̃‖3‖h‖3 is

actually a lower order term. One can repeatedly apply Lemma 2.6 to h in order to reduce to the estimates of ‖h‖1 which
can be directly controlled by the L2-estimate of the wave equation (3.89). Due to this reason, we will omit the processes
of controlling these lower order terms appearing in the elliptic estimates throughout this manuscript.

2. Note that h|Γ = 0 and ∂t, (F0
j · ∂) are tangential derivatives on the boundary, so ∂2

t h and (F0
j · ∂)2h are still vanishing on the

boundary and thus we can use Lemma 2.6 to further reduce them to full tangentially-differentiated quantites and use the
tangentially-differentiated wave equation to finalize the control. We postpone the proof after the elliptic estimates of ∂th.
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Next we control ‖∂th‖3 in the same way by inserting the ∂t-differentiated wave equation (3.89)

‖∂th‖3 ≈ ‖∇ã∂th‖2 . P(‖η̃‖2)
(
‖∆ã∂th‖1 + ‖∂η̃‖2‖∂th‖2

)
, (3.92)

and then
‖∆ã∂th‖1 .‖∂t∆ãh‖1 + ‖[∆ã, ∂t]h‖1

.
∥∥∥e′(h)∂3

t h
∥∥∥

1 +

3∑
j=1

∥∥∥e′(h)(F0
j · ∂)2∂th

∥∥∥
1

+
∥∥∥e′′(h)∂th∂2

t h
∥∥∥

1 +

3∑
j=1

∥∥∥e′′(h)∂th(F0
j · ∂)2h

∥∥∥
1

+ ‖∂t(∂tã∂v)‖1 +

3∑
j=1

∥∥∥∥∂t

(
∇ã((F0

j · ∂)η)
)∥∥∥∥2

1
+ ‖[∆ã, ∂t]h‖1

+ ‖∂t(e′′(h)(∂th)2)‖1 +

3∑
j=1

∥∥∥∥∂t

(
e′′(h)((F0

j · ∂)h)2
)∥∥∥∥

1

+

3∑
j=1

∥∥∥∥(F0
j · ∂)

(
divã(F0

j · ∂)ψ − ∇r
ã

(
(F0

j · ∂)ηi

)
∇i

ã∂tη̃r + ∇i
ã

(
(F0

j · ∂)η̃r

)
∇r

ãvi

)∥∥∥∥
1
.

(3.93)

Notice that |e(k)(h)| . |e′(h)|k, so the power of weight function e′(h) is always enough. For example,∣∣∣∂t(e′′(h)(∂th)2)
∣∣∣ ≤ ∣∣∣2(e′′(h)∂2

t h)∂th
∣∣∣ +

∣∣∣e′′′(h)(∂th)3
∣∣∣ . ∣∣∣((e′(h))2∂2

t h)∂th
∣∣∣ +

∣∣∣(e′(h)∂th)3
∣∣∣ .

Therefore, we know

‖∆ã∂th‖1 .
∥∥∥e′(h)∂3

t h
∥∥∥

1 +

3∑
j=1

∥∥∥e′(h)(F0
j · ∂)2∂th

∥∥∥
1

+ P0 +

∫ T

0
P(Eκ(t)) dt. (3.94)

As one can see, the remaining terms in (3.94) are exactly from the energy functionalsof ∂3
t -differentiated and

3∑
j=1

(F0
j · ∂)2∂t-

differentiated wave equation (3.89).
Similarly, ‖divã(F0

j · ∂)η‖3 ≈ ‖e′(h)(F0
j · ∂)h‖3 can be controlled by Lemma 2.6 and inserting (F0

j · ∂)-differentiated wave
equation. We omit the details and get the following conclusion

‖div (F0
j · ∂)η‖3 .

∥∥∥(e′(h))2∂2
t (F0

j · ∂)h
∥∥∥

1
+

3∑
k=1

∥∥∥(e′(h))2(F0
k · ∂)2(F0

j · ∂)h
∥∥∥

1
+ P0 +

∫ T

0
P(Eκ(t)) dt, (3.95)

where the remaining terms will be controlled by analyzing ∂2
t (F0

j · ∂)-differentiated and
3∑

j,k=1
(F0

k · ∂)2(F0
j · ∂)-differentiated wave

equation (3.89).
Now we come to further reduce the remaining terms in (3.90) to full tangential derivatives.
We have ∥∥∥∥√

e′(h)∂2
t h

∥∥∥∥
2
≈

∥∥∥∥∇ã

( √
e′(h)∂2

t h
)∥∥∥∥

1
≤

∥∥∥∥√
e′(h)∇ã∂

2
t h

∥∥∥∥
1

+
∥∥∥∥(

√
e′(h))−1/2e′′(h)∇ãh∂2

t h
∥∥∥∥

1
, (3.96)

and then ∥∥∥∥√
e′(h)∇ã∂

2
t h

∥∥∥∥
1
.P(‖η̃‖2)

∥∥∥∥√
e′(h)∆ã∂

2
t h

∥∥∥∥
0

+ P0 +

∫ T

0
P(Eκ(t)) dt

.P(‖η̃‖2)

∥∥∥∥(e′(h))
3
2 ∂4

t h
∥∥∥∥

0
+

3∑
j=1

∥∥∥∥(e′(h))
3
2 (F0

j · ∂)2∂2
t h

∥∥∥∥
0

 + P0 +

∫ T

0
P(Eκ(t)) dt.

(3.97)
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Similarly we have

‖e′(h)(F0
j · ∂)2h‖2 ≈‖e′(h)∇ã(F0

j · ∂)2h‖1 + ‖e′′(h)∇ãh(F0
j · ∂)2h‖1

.P(‖η̃‖2)‖e′(h)∆ã(F0
j · ∂)2h‖0 + P0 +

∫ T

0
P(Eκ(t)) dt

.P(‖η̃‖2)

‖(e′(h))2∂2
t (F0

j · ∂)2h‖0 +

3∑
k=1

∥∥∥(e′(h))2(F0
k · ∂)2(F0

j · ∂)2h
∥∥∥

0


+ P0 +

∫ T

0
P(Eκ(t)) dt.

(3.98)

Summarizing (3.94), (3.95), (3.96) and (3.98), we still need to control the following quantities.∥∥∥e′(h)∂3
t h

∥∥∥
1 + ‖(e′(h))

3
2 ∂4

t h‖0

+

3∑
j=1

∥∥∥(e′(h))2∂2
t (F0

j · ∂)h
∥∥∥

1
+

3∑
j=1

‖(e′(h))
3
2 ∂2

t (F0
j · ∂)2h‖0

+

3∑
j=1

∥∥∥(e′(h))2(F0
j · ∂)2∂2

t h
∥∥∥

0
+

3∑
j=1

∥∥∥e′(h)(F0
j · ∂)2∂th

∥∥∥
1

+

3∑
j,k=1

∥∥∥(e′(h))2(F0
k · ∂)2(F0

j · ∂)2h
∥∥∥

0
+

3∑
k=1

∥∥∥(e′(h))2(F0
k · ∂)2(F0

j · ∂)h
∥∥∥

1
.

(3.99)

Remark. The quantites in (3.99) exactly correspond to the weighted energy functionals of ∂3
t -differentiated,

3∑
j=1
∂2

t (F0
j · ∂)-

differentiated,
3∑

j=1
∂t(F0

j · ∂)2-differentiated and
3∑

j,k=1
(F0

k · ∂)2(F0
j · ∂)-differentiated wave equation of h (3.89). Keep in mind that

these derivatives are all tangential, and thus there is no boundary integral appearing in the energy estimates.

Reduction of the remaining terms in the energy functional Eκ(T ) Comparing with the energy functional Eκ(T ), we still
need to control

‖∂tv‖3, ‖(F0
j · ∂)∂tη‖3, ‖∂

2
t v‖2, ‖(F0

j · ∂)∂2
t η‖2,

‖e′(h)∂3
t v‖1, ‖e′(h)(F0

j · ∂)∂3
t η‖1, ‖e

′(h)∂4
t v‖0, ‖e′(h)(F0

j · ∂)∂4
t η‖0.

(3.100)

Let us start with full time derivatives. Recall ∂tv = −∇ãh +
3∑

j=1
(F0

j · ∂)2η gives

∂4
t v = −∇ã∂

3
t h + [∇ã, ∂

3
t ]h +

3∑
j=1

(F0
j · ∂)2∂3

t η,

and thus

‖e′(h)∂4
t v‖0 . ‖e′(h)∂3

t h‖1 +

3∑
j=1

‖F0
j‖L∞

∥∥∥e′(h)(F0
j · ∂)∂3

t η
∥∥∥

1
+ lower order terms. (3.101)

Then
‖e′(h)(F0

j · ∂)∂4
t η‖0 . ‖F

0
j‖L∞‖e

′(h)∂3
t v‖1 + ‖e′(h)(F0

j · ∂)∂3
t ψ‖0. (3.102)

Recall that in (3.12) we only need at most 3 time derivatives of v to control e′(h)(F0
j · ∂)∂3

t ψ. Therefore, the control of full
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time derivatives of v and (F0
j · ∂)η has been reduced to less time derivatives. Similarly, we have

‖
√

e′(h)∂3
t v‖1 .‖

√
e′(h)∇ã∂

2
t h‖1 +

3∑
j=1

‖F0
j‖2‖

√
e′(h)(F0

j · ∂)∂2
t η‖2 + lower order terms.

‖
√

e′(h)(F0
j · ∂)∂3

t η‖1 .‖F
0
j‖2‖

√
e′(h)∂2

t v‖2 + ‖
√

e′(h)(F0
j · ∂)∂2

t ψ‖1.

‖∂2
t v‖2 .‖∇ã∂th‖2 +

3∑
j=1

‖F0
j‖2‖(F

0
j · ∂)∂tη‖3 + lower order terms.

‖(F0
j · ∂)∂2

t η‖2 .‖F
0
j‖2‖∂tv‖3 + ‖(F0

j · ∂)∂tψ‖2.

‖∂tv‖3 .‖∇ãh‖3 +

3∑
j=1

‖F0
j‖3‖(F

0
j · ∂)η‖4.

‖(F0
j · ∂)∂tη‖3 .‖F0

j‖3‖v‖4 + ‖(F0
j · ∂)ψ‖4.

(3.103)

Invoking Lemma 3.2, all these time derivatives are reduced to full spatial derivatives and the estimates of h. Since the estimates
of ‖v‖4 and ‖(F0

j · ∂)η‖4 are reduced to the elliptic estimates of h, we know it remains to control the quantities in (3.99), which

will be controlled via tangentially-differentiated wave equation of h, and thus can be controlled by P0 +
∫ T

0 P(Eκ(t)) dt.

3.4 Special Structure of the wave equation
This part is the key to the whole proof to establish the energy estimates. Let us start with the wave equation of h (3.89).

e′(h)∂2
t h − ∆ãh =−∂tãli∂lvi − ∇

i
ã

(
(F0

j · ∂)η̃l

)
∇l

ã

(
(F0

j · ∂)η̃i

)︸                                                ︷︷                                                ︸
L1

+

3∑
j=1

e′(h)(F0
j · ∂)2h

−e′′(h)(∂th)2 +

3∑
j=1

e′′(h)
(
(F0

j · ∂)h
)2

︸                                          ︷︷                                          ︸
L2

−

3∑
j=1

(F0
j · ∂)

∫ T

0
divã(F0

j · ∂)ψ − ∇r
ã

(
(F0

j · ∂)ηi

)
∇i

ã∂tη̃r + ∇i
ã

(
(F0

j · ∂)η̃r

)
∇r

ãvi︸                                                                        ︷︷                                                                        ︸
L j

3

dt.

(3.104)

We will show the full details in the case of ∂3
t -differentiated wave equation and

3∑
j,k=1

(F0
k · ∂)2(F0

j · ∂)-differentiated wave

equation, which are the most complicated cases. The other mixed cases follow in the same way so we will omit those details.

3.4.1 Fully time-differentiated wave equation

First, we differentiate ∂3
t in the wave equation (3.89) to get

e′(h)∂5
t h − ∆ã∂

3
t h =

3∑
j=1

e′(h)(F0
j · ∂)2∂3

t h

+
[
e′(h), ∂3

t

]
∂2

t h +
[
∂3

t ,∆ã

]
h +

3∑
j=1

[
∂3

t , e
′(h)

]
(F0

j · ∂)2h︸                                                               ︷︷                                                               ︸
L41

+ ∂3
t (L1 + L2) −

3∑
j=1

(F0
j · ∂)

∫ T

0
∂3

t L j
3 dt.

(3.105)
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Then we take L2-inner product of (3.105) with (e′(h))2∂4
t h to get∫

Ω

(e′(h))3∂5
t h∂4

t h dy −
∫

Ω

(e′(h))2divã(∇ã∂
3
t h)∂4

t h dy

=

3∑
j=1

∫
Ω

(e′(h))3(F0
j · ∂)2∂3

t h∂4
t h dy

+

∫
Ω

(e′(h))2
(
L41 + ∂3

t (L1 + L2)
)
∂4

t h dy

−

3∑
j=1

∫
Ω

(e′(h))2∂4
t h ·

(
(F0

j · ∂)
∫ T

0
∂3

t L j
3 dt

)
dy.

(3.106)

The LHS of (3.106) gives the weighted energy of ∂4
t h and ∂3

t h. We integrate by parts in the second term to get

LHS of (3.106) =
1
2

d
dt

∫
Ω

∣∣∣∣(e′(h))
3
2 ∂4

t h
∣∣∣∣2 dt +

1
2

d
dt

∫
Ω

∣∣∣e′(h)∇ã∂
3
t h

∣∣∣2 dy

−
3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣∂4

t h
∣∣∣2 dy −

∫
Ω

e′(h)e′′(h)∂th
∣∣∣∇ã∂

3
t h

∣∣∣2 dy

+ 2
∫

Ω

e′(h)e′′(h)(∇ãh) · (∇ã∂
3
t h)∂4

t h dy +

∫
Ω

(e′(h))2∇ã∂
3
t h ·

(
[∇ã, ∂t]∂3

t h
)

dy

(3.107)

The first term on RHS of (3.106) gives the weighted energy of
3∑

j=1
(F0

j · ∂)∂3
t h after integrating (F0

j · ∂) by parts

∫
Ω

(e′(h))3(F0
j · ∂)2∂3

t h∂4
t h dy

= −
1
2

d
dt

∫
Ω

∣∣∣∣(e′(h))
3
2 (F0

j · ∂)∂3
t h

∣∣∣∣2 dy

+
3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣(F0

j · ∂)∂3
t h

∣∣∣2 dy − 3
∫

Ω

(e′(h))2e′′(h)
(
(F0

j · ∂)h
) (

(F0
j · ∂)∂3

t h
)
∂4

t h dy

−

∫
Ω

∂lF0
l j(e
′(h))3

(
(F0

j · ∂)∂3
t h

)
∂4

t h dy

(3.108)

The remaining terms can all be directly controlled by invoking the physical conditions |e(k)(h)| . |e′(h)|k. We list the details
as follow:

In (3.107):

−
3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣∂4

t h
∣∣∣2 dy −

∫
Ω

e′(h)e′′(h)∂th
∣∣∣∇ã∂

3
t h

∣∣∣2 dy

+ 2
∫

Ω

e′(h)e′′(h)(∇ãh) · (∇ã∂
3
t h)∂4

t h dy +

∫
Ω

(e′(h))2∇ã∂
3
t h ·

(
[∇ã, ∂t]∂3

t h
)

dy

.‖
√

e′(h)‖L∞
(∥∥∥∥(e′(h))

3
2 ∂4

t h
∥∥∥∥2

0
+

∥∥∥e′(h)∇ã∂
3
t h

∥∥∥2
0

)
+ ‖

√
e′(h)‖L∞‖ã‖L∞‖∂h‖L∞‖e′(h)∇ã∂

3
t h‖0‖(e′(h))

3
2 ∂4

t h‖0 + ‖∇ã∂tη‖L∞
∥∥∥e′(h)∇ã∂

3
t h

∥∥∥2
0 .

(3.109)

In (3.108):

3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣(F0

j · ∂)∂3
t h

∣∣∣2 dy − 3
∫

Ω

(e′(h))2e′′(h)
(
(F0

j · ∂)h
) (

(F0
j · ∂)∂3

t h
)
∂4

t h dy

−

∫
Ω

∂lF0
l j(e
′(h))3

(
(F0

j · ∂)∂3
t h

)
∂4

t h dy

.‖
√

e′(h)‖L∞
∥∥∥∥(e′(h))

3
2 (F0

j · ∂)∂3
t h

∥∥∥∥2

0

+
(
‖∂F0‖L∞ + ‖e′(h)(F0

j · ∂)h‖L∞
) ∥∥∥∥(e′(h))

3
2 (F0

j · ∂)∂3
t h

∥∥∥∥
0

∥∥∥∥(e′(h))
3
2 ∂4

t h
∥∥∥∥

0

(3.110)
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In (3.106), ∫
Ω

(e′(h))2
(
L41 + ∂3

t (L1 + L2)
)
∂4

t h dy .
∥∥∥∥(e′(h))

3
2 ∂4

t h
∥∥∥∥

0

∥∥∥∥√
e′(h)

(
L41 + ∂3

t (L1 + L2)
)∥∥∥∥

0
.

We compute that

‖
√

e′(h)∂3
t L1‖0 . ‖

√
e′(h)∂3

t v‖0‖∂v‖L∞ + ‖
√

e′(h)‖L∞‖∂2
t v‖0‖∂tv‖L∞

+‖ã‖2L∞
(
‖
√

e′(h)(F0
j · ∂)∂3

t η̃‖0‖∂(F0
j · ∂)η̃‖L∞ + ‖

√
e′(h)‖L∞‖(F0

j · ∂)∂2
t η̃‖0‖(F

0
j · ∂)∂tη̃‖L∞

)
,

and

∂3
t L2 =e(5)(h)(∂th)5 + 8e(4)(h)(∂th)3∂2

t h + 12e(3)(h)∂th(∂2
t h)2 + 4e(3)(h)(∂th)2∂3

t h

+ 6e′′(h)∂2
t h∂3

t h + 2e′′(h)∂th∂4
t h

+ e′′(h)
(
2((F0

j · ∂)h)((F0
j · ∂)∂3

t h) + 6((F0
j · ∂)∂2

t h)((F0
j · ∂)∂th)

)
+ e(3)(h)

(
∂3

t h((F0
j · ∂)h)2 + ∂2

t h((F0
j · ∂)h)((F0

j · ∂)∂th)

+ ∂th(2((F0
j · ∂)∂th)2 + 2((F0

j · ∂)h)((F0
j · ∂)∂2

t h))
)

+ e(4)(h)
(
2(∂th)2((F0

j · ∂)h)((F0
j · ∂)∂th) + 2(∂th)(∂2

t h)((F0
j · ∂)h)2

)
+ e(5)(h)(∂th)3((F0

j · ∂)h)2

⇒ ‖
√

e′(h)∂3
t L2‖0 .P

(
‖
√

e′(h)‖L∞ , ‖∂th‖L∞ , ‖
√

e′(h)∂2
t h‖2, ‖e′(h)∂3

t h‖1, ‖(e′(h))
3
2 ∂4

t h‖0

‖(F0
j · ∂)h‖L∞ , ‖

√
e′(h)∂t(F0

j · ∂)h‖2, ‖e′(h)∂2
t (F0

j · ∂)h‖1, ‖(e′(h))
3
2 ∂3

t (F0
j · ∂)h‖0

)
,

and L41 consists of quadratic and cubic terms and each term containing 5 derivatives in total with highest order equal to 4. Here
we list the precise form, but analogous computations will be omitted in the remaining of the paper.

L41 =
[
e′(h), ∂3

t

]
∂2

t h +
[
∂3

t ,∆ã

]
h +

3∑
j=1

[
∂3

t , e
′(h)

]
(F0

j · ∂)2h

=e′(h)(3∂th∂4
t h + 4∂2

t h∂3
t h) + 3e′′(h)((∂th)2∂3

t h + ∂th(∂2
t h)2) + e′′′(h)(∂th)3

+ (∆ã∂
2
t v)(∇ãh) + (∆ã∂tv)(∇ã∂th) + (∆ãv)(∇ã∂

2
t h)

+ (∇ã∂
2
t v)(∇ã∇ãh) + (∇ã∂tv)(∇ã∇ã∂th) + (∇ãv)(∇ã∇ã∂

2
t h)

+
∑

l1+l2+l3=1

(∇ã∂
l1
t v)(∆ã∂

l2
t v)(∇ã∂

l3
t h) + (∇ã∂

l1
t v)(∇ã∂

l2
t v)(∇ã∇ã∂

l3
t h)

+

3∑
j=1

3e′(h)(∂th∂2
t (F0

j · ∂)2h + 2∂2
t h(F0

j · ∂)2∂th + ∂3
t h(F0

j · ∂)2h)

+ 2e′′(h)(3(∂th)2(F0
j · ∂)2∂th + 3∂2

t h∂th(F0
j · ∂)2h) + e′′′(h)(∂th)3(F0

j · ∂)2h,

which gives ∫
Ω

(e′(h))2
(
L41 + ∂3

t (L1 + L2)
)
∂4

t h dy

.
3∑

j=1

P
( ∥∥∥∥(e′(h))

3
2

(
∂4

t h, (F0
j · ∂)2∂2

t h
)∥∥∥∥

0
,
∥∥∥∥e′(h)

(
∂3

t h, (F0
j · ∂)2∂th

)∥∥∥∥
1
,

∥∥∥∥√
e′(h)

(
∂2

t h, (F0
j · ∂)2h

)∥∥∥∥
2
, ‖∂th‖2 , ‖vt‖3 , ‖v‖4 , ‖η‖4

)
.

(3.111)
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Finally,

−

3∑
j=1

∫
Ω

(e′(h))2∂4
t h ·

(
(F0

j · ∂)
∫ T

0
∂3

t L j
3 dt

)
dy

.
3∑

j=1

∥∥∥∥(e′(h))
3
2 ∂4

t h
∥∥∥∥

0

∥∥∥∥√
e′(h)(F0

j · ∂)∂2
t L j

3

∥∥∥∥
0

.
3∑

j=1

∥∥∥∥(e′(h))
3
2 ∂4

t h
∥∥∥∥

0
P

(
‖ã‖2, ‖∂2

t ((F0
j · ∂)η, (F0

j · ∂)η̃)‖1, ‖v‖3, ‖vt‖2, ‖(F0
j · ∂)∂tψ‖2, ‖(F0

j · ∂)ψ‖3
)
.

(3.112)

Summarizing (3.106)-(3.112), we get the energy estimates of ∂3
t -differentiated wave equation

d
dt

∥∥∥∥(e′(h))
3
2 ∂4

t h
∥∥∥∥2

0
dt +

∥∥∥e′(h)∂3
t h

∥∥∥2
1 +

3∑
j=1

∥∥∥∥(e′(h))
3
2 (F0

j · ∂)∂3
t h

∥∥∥∥2

0

 . P(Eκ(t)). (3.113)

3.4.2 Fully (F0 · ∂)-differentiated wave equation

We differentiate (F0
k · ∂)2(F0

l · ∂) (no summation on k, l!) in the wave equation (3.89) to get

e′(h)(F0
k · ∂)2(F0

l · ∂)∂2
t h − ∆ã

(
(F0

k · ∂)2(F0
l · ∂)

)
h

=

3∑
j=1

e′(h)(F0
k · ∂)2(F0

l · ∂)(F0
j · ∂)2h

+
[
e′(h), (F0

k · ∂)2(F0
l · ∂)

]
∂2

t h +
[
(F0

k · ∂)2(F0
l · ∂),∆ã

]
h +

3∑
j=1

[
(F0

k · ∂)2(F0
l · ∂), e′(h)

]
(F0

j · ∂)2h︸                                                                                                                      ︷︷                                                                                                                      ︸
L42

+ (F0
k · ∂)2(F0

l · ∂)(L1 + L2) −
3∑

j=1

(F0
j · ∂)

∫ T

0
(F0

k · ∂)2(F0
l · ∂)L j

3 dt

(3.114)

Then we take the L2-inner product of (3.114) and (e′(h))2(F0
k · ∂)2(F0

l · ∂)∂th to get∫
Ω

(e′(h))3
(
(F0

k · ∂)2(F0
l · ∂)∂th

)
∂t

(
(F0

k · ∂)2(F0
l · ∂)∂th

)
dy

−

∫
Ω

(e′(h))2divã

(
∇ã(F0

k · ∂)2(F0
l · ∂)h

)
∂t

(
(F0

k · ∂)2(F0
l · ∂)h

)
dy

=

3∑
j=1

∫
Ω

(e′(h))3
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)2h
)
·
(
(F0

k · ∂)2(F0
l · ∂)∂th

)
dy

+

∫
Ω

(e′(h))2
(
L42 + (F0

k · ∂)2(F0
l · ∂)(L1 + L2)

)
·
(
(F0

k · ∂)2(F0
l · ∂)∂th

)
dy

−

3∑
j=1

∫
Ω

(e′(h))2(F0
k · ∂)2(F0

l · ∂)∂th ·
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)
∫ T

0
L j

3

)
dy

(3.115)

For LHS of (3.115), we integrate by part in the second term to get the energy term plus some commutators

LHS of (3.115) =
1
2

d
dt

∫
Ω

∣∣∣∣(e′(h))
3
2 (F0

k · ∂)2(F0
l · ∂)∂th

∣∣∣∣2 +
∣∣∣e′(h)∇ã(F0

k · ∂)2(F0
l · ∂)h

∣∣∣2 dy

+

∫
Ω

3
2

(e′(h))2e′′(h)∂th
∣∣∣(F0

k · ∂)2(F0
l · ∂)h

∣∣∣2 + e′(h)e′′(h)∂th
∣∣∣∇ã(F0

k · ∂)2(F0
l · ∂)h

∣∣∣2 dy

+

∫
Ω

2e′(h)e′′(h)
(
∇ã(F0

k · ∂)2(F0
l · ∂)h

)
∂t

(
(F0

k · ∂)2(F0
l · ∂)h

)
dy

+

∫
Ω

(e′(h))2
(
∇ã(F0

k · ∂)2(F0
l · ∂)h

)
·
(
[divã, ∂t] (F0

k · ∂)2(F0
l · ∂)h

)
dy.

(3.116)
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The first term on the RHS of (3.115) gives the weight energy of h after we integrate (F0
j · ∂) by parts for each j

3∑
j=1

∫
Ω

(e′(h))3
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)2h
)
·
(
(F0

k · ∂)2(F0
l · ∂)∂th

)
dy

= −

3∑
j=1

1
2

d
dt

∫
Ω

∣∣∣∣(e′(h))
3
2 (F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
∣∣∣∣2 dy

+

3∑
j=1

3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
∣∣∣2 dy

−

3∑
j=1

3
∫

Ω

(e′(h))2e′′(h)((F0
j · ∂)h)

(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
) (

(F0
k · ∂)2(F0

l · ∂)∂th
)

dy

−

3∑
j=1

∫
Ω

(e′(h))3∂mF0
m j

(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
) (

(F0
k · ∂)2(F0

l · ∂)∂th
)

dy.

(3.117)

Now we analyze the remaining terms. Keep in mind the physical constraints (1.9): |e(k)(h)| . |e′(h)|k.
In (3.116), we have ∫

Ω

2e′(h)e′′(h)
(
∇ã(F0

k · ∂)2(F0
l · ∂)h

)
∂t

(
(F0

k · ∂)2(F0
l · ∂)h

)
dy

+

∫
Ω

(e′(h))2
(
∇ã(F0

k · ∂)2(F0
l · ∂)h

)
·
(
[divã, ∂t] (F0

k · ∂)2(F0
l · ∂)h

)
dy

.2‖
√

e′(h)‖L∞
∥∥∥e′(h)(F0

k · ∂)2(F0
l · ∂)h

∥∥∥
1

∥∥∥∥(e′(h))
3
2 (F0

k · ∂)2(F0
l · ∂)∂th

∥∥∥∥
0

+ ‖∇ãv‖L∞
∥∥∥e′(h)(F0

k · ∂)2(F0
l · ∂)h

∥∥∥2
1 .

(3.118)

In (3.117), we have

3∑
j=1

3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
∣∣∣2 dy

−

3∑
j=1

3
∫

Ω

(e′(h))2e′′(h)((F0
j · ∂)h)

(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
) (

(F0
k · ∂)2(F0

l · ∂)∂th
)

dy

−

3∑
j=1

∫
Ω

(e′(h))3∂mF0
m j

(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
) (

(F0
k · ∂)2(F0

l · ∂)∂th
)

dy

.
3∑

j=1

‖e′(h)∂th‖L∞
∥∥∥∥(e′(h))

3
2 (F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
∥∥∥∥2

0

+3‖e′(h)(F0
j · ∂)h‖L∞

∥∥∥∥(e′(h))
3
2 (F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
∥∥∥∥

0

∥∥∥∥(e′(h))
3
2 (F0

k · ∂)2(F0
l · ∂)∂th

∥∥∥∥
0

+P
(
‖e′(h)‖L∞ ,

∥∥∥∥(e′(h))
3
2 (F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
∥∥∥∥

0
, ‖F0‖4, ‖∂th‖3

)
.

(3.119)

It remains to analyze the last two lines in (3.116). The most difficult term is the last line. We should first integrate ∂t by
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parts and use the time integral outside L j
3 to eliminate that time derivative, and then integrate (F0

j · ∂) by parts to get

−

∫ T

0

∫
Ω

(e′(h))2(F0
k · ∂)2(F0

l · ∂)∂th ·
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)
∫ t

0
L j

3(τ)
)

dydτ

∂t
=

∫ T

0

∫
Ω

(e′(h))2
(
(F0

k · ∂)2(F0
l · ∂)h

)
·
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)L j
3(t)

)
dy dt

+ 2
∫ T

0
e′(h)e′′(h)∂th(F0

k · ∂)2(F0
l · ∂)h ·

(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)
∫ t

0
L j

3

)
dy dt

−

∫
Ω

(e′(h))2(F0
k · ∂)2(F0

l · ∂)h ·
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)
∫ T

0
L j

3

)
dy

(F0
j ·∂)
= −

∫ T

0

∫
Ω

(e′(h))2
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
)
·
(
(F0

k · ∂)2(F0
l · ∂)L j

3(t)
)

dy dt

− 2
∫ T

0

∫
Ω

e′(h)e′′(h)∂th
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
)
·

(
(F0

k · ∂)2(F0
l · ∂)

∫ t

0
L j

3

)
dy dt

+

∫
Ω

(e′(h))2
(
(F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
)
·

(
(F0

k · ∂)2(F0
l · ∂)

∫ T

0
L j

3

)
dy + · · ·

.P(Eκ(T ))
∫ T

0
P

(∥∥∥∥(e′(h))
3
2 (F0

k · ∂)2(F0
l · ∂)(F0

j · ∂)h
∥∥∥∥

0
,
∥∥∥∥((F0

j · ∂)ψ, (F0
j · ∂)η, (F0

j · ∂)η̃,F0, v
)∥∥∥∥

4

)
dt,

(3.120)

where in the omitted terms the derivative falls on either F0
j (and thus gives a lower order term) or the weight function (and thus

gives more weight functions).
Finally we analyze the second last line in (3.116). It suffices to control

√
e′(h)-weighted L2-norm of L42 + (F0

k · ∂)2(F0
l ·

∂)(L1 + L2).
The L42-term is easier to control because at least one derivative falls on the weight function, and all the other terms only

contain spatial derivative and thus do not require any weight function.∥∥∥∥√
e′(h)L42

∥∥∥∥
0

=

∥∥∥∥∥∥∥∥
√

e′(h)

[e′(h), (F0
k · ∂)2(F0

l · ∂)
]
∂2

t h +
[
(F0

k · ∂)2(F0
l · ∂),∆ã

]
h +

3∑
j=1

[
(F0

k · ∂)2(F0
l · ∂), e′(h)

]
(F0

j · ∂)2h


∥∥∥∥∥∥∥∥

0

.P
(∥∥∥∥√

e′(h)
∥∥∥∥

L∞
,
∥∥∥e′(h)∂2

t h
∥∥∥

0 , ‖h‖4, ‖F
0‖4

)
.

(3.121)

The term (F0
k · ∂)2(F0

l · ∂)(L1 + L2) can be similarly controlled as in (3.121)∥∥∥∥√
e′(h)(F0

k · ∂)2(F0
l · ∂)(L1 + L2)

∥∥∥∥
0

≤

∥∥∥∥√
e′(h)(F0

k · ∂)2(F0
l · ∂)

(
−∂tãli∂lvi − ∇

i
ã

(
(F0

j · ∂)η̃l

)
∇l

ã

(
(F0

j · ∂)η̃i

))∥∥∥∥
0

+

∥∥∥∥∥∥∥∥
√

e′(h)(F0
k · ∂)2(F0

l · ∂)

−e′′(h)(∂th)2 +

3∑
j=1

e′′(h)
(
(F0

j · ∂)h
)2

∥∥∥∥∥∥∥∥

0

(3.122)

Notice that the leading order terms in (F0
k · ∂)2(F0

l · ∂)(L1 + L2) are

(F0
k · ∂)2(F0

l · ∂)
(
(∇ãv)(∇ãv) − (∇ã(F0

j · ∂)η̃)(∇ã(F0
j · ∂)η̃) − e′′(h)(∂th)2 + e′′(h)((F0

j · ∂)h)2
)
,

which are all of at most 4 derivatives with at most one time derivative. Therefore, no weight function is needed except the

divergence of deformation tensor
3∑

j=1
‖e′(h)(F0

j · ∂)h‖3. Luckily, |e′′(h)| . |e′(h)|2 has provided enough number of weight

functions. Hence, we get∥∥∥∥√
e′(h)(F0

k · ∂)2(F0
l · ∂)(L1 + L2)

∥∥∥∥
0
. P

(
‖F0‖4, ‖η‖4, ‖v‖4, ‖(F0

j · ∂)η̃‖4, ‖∂th‖3, ‖e′(h)(F0
j · ∂)h‖3

)
. (3.123)
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Summarising (3.115)-(3.123), we finally get the weighted energy estimates of (F0
k · ∂)2(F0

l · ∂)-differentiated wave equation
(3.114) by taking summation on k, l,

3∑
k,l=1

∥∥∥∥(e′(h))
3
2 (F0

k · ∂)2(F0
l · ∂)∂th

∥∥∥∥2

0
+

∥∥∥e′(h)(F0
k · ∂)2(F0

l · ∂)h
∥∥∥2

1 +

3∑
j=1

∥∥∥(F0
k · ∂)2(F0

l · ∂)(F0
j · ∂)h

∥∥∥2

0


.P0 + P(Eκ(T ))

∫ T

0
P(Eκ(t)) dt.

(3.124)

3.4.3 Mixed-tangentially-differentiated wave equations

We still need to control the weighted energy estimates of
3∑

j=1
∂2

t (F0
j · ∂)-differentiated and

3∑
j=1
∂t(F0

j · ∂)2-differentiated wave

equations. The proof follows in the same way as the previously discussed cases because

1. The energy estimates must be uniform in sound speed: Compared with “fully time-differentiated” case, there are more
spatial derivatives. Therefore, less number of weight functions will be needed in the commutator estimates.

2. No loss of derivative: The number of derivatives in the source terms will be no greater than the previously discusses
case and thus there is no loss of derivatives in the source terms. Also, since both (F0

j · ∂) and ∂t are tangential derivatives
on the boundary, there is no boundary intergal when integrating by parts.

3. On the source term L j
3: The treatment of this term is the same as “fully (F0 · ∂)-differentiated” case: First integrating ∂t

by parts to eliminate one time derivative with the help of time integral as in (3.120), then integrating (F0
j · ∂) by parts to

finish the control.

We list the results here

3∑
k=1

∥∥∥∥(e′(h))
3
2 (F0

k · ∂)∂3
t h

∥∥∥∥2

0
+

∥∥∥e′(h)(F0
k · ∂)∂2

t h
∥∥∥2

1 +

3∑
j=1

∥∥∥(F0
k · ∂)(F0

j · ∂)∂2
t h

∥∥∥2

0


+

3∑
k=1

∥∥∥∥(e′(h))
3
2 (F0

k · ∂)2∂2
t h

∥∥∥∥2

0
+

∥∥∥e′(h)(F0
k · ∂)2∂th

∥∥∥2
1 +

3∑
j=1

∥∥∥(F0
k · ∂)2(F0

j · ∂)∂th
∥∥∥2

0


.P0 + P(Eκ(T ))

∫ T

0
P(Eκ(t)) dt.

(3.125)

3.5 A priori estimates of the nonlinear κ-approximation system
Now we are able to finalize the uniform-in-κ a priori estimate of the nonlinear approximation system (3.2). We recall that (3.24)
gives the L2-estimates, (3.22) and (3.23) give the div-curl-tangential decomposition for the full spatial derivatives. Then (3.25)
and (3.26) reduce the boundary part to interior tangential estimates which are established by (3.87). The inequality (3.37) gives
the common control of curl part and (3.39), (3.45) reduce the divergence control to the elliptic estimates of h. With the help of
Christodoulou-Lindblad [13] elliptic estimates Lemma 2.6, we reduce the estimates of h to the fully-tangential-differentiated
derivatives in (3.99). On the other hand, the estimates of time derivatives of v and (F0

j · ∂)η are again reduced to full spatial
derivatives and the estimates of h in (3.101), (3.102) and (3.103).

After the reductions above, it remains to control the weighted energy estimates of h listed in (3.99). This is finished by
analyzing the tangentially-differentiated wave equation (3.89) of h. Finally, we get the desired energy estimates (actually
slightly better than our expectation because less weight functions are needed) as in (3.113), (3.124) and (3.125). We taking
summation and thus get a nonlinear Gronwall-type inequality

Eκ(T ) . δ2

‖v‖24 +

3∑
j=1

‖(F0
j · ∂)η‖24

 + P0 + P(Eκ(T ))
∫ T

0
P(Eκ(t)) dt (3.126)

under the a priori assumptions (3.6)-(3.7).
By the argument in Tao [81, Chapter 1.3], we can pick a suitably small T > 0 such that the δ-terms can be absorbed to LHS

and get the following energy bound
sup

0≤t≤T
Eκ(t) ≤ P

(
‖v0‖4, ‖F0‖4, ‖h0‖4

)
. (3.127)
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3.6 Justification of the a priori assumptions
Finally, we need to justify the a priori assumptions (3.6) and (3.7). The Rayleigh-Taylor sign condition can be directly justified
by using Morrey’s embedding. Notice that ∂h

∂N ∈ L∞([0,T ]; H
5
2 (Γ)), ∂t

(
∂h
∂N

)
∈ L∞([0,T ]; H

3
2 (Γ)) and the boundary is T2 a

bounded open set in 2D. By using Morrey’s embedding, the taylor sign is actually a Hölder continuous function in both t and y
variables:

∂h
∂N
∈ W1,∞([0,T ]; H

3
2 (Γ)) ↪→ W1,∞([0,T ]; W1,4(Γ)) ↪→ W1,4([0,T ] × Γ) ↪→ C0, 1

4
t,x ([0,T ] × Γ).

Therefore, the a priori assumption holds is a positive time interval provided that − ∂h0
∂N ≥ c0 > 0 initially. The second assumption

(3.7) is easily justified by

Id − ã =

∫ T

0
∂tã dt = −

∫ T

0
ã : ∂η̃ : ã dt,

of which the H3-norm is directly bounded by our energy functional. Similar estimate holds for J̃ − 1 since J̃ is a bilinear
function of ∂η̃ and ∂η̃−Id is sufficiently small due to that of ã−Id.

4 Construction of solutions to the approximation system
In Section 3, we have derived the uniform-in-κ a priori estimates for the nonlinear κ-approximation system (3.2). Now we
are going to construct the strong solution to (3.2) for each fixed κ > 0. Given the a priori estimates, it is natural to consider
linearization and Picard iteration to construct the solution to (3.2). Specifically, we expect to start from the trivial solution
(η(0), v(0), h(0)) = (η(1), v(1), h(1)) = (Id, 0, 0) and inductively define (η(n+1), v(n+1), h(n+1)) provided that {(η(k), v(k), h(k))}0≤k≤n are
given 

∂tη
(n+1) = v(n+1) + ψ(n) in Ω,

∂tv(n+1) = −∇ã(n) h(n+1) +
3∑

j=1
(F0

j · ∂)2η(n+1) in Ω,

div ã(n) v(n+1) = −e′(h(n))∂th(n+1) in Ω,

div F0
j := ∂kF0

k j = −e′(h0)(F0
j · ∂)h0 in Ω,

h(n+1) = 0, F0
j · N = 0 on Γ,

(η(n+1), v(n+1), h(n+1))|t=0 = (Id, v0, h0),

(4.1)

where η̃(n) is the smoothed version of η(n) and ã(n) := [∂η̃(n)]−1. For simplicity on notation, we denote (η̊, å, v̊, h̊) = (η(n), a(n), v(n), h(n))
and (η, v, h) := (η(n+1), v(n+1), h(n+1)). Then the linearized system becomes

∂tη = v + ψ̊ in Ω,

∂tv = −∇ ˚̃ah +
3∑

j=1
(F0

j · ∂)2η in Ω,

div ˚̃av = −e′(h̊)∂th in Ω,

div F0
j := ∂kF0

k j = −e′(h0)(F0
j · ∂)h0 in Ω,

h = 0, F0
j · N = 0 on Γ,

(η, v, h)|t=0 = (Id, v0, h0).

(4.2)

What we need to do are

1. Construct the unique strong solution to the linearized κ-approximation system (4.2) for each fixed κ > 0.
2. Derive the uniform-in-n estimates for the linearized κ-apporximation system (4.2) for each fixed κ > 0.
3. Picard iteration: Prove the sequence {(η(n), v(n), h(n))}n∈N strongly converges (subsequentially) in suitable Sobolev spaces

to derive the unique strong solution to the nonlinear κ-approximation system for each fixed κ > 0.

We will prove the following conclusions by verifying the steps above

Proposition 4.1 (Local well-posedness of the linearized approximation system (4.2)). Fix κ > 0. There exists a time
Tκ := Tκ(‖∂ ˚̃A‖L∞ , ‖∂th‖L∞ , ‖F0‖3, ‖(F0

j · ∂)ψ̊‖1) > 0 such that the linearized κ-approximation system (4.2) has a unique strong
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solution (η, v, h) in [0,Tκ] satisfying the H1-estimate

sup
0≤t≤Tκ

‖v‖21 + ‖h‖21 +

3∑
j=1

‖(F0
j · ∂)η‖21 ≤ 2(‖v0‖

2
1 + ‖F0‖21 + ‖h0‖

2
1). (4.3)

�

Proposition 4.2 (Uniform-in-n estimates of the linearized approximation system (4.2)). Fix κ > 0. There exists a time
Tκ > 0, such that the unique strong solution (η, v, h) to the linearized κ-approximation system (4.2) satisfies the following
estimates

sup
0≤t≤Tκ

E̊κ(t) ≤ P
(
‖v0‖4, ‖F0‖4, ‖h0‖4

)
, (4.4)

where

E̊κ(T ) := ‖η‖24 + ‖v‖24 +

3∑
j=1

∥∥∥(F0
j · ∂)η

∥∥∥2

4
+ ‖h‖24

+ ‖∂tv‖23 +

3∑
j=1

∥∥∥(F0
j · ∂)∂tη

∥∥∥2

3
+ ‖∂th‖23

+
∥∥∥∂2

t v
∥∥∥2

2 +

3∑
j=1

∥∥∥(F0
j · ∂)∂2

t η
∥∥∥2

2
+

∥∥∥∥(e′(h̊))
1
2 ∂2

t h
∥∥∥∥2

2

+
∥∥∥∥(e′(h̊))

1
2 ∂3

t v
∥∥∥∥2

1
+

3∑
j=1

∥∥∥∥(e′(h̊))
1
2 (F0

j · ∂)∂3
t η

∥∥∥∥2

1
+

∥∥∥e′(h̊)∂3
t h

∥∥∥2

1

+
∥∥∥e′(h̊)∂4

t v
∥∥∥2

0 +

3∑
j=1

∥∥∥e′(h̊)(F0
j · ∂)∂4

t η
∥∥∥2

0
+

∥∥∥∥(e′(h̊))
3
2 ∂4

t h
∥∥∥∥2

0
.

(4.5)

�

Proposition 4.3 (Local well-posedness of the nonlinear κ-approximation system (3.2)). Fix κ > 0. There exists a time
Tκ > 0 such that the nonlinear κ-approximation system (3.2) has a unique strong solution (η(κ), v(κ), h(κ)) in [0,Tκ] satisfying
the following estimates

sup
0≤t≤Tκ

Eκ(t) ≤ P
(
‖v0‖4, ‖F0‖4, ‖h0‖4

)
. (4.6)

�

4.1 Failure of fixed-point argument to solve linearized system
Before going to the proof, we would like to point out the specific reasons for the failure of fixed-point argument. In elastody-

namics (resp. MHD), the presence of Cauchy-Green tensor
3∑

j=1
(F0

j ·∂)2η (resp. Lorentz force) makes the second equation of (4.2)

lose one derivative, which tells the essential difference from Euler equations. We are able to avoid such problem in the nonlinear
a priori estimates because one can integrate (F0

j · ∂) by parts in curl and tangential estimates, and re-produce the divergence by

divã(F0
j ·∂)η ≈ −e′(h)(F0

j ·∂)h+
∫ T

0 (controllable terms) dt. But in the fixed-point argument (for both Banach fixed-point theorem

and Tikhonov fixed-point theorem) to solve the linearized equation, we have to estimate ‖v‖4 by ‖v‖4 = ‖v0‖4 +
∫ T

0 ‖∂tv(t)‖4 dt

and thus the H4-norms of
3∑

j=1
(F0

j · ∂)2η and ∇ ˚̃ah are necessary to be controlled. In Gu-Wang [30] and Zhang [93] for incom-

pressible MHD and elastodynamics, they introduced a directional viscosity term in the equation of flow map as follows which
does compensate the derivative loss caused by the Cauchy-Green tensor.

∂tη − µ

3∑
j=1

(F0
j · ∂)2η = v + ψ̊ (4.7)
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However, one also has to derive the estimate for passing the vanishing viscosity limit µ → 0+ to (4.2). When estimating
the H3-norm of div ˚̃a((F0

j · ∂)η), one needs to take ∂3divã(F0
j · ∂) in (4.7) and thus the RHS yields ∂3div ˚̃a((F0

j · ∂)v) which loses
one derivative. If the fluid is incompressible, then one can directly commute div ˚̃a with (F0

j · ∂) to eliminate such higher order
term. (See Gu-Wang [30, (5.38)] and Zhang [93, (3.29)].) In the compressible case, we have to find other ways to control
the divergence. Recall that our previous a priori estimate for the nonlinear system (3.2) strongly depends on the fact that the
difference between divã((F0

j · ∂)η) and −e′(h)(F0
j · ∂)h is controllable. But now the divergence of deformation tensor becomes

div ˚̃a(F0
j · ∂)η = −e′(h̊)(F0

j · ∂)h +

∫ T

0
controllable terms + µ

∫ T

0

3∑
k=1

div ˚̃a(F0
j · ∂)(F0

k · ∂)2η,

where we have to control the H3-norm of µdiv ˚̃a(F0
j ·∂)(F0

k ·∂)2η. Unfortunately, the directional viscosity only gives us the L2
t H4

x

norm of µ(F0
k · ∂)2η and thus the expected “error term” cannot be controlled. Therefore, the “vanishing directional viscosity

method” in [30, 93] is obviously not applicable to compressible elastodynamics, which leads to the failure of fixed-point
argument.

4.2 Hyperbolic approach to solve the linearized approximation system
First we need the following bounds for the coefficients å, η̊, J̊ provided that they hold for {(η(k), v(k), h(k))}0≤k≤n−1.

Lemma 4.4. For fixed κ > 0, there exists 0 < δ � 1 and A > 0 such that ∀T ∈ (0,Tκ)

ψ̊, ∂tψ̊, (F0
j · ∂)ψ̊, ∂tη̊, (F0

j · ∂)η̊ ∈L∞([0,T ]; H4(Ω)), (4.8)

∂2
t ψ̊, ∂t(F0

j · ∂)ψ̊, ∂2
t η̊, ∂t(F0

j · ∂)η̊, ∂th̊ ∈L∞([0,T ]; H3(Ω)), (4.9)√
e′(h̊)∂3

t ψ̊, ∂
2
t (F0

j · ∂)ψ, ∂3
t η̊, ∂

2
t (F0

j · ∂)η̊,
√

e′(h̊)∂2
t h̊ ∈L∞([0,T ]; H2(Ω)), (4.10)

e′(h̊)∂4
t ψ̊,

√
e′(h̊)∂3

t (F0
j · ∂)ψ̊,

√
e′(h̊)∂4

t η̊,

√
e′(h̊)∂3

t (F0
j · ∂)η̊, e′(h̊)∂3

t h̊ ∈L∞([0,T ]; H1(Ω)), (4.11)

e′(h̊)∂4
t (F0

j · ∂)ψ̊, e′(h̊)∂5
t η̊, e

′(h̊)∂4
t (F0

j · ∂)η̊, (e′(h))
3
2 ∂4

t h̊ ∈L∞([0,T ]; L2(Ω)). (4.12)

‖J̊ − 1‖3 + ‖ ˚̃J − 1‖3 + ‖Id − å‖3 + ‖Id − ˚̃a‖3 ≤δ. (4.13)

Proof. The proof follows in the same way as Lemma 3.2 and the justification of (3.7) in Section 3.6. �

Now let us rewrite the system (4.2) to be the following system by denoting Fi
j = (F0

j ·∂)ηi and F j = ((F0
j ·∂)η1, (F0

j ·∂)η2, (F0
j ·

∂)η3), Fi =
(
(F0

1 · ∂)ηi, (F0
2 · ∂)ηi, (F0

3 · ∂)ηi

)


∂tF j = (F0
j · ∂)v + ψ̊ in Ω,

∂tv + ∇ ˚̃ah −
3∑

j=1
(F0

j · ∂)F j = 0 in Ω,

e′(h̊)∂th + div ˚̃av = 0 in Ω,

div F0
j := ∂kF0

k j = −e′(h0)(F0
j · ∂)h0 in Ω,

h = 0, F0
j · N = 0 on Γ,

(η, v, h)|t=0 = (Id, v0, h0).

(4.14)

Note that once F, v, h are solved, the flow map η is automatically solved by ∂tη = v + ψ̊. Therefore it remains to solve (4.14).
We write (4.14) into a first-order symmetric hyperbolic system of the variable X ∈ R13 defined by

X :=
[
h, v,F1,F2,F3

]>
(4.15)

A0(t, y)∂tX +

3∑
l=1

Al(t, y)∂lX = f . (4.16)

Here
f (t, y) =

[
01×4, (F0

1 · ∂)ψ̊1, (F0
2 · ∂)ψ̊1, (F0

3 · ∂)ψ̊1, (F0
1 · ∂)ψ̊2, (F0

2 · ∂)ψ̊2, (F0
3 · ∂)ψ̊2, (F0

1 · ∂)ψ̊3, (F0
2 · ∂)ψ̊3, (F0

3 · ∂)ψ̊3

]>
, (4.17)
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A0(t, y) = diag
[
e′(h̊), 1, · · · , 1

]
, (4.18)

and Al(t, y) equals to the following matrix

0 ˚̃al1 ˚̃al2 ˚̃al3 0 0 0 0 0 0 0 0 0

˚̃al1 −F0
l1 −F0

l2 −F0
l3 0 0 0 0 0 0

˚̃al2 O3×3 0 0 0 −F0
l1 −F0

l2 −F0
l3 0 0 0

˚̃al3 0 0 0 0 0 0 −F0
l1 −F0

l2 −F0
l3

0 −F0
l1 0 0

0 −F0
l2 0 0

0 −F0
l3 0 0

0 0 −F0
l1 0

0 0 −F0
l2 0 O9×9

0 0 −F0
l3 0

0 0 0 −F0
l1

0 0 0 −F0
l2

0 0 0 −F0
l3



. (4.19)

Then we find that, the normal projection of the coefficient matrix

AN :=
3∑

l=1

AlNl = ±



0 ˚̃al1 ˚̃al2 ˚̃al3

˚̃al1

˚̃al2 O3×3
˚̃al3

O9×9


similar to ±



0 0 0 1
0
0 O3×3
1

O9×9


which is of constant rank and singular on the boundary. So the linearized system (4.14) is indeed of characteristic boundary
conditions. By the argument in Lax-Phillips [45], we need to prove the following things in order for the existence of L2-solution
to (4.14),

1. Derive the L2-a priori bound for (4.16) without loss of regularity.
2. Find the dual problem of (4.16).
3. Derive the L2-a priori bound for the dual problem without loss of regularity.

The L2-a priori bound for (4.16) is quite straightforward. We take L2 inner product of v and the second equation of (4.14)
to get

1
2

d
dt

∫
Ω

|v|2 dy +

∫
Ω

(
∇ ˚̃ah

)
· v dy −

3∑
l=1

(F0
l · ∂)Fi · vi dy = 0 (4.20)

Integrating by parts in the second and third term, and invoking the boundary conditions h = 0,F0 · N = 0, we know∫
Ω

(
∇ ˚̃ah

)
· v dy =

1
2

d
dt

∫
Ω

e′(h̊)|h|2 dy −
1
2

∫
Ω

e′′(h̊)∂th̊|h|2 dy −
∫

Ω

∂l ˚̃alivi · h dy, (4.21)
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and

−

3∑
l=1

(F0
l · ∂)Fi · vi dy =

3∑
l=1

∫
Ω

F
i · (F0

l · ∂)vi dy +

∫
Ω

(
div F0

l

)
F · v dy

=

3∑
l=1

1
2

d
dt

∫
Ω

∣∣∣(F0
l · ∂)η

∣∣∣2 dy −
3∑

l=1

∫
Ω

F
i · (F0

l · ∂)ψ̊i dy +

∫
Ω

(
div F0

l

)
F · v dy.

(4.22)

Therefore, we have

1
2

d
dt

‖v‖20 +

∥∥∥∥∥∥
√

e′(h̊)h

∥∥∥∥∥∥2

0
+

3∑
l=1

‖Fl‖
2
0

 . ‖∂F0‖L∞‖F‖0‖v‖0 +

3∑
l=1

‖F‖0
∥∥∥(F0

l · ∂)ψ
∥∥∥

0 +
1
2
‖e′′(h̊)∂th̊‖L∞‖h‖20 + ‖∂ ˚̃a‖L∞‖v‖0‖h‖0,

(4.23)
and thus by Gronwall inequality we are able to get the L2-a priori bound

‖v‖20 +

∥∥∥∥∥∥
√

e′(h̊)h

∥∥∥∥∥∥2

0
+

3∑
l=1

‖Fl‖
2
0

∣∣∣∣∣T
0
. C

(
‖F0‖3, ‖e′′(h̊)∂th̊‖L∞ , ‖∂ ˚̃a‖L∞

)
‖ f ‖0. (4.24)

Next we derive the dual problem of (4.16). We introduce the “test function” Y ∈ R13 as the variable of the dual problem by

Y :=
[
θ,w, G̊1, G̊2, G̊3

]>
, (4.25)

where the definition of G̊i is the similar as Fi.
Testing (4.16) with Y under space-time intergal, we can get the following first-order hyperbolic system

A0(t, y)∂tY +

3∑
l=1

Al(t, y)∂lY = f ∗, (4.26)

where f ∗ :=
[
f ∗1 , · · · , f ∗13

]>
∈ R13 is defined by

f ∗1 = − ∂l ˚̃aliwi

[ f ∗2 , f ∗3 , f ∗4 ] =

 3∑
l=1

div F0
l · G̊

l
1 − ∂l ˚̃al1θ,

3∑
l=1

div F0
l · G̊

l
2 − ∂l ˚̃al2θ,

3∑
l=1

div F0
l · G̊

l
3 − ∂l ˚̃al3θ


[ f ∗5 , f ∗6 , f ∗7 ] =

[
−div F0

1w1 + (F0
1 · ∂ψ

1),−div F0
2w1 + (F0

2 · ∂ψ
1),−div F0

3w1 + (F0
3 · ∂ψ

1)
]

[ f ∗8 , f ∗9 , f ∗10] =
[
−div F0

1w2 + (F0
1 · ∂ψ

2),−div F0
2w2 + (F0

2 · ∂ψ
2),−div F0

3w2 + (F0
3 · ∂ψ

2)
]

[ f ∗11, f ∗12, f ∗13] =
[
−div F0

1w3 + (F0
1 · ∂ψ

3),−div F0
2w3 + (F0

2 · ∂ψ
3),−div F0

3w3 + (F0
3 · ∂ψ

3)
]
.

Compared with the expression of f in (4.17), the extra terms are all cause by integrating (F0
j · ∂) by parts and div F0 , 0

and are all of the form div F0 · w, ∂ ˚̃a · w, ∂ ˚̃a · θ or div F0 · G̊. Therefore, we can exactly mimic the proof for (4.16) to get the
L2-a priori bound with no loss of regularity of (4.26) as

‖w‖20 +

∥∥∥∥∥∥
√

e′(h̊)θ

∥∥∥∥∥∥2

0
+

3∑
l=1

∥∥∥G̊l

∥∥∥2

0 . C
(
‖F0‖3, ‖e′′(h̊)∂th̊‖L∞

)
‖ f ∗‖0. (4.27)

Combining (4.24) and (4.27), we know the system (4.14) and thus (4.2) has a L2-solution. We are able to verify it is the
unique strong solution by H1-estimates. Here we only show the tangential control, while the normal derivative can be estimated
by div-curl decomposition which is exactly the same as what will be done in Section 4.3.

The tangential part of H1-estimate does not need Alinhac good unknown method because the coefficient ˚̃A is now C∞ and
κ > 0 is fixed. Taking ∂ in the second equation of (4.2), we get

1
2

d
dt

∫
Ω

∣∣∣∣∂v
∣∣∣∣2 dy = −

∫
Ω

∂vi∂
(
˚̃ali∂lh

)
dy +

3∑
j=1

∫
Ω

∂
(
(F0

j · ∂)2η
)
· ∂v dy (4.28)
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Integrating (F0
j · ∂) by parts in the second term yields that∫

Ω

∂
(
(F0

j · ∂)2η
)
· ∂v dy

= −

∫
Ω

∂
(
(F0

j · ∂)η
)
· ∂

(
(F0

j · ∂)∂tη
)

dy +

∫
Ω

∂
(
(F0

j · ∂)η
)
· ∂

(
(F0

j · ∂)ψ̊
)

dy +

∫
Ω

(div F0
j )∂

(
(F0

j · ∂)η
)
· ∂v dy

+

∫
Ω

[
∂, (F0

j · ∂)
]

(F0
j · ∂)η · ∂v dy +

∫
Ω

(F0
j · ∂)η ·

[
∂, (F0

j · ∂)
]
∂v dy

. −
1
2

d
dt

∥∥∥∥∂ (
(F0

j · ∂)η
)∥∥∥∥2

0
+ P

(
‖(F0

j · ∂)η‖1, ‖(F0
j · ∂)ψ̊‖1, ‖∂F0‖L∞ , ‖v‖1

)
(4.29)

Integrating by parts in the first term and invoking Piola’s identity gives that

−

∫
Ω

∂vi∂
(
˚̃ali∂lh

)
dy

=

∫
Ω

(div ˚̃av)∂h dy −
∫

Γ

∂vi ˚̃aliNl ∂h︸︷︷︸
=0

dS

−

∫
Ω

∂vi ·
[
∂, ˚̃ali

]
∂lh dy −

∫
Ω

[
∂, ˚̃ali

]
∂lvi · ∂h dy +

∫
Ω

∂vi∂l ˚̃ali∂h dy

. −
1
2

d
dt

∥∥∥∥∥∥
√

e′(h̊)∂h

∥∥∥∥∥∥2

0
+ P

(
‖∂ ˚̃A‖L∞ , ‖v‖1, ‖h‖1, ‖∂th̊‖L∞

)
(4.30)

Combining (4.28)-(4.30), we can get the H1-tangential estimates of (4.2). The div-curl estimate follows in the same way
as in the Section 4.3 so we omit the proof here. Then ‖h‖1 can be estimated by the linearized wave equation derived by taking
divergence in the second equation of (4.2). Such step is a direct consequence of L2-estimate of (4.48) so we also skip the
proof. Therefore we get the H1-estimates without loss of regularity for the linearized κ-approximation problem (4.2), which
demonstrates the solution we constructed above is a strong solution and also unique. Proposition 4.1 is proven.

4.3 Uniform estimates of the linearized approximation system
Now we inductively prove the uniform-in-n estimates for the linearized κ-approximation system (4.2). WSuppose we have
already have the energy estimates for 0 ≤ k ≤ n and thus Lemma 4.4 holds true for the coefficients of (n + 1)-th linearized
system.

4.3.1 Estimates of velocity

The estimates of velocity is still based on the div-curl-tangential estimates and elliptic estimates of h. First we have

‖v‖4 . ‖v‖0 + ‖div v‖3 + ‖curl v‖3 +
∣∣∣∣∂v · N

∣∣∣∣
5/2
. (4.31)

Curl estimates: The curl estimate follows the same way as in Section 3.1. Taking curl ˚̃a in the second equation of (4.14) we
get

∂t
(
curl ˚̃av

)
−

3∑
j=1

(F0
j · ∂)

(
curl ˚̃a((F0

j · ∂)η)
)

= curl ˚̃at
v +

3∑
j=1

[
curl ˚̃a, (F

0
j · ∂)

]
(F0

j · ∂)η. (4.32)

Then we take ∂3, multiply ∂3curl ˚̃av, integrate by parts and invoke ∂tη = v + ψ̊ to get

‖curl v(T )‖23 +

3∑
j=1

∥∥∥curl (F0
j · ∂)η(T )

∥∥∥2

3
. δ2

‖v(T )‖24 +

3∑
j=1

∥∥∥(F0
j · ∂)η

∥∥∥2

4

 + P0 +

∫ T

0
P(E̊κ(t)) dt. (4.33)
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Tangential estimates: The boundary term in (4.31) is again reduced to ‖∂4v‖0. We still use the Alinhac good unknown
method by introducing

V̊ := ∂
2
∆v − ∂

2
∆ ˚̃η · ∇ ˚̃av, H̊ := ∂

2
∆h − ∂

2
∆ ˚̃η · ∇ ˚̃ah.

Applying ∂
2
∆ to the second equation in the linearization system (4.14), one gets

∂tV̊ −
3∑

j=1

(F0
j · ∂)

(
∂

2
∆(F0

j · ∂)η
)

+ ∇ ˚̃aH̊ = ∂t(∂
2
∆ ˚̃η · ∇ ˚̃av) − C̊(h) +

3∑
j=1

[
∂

2
∆, (F0

j · ∂)
]

((F0
j · ∂)η), (4.34)

subject to the boundary condition
H̊ = −∂

2
∆ ˚̃ηβ ˚̃a3β∂3h on Γ, (4.35)

and the corresponding compressibility condition

∇ ˚̃a · V̊ = ∂
2
∆(div ˚̃av) − C̊α(vα), in Ω. (4.36)

Here for any function f , the comuutator C̊( f ) is defined in the same way as before but replacing ã by ˚̃a:

∂
2
∆(∇ ˚̃a f ) = ∇ ˚̃a f̊ + C̊( f ), (4.37)

with
‖C̊( f )‖0 . P(‖η̊‖4)‖∂ f ‖3. (4.38)

Here f̊ is the Alinhac good unknown for f .
Similarly we have

‖∂4 f (t)‖0 . ‖f̊‖0 + P(‖ f (0)‖3) + P(‖η̊‖4)
∫ t

0
P(‖∂t f (τ)‖3) dτ. (4.39)

Now we take L2 inner product between (4.34) and V̊ to get the followin analogous estimates

1
2

d
dt

∫
Ω

|V̊|2 dy +

3∑
j=1

∫
Ω

∂
2
∆

(
(F0

j · ∂)η
)
· (F0

j · ∂)V̊ = −

∫
Ω

∇ ˚̃aH̊ · V̊ dy +

∫
Ω

(RHS of (4.34)) · V̊ dy, (4.40)

where “RHS” can be directly controlled as in the nonlinear counterpart. As for the first term, we integrate by parts to get

−

∫
Ω

∇ ˚̃aH̊ · V̊ dy = −

∫
Γ

˚̃a3iV̊iH̊ dS +

∫
Ω

H̊(∇ ˚̃a · V̊) dy +

∫
Ω

∂l ˚̃aliH̊V̊i dy, (4.41)

where the second and the third term can be controlled in the same way as in Section 3.2.
For the boundary term in (4.41), we no longer need to plug the precise form of ψ̊ into it and find the subtle cancelltaion as

in Section 3.2 because the energy estimate is not required to be κ-independent. Instead, we integrate ∂1/2 by parts then apply
Kato-Ponce inequality (2.1) and Sobolev embedding H0.5(T2) ↪→ L4(T2) to get

−

∫
Γ

˚̃a3iV̊iH̊ dS =

∫
Ω

(
∂h
∂N

)
∂

2
∆

(
Λ2
κ η̊k

)
˚̃a3k ˚̃a3iV̊i dS

.
(∣∣∣∂3h ˚̃a3k ˚̃a3i

∣∣∣
L∞

∣∣∣∣∂2
∆(Λ2

κ η̊k)
∣∣∣∣
0.5

+
∣∣∣∂3h ˚̃a3k ˚̃a3i

∣∣∣
W

1
2 ,4

∣∣∣∣∂2
∆(Λ2

κ η̊k)
∣∣∣∣
L4

)
|V̊|

Ḣ−
1
2

dS

.
1
κ

P (‖h‖4, ‖v‖4, ‖η̊‖4) .

(4.42)

Another difference is that our flow map now contains a directional viscosity term, and thus the second term on LHS or
(4.40) should be treated differently. We plug the expression of Alinhac good unknown V̊ and v = ∂tη − ψ̊ into it to get∫

Ω

∂
2
∆

(
(F0

j · ∂)η
)
· (F0

j · ∂)V̊ dy

=

∫
Ω

∂
2
∆

(
(F0

j · ∂)η
)
· (F0

j · ∂)
(
∂

2
∆v − ∂

2
∆ ˚̃η · ∇ ˚̃av

)
dy

= −
1
2

d
dt

∫
Ω

∣∣∣∣∂2
∆

(
(F0

j · ∂)η
)∣∣∣∣2 dy

−

∫
Ω

∂
2
∆

(
(F0

j · ∂)η
)
·

(
∂

2
∆

(
(F0

j · ∂)ψ̊
)
−

[
∂

2
∆, (F0

j · ∂)
]

v − (F0
j · ∂)

(
∂

2
∆ ˚̃η · ∇ ˚̃av

))
.
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Direct computation shows that

3∑
j=1

∥∥∥∥∂2
∆

(
(F0

j · ∂)η
)

(t)
∥∥∥∥2

0

∣∣∣∣∣T
0
.

3∑
j=1

P
(
‖F0, η, ˚̃η, v‖4, ‖(F0

j · ∂)η, (F0
j · ∂) ˚̃η, (F0

j · ∂)ψ̊‖4
)
. (4.43)

Summing up (4.39)-(4.43), we get the tangential estimates as follows

∥∥∥∥∂4v
∥∥∥∥2

0
+

3∑
j=1

∥∥∥∥∂4
(
(F0

j · ∂)η
)∥∥∥∥2

0
+

∥∥∥∥∥∥
√

e′(h̊)∂4h

∥∥∥∥∥∥2

0
. P0 +

∫ T

0
P(E̊κ(t)) dt. (4.44)

Divergence estimates: The divergence estimate still follows the similar way as in Section 3. We know that div ˚̃av = −e′(h̊)∂th
and thus

‖div v‖23 . δ
2‖v‖24 + ‖e′(h̊)∂th‖23 (4.45)

The formula of div ˚̃a(F0
j · ∂)η can be computed in the same way as (3.44)

div ˚̃a(F0
j · ∂)η(T ) = − div F0

j +

∫ T

0
div ˚̃at

(F0
j · ∂)η dt +

∫ T

0
div ˚̃a(F0

j · ∂)(v + ψ̊) dt

= − div F0
j +

∫ T

0
(F0

j · ∂)e′(h̊)∂th dt

+

∫ T

0
div ˚̃a(F0

j · ∂)ψ̊− ˚̃alr∂m∂t ˚̃ηr ˚̃ami︸           ︷︷           ︸
= ˚̃ali

t

∂l((F0
j · ∂)ηi) + ˚̃ali∂l((F0

j · ∂)vi) dt

= − e′(h̊)(F0
j · ∂)h(T )

+

∫ T

0
div ˚̃a((F0

j · ∂)ψ̊) −
(
∇r

˚̃a
((F0

j · ∂)ηi)
) (
∇i

˚̃a
∂t ˚̃ηr

)
+

(
∇i

˚̃a
((F0

j · ∂)ηr)
) (
∇r

˚̃a
vi

)︸                                                                                   ︷︷                                                                                   ︸
=:N j

dt,

(4.46)

and thus ∥∥∥div (F0
j · ∂)η(T )

∥∥∥2

3
. δ2

∥∥∥(F0
j · ∂)η

∥∥∥2

4
+

∥∥∥e′(h̊)(F0
j · ∂)h

∥∥∥2

3
+

∥∥∥∥∥∥
∫ T

0
N j(t) dt

∥∥∥∥∥∥2

3
(4.47)

Therefore, the divergence control is again reduced to the weighted estimates of ∂th and (F0
j · ∂)h.

4.3.2 Elliptic estimates and linearized wave equations

Note that both ∂t and (F0
j · ∂) are tangential derivatives on the boundary, so h|Γ = 0 implies that ∂th and (F0

j · ∂)h also vanish on
the boundary. Therefore we can apply the elliptic estimates to both ∂th and (F0

j · ∂)h.
We take divergence in the second equation of (4.2) and invoke the third equation to get the linearized wave equation

e′(h̊)∂2
t h − ∆ ˚̃ah =

3∑
j=1

e′(h̊)(F0
j · ∂)2h − ∂t ˚̃ali∂lvi − ∇

i
˚̃a

(
(F0

j · ∂) ˚̃ηl

)
∇l

˚̃a

(
(F0

j · ∂) ˚̃ηi

)
− e′′(h̊)(∂th)(∂th̊) +

3∑
j=1

e′′(h̊)
(
(F0

j · ∂)h
) (

(F0
j · ∂)h̊

)
−

3∑
j=1

(F0
j · ∂)

∫ T

0
N j dt.

(4.48)

Invoking Lemma 2.6, we get
‖h‖4 . P(‖ ˚̃η‖3)

(
‖∆ ˚̃ah‖2 + ‖∂ ˚̃η‖3‖h‖3

)
. (4.49)

Then plugging the wave equation (4.48), we get similar estimates as in the treatment of (3.90)

‖∆ ˚̃ah‖2 .
∥∥∥e′(h̊)∂2

t h
∥∥∥

2 +

3∑
j=1

∥∥∥e′(h̊)(F0
j · ∂)2h

∥∥∥
2

+ P0 +

∫ T

0
P(E̊κ(t)) dt. (4.50)
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Therefore ‖h‖4 is reduced to
∥∥∥e′(h̊)∂2

t h
∥∥∥

2 adn
3∑

j=1

∥∥∥∥e′(h̊)(F0
j · ∂)2h

∥∥∥∥
2
.

Similarly, ‖∂th‖3 can be controlled by using Lemma 2.6 and ∂t-differentiated wave equation (4.48)

‖∂th‖3 ≈ ‖∇ ˚̃a∂th‖2 . ‖∂t∆ ˚̃ah‖1 + ‖[∂t,∆ ˚̃a]h‖1, (4.51)

and then

‖∂t∆ ˚̃ah‖1 .‖e′(h̊)∂3
t h‖ + 1 +

3∑
j=1

∥∥∥e′(h̊)(F0
j · ∂)2∂th

∥∥∥
1

+ ‖∂t(∂t ˚̃a∂v)‖1 +

3∑
j=1

∥∥∥∂t(∇ ˚̃a((F0
j · ∂)η))

∥∥∥
1

∥∥∥(∇ ˚̃a((F0
j · ∂)η))

∥∥∥
1

+ ‖e′′(h̊)∂th̊∂2
t h‖1 + ‖e′′(h̊)∂th̊(F0

j · ∂)2h‖1

+ ‖e′′′(h̊)∂2
t h̊∂th‖1 + ‖e′′′(h̊)∂t(F0

j · ∂)h · (F0
j · ∂)h‖1 +

3∑
j=1

‖(F0
j · ∂)N j‖1.

(4.52)

Mimicing the proof of (3.94) yields

‖∂t∆ ˚̃ah‖1 . ‖e′(h̊)∂3
t h‖ + 1 +

3∑
j=1

∥∥∥e′(h̊)(F0
j · ∂)2∂th

∥∥∥
1

+ P0 +

∫ T

0
P(E̊κ(t)) dt. (4.53)

Following the same manner of (3.94), (3.95), (3.96) and (3.98), we can get the following reduction

∥∥∥(F0
j · ∂)h

∥∥∥
3
→

∥∥∥e′(h̊)∂2
t (F0

j · ∂)h
∥∥∥

1
+

3∑
k=1

∥∥∥e′(h̊)(F0
j · ∂)(F0

k · ∂)2
∥∥∥

1
(4.54)

∥∥∥∥∥∥
√

e′(h̊)∂2
t h

∥∥∥∥∥∥
2
→

∥∥∥∥∥e′(h̊)
3
2 ∂4

t h
∥∥∥∥∥

0
+

3∑
j=1

∥∥∥∥∥e′(h̊)
3
2 (F0

j · ∂)2∂2
t h

∥∥∥∥∥
0

(4.55)

∥∥∥∥∥∥
√

e′(h̊)(F0
j · ∂)2h

∥∥∥∥∥∥
2
→

∥∥∥∥∥e′(h̊)
3
2 ∂2

t (F0
j · ∂)2h

∥∥∥∥∥
0

+

3∑
k=1

∥∥∥∥∥e′(h̊)
3
2 (F0

j · ∂)2(F0
k · ∂)2h

∥∥∥∥∥
0
. (4.56)

Therefore, as in (3.99), it remains to control the following quantities∥∥∥e′(h̊)∂3
t h

∥∥∥
1 +

∥∥∥∥(e′(h̊))
3
2 ∂4

t h
∥∥∥∥

0

+

3∑
j=1

∥∥∥(e′(h̊))2∂2
t (F0

j · ∂)h
∥∥∥

1
+

3∑
j=1

∥∥∥∥(e′(h̊))
3
2 ∂2

t (F0
j · ∂)2h

∥∥∥∥
0

+

3∑
j=1

∥∥∥(e′(h̊))2(F0
j · ∂)2∂2

t h
∥∥∥

0
+

3∑
j=1

∥∥∥e′(h̊)(F0
j · ∂)2∂th

∥∥∥
1

+

3∑
j,k=1

∥∥∥(e′(h̊))2(F0
k · ∂)2(F0

j · ∂)2h
∥∥∥

0
+

3∑
k=1

∥∥∥(e′(h̊))2(F0
k · ∂)2(F0

j · ∂)h
∥∥∥

1
,

(4.57)

which will be estimated by ∂3
t -differentiated, ∂2

t (F0
j ·∂)-differentiated, ∂t(F0

j ·∂)2-differentiated and
3∑

k=1
(F0

k ·∂)2(F0
j ·∂)-differentiated

wave equation as in Section 3.4. There is no essential difference but just replacing lower order term of h and weight function
e′(h) by the counterpart of h̊ and replacing ã by ˚̃a due to the linearisation. So we omit the proof here.

4.3.3 Reduction of time derivatives of v and (F0
j · ∂)η

Finally, we follow the same manner as in (3.101), (3.102) and (3.103) to get the following reduction
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∥∥∥e′(h̊)∂4
t v

∥∥∥
0 .‖e

′(h̊)∂3
t h‖1 +

3∑
j=1

‖F0
j‖L∞

∥∥∥e′(h̊)(F0
j · ∂)∂3

t η
∥∥∥

1
+ lower order terms.∥∥∥e′(h̊)(F0

j · ∂)∂4
t η

∥∥∥
0
.‖F0

j‖L∞
∥∥∥e′(h̊)∂3

t v
∥∥∥

1 +
∥∥∥e′(h̊)(F0

j · ∂)∂3
t ψ̊

∥∥∥
0
.∥∥∥∥(e′(h̊))

1
2 ∂3

t v
∥∥∥∥

1
.

∥∥∥∥(e′(h̊))
1
2∇ ˚̃a∂

2
t h

∥∥∥∥
1

+

3∑
j=1

‖F0
j‖2

∥∥∥∥(e′(h̊))
1
2 (F0

j · ∂)∂2
t η

∥∥∥∥
2

+ lower order terms.∥∥∥∥(e′(h̊))
1
2 (F0

j · ∂)∂3
t η

∥∥∥∥
1
.‖F0

j‖2

∥∥∥∥(e′(h̊))
1
2 ∂2

t v
∥∥∥∥

2
+

∥∥∥∥(e′(h̊))
1
2 (F0

j · ∂)∂2
t ψ̊

∥∥∥∥
1
.

∥∥∥∂2
t v

∥∥∥
2 .‖∇ ˚̃a∂th‖2 +

3∑
j=1

‖F0
j‖2‖(F

0
j · ∂)∂tη‖3 + lower order terms.∥∥∥(F0

j · ∂)∂2
t η

∥∥∥
2
.‖F0

j‖2‖∂tv‖3 + ‖(F0
j · ∂)∂tψ̊‖2.

‖∂tv‖3 .‖∇ ˚̃ah‖3 +

3∑
j=1

‖F0
j‖3‖(F

0
j · ∂)η‖4.∥∥∥(F0

j · ∂)∂tη
∥∥∥

3
.‖F0

j‖3‖v‖4 + ‖(F0
j · ∂)ψ̊‖4.

(4.58)

Combining (4.33), (4.44), (4.45), (4.47), (4.49), (4.53)-(4.58), we get

E̊κ(T ) .κ−1 P0 + P(E̊κ(T ))
∫ T

0
P(E̊κ(t)) dt (4.59)

and thus by Gronwall-type inequality, there exists Tκ > 0 such that the following uniform-in-n estimates hold

sup
0≤t≤Tκ

E̊κ(t) . P(‖v0‖
,
4‖h0‖4, ‖F

0‖4). (4.60)

Therefore Proposition 4.2 is proven.

4.4 Picard iteration to the nonlinear approximation system
The last step is to construct the solution to (3.2) by Picard iteration which proves Propostion 4.3. Define

[v](n) := v(n+1) − v(n), [h](n) := h(n+1) − h(n), [η](n) := η(n+1) − η(n), (4.61)

and
[a](n) := a(n) − a(n−1), [ψ](n) := ψ(n) − ψ(n−1). (4.62)

Then we have the following system of ([η](n), [v](n), [h](n))

∂t[η](n) = [v](n) + [ψ](n) in Ω

∂t[v](n) = −∇ã(n) [h](n) − ∇[ã](n) h(n) +
3∑

j=1
(F0

j · ∂)2[η](n) in Ω

divã(n) [v](n) = −e′(h(n))∂t[h](n) − div[ã](n) v(n) − (e′(h(n)) − e′(h(n−1)))∂th(n) in Ω

div F0
j = −e′(h0)(F0

j · ∂)h0 in Ω

[h](n) = 0,F0
j · N = 0 on Γ,

(4.63)
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together with its energy functional

[E](n)(T ) :=
∥∥∥[η](n)

∥∥∥2
3 +

∥∥∥[v](n)
∥∥∥2

3 +

3∑
j=1

∥∥∥(F0
j · ∂)[η](n)

∥∥∥2

3
+

∥∥∥[h](n)
∥∥∥2

3

+
∥∥∥∂t[v](n)

∥∥∥2
2 +

3∑
j=1

∥∥∥(F0
j · ∂)∂t[η](n)

∥∥∥2

2
+

∥∥∥∂t[h](n)
∥∥∥2

2

+
∥∥∥∂2

t [v](n)
∥∥∥2

1 +

3∑
j=1

∥∥∥(F0
j · ∂)∂2

t η
(n)

∥∥∥2

1
+

∥∥∥∥√
e′(h(n))∂2

t [h](n)
∥∥∥∥2

1

+
∥∥∥∥√

e′(h(n))∂3
t [v](n)

∥∥∥∥2

0
+

3∑
j=1

∥∥∥∥√
e′(h(n))(F0

j · ∂)∂3
t [η](n)

∥∥∥∥2

0
+

∥∥∥e′(h(n))∂3
t [h](n)

∥∥∥2
0 .

(4.64)

Here the correction term [ψ](n) becomes
− ∆[ψ](n) = 0, (4.65)

with the following boundary condition

[ψ](n) =

2∑
L=1

∂−1P
(
∆[η](n−1)

k ã(n)Lk∂iΛ
2
κv

(n) + ∂η(n−1)
β [ã](n)Lk∂LΛ2

κv
(n) + ∂η(n−1)

k ã(n−1)Lk∂LΛ2
κ[v](n−1)

− ∆Λ2
κ[η](n−1)

k ã(n)Lk∂Lv(n) − ∆Λ2
κη

(n−1)
k [ã](n)Lk∂Lv(n) − ∆Λ2

κη
(n−1)
k ã(n−1)Lk∂L[v](n−1)

)
.

4.4.1 Estimates of [η], [ã], [ψ]

First by definition we have

[a](n)li(T ) =

∫ T

0
∂t(a(n)li − a(n−1)li) dt = −

∫ T

0
[a](n)lr∂k∂tη

(n)
r a(n)ki + a(n−1)lr∂k∂t[η](n−1)

r a(n)ki + a(n−1)lr∂k∂tη
(n−1)
r [a](n)ki,

and thus

‖[a](n)(T )‖2 .
∫ T

0
‖[a](n)(T )‖22(‖[v](n−1)‖3 + ‖[ψ](n)‖3) dt. (4.66)

The estimates of [ψ](n) and (F0
j · ∂)[ψ](n) can be similarly derived by elliptic estimates

‖[ψ](n)‖23 . |[ψ](n)|2.5 . ‖[η](n−1)‖23 + ‖[v](n−1)‖22 + ‖[ã](n)‖21, (4.67)

and
‖(F0

j · ∂)[ψ](n)‖23 . |[ψ](n)|2.5 . P
(
‖(F0

j · ∂)[η](n−1)‖3, ‖[η](n−1)‖3, ‖[v](n−1)‖2, ‖[ã](n)‖1

)
. (4.68)

Analogous results hold for their time derivatives so we omit the proof

[ψ](n), ∂t[ψ](n), (F0
j · ∂)[ψ](n), ∂t[η](n), (F0

j · ∂)[η](n) ∈L∞([0,T ]; H3(Ω)), (4.69)

∂2
t [ψ](n), ∂t(F0

j · ∂)[ψ](n), ∂2
t [η](n), ∂t(F0

j · ∂)[η](n) ∈L∞([0,T ]; H2(Ω)), (4.70)√
e′(h(n))∂3

t [ψ](n), ∂2
t (F0

j · ∂)[ψ](n), ∂3
t [η](n), ∂2

t (F0
j · ∂)[η](n) ∈L∞([0,T ]; H1(Ω)), (4.71)

e′(h(n))∂4
t [ψ](n),

√
e′(h(n))

(
∂3

t (F0
j · ∂)[ψ](n), ∂4

t [η](n), ∂3
t (F0

j · ∂)[η](n)
)
∈L∞([0,T ]; L2(Ω)). (4.72)
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4.4.2 Curl estimates of [v] and (F0
j · ∂)[η]

Similarly as in Section 3.1, we get the evolution equation of curl ã(n) [v](n) as

∂t

(
curl ã(n) [v](n)

)
−

3∑
j=1

(F0
j · ∂)

(
curl ã(n) (F0

j · ∂)[η](n)
)

=curl ã(n)
t

[v](n) + curl [ãt](n) v(n) +

3∑
j=1

[
curl ã(n) , (F0

j · ∂)
]

((F0
j · ∂)[η](n)) + (F0

j · ∂)
(
curl [ã](n) (F0

j · ∂)η(n)
)

+
[
curl [ã](n) , (F0

j · ∂)
]

((F0
j · ∂)η(n)).

(4.73)
Then the curl estimates directly follows from the L2-estimates of ∂2-differentiated evolution equation.

4.4.3 Tangential estimates of [v] and (F0
j · ∂)[η]

We adopt the Ainhac good unknown method as in Section 3.2. For each n we define

V(n+1) = ∂3v(n+1) − ∂3η̃(n) · ∇ã(n) v(n+1), H(n+1) = ∂3h(n+1) − ∂3η̃(n) · ∇ã(n) h(n+1).

Their differences are denoted by
[V](n) := V(n+1) − V(n), [H](n) := H(n+1) −H(n).

The evolution equation of [V] and [H] now becomes

∂t[V](n) + ∇ã(n) [H](n) −

3∑
j=1

(F0
j · ∂)∂3((F0

j · ∂)[η](n)) = −∇[ã](n) H(n) + f(n), (4.74)

with boundary condition
[H](n)|Γ = −

(
∂3η̃(n)

k ã(n)3k + ∂3[η̃](n−1)
k ã(n)3k + ∂3η̃(n−1)

k [ã](n)3k
)
, (4.75)

and the compressibility equation
∇ã(n) · [V](n) = −∇[ã](n) · V(n) + g(n). (4.76)

Here

f
(n)i = ∂t

(
∂3[η̃](n−1)

k ã(n)lk∂lv
(n+1)
i + ∂3η̃(n−1)

k [ã](n)lk∂µv(n+1)
i + ∂3η̃(n−1)

k ã(n)lk∂l[v](n)
i

)
+ [ã](n)lk∂l(ã(n)ri∂rh(n+1))∂3η̃(n)

k + ã(n−1)lk∂l([ã](n)ri∂rh(n+1))∂3η̃(n)
k

+ ã(n−1)lk∂l(ã(n−1)ri∂r[h](n))∂3η̃(n)
k + ã(n−1)lk∂l([ã](n)ri∂rh(n))∂3[η̃](n−1)

k

−
[
∂2, [ã](n)lkã(n)ri∂

]
∂rη̃

(n)
k ∂lh(n+1) −

[
∂2, ã(n−1)lk[ã](n)ri∂

]
∂rη̃

(n)
k ∂lh(n+1)

−
[
∂2, ã(n−1)lkã(n−1)ri∂

]
∂r[η̃](n−1)

k ∂lh(n+1) −
[
∂2, ã(n−1)lkã(n−1)ri∂

]
∂rη̃

(n−1)
k ∂l[h](n)

−
[
∂3, [ã](n)li, ∂lh(n+1)

]
−

[
∂3, ã(n−1)li, ∂l[h](n)

]
+

3∑
j=1

[
∂3(F0

j · ∂)
]

(F0
j · ∂)[η](n),

and

g
(n) = ∂3(div ã(n) [v](n) − div [ã](n) v(n))

−
[
∂2, [ã](n)lkã(n)ri∂

]
∂rη̃

(n)
k ∂lv

(n+1)
i −

[
∂2, ã(n−1)lk[ã](n)ri∂

]
∂rη̃

(n)
k ∂lv

(n+1)
i

−
[
∂2, ã(n−1)lkã(n−1)ri∂

]
∂r[η̃](n−1)

k ∂lv
(n+1)
i −

[
∂2, ã(n−1)lkã(n)ri∂

]
∂rη̃

(n−1)
k ∂l[v](n)

i

−
[
∂3, [ã](n)li, ∂lv

(n+1)
i

]
−

[
∂3, ã(n−1)li, ∂l[v](n)

i

]
+ [ã](n)lk∂l(ã(n)ri∂rv

(n+1)
i )∂3η̃(n)

k + ã(n−1)lk∂l([ã](n)ri∂rv
(n+1)
i )∂3η̃(n)

k

+ ã(n−1)lk∂l(ã(n−1)ri∂r[v](n)
i )∂3η̃(n)

k + ã(n−1)lk∂l([ã](n)ri∂rv
(n)
i )∂3[η̃](n−1)

k .

Then we do the L2-estimates of the good unknowns to get analogous results as in (4.44)∥∥∥∥∂3[v](n)
∥∥∥∥2

0
+

3∑
j=1

∥∥∥∥∂3
(
(F0

j · ∂)[η](n)
)∥∥∥∥2

0
+

∥∥∥∥√
e′(h(n))∂3[h](n)

∥∥∥∥2

0
.κ−1 P0 +

∫ T

0
[E](n)(t) + E(n−1)(t) dt. (4.77)
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4.4.4 Divergence estimates and Reduction procedure

Similarly as in (4.46), we derive the formula of div ã(n) (F0
j · ∂)[η](n+1)

div ã(n) (F0
j · ∂)[η](n+1) = −e′(h(n))(F0

j · ∂)[h](n) + div [a](n)η(n) − (e′(h(n)) − e′(h(n−1)))(F0
j · ∂)h(n)

+

∫ T

0

(
div ã(n) (F0

j · ∂)[ψ](n) + div [ã](n−1) (F0
j · ∂)ψ(n−1)

−
(
∇r

ã(n) ((F0
j · ∂)[ηi](n)) + ∇r

[ã](n) ((F0
j · ∂)η(n)

i ) + ∇r
ã(n−1) ((F0

j · ∂)η(n)
i )

)
·
(
∇r

ã(n) ([∂tηi](n)) + ∇r
[ã](n) (∂tη

(n)
i ) + ∇r

ã(n−1) (∂tη
(n)
i )

)
−

(
∇r

ã(n) ((F0
j · ∂)[ηi](n)) + ∇r

[ã](n) ((F0
j · ∂)η(n)

i ) + ∇r
ã(n−1) ((F0

j · ∂)η(n)
i )

)
·
(
∇r

ã(n) [vi](n) + ∇r
[ã](n) v

(n)
i + ∇r

ã(n−1) v
(n)
i

) )
dt.

(4.78)

The wave equation of [h](n+1) becomes

e′(h(n))∂2
t [h](n) − ∆ã(n) [h](n) = −

3∑
j=1

e′(h(n))(F0
j · ∂)2[h](n)

− ∂t

(
(e′(h(n)) − e′(h(n−1)))∂th(n)

)
−

3∑
j=1

(e′(h(n)) − e′(h(n−1)))(F0
j · ∂)2h(n)

− (∂tã(n)li)∂l[v](n)
i − ∂t[ã](n)li∂lv

(n)
i + [ã](n)li∂l(ã

(n)m
i ∂mh(n)) + ã(n−1)li∂l([ã](n)m

i∂mh(n))

−

3∑
j=1

(
∇i

ã(n) ((F0
j · ∂)[η̃l](n)) + ∇i

[ã](n) ((F0
j · ∂)η̃(n)

l ) + ∇i
ã(n−1) ((F0

j · ∂)η̃(n)
l )

)
·
(
∇l

ã(n) ((F0
j · ∂)[η̃i](n)) + ∇l

[ã](n) ((F0
j · ∂)η̃(n)

i ) + ∇l
ã(n−1) ((F0

j · ∂)η̃(n)
i )

)
+ (F0

j · ∂)
(
div [a](n)η(n) − (e′(h(n)) − e′(h(n−1)))(F0

j · ∂)h(n)
)

+ (F0
j · ∂)

∫ T

0
· · · dt,

(4.79)

where the time integral is the same as in (4.78). Similarly as the previous reduction procedure shown in (4.54)-(4.56) we are
able to finalize the energy estimates. We omit the details here because there is no essential difference from the previous control
for the linearized equation.

Finally, we can apply Gronwall-type inequality to prove that there exists a sufficiently small Tκ > 0 such that

∀t ∈ [0,Tκ], [E](n) ≤
1
4

(
[E](n−1) + [E](n−2)

)
,

and thus
[E](n) .κ−1 P0/2n.

Therefore, the sequence of approximation solutions {(η(n), v(n), h(n))}n∈N strongly converges (subsequentially) to (η(κ), v(κ), h(κ))
of (3.2) as n→ ∞. The local well-posedness of the nonlinear κ-approximation system is established.

5 Local well-posedness of the original system
Now we can finalize the proof of local well-posedness of the free-boundary compressible elastodynamic equations (1.14). In
Proposition 4.3, we proved that for each fixed κ > 0, the nonlinear κ-approximation problem admits a unique strong solution
(η(κ), v(κ), h(κ)) in time interval [0,Tκ]. In Proposition 3.1, we derive the uniform-in-κ a priori estimates for (η(κ), v(κ), h(κ)).
Therefore, there exists a T > 0 independent of κ, such that (η(κ), v(κ), h(κ)) exists in [0,T ] for each κ > 0. Also, such uniform
energy bound yields the strong convergence (subsequentially) of (η(κ), v(κ), h(κ)) to a limit (η, v, h) in [0,T ] which solves the
original system (1.14) and the corresponding energy functional E(T ) defined in (1.15) satisfies the energy bound (1.17).
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It remains to prove the uniqueness of the solution. We suppose (η1, v1, h1), (η2, v2, h2) to be two solutions to (1.14) which
satisfies the energy estimate (1.17) in Theorem 1.1. Denote the difference by ([η], [v], [h]) := (η1 − η2, v1 − v2, h1 − h2) and
aL := [∂ηL]−1 (L = 1, 2) with [a] := a2 − a1. Then ([η], [v], [h]) solves the following system with ZERO initial data:

∂t[η] = [v] in Ω,

∂t[v] +
3∑

j=1
(F0

j · ∂)2[η] = −∇a1 [h] + ∇[a]h2 in Ω,

div a1 [v] = div [a]v2 − e′(h2)∂t[h] − (e′(h1) − e′(h2))∂th2 in Ω

[h] = 0 on Γ.

(5.1)

We define the energy functional of (5.1) by

[E] = ‖[η]‖22 +

2∑
k=0

∥∥∥∂2−k
t [v]

∥∥∥2
k +

3∑
j=1

∥∥∥∂2−k
t (F0

j · ∂)[η]
∥∥∥2

k
+

∣∣∣∣(a1)3i∂2[i]i

∣∣∣∣2
0

+ ‖[h]‖2 + ‖∂t[h]‖2 +
∥∥∥∥√

e′(h1)∂2
t [h]

∥∥∥∥2

0

(5.2)

The only essential difference in the energy estimates is the boundary integral∫
Γ

[H](a1)3i[V]i dS .

.
We define the Alinhac good unknowns of vL, hL for L = 1, 2

VL = ∂2vL − ∂2ηL · ∇aL vL, HL = ∂2hL − ∂2ηL · ∇aL hL,

and
[V] := V1 − V2, [H] := H1 −H2.

The boundary integral then becomes∫
Γ

[H](a1)3i[V]i = −

∫
Γ

∂3[h]∂2η2
k(a2)3k(a2)3i[V]i dS −

∫
Γ

∂3h1(∂2[η]k(a1)3k + ∂2η2
k[a]3k)(a1)3i[V]i dS

. −
1
2

d
dt

∫
Γ

∂3h1|(a1)3i∂2[η]i|
2
0 dS

−

∫
Γ

∂3h1(a1)3r∂2[η]r(∂2η2
k[a]lk∂lv1

i − ∂
2η2

k(a2)lk∂µ[v]i)(a1)3i dS

−

∫
Γ

∂3h1(∂2[η]k(a1)3k + ∂2η2
k[a]3k)(a1)3i[V]i dS

. −
c0

2
d
dt

∫
Γ

|(a1)3i∂2[η]i|
2
0 dS + P(initial data)P([E](t)).

Here we use the precise formula of [V], and in the third step we apply the physical sign condition for h1. Therefore we have

sup
t∈[0,T0]

[E](t) ≤ P(initial data) +

∫ T0

0
P([E](t)) dt.

Since the initial data of (5.1) is 0, then we know [E](t) = 0 for all t ∈ [0,T ] which gives the uniqueness of the solution to
the compressible elastodynamics system (1.14). Theorem 1.1 is proven.

6 Incompressible limit
In this section we will prove Theorem 1.2, i.e., the incompressible limit. This requires our energy estimate to be uniform in
the sound speed. In physics, the sound speed of a compressible fluid is defined by c2(t, x) := p′(ρ). We parametrize the sound
speed by ε > 0 such that

p′ε(ρ)|ρ=1 = ε.
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Recall that the enthalpy derivative h′ε(ρ) := p′ε(ρ)
ρ

> 0. We can write ρ as a function of h depending on ε.
In the proof of Theorem 1.1, the estimate of the weighted energy functional E(T ) is uniform in sound speed ε, i.e., it does

not rely on 1/e′(h). Once we have this uniformly bounded energy, we are able to prove that the solution (vε,Fε, hε) of (1.11)
converges to (V,G,Q) of incompressible elastodynamics system (1.18) provided that the initial data (vε0,F

ε
0, h

ε
0) converges to the

initial data (v0,G0,Q0) as ε→ ∞.
Specifically, let v0 be a divergence-free vector field, G0 be a divergence-free matrix and Q0 is defined by the elliptic system

with constraints − ∂Q
∂N |Γ ≥ c0 > 0  −∆Q0 = ∂ivk

0∂kvi
0 − ∂iG0

k j∂kG0
i j in Ω,

Q0 = 0 on Γ.

Let (V,G,Q) be the solution to the free-boundary incompressible elastodynamic system (1.18) with initial data (v0,G0,Q0) ∈
H4 × H4 × H4: 

∂tη = V in Ω,

∂tV = −∇aQ +
3∑

j=1
(G · ∇a)G in Ω,

div aV = 0 in Ω,

(div G>) j := ∂kGk j = 0 in Ω,

∂t |Γ ∈ T ([0,T ] × Γ) on Γ,

Q = 0 on Γ,

G j · N = 0 on Γ,

−
∂Q
∂N ≥ c0 > 0 on Γ,

(η,V,G,Q)|t=0 = (Id, v0,G0,Q0).

Suppose that there exists initial data (vε0,F
ε
0, h

ε
0) of compressible elastodynamic system (1.11) converging to (v0,G0,Q0)

in C1-norm (proved in the Section 8). Then the uniform-in-ε energy estimates (1.17) show that vε, hε, Fε are all C1
t,x are

uniformly bounded and also that ∂tv, ∂tF, ∂th ∈ C0, 1
2 by Morrey’s embedding. Therefore, we actually show that vε, hε, Fε are

equi-continuous in C1
t,x, and thus (vε, Fε, hε) has a convergent subsequence by Arzelà-Ascoli Lemma. As ε → +∞, we have

e′(hε)∂thε, e′(hε)(F0
j · ∂)hε → 0 which implies

(vε, Fε, hε)→ (V,G,Q)

provided the convergence of initial data. Finally, we have

ρε(h)→ 1 and eε(h)→ 0, as ε→ ∞. (6.1)

Therefore the incompressible limit is established. Theorem 1.2 is proven.

7 Enhanced regularity of full time derivatives
In Lindblad-Luo [59] and Luo [61] concerned with compressible Euler equations, their energy functionals contain the H1-
norm of ∂4

t -derivative to close the energy estimates and also the incompressible limit. This is because they had to include the
full time derivatives in the boundary energy. In the presenting manuscript we no longer need those terms because we exactly
have proven that the boundary energy is contributed by the full spatial tangential derivatives. Our result is also applicable to
compressible Euler equations. Yet we are still able to prove the higher regularity of full time derivatives of (v, F, h) to recover
the previous incompressible limit results for free-boundary Euler equations when the elastic medium is slightly compressible,
i.e., |e′(h)| � 1 is sufficiently small.

However, we cannot mimic the proof in [59, 61] to derive analogous result for compressible elastodynamic equations. The

essential reason is that the source term of the following wave equation loses one derivative in
3∑

j=1
e′(h)(F0

j · ∂)2h due to the

appearance of the deformation tensor F

e′(h)∂2
t h − ∆ah =

3∑
j=1

e′(h)(F0
j · ∂)2h − ∂tali∂lvi −

3∑
j=1

(∇i
aFl j) · (∇l

aFi j) − e′′(h)(∂th)2 +

3∑
j=1

e′′(h)((F0
j · ∂)h)2. (7.1)
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If we analyze the ∂4
t -differentiated wave equation (7.1), then we will have to control ∂∂4

t v coming from the source term. In
[59, 61], one can invoke the Euler equations ∂tv = −∇ah to replace ∂∂4

t v by ∂2∂3
t h whose L2-norm can be reduced to ‖∂5

t h‖0 plus
lower order terms by Lemma 2.6. However, the presence of deformation tensor produces another term ∂((F0

j · ∂))∂3
t F. Since

F , O on the boundary, one cannot apply Lemma 2.6 to F and thus has to analyze higher order spatial derivatives which will
ruin the whole proof.

We notice that, for elastodynamic equations (1.11), we can do further div-curl-tangential control and delicate analysis of
Alinhac good unknowns and the ∂4

t -differentiated wave equation to estimate the weighted norms of ∂4
t v, ∂4

t F and ∂4
t h, ∂5

t h. The
loss of derivative caused by e′(h)(F0

j · ∂)2h can be absorbed if the compressibility of the elastic medium is sufficiently slight.
Thus, our proof is totally different from [59, 61, 90].

7.1 Higher order wave equations and divergence control
From now on, we again have F j = (F0

j · ∂)η. Taking ∂4
t in (7.1) yields

e′(h)∂6
t h − div a(∂4

t ∇ah) =

3∑
j=1

e′(h)(F0
j · ∂)2∂4

t h + ∂4
t

(∇i
avl)(∇l

avi) −
3∑

j=1

(∇i
aFl j) · (∇l

aFi j)

︸                                              ︷︷                                              ︸
Z1

−∂4
t

(
e′′(h)(∂th)2

)
+

3∑
j=1

∂4
t

(
e′′(h)((F0

j · ∂)h)2
)

︸                                                     ︷︷                                                     ︸
Z2

−
[
∂4

t , e
′(h)

]
∂2

t h +
[
∂4

t , div a

]
∇ah︸                                     ︷︷                                     ︸

Z3

.

(7.2)

We compute the L2 inner product of (7.2) and (e′(h))2∂5
t h to get

1
2

d
dt

∫
Ω

∣∣∣∣(e′(h))
3
2 ∂5

t h
∣∣∣∣2 +

∣∣∣e′(h)∂4
t ∇ah

∣∣∣2 dy (7.3)

=

3∑
j=1

∫
Ω

(e′(h))3(F0
j · ∂)2∂4

t h · ∂5
t h dy +

∫
Ω

(e′(h))2(Z1 + Z2 + Z3)∂5
t h dy (7.4)

+
3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣∂5

t h
∣∣∣2 dy +

∫
Ω

e′(h)e′′(h)∂th
∣∣∣∂4

t ∇ah
∣∣∣2 dy (7.5)

+

∫
Ω

(e′(h))2
[
∇a, ∂

4
t

]
∂th dy + 2e′(h)e′′(h)(∇ah)∂5

t h(∂4
t ∇ah) dy (7.6)

Let us analyze each term in details. In the first term of (7.4), we can integrate (F0
j · ∂) by parts to get the divergence control

of F ∫
Ω

(e′(h))3(F0
j · ∂)2∂4

t h · ∂5
t h dy

= −
1
2

d
dt

∫
Ω

∣∣∣∣(e′(h))
3
2 (F0

j · ∂)∂4
t h

∣∣∣∣2 dy +
3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣(F0

j · ∂)∂4
t h

∣∣∣2 dy

− 3
∫

Ω

(e′(h))2e′′(h)((F0
j · ∂)h)

(
(F0

j · ∂)∂4
t h

)
∂5

t h dy −
∫

Ω

(e′(h))3(div F0
j )

(
(F0

j · ∂)∂4
t h

)
∂5

t h dy

. −
1
2

d
dt

∫
Ω

∣∣∣∣(e′(h))
3
2 (F0

j · ∂)∂4
t h

∣∣∣∣2 dy + ‖e′(h)∂th‖L∞
∥∥∥∥(e′(h))

3
2 (F0

j · ∂)∂4
t h

∥∥∥∥2

0

+
(∥∥∥e′(h)(F0

j · ∂)h
∥∥∥

L∞
+

∥∥∥div F0
j

∥∥∥
L∞

) ∥∥∥∥(e′(h))
3
2 (F0

j · ∂)∂4
t h

∥∥∥∥
0

∥∥∥∥(e′(h))
3
2 ∂5

t h
∥∥∥∥

0

(7.7)

The analysis of the second term in (7.4) will be postponed to the end of this part. Now we analyze (7.5).

3
2

∫
Ω

(e′(h))2e′′(h)∂th
∣∣∣∂5

t h
∣∣∣2 dy +

∫
Ω

e′(h)e′′(h)∂th
∣∣∣∂4

t ∇ah
∣∣∣2 dy

.‖e′(h)∂th‖L∞
(∥∥∥∥(e′(h))

3
2 ∂5

t h
∥∥∥∥2

0
+

∥∥∥e′(h)∂4
t ∇ah

∥∥∥2
0

) (7.8)
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Then we analyze (7.6) term by term (we omit the coefficients)

−
[
∇a, ∂

4
t

]
∂th = ∂4

t a · ∂∂th + ∂3
t a · ∂∂2

t h + ∂2
t a · ∂∂3

t h + ∂ta · ∂∂4
t h,

and thus ∫
Ω

(e′(h))2
[
∇a, ∂

4
t

]
∂th dy

.
∥∥∥∥√

e′(h)∂3
t v

∥∥∥∥
1
‖∂th‖1 ‖e

′(h)
3
2 ‖L∞ + ‖∂2

t v‖1‖e′(h)∂2
t h‖1‖e′(h)‖L∞

+ ‖∂tv‖1 · ‖e′(h)∂3
t h‖1‖e′(h)‖L∞ + ‖∂v · a‖1‖e′(h)∇a∂

4
t h‖0‖e′(h)‖L∞

(7.9)

So (7.6) is estimated as follows

(7.6) .
∥∥∥∥√

e′(h)∂3
t v

∥∥∥∥
1
‖∂th‖1 ‖e

′(h)
3
2 ‖L∞ + ‖∂2

t v‖1‖e′(h)∂2
t h‖1‖e′(h)‖L∞

+ ‖∂tv‖1 · ‖e′(h)∂3
t h‖1‖e′(h)‖L∞ + ‖∂v · a‖1‖e′(h)∇a∂

4
t h‖0‖e′(h)‖L∞

+
∥∥∥∥√

e′(h)∇ah
∥∥∥∥

L∞

∥∥∥e′(h)∂4
t ∇ah

∥∥∥
0

∥∥∥∥(e′(h))
3
2 ∂5

t h
∥∥∥∥

0

(7.10)

Finally, we analyze the second integral in (7.4). In fact, it suffices to compute
∥∥∥√e′(h)(Z1 + Z2 + Z3)

∥∥∥
0. We first write Z1

term by term,

Z1 =2∂4
t (∇av) · (∇av) − 2∂4

t (∇aF) · (∇aF)

+ 8∂3
t (∇av) · ∂t(∇av) − 8∂3

t (∇aF) · ∂t(∇aF)

+ 6∂2
t (∇av) · ∂2

t (∇av) − 6∂2
t (∇aF) · ∂2

t (∇aF),

and thus ∥∥∥∥√
e′(h)Z1

∥∥∥∥
0
. P(‖η‖4)

( ∥∥∥∥√
e′(h)∂4

t v
∥∥∥∥

1
‖∂v‖L∞ +

∥∥∥∥√
e′(h)∂4

t F
∥∥∥∥

1
‖∂F‖L∞

+
∥∥∥∥√

e′(h)∂3
t v

∥∥∥∥
1
‖∂∂tv‖L∞ +

∥∥∥∥√
e′(h)∂3

t F
∥∥∥∥

1
‖∂∂tF‖L∞

+
∥∥∥∥√

e′(h)
∥∥∥∥

L∞

(∥∥∥∂2
t v

∥∥∥2
2 +

∥∥∥∂2
t F

∥∥∥2
2

) )
.

(7.11)

For Z2, it suffices to analyze its first term because ∂th and (F0
j · ∂)h always have the same power of weight functions. We

have √
e′(h)∂4

t

(
e′′(h)(∂th)2

)
=

√
e′(h)e′′(h)

(
2∂5

t h∂th + 8∂4
t h∂2

t h + 12∂3
t h∂3

t h
)

+
√

e′(h)e(3)(h)∂th
(
2∂4

t h∂th + 6∂3
t h∂2

t h
)

+
√

e′(h)
(
e(4)(h)(∂th)2 + e(3)(h)∂2

t h
) (

2∂3
t h∂th + 4∂2

t h∂2
t h

)
+

√
e′(h)

(
e(5)(h)(∂th)3 + 3e(4)(h)∂th∂2

t h + e(3)(h)∂3
t h

) (
2∂2

t h∂th
)

+
√

e′(h)
(
e(6)(h)(∂th)4 + 6e(5)(h)∂2

t h(∂th)2 + 3e(4)(h)(∂2
t h∂2

t h + ∂th∂3
t h) + e(3)(h)∂4

t h
)

(∂th)2

Invoking the physical constraints (1.9), we know∥∥∥∥√
e′(h)∂4

t

(
e′′(h)(∂th)2

)∥∥∥∥
0

.P
(∥∥∥∥√

e′(h)
∥∥∥∥

L∞
,
∥∥∥∥(e′(h))

3
2 ∂5

t h
∥∥∥∥

0
,
∥∥∥∥(e′(h))

3
2 ∂4

t h
∥∥∥∥

0
,
∥∥∥e′(h)∂3

t h
∥∥∥

1 ,
∥∥∥(e′(h))∂2

t h
∥∥∥

2 , ‖∂th‖2
) (7.12)

Similar result holds for the second term by replacing ∂t by (F0
j · ∂) so we omit the details.

For Z3, we have (omitting the coefficients)

Z3 := −
[
∂4

t , e
′(h)

]
∂2

t h +
[
∂4

t , div a

]
∇ah

= − e′′(h)(∂th∂5
t h + ∂2

t h∂4
t h + ∂3

t h∂3
t h) − e(3)(h)((∂th)2∂4

t h + ∂th∂2
t ∂

3
t h + (∂2

t h)3)

− e(4)(h)((∂th)3∂3
t h + (∂th)2(∂2

t h)2) − e(5)(h)(∂th)4∂2
t h

+ ∂4
t a · ∂(∇ah) + ∂3

t a · ∂∂t(∇ah) + ∂2
t a · ∂∂2

t (∇ah) + ∂ta · ∂∂3
t (∇ah).
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Therefore ∥∥∥∥√
e′(h)Z3

∥∥∥∥
0

. P
(
‖e′(h)‖L∞ ,

∥∥∥∥(e′(h))
3
2 ∂5

t h
∥∥∥∥

0
,
∥∥∥∥(e′(h))

3
2 ∂4

t h
∥∥∥∥

0
,
∥∥∥e′(h)∂3

t h
∥∥∥

1 ,
∥∥∥(e′(h))∂2

t h
∥∥∥

2 , ‖∂th‖3 ,

‖h‖4,
∥∥∥∥√

e′(h)∂3
t v

∥∥∥∥
1
, ‖∂2

t v‖2, ‖∂tv‖2
)

+ ‖∂v‖L∞‖∂η‖L∞
∥∥∥∥√

e′(h)∂3
t ∇ah

∥∥∥∥
1

(7.13)

In the last term we again invoke Lemma 2.6 to get∥∥∥∥√
e′(h)∂3

t ∇ah
∥∥∥∥

1
≤

∥∥∥∥√
e′(h)∇a∂

3
t h

∥∥∥∥
1

+
∥∥∥∥√

e′(h)[∂3
t ,∇a]h

∥∥∥∥
1

.
∥∥∥∥√

e′(h)∆a∂
3
t h

∥∥∥∥
0

+
∥∥∥∥√

e′(h)[∂3
t ,∇a]h

∥∥∥∥
1

+ L.O.T.

≤

∥∥∥∥√
e′(h)∂3

t ∆ah
∥∥∥∥

0
+

∥∥∥∥√
e′(h)[∂3

t ,∆a]
∥∥∥∥

0
+

∥∥∥∥√
e′(h)[∂3

t ,∇a]h
∥∥∥∥

1
+ L.O.T.

(7.14)

Invoking the ∂3
t -differentiated wave equation (3.105), we know the two commutators above has been controlled in the

analysis of (3.105) so we do not repeat here. The only term that we have to be careful is the first source term in (3.105), i.e.,
3∑

j=1
e′(h)(F0

j · ∂)2∂3
t h. The inequality (7.14) now becomes

∥∥∥∥√
e′(h)∂3

t ∇ah
∥∥∥∥

1
.

3∑
j=1

∥∥∥∥√
e′(h)e′(h)(F0

j · ∂)2∂3
t h

∥∥∥∥
0
. ‖F0‖22‖e

′(h)‖L∞
∥∥∥∥√

e′(h)∂3
t h

∥∥∥∥
2

(7.15)

Since
∥∥∥√e′(h)∂3

t ∇ah
∥∥∥

1 ≈
∥∥∥√e′(h)∂3

t h
∥∥∥

2 and |e′(h)| � 1 for a slightly compressible elastic medium, the RHS can be absorbed to
LHS by letting ε sufficiently large (or say e′(h) sufficiently small).

Thus, the energy of ∂4
t -differentiated wave equation is controlled as follows

1
2

d
dt

∫
Ω

∣∣∣∣(e′(h))
3
2 ∂5

t h
∣∣∣∣2 +

∣∣∣e′(h)∂4
t ∇ah

∣∣∣2 +

3∑
j=1

∣∣∣∣(e′(h))
3
2 (F0

j · ∂)∂4
t h

∣∣∣∣2 dy

 . P(E(T )). (7.16)

7.2 Curl control
According to Lemma 2.5, we need to control the L2-norm of divergence, curl, and tangential derivative of ∂4

t v and ∂4
t F. In

Section 7.1, we control the weighted divergence of v and F because√
e′(h)div ∂4

t h ≈ −(e′(h))
3
2 ∂5

t h,
√

e′(h)div ∂4
t F j ≈

√
e′(h)div a∂

4
t ((F0

j · ∂)η) = −(e′(h))
3
2 (F0

j · ∂)∂4
t h.

This part we are going to control the curl. Keep in mind F j = (F0
j · ∂)η.

We take ∂4
t curl a in the seond equation of (1.14) to get the evolution equation of curl

∂4
t (curl a∂tv) =

3∑
j=1

∂4
t

(
curl a((F0

j · ∂)F j)
)
.

and thus

∂t(curl a∂
4
t v) −

3∑
j=1

(F0
j · ∂)curl a∂

4
t F j = −

[
(F0

j · ∂), curl a

]
∂4

t F j

− 3curl ∂ta∂
4
t v − 6curl ∂2

t a∂
3
t v

− 4curl ∂3
t a∂

2
t v − curl ∂4

t a∂tv

+

3∑
j=1

(
4curl ∂ta(F0

j · ∂)∂3
t F j + 6curl ∂2

t a(F0
j · ∂)∂2

t F j

+ 4curl ∂3
t a(F0

j · ∂)∂tF j + curl ∂4
t a(F0

j · ∂)F j

)
.

(7.17)
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Then we compute the L2 inner product of (7.17) and e′(h)curl a∂
4
t v to get

1
2

d
dt

∫
Ω

e′(h)
∣∣∣curl a∂

4
t v

∣∣∣2 +

3∑
j=1

e′(h)
∣∣∣curl a∂

4
t (F0

j · ∂)η
∣∣∣2 dy

=

3∑
j=1

∫
Ω

e′(h)
(
curl a∂

4
t v

)
·
[
(F0

j · ∂), curl a

]
∂4

t v dy

+ RHS of (7.17) + · · · ,

(7.18)

where the omitted terms correspond to the case that dertivatives fall on the weight function (which must be lower order and of
higher power of weight functions).

There is only one term that cannot be controlled by direct computation: 4
3∑

j=1
curl ∂ta(F0

j · ∂)∂3
t F j which requires ‖∂3

t F‖2.

However, we invoke again the second equation of (1.14) to replace
3∑

j=1
(F0

j · ∂)F j by ∂tv − ∇ah:

4
3∑

j=1

curl ∂ta(F0
j · ∂)∂3

t F j = 4curl ∂ta∂
4
t v − 4curl ∂ta∂

3
t ∇ah,

where the first term can be directly controlled by ‖∂ta‖L∞‖∂4
t v‖1. The second term requires the control of ‖∂3

t h‖2. This can again
be reduced to ∂5

t h by Lemma 2.6. One can mimic the proof in (7.15) to control that.
Therefore, the following curl estimate holds

1
2

d
dt

∫
Ω

e′(h)
∣∣∣curl a∂

4
t v

∣∣∣2 +

3∑
j=1

e′(h)
∣∣∣curl a∂

4
t (F0

j · ∂)η
∣∣∣2 dy . P(E(T )). (7.19)

7.3 Tangential estimates: Alinhac good unknown

It remains to do the tangential estimates. Although ∂∂4
t contains time derivative, we cannot directly commute it with ∇a because

this will produce a term like ∂∂4
t a = ∂3

t ∂
2v × ∂η + · · · which cannot be controlled in L2. To avoid such problem, we again use

Alinhac good unknown method. Define the Alinhac good unknowns for v, h with respect to ∂∂4
t by

V :=∂∂4
t v − ∂∂4

t η · ∇av = ∂∂4
t v − ∂∂3

t v · ∇av,

H :=∂∂4
t h − ∂∂4

t η · ∇ah = ∂∂4
t h − ∂∂3

t v · ∇ah.
(7.20)

Similarly as in Section 3.2, we have the following identity for the Alinhac good unknown g := ∂∂4
t g − ∂∂4

t η · ∇ag for a
function g with respect to ∂∂4

t :
∂∂4

t (∇ag) = ∇ag + C(g), (7.21)

where

C
i(g) :=∂∂4

t ηr∇
i
a(∇r

ag) −
([
∂4

t , a
lrami

]
∂∂mηr

)
∂l f +

[
∂∂4

t , a
li, ∂l f

]
. (7.22)

Taking e′(h)∂∂4
t in the second equation of (1.14) yields that

e′(h)∂tV − e′(h)∇aH = e′(h)
3∑

j=1

(F0
j · ∂)∂∂4

t F j + e′(h)
(
∂t(∂∂3

t v · ∇av) − C(h) +
[
∂∂4

t , (F
0
j · ∂)

]
F j

)︸                                                         ︷︷                                                         ︸
f

. (7.23)

Taking L2 inner product of (7.23) and V yields

1
2

d
dt

∫
Ω

e′(h)|V|2 dy =

∫
Ω

e′(h)(∇aH) ·V dy +

3∑
j=1

∫
Ω

e′(h)(F0
j · ∂)∂∂4

t F j ·V dy +

∫
Ω

f ·V dy︸      ︷︷      ︸
K0

, (7.24)
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subjected to

∇a ·V = ∂∂4
t (div av) − Ci(vi), (7.25)

and

H|Γ = (−∂3h)a3k∂∂4
t ηk. (7.26)

Here in (7.24) all the terms containing derivatives that fall on the weight function are again omitted.
We analyze the second term on RHS of (7.24) by integrating (F0

j · ∂) by parts

3∑
j=1

∫
Ω

e′(h)(F0
j · ∂)∂∂4

t F j ·V dy

(F0
j ·∂)
= −

3∑
j=1

∫
Ω

e′(h)∂∂4
t F j · (F0

j · ∂)
(
∂∂4

t v − ∂∂4
t η · ∇av

)
+

3∑
j=1

∫
Ω

e′(h)(div F0
j )∂∂

4
t F j ·V

= −

3∑
j=1

1
2

d
dt

∫
Ω

e′(h)
∣∣∣∣∂∂4

t

(
(F0

j · ∂)η
)∣∣∣∣2 dy −

∫
Ω

e′(h)∂∂4
t F j ·

[
(F0

j · ∂), ∂
]
∂4

t v dy

−

∫
Ω

e′(h)∂∂4
t F j · ∂∂

4
t

(
(F0

j · ∂)η
)
· ∇av dy −

∫
Ω

e′(h)∂∂4
t F j ·

(([
(F0

j · ∂), ∂
]
∂4

t η
)
· ∇av

)
−

∫
Ω

e′(h)∂∂4
t F j ·

(
∂∂4

t η ·
(
(F0

j · ∂)∇av
))

dy +

∫
Ω

e′(h)(div F0
j )∂∂

4
t F j ·V dy

. −
3∑

j=1

1
2

d
dt

∥∥∥∥√
e′(h)∂∂4

t

(
(F0

j · ∂)η
)∥∥∥∥2

0
+ P

(
‖v‖4, ‖

√
e′(h)∂∂4

t v‖0, ‖∂∂4
t F‖0, ‖

√
e′(h)∂3

t v‖1
)
.

(7.27)

Next we analyze the first term in RHS of (7.24) which will produce boundary energy. First we integrate by parts to get∫
Ω

e′(h)(∇aH) ·V dy

= −

∫
Ω

e′(h)H(∇a ·V) dy −
∫

Ω

e′(h)∂lali
HVi dy +

∫
Γ

e′(h)
∂h
∂N

∂∂4
t ηka3ka3i

Vi dS︸                                   ︷︷                                   ︸
=:B

= −

∫
Ω

e′(h)H∂∂4
t (div av) dy +

∫
Ω

e′(h)HCi(vi) dy −
∫

Ω

e′(h)∂lali
HVi dy +B

=:K1 + K2 + K3 +B.

(7.28)

We have that
K3 . ‖∂a‖L∞

∥∥∥∥√
e′(h)H

∥∥∥∥
0

∥∥∥∥√
e′(h)V

∥∥∥∥
0
. (7.29)

Next we plug the expression of H into K1 to get

K1 = −

∫
Ω

e′(h)H∂∂4
t (div av) dy =

∫
Ω

(e′(h))2(∂∂4
t h − ∂∂4

t η · ∇ah)∂∂5
t h dy

=
1
2

d
dt

∥∥∥∥√
e′(h)∂∂4

t h
∥∥∥∥2

0
−

∫
Ω

(e′(h))2∂∂3
t vkalk∂lh∂∂5

t h dy︸                                 ︷︷                                 ︸
K4

.
(7.30)
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Then K4 can be controlled after integrating ∂t by parts under time integral∫ T

0
K4(t) dt :=

∫ T

0

∫
Ω

(e′(h))2∂∂3
t vkalk∂lh∂∂5

t h dy dt

∂t
= −

∫ T

0

∫
Ω

(e′(h))2∂∂4
t vkalk∂lh∂∂4

t h dy dt +

∫
Ω

(e′(h))2∂∂3
t vkalk∂lh∂∂4

t h dy
∣∣∣∣∣T
0

−

∫ T

0

∫
Ω

(e′(h))2∂∂3
t vk∂t(∇ah)k∂∂4

t h dy

.

∫ T

0
P

(
‖η‖3, ‖h‖4, ‖∂th‖3, ‖∂3

t v‖1,
∥∥∥∥√

e′(h)∂∂4
t v

∥∥∥∥
0
,
∥∥∥∥(e′(h))

3
2 ∂∂4

t h
∥∥∥∥

0

)
dt

+ P0 + δ
∥∥∥∥e′(h)∂∂4

t h
∥∥∥∥2

0
+

∥∥∥∥√
e′(h)

∥∥∥∥2

L∞

∥∥∥∥√
e′(h)∂∂3

t v
∥∥∥∥2

0
‖∇ah‖2L∞ .

(7.31)

Here in the last step we use Young’s inequality such that the δ-term can be absorbed, and the last term can also be absorbed by
E(T ) since |e′(h)| � 1 is assumed now. Therefore the term K1 has been controlled.

Now we come to analyze the boundary integral. We follow the same method as in Section 3.2. Since we do not have
tangential smoothing now (and thus ψ = 0), we can find the cancellation structure in the boundary integral.

B :=
∫

Γ

e′(h)
(
∂h
∂N

)
∂∂4

t ηka3ka3i
Vi dS

= −

∫
Γ

e′(h)
(
−
∂h
∂N

)
∂∂4

t ηka3ka3i
(
∂∂5

t ηi − ∂∂
4
t η · ∇avi

)
dS

= −
1
2

d
dt

∫
Γ

(
−
∂h
∂N

) ∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2 dS +
1
2

∫
Γ

∂t

(
−
∂h
∂N

) ∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2 dS

+

∫
Γ

e′(h)
(
−
∂h
∂N

)
∂ta3ia3 j∂∂4

t η j∂∂
4
t ηi dS︸                                            ︷︷                                            ︸

B1

+

∫
Γ

e′(h)
(
−
∂h
∂N

)
∂∂4

t η ja3 ja3i∂∂4
t ηkalk∂lvi dS︸                                                   ︷︷                                                   ︸

B2

≤ −
c0

4
d
dt

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0

+
1
2
‖∂th‖3

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0

+B1 +B2.

(7.32)

Plugging ∂ta3i = −a3r∂lvrali into B1 yields that

B1 = −

∫
Γ

e′(h)
(
−
∂h
∂N

)
a3r∂lvraria3 j∂∂4

t η j∂∂
4
t ηi dS

= −

∫
Γ

e′(h)
(
−
∂h
∂N

)
a3r∂3vra3ia3 j∂∂4

t η j∂∂
4
t ηi dS

−

2∑
L=1

∫
Γ

e′(h)
(
−
∂h
∂N

)
a3r∂LvraLia3 j∂∂4

t η j∂∂
4
t ηi dS︸                                                            ︷︷                                                            ︸

B3

.|∂3ha3r∂3vr |L∞

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0

+B3.

(7.33)

Next we compare B2 with B3

B2 =

∫
Γ

e′(h)
(
−
∂h
∂N

)
∂∂4

t η ja3 ja3i∂∂4
t ηka3k∂3vi dS

+

2∑
L=1

∫
Γ

e′(h)
(
−
∂h
∂N

)
∂∂4

t η ja3 ja3i∂∂4
t ηkaLk∂Lvi dS

=

∫
Γ

e′(h)
(
−
∂h
∂N

)
∂∂4

t η ja3 ja3i∂∂4
t ηka3k∂3vi dS −B3

. −B3 + |∂3ha3i∂3vi|L∞

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0
.

(7.34)
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Combining (7.32)-(7.34) we get the control of the boundary integral.

B . −
c0

4
d
dt

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0

+
(
‖∂th‖3 + |∂3ha3i∂3vi|L∞

) ∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0
. (7.35)

It now remains to control K0 and K2. The reason for us to postpone the proof is that these two terms contain the commutator
C(v),C(h) in the Alinhac good unknown. Previously in Section 3.2 we do not have to care too much of it because all the
derivatives are spatial in that case. However, the tangential derivative now becomes ∂∂4

t and the commutator might contain
terms of the form ∂2∂3

t v which cannot be controlled.
In K0, the third term in the commutator C(h) contributes the following

K5 := −
∫

Ω

e′(h)∂tali ∂∂l∂
3
t h Vi dy

Note that one can apply Lemma 2.6 to do elliptic estimates on
∥∥∥√e′(h)∂3

t h
∥∥∥

2 as in (7.14)-(7.15) to reduce this term to∥∥∥∥(e′(h))
3
2 ∂5

t h
∥∥∥∥

0
which has been controlled by the energy functional of ∂4

t -differentiated wave equation 7.2.

K5 . ‖∂ta‖L∞
∥∥∥∥(e′(h))

3
2 ∂5

t h
∥∥∥∥

0

∥∥∥∥√
e′(h)V

∥∥∥∥
0

(7.36)

Another term we need to study carefully is K2, where the commutator C(v) produce the following terms

−

∫
Ω

e′(h)H∂tali∂∂3
t ∂lvi

= −

∫
Ω

e′(h)∂∂4
t h∂tami∂∂3

t ∂mvi dy +

∫
Ω

e′(h)∂∂4
t ηkalk∂lh∂tami∂∂3

t ∂mvi dy

=:K6 + K7.

We should control these two terms under time integral since we have to integrate ∂t by parts. For simplicity we only list the
most difficult terms. The omitted terms are always of lower order.∫ T

0
K6 := −

∫ T

0

∫
Ω

e′(h)∂∂4
t h∂tami∂∂3

t ∂mvi dy dt

∂
=

∫ T

0

∫
Ω

e′(h)∂2∂4
t h∂tami∂3

t ∂mvi dy dt + · · ·

∂t
= −

∫ T

0

∫
Ω

e′(h)∂2∂3
t h∂tami∂4

t ∂mvi dy dt −
∫

Ω

e′(h)∂2∂3
t h∂tami∂3

t ∂mvi dy + · · ·

.

∫ T

0

∥∥∥∥√
e′(h)∂2∂3

t h
∥∥∥∥

0

∥∥∥∥√
e′(h)∂∂4

t v
∥∥∥∥

0
‖∂ta‖L∞ dt +

∥∥∥∥√
e′(h)∂2∂3

t h
∥∥∥∥

0

∥∥∥∥√
e′(h)∂∂3

t v
∥∥∥∥

0
‖∂ta‖L∞

.

∫ T

0
P(E(t)) dt + δ

∥∥∥∥(e′(h))
3
2 ∂5

t h
∥∥∥∥2

0
+ P0 +

∫ T

0
P(E(t)) dt

(7.37)

∫ T

0
K7 :=

∫
Ω

e′(h)∂∂4
t ηkalk∂lh∂tami∂∂3

t ∂mvi dy dt

∂t
= −

∫ T

0

∫
Ω

e′(h)∂∂5
t ηkalk∂lhami∂∂m∂

2
t vi dy dt +

∫
Ω

e′(h)∂∂4
t ηkalk∂lhami∂∂m∂

2
t vi dy

= −

∫ T

0

∫
Ω

e′(h)∂∂4
t vkalk∂lhami∂∂m∂

2
t vi dy dt +

∫
Ω

e′(h)∂∂3
t vkalk∂lhami∂∂m∂

2
t vi dy

.

∫ T

0

∥∥∥∥√
e′(h)

∥∥∥∥
L∞

∥∥∥∥√
e′(h)∂∂4

t v
∥∥∥∥

0
‖a‖22‖h‖3‖∂

2
t v‖2 dt

+
∥∥∥∥√

e′(h)
∥∥∥∥

L∞

∥∥∥∥√
e′(h)∂∂3

t v
∥∥∥∥

0
‖a‖22‖h‖3‖∂

2
t v‖2

.

∫ T

0
P(E(t)) dt + δ‖∂2

t v‖22 +
1
4δ

∥∥∥∥√
e′(h)

∥∥∥∥2

L∞

∥∥∥∥√
e′(h)∂∂3

t v
∥∥∥∥2

0
‖a‖42‖h‖

2
3.

(7.38)
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By picking a suitably small δ > 0, the δ-term is absorbed by E(T ). The last term can also be absorbed by using |e′(h)| � 1.
Summarizing (7.24), (7.27)-(7.31), (7.35)-(7.38), we get the estimates for the Alinhac good unknowns V and H

∥∥∥∥√
e′(h)V

∥∥∥∥2

0
+

∥∥∥∥e′(h)∂∂4
t h

∥∥∥∥2

0
+

3∑
j=1

∥∥∥∥√
e′(h)∂∂4

t (F0
j · ∂)η

∥∥∥∥2

0
+

c0

4

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0
. P0 +

∫ T

0
P(E(t)) dt. (7.39)

Finally, by the definition of Alinhac good unknowns (7.20), we have∥∥∥∥√
e′(h)∂∂4

t v
∥∥∥∥

0
.

∥∥∥∥√
e′(h)V

∥∥∥∥
0

+
∥∥∥∥√

e′(h)∂∂3
t v

∥∥∥∥
0
‖∇av‖L∞ . P(E(T )) +

∥∥∥∥√
e′(h)V

∥∥∥∥
0
,

and thus we finalize the tangential estimates as

∥∥∥∥√
e′(h)∂∂4

t v
∥∥∥∥2

0
+

∥∥∥∥e′(h)∂∂4
t h

∥∥∥∥2

0
+

3∑
j=1

∥∥∥∥√
e′(h)∂∂4

t (F0
j · ∂)η

∥∥∥∥2

0
+

c0

4

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0

.P0 + E(0) +

∫ T

0
E(t)2 dt.

(7.40)

7.4 A posteriori enhanced regularity of full time derivatives
Combining Lemma 2.5 and divergence estimate (7.16), curl estimate (7.19) and tangential estimates (7.40), we are able to get
the enhanced regularity of full time derivatives.

∥∥∥∥√
e′(h)∂4

t v
∥∥∥∥2

1
+

∥∥∥∥e′(h)∂∂4
t h

∥∥∥∥2

0
+

3∑
j=1

∥∥∥∥√
e′(h)∂4

t (F0
j · ∂)η

∥∥∥∥2

1
+

c0

4

∣∣∣∣ √e′(h)a3i∂∂4
t ηi

∣∣∣∣2
0

+
∥∥∥∥(e′(h))

3
2 ∂5

t h
∥∥∥∥2

0
+

∥∥∥e′(h)∂4
t h

∥∥∥2
1

.P0 + E(0) +

∫ T

0
P(E(t)) dt,

(7.41)

and thus by Gronwall’s inequality, there exists some 0 < T1 < T such that

sup
0≤t≤T1

E(t) ≤ P0E(0). (7.42)

Such estimate recovers the energy bound in Lindblad-Luo [59] and Luo [61]. This demonstrates that our proof is completely
applicable to the study of compressible Euler equations. To finalize to proof of Theorem 1.3, it remains to construct the initial
data satisfying the compatibility conditions (1.10) up to 5-th order such that E(0) ≤ P0. This will be proved in Section 8.

8 Construction of initial data satisfying the compatibility conditions
The last section of this manuscript presents the construction of initial data satisfying the compatibility conditions (1.10) up
to 5-th order. The compatibility conditions come from the boundary conditions and higher order wave equations. We start
the initial data (v0,G0,Q0) of free-boundary incompressible elastodynamic equations: v0 is a divergence-free vector field and
G0 is a divergence-free matrix in the sense of ∂kG0

k j = 0, then Q0 is defined by the elliptic system −∆Q0 = (∂ivk
0)(∂kvi

0) +

3∑
j=1

(∂iG0
k j)(∂kG0

i j) subject to Q0|Γ = 0 and also the Rayleigh-Taylor sign condition − ∂Q0
∂n |Γ ≥ c0 > 0. We are going to construct a

sequence of compressible data (vε0,F
0
ε, h

ε
0) satisfying the compatibility conditions (1.10) up to 5-th order and strongly converging

to (v0,G0,Q0) as the sound speed ε→ +∞. For simplicity5 we suppose that e(h) = ε−1h in order to omit the smaller and lower

5The proof in general case can be similarly proceeded. See Luo [61].
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order terms in the wave equation of h. Then the compressible elastodynamic equations at time 0 (η = Id) becomes

∂tv = −∂h +
3∑

j=1
(F0

j · ∂)2η in Ω,

div v = −ε−1∂th in Ω,

∂tF j = (F0
j · ∂)v in Ω,

div F j := ∂kFk j = −ε−1(F0
j · ∂)h in Ω,

∂t |Γ ∈ T ([0,T ] × Γ) on Γ,

h = 0 on Γ,

F0
j · N = 0 on Γ,

−
∂h0
∂N ≥ c0 > 0 on Γ.

(8.1)

8.1 Compatibility conditions and constraints on the initial data
From (8.1) we find that the initial data (v0, h0) should satisfy

h0|Γ = 0, div v0|Γ = 0, div F0
j |Γ = 0 (8.2)

since ∂t and (F0
j · ∂) are tangential derivatives on the boundary Γ.

We now define h(k) := ∂k
t h|t=0, v(k) := ∂k

t v|t=0 and F(k) := ∂k
t F|t=0. Recall the wave equation of h now becomes the following

equation at t = 0

ε−1∂2
t h − ∆h0 = (∂ivk

0)(∂kvi
0) −

3∑
j=1

(∂iF0
k j)(∂kF0

i j) + ε−1
3∑

j=1

(F0
j · ∂)2h0, (8.3)

and thus

− ∆h0 = −ε−1h(2) + ε−1
3∑

j=1

(F0
j · ∂)2

h0 + (∂ivk
0)(∂kvi

0) −
3∑

j=1

(∂iF0
k j)(∂kF0

i j)︸                                   ︷︷                                   ︸
N0

, (8.4)

So we also have

∆h0 + N0 = 0 on Γ. (8.5)

Time differentiating the wave equation yields that

− ∆h(1) = −ε−1h(3) + ε−1
3∑

j=1

(F0
j · ∂)2h(1) + N1, (8.6)

and thus we must have

∆h(1) + N1 = 0 on Γ. (8.7)

Here N1 denotes the nonlinear quantities of ∂tN0|t=0.
Repeat this step, we get ∂k

t -differentiated wave equation at time t = 0

− ∆h(k) = −ε−1h(k+2) + ε−1
3∑

j=1

(F0
j · ∂)2h(k) + Nk, (8.8)

and thus we must have

∆h(k) + Nk = 0 on Γ. (8.9)

Here Nk denotes the nonlinear quantities of ∂tNk−1|t=0.
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8.2 Construction of initial data
Now we construct the compressible data based on the incompressible data. Let (v0,G0,Q0) be the incompressible data and then
we define

v0 =v0 + ∂φ, (8.10)

F0
j =G0

j + ∂ϕ j. (8.11)

Therefore the continuity equation, the divergence constraints and the boundary condition of F yield the following equations

−∆φ = ε−1h(1),
∂φ

∂N
|Γ = 0 (8.12)

−∆ϕ j = ε−1(F0
j · ∂)h0 = ε−1∂kϕ j∂kh0,

∂ϕ j

∂N
|Γ = 0. (8.13)

Then (8.4), (8.6), (8.8) require that for k = 0, 1, · · · ,m −∆h(k) = −ε−1h(k+2) + ε−1
3∑

j=1
(F0

j · ∂)2h(k) + Nk in Ω,

h(k) = 0 on Γ.

(8.14)

Here Nk is a function of v0,F0, h0, h(1), · · · , h(k−1) and their spatial derivatives. If we set h(m+1) = h(m+2) = 0. Then (8.10)-(8.14)
gives a system of (v0,F0, h0, h(1), · · · , h(N)) such that the compressible data (v0,F0, h0) strongly converges to the incompressible
data as ε → +∞ and for each ε > 0 the compressible data satisfies the compatibility conditions up to order m. Then one can

invoke ∂tv = −∂h +
3∑

j=1
(F0

j · ∂)F0
j and ∂tF j = (F0

j · ∂)v to recover v(k) and F(k) in terms of (v0,F0, h0, h(1), · · · , h(N)). Thus, it

remains to show that the system (8.10)-(8.14) has a solution if ε is suitably large with uniform-in-ε energy bound.

8.3 Existence of initial data satisfying the compatibility conditions
In the previous proof of local well-posedness, incompressible limit and enhaced regularity, we need to find the compressible
data satisfying the compatibility conditions up to 5-th order. According to the analysis above, we need to solve the following
elliptic system 

v0 = v0 + ∂φ in Ω,

F0
j = G0

j + ∂ϕ j in Ω,

−∆φ = ε−1h(1) in Ω,

−∆ϕ j = ε−1(F0
j · ∂)h0 in Ω,

−∆h(k) = −ε−1h(k+2) + ε−1
3∑

j=1
(F0

j · ∂)2h(k) + Nk in Ω, 0 ≤ k ≤ 3

h(k) = 0, ∂φ
∂N =

∂ϕ j

∂N = 0 on Γ,

h(4) = h(5) = 0 in Ω.

(8.15)

Here the quantity Nk has the following expression

Nk =
∑

Cα1···αmβ1···βnγ1···γp

λ1···λp,k
(∂α1 v0) · · · (∂αm v0)(∂β1 F0) · · · (∂βn F0)(∂γ1 h(λ1)) · · · (∂γp h(λp)), (8.16)

where

α1 + · · · + αm + β1 + · · · + βn + (γ1 + λ1) + · · · + (γp + λp) = k + 2,
0 ≤ αi, βi, (γi + λi) ≤ k + 1, 0 ≤ λi ≤ k − 1.

We compute N0,N1 for example to illustrate how we get such a formula. When k = 0, (8.4) shows that

N0 = (∂v0)(∂v0) − (∂F0)(∂F0).

When k = 1, we have N1 = (∂v(1))(∂v0) − (∂F(1))(∂F0). Invoking (8.1) we get v(1) = −∂h0 + (F0 · ∂)F0 and F(1) = (F0 · ∂)v0, and
thus

N1 = −(∂2
h0)(∂v0) +

(
F0 · (∂2F0) + (∂F0)(∂F0)

)
(∂v0) − F0 · (∂2v0)(∂F0).

The expression of Nk can also be similarly computed and we omit the details.
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8.3.1 A priori estimates

We first prove the uniform-in-ε a priori estimate for the elliptic system (8.15). This is necessary for us to do iteration to construct
the solution to (8.15).

By standard elliptic estimate one has
‖∂φ‖5 ≈ ‖∆φ‖4 . ε

−1‖h(1)‖4, (8.17)

and thus
‖v0‖5 . ‖v0‖5 + ε−1‖h(1)‖4. (8.18)

Similarly one has
‖∂ϕ j‖5 ≈ ‖∆ϕ j‖4 . ε

−1‖F0‖4‖h0‖5, (8.19)

and
‖F0‖5 . ‖G0‖5 + ε−1‖F0‖4‖h0‖5. (8.20)

Then we estimate h0 by
‖h0‖5 . ε

−1
(
‖h(2)‖3 + ‖h0‖5‖F0‖23

)
+ ‖v0‖

2
4 + ‖F0‖24. (8.21)

This together with (8.18) and (8.20) gives

‖h0‖5 . ‖v0‖
2
4 + ‖G0‖24 + ε−1P

(
‖h(1)‖3, ‖h(2)‖3, ‖h0‖5, ‖F0‖4

)
. (8.22)

Invoking the first and third equations in (8.1) we get

‖v(1)‖4 ≤‖h0‖5 + ‖(F0 · ∂)F0‖4 . P
(
‖h0‖5, ‖F0‖5

)
.P(‖w0‖5, ‖G0‖5) + ε−1P

(
‖h0‖5, ‖h(1)‖4, ‖F0‖4

)
,

(8.23)

and
‖F(1)‖4 ≤‖(F0 · ∂)v0‖4 . ‖F0‖4‖v0‖5

.P(‖w0‖5, ‖G0‖4) + ε−1P
(
‖h0‖4, ‖h(1)‖4, ‖F0‖3

)
.

(8.24)

Next we analyze h(1). By elliptic estimates and previous estimates, we have

‖h(1)‖4 .ε
−1

(
‖h(3)‖2 + ‖F0‖3‖F0‖2‖h(1)‖4

)
+ ‖v0‖3‖v(1)‖3 + ‖F0‖3‖F(1)‖3

.ε−1P
(
‖h(3)‖2, ‖h(2)‖3, ‖h(1)‖4, ‖h0‖5, ‖F0‖4

)
+ P(‖w0‖5, ‖G0‖4).

(8.25)

Again invoking the ∂t-differentiated first and third equations in (8.1) we get

‖v(2)‖3 ≤‖h(1)‖4 + ‖(F0 · ∂)F(1)‖3 . ‖h(1)‖4 + ‖F0‖3‖F1‖4

.ε−1P
(
‖h(3)‖2, ‖h(2)‖3, ‖h0‖5, ‖F0‖4

)
+ P(‖w0‖5, ‖G0‖4),

(8.26)

and
‖F(2)‖3 . ε

−1P
(
‖h0‖5, ‖F0‖3

)
+ P(‖w0‖5, ‖G0‖4). (8.27)

Once again we use elliptic estimates and (8.23)-(8.27) and h(4) = 0 to get

‖h(2)‖3 .ε
−1P

(
‖h(3)‖2, ‖h(2)‖3, ‖h(1)‖4, ‖h0‖5, ‖F0‖4

)
+ P(‖w0‖5, ‖G0‖4). (8.28)

Again invoking the ∂2
t -differentiated first and third equations in (8.1) we get

‖v(3)‖2ε
−1P

(
‖h(3)‖2, ‖h(2)‖3, ‖h(1)‖4, ‖h0‖5, ‖F0‖4

)
+ P(‖w0‖5, ‖G0‖4), (8.29)

and
‖F(3)‖2 ≤ ‖(F0 · ∂)v(2)‖2 . ε

−1P
(
‖h(3)‖2, ‖h(2)‖3, ‖h(1)‖4, ‖h0‖5, ‖F0‖4

)
+ P(‖w0‖5, ‖G0‖4). (8.30)

Next we use elliptic estimates and (8.28)-(8.30) and h(5) = 0 to get

‖h(3)‖2 .ε
−1P

(
‖h(3)‖2, ‖h(2)‖3, ‖h(1)‖4, ‖h0‖5, ‖F0‖4

)
+ P(‖w0‖5, ‖G0‖4). (8.31)
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Again invoking the ∂3
t -differentiated first and third equations in (8.1) we get

‖v(4)‖1ε
−1P

(
‖h(3)‖2, ‖h(2)‖3, ‖h(1)‖4, ‖h0‖5, ‖F0‖4

)
+ P(‖w0‖5, ‖G0‖4), (8.32)

and
‖F(4)‖1 . ε

−1P
(
‖h(3)‖2, ‖h(2)‖3, ‖h(1)‖4, ‖h0‖5, ‖F0‖4

)
+ P(‖w0‖5, ‖G0‖4). (8.33)

Define the energy

EI :=
4∑

k=0

‖v(k)‖
2
5−k + ‖F(k)‖

2
5−k + ‖h(k)‖

2
5−k. (8.34)

Then our computation above shows that
EI . ε

−1P(EI) + P(‖w0‖3, ‖G0‖4),

and thus by choosing ε > 0 suitably large we have proved that

EI ≤ P(‖w0‖5, ‖G0‖4), (8.35)

which is the uniform-in-ε estimates for the elliptic system (8.15).

8.3.2 Existence by iteration scheme

Having the a priori estimates in hand, it remains to proceed the standard iteration scheme. We start from the solution
(h(0)

0 , h(0)
(1), · · · , h

(0)
(4)) which solves

− ∆h(0)
(k) = Nk(∂αv0, ∂

βF0, ∂γ0h
(0)
0 , · · · , ∂γk−1 h(0)

(k−1)), 0 ≤ k ≤ 3. (8.36)

Then we inductively define (h(m)
0 , h(m)

(1) , · · · , h
(m)
(3) ) by

v(n)
0 = v0 + ∂φ(n) in Ω,

F0
j
(n)

= G0
j + ∂ϕ(n)

j in Ω,

−∆φ(n) = ε−1h(n)
(1) in Ω,

−∆ϕ(n)
j = ε−1(F0

j
(n)
· ∂)h(n)

0 in Ω,

−∆h(n)
(k) = −ε−1h(n)

(k+2) + ε−1
3∑

j=1
(F0

j
(n)
· ∂)2h(n)

(k) + N
(n)
k in Ω, 0 ≤ k ≤ 3

h(n)
(k) = 0, ∂φ

(n)

∂N =
∂ϕ(n)

j

∂N = 0 on Γ,

h(n)
(4) = h(n)

(5) = 0 in Ω,

(8.37)

where N(n)
k satisfies the form (8.16).

Define the difference

[φ](n) :=φ(n) − φ(n−1), [ϕ j](n) := ϕ(n)
j − ϕ

(n−1)
j ,

[v](n)
(k) :=v(n)

(k) − v(n−1)
(k) , [F](n)

(k) := F(n)
(k) − F(n−1)

(k) , [h](n)
(k) := h(n)

(k) − h(n−1)
(k) ,

[N](n)
k :=N(n)

k − N
(n−1)
k ,

[EI](n) :=
4∑

k=0

‖v(n)
(k)‖

2
5−k + ‖F(n)

(k)‖
2
5−k + ‖h(n)

(k)‖
2
5−k.
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Then we have 

[v](n)
0 = ∂[φ](n) in Ω,

[F0
j ]

(n)
= ∂[ϕ j](n) in Ω,

−∆[φ](n) = ε−1[h](n)
(1) in Ω,

−∆[ϕ j](n) = ε−1([F0
j ]

(n)
· ∂)h(n)

0 + ε−1(F0
j
(n−1)
· ∂)[h](n)

0 in Ω,

−∆[h](n)
(k) = −ε−1[h](n)

(k+2) + ε−1
3∑

j=1

(
([F0

j ]
(n)
· ∂)(F0

j
(n)
· ∂)h(n)

(k)

+ (F0
j
(n−1)
· ∂)([F0

j ]
(n)
· ∂)h(n)

(k) + (F0
j
(n−1)
· ∂)2[h](n)

(k)

)
+ [N](n)

k in Ω, 0 ≤ k ≤ 3

[h](n)
(k) = 0, ∂φ

(n)

∂N =
∂ϕ(n)

j

∂N = 0 on Γ,

[h](n)
(4) = [h](n)

(5) = 0 in Ω,

(8.38)

Following the same method as in the a priori estimates, we are able to prove that

[EI](n) . ε−1P(‖v0‖5, ‖G0‖5)[EI](n−1),

and inductively we can get
[EI](n) . ε−1P(‖v0‖5, ‖G0‖5)(n)[EI](0).

By choosing a suitably large ε > 0 such that ε−1P(‖v0‖5, ‖G0‖5) < 0.99, we finally prove that

[EI](n) + · · · + [EI](n+m) → 0

as m, n→ +∞. The iteration scheme is finished and thus the existence of the solution to the elliptic system (8.15), i.e., Theorem
1.4 is proven.
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