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Abstract

We consider 3D free-boundary compressible elastodynamic system under the Rayleigh-Taylor sign condition. It describes
the motion of an isentropic inviscid elastic medium with moving boundary. The deformation tensor is assumed to satisfy the
neo-Hookean linear elasticity. The local well-posedness was proved by Trakhinin [84] by Nash-Moser iteration. In this paper,
we give a new proof of the local well-posedness by the combination of classical energy method and hyperbolic approach. In the
proof, we apply the tangential smoothing method to define the approximation system. The key observation is that the structure
of the wave equation of pressure together with Christodoulou-Lindblad [13] elliptic estimates reduces the energy estimates to
the control of tangentially-differentiated wave equations despite a potential loss of derivative in the source term. To the best
of our knowledge, we first establish the nonlinear energy estimate without loss of regularity for free-boundary compressible
elastodynamics. The energy estimate is also uniform in sound speed which yields the incompressible limit, i.e., the solutions of
the free-boundary compressible elastodynamic equations converge to the incompressible counterpart provided the convergence
of initial datum.

It is worth emphasizing that our method is completely applicable to compressible Euler equations. Our observation also
shows that it is not necessary to include the full time derivatives in the boundary energy and analyze higher order wave equations
as in Lindblad-Luo [59] and Luo [61] even if we require the energy is uniform in sound speed. Moreover, the enhanced regularity
for compressible Euler equations obtained in [59, 61] can still be recovered for a slightly compressible elastic medium by further
delicate analysis of the Alinhac good unknowns, which is completely different from Euler equations.
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1 Introduction

We consider 3D compressible elastodynamic equations describing the motion of an isentropic inviscid elastic medium with free
boundary [20, 31]
pDu=-Vp+div(oFFT)  inD,
D +pdivu =0 in D, (1.1
D,F = VuF in D.

Here D = Up<rlt) X D, and D, C R3 is the domain occupied by the elastic medium at time t. V := (d,,,0y,,0y,) is the
standard spatial derivative and div X := 8, X' is the standard divergence for any vector field X. D, := 8, + u - V is the material
derivative. Throughout this paper, X' = ¢"’X; for any vector field X, i.e., we use Einstein summation convention. The quantities
u, p, p denotes the velocity, density and fluid pressure of the elastic medium. F := (F;;)3x3 is the deformation tensor and F'
denotes its transpose matrix. pFFT is the Cauchy-Green stress tensor in the case of compressible neo-Hookean linear elasticity.
D, := 0, + u - V is the material derivative.

We impose the equation of state as

p = p(p) being a strictly increasing function of p, for p > py (1.2)

where Py := plsp is a positive constant and we set pg = 1 throughout this manuscript, which means the elastic medium is
isentropic with strictly positive density. We also impose the divergence constraints on the deformation tensor

div (oFT) = 0. (1.3)

This will not make the system be over-determined because we only require it holds for the initial data and it automatically
propagates to any time (cf. Trakhinin [84, Proposition 2.1]). Note that the system (1.1) together with (1.2) and (1.3) describes



the motion of elastic waves in a compressible inviscid neo-Hookean linear material corresponding to the elastic energy W(F) =
%IFIZ. It also arises as the inviscid limit of the compressible visco-elastodynamics [20, 31] of the Oldroyd type [69, 70].
Next we introduce the boundary conditions

VOD)=u-n on 0D,
p=0 on 4D, (1.4)
FT-n=0 on 0D.

The first boundary condition shows that the boundary moves with the velocity of the fluid. It can be considered as the definition
of free-boundary problem, and can be equivalently written as D;|gp € T (0D) where 7 (0D) denotes the tangential bundle of
0D, or (1,u) is tangent to D. The second condition p = 0 means that outside the fluid region is the vacuum. The third
condition means that the deformation tensor is tangential on the boundary, which is also required for initial data only and then
automatically propagates. Here n denotes the exterior unit normal vector to 0D;.

Remark. The boundary condition FT - n = 0 originates from the Rankine-Hugoniot conditions for the vortex sheets in com-
pressible elastodynamics [7, 8, 9, 10]. It leads to detF = 0 on the boundary. Such “degeneracy” is due to the mathematical
formulation of the singular vortex sheet structure in elastic fluids. The same “degenaracy” takes place for the free-boundary
problems and vortex sheets problems for both incompressible [33, 29, 50, 51, 93] and compressible elastodynamics [84]. For
more illustrations, we refer readers to [8, Remark 2.1].

Energy conservation law Throughout this paper, we use Einstein summation convention, i.e., repeated indices is summation
on this index. We define Q(p) := flp p(R)/R2 dR. Under (1.4), the system (1.1) has the following energy conservation law

1
dit(i L;PIMIZMOIFI2 dX+LIpQ(p)dX)

3
:f pui -Dyuidx + Z f pF,'thF,'j dx + f p(p) Dtp dx
D, =YD o, P
=— f (u-Vpdx + Z f pu'Fi ;0 F;;dx + Z f PF;iFy o' dx + f p(=div u) dx
t j=1 Dy j=1 D, D,
= —f u'nipds +f pdiv udx—f pdiv udx
0: t t t

3 3
- Z f kaj(?kuiFij dx — Z f Mi 8k(kaj) F,‘j dx + f pl/li ijnk Fij das +
=1 YD =1 v T/ D W—O-/ j=

(1.5)

3

f pF,-ijjakui dx
1 YD
=0.

Enthalpy formulation Before further introducing the Rayleigh-Taylor sign condition and more physical constraints, we
could simplify the system by introducing the enthalpy to replace pressure and density. Define F; := (F{;,F,;, F3;) to be the j-th
column of F. Then we have

0
0 =div (pFT)J’ = ﬁk(kaj) = 6kaj = —ij%p = —ijak lnp = —(Fj . V) lnp,

and thus
div (0FF"); := 0y (oF;;¥y)) = 0x(oFi)) Fij + pFyj0cF;; = (p(F; - V)F ).
—_————

=0

The second equation reads div u = —D,(In p) and the third equation reads
D,Fl'j = (VMF)U = ij[)kui = (F/ . V)u,

The boundary condition on F is expressed as 0 = (F" - n); = F;;n; = F; - n.



Now we introduce the “enthalpy” f) as an increasing function of p defined by h(p) := flp @ dr and e(h) := In p(h). Under
the enthalpy formulation, %8,- p = 0;H. Then the system (1.1) can be re-written as

3
Duu ==V + % (F; - VF, nD.

j=1
div u = ~Die(h) = ~¢'())Drh in D, (1.6)
DF; = (F; - V)u in D,

(div F7); := 6;Fy; = —(F; - V)e(h)) = —¢'())(F; - V) in D.

together with the boundary condition
Dylop € T (0D) on 4D,
h=0 on 0D, 1.7)
Fi-n=0 on 49D.

The new system looks quite similar to the incompressible elastodynamic equations, where h plays the role as p of the
incompressible counterpart, while div # and div FT is no longer zero yet determined as a function of p and thus of b. In order
for the initial-boundary value problem of (1.6)-(1.7) being solvable, we need to impose some other natural physical conditions
and initial data satisfying the compatibility conditions.

Physical constraints First we impose the Rayleigh-Taylor sign condition on the free surface

- g—b >co >0 onddD,, (1.8)

n

where ¢y is a given constant. This is equivalent to the natural physical condition —’;—Z > ¢; > 0 in the study of the motion of a
free-boundary fluid which says that the pressure is larger in the interior than on the boundary. Ebin [25] proved the ill-posedness
of incompressible Euler equations when (1.8) is violated. The condition (1.8) is only required for the initial data: We will justify
this condition by proving —% on the boundary is a C?xl /* function, and thus (1.8) propagates in a positive time interval.

Next we impose the following natural conditions on e(}): For each fixed m € N*, there exists a constant A > 1 such that

e ®)] < A and [P (®)] < Ale’H)F < Ale’ (D) Yk <m+ 1. (1.9)

Compatibility conditions on initial data Finally we require the initial data (uo, F°, by, Dy) to satisfy the compatibility con-
ditions at the boundary. From (1.6)-(1.7) we know div uljoxan, = 0 and bolsp, = O is needed, which is called the 0-th order
compatibility condition. We define the m-th order compatibility conditions to be

Diblioyan, =0, k=0,1,--- ,m. (1.10)

We will prove in Section 8 that such initial data must exist provided that the sound speed ¢* := p’(p) (or equivalently 1/e’(h))
is suitably large.

Given initial data (ug, F°, by, Do) satisfying the compatibility conditions and constraints (1.3), FT - nljxap, = 0 as well as
Rayleigh-Taylor sign condition (1.8) at ¢ = 0, where Dy C R? is a simply-connected bounded domain, we want to find a set
D, € R? and velocity u, enthalpy ) and deformation tensor F solving the system (1.6)-(1.10). In this manuscript, we aim to
prove the local well-posedness of (1.6)-(1.10) with energy estimates and the incompressible limit.

1.1 History and Background

The study of both free-surface fluid and elastodynamics has a long history and has blossomed in the recent decades. Let us first
review the results on the free-boundary Euler equations. For the incompressible case, Wu [87, 88] on the local well-posedness
(LWP) of full water wave system have been considered as the first breakthrough in the study of free-surface perfect fluid. We
also refer to Lannes [44, 4, 65] for the study of local theory of incompressible irrotational water wave. When the vorticity
is nonzero, Christodoulou-Lindblad [13] first established the a priori estimates without loss of regularity. Lindblad [55, 57]
proved the local well-posedness by using Nash-Moser iteration. Coutand-Shkoller [16, 17] introduced the tangential smoothing
method to proved the local well-posedness with or without surface tension and avoid the loss of regularity. See also [92, 2] for
the case without surface tension and [74, 78, 79, 80] for the nonzero surface tension case.



The study for a free-surface compressible fluid is much more difficult because the pressure is governed by a wave equation
instead of being a Lagrangian multiplier in the incompressible case. We list the results in the case of a liquid. Lindblad [56, 58]
proved the LWP by Nash-Moser iteration and then Trakhinin [83] extended the LWP to non-isentropic, non-relativistic and
relativistic liquid with gravity in an unbounded domain via hyperbolic approach and also Nash-Moser iteration. The first a
priori estimates without loss of regularity was established by Lindblad-Luo [59] and then was extended to a compressible water
wave with vorticity Luo [61]. Ginsberg-Lindblad-Luo [27] proved the LWP for the self-gravitating liquid. Then the author joint
with Luo [62] proved the LWP for a compressible gravity water wave with vorticity with a simplified method. In the case of
nonzero surface tension, we refer to [14, 22, 23]. In the case of a gas, we refer to [15, 19, 39, 63, 32, 38] and references therein.

Now let us review the development of elastodynamics system which describe the motion of an elastic medium. When
the domain is fixed or R”, most of the results focus on the incompressible visco-elastic case because the solution is expected
to be global. See [49, 53, 54, 47, 20, 52, 18] and references therein. For the compressible viscoelastic case, we refer to
[35, 36, 37, 71, 72]. The incompressible ideal elastodynamic equations satisfy the null condition and thus the global solution
in R” can also be expected. We refer to [26, 76, 77, 48, 46, 85, 5].

However, the study of free-surface elastodynamics becomes quite different. On the one hand, the domain is no longer
R but with a boundary whose regularity is also limited and thus it is quite difficult to recover the global solution as in the
R"-case. The only related result is Xu-Zhang-Zhang [89] that proved the global well-posedness (GWP) of incompressible
visco-elastodynamics with surface tension. On the other hand, the contribution of free boundary enters to the highest order
term in the energy, and extra stabilizing conditions such as Rayleigh-Taylor sign condtion are required. So far, nearly all the
known results only deal with the local-in-time a priori estimates and LWP for the neo-Hookean elastodynamics and most are
only available for the incompressible case. For the incompressible case, Hao-Wang [33] proved the Christodoulou-Lindblad
type a priori estimates under Rayleigh-Taylor sign condition (1.8). Gu-Wang [29] and Li-Wang-Zhang [51] proved the LWP
under a mixed stability condition. Li-Wang-Zhang [50] proved the LWP for the incompressible vortex sheets in elastodynamics
under a non-collinearity condition. Hu-Huang [34] proved the LWP under Rayleigh-Taylor sign condition by generalizing
Lindblad [55, 57], and Zhang [93] gives an alternative proof by generalizing Gu-Wang [30] in incompressible MHD. In the
case of nonzero surface tension, Gu-Lei [28] proved the LWP by vanishing viscosity method.

Futher difficulty arises in the compressible case compared with the incompressible case due to the coupling of pressure
wave and the motion of elastic medium. The only known result on the free-boundary problem in elastodynamics is Trakhinin
[84] that proved the LWP under either the non-collinearity condition' or Rayleigh-Taylor sign condition. The proof in [84]
relies on the Nash-Moser iteration and thus cannot get energy estimates without loss of regularity. Trakhinin [84] also pointed
out that the ill-posedness happens if the Rayleigh-Taylor sign condition and the non-collinearity condition fail simultaneously.

As stated in the remark after (1.4), the free boundary problem can be considered as the one-phase problem of the vortex
sheets in compressible elastodynamics. For that, Chen-Hu-Wang [7, 8] proved the linearized stability of vortex sheets in 2D
compressible elastodynamics and Chen-Hu-Wang-Yuan [10] for the 3D case. Chen-Hu-Wang-Wang-Yuan [9] also proved
the nonlinear stability in 2D. We also mention that Chen-Secchi-Wang [6] proved the linear stability of contact discontinuity.
Morando-Trakhinin-Trebeschi [68] proved the structural stability of shocks in compressible elastodynamics. Among all these
results, the proofs strongly rely on Nash-Moser iteration. So far, no nonlinear energy estimate without loss of regularity is
available for the free-boundary compressible elastodynamics system.

The other topic considered in this manuscript is the incompressible limit. In physics, the incompressible limit helps people
to understand the property of a slightly compressible fluid via its incompressible counterpart and vice versa. In the mathematical
study of inviscid fluid, most results on the incompressible limit or slightly compressible fluid focus on the Euler equations in
fixed domain or R” [41, 42, 24, 73, 75, 67, 1, 11, 12, 21] and reference therein. The incompressible limit method was also
used in elastodynamics [76, 49, 60]. In the study of the incompressible limit of a free-surface fluid, only quite few results
are available. See Lindblad-Luo [59] for compressible Euler, Luo [61] for compressible water wave, Disconzi-Luo [23] for
the nonzero surface tension case and the author [90] for compressible resistive MHD. The study of incompressible limit of
free-boundary compressible elastodynamics is still open.

In the presenting manuscript, we prove the local well-posedness of the free-boundary compressible ideal elastodynamics
system under Rayleigh-Taylor sign conditon (1.8) and the energy estimate without regularity loss. The energy estimates are
also uniform in sound speed and thus yield the incompressible limit. Our proof no longer relies on higher order wave equation
as in previous work [59, 61, 90] and also applies to Euler equations. Besides, we are able to recover the higher order energy
established in [59, 61, 90] for a slightly compressible elastic medium. To the best of our knowledge, we first establish the
energy estimates without loss of regularity and the incompressible limit of the free-boundary compressible elastodynamics
system under Rayleigh-Taylor sign condition. See Section 1.3 for detailed strategy of the proof.

!"The non-collinearity condition reads |F i xF| =6 > 0 for k # j. This non-collinearity condition allows us to express the gradient of the flow map in terms
of the deformation tensor, and thus actually enhances extra 1/2-order regularity of the free-boundary than being under Rayleigh-Taylor sign condition.



1.2 Reformulation in Lagrangian coordinates and main results

We introduce Lagrangian coordinates to reduce the free-boundary problem to a fixed-domain problem. We introduce the
reference domain? Q := T? x (—1, 1) with boundary I" := 9Q = T2 x ({—1} U{1}). Denote the coordinates on Q by y = (y1, y2,y3)
and the spatial derivative in the Lagrangian coordiantes by d = d,. We define 7 : [0,7] X Q — D to be the flow map of the
velocity u by

om(t,y) = u(t,nt,y)), n0,y)=no),

where 9 : Q — Dy is a diffeomorphism. For technical simplicity, we take 9 = Id, i.e., we assume the initial domian
Dy = Q = T2 x (0, 1). In fact, our proof in the manuscript is also applicable to the case for general data 17, € H*. By the chain
rule, one can verify that 9,(f(¢,n(t,y)) = (D.f)(t,n(t,y)), i.e., the material derivative becomes time derivative in Lagrangian
coordinates.

Next we introduce the Lagrangian variables

V(t, J’) = M(t7 T](t7 )’))’ h(tv Y) = I)(t7 77(t’ )’)), Flj(t7 y) = Fl](t’ T](t’ y))7 F](t’ }’) = Fj(t9 T](t9 y))’
the co-factor matrix a := [dn]~' by a" = a! := g—i] where x' := 5'(t,y) is the i-th component of Eulerian coordinate, the Jacobian
determinant J := det[dn] and A := Ja. These quantities are always well-defined because 7 is around the identity map when ¢ is
small. Then the free-boundary compressible elastodynamic system (1.6)-(1.7) can be re-written in Lagrangian coordinates as

onm=v in Q,
ov=-V,h+ il(Fj -Vo)F; in Q,
j=

div ,v = —€’(h)d;h in Q,
OF ;= (Fj-Vav in Q,
(div ,FT); = —€e'(W)(F;-Vo)h  inQ, (1.11)
Olr e 7([0,T]1 xT) onT,
h=0 onTl,
Fi-N=0 onTl,
—% >co>0 onT,
(1, v, h, F)li=o = (1, vo, ho, F°).

Here N = (0,0, +1) is the exterior unit normal on the boundary I := T? x {+1}, and (V,f) := a'y, f. Note that the divergence
constraint on F' and Taylor sign condition are only required for initial data, so the system (1.11) is not over-determined.
There are several important geometric identities in Lagrangian coordinates. We have Piola’s identity §;A" = 0 for any i, and

Dd" = —a”é‘mDnrami, D=4dord,,

and 0,J = Jdiv ,v. With the help of these identities, one can express the deformation tensor as the FO-directional derivative of
the flow map. We compute for any j

6,(F,-ja”) = B,F[jali + F[jﬁ,ali = ijamkﬁmv,-a” - F,-jalramv,am" =0,
which yields F;;a" = F?jé” = F(I)j and thus
Fyj = Fyja"omi = ¥),0mi = (F} - 0. (1.12)

From now on, div Y := 9;Y’ denotes the standard Lagrangian divergence instead of the Eulerian one. Under this setting, the
divergence constraint becomes

div (F°"); 1= 0FY; = ¢ (ho)(FY - )b (1.13)

2The reference domain allows us to work in one coordinate patch and the result for a general simply-connect domain follows from partition of unity. See
Coutand-Shkoller [16, 17] for details.



Therefore, the system (1.11) can be further simplified to the following system.

atn =y in Q,
3

ov=-V,h+ 3 (F(J? -0’ in Q,
j=1

div ,v = —¢’(h)0;h in Q,

div (F"); := Oy, = =/ (H)(F-d)hy  in 2,

Or € 7([0,T] xT') onT, (1.14)

h=0 onl,

F? -N=0 onTl,

—% >co>0 onTl,

(rlv v, h)|t=0 = (Id’ Vo, bO)

We aim to prove the local well-posedness and the incompressible limit of the system (1.14), i.e., the free-boundary com-
pressible elastodynamic system in Lagrangian coordinates. Before stating the main results, we introduce our energy functional
as follows. Here we denote ||f]l; := ||f(z, -)llms(q) for any function f(z,y) on [0, T] x Q and |f|s := |f(#, -)|zsr) for any function
St,y)on[0,T]xT.

Definition 1.1. Define energy functional E at time T to be

3
B(T) = Il + WG + 3 |08y + 1Al + 'a3’5477i|§
j=1

3
H10E + 3 [|E - )a[; + 119,k
j=1

3
+ gl + > S - arazll, + || Ve mazn E (1.15)
j=1

+ H \/e’(_h)ﬁiv

|? + |l mazn|f:

’2
0

Y Nzot
j=1

3
¢t + Z

J=1

¢ ()(ES - 0)in|, + (e o

+

And define higher order energy functional €(T') to be

[+ | Vo (o) + |Vemaatn, + | miatn

The main results in this manuscript are listed in the following 4 theorems.

‘z +|lemat;.  (.16)

&(T) := B(T) + H Ve oty

1. Local well-posedness

Theorem 1.1. Given initial data vy, F%, 5, € H*(Q) satisfying the compatibility conditions (1.10) up to 4-th order® and the
Rayleigh-Taylor sign condition (1.8), there exists some 7' > O depending only on the initial data, such that the system (1.14)
has a unique strong solution (7, v, #) with the energy estimates

sup E(r) < P (|Ivolla. IF°lla. Do) . (1.17)

0<t<T

where P(- - -) represents a polynomial in its arguments.

3The reason for requiring 4-th order is that (');‘h appears in the boundary integral in the proof.



2. Incompressible limit We parametrize the sound speed by parametre £ > 0 in such that

P;(P)Lo:l =E&.

We consider the compressible elastodynamic equations with variable (5%, v®, F*, h®) if the sound speed satisfies pL.(0)|,-1 = &.
Under this setting, the density p®(h) — 1 and thus the enthalpy e(/#®) converges to 0 as £ — co. The above energy estimates are
actually uniform in the sound speed, i.e., the energy bound of E(T") does not rely on e’(h)~".

For every & > 0, let (v, F%°,bg) € H*(Q) x H*(Q) x H*(Q) be the initial data with sound speed & of the free-boundary
compressible elastodynamic system (1.14) satisfying the compatibility conditions up to 4-th order. Then we can establish the
incompressible limit in the following sense:

Theorem 1.2. Let vy € H*(Q) be a divergence-free vector field and G € H*(Q) be a divergence-free matrix in the sense of
6kG2j = 0 for all j. Define Qy be the solution to the elliptic equation with constraints —%h >co>0

-AQo = angakVB - 6,-G2j6kG?j in Q,
0o=0 onT.

Let (V, G, Q) be the solution to the free-boundary incompressible elastodynamic system with initial data (v, G°, Qp) € H*(Q) X
H*(Q) x H{(Q):

dm =V in Q,
OV=-V,0+ LG V)G Q.
=

div,V =0 inQ,

(div GT); := 0xGy; = 0 inQ,

Or € T([0,T]1 x ) onT, (1.18)
=0 onl,

Gj-N=0 onT,

—27% >co>0 onTl,

. V.G, Q)li=o = (1d, vo, G°, Qo).

1
Suppose also there exists a sequence of initial data of (1.11) (v§, FO° 19) C—) (vo, G, Qo) as & — oo and satisfies the compati-
bility conditions up to 4-th order. Then there exist some 7y > 0 independent of & such that

1. The corresponding energy functionals E?, €° are bounded uniformly in € in [0, T].

1
2. The corresponding solutions (v®, F%, h®) C—> (V,G,Q) as € > o in [0, Ty].
O

Remark. In fact, as € — oo (i.e., €'(h®) — 0), E(T) and €(T) converge exactly to the energy functional of the free-boundary
incompressible elastodynamic system under Rayleigh-Taylor sign condition —0;Q > ¢, > 0 established by Zhang [93]

3
B = gl + VI + Y (G2 oyl + 1015 + |G,
=1

The reason is that one can invoke the second equation to reduce time derivatives of v to spatial derivatives of 4 and (F? -d)np and
the weighted terms converge to zero. '

3. Enhanced regularity in the slightly compressible case In Lindblad-Luo [59] and Luo [61] on the compressible Euler
equations, they required the H'-control of d*-derivatives to close the energy estimates and also the incompressible limit. In
Theorem 1.1 and 1.2 we are able to drop that higher order energy. Moreover, we are still able to prove such higher regularity
of full time derivatives for the elastodynamics equations when the elastic medium is slightly compressible, i.e., |¢’(h)| < 1 is
sufficiently small. The following result shows that our method are also applicable for compressible Euler equations and also
recover the previous results [59, 61].



Theorem 1.3. Suppose the initial data satisfies the compatibility conditions up to 5-th order. When the sound speed ¢ is
sufficiently large, the solution (v, F, h) constructed in Theorem 1.1 satisfies higher order energy estimates uniform in € in [0, 7]
where 0 < T} < T only depends on the initial data.

sup (1) < P (1Ivolla, IF°Ila, 1Bolls) - (1.19)

0<t<T,

O

4. Existence of initial data satisfying the compatibility conditions Finally, we proved the existence of initial data which
satisfies the compatibility conditions up to 5-th order* and strongly converges to the incompressible data as the sound speed
goes to infinity. Define Mo := |lvoll5 + [F|1Z + [[hol[3-

Theorem 1.4. Given the initial data (v, G°, Qy) € H> x H> x H> of the incompressible elastodynamics system (1.18), there
exist initial data (v&, F*°,h%) € H® x H> x H® of (1.11) such that

1
L (05, F,58) > (v, G, Q) as & — +oo.
2. (vgs FY°, b) satisfies the compatibility conditions (1.10) up to 5-th order.
3. The energy functionals satisfy E(0) + €(0) < P(My).

1.3 Strategy of the proof

Our strategy is different from the previous works on either compressible Euler equations or incompressible elastodynamic
equations. In particular, the simultaneous presence of deformation tensor and compressibility makes the fixed-point argument
in [16, 17, 27, 62, 29, 30, 93] no longer applicable to solve the linearized system even if one has the a priori estimates without
regularity loss. Now we give illustrations on the strategy of the proof. Keep in mind that F(j) - N|r = 0 implies (F? -0)is a
tangential derivative on the boundary.

1.3.1 Control of the energy functional

Let us temporarily focus on the energy estimates of the original equation (1.14) instead of constructing the approximation
solution. The first step is div-curl-tangential decomposition

Vlla <lVllo + llcurl vl3 + [Idiv vil3 + [0V - Nls2,

ICEY - dnlla SICES - A)nllo + licurl (F - dynls + IIdiv (B - d)nlls + 1O(F - d)m) - Nls o

The curl estimates can be directly controlled via the evolution equation. The boundary part can be reduced to interior tangential
estimates and divergence estimates by the normal trace lemma (cf. Lemma 2.3). To estimate [|0*v||o and ||84(F(; - 0)nllo, one

cannot directly take 8* in the equation 8,y = —V,h + %(F? - 0)’n and compute the L?-type estimates because this requires the
j=1

control of ||[54, a"1d;h)|p where 8a ~ 54677 x 0 cannot be controlled in L2. For Euler equations [16, 17] one can integrate
8'? by parts and control ||curl 77|l7/2, but this is no longer applicable to elastodynamics equations: The preserved property
of irrotationality for Euler equations, which is the key to the enhanced regularity of flow map 7 than v, no longer holds for
elastodynamics equations. Instead, ||(F(j? - )nllo/2 is necessary for [|curl 7|7/, but impossible for us to control.

_To overcome such difficulty, we use Alinhac good unknown method which reveals that the “essential” highest order term
in 3*(V,f) should be the covariant derivative of the “Alinhac good unknown” instead of simply commute d* with V,. In other
words, the main idea is to rewrite 3*(V,,f) to be the sum of convariance part V,F plus an L?(Q)-bounded term C(f) such that

*(Vuf) = V,F + C(f), with [IF = 8*fllo + 10:(F = 8* )llo + IC(Pllo < P(E(r)).

The quantity F is called the “Alinhac good unknown” of f with respect to 8*. That is to say, Alinhac’s good unknowns allow us
to take into account the covariance under the change of coordinates to avoid the extra regularity assumption on the flow map.

4The reason for requiring 5-th order is that 6fh appears on the boundary integral in the analysis of enhanced regularity.



o o o
ayi - ayi e

To derive the precise form of F, one can use chain rule 51’ = = 5,7] -V

V(@ f) = Va (@1 Vo) - Va)@n - V)@ - V) f) = 3 (Vaf) + Va(@ - Vaf) + LoLL.

It is not difficult to find that the term 5477 -V, f also enters to the highest order, which should be merged into the covariance part.
Therefore, F := §* f- 5477 - V,.f satisfies our requirement. Such crucial fact was first observed by Alinhac [3], and then widely
used in the study of first-order quasilinear hyperbolic system. In the study of free-surface fluid, this was first implicity applied
by Christodoulou-Lindblad [13], and later there are some explicit applications such as [64, 86, 30, 29, 93, 62, 91].

Now we introduce the Alinhac good unknowns V := *v—d*n-V,v and H := 8*h—8*n-V,h and get the evolution equations.
Below, - - - stands for controllable terms.

3
8,V +V,H- Z(F? -0) (0*(BY - o) = -+, (1.20)
j=1

subject to

V,-V =8*div ) + C(v) in Q and H = (-83h)a>*d*n; on T, (1.21)

where C(f) is defined to be the error terms satisfying v, f= V,(8* f —5477 -V.f)+C(f) and is controllable. Then the standard
L?-estimate of (1.20) gives the boundary integral contributed by the free surface

ON
Oh
2 dt 6N

— oh — —
_ 3k 4 3ig4 o 4 3k 3igd lrg
fr—aNa O'noa™ 0™ n; dS ﬁ—aNﬁ maa'o'n.a 0v; dSs.

oh O0h — - -
f—8477 AV, dS = fﬁéﬁnkcz%a&(@“@,m - 8*n,d" o) ds
r

a 3’04m| ds + - (1.22)

— 2 . .
Invoking the Taylor sign condition (1.8) we get the boundary energy ’a3’64n['0. Then plugging 0,a* = —a*dv,d" into the
second term yields the cancellation structure: The last two terms in (1.22) can be controlled by the boundary energy when
I = 3, and exactly cancel each other when [ = 1, 2.

Key observation: Structure of wave equation of 2 From (1.14) we can deduce that div ,v = —e’(h)d;h and div a(F? -0 =
—e’(h)(F(; - 0)h. This motivates us to consider the wave equation of / derived by taking div , in the second equation of (1.14)

3
¢’ (Wo*h — Ah = €' (h) Z(Fj? - 9)*h + quadratic terms of first order derivative. (1.23)
j=1
Although the RHS of (1.23) has a potential to lose regularity due to the same order of derivatives, we are still able to do
the energy estimates thanks to special structure of (FO 9)%h. If we take L? inner product of (1.23) and 9;h, the LHS gives the
energy terms 5 2 Z fQ e (W0,h)> + |Vh|? dy containing div ,v. The RHS now becomes

1d
FE -0k = — L [ NE - DR dy 4 - -
fﬂ ¢ (WE - )h-0ih =~ = fg ¢ WIE - P dy + -,

which exactly gives the control of div ”(F(z)' -0)n. However, the H>-control of div ,v and div a(F? -d)n is not a direct result of the
L?-control of ¢3-differentiated wave equation (1.23) because integrating the Laplacian term by parts yields a boundary integral
which cannot be controlled due to the presence of normal derivatives.

Our idea to overcome this difficulty is to use Christodoulou-Lindblad type elliptic estimates in Lagrangian coordinates
(Lemma 2.6) and invoke (1.23) to replace two normal derivatives of & by two tangential derivatives. Repeatedly, the estimates
of h can be reduced to tangential derivatives of &, 0h which can be controlled by tangentially-differentiated wave equation
(1.23). Specifically, we start with B

llalls = IVahlls < Pdinls)1AGAlL + l10nll]1Al13).
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Then invoking (1.23) we can reduce ||A,All; to |le’ (R)d?hl|, and ||e’(h)(F(; -0)?hl|, plus lower order terms. Note that 9, and (F? -0)
are tangential derivatives, so we gain 2 tangential derivatives once we proceed such a step. Then we can do the same thing for
lle’ (h)&?hl|; and ||e’(h)(F? - 0)?h||. For example,

lle’(Wd7hll2 ~ lle' (V.67 Rl < Plnlb)(le’ (h)Ad7hllo + 1dnlllle’ (h)7 Allo).

then plugging the #?-differentiated wave equations (1.23) reduces [le’(h)A,02hl|o to ||(e’(h))*0¢hllp and ||(e’(h))26,2(F(; -2hlo
which are purely tangential derivatives of 4.
In summary, we have the following reduction procedure

lle’ (a7 hlly —————————— II(e’ ()3} hlly

T

3
(1Al X lICe’ ())*(F - 307 hllo

\ =1 (1.24)
3 3
Zl lle’ ()(FS - 0)*hll, —— _kZl li(e’ (m))*(FY - 3)*(FY - 8) Al
J= Jok=
and
3
lle’ ()7 Al %, lle’ () (E3 - )57l
£
3
19,2113 zl lICE9 - )l (1.25)
J=

e
.

3
_Zl lle’ () (ES - 3)*,hlly
=

-
T~

lle’ (R)(FY - 0)*(F) - )l

e

Jk=1

Therefore, (1.24) and (1.25) show that it suffices to control 8? -differentiated, 6,2(F(; - d)-differentiated, 6,(F? - 9)*-differentiated

3
and ) (Fg . 8)2(F? - 9)-differentiated wave equation (1.23), whose weighted L*-estimates exactly give the energy terms that we
k=1
want. See Section 3.4 for detailed computation.

The above analysis gives the control of divergence and thus finalize the control of full spatial derivatives. It now remains
3

to control the time derivatives of v and (F} - 8). We can invoke 8,y = 3 (F) - 9)((F} - )n) — V,h and 8,((F} - 9)n) = (F) - d)v
j=1

repeatedly to replace time derivatives by spatial derivatives until there is no time derivative.

1.3.2 Tangentially-smoothed approximation problem

1. Tangential smoothing: Necessity and adjusted mollification With the a priori estimates of (1.14), it is straightforward
to consider the standard iteration to prove the well-posedness. Specifically, if one starts with trivial solution (@, v©®, h©®) =
(Id, 0, 0) and inductively define (D, y"+D p+Dy by

A = D inQ,

3
D =~V hD + 3 (F9 - 9P i@,
j=1

div,m Yy — _e/(h(n))ath(nJrl) inQ, (1.26)
R = onT,
(D, 0D D)o = (Id, vo, ho)
where a®™ := [9"™]7!, then we have to control |[v|]ls when solving the linearized system where IV g B D)1y is required.
Invoking Lemma 2.6 yields
IV k" Plls < PR a) (1&g " lls + 1187 Pllall" Vlly) (1.27)

11



where ||577("+1)||4 loses one tangential derivative. Another difficulty appears in the uniform-in-n estimates of the linearized
system (1.26) which is necessary for iteration. The boundary integral (1.22) appearing in the tangential estimates now becomes

OR"D o () 3k (n)3i (n+1) n) _(mlk 1
9 Ap” a"* a4, 5 A -5 AnPa™* gy ds (1.28)
r ON & _
n-th solution (n+1)-th solution

which no longer exhibits the cancellation structure or produces the boundary energy term |a3i54ni|2

Note that such derivative losses are both tangential and even appear in the study of Euler equations [16, 17, 19, 27, 62].
This motivates people to tangentially mollify the coefficients a to compensate the loss of regularity. Such tangential smoothing
method is first introduced by Coutand-Shkoller [16, 17]. Define A, to be the standard mollifier with parametre x > 0 on R?
as in (2.4). In [16, 17], they defined 77 := A?n and @ = [07j]~" and then defined the nonlinear x-approximation problem by
replacing a with a. However, such construction is not applicable to the elastodynamics system because we have to control
the term ||[(F(; - 0), Af]n||4 in which there is a normal derivative ng63. Motivated by Gu-Wang [30], we can mollify 7 on the
boundary first, then do the harmonic extensin to the interior

{ —Aij=-Ap  inQ,

1.29
ii= Ak onl. ( )

Denote @ := [47j]~' to be the cofactor matrix, J = det[077] to be the Jacobian determinant and A := Ja. Then we define the
nonlinear k-approximation system of (1.14) to be

om=v+y in Q,
3
0v=-Vih+ 3, (F(J? -0’ in Q,
j=1
divzv = —e’(h)o,h in Q,
div (F°7); := 6,FY, = —¢/(bo)(FY- )by inQ, (1.30)
Olr € 7([0,T] xT) onTl,
h—OF(?.Nz() onT,
ah >co>0 onl,
(77» v, h)|t=0 - (Id’ Vo, bO)

Here the term ¢ = (7, v) is a correction term which solves the following Laplacian equation
Ay =0 in Q,

_ 2 _ _ _ 1.31
W =A"P, Y (AmaLkaLAgv - AAzqkaLkaLv) onT, (1.31)
L=1

where P, denotes the standard Littlewood-Paley projection in T2 which removes the zero-frequency part. A= 6% + 6% denotes

the tangential Laplacian operator. The special structure of i also indicates that it is more convenient to replace o by 52K in the
tangential estimates.

We emphasize that it seems necessary to add a correction term  defined in (1.31) to the flow map equation. The reason is
that the mollification breaks the cancellation structure in the boundary integral (1.22), which now becomes

f AN ¥ (@ Do — D Dy, ) dS

S5 A P
Zdt f P AAKn,} ds + (1.32)
hoa 2
+Z( f 59 A BN, GG DA dS — f g—Na3"82AA§ a5 AAZnatd,v; dS )
r

of which the last line is zero when « = 0 according to the cancellation structure (1.22) but cannot be controlled when « > 0.
In Ginsberg-Lindblad-Luo [27] they introduced «*>-weighted higher order terms in the energy functional which made the proof
quite complicated. Here, such term can be exactly cancelled with the contribution of ¢ on I"

Oh _s;_ys2—. 22—
—a'a"d A0 Ay;dS.
[ gya T m
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Remark. After introducing the correction term ¢, we no longer have d,;7 = v. We note that the contribution of ¢ is controllable
and is analyzed in Lemma 3.2 and Section 3.4.2. Therefore, we are able to follow the strategy in Section 1.3.1 to prove the
uniform-in-« a priori estimates of (1.30).

1.3.3 Construction of solutions to the approximation system

To prove the local well-posedness of (1.14), it now remains to construct the unique strong solution to the nonlinear «-
approximation problem (1.30) for each fixed x > 0. According to the analysis above, it now seems hopeful to proceed the
linearization and fixed-point argument because the coefficient a has been mollified to be a C*-function &. Let us consider the
linearized x-approximation system (4.2)

an=v+y in Q,
3

Oy =-Vih+ 3 (F? -0)*n in Q,

j=1
divgy = —' (h)oh in Q, (1.33)
div F(]). = akF]?j = —e’(I)O)(F(I? -0y  inQ,
h=0,F(J).~N=0 onTl,
(779 v, h)|t=0 = (Id’ V0, bo)’

where the variables marked with “ring” on top denotes the n-th approximation solution in the iteration scheme and the others
correspond to the (n + 1)-th approximation solution.

1. Failure of fixed-point argument due to compressibility and deformation tensor Unfortunately, the fixed-point argument
seems not applicable to solve the linearized system (1.33) even if we could obtain the a priori estimates without loss of regularity.

3
The presence of Cauchy-Green tensor ), (F? - 0)*n makes the second equation of (1.33) lose one derivative in the fixed-point
j=1
argument. This tells an essential difficulty in elastodynamics that the Euler equations never have. In Gu-Wang [30] and Zhang
[93], they introduced a directional viscosity term in flow map to compensate the derivative loss:

3
o~y ) (F)-0y'n=v+i.
j=1
But the estimate for vanishing viscosity process strongly relies on the incompressibility assumptions. In other words, the
compressibility stands for another essential difficulty compared with the study of Euler equations and incompressible elastody-
namics. See detailed analysis in Section 4.1. Therefore, it is not possible for us to deal with the compressible elastodynamic
system by merely technical modifying the methods in the study of compressible Euler equations [59, 27, 62] and incompressible
MHD [30] or elastodynamics [93].

2. Hyperbolic approach to solve the linearized x-approximation system We observe that if we replace the first equation of
(1.33) by 6,(F(; -0)n = (F(; -0+ (F? -d) and consider § ji= (F(; -0)n instead of 5 itself as an unknown of the linearized system,
then the linearized system (1.33) becomes a first-order symmetric hyperbolic system with characteristic boundary conditions
[45, 66] and thus can be solved by the arguments in Lax-Phillips [45]. Note that once &, v, & are solved, the flow map 7 is
automatically solved by 8,57 = v + y. After this, we can construct the solution of the nonlinear k-approximation system (1.30)
for each fixed x > 0 via standard Picard iteration and we refer to Section 4.2 for details. Finally, the uniform-in-x estimate for
(1.30) yields the local well-posedness and energy estimates of the original system (1.14). Theorem 1.1 is proven.

1.3.4 Incompressible limit and Construction of initial data

The second goal of the presenting manuscript is to establish the incompressible limit as stated in Theorem 1.2. This directly
follows from the energy estimates uniform in sound speed, for which we need to set the energy functional E(T') to be ¢’ (h)-
weighted by suitable choices of the power of weight functions. We note that our choices of weight functions in E(7") come from
the reduction procedures (1.24)-(1.25), and also help us avoid analyzing the higher order wave equation of & which are different
from the related previous works Lindblad-Luo [59], Luo [61] and the author [90]. Finally, we need to prove the existence
of the initial data satisfying the compatibility conditions (1.10) up to 5-th order. See Section 8 for detailed description and
construction. Once the initial datum are constructed, all the proofs of well-posedness and incompressible limit are finished.
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1.3.5 Comparison with previous works on Euler equations

In the previous works of incompressible limit of compressible free-surface inviscid fluid [59, 61, 90], the weighted H'-norm
of full time derivative of # is also required, i.e., ||6fh||1 and ||6fh||o. The reason is that the Christodoulou-Lindblad type energy
functionals in [59, 61, 90] contain the boundary energy of time derivatives. Our work shows that such boundary energies are
not necessary even if we require the energy to be uniform in sound speed. In other words, we show that the contribution of

— 2
free boundary is presented by ’a3’64m'0, exactly the tangential derivatives of the second fundamental form of the free boundary.

This coincides with the core conclusion in [13, 59, 61]: The regularity and geometry of the free surface enters to the highest
order. Hence, our proof is completely applicable to compressible Euler equations just by mathematically setting F = O and
avoid analyzing unnecessary terms. Moreover, we are also able to recover the enhanced regularity of full time derivatives in
[59, 61, 90] for a slightly compressible elastic medium. The proof method is completely different from [59, 61, 90] because we
do not allow more spatial derivatives appearing in the estimates due to the presence of deformation tensor. Such difficulty can
be overcome by further delicate analysis of Alinhac good unknowns and elliptic estimates. See Section 7 for details.

1.4 Organisation of the paper

In Section 2 we list preliminary lemmas which will be repeatedly used in the manuscript. In Section 3 we introduce the
nonlinear k-approximation system (3.2) and prove the uniform-in-« a priori estimates. Then we construct the solution to (3.2)
by linearization, hyperbolic approach and Picard iteration in Section 4. These two results together with the uniqueness prove
the local well-posedness of the free-boundary compressible elastodynamics system (1.14) in Section 5. Then we establish
the incompressible limit in Section 6, and recover the enhaced regularity of full time derivatives in Section 7. Finally, the
construction of initial data satisfying the compatibility conditions is shown in Section 8.

List of Notations:

e Q:=T?x(-1,1)and I := T2 x ({x1}).

Il -1ls: We denote || flls := Il f(z, )l for any function f(z,y) on [0, T'] X Q.

| -1s: We denote |f|s := |f(#, )| for any function f(f,y) on [0, T] x T

[l Ilzss | - |zs: Homogeneous Sobolev norm, replacing H*® above by H*.

P(--+): A generic polynomial in its arguments;

Po: Po = P(IFlla, [Ivolla l1holl);

[T, flg :=T(fg)—T(f)g,and [T, f, gl :=T(fg)—T(f)g— fT(g), where T denotes a differential operator or the mollifier
and f, g are arbitrary functions. _

0,A: d = 01, 0, denotes the tangential derivative and A := 8% + 6% denotes the tangential Laplacian.

Vi f:=d",f, div f := d"0/f; and (curl ,f); := €;a™ ', where €, is the sign of the 3-permutation (kli) € S 3.

2 Preliminary lemmas

We need the following lemmas in this manuscript.

2.1 Sobolev inequalities

Lemma 2.1 (Kato-Ponce type inequalities). Let J = (I — A)'/2, s> 0. Then the following estimates hold:
(1) Vs = 0, we have
Iz S W llwsenllglizr + N llzar llgllwsez ,

16°(f ez < 11 f My llgllzrs + 11f 1z [1glirsan » @D
with 1/2=1/p1+1/ps =1/q1 + 1/g; and 2 < py,qp < o0;
(2)¥s > 1, we have
I7°(f&) = (J* g = F(I DNy < 1fllwrm llgllys-1ar + 1 fllyws-1an llgllwran (2.2)
forallthe I < p < p1,p2,q1,q2 <o with 1/py +1/pa=1/q1 +1/q2 = 1/p.
Proof. See Kato-Ponce [40]. O
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Lemma 2.2 (Trace theorem for harmonic functions). Suppose that s > 0.5 and u solves the boundary-valued problem

Au=0 in Q,
u=g onI

where g € H*(I'). Then it holds that
I8ls < llulls+os < 1gls

Proof. The LHS follows from the standard Sobolev trace lemma, while the RHS is the property of Poisson integral, which can
be found in [82, Proposition 5.1.7]. |

Lemma 2.3 (Normal trace theorem). It holds that for a vector field X

[3X - | | < 18X + Iidiv Xlo 2.3)

Proof. The proof directly follows from testing by a H%(I") function and divergence theorem. See [30, Lemma 3.4]. O

2.2 Properties of tangential smoothing operator

Let £ = £(y1,y2) € CZ(R?) be a standard cut-off function such that Spt £ = B(0,1) € R%, 0 < ¢ < 1 and fRz { = 1. The
corresponding dilation is

1
Gy y2) = —zf(y—l, }2), k> 0.
K K K
Now we define

AefO1,y2,y3) = f &1 — 21, y2 — 22) (21,22, 23) dz1 dzo. (2.4)
R2

The following lemma records the basic properties of tangential smoothing.

Lemma 2.4 (Regularity and Commutator estimates). For « > 0, we have
(1) The following regularity estimates:

IASls S NIfllss Vs > 05 (2.5)
Acfls S 1flss Vs 2 -0.5; (2.6)
0Aflo < 1 fli—s, Y5 €[0,1]; 2.7)
f = Acfli= < VKldflos. (2.8)
(2) Commutator estimates: Define the commutator [A,, f1g := A(fg) — fA«(g). Then it satisfies
A f1glo < 1f1z=1glo, (2.9)
(A £10glo < 1flwr=1glo. (2.10)
1A £108los S |flwilglos. @.11)
Proof. See [16, 30, 62, 91]. 0O

2.3 Elliptic estimates
Lemma 2.5 (Hodge-type decomposition). Let X be a smooth vector field and s > 1, then it holds that

1X1ls < 1Xllo + lleurl X[ls—1 + lldiv Xll;—y + [6X - Nl;_y.5. (2.12)
Proof. This follows from the well-known identity —AX = curl curl X — Vdiv X and integrating by parts. O

Lemma 2.6 (Christodoulou-Lindblad elliptic estimate). If f|so = 0, then the following elliptic estimate holds for r > 2.

Va1 < PAI(180 N1 + @011, ). (2.13)

Proof. See Ginsberg-Lindblad-Luo [27, Appendix B]. When r = 1, ||7l|,, ||5n||, should be replaced by H?-norm. The proof of
this version can be found in Luo-Zhang [62, Lemma 2.7]. O
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3 A priori estimates of the nonlinear approximation system

We define 7} to be the smoothed version of 1 by

A=Ay inQ
{ A RS 3.1)

ii=NAn onT.

Denote & := [37j]~" to be the cofactor matrix, J := det[d7j] to be the Jacobian determinant and A := Ja. Then we define the
nonlinear k-approximation system of (1.14) by

om=v+y in Q,
3

ov=-Vzh+ 3 (F‘} . 8)277 in Q,

j=1
divzv = —e’(h)0:h in Q,
div (FOT)j = 6kF2j = —e’(bo)(F(; )N in Q, (3.2)
Olr e 7([0,T]1 xT) onT,
h:O,F?-N:O onTl,
—% >co>0 onTl,
(TI’ v, h)|l=0 = (Id’ Vo, bO)

Here the term ¢ = (1, v) is a correction term which solves the following Laplacian equation

{szo inQ,

— — - — — 3.3
W=A"Py Y7, (An,ElLkaLA,%v - AA%nkZszé‘Lv) onT, (3-3)

where P, denotes the standard Littlewood-Paley projection in T?> which removes the zero-frequency part. A= 6% + 6% denotes
the tangential Laplacian operator.

Remark.

1. The correction term ¢ — 0 as k — 0. We introduce it to eliminate the higher order boundary terms which appears in the
tangential estimates of v. These higher order boundary terms are zero when « = 0 but cannot be controlled when « > 0.

2. The Littlewood-Paley projection is necessary here because we will repeatedly use the following inequality, otherwise the
zero frequency part cannot be controlled

IAT'Pofls = [Psoflus2 = |flge.

3. The initial data is the same of origin system (1.14) because the compatibility conditions stay unchanged after mollification
due to @(0) = a(0) = I5 (identity matrix).

In this section, we are going to prove the uniform-in-« a priori estimates for the nonlinear x-approximation system (3.2).
For each « > 0, we define the energy functional to be

3 o 2
B(T) = il + 1M + Y (|06 - [ + Wl + a3 A,

=1

3

10l + > 8- )i + 1o
=1

3
@2l + > (|- ayaza|fs + H Ve Ph E (3.4)
J=1

+ H Wﬁfv

¢ M|

|2
0

2
|+
1

o 3 Ve oy
j=1

+

3
¢ Mo+ 3 [l @ - a)ailf; + | ot
=
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Our conclusion is

Proposition 3.1. There exists some 7 > 0 independent of «, such that the energy functional E, satisfies

sup E(r) < P(IIvollas IFlla, 11bolla), (3.5)

0<t<T

provided the following assumptions hold for all ¢ € [0, T']

(=0h-N)(t) 2 co/2 onT, (3.6)

I7(t) = 1]l3 + [[1d — a(®)|ls < 6 in Q. (3.7

Remark. The first a priori assumption (3.6) will be justified by verifying (—0h - N) is a CS’XI/ * function on the boundary, and
thus the positivity of Taylor sign condition must propagate for a positive time. The second a priori assumption (3.7) can be

easily justified once the energy bounds are established by using a(T") — Id = fOT 0,a = foT a: 0,0n : adt and the smallness of T

In Section 4, we will prove the local well-posedness of (3.2) in an xk-dependent time interval [0, T,]. Therefore, the uniform-
in-x a priori estimate guarantees that the solution (17(x), v(k), h(k)) to (3.2) converges to the solution to the original system
(1.14) in a k-independent time interval [0, 7] as k — 0., i.e., local existence of the solution to free-boundary compressible
elastodynamic system is established. For simplicity, we omit the x and only write (17, v, &) in this manuscript.

Before going to the proof, we present the estimates of the correction term .

Lemma 3.2. We have the following estimates for (v, {,n) in (3.2).

llls < linlls, (3.8)

Wl + ICE - )il s PAF s, [CES - )rpla. Il IV, (3.9)
18,01ls + 116, - 8)lls < PAE L 11GE - )l Wl 1L, 19,v1Ls), (3.10)
18215 + 1G2EY - ALy < PAF . 1NES - )l Wl vlla, 9,113, 10212, (3.11)

Ve (a7l + 11 e' ()} (B - d)rlly < PAF Nl K - A)nlla, nllas IVllas 10:v113, 107V, | e (Vi) (3.12)
lle’ () uly + lle’ ()a} B - Owrlo s PAFOlLa. IES - nlla. il [M11a. (10,115, 107V]. | Ve a7Vl lle (Vo). (3.13)

and
I(FS - 0)itlla < PAEla. CEY - D)l limlla) (3.14)
187lla + 10:(FY - 0)ills < PAFlla, 1CFT - O)nlla, lipllas [V, (3.15)
167713 + 1167 B - 0)iflla < PAEC|la, FY - O)nllas Imllas [Vlas 119 v13), (3.16)
167 7ll2 + 1167 (B - 3)itlly < PUEOlLa, ICEY - A)rpllas 1mllas [l 18,13, 1167 vil2), (3.17)

Ve (atilly + | e ()a; F - dyiillo <PUFClla. IFY - O)plla. 1mlla. 1vlLa. 10,v113. 107 Vil | e ()3 vil) (3.18)
lle’(32iillo < lle’ (a5 llo <PUlmlla. IVlla. 118:v1l3. 187 vI12. | Ve ()33 vilv. lle’ ()7 vlo), (3.19)

Proof. The estimates of 7,y and their derivatives are exactly the same as [91, Lemma 3.2], which can be proved by using
the properties of mollifier and elliptic estimates, so we omit the details here. We just show the estimates of ||(F? - OW|l4 and

ICES - )il
We recall the definition of 7 in (3.1) and take (F(} - 0) in that equation to get

ZAFY - 8)7) = —A((FO - — [(F° . 0. =
{ A - 9)if) = —A(FY - 9)p) — [(F - 9), Al + [(F) - ). Al inQ, (320,

(F0- 9)ij = (F9 - 9)A2p onT.

17



By standard elliptic estimates we have
ICEY - B)ila < ||~AE - )m) = [(FS - 8), Al + [(F) - 0), Alig||, + |(F) - )AZn|

<ICES - Oyl + 1 lallnlla + [AZ(CES - D), , + |[<F‘} :

7/2

SICES - )nlly + IFllallrplla (3.21)
2
* ZHA'%’FO 6Ln| | AL 6“33"' | P IACF] ]aL] ‘1/2
=1

SIS - Ol + 1F il

The time derivative of (F0 -0)7j directly follows from ||(F(}-0)7~7||4 and the estimates of ||077||s—,. For example, ||07 (F?-B)ﬁ||4_, <

IEOI13110;7lls- for 1 < r < 4.
The estimates of (Fg’ 0)y follows in the same way as (F? - 0)ij, i.e., taking (F? - 0) in the elliptic system (3.3) and using
standard elliptic estimates, so we omit the proof. Its time derivative can also be controlled by using the bounds of d7y. O

Now we start to analyze the energy E,(T'). The first step is to control the full spatial derivative of v and (F? -0)n.

3.1 Div-Curl estimates of full spatial derivatives

Lets=4and X =vand (F? - 0)n in Lemma 2.5 respectively, we have

IVlla < IIvllo + lidiv vils + llcurl vil3 + [8v - Nlsya, (3.22)

F - )plla < 1ICEY - Dynpllo + lidiv ((F9 - D)l + llcurl (B - )m)lls + [0(FY - O)n) - Nlspa. (3.23)

L’-estimates: Energy conservation The proof is nearly the same as in (1.5). Taking L? inner product of the second equation

in (3.2) and v yields
2dtf| ?= —fv (Va h)+Z(F° 8)n - vdy.

j=1

1
f (WP dy + = f e (h)d,hh + f iéd'vih dy,
Q 2 Q

Integrating by parts gives

—fv-(V;lh) = f(dlvav)h+f6;“l’vhdy < -
Q

| Z<F§?~a>2n~vdy=2——— [ o ay+ [ - am-@-owray - [ v ENE - o v
J=

| =

and

Therefore

d 3
- [nvné + Z} |9 - aym|; + 1 «/e’(h)hné] < P(E(T)). (3.24)
J=

As for h, one has ||/(T)llo < IBollo + fOT 18:h(0)|lo df to control its L? norm.

Boundary control: Reduce to divergence and interior tangential estimates The boundary part can be reduced to interior
tangential estimates and divergence by Lemma 2.3.

'5% : N'_m < ”5%“0 + |'53div vHO. (3.25)

Similarly,
e 54((F8-6)77)-N‘71 Ha‘* (®- oy H Ha*dw (¥ a)n)H (3.26)
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Curl control: Direct computation First, it suffices to control the Eulerian curl due to the a priori assumption (3.7)
llcurl X][3 < llcurla Xlls + [[1d — all2[|X1l4 < llcurla Xlls + 611X]l4,
where the J-term can be absorbed by ||X]|4 in the energy functional.
Recall in (3.2) that we have 0,7 = v + ¢ and 9,v — i(F(; -0)’n = —V;h. Taking (Eulerian curl) curl;, we get the evolution
equation of curlzv. =

3 3
3, (curlz) — Z(F_‘; + 9) (curla(FY - 9)) = curl 5, + Z |curla, (B9 - 8)| (B9 - o)y (3.27)

J=1 J=1

Jo
Then we take 3 spatial derivatives to get

3 3
0y (Pcurlzy) = > (B9 - 9)5° (curla(BY - am)) = 8o + ) [0°, (B - )| (curla (B - ). (3.28)

=1 J=1

Ji

Now we compute the L?-inner product of (3.28) with d*curl;v to get
f (6:0°curlay) (6°curlay) dy = f | curlav]” dy. (329)
Q

Then we integrate (F(]). - 0) by parts in the second term of LHS in (3.28). Note that the boundary term vanishes because
F?~N=0forj= 1,2,3.

3
—Z f (Y- 0)5° (curla(F - ayy)) - (0 curlzv) dy
=1ve

3
=Z fg & (curla(FS - 9yp)) - (Fcurla(B? - 9)v) dy
j=1

3
+ ; L(diV F(})[)3 (Curla((F(} . (9)7])) . (53cur1;,v) dy

J>

3 (3.30)
+ Z f &* (curla(FS - dym) - [(FY - 8), &*curla| v dy
=18
J3
3 ) 3
Z 37 fg |6 curla (F - oy dy - Z fg Peurly(FY - d)) - & curla(F0 - Oy dy
j=1
+ Z f Peurla(FY - d)y) - & ([curlz, 0, (F - dyn) dy + Jo + J3
— Ja
It remains to control the terms Jy ~ J5 where
3
- Z f & curlz(F} - 9)n) - & curly (F) - )y dy, (3.31)
i—1 Q
3
Js = Z f & curly(FY - 9)y) - 6 ([eurl, 6,1 (K9 - )ny) dy (3.32)
=18

19



These commutators can be controlled either by direct computation or using Lemma 3.2. We have

3
f @ Jo + 1) - (FPeurlay) dy < > PAF |l IIES - d)rple.9vlla, ICFS - D)alls, lills) < PEAT)). (3.33)
Q

J=1

For J,, we have

Ty < OF| = ICFG - A)rpllalVla. (3.34)

For J3, direct computation shows that
J5 < P(ICF - O)rlla, [Tl V1L, ICES - B)alls., llalls) < PCEW(T)). (3.35)

By using Lemma 3.2, we have that
Js+Js < P(IFNa IO - ypla. . 18,als. 18la) < PET)). (3.36)

Summing up (3.29), (3.30), (3.33)-(3.36), we get the Eulerian curl estimates by
1d 2 2 2
3 3 0
T (fﬂ | curlav|” dy + J; fg |6 curl; (F9 - )n| dy] < P(E((T)), 3.37)
and thus for sufficiently small 6 > 0 we have

T
llcurl W(T)[l3 + ||curl (FY - a)n(T)Hj <6 (||v||31 +I(FY - G)nlli) + Py + fo P(E(0) dt. (3.38)

Divergence estimates: Reduce to the elliptic estimates of 7 By the third equation of (3.2) and the a priori assumption (3.7),
we know )
lldiv vIl3 < 8*[VII5 + ||e’ ()ahl|; - (3.39)

As for the divergence of the deformation tensor F, we recall that the original system (1.11) reads div ,F = —e’(h)(F‘; - 0)h.
Now we should re-produce a silimar formula of diva(F? -d)n for the smoothed-out problem (3.2) up to some error terms. Direct
computation together with 9,7 = v + ¢ yields that

T T
diva(F} - O)n(T) — div F) = f diva(F} - d)vdr + f diva(F} - ) + div ,(F} - O)n dt (3.40)
0 0

Recall that divzy = —0;e(h), so we commute div; with (F(} -0) to get

T T T
div;(F° -8 d:—f 8, ((FY - &e(h)) d f divs, (F° - 6)|vd
fo iva(FY - d)v dr ) (Y- D)e(m) t+0[1v(j )| v

, , (3.41)
=— ¢ ((F- )| + f |diva, (F - 8)| v .
0 0
Summing up these two equalities, we get
T
diva(F) - On(T) = —¢'(h)(F} - DW(T) + f diva(F) - Oy + div 5,(F} - 0)n + [div&, (F9 - a)] vd. (3.42)
0

Direct computation shows that the commutator is only one term with first order derivative. One can also equivalently
compute in Eulerian coordinate.

|diva, (F - 9)| £ =a"0, (¥, fi) - Fy o (a"00f;)
=d" 0RO, f; — ¥ 0,a"d, f; = "0 0, f: + ¥ 0,0,77,3" 0, f;
="' 0, ((F) - 0)7i,) @01 f; — a" O i f; + @"0/F 0
=V. ((FY - 9)7i,) Vi fi.

(3.43)
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On the other hand, we compute that
div 5, (B - )y = —~a" 8,,0,71,a" 0,(FY - ;) = V5 (B - )i ) Vi

Therefore we get
diva(FO - (T = — &' (W)(F) - O)h(T) + fo ' diva(FY - Oy = V5 ((FS - i) Vidiin, + Vi ((BY - 9)iy,) Vv dt
=— ¢/ (W)(FY - OW(T) + fo ' diva(F} - Oy - V; ((F‘; : a)ni) (Viw,)dt (3.44)
+ fo v (OB - 9)1,) Vi Ot = 0,73) + Vi (Y - )iy = (B - Oy ) Vvt

Remark. We find that, if « = 0 (and thus = 0, 77 = ), then the formula (3.44) for the smoothed-Eulerian divergence of F
exactly reproduces the divergence constraint for the original equation.

By Jensen’s inequality, we know
aiv 8- ;< 6 |5 -, + [livaCS - e

< || - oy +

T
e ES - |+ [ a8 v o O - o v, 5 -]
(3.45)

T
<6 |- a2 + le (E - yh(T)[; + fo P (IIGFS - 8)yrla, llls, 16,alls, 11CFY - Ol 10vils) dit

T
<8 |- a2 + e (- ) + fo P(E,(1)) d.

Therefore, the divergence control of v and (F? - 0)n are reduced to weight norm

lle’ (h)d,Alls and lle’ (h)(ES - &)hll3

which will be further reduced to tangentially-differentiated wave equation of & by using Christodoulou-Lindblad elliptic esti-
mates Lemma 2.6. We postpone the proof to Section 3.3 and 3.4.

3.2 Tangential estimates of full spatial derivatives: Alinhac good unknown

The boundary part in the Hodge-type decomposition is reduced to the interior tangential estimates and divergence control. We
already reduce divergence control to the elliptic estimates of 4. This part we deal with the interior tangential derivatives [|0*v|lo

= — R,
and ||(94((F? - )n)llo. Due to the special structure of the correction term i, we replace o by 0 A. Note that we cannot directly

I T 3 ——
commute 0 A in the equation d,v + ), (F? -8)*1 = —V;h because one of the leading order terms in the commutator [0 A, V;]h is
J=1

—)— ——
0 Ad-0h = 0 Adij x 8ij - Oh which cannot be controlled in L?. The reason is that the essential highest order term in the standard
derivatives of a covariant derivative is actually the covariant derivative of Alinhac good unknown, instead of simply commuting

A with V.
—— —2—
For a function f, define its Alinhac good unknown to be f := 9 Af — 9 Afj - V;f. Then the following property holds
X v o N 2Rl 22X i
9 A(Vaf) = V30 Af)+ (0 AaM)oif +10 A,a",0,f]
= Vi@ Bf) - M@ 50,730, + 10 B, 0]
= Vi@ Af =9 D" 01f) + 8 An,Vi(Vif) - (OB, a"a@"100,1,)0,f + 19 B, f),

=vif =:Ci(f)
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where [521 g, h] = EZZ(gh) - EZZ(g)h - gEZZ(h). Direct computation yields that

P J— . . .
18” An,VEVE Pllo < 7llallVE(VE Pl
I([OA, @@ 188,701 fllo < IAA, @ @™ 130, lollfllwr < PAIIDILI3
i, J— .
I8 A, ", dif1llo < PARIISNa-

Therefore, Alinhac good unknown enjoys the following important properties:
D . .
9 A(Vaf) = Vaf + C°(f)

with A
IC"CON < PARNDIS N4

We introduce the Alinhac good unknowns of v and /. with respect to 52Z by
=2— =2 =2 22—
V=0 Av—-0 Afj-Vav, H:=09 Ah -0 Afj- Vzh.

——
Taking 0 A in the second equation of (3.2), we get the evolution of Alinhac good unknowns

3 3
OV +VH - Y (F.5) (52Z(F? : a)n) = 0,@ A Vav) - C(h) + ) [52& (. a)] ((FY - Oy,
j=1 j=1

Ko

subjected to

V.-V =8 Adivay) — Ci(v;) in Q
H = (-:h)a*d A onT.

Now we take L2-inner product of (3.48) and V to get

3
lifwﬁ dy:—fVaH~de+Zf((FQ~8)(52Z(FQ-a)n))de+fKo~de
2dt Jo Q o Je ! ! Q

For the first term on the RHS of (3.51), we integrate by parts and invoke (3.49)-(3.50) to get

—fVaH-Vz—fa”a,H-V,-dy
Q Q

=— f H(G@"N,V))dS + f H(V; - V)dy + f (0,a"HV; dy
T Q Q

- f 0519 A @' NVdS + f HO A(divav) dy — f HC(v)) + f @@ HV, dy
r Q Q Q

_ _Oh )~y g v _ i ~li ,
0 Aipa™a’'Vi;dS + | Ho A(divzv)dy HC'(v)) + | (0,a")HV;dy
r\ ON Q Q Q

=:B+K; + K, +K;.

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

We postpone the estimates of B to the end of this section because it is the most difficult part and contributes to the boundary

energy in E,(T'). The term K5, K3 can be controlled directly
Ky = - f HC'(v)) sIHIICWlo < P (1l llla, [1VIla, lalls) -
Q

K3 = f(alali)HVi dy <l0all=[Hllo[IVllo < P (lAlla linlls, [IVlla, l1all3) -
Q
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In K, we invoke divzv = —e’(h)0,h to get
e —2— =2 —2—
K, = f Ho A(divzv)dy = f([i Ah— 0 Afj - Vah)ﬁ A€’ (h)dh) dy
Q Q
—— 2
P Ah’ dy

1d , —2— |2 1 7
:—50—7 Qe(h)‘[) Ah| dy+§L€ (h)0;h

o e o (3.55)
+ H( 3A, e (h) a,h) dy— | &3 AdHE A - Vah dy
Q Q

K

ld [, j2=1p )
s=5 | SW[FAR[ dy+ Kir + Pl IVl Wil e (),hl)
Q

The term K should be controlled by integrating d, by parts under the time integral.

T T
f K di = — f f ¢/ (D AOh@ A - Vah) dy di
0 0 Q

4,

P S =T T T R R
f (D M@ A -Vahydy|  + f f ¢ (3 Mo, (a A - V;,h) dy (3.56)
Q =0 Jo Jao

s

T
+ P (IIbolls, [Ivolla) + f P (|[Alla; l1nlla lIVIl4) dt.
0

’ -2 ¢
¢/ (W A 13m0l V.~

t=T

Invoking that 8%7(0) = 0 (recall (0, y) = y is identity map initially), we have

—— — T _ 2
I 03 MG ol Vahll-| < PECT)) f [ o)), ar
t= 0

Remark. One can also use Young’s inequality to control fOT K by

,_ T
Sllve' (hd A5 + (Po + f P(|[Vll4, 17114, llAll3, 11 Ve’(h)é,hlb)dt).
0
Therefore we get the estimate of K;:
T o 2 T
f Ki(dr < - H e (h)d Ah(T)HO + Py + P(EL(T)) f P(E(1)) dt. (3.57)
0 0

Next we estimate the tangential derivative of (F? - d)n produced in the second term on RHS of (3.51). Integrating (F? -0)
by parts yields that '

]Z:: fg ((F‘} -d) (EZK(Fg?-a)n))de = —Z fQ (EZZ(F(;.a)n) (F2- )V dy - fg (div Fg)(ézz(pg.a)n)v

Ky

K4 has direct control

3 3
Ko s D N0F || FS - darl, 1Vllo < > P (IGFS - dhapla, Ivla, il NOFO ) (3.58)
j=1 j=1
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In the remaining term, we invoke V = 52Zv - 52&7 -Vavand v = d;p — ¢ to get
3 o
-3 f TAR - a)n) (F- )V dy
=17
3
3
. Z: fg
+
).

J

3
:;—Zwtf‘a AFY- 6)n| dy +Ks,

j=1

EZZ(Fg-a)qi)(a A - a)atn, dy+i fQ (BZA(FO om (a A - 6)&,0) y (3.59)

J J=1

(

fg ( 3 AE.- 6)17)(F0 0) (a Av; — szﬁ-vavi) dy
(
(EZZ(Fg-a)nf)([EZK, (Fg?.a)] v,-+(Fj?-a)( 5 A7V, v))

where the commutators Ks can be directly controlled with the help of Lemma 3.2

3
Ks < " 8- aynl|, P (IS - alla, IEIL, ila, Il RS - O)ila) < P (Bi(T)) . (3.60)

=1

Summing up (3.58)-(3.60), we get

3 3
JZ_; fg ((F(} - d) (52Z(F3 . a)n))de <- Z %% fQ ]EZK(FE? . a)nr dy + fo ' P(E, (1)) d. (3.61)

J=1

Also, the last term in (3.51) can also be directly controlled

fg Ko Vs (||at<52Zﬁ Van)llo + ICWIlg + 119 A, (B - )1(F - a)nno) IVl

3 (3.62)
<P [IITIII4, Vla, 110113, 1l (1FOLa, Z |I(F3 : 3)77||4) < PELT)).

J=1

It remains to deal with the boundary term B produced in (3.52). In the proof we will see that the boundary integral together
with the Raylrigh-Taylor sign condition contributes to the boundary energy, which enters to the highest order and exactly gives
the control of the second fundamental form of the free surface. The correction term, first introduced by Gu-Wang [30], plays
the key role in eliminating the higher order terms brought by the tangential smoothing. First, we have

oh
B=- | [- &\ ana*aV, d
(-5 )7 natav.as

_ oh ~ ~'4k 3ig
f(aN)B Aia™a 6A(977,dS

oh Oh \=2— o
- A @' o A f — |8 A @' A - Vav;
f([‘)N)a fixa 6 Wi dS — : 8N6 mata’'d Aqj - Vav; dS

=B+ B, + B3.

(3.63)

The term B, is expected to give the boundary part of the energy functional E,(7T') after moving one mollifier from 7 to 7;.
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Oh \ =2 o
f (—) 8 A a¥d Ao dS
\aN

Oh \ =~ . o Oh o ]=2—
- f NG AN @ T Ao A, dS + f 8 M| A Zi*a¥ |5 Adm; ) dS
T ON T ON

By
3.64
_ldfah PTAAn] ds + B o
_2df raN «Mi 11
1 Oh \|_s3=2—~ 2 Oh\ 32— Ty
_Efra’(ﬁ)‘a P AAKU,-' dS—fr(ﬁ)a 3 AAD,ED AN dS .
By B3

The time integral of the main term gives the boundary part of E,(7") with the help of Taylor sign condition (1.8), (3.6).

T(1d [ 0h| 3=~
5o | oo [ A
fo (2dzfraN“ 9 AN

By and Bj; can be controlled with the help of mollifier property (Lemma 2.4).

T
(3.65)

2 €0 |3 74 2
dS) dr< -2 'a P Aka,m|0

0

e — oh 1=—
By = f 0" AN 10> ([A —zﬁkzﬁl} 62A6,n[) ds
r ON

Slinella |0sha* @™ |, 10milla < P llas V115, ala) »

(3.66)

2

—2— 2 —2—
Biz < 1003hl,- |69 DA y| < 10,0l |59 A, (3.67)

For B3, we invoke 0,a% = —a 0,,0,ij,a™ to get
oh —2— —2—
Bis = f (—)&3"6 ANRE Op0,77,0™ D AN 1; dS
-\aN

O\ y =2~ 2
_ f (_)&3kazAAKnka3’aaa,ﬁr#'azAAKni ds
-\oN

2
Oh\ _y=r— _ o
>y f (—)&3"62AAknkZz3’6LAfv,&L’02AAK77,- ds (3.68)
oN
=1vr

2
oh -2 — JR
+ Z f (-)a% AN @ 8, N2y, a" d AN m; dS
~Jr ON
=:B131 + By32 + Bi33.

Among these three terms, B;3, cannot be directly controlled. Instead, it will cancel with the main term in B3 and the correction
term B,. First we give the control of B3

~3i4 2 ~3r =
Bz < |a G A |03ha™ 830,

< P(EAT)). (3.69)

e~

i,
In Bj33, we need to use the mollifier property Lemma 2.4 to control 8 AA,n by sacrificing a 1/+/k. Luckily, the ¢ term
compensates this factor such that the energy bound is still uniform in «.

Zz3i52KAkn,-'0 [

2
1 .
By s ), —=|oshaa],., Sl (3.70)
; Vi g

Then we use Sobolev embedding W'#(T?) < L*(T?) to get

|5w‘m s ‘&p'ﬁ - Zzl |Z (7 = ) @O A — AT 9y (v - Afv)
L=1

2
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By the mollifier property (2.8), we know
6] < VkP il bl

and thus
B3z $ P(E(T)). 3.7
Now we start to analyze Bz := — fr (37}\1,) (52Zﬁk)&3kfl3i (52&7 -Vavi)dS . Again we separate normal derivative from tangential
derivative. 5
h\—2— ——
By =— f (—)0 Aia* @' Aj,a* o3v; dS
\an
2 [0k 2
R 3kt N slrg
_ ; ﬁ(ﬁ)a Aqa™a’d Afj.a"dpv; dS (3.72)
B3,

—— 12
< |?13’3 Aﬁi|0 P(IVlls, l1All3, [Imlla) + Bs;.
—2—
Here we note that &% Aj; can be controlled by commuting one mollifier with the help of Lemma 2.4

——
]zﬁ’a Aﬁi‘o <

A(@T B, + [ TBAm, < Pl

There are still 3 terms remaining to be controlled

Oh \ =2~ 2
By =— f NG A ad Ay, dS (3.73)
r\ON
2 oh —2— = 2~
By = Z f (—)sza AN @ L N2v,a" 5 AN, dS (3.74)
i Jr\oN
2
oh \ z2— 2 -
By = - f (_)a A a5 A, 6 By dS (375)
31 ; \aN k L

We plug the expression of Ay in B, to get

2

Oh\ s a2~ =0~ 15
By, =— LZ; fr (W)(f a8 A d* (An,a” 8, A2v;) dS (3.76)
2
Oh\ 3 y=2—_ = -
+; r(a—N)a3la3"a A d27,a- . v; dS (3.77)
2
Oh\ yoymre = = —
[ 5r |a¥a*E A3 a 51vi1Bn,) dS (3.78)
=1vT 0
2
Oh\ amre = — = _ -
w3 (52 ) Ve e M@ By (a8, A2y — AAZmaa,v). (3.79)
=1vT 9

First we notice that (3.77) + B3; = 0, and (3.78)-(3.79) can be controlled by direct computation. Notice that the zero
frequency part is always of lower order by Bernstein’s inequality.

2
(3.78) <P (1l Il v, |3 BA ) < PELT)), (3.80)
2
(3.79) < Z |osha’], . B9 DA . ‘EnkaL"ELAiv — AN pa Ly , S PED)). (3.81)
L=1
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In order for cancelling Bj3;, we just need to commute one mollifier in Byg; from 7 to 7. We find that (3.82) exactly
canceles with Bj3,. All the commutators (3.83)-(3.84) can be controlled directly so we omit the details.

2
oh \ _y52— 3 L2
(3.76) = —; fr (m)aﬁa A (@73, M) (aL 3 AAKU,) as (3.82)
2
h o . _ o
—Z f (6—)&3k82AAKTIk([AK,&3'&3k&Lr6iA,%vi] 62An,) ds (3.83)
£ Jr\aN
2
—Z f (%)a“a%éﬁﬁk([Ez,aL’E,-Aivi] An,) dS. (3.84)
£ \on

Summarising (3.63)-(3.84), we get the control of the boundary integral B by
T 2 T
€0 |32 x
f Bdi < -3 |a P AAKr]i'O + f P(E(1)) dt. (3.85)
0 0

Now, summing up (3.53), (3.54), (3.57), (3.61), (3.62), (3.63) and (3.85), we get the estimates of Alinhac good unknowns

VI + Z Ha AFY - a)n” “\/e o Ah” ' 5A AAKn,

S Po + P(EK(T))f P(E,(1)) dt. (3.86)
Finally by the definition of Alinhac good unknown, we know

T
_ 2
18*vllo < IVllo + 116" Anllglladvil= < 1Vllo + P(EK(T))f P(E(n)dt,
0

and thus we finalize the tangential estimates

HE“ || ZH&“(FO a)n” “\/e D) a“h“ o m} < Py + P(EL(T)) f PEL(1)) dt. (3.87)

3.3 Elliptic estimates and reduction to tangentially-differentiated wave equations

The divergence of v and (F0 d)n are reduced to |le’(h)d;hl|3 and Z e’ (h)(F0 0)h||5 in div-curl estimates. In this section we
=1
invoke Christodoulou-Lindblad type elliptic estimates (Lemma 2.6) to further reduce the estimates of 4 to tangential derivatives.
Let us derive the wave equation of % first. Taking smoothed-divergence div; in the second equation of (3.2), we get

3
¢ (WO*h — Azh = =8, 0v; — " (h)(d;h)* — Z ((F9 - ) (diva(FY - 0yn) — |diva, (FY - 0)] (B9 - 9)mp). (3.88)
j=1

Invoking the formula (3.44) of div;l(F(} - d)n, we know the wave equation of & becomes
) 3
¢’ (ho*h — Azh = — 8,a"9yv; — V., ((FO a)m) A (FO a)n, + Z ¢'(h)(F) - 0)°h
j=1

3
— e ()(0;h)* + Z e’ (h) ((F? . 8)h)2 (3.89)

j=1

—Z(FO ) f diva(FY - ) — V5 ((FY - 0)mi) VEd, i + Vi (B9 - 9)ig,) Vividr.

Jj=1
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Remark. Among all terms in the source part of (3.89), the first two lines show the terms that also appears in the original system
(1.14). In Eulerian coordinates, they can be written as

3 3
(V) (V%) = (VF) - (VF) + > ¢ 0)F - V)% — " (0)DbY +¢"(5) D (B Vyp)’
=1

J=1 J

The last two terms are of higher order weight function and thus much are smaller. Therefore the main terms are the first three
terms.

Now we start to control 4. From the a priori assumption (3.7) and Poincaré inequality, we have
lla < 16%Rllo < [IVahlls + lla = BlisllAlls < Vahlls + 6llAll,

and the 6-term can be absorbed by LHS if we choose ¢ > 0 to be sufficiently small. From now on, we will use the notation
IIf1l- = [IVafll,—1 to record similar inequality for 1 < r < 4.
Invoking Lemma 2.6, we have
llAlla ~ [IVahlls < PI7Il3) (IIAahIIz + ||577||3||h||3)- (3.90)

Then inserting the wave equation, we know

3

¢ (ath, +

J=1

lAzhll2 <

¢ (h)(FY - 6)2}1”2

3 3
0@ vl + Y [Va(® - om; +[le”a@n]], + Y[l (2 ayn)|

J=1 J=1

3 T
¥ Zl fo 072 9 (divaF - 9y = V2 (B9 - 0y Vi + V5 (R - 0y V),
<

3

¢ (ath, +

=1

<

¢'(h)(F) - 0)*h|, (3.91)

3 3
+avIBIaL + Y 1R 08 - oyl + e mam] + > (e s - o)
j=1 j=1
3
=1

T
" f P| i,
0
3

¢ (|, + Z

=1

B - )l + 1ICE - B)iflla + 1ICE - B)rpla, ||atﬁ||4] dt

<

T
e’(h)(F?-a)2h||2+svo+ fo P(E, (1)) dt.

3
Therefore, we reduce the estimates of ||ll4 to |le’(h)d?h||, and Y, ||e’(h)(F? - 0)2hs.
=

Remark.

1. In (3.90), the essential terms are ||e’(h)6t2h||2 and 23] IIe’(h)(F? - 8)2h]|, obtained from Azh. The term P(||f]||3)||5ﬁ||3||h||3 is

j=1
actually a lower order term. One can repeatedly a{pply Lemma 2.6 to % in order to reduce to the estimates of ||4||; which
can be directly controlled by the L*-estimate of the wave equation (3.89). Due to this reason, we will omit the processes
of controlling these lower order terms appearing in the elliptic estimates throughout this manuscript.

2. Note that | = 0 and 9,, (F? - 0) are tangential derivatives on the boundary, so 9>k and (F - 3)*h are still vanishing on the
boundary and thus we can use Lemma 2.6 to further reduce them to full tangentially-differentiated quantites and use the
tangentially-differentiated wave equation to finalize the control. We postpone the proof after the elliptic estimates of 9,h.
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Next we control ||0,4]3 in the same way by inserting the 0,-differentiated wave equation (3.89)
10:hll3 ~ (IVadhll2 < P(”ﬁ”z)(”Aaath”I + ||5ﬁ||2||6th||2)’ (3.92)
and then
1Az0:hll1 <I0:Aah11 + (I[Az, O:1All
3 3

¢ (W], + Z ¢ (N 0)0,h||, + |le” (2 h]), + Z

= j=1

<

¢ (h)d;h(FY - 8)2h||1

0, (Va(F - o) + 1A B1hl

3
+110,G,am)ll + )
= (3.93)

3
+ 10" @I+ [0 (e @ - aym?)||
j=1

3
3 || 0) (divaC®S - oy = V2 (2 - dys) Viond + Vi (B2 - 037y ) Vv -
j=1

Notice that [¢® ()| < e’ (B[, so the power of weight function ¢’(%) is always enough. For example,

|6:(e” (h)(@:1)™)| < |2(e” ()7 )d,h| +

"' (W@:h)| < |((¢'(h)*0F)dih| + |(e' ()d;h)’] .

Therefore, we know
3

W, +

=

1Az0:hll <

T
¢/ (W)(F) - 0 0h||, +Po + fo P(E,(1)) dt. (3.94)

3
As one can see, the remaining terms in (3.94) are exactly from the energy functionalsof Bf—diﬁerentiated and ), (F‘; - 9)20,-
j=1
differentiated wave equation (3.89).
Similarly, ||div;(F ? -0z = ||e'(h)(F(} - 0)h||3 can be controlled by Lemma 2.6 and inserting (F(j). - 0)-differentiated wave

equation. We omit the details and get the following conclusion

3 T
lldiv (F} - O)nlls < ||(e’ ()07 (K - o), + Z |[(e’ 0))*(FY, - 0)*(BS - )|, +Po + fo P(E, (1) dt, (3.95)
k=1

3
where the remaining terms will be controlled by analyzing 612(F(} - 0)-differentiated and Y, (FY - 6)2(F(j? - 9)-differentiated wave
=

equation (3.89).
Now we come to further reduce the remaining terms in (3.90) to full tangential derivatives.

We e |Ne@mazn |2 ~ ’va(\/%afh)”] < || Vemvaoin |l + (Ve e yvahatn '] , (3.96)
and then "
| Ve@vaazn|, spai|| Ve@amozn|, +po+ fo PE0) dr
3.97)
<P(lilh) (H(e’(h))ia;‘h |+ i e 8 - 22 |O] + Py + fo @
j=1
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Similarly we have
lle’(R)(E - 8)*hll ~Ile’ (R)Va(FY - 8)*hlly + lle” ()Vah(F? - ) hlly

T
SP(lilb)lle’ ()Aa(FY - 8)*hllo + Po + fo P(E, (1)) dt

3
- (3.98)
(7 [||(e’(h>)28?(F§’- <07 hllo + ) [|(¢' )*(FY - 9 (FY - )|
k=1
T
+ Py + f PE.(0))dt.
0
Summarizing (3.94), (3.95), (3.96) and (3.98), we still need to control the following quantities.
lle’ (W@ hl), + lice’ () & hllo
3 3
+ 3 [l 2GR ES - |, + D e ()25 ES - 9)*hl
j=1 j=1
(3.99)

3 3
+ > |l @ - 2|, + . [le’ i ®s - %o,
j=1 j=1

3 3
+ Z [[(e’ (m))* (FY - 9)*(FS - 0)h|| , + Z [[(e’ ()Y, - 0)*(FS - d)hf|, -
k=1

k=1

3
Remark. The quantites in (3.99) exactly correspond to the weighted energy functionals of 4?-differentiated, ) 6,2(F? - 0)-
j=1

3
> (F- G)Z(F? - 0)-differentiated wave equation of % (3.89). Keep in mind that
k=1
these derivatives are all tangential, and thus there is no boundary integral appearing in the energy estimates.

3
differentiated, ) 8,(F? - §)?-differentiated and
=1

Reduction of the remaining terms in the energy functional E,(7) Comparing with the energy functional E,(T), we still

need to control 0 5 0 5
18:v13, [ICF; - 9)dmlls, 1107 vla, I|(F; - 9); -,

/ ’ ’ ’ (3100)
lle’ ()07 Iy, lle’ (YRS - )3, nll, lle’ () Vo, lle’ (E - 8)d; lo.
3
Let us start with full time derivatives. Recall ,v = —=V;h + 3, (F‘; - 9)*1 gives
Jj=1
3
v = =Vadh+ [Va, &} 1h + D (F - 9700,
j=1
and thus X
le’natvlo < lle’ il + > IIEIl [le’ ()(ES - )37 ]|, + lower order terms. (3.101)
j=1
Then
lle’(R)Y(EY - 0)dnllo < IIFI=lle’ (), Vi + lle’ (R)(F? - 9)8; o (3.102)

Recall that in (3.12) we only need at most 3 time derivatives of v to control e’(h)(F(j? . 8)8?1&. Therefore, the control of full
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time derivatives of v and (F? - 0)n has been reduced to less time derivatives. Similarly, we have

| Ve (mavlly <ll Ve (h)Vad2hll; + Z ||F0||2||\/e (h) (FO 3)d*7ll> + lower order terms.

j=1

Ve () - 0)3nlly SIFSIall Ve (a7vlla + | Ve (F - 9)d7u)r.

3
107Vl IIVa0:hll, + Z IFOIL2II(FY - 8)d,mll3 + lower order terms.
=1
I - )0l <IFLls + IGFC - 9),0.

(3.103)

3
185 SIVahlls + > ECINICES - )l
=1
I(FS - 9)dimlls SIFSIIs11vIla + [1(FS - )lla.
Invoking Lemma 3.2, all these time derivatives are reduced to full spatial derivatives and the estimates of /. Since the estimates

of ||vll4 and II(F? - 0)nll4 are reduced to the elliptic estimates of 4, we know it remains to control the quantities in (3.99), which

will be controlled via tangentially-differentiated wave equation of %, and thus can be controlled by Py + fOT P(E,(1)) dt.

3.4 Special Structure of the wave equation
This part is the key to the whole proof to establish the energy estimates. Let us start with the wave equation of 4 (3.89).

3
¢/ (WO7h = Aah = —8,a"dv; — Vi (B - 9yi) V5 ((B) - 97 ) + Z ¢'(W(F? - 9)°h
j=1

L,

3
" ()@ + Y ¢ () (B2 - d)h)’

P (3.104)

Ly

3 T
- Z(F? ¥)) f diva(FY - Oy — V5 ((FY - 0)ymi) Vididi, + Vi (B - 97, ) Vi d.
=1 0 -

L

3
We will show the full details in the case of 8;-differentiated wave equation and ), (FY - 6)2(F(; - 9)-differentiated wave
=

equation, which are the most complicated cases. The other mixed cases follow in the same way so we will omit those details.

3.4.1 Fully time-differentiated wave equation

First, we differentiate & in the wave equation (3.89) to get

3
¢ (W — Adh = Z ¢ ()(EY - 90 h

J=1

3
3] 42 . 0
+ e/, 5| 32h + |0} h+; 3¢ ()| (B9 - 0)*h 3105

+6(L]+L2)—Z(F° a)f &L dr.
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Then we take L2-inner product of (3.105) with (e’(h))*d%h to get
f (€' (W) 67 hd/hdy — f (€' ()2 diva(Va0;)a;h dy
Q Q

3
=Z f (€' (h)*(FY - 0)°0; hdh dy
=1 Y9 ‘

(3.106)
+ f (€' (n)* (Lar + 8} (Ly + Ly)) &t hdy
- Z f (€ ()8} - ((F" ) f oL dt)
The LHS of (3.106) gives the weighted energy of d/h and d>h. We integrate by parts in the second term to get
2 2
LHS of (3.106) =5 dt 20;h|" dy
2 n 47 (2 ’ ” 3712
-z f (e ()*e” (o, |9%h|” dy - f ¢/ (e (d:h |Vz0;h|” dy (3.107)
Q
+2 f ¢'(h)e" (h)(Vah) - (Va0 h)dth dy + f (€ ()Y*Vad - ([Var 0,107 ) dy
Q Q
3
The first term on RHS of (3.106) gives the weighted energy of }; (F‘; - 9)07h after integrating (F(; - 0) by parts
j=1
[ Cmras-opanatng
Q
1d 2
(3.108)

o3 [ temremankes aanf a3 [ o n (@ on) (- aan) ot
- f OF{ (e () ((FY - )37 h) 0} hdy
O

The remaining terms can all be directly controlled by invoking the physical conditions |e®(h)| < |e’(h)|¥. We list the details
as follow:

In (3.107):
_ % f (€ (h)*e” (dh |o¢h[ dy - f ¢ (e (o Va3 dy
Q Q
2 | € (hye’ (h)(Vzh) - (Va0 h)dthd f "(h))*Vadih - ([Va, 0,10%h) d
+ fge()e()( ) (Vad;mdthdy + | (') (V2. 0:167h) dy 3.109)
2
<INl ( i, + lle o)
+ | Ve Wl @l |9l e ()Y adR llolite’ ()2 8} hlly + IV ademll 3]s -
In (3.108):
f (€' (h))*e” (h)d;h |(FS - a)a3h| dy-3 f (€' (h))*e” (h) ((F(])..a)h) ((Fg.a)afh) thdy
f OF) (¢ ()* ((FY - )07 ) 6} h dy
(3.110)

(€' () (FY - 9)dh

<INl i

+ (IF ]| = + [le (W) (FY - D)l )

9-0)8;h

32



In (3.106),

L) H m(l"“ + (9,3(L1 * Lz))Ho ’

(€ (h)?d'h

f (¢ () (Lat + B} (Ly + L)) Ot hdy < |
Q

We compute that

Ve (W Lullo < 1l Ve (B vlolldvllzs + Il e i)l 102vlIolld vl
+ial (Il Ve (M E? - )7 7llolIOEFS - D)illzes + | ()l IFS - D7 llolI(FY - 9l

and
Ly =e® (h)(,h)° + 8 (h)(0,h)}F?h + 12® (h)d,h(8*h)* + 4¢P (h)(9,h)* S h
+ 6¢”" (h)d?hd>h + 2¢” (h)d;hdth
+ ¢ () (2((FY - O))((FY - )3} h) + 6((FY - )37 h)(F) - 9)d,h))
+ e ()(3;h(FS - O)h)* + 57 h((FS - D)R)((FS - ), h)
+ O,h(2(F) - 0)0;h)* + 2((F - O)h)(FY - 9)d7h)))

+e(h) (2(ath)2((F§? - O)n)((FY - 0)d;h) + 2(0,h)(&7 h)((FY - 6)h)2)
+ e (h)(@:h)’ () - )by

= || Ve’ () Lallo sP(n Ne Wl 10:hllz | e W hla. lle' (Al (e’ (1)) hllo

ICES - O)ll e, | Ve ()3, (B - D)o, lle’ (NI (FY - D)l (€ ()3 &7 (KO- a)hno),

and Ly4; consists of quadratic and cubic terms and each term containing 5 derivatives in total with highest order equal to 4. Here
we list the precise form, but analogous computations will be omitted in the remaining of the paper.

3
Lu =[¢/(0).8}| 02+ [, Aah+ Y [F.¢' ()] (FS - )%
j=1
=¢' (B3O, h + 4P} h) + 3¢ (DO T h + Fh(G2h)) + € ()(@;h)’
+ (AaO2V)(Vah) + (Dadw)(Vadih) + (Aav)(Vad2h)
+ (V02 ) (VaVah) + (Vadv)(VaVad h) + (Vav)(VaVad?h)
+ Z (V‘}al{l v)(A&aﬁzv)(V&a? h) + (V;,o"'i‘ V)(Vaaiz V)(Vavaafz h)
[] +12+l3:1
3
+ > 3/ (@A E - )%+ 20h(E - 8)20,h + SH(E" - 9)*h)

J=1

+2¢" (R)(3(0;h)* (F) - 0)*0,h + 307 ho,h(F) - )*h) + € (h)(0,h)’ (F - ),

which gives
f (€' (W)* (Lar + 0 (Ly + L)) 8t h dy
Q

>
Jj=1

| ey (33, @82 7)ot vl vl ol ).

¢ (h) (0} h, (FY ~6)20,h)”1 : (3.111)

(' (w)* (9¢h, (B 9°52)|| .
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Finally,
3

—Z f ( (W)Y 9h- ((FO 9) f P dt)

3

i, ‘W(F? : a)ang'HO (3.112)

w

|, P (1o, 152 - Oy, GBS - )l vl vl 1 - D)l IS - D)l

J=1

Summarizing (3.106)-(3.112), we get the energy estimates of d-differentiated wave equation

A
dt

3.4.2 Fully (F - 9)-differentiated wave equation

2 2
vl + }-0)0h O] < PE(D). (3.113)

We differentiate (F]? . 6)2(F? - 0) (no summation on k, I!) in the wave equation (3.89) to get

¢ (h)(FY - 0)*(F) - 0)d7h — A ((FY - 9)*(FY - 9)) h

3
= Z ¢/ ()(FY - 9 (K2 - 9)(FY - 9)°h
j=1
3
+ e/ (), (B - 0B - 0)| O7h + | (BY - 0K - 0), Aa| i+ )" [(BY - 0 (R - ), ¢’ ()| (BY - ) (3.114)
j=1

Ly

+ (FY - 9)2(FY - 0)(Ly + L) — Z(FO 9) f (FY - 9)*(FY - a)L’ dt
j=1
Then we take the L?-inner product of (3.114) and (¢/(h))*(F} - 8)*(F? - 9)d,h to get

f (€' (h))’ ((FY - 0)*(FY - 8)0;h) 0, ((FY - 0)*(F} - 8)d;h) dy
Q

- f (€' (h)*diva (Va(F) - 0)*(F) - 9)h) 9, ((F) - )*(F) - d)h) dy
Q
3
=, fg (¢ ()’ ((FY - 97 (FY - O)(F) - 6)°h) - ((F - 6)*(F) - 9)dyh) dy (3.115)
j=1
+ fg (€' (h))* (Laz + (B - 0)*(R) - O)(Ly + L)) - ((FY - (K} - 9)d,h) dy

3 T
> <e’<h>>2<F2-af(F?-a)ath-((F2-6>2<F,°-a)(F9-a> | Lg) dy
=

For LHS of (3.115), we integrate by part in the second term to get the energy term plus some commutators

1d

LHS of (3.115) =2 — 0 8 (E - 9)a,h| 0. 92 (FY - )| dy

+ f E(e’(h))ze"(h)ﬁth|(F,?-6)2(F?-6)h|2+e’(h)e”(h)6,h V2B - 02 (B - 9)h|” dy
Q
(3.116)
+ f 2¢ (he” (h) (Va(EY - 0)*(F} - )h) o, ((FY - 9)*(F} - D)) dy
Q

+ f (€' ()Y (Va(EY - 0)*(FY - 9)h) - (Idiva, 6,1 (F - 0)*(F) - d)h) dly.
Q
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The first term on the RHS of (3.115) gives the weight energy of & after we integrate (F? - 0) by parts for each j
3
D fg (€' (h))® (B - 0)*(FY - )(EY - 0)°h) - ((FY - 0)*(KY - 9)d,h) dy
j=1

- O (R G)EY - | dy

>3
+ Z = L(e’(h)fe"(h)ath l(Fg . G)Z(F? . (9)(F(j) . 0)h|2 dy

-~
w |l
-

- Z 3 f (€/(h)Y*e” (h)((FY - ) ((FY. - 0)*(FY - O)(E) - d)h) ((F) - 6)* (K} - )d,h) dy

—Z f (€' (h)*0Fy,; ((FY - 0)*(FY - O)(FS - 9)h) ((FY - 0)*(F) - 9)d;h) dy

Now we analyze the remaining terms. Keep in mind the physical constraints (1.9): [e®(h)] < |’ (R).
In (3.116), we have

f 2¢/ (h)e” (h) (Va(EY - 0)*(Y - 9)h) 0, ((FY - 0)*(F} - )h) dy
Q

+ f (€' (h))? (Va(EY - 0)*(F{ - 9)h) - (Idiva, 6,1 (Fy - 0)*(F) - d)h) dy
Q

NVED; 0. 9y - ORI N
2
+ [[Vavllre k 'a)z(F? 'a)h”1 .

In (3.117), we have

f (e (h)*e” (d;h |(FY - 8)* (Y - 0)(F" - 6‘)h| dy

w Mw
| W

- Z f (€' (h)Ye” (h)((FY - ) ((FY - 0)*(FY - )K" - )h) ((F) - 0)* (K} - 9)d,h) dy

—Z f (€' ()0, 0, ((FL - 02 (FY - O)(EY - O)h) ((FY - 0)*(FY - 9)dih) dy

3

< Dl aile
j=1

(&' () (7 - 3)°(RY - )Y - )i

+3lle’ ()(FY - Dl ||(€/ () (R - (R - 9)(FY -

9. 0)2(FY - 9)d;h .

+P(||€/(h)||L°°,

(&' () (Y - 0P (F - )Y - L IF°l il ).

(3.117)

(3.118)

(3.119)

It remains to analyze the last two lines in (3.116). The most difficult term is the last line. We should first integrate d, by
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parts and use the time integral outside Lé to eliminate that time derivative, and then integrate (F? - 0) by parts to get
T .
_ f f(e’(h))Z(Fg . ())2([?? -0)0,h - ((F2 _a)Z(F(l) . 5)(F? a)f Lg(‘l’)) dydr
0 Jo \
T .
% f f (¢'(h))? ((Fi L0 (FY - 6)h) . ((Fg OAED - ) - D)L (t)) dyd
0 Jo
T .
+ 2[ e'(/’l)e”(h)azh(F]? . 6)2(F? NE ((Fg . 6)2(F? ) 3)(F(]) .0) Lé) dydr
0 ’ 0
T .
— f(e’(h))2(F2 . 6)2(F? -O)h - ((Fg . a)Z(F? . 8)(F(j) ) a)f Lé) dy

(F2-9)

(3.120)
A f f (€' (n)* () - 0)*(FY - )Y - 9)h) - (Y - 0)*(FY - O)L4(1)) dy

-2 f f e’ (hye' (h)d,h (FO 6)2(F?-8)(F§?-6)h)-((F2~6)2(F?-6) f Lg) dydt
0

T
+ f (' (h))? ((F,?-@)Z(F,O.a)(F‘;-a)h).((Fg-a)Z(F?-a) f Lg‘) dy+ -+
Q 0

T
SP(E(T)) fO P - 0P - o) - | (GRS - v, (O - oy, B - 007 K., )
where in the omitted terms the derivative falls on either F‘j) (and thus gives a lower order term) or the weight function (and thus
gives more weight functions).

Finally we analyze the second last line in (3.116). It suffices to control +e’(h)-weighted L?>-norm of Ly, + (Fg . 6)2(F? .
(L + Ly).

The L4p-term is easier to control because at least one derivative falls on the weight function, and all the other terms only
contain spatial derivative and thus do not require any weight function.

|,

\e'(h) [[e’(h), (FQ - 0Y(F} - 9)| 07 + [(FY - (Y - 0), Aa| h + i |(FL - 0)* (Y - 9), ¢ (k)| (Y - 6)2h} (3.121)
=
<P (| N . .l ], Wil 1F°1L) O
The term (FO - )*(F9 - )(L; + L) can be similarly controlled as in (3.121)
H Ve (W) (F - 92(F° - d)(L; + LZ)HO
<|| Ve i 92®) - 0) (<0, i = Vi (& - ym) Vi (89 - o)) .

3
Ve ()(F - 02 (F0 - 9) {—e"(h)(ath)2 + Z e () (K9 - 6)h)2]
j=1

0
Notice that the leading order terms in (Fg . 8)2(F? -0)(Ly + Ly) are
(B - () - 0) ((Vav)(Vav) = (Va(E) - O)i)(Va(FY - 9)if) — € (h)(@;h)” + &” (W)(F) - D)h)?),

which are all of at most 4 derivatives with at most one time derivative. Therefore, no weight function is needed except the

divergence of deformation tensor Z e’ (h)(F0 O)h|3. Luckily, |e”(h)| < le’(h)]> has provided enough number of weight
j_
functions. Hence, we get

| Ve BES - 2 ®Y - )Ly + L) < P (IF s, Il IV, 1CES - Ok 10l e’ ) - D)) (3.123)
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Summarising (3.115)-(3.123), we finally get the weighted energy estimates of (Fg . 6)2(F? - 0)-differentiated wave equation
(3.114) by taking summation on k, /,

> [|1<e'<h>>%<F2 -y +

k=1

3
¢ (W(FL - 0 (FY - o[} + > ||(FQ - 92K - )Y - oy,
= (3.124)

T
sPo + P(E(T)) f P(E (1)) dt.
0

3.4.3 Mixed-tangentially-differentiated wave equations
3 3
We still need to control the weighted energy estimates of 3, 9;(F) - d)-differentiated and }, 9,(F - 9)*-differentiated wave
j=1 j=1
equations. The proof follows in the same way as the previously discussed cases because

1. The energy estimates must be uniform in sound speed: Compared with “fully time-differentiated” case, there are more
spatial derivatives. Therefore, less number of weight functions will be needed in the commutator estimates.

2. No loss of derivative: The number of derivatives in the source terms will be no greater than the previously discusses
case and thus there is no loss of derivatives in the source terms. Also, since both (F(]). - 0) and 0, are tangential derivatives
on the boundary, there is no boundary intergal when integrating by parts.

3. On the source term Lé: The treatment of this term is the same as “fully (F° - 9)-differentiated” case: First integrating 9,
by parts to eliminate one time derivative with the help of time integral as in (3.120), then integrating (F(J? - 0) by parts to
finish the control.

‘We list the results here

2
|+
0

1

3 3
> [H(e'(h))i(Fg - OH| + e iE - DR} + > [|FQ - )9 a)a?hni]
= =1

3 3
Dy [H(e'(h))i(Fg - 0)%%h |§ + [l @ - 20} + > |FD - ) 6)6,hl|§] (3.125)
k=1 J=1
T
<Po +P(EK(T))f P(E(1)) dt.
0

3.5 A priori estimates of the nonlinear x-approximation system

Now we are able to finalize the uniform-in-« a priori estimate of the nonlinear approximation system (3.2). We recall that (3.24)
gives the L?-estimates, (3.22) and (3.23) give the div-curl-tangential decomposition for the full spatial derivatives. Then (3.25)
and (3.26) reduce the boundary part to interior tangential estimates which are established by (3.87). The inequality (3.37) gives
the common control of curl part and (3.39), (3.45) reduce the divergence control to the elliptic estimates of 4. With the help of
Christodoulou-Lindblad [13] elliptic estimates Lemma 2.6, we reduce the estimates of & to the fully-tangential-differentiated
derivatives in (3.99). On the other hand, the estimates of time derivatives of v and (F(} - 0)n are again reduced to full spatial
derivatives and the estimates of 4 in (3.101), (3.102) and (3.103).

After the reductions above, it remains to control the weighted energy estimates of & listed in (3.99). This is finished by
analyzing the tangentially-differentiated wave equation (3.89) of h. Finally, we get the desired energy estimates (actually
slightly better than our expectation because less weight functions are needed) as in (3.113), (3.124) and (3.125). We taking
summation and thus get a nonlinear Gronwall-type inequality

3 T
ET) < 8|1 + ||(F3-a>n||§] + Py + PET)) fo P(E(1) 1 (3.126)
J=1

under the a priori assumptions (3.6)-(3.7).
By the argument in Tao [81, Chapter 1.3], we can pick a suitably small 7' > 0 such that the §-terms can be absorbed to LHS
and get the following energy bound

sup E(t) < P ([volla, [Flls, IDolls) (3.127)

0<t<T
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3.6 Justification of the a priori assumptions

Finally, we need to justify the a priori assumptions (3.6) and (3.7). The Rayleigh-Taylor sign condition can be directly justified
by using Morrey’s embedding. Notice that % e L>([0, T];H% @)y, o, (%) e L*(0,T]; H%(F)) and the boundary is T? a
bounded open set in 2D. By using Morrey’s embedding, the taylor sign is actually a Holder continuous function in both 7 and y

variables:

Oh 1
oy € W, T H3(T)) = W'([0, T]; W) < W0, T xT) < C; (10.T] xT).
Therefore, the a priori assumption holds is a positive time interval provided that _?_)1\(/) > ¢o > O initially. The second assumption
(3.7) is easily justified by

T T
Id—é:f(’)t&dtz—f&:aﬁ:&dt,
0 0

of which the H3-norm is directly bounded by our energy functional. Similar estimate holds for J — 1 since J is a bilinear
function of 07 and 07—1d is sufficiently small due to that of a—Id.

4 Construction of solutions to the approximation system

In Section 3, we have derived the uniform-in-« a priori estimates for the nonlinear x-approximation system (3.2). Now we
are going to construct the strong solution to (3.2) for each fixed x > 0. Given the a priori estimates, it is natural to consider
linearization and Picard iteration to construct the solution to (3.2). Specifically, we expect to start from the trivial solution
@9, vO, 1Oy = D,y DY = (1d, 0, 0) and inductively define (D, YD ey provided that {(@®, v, iV c, are
given

At = D) 4y inQ,

3
I =~V D + 3 (F9 - 92D inQ,
=1

div gy = —e’(h(”))é,h(”“) in Q, 4.1
div F? = akFQi = —e’(bo)(F‘; - )y inQ,
hD = 0, F(J) -N=0 onT,

(DD R g = (1d, vo, o),

where 7 is the smoothed version of 7 and ™ := [87"]~". For simplicity on notation, we denote (7, &, ¥, ) = (n™, a™,v®, h™)
and (17, v, h) 1= ("D, py0*+D_ p@+DY Then the linearized system becomes

om=v+ lﬁ in Q,
3

v =-Vih+ Y, (F(j). -0)’n inQ,

j=1
diviy = —'(h)dh in Q, (4.2)
div F(]), = Bkng = —e’(bo)(F? - 0)ho in Q,
hzO,F(])nN:O onT,
(77’ V, h)|t=0 = (Ida V07 bo)

‘What we need to do are

1. Construct the unique strong solution to the linearized «x-approximation system (4.2) for each fixed « > 0.

2. Derive the uniform-in-n estimates for the linearized k-apporximation system (4.2) for each fixed x > 0.

3. Picard iteration: Prove the sequence {(17?, V™, 1)}, strongly converges (subsequentially) in suitable Sobolev spaces
to derive the unique strong solution to the nonlinear k-approximation system for each fixed x > 0.

We will prove the following conclusions by verifying the steps above

Proposition 4.1 (Local well-posedness of the linearized approximation system (4.2)). Fix x > 0. There exists a time
T = T(10Allz, 10,k |IFOl3, ||(F(; - O)l1) > 0 such that the linearized k-approximation system (4.2) has a unique strong
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solution (17, v, h) in [0, T,] satisfying the H I_estimate

3
sup [V + 1Al + Z FS - OnllT < 2(lIvoll; + 11T + 11Dl (4.3)

0<t<T, =)
m}

Proposition 4.2 (Uniform-in-n estimates of the linearized approximation system (4.2)). Fix k > 0. There exists a time
T, > 0, such that the unique strong solution (1, v, k) to the linearized k-approximation system (4.2) satisfies the following
estimates

sup (1) < P(Ivolla, [IF°lls, Dol ) (4.4)

0<t<T,

where

3
B(T) o= il + VIE + || - oy + Il
j=1

3
F10E + 3 ([0 a)aum[; + 19kl
j=1

E (4.5)

3
+ ol + 3 S - szl + || nazn
=1

|? + e a3}

‘2
o

+ | iniaiv

P o3 i@ o
j=1

+

3
e'(iz)c')?v“é + Z

J=1

e (y(E - )y + ||’y

O

Proposition 4.3 (Local well-posedness of the nonlinear x-approximation system (3.2)). Fix « > 0. There exists a time
T, > 0 such that the nonlinear k-approximation system (3.2) has a unique strong solution (17(x), v(x), h(k)) in [0, T, ] satisfying
the following estimates

sup B, (1) < P (IIvolls, IIF°lla, [bolls) - (4.6)

0<t<T,

O

4.1 Failure of fixed-point argument to solve linearized system
Before going to the proof, we would like to point out the specific reasons for the failure of fixed-point argument. In elastody-
3
namics (resp. MHD), the presence of Cauchy-Green tensor ), (F? -0)*7 (resp. Lorentz force) makes the second equation of (4.2)
j=1

lose one derivative, which tells the essential difference from Euler equations. We are able to avoid such problem in the nonlinear
a priori estimates because one can integrate (F? - 0) by parts in curl and tangential estimates, and re-produce the divergence by

diva(F? -0 ~ —e’(h)(F? -O)h+ fOT(controllable terms) dt. But in the fixed-point argument (for both Banach fixed-point theorem

and Tikhonov fixed-point theorem) to solve the linearized equation, we have to estimate ||v||4 by |[Vll4 = [volls + fOT [10,v(D)|l4 dt
3

and thus the H*-norms of 3 (F‘; . 6)277 and V3h are necessary to be controlled. In Gu-Wang [30] and Zhang [93] for incom-
j=1

pressible MHD and elastodynamics, they introduced a directional viscosity term in the equation of flow map as follows which
does compensate the derivative loss caused by the Cauchy-Green tensor.

3
o - Y (FS -0 =v+i @.7)
=1
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However, one also has to derive the estimate for passing the vanishing viscosity limit 4 — 0, to (4.2). When estimating
the H>-norm of diva((Fg - 0)17), one needs to take 83div;1(F(} -0) in (4.7) and thus the RHS yields 63div5((F(; - d)v) which loses
one derivative. If the fluid is incompressible, then one can directly commute div; with (F? - 0) to eliminate such higher order
term. (See Gu-Wang [30, (5.38)] and Zhang [93, (3.29)].) In the compressible case, we have to find other ways to control
the divergence. Recall that our previous a priori estimate for the nonlinear system (3.2) strongly depends on the fact that the
difference between diva((F(j? -d)n) and —e’(h)(F‘; - 0)h is controllable. But now the divergence of deformation tensor becomes

T T 3
diV;,(F(} -0 = —g/(}oz)(F(; -Oh + fo controllable terms + y fo Z divé(F(J’. - 0)(FY - 0)*n,
=1

where we have to control the H3-norm of ,udivé(F? : 6)(F2 -0)*n. Unfortunately, the directional viscosity only gives us the L2 H*

norm of p(FQ - 0)’n and thus the expected “error term” cannot be controlled. Therefore, the “vanishing directional viscosity
method” in [30, 93] is obviously not applicable to compressible elastodynamics, which leads to the failure of fixed-point
argument.

4.2 Hyperbolic approach to solve the linearized approximation system
First we need the following bounds for the coefficients &, 77, J provided that they hold for {(7®, v®, A®)}ofcn_i.

Lemma 4.4. For fixed « > 0, there exists 0 < § << 1 and A > 0 such that YT € (0, T,)

b, O, (B - ), d, (F§ - 9y €L ([0, T1; HY(Q)), (4.8)

74, 0,(F) - 00, 077, 0,(FY - 9)iy, 8;h €L([0, T1: H (), (4.9)

e/ (Mo, 07 (BY - 0y, 071, 67 (B - 0)iy, e’ (W)dh €L=([0, T1; H*(Q)), (4.10)

¢/ (W3}, \e'(h)d} (B - ), \Je' (i, e’ ()a; B9 - dy, e’ (h)a}h eL™([0, T]; H' (Q)), (4.11)

¢ (3B - ), ¢ (s, ' (a} (B0 - Oy, (' ()2 3fh €L™([0, T); LA(). (4.12)

I = Ul + 1] = 1l + 11d — &ls + [11d - &5 <. (4.13)

Proof. The proof follows in the same way as Lemma 3.2 and the justification of (3.7) in Section 3.6. O

Now let us rewrite the system (4.2) to be the following system by denoting {f;’j = (F‘j), )7 and § = ((F(I? o', (F(J). -, (F?-
o), §' = ((F9 - Oy, (F - Oy, (FS - Oy

3t(j=(F(;~3)v+lZ in Q,
3
O+ Vzh— 3 (FY-0)F; =0 inQ,
j=1
¢ (dh + divsy = 0 inQ, (4.14)
div F?. = BkFl?j = —e’(bo)(F? - 0)ho in Q,
h:O,F(])»N:O onT,
(777 v, h)|t=0 = (Id’ Vo, bo)

Note that once &, v, i are solved, the flow map 7 is automatically solved by 8,7 = v + . Therefore it remains to solve (4.14).
We write (4.14) into a first-order symmetric hyperbolic system of the variable X € R!? defined by

X = [n0 5525 (4.15)
3
Aot )X + " At )9X = . (4.16)
=1
Here T
F(6,3) = [ 0ra, (B - O)iir, (B - )iy, (B - O)iiy, (B - O)ira, (RS - o, (B - O, (B - ), (B3 - O, (B9 - )| 4.17)
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Ao(t.y) = diag[e/(h). 1,-++ , 1], (4.18)

and A,(t, y) equals to the following matrix

0o & & s 0 0 0 0 0 0 0 0 0

" -F) -F), -F, o o0 0 0 0 0
a 03,3 0o o0 o0 -F,% -F), -F, 0o 0 0
i o 0 o0 0 0 0 -F5 -F, -F)

0 -F) 0o 0
0 -F% 0 0
0 -F, 0 0 : (4.19)
0 0 -F, 0

0 0 -F, 0 00y
0 0 -F,% 0

0o 0 0 -F

0o 0 0 -F

0 0 0 -F

Then we find that, the normal projection of the coefficient matrix

0 a' & &s 0 0 0 1
lel 0
3 a? 03,3 0 O3y3
Ay = ZA[NZ =+|5B similar to + |1
1=1
O9x9 O9x9

which is of constant rank and singular on the boundary. So the linearized system (4.14) is indeed of characteristic boundary
conditions. By the argument in Lax-Phillips [45], we need to prove the following things in order for the existence of L2-solution
to (4.14),

1. Derive the L?-a priori bound for (4.16) without loss of regularity.
2. Find the dual problem of (4.16).
3. Derive the L*-a priori bound for the dual problem without loss of regularity.

The L?-a priori bound for (4.16) is quite straightforward. We take L? inner product of v and the second equation of (4.14)
to get

3
—— | M dy+ f (Vsh)-vdy— > (F, - )& -vidy=0 (4.20)
2dt Jg o ; !
Integrating by parts in the second and third term, and invoking the boundary conditions 4 = 0, F° - N = 0, we know
1d FUPT 1 e o o
(Vsh) -vdy==— | €Ml dy— = | €'()o:nlhl"dy— | dia"v; - hdy, (4.21)
Q 2dt Jo 2 Ja Q
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and

3 3
_Z(F?.a)gi.vidyzZf;}"-(F?-a)vidy+f(divF?)iT;-vdy
=y Edi f |9 - o[ dy - Z f & (F) - O)Widy + f (div F?) - vay.

4.22)

Therefore, we have

2

1d I 2
57 [nvn0 e'(h 0 Zn&no]s ||aF°||Lm||ry||o||v||o+Z]||3||o B - ayw|, + ||e ()3l 1R + 19 Vllol1Allo,
(4.23)
and thus by Gronwall inequality we are able to get the L2-a priori bound
V5 + |[ Ve’ () h ZII‘&IIO < |IF°I|3,|Ie"(h)6th|Lw ”aa”L‘”)”f”O (4.24)

Next we derive the dual problem of (4.16). We introduce the “test function” Y € R!3 as the variable of the dual problem by
Y= 0w, G626, (4.25)

where the definition of G/ is the similar as §'.
Testing (4.16) with Y under space-time intergal, we can get the following first-order hyperbolic system

3
At )OY + Y ALY = £, (4.26)
=1

lr— kL, * T 13 5
where f* := [f] , ,f]3] € R" is defined by
fl* = - 3[5”W,’

3 3 3
s £5- i1 =] D divE) -Gy = 0d"0, > div Y - Gy — 0,40, ) div F) - G} - 06"
=1 =1 =1
L2, for 31 = [=div F{w' + (F) - ay'), —div Fw' + (F3 - 9y"), div Fyw' + (F3 - oy
U+ £5+ frol =|~div FQw? + (B - 9y?), ~div F9w? + (FY - ay), —div Fyw? + (FS - u?)|
Lo fias fis] = [=div F{w® + (FY - 0y?), —div F9w® + (F3 - 0y°), —div F3w® + (FS - 9|

Compared with the expression of f in (4.17), the extra terms are all cause by integrating (F? - 0) by parts and div F* # 0
and are all of the form div F® - w, & - w, dé - 6 or div F° - G. Therefore, we can exactly mimic the proof for (4.16) to get the
L?-a priori bound with no loss of regularity of (4.26) as

2
e(h@

Z 161]lc < € (IEls. le” Gyl ) 1o 4.27)

2
[Iwlly +
0

Combining (4.24) and (4.27), we know the system (4.14) and thus (4.2) has a [*-solution. We are able to verify it is the
unique strong solution by H'-estimates. Here we only show the tangential control, while the normal derivative can be estimated
by div-curl decomposition which is exactly the same as what will be done in Section 4.3.

The tangential part of H I_estimate does not need Alinhac good unknown method because the coefficient A is now C™ and
k > 01s fixed. Taking 0 in the second equation of (4.2), we get

2 = f ‘Ov dy = - f avid (&an) dy+z f 3((F - 0)*) - v dy (4.28)
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Integrating (F? - 0) by parts in the second term yields that
(B9 - 9)*n) - dvdy
RIGRI

a((BY- o) -0 (Y- 9)dm) dy + fQ a((FY-aym) - 0((FY- o)) dy + fg (div F)a ((FY - 9)n) - dv dy

(4.29)
+ f 0. (8% - 0)| (BY - Oy - dvdy + f (B -0y - [0, (FY - 9)| vy
0 0 0 0
<- Ed_t <N -om)[ -+ P (1S - . U - i W )
Integrating by parts in the first term and invoking Piola’s identity gives that
— févig (3’i61h) dy
Q
= f (divsv)dhdy — f ovid"™N, oh dS

Q r =

- (4.30)

- f av; - [0,d"| ik dy - f |0."| oy, - hdy + f 3v;0,8""0h dy
Q Q

2
+ P(naAan, ML Vel ||ati°1||m)
0

s =52 |[Ne@an

Combining (4.28)-(4.30), we can get the H'-tangential estimates of (4.2). The div-curl estimate follows in the same way
as in the Section 4.3 so we omit the proof here. Then ||%||; can be estimated by the linearized wave equation derived by taking
divergence in the second equation of (4.2). Such step is a direct consequence of L*-estimate of (4.48) so we also skip the
proof. Therefore we get the H'-estimates without loss of regularity for the linearized x-approximation problem (4.2), which
demonstrates the solution we constructed above is a strong solution and also unique. Proposition 4.1 is proven.

4.3 Uniform estimates of the linearized approximation system

Now we inductively prove the uniform-in-n estimates for the linearized x-approximation system (4.2). WSuppose we have
already have the energy estimates for 0 < k < n and thus Lemma 4.4 holds true for the coefficients of (n + 1)-th linearized
system.

4.3.1 Estimates of velocity

The estimates of velocity is still based on the div-curl-tangential estimates and elliptic estimates of &. First we have

vl = vl + iy il + fleurl vl + [3v - N, . “31)

Curl estimates: The curl estimate follows the same way as in Section 3.1. Taking curl; in the second equation of (4.14) we

get
3

8, (curls) — Z(FO 9) (curly (K% - dyp)) = curl ; v+Z |curl;., (F9 - 8)| (8% - o). (4.32)

Jj=1 =1

Then we take 4>, multiply &curlzv, integrate by parts and invoke 8,7 = v + J to get

T
+ Py + f P(EL (1)) dt. (4.33)
0

3 3
lewrl v(D)I3 + " fleurl (B2 - (T < 6% | I + > || -y

= j=1
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Tangential estimates: The boundary term in (4.31) is again reduced to ||54v||0. We still use the Alinhac good unknown
method by introducing

V=0 Av-3Ah Vs, Hi=8 Ah—3 AR Vsh.

—2—
Applying 0 A to the second equation in the linearization system (4.14), one gets

3 3
O = Y (F - 0) (5B - o) + Vil = 0.0 B Vo) = C + ). [8,(FY - 0)| (K9 - o, (434)
j=1 j=1
subject to the boundary condition
1= -3 ARsé®dsh onT, (4.35)
and the corresponding compressibility condition
V.-V =8 Adivsy) — C(vg), in Q. (4.36)
Here for any function f, the comuutator C( f) is defined in the same way as before but replacing a by a:
3 AVf) = Vit + C(1), (4.37)
with
ICHIllo < PAIIDIOL 5. (4.38)
Here f is the Alinhac good unknown for f.
Similarly we have
13
16" f®llo < Illo + PIFO)I3) + P(IIﬁII4)f P(l10.f(Dll3) dr. (4.39)
0
Now we take L? inner product between (4.34) and V to get the followin analogous estimates
3
1d N —2— o o o
—— f V1> dy + Z f 5A ((F‘? . a)n) -(FY-9)V = - f V:H - Vdy + f (RHS of (4.34)) - V dy, (4.40)
2dt Jo = Ja ! ! Q o

where “RHS” can be directly controlled as in the nonlinear counterpart. As for the first term, we integrate by parts to get
- f V:H-Vdy = - f &VHAS + f H(V: - V)dy + f 8,5"AV; dy, (4.41)
Q r Q Q

where the second and the third term can be controlled in the same way as in Section 3.2.

For the boundary term in (4.41), we no longer need to plug the precise form of ¢ into it and find the subtle cancelltaion as
in Section 3.2 because the energy estimate is not required to be k-independent. Instead, we integrate 4 by parts then apply
Kato-Ponce inequality (2.1) and Sobolev embedding H%3(T?) < L*(T?) to get

P T oh \=2— 07 97
23; 20\ 23k 23ixr.
—jl:a V.HdS —f(—N)() A(A,Jlk)a a'V;dS

< (Josne e, 6B, +0sha™ 8 1. [0 Az

)V, ds (4.42)

1 .
S 2 P (s [Mlas lilla)

Another difference is that our flow map now contains a directional viscosity term, and thus the second term on LHS or
(4.40) should be treated differently. We plug the expression of Alinhac good unknown V and v = 8,7 — ¢ into it to get

f 3R ((F)- ayn) - (FY- )V dy
Q
- fg 3 (- a)n) - (F - 9) (ézZv—#Zﬁ.Vév) dy
1d (| 2
- 5= fg ‘62A((F?-6)n)‘ dy
- fg EZZ((F(;-a)n)-(ézK((F?-8)@)—[52& (F(;-6)]v—(F3~8)(52K7%~V5v)).
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Direct computation shows that

375l
J=

Summing up (4.39)-(4.43), we get the tangential estimates as follows

7+ 3 7 - o

T 3
.S " P(IIF, 7,7, vila, IOFS - Oy, (S - 9, (B9 - )l (4.43)
=1

2

T
e(d*n|| <P+ f PE (1) dt. (4.44)
0 0

Divergence estimates: The divergence estimate still follows the similar way as in Section 3. We know that divgy = —e’(it)a,h
and thus
lldiv vIi3 < 8*IIVIIZ + lle’ (), hll3 (4.45)

The formula of div;(F(}. - d)n can be computed in the same way as (3.44)
T T .
divg(F} - O)n(T) = - div F) + f div 5, (FY - d)ndt + f div(F) - 0)(v + ) dt
0 0
T o
=—divF) + f (F) - d)e' (h)d;h dt
ity
! 0 . 4y7 2l 2 2mi 0 2 i 0
+ f(; divs(F; - O —a" 0,,0:m,a™ O,((F; - O)my) + a'0,((F; - O)vy) dt (4.46)
=40

= —¢/(W(FY - HK(T)

a

T
+ fo div; (F] - 0)d) — (V5(FY - 9ymp) (Vidihr) + (V4(F - ) (Vi) di,

=:N;

and thus
7,7 2
¢ (h)(FY - a)h||3 +

T
f N;(1) dt
0

Therefore, the divergence control is again reduced to the weighted estimates of ;4 and (F‘} - 0)h.

Jaiv (8- e < 6 |68 - oy +

2
(4.47)
3

4.3.2 Elliptic estimates and linearized wave equations

Note that both 9, and (F? - 0) are tangential derivatives on the boundary, so Alr = 0 implies that 0,4 and (F? - 0)h also vanish on

the boundary. Therefore we can apply the elliptic estimates to both 9,4 and (F? - 9)h.
We take divergence in the second equation of (4.2) and invoke the third equation to get the linearized wave equation

¢ (Wh — Ash =
J

3
¢/ (EY - Y h - 8,a"9yv; - Vi (B9 - 9)igy) VL (B9 - D))
=1

(4.48)
3 3 T
— " (h)@,h)(D. ) + Z ¢ () (B9 - O)n) (B9 - 9)h) - Z(F? - 0) f N;dt.
=1 =1 0
Invoking Lemma 2.6, we get 3
2lls < P (I1AsAll + 187sl1A]3) (4.49)
Then plugging the wave equation (4.48), we get similar estimates as in the treatment of (3.90)
3 T
1Ashll < [l azhl], + > ||’ (®S - 3]l +Po + f P(E(1) dt. (4.50)
0

J=1
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Therefore ||A||4 1

[ g o
(nya2hl), > e'(h)(F(}-ﬁ)zhHZ.

Similarly, ||3;h||3 can be controlled by using Lemma 2.6 and 9,-differentiated wave equation (4.48)
10:All3 ~ IVz0:hll2 < 110:Azhlly + 1I[0:, Aglhll, (4.51)

and then

18:Ashlly <€’ ()}

)

3
+ 18,0l + 05 (®S - Dy, [|(Va(® - |,

= (4.52)
+ lle” (W)dhd7hlly + lle” (h)dh(FS - 6)*hll;
3
+ lle” (aFh,hlly + lle™ ()3, (B - ) - (BY - d)hlly + " IICFS - )Nl
j=1
Mimicing the proof of (3.94) yields
o T o
10, Ashll < lle’ (h)o? 9.0y 0.h| +Po+ f P(E, (1) dt. (4.53)
J=1 0
Following the same manner of (3.94), (3.95), (3.96) and (3.98), we can get the following reduction
3
[|®S - dynl|, — F(F) - Ol + 0. 0)E, -0y, (4.54)
k=1
° o 3 3 o 3
H e (orh|| — |le'dy?atn|| + Z ¢'(h)’ (B2 - 9y 9%h (4.55)
j=1
o o 3 3 o 3
H Ve DE - 0)hl| = |le’ () G - k| + > |le’(h)” (BY - O (FY - 9)*h (4.56)
0 =
Therefore, as in (3.99), it remains to control the following quantities
|, + H(e’(/‘%))%a“h‘
+ Z e/ () 02F9 - ayn|, Z H(e ()3 2 (F? - 9) hH
j=1
3 (4.57)
+ > | i@ - aaza||, + Z lle’ (i)(F$ - 920,
j=1 j=1
3 3
+ 3 |l A8 - 928 - 9|, + > [lce’ AR - 9Y2(FS - oy
Jik=1 k=1

which will be estimated by 63 differentiated, 62(F0 0)-differentiated, (9,(F0 9)?-differentiated and Z (F0 6)2(F0 0)-differentiated

wave equation as in Section 3.4. There is no essentlal difference but just replacing lower order term of h and weight function
e’(h) by the counterpart of h and replacing @ by & due to the linearisation. So we omit the proof here.

4.3.3 Reduction of time derivatives of v and (F? -0

Finally, we follow the same manner as in (3.101), (3.102) and (3.103) to get the following reduction
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3
¢ (], <lle’ W hlly + > 1IF
j=1
e’y - 330 ]| <1 [[e” ()R], + [l Iy(EY - )i

e'(iz)(F(; . 6)6?77H Lt lower order terms.

0

e niapv

’2 + lower order terms.

‘1 < H(e'(fl))% V0 h

3
|+ DI ' 8 - o
j=1

ey 2 - 3y

| <l [ 2oty + | - apoi

. a (4.58)
62, <IV:0.h0l + " IFSILIIES - )dals + lower order terms.

J=1

9 - 32|, <SIFCILlBvls + 1IGES - 8),ila.

3
10l SVl + > IFI GRS - D).

j=1
(B - )dem], <IFSllIvila + G - B)iila.
Combining (4.33), (4.44), (4.45), (4.47), (4.49), (4.53)-(4.58), we get

T
Ed(T) S Po + P(ELT)) f P(E, (1)) dt (4.59)
0

and thus by Gronwall-type inequality, there exists T, > 0 such that the following uniform-in-» estimates hold

sup E(1) < P(Ivolly Bolla, IIF°lls). (4.60)

0<t<T,

Therefore Proposition 4.2 is proven.

4.4 Picard iteration to the nonlinear approximation system

The last step is to construct the solution to (3.2) by Picard iteration which proves Propostion 4.3. Define
[V](n) = D) v(")’ [h](”) = plth) _ h("), [TI](") = n(n+1) _ 77(")’ 4.61)

and
[a](") (O a(nfl), [w](n) = w(") _ w(nfl)_ (4.62)

Then we have the following system of ([5]™, [v]™, [A]™)

Am™ = ] + [y]™ inQ
3
3™ = =V [W]™ = Viggwh™ + 3 (FY - 0[] inQ
j=1
divam [V]® = =/ (h™)3,[h]™ — divigmv™ — (€' (h™) = &' (K" V)" in Q (4.63)
div FO = e’ (bo)(FY - 9)ho inQ
[h]™ =0, F? -N=0 onTl,
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together with its energy functional

3
B = o[ + s [+ 20108 - oo + i
j=1

3
a1+ 3 NE - oam™[; + o]

=

(4.64)
3
2
[l + > - oz} + | Ve mmazn |
=
3
| Ne @@+ 3 [Ne @@ - aam®| + e aame];
=
Here the correction term []" becomes
- Aly]"™ =0, (4.65)

with the following boundary condition
2 —_— f— —_— —_— —_— —_— —_—
[l//](n) — Z a—1P(A[n]in—l)a(n)LkaiAfv(n) + 8n;n—l)[a](n)LkaLAiv(n) + a]];(n—l)a(n—l)LkaLAi [V](n—l)
=1
_ ZA% [n]in—l)a(n)LkgLv(n) _ ZA%UI((n—l)[a](n)LkgLv(n) _ ZA%T]I((n_l)a(n_l)LkgL [V](n—l)).

4.4.1 Estimates of [n], [a], [¥]

First by definition we have

T T
[a](n)ll(T) — f az(a(n)lz _ a(n—l)ll) dt = — f [a](n)lraka,nin)a(n)kz + a(n—l)lraka,[n]gn—l)a(n)kl + a(n—l)lrakatngn—l)[a](n)kt,
0 0

and thus ;
Ila]™(T)ll2 < fo Ll IZAIVlls + 1w 1™11s) dt. (4.66)
The estimates of []™ and (F? - 9)[¥]™ can be similarly derived by elliptic estimates
115 < 11 ls < M0 PI5 + 1113 + @l ™I, (4.67)
and
ICEY - DWI™IB < I[y1™ s < P (IS - D)1l 11" P, 101"l 12111 ) - (4.68)
Analogous results hold for their time derivatives so we omit the proof
W1, 0,1, (B9 - 9)[w1™, 8,1 ™, (FY - &)1 eL=([0,T1; H* (), (4.69)
A 1™, 6, - o)1, 67", 8,(F) - )™ L=([0, T]; H* (), (4.70)
Ve (h)a; 1™, 67 (F9 - )[w1™, 6; [ ™, 67 (K - 9)[m]™ €L=([0, T1; H'(Q)), (4.71)
¢ (K™)a} 1™, e (k) (7 (S - )1, &} ™, 8] (FY - D) ™) €L ([0, T); L*(Q). 4.72)
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4.4.2 Curl estimates of [v] and (F‘; -0)[nl

Similarly as in Section 3.1, we get the evolution equation of curl zm[v]™ as

3
3y (curl 5o [v]®) - Z(F‘; +9) (curl 4 (B9 - 9)[7]™)
j=1

3
=curl aim[v](") + curl g wv™ + Z [curl an, (FY - a)] ((F - 9)[n]™) + (FY - 9) (curl (ayo (F - a)n<">) + [curl (> (9 - a)] ((FY - an™).

j=1
4.73)
Then the curl estimates directly follows from the L?-estimates of 6>-differentiated evolution equation.
4.4.3 Tangential estimates of [v] and (F(; -D)[n]
We adopt the Ainhac good unknown method as in Section 3.2. For each n we define
VoD — Gyt G g oD oD 2 G oD _ G gy D),
Their differences are denoted by
[V](n) .= Yt _ V(n), [H](n) .= HOD _ g™,
The evolution equation of [V] and [H] now becomes
3
V1™ + Vo [H]™ — Z(F‘; - 0)0*(FY - ) ™) = ~VizmH®™ + 7, (4.74)
j=1
with boundary condition
[H](n)h_ (6377(") (n)3k + 63[)7];(”—1)&(")3]( + 0377](:1_1)[51](")3]‘)’ (475)
and the compressibility equation
Vao - [VI? = =Vgpm - VO + g™, (4.76)
Here
i — g, (53[ﬁ]in—l)a(nﬂkalvgnﬂ) + P ~(n—1)[a](n>1ka v§n+1) + P ~(n—1)c~l(n)1kal [V]z(‘n))
+ [a](n)lkal(a(n)riarh(n+l))a3n(l’l) + a(n l)lka ([a](n)rta h(n+]))a3 ~(n)
+ a(n—l)lkél(a(n—l)riar[h](n))a3nl(cﬂ) + a(n l)lkal([a](n)rlarh(n))63 [77]5(7! 1)
_ [52’ [a](n)lka(n)n‘g] 3r7~7,({n) 9 pO+D _ [52, a(n—l)lk[a](n)ria] arﬁin) o HO+D
_ [52’ Zl(n—l)lk a(n—l)rié] (9r[7~7],({”_1) d LoD _ [52’ a(n—l)]k a(n—l)rié] 3r7~7,(<"_1) 6l[h](")
3
3] [ a3 [FE ] 9 -
=1
and
g™ = 3 (div o [vV]™ — div 70V ™)
_ [52, [a](n)lk &(n)rig] 3r7~7,(:l) 8lvl(n+1) _ [52’ &(n—l)lk[&](n)rig] arﬁ](::) alvgnﬂ)
_ [52, &(n—l)lka(n—l)rié] ar[ﬁ]]((n—l) 8W§n+1) _ [52’ &(n—l)lk Zl(n)rié] arﬁ;({n_l) 61[1/](»")
— @, @™, a0 | - [8%,a" ", a1 |
+ [a](ﬂ)lka (El(")riﬁ V(Vl+1))53 ﬁ(’l) ~(n—l)lkal([a](n)riarv§ﬂ+1))5377/(;1)
+ a(n l)lka (a(n l)rla [v](’l))aS ('l) (n—l)lkal([a](n)riarvl@))g'j [ﬁ]l(:l—l)'
Then we do the L2-estimates of the good unknowns to get analogous results as in (4.44)
[ + Z [3* (- o + | Ve @@ <o 2o+ f [EI”(0) +E" V(0 d. “.77)
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4.4.4 Divergence estimates and Reduction procedure

Similarly as in (4.46), we derive the formula of div ;o (F(} - O[] *H
div a(”)(F(; . 6)[7]](’”1) — —e’(h("))(F(} . 0)[h](") + div [al("”](n) _ (6/(]1(”)) _ e/(h(n—l)))(F(} . 6)/1(")
T
+ f (div an (B - 9)[]™ + div (g0 (F) - )y
0

= (V2 (Y- D)1 ™) + V70 (B - D)) + Vo (Y - ™))

[a1

n n 4.78)
(Vo (0m™) + Vi @™ + Vi, O™))
= (Vi (F - D)1 ™) + V7100 (FY - ™) + Vi, (B - D)™
(Vo ™ + Vi + V) ) dr.
The wave equation of [7]7*D becomes
3
¢/ (K™D hN™ — Ao [R)™ = = 3" &/ (H)(E - )’ [h]"
j=1
3
— 0, ((¢/(h™) = &/ (W"D)aH") = > (' (h™) = &' (K" V))(E - 8)* K™
j=1
= @a@""ayv1 - e ™ o + @)™ " o) + & Pray(al ™" dh™) 4.79)

3
= > (Vi (F - D™) + Vi (B - D)) + Vi, (B - 0)7))
j=1
(Ve (Y- D)™ + Vi, (B - D)) + Ve, (- ™))
T
+ (FY - 9) (div (g™ — (' (h™) = &' (K" "D)(FY - ))A™) + (FY - ) f ceed,
0

where the time integral is the same as in (4.78). Similarly as the previous reduction procedure shown in (4.54)-(4.56) we are
able to finalize the energy estimates. We omit the details here because there is no essential difference from the previous control
for the linearized equation.

Finally, we can apply Gronwall-type inequality to prove that there exists a sufficiently small 7, > O such that

n 1 n— n—
Vi € [0, T,], [E]WSZ(UE]( D+ [E]"?),

and thus
[E]1™ 1 Po/2".

Therefore, the sequence of approximation solutions {(7", v, A™)}, s strongly converges (subsequentially) to (17(k), v(k), h(k))
of (3.2) as n — oo. The local well-posedness of the nonlinear k-approximation system is established.

S Local well-posedness of the original system

Now we can finalize the proof of local well-posedness of the free-boundary compressible elastodynamic equations (1.14). In
Proposition 4.3, we proved that for each fixed « > 0, the nonlinear x-approximation problem admits a unique strong solution
(n(x), v(k), h(x)) in time interval [0, T,]. In Proposition 3.1, we derive the uniform-in-« a priori estimates for (7(x), v(x), h(«)).
Therefore, there exists a T > 0 independent of «, such that (17(x), v(x), h(k)) exists in [0, T] for each k > 0. Also, such uniform
energy bound yields the strong convergence (subsequentially) of (17(k), v(k), h(x)) to a limit (1, v, k) in [0, T] which solves the
original system (1.14) and the corresponding energy functional E(7') defined in (1.15) satisfies the energy bound (1.17).
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It remains to prove the uniqueness of the solution. We suppose (7', v!, "), (5?,v?, h?) to be two solutions to (1.14) which
satisfies the energy estimate (1.17) in Theorem 1.1. Denote the difference by ([n7], [v],[A]) := (' — 7%, v' = v?, k! — h?) and
L= [0n*]7" (L = 1,2) with [a] := a® — a'. Then ([1], [v], [4]) solves the following system with ZERO initial data:

Oinl = [v] in Q,
3
O]+ 3 (B 9Fn) = =V lh] + Via® in Q, 5.0
div g1 [v] = div (12 = & (h2)d,[h] - (¢/(h") — &' (B)3; > in Q
[h] =0 onT.
We define the energy functional of (5.1) by
2 3

— 2

(B =13 + )" a2l + D 03789 - aypml|; + |81
k=0 = (5.2)

Sl + 10,0 + || Ve D2

The only essential difference in the energy estimates is the boundary integral

f (H](a" ¥ [V], dS
T

We define the Alinhac good unknowns of vt, it for L = 1,2
VE = v — @t - Vavt, HE = 0t — 80t - Vbt

and
[V]:=V'-V? [H]:=H'-H%.

The boundary integral then becomes
f [H](a")*[V f 03[0y (a*y* (@) [V dS - f 03h" (& [nlk(@")™ + &*nilal™)(a" ) [V]; dS
T

< _ 3iq2
S Zdt 33/1 (a") & [nll; S

- f azh‘(a‘)3’52[n]r<52n,%[a]”‘61v3 _FPR@ 9, )Y dS
I

- f R (P Il(a"y* + Pntlal’*) @)Y V] ds

< _@i f (@'Y @ (12 dS + P(initial data)P([E](7)).

Here we use the precise formula of [V], and in the third step we apply the physical sign condition for i'. Therefore we have

To
sup [E](¥) < P(initial data) + f P([E](1)) dt.
1€[0,To] 0

Since the initial data of (5.1) is 0, then we know [E](¢) = O for all # € [0, T] which gives the uniqueness of the solution to
the compressible elastodynamics system (1.14). Theorem 1.1 is proven.

6 Incompressible limit

In this section we will prove Theorem 1.2, i.e., the incompressible limit. This requires our energy estimate to be uniform in
the sound speed. In physics, the sound speed of a compressible fluid is defined by c%(¢, x) := p’(p). We parametrize the sound
speed by € > 0 such that

p,g(p)lp:l =é&.
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Recall that the enthalpy derivative b’ .(p) := @ > (0. We can write p as a function of h depending on &.

In the proof of Theorem 1.1, the estimate of the weighted energy functional E(7') is uniform in sound speed ¢, i.e., it does
not rely on 1/¢’(h). Once we have this uniformly bounded energy, we are able to prove that the solution (v*, F¢, h®) of (1.11)
converges to (V, G, Q) of incompressible elastodynamics system (1.18) provided that the initial data (vf, Ff, bj) converges to the
initial data (vg, Gg, Q) as € — oo.

Specifically, let vo be a divergence-free vector field, G° be a divergence-free matrix and Qy is defined by the elliptic system
with constraints —27%|r >co>0

-AQy = aivgakVB - 8,G2}6kG?j in Q,
Q=0 onTl.

Let (V, G, Q) be the solution to the free-boundary incompressible elastodynamic system (1.18) with initial data (v, G°, Q) €
H*x H* x H*:

om=V in Q,
0,V =-V,0+ Zsll(G -Vo)G in Q,
=

div,V=0 in Q,
(divGT); :=0kGy; =0 in Q,
Olr € 7([0,T]1 xT) onT,
0=0 onTl,
Gi-N=0 onTl,
—ZT% >co>0 onTl,
1. V.G, Qli=o = (1d, v, G°, Qo).

Suppose that there exists initial data (v3, F2,b?) of compressible elastodynamic system (1.11) converging to (vo, Go, Qo)
0> Y02 Y

in C'-norm (proved in the Section 8). Then the uniform-in-& energy estimates (1.17) show that v*, h®, F* are all CZI)X are
uniformly bounded and also that d,v, 0,F, 0;h € c: by Morrey’s embedding. Therefore, we actually show that v*, h®, F® are
equi-continuous in C,l’x, and thus (v%, F?, h®) has a convergent subsequence by Arzela-Ascoli Lemma. As & — +co, we have
e’ (hg)o0:h,, e’(hg)(F(]). - 0)h; — 0 which implies

0%, F%,h°) = (V,G, Q)

provided the convergence of initial data. Finally, we have
pe(h) = 1 and e.(h) — 0, as &€ — oo, 6.1)

Therefore the incompressible limit is established. Theorem 1.2 is proven.

7 Enhanced regularity of full time derivatives

In Lindblad-Luo [59] and Luo [61] concerned with compressible Euler equations, their energy functionals contain the H'-
norm of d}-derivative to close the energy estimates and also the incompressible limit. This is because they had to include the
full time derivatives in the boundary energy. In the presenting manuscript we no longer need those terms because we exactly
have proven that the boundary energy is contributed by the full spatial tangential derivatives. Our result is also applicable to
compressible Euler equations. Yet we are still able to prove the higher regularity of full time derivatives of (v, F, h) to recover
the previous incompressible limit results for free-boundary Euler equations when the elastic medium is slightly compressible,
i.e., [¢’(h)| < 1 is sufficiently small.

However, we cannot mimic the proof in [59, 61] to derive analogous result for compressible elastodynamic equations. The

3
essential reason is that the source term of the following wave equation loses one derivative in ), e’(h)(F? - 8)’h due to the

j=1
appearance of the deformation tensor F
3 . 3 ) 3
¢ Mh = Agh =" & (WE - 9Yh = 0,a"0v; = 3 (ViFyy) - (VoFyy) = " (@) + > e () (FS - D). (7.1)
j=1 j=1 j=1
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If we analyze the }-differentiated wave equation (7.1), then we will have to control 49}v coming from the source term. In
[59, 61], one can invoke the Euler equations d,v = —V & to replace 89#v by 8°0>h whose L>-norm can be reduced to [|07Allo plus
lower order terms by Lemma 2.6. However, the presence of deformation tensor produces another term 6((F9 . 6))8t3F . Since
F # O on the boundary, one cannot apply Lemma 2.6 to F' and thus has to analyze higher order spatial derivatives which will
ruin the whole proof.

We notice that, for elastodynamic equations (1.11), we can do further div-curl-tangential control and delicate analysis of
Alinhac good unknowns and the d7-differentiated wave equation to estimate the weighted norms of 8}v, 3} F and 8}h, 3 h. The
loss of derivative caused by e'(h)(F(} - 8)2h can be absorbed if the compressibility of the elastic medium is sufficiently slight.
Thus, our proof is totally different from [59, 61, 90].

7.1 Higher order wave equations and divergence control

From now on, we again have F; = (F? - d)n. Taking 8} in (7.1) yields

3 3
¢ (MO = div o3} Vah) = " & (MY - 00 h + 0} | (Viv)(Vivy) = > (ViFy) - (V4 Fy)

=1 J=1
Z
3
=3} (¢ (@h)?) +Za ¢ (H((F? - )h)?) (7.2)
j=1
Zy

~[a¢. ¢ ) a2n + [at. div o] Vah.

Z3

We compute the L? inner product of (7.2) and (e’(h))*8>h to get

1d s d a5 |2 2
Ed_tfg|(e (h))~6,h’ + V[ dy (1.3)
3

:Z f (€ (W) (¥} -0y} h- 3} hdy + f (€ (W) (Zy + Zy + Z3)3 hdy (7.4)
‘= Je Q
+§ f (€ (W)*e" (d:h |h[" dy + f ¢ (e (Wd |0V [ dy (7.5)

Q Q

+ fg (¢’ (h))? [Va, aj‘] dhdy + 2¢' (h)e” (h)(V h) h(0}V 4h) dy (7.6)

Let us analyze each term in details. In the first term of (7.4), we can integrate (F(} - 0) by parts to get the divergence control
of F

f (€ () (FY - 0’3} - 8} hdy

—— 53 | LS o]

f (€' (h))*e” (h)d;h |(FY - a)a4h| dy

-3 f (€' (h)*e” (h)((FY - 9)h) ((F‘?~a)a;‘h) Ohdy - f (¢'(h))*(div FQ)((F‘}-a)a;‘h) O hdy (7.7)

-5 f e/ () * 9 o)tH[ ll || (€ () (Y- a)a“

Sh
- ( o io
The analysis of the second term in (7.4) will be postponed to the end of this part. Now we analyze (7.5).

9. o], +[ldiv .. ’(e (h)F (- ) h

f (€ ()¢ (d;h |h|" dy + f ¢ (e (o |0:Vh[ dy
o (1.8)
<lle’ (il (

(IO

[+ et vay)
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Then we analyze (7.6) term by term (we omit the coefficients)
~|Var 07| 0k = 8la- 00:h + 8}a - 00}h + 8ja - 65} h + da - 80 h,

and thus
[ ti? [v..at]andy

|| Ve @a| 1., e’ + 163vllle Gazhll e’ ()l 79
19 DI Ol + 13-l ol )l
So (7.6) is estimated as follows
7.6) < [Ny e’ )3l + 102l e’ (07 lly e’ )l
10,91 ke’ D7l lle' Bl + v - alulle’ V.0 hllolle’ ()l (7.10)

+ H ' (h)

PV,

1,

Finally, we analyze the second integral in (7.4). In fact, it suffices to compute ” Ve'(h)(Z, + Z, + Z3)“0. We first write Z;
term by term,

=20}(Vav) - (Vav) = 20} (VoF) - (V4F)
+ 832 (Vov) - ,(Vov) = 802 (Vo F) - 8,(V,F)
+602(Vov) - 82 (Vv) — 60*(V,F) - 32 (V. F),
and thus
|Ner@z), < P ( | Ver@mai|| 1ovi- + || Vemar || 10Fi.-
+ [N @ay| 10001 +|| e @3 Fl| 160,F (7.11)

- (2ol + gz 1) )

For Z,, it suffices to analyze its first term because d;h and (F(; - 0)h always have the same power of weight functions. We
have

e'(h)

Ve' (a7} (¢ (h)@h)?) = e (e () (207 hd;h + 83} hdth + 126; hdh)
+ e (h)e® ()dh (20; hdh + 653 hd}h)
¢ () (D )@y + D ()0} h) (20 hdh + A7 hd}h)
¢/ () (D (0)(@ih)* + 3e“ (W)3:hd7h + e (h)3; h) (207 hd, )
e'(h) (e(é)(h)(ﬁth)“ + 66D (W) h(;h)* + 3¢ (h)(O7hd?h + 0,hd7 h) + e<3>(h)a;‘h) (8,h)*

Invoking the physical constraints (1.9), we know
| Nemat (e m@ny)),
<P(|Ne,.. | aian],.|

Similar result holds for the second term by replacing 9, by (F(]). - 0) so we omit the details.
For Z3, we have (omitting the coefficients)

(7.12)

h \O e’ @maih|, . || mpazhll, . ||azh||2)

=—[3}.¢' )] 62n + |0} div 4| Vah

= — " (h)(0.hd} h + 07 hdth + O hdh) — P (h)(0,h)* O} h + 0,hd? 07 h + (97h)*)
— e M)((B,h)}}h + (8,h)* (07 h)) — D (h)(0,h)*d7h
+0ta-d(Vh) + &la - 00,V h) + 8a - 0> (V,h) + dra - 5 (V .h).
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Therefore

e,
< P(le M-,
il || Ve v
In the last term we again invoke Lemma 2.6 to get
H Wagv“h |1 < “ mv"a?h |1 * ” m[ag’v"]hm
< |[Vemaan ‘0 + | vemia;, Va]hHI +L.OLT. (7.14)
<||Vemaad|, + || Vemior, aq, +| ve@ia;, va|, + zo..

Invoking the 8f—differentiated wave equation (3.105), we know the two commutators above has been controlled in the
analysis of (3.105) so we do not repeat here. The only term that we have to be careful is the first source term in (3.105), i.e.,

3
> e’(h)(F? . 6)2(9?11. The inequality (7.14) now becomes
=1 '

)

(€ (h)?6°h

L [eanian

e/ (M|, .||’ m)azhl|, . 10.hlls . (7.13)

NI AN

|

|10V, 10wl ) + vl 0~

1

Ve (hd3h (7.15)

RECAZ:

< S| VETe s o
j=1

|, < IFCIBlle ol

|

Since ” \/6”(/1)5,3Vah”1 ~ H \/e’(h)(?fhuz and |e’(h)| < 1 for a slightly compressible elastic medium, the RHS can be absorbed to
LHS by letting ¢ sufficiently large (or say ¢’(h) sufficiently small).
Thus, the energy of d?-differentiated wave equation is controlled as follows

1d ’ 345 2
EE[M(E i3] +

7.2 Curl control

3
¢ WV + |(e'(h))%(F3 - dy] < P(&(T)). (7.16)
=1

According to Lemma 2.5, we need to control the L2-norm of divergence, curl, and tangential derivative of d*v and J/F. In
Section 7.1, we control the weighted divergence of v and F because

Ve (hydiv 8*h ~ (&' (h)20°h, e (h)div 81 F; ~ +Je'(h)div O (FY -0y = —(e’(h))%(FF; -0)d*h.

This part we are going to control the curl. Keep in mind F; = (F(} -0)n.
We take d}curl , in the seond equation of (1.14) to get the evolution equation of curl

3
8*(curl 40,v) = Z 3} (curl (B9 - D)F ).

J=1
and thus

3
dyeurl (&v) = ) (F) - d)curl (0 F; = — |(F - 9), curl .| 6} F
j=1

—3curl 4,8}y — 6curl 3,2453"

— 4eurl 43, 87v — curl 41,0,y (7.17)

+

M

(4curl (B0 - D) + beurl g2, (B - 9)52F,

~.
11
—_

+4curl gy, (F? - 9)0,F ; + curl 1, (F) - a)Fj).
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Then we compute the L? inner product of (7.17) and ¢’ (h)curl ,d}v to get

1d

3
a ) ¢ (h) [eurl [ + D¢ (k) |eurl (7 (S - om[* dy

J=1
3

:Zfe'(h)(curl aﬁfv).[(F‘;.a),curla]aj‘vdy (7.18)
Ve

+RHS of (7.17) + - - ,

where the omitted terms correspond to the case that dertivatives fall on the weight function (which must be lower order and of
higher power of weight functions).

3
There is only one term that cannot be controlled by direct computation: 4 )’ curl 5,,1(F? . 6)6?F ; which requires ||8Z3F Il2-
J=1

3
However, we invoke again the second equation of (1.14) to replace ), (F(j? -0)F;jby 0,y -V, h:
j=1

3
4 Z curl a,a(F? . 6)6,3 F; = 4curl 3,a(9fv — 4curl ata(?? V.h,

=1

where the first term can be directly controlled by ||0;a]|~ ||6fv||1. The second term requires the control of ||6?h||2. This can again
be reduced to 6fh by Lemma 2.6. One can mimic the proof in (7.15) to control that.
Therefore, the following curl estimate holds

1d

27 ¢ () [eurl [ +

3
¢'(h)|curl .07 (FY - a)r;|2 dy < P(&(T)). (7.19)
=1

J

7.3 Tangential estimates: Alinhac good unknown

It remains to do the tangential estimates. Although 56? contains time derivative, we cannot directly commute it with V, because
this will produce a term like dd%a = 879*v X 9 + - - - which cannot be controlled in Z2. To avoid such problem, we again use
Alinhac good unknown method. Define the Alinhac good unknowns for v, i with respect to 497 by

B =90}y — 80} - Vv = 08 — 982V - Vv,

Y Ty N _ Da41 393, (7.20)
$ :=00°h — 00°n - Voh = 80°h — 6%y - V 4h.

Similarly as in Section 3.2, we have the following identity for the Alinhac good unknown g := Eaj‘g - 5(9;‘77 -V,g for a
function g with respect to 997
96} (Vag) = Vg + C(g), (7.21)

where
Ci(g) =000, V(Vig) — (|0F.a"a" | 80,m,) O f + (967, uf]. (7.22)
Taking e'(h)éa;* in the second equation of (1.14) yields that

3
¢ (h)8,B — &' (WV,$ = ¢ (h) Z(F? - 0)00} F; + ¢ () (9,30 v - Vv) — C(h) + 807, (Y - 9)| ). (7.23)
Jj=1

f

Taking L? inner product of (7.23) and 9B yields

3

Yd (  mwtay= [ ¢ 5 (N - FSF - f
2dt‘f§;e(h)|%| dy—fs;e(h)(va$) de+;js;e(h)(Fj 0)00,F; -V dy + Qf B dy, (7.24)
Ko
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subjected to
V, -8 = 0% (div ,v) — €i(v;), (7.25)
and
9lr = (~03h)a* a0} . (7.26)

Here in (7.24) all the terms containing derivatives that fall on the weight function are again omitted.
We analyze the second term on RHS of (7.24) by integrating (F(]’. - 0) by parts

3
> f ¢ (Y- 9)3IF; - B dy
Ve

3 3
(F2-9) — — — —
£ - Z f ¢/ (WK ; - (F - 9) (aa;‘v—aa;*q-vuv) + Z f ¢ (h)(div F)0a,F; - B
-1 Yo : Q ‘

J=1

3
=— jz; %% fg; e'(h) ‘56;‘ ((F(} : 6);7)‘2 dy — L ¢ (Wd}F; - [(F(j? ) 3),5] v dy

(7.27)
- f ¢/ (W3 F ;- 90} (Y - 9)n) - Vovdy — f ¢/ (3 F; - ((|8) - 6),8] otn) - Vav)
Q Q

- f ¢/ (W3 F; - (00} - ((FS - 9)V,v)) dy + f ¢'(h)(div F)A9} F; - B dy
Q ' Q '
3
1d 2 —
$= 2 5 (|Ne@aa; (& - om)| + P (Ivths IV @ Vlo. 150} Fllo | Ve B ).
=1
Next we analyze the first term in RHS of (7.24) which will produce boundary energy. First we integrate by parts to get

fg ¢ )(V,9) - B dy

. oh — .
= f eMH(V, - B)dy — f ¢ (W)dd"HB; dy + f e’(h)ﬁ(?@fnka%a&%,-dS
Q Q r

~ (7.28)
=— f ¢ (W93 (div ,v) dy + f e (hHE (v, dy — f e’ (h)9d" 9B, dy + B
=] +QS§2 + K3 + B. ’ ’
We have that
83 < llall.- W@HO [ W%HO . (7.29)
Next we plug the expression of § into &) to get
R =— f €' ()90 (div ,v) dy = f (€' (W)@ h — 88! n - V,h)dO> h dy
| ; (7.30)

:% % “ /__ef(h)aa;‘th - f (€' (h))*003 via™0,hdd h dy .
Q

K4
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Then K4 can be controlled after integrating 9, by parts under time integral

T
f K4t dt -
0

T
f f (¢’ (h)?803via™ 8,hdd h dy dt
0 Q

T _ _ _ _ T
2_ f f (¢’ (h)?80%via™* 8,hddt h dy dt + f (¢’ (h)*803via™ 8,hddt h dy
0 Q Q 0
T
- f f (€' (h)?003vid,(V ,h)* 08t h dy (7.31)
0 Q
T
= f P (s e, N0, 1631 | N adaa] e @i ) an
0

¢/ (Wdd*h |2 +| \/e’(h)“im | Ve iy

Here in the last step we use Young’s inequality such that the -term can be absorbed, and the last term can also be absorbed by
E(T) since |¢’(h)] < 1 is assumed now. Therefore the term !, has been controlled.

Now we come to analyze the boundary integral. We follow the same method as in Section 3.2. Since we do not have
tangential smoothing now (and thus ¢ = 0), we can find the cancellation structure in the boundary integral.

f (h)( )aa;‘nka*"a3’%-ds
oh \— _
=- fe'(h) (-—)66?17 a*ad (06,577,- -89 - Vavi) ds
Tr
_ ld 3iqgqd 3iaad
-‘zafr( )|w/e (Wa aa,n,| ds + - fr ( )|\/e (Wa aa,n,| ds 732)

+fe’(h)( on )6,a3ia3j56?nj58?mdS+fe'(h) (—a—)éafnja3ja3[56?nkalk61vidS
. ON . ON

2
| IVl

B, B,
1 _
e | NZ (h)a3'aa;‘n,| + 516l | Vet a3’aa;‘ni'o + B, + B,

Plugging d,a = —a3’61vra” into B, yields that
’ Oh 3r ri 3j9q4  9aqd
B =— | ) “oN a’"oyv,a"a’0d;n;00;n; dS
r

oh i =
_ f ¢ (=2 ) a¥ 93v,a% a9y 50, dS
- N

: / oh) 5 Li 37344, Aq4 (7.33)
—Z e'(h) ~3N a’'Ov,a™a’00(n;00/n; dS
=1 YT
B3
R
<103ha® d3v, | \/e’(h)a3’66f17,~'0 + 8.
Next we compare B, with B;
6[’1 4 3] 3igq4 3k
B, = e(h) 68,77] a’'do; ma’" 03v; dS
+Z f e (h)( )aa;‘n aa 90 a0, v; dS
= (7.34)

fe(h)( Oh )66?1]] 3/a3’66f77ka3k63v,d5 Bs

\/e’(h)a3i56?ni|0 .

— By + |03ha’ 03vi|
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Combining (7.32)-(7.34) we get the control of the boundary integral.

— 2
\/e’(h)a3'68fni|0 : (7.35)

It now remains to control & and &,. The reason for us to postpone the proof is that these two terms contain the commutator
€(v), &(h) in the Alinhac good unknown. Previously in Section 3.2 we do not have to care too much of it because all the
derivatives are spatial in that case. However, the tangential derivative now becomes 43} and the commutator might contain
terms of the form §*8?v which cannot be controlled.

In K, the third term in the commutator €(%) contributes the following

0 d = 2 .
5 -2 2 | e Wa"om| + (16,4l +6sha*dsvi.-)

Rs = — f ¢ (h)d,a" 5818% B; dy
Q

Note that one can apply Lemma 2.6 to do elliptic estimates on “ \/e’(h)(?fhnz as in (7.14)-(7.15) to reduce this term to
e miazn

|0 which has been controlled by the energy functional of §7-differentiated wave equation 7.2.

|0 ” W%HO (7.36)

Another term we need to study carefully is &, where the commutator €(v) produce the following terms

s < 18,all- |[(¢ ()2 8h

- f ¢ (h)$0,a" 95} dyv;
Q
= f ¢ (WD hd,a" d028,v; dy + f ¢ (W03 na™d,hd,a" 05} ,,v; dy
Q Q
=:R¢ + K7.

We should control these two terms under time integral since we have to integrate d, by parts. For simplicity we only list the
most difficult terms. The omitted terms are always of lower order.

T T
f Re 1= — f f ¢’ (W3} hd,a™8d>d,,v; dy dt
0 0 Q

T
f f ¢ (h)d*0thd,a™ 02 0,,v; dydt + - --
0 Q

[l

152

T

- f f ¢ (>0 hd,a™ 8t d,,v; dy dt — f ¢ (WP hd,a™ 28, dy + - - - (7.37)
0 Q Q
T

< fo | Vemaain| |[Vermanty| 10.al- i+ || Ve maran| ||vemany

T T
< f P((ﬁ(t))dt+6”(e'(h))%6fh‘z+¢’0+ f P(E(t)) di
0 0

0;allr~
| 19l

T
f Ry = f e (W3} ad"*0,hd,a™ 387 d,,v; dy dt
0 Q

T

&_ f f ¢ (W08 ma™ 9,ha™ 30,,07v; dy dt + f ¢ (h)0dtna™8,ha™ 30,,07v; dy
0 Q Q

T — — —_— —

=- f f ' (W0t via™* 81ha™80,,0%v; dy dt + f ¢’ (h)0d> via™ d1ha™d,,0%v; dy

0 Q Q

<[l e, | e
+ \/e’(h)”Lm | Ve maayv

(7.38)

2 2
|0 llallz 12131107 vl dt

2 2
|0 llallzlIAlls 1167 viI2

2
4117112
|, laliial2.

< f ' P(G() dt + S0PV + —— H \/e’(h)l|2 H Ve (oo
> ) V2T s Lo t
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By picking a suitably small 6 > 0, the d-term is absorbed by E(7T'). The last term can also be absorbed by using |e’(h)| < 1.
Summarizing (7.24), (7.27)-(7.31), (7.35)-(7.38), we get the estimates for the Alinhac good unknowns ¥ and £

' (o' h

|l

2 2 2 ¢ _ 2 T

|0 Yy || Ve ()95} (F .a)nHO + ZO | \/e'(h)a3’60f77,-|0 <Py + f P(G()) dt. (7.39)
= 0

Finally, by the definition of Alinhac good unknowns (7.20), we have

| Vemaat|, < || vemn| +||vemas

and thus we finalize the tangential estimates as

|, IVl < PET) + || e .

| e maaiv |z +|le (mydatn

L St o« 3 et

(7.40)

T
<Py + €(0) + f €(r)? dt.
0

7.4 A posteriori enhanced regularity of full time derivatives

Combining Lemma 2.5 and divergence estimate (7.16), curl estimate (7.19) and tangential estimates (7.40), we are able to get
the enhanced regularity of full time derivatives.

e emitn], - 32| emors -l «  |Vewmenal,
o (O |Z + |l matal; (7.41)

T
<Py + €(0) + f P(G(1)) dt,
0

and thus by Gronwall’s inequality, there exists some 0 < 7| < T such that

sup €(7) < PoE(0). (7.42)

0<t<T)

Such estimate recovers the energy bound in Lindblad-Luo [59] and Luo [61]. This demonstrates that our proof is completely
applicable to the study of compressible Euler equations. To finalize to proof of Theorem 1.3, it remains to construct the initial
data satisfying the compatibility conditions (1.10) up to 5-th order such that €(0) < $y. This will be proved in Section 8.

8 Construction of initial data satisfying the compatibility conditions

The last section of this manuscript presents the construction of initial data satisfying the compatibility conditions (1.10) up
to 5-th order. The compatibility conditions come from the boundary conditions and higher order wave equations. We start
the initial data (vo, G°, Q) of free-boundary incompressible elastodynamic equations: vy is a divergence-free vector field and
G is a divergence-free matrix in the sense of 6kG2j = 0, then Qy is defined by the elliptic system —AQy = (6,~v’5)(6kvf)) +

3

> (6iG2j)((9kG?j) subject to Qp|r = 0 and also the Rayleigh-Taylor sign condition —aa%lr > ¢ > 0. We are going to construct a
j=1 '

sequence of compressible data (vg, F, bg) satisfying the compatibility conditions (1.10) up to 5-th order and strongly converging
to (vo, G, Qo) as the sound speed € — +o0. For simplicity5 we suppose that e(f)) = £~ 'h in order to omit the smaller and lower

SThe proof in general case can be similarly proceeded. See Luo [61].
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order terms in the wave equation of /. Then the compressible elastodynamic equations at time O (17 = Id) becomes

3
dw = ~oh+ 3 (K- 9)n in Q,
j=1
divv=-g19,h in Q,
&,F; = (F‘; SOy in Q,
div Fj = OpFy; = =™ (8} - Oh  in Q, (8.1)
Oir € 7([0, T] xT) onT,
h=0 onT,
F? -N=0 onl,
—% >co>0 onT.

8.1 Compatibility conditions and constraints on the initial data

From (8.1) we find that the initial data (vo, ) should satisfy
holr =0, divvo|r =0, div F?|r =0 (8.2)

since 0, and (F? - 0) are tangential derivatives on the boundary I'.

We now define A = 6fh|,:0, V) = af Vl=0 and F := 6fF l-=0. Recall the wave equation of 7 now becomes the following
equation at f = 0

e '07h — Ahg = (Ov)(Owvy) — i(a,-ng)(akFg) +e! i(F? -9)%hy, (8.3)
j=1 j=1

and thus , X
— Abo = —& "y + &7 ) (B - 0)bo + (Ov)@evy) — ) (OFLOFY), (8.4)

j=1 Jj=1

No

So we also have

Abp+ =0 onT. (8.5)

Time differentiating the wave equation yields that

3
— Ahgy ==& 'ha + & Z(F(J) - Ohay + Ny, (8.6)
j=1
and thus we must have
Ah(l) +9N; =0 onT. 8.7

Here 9t; denotes the nonlinear quantities of d,9t|,o-
Repeat this step, we get d*-differentiated wave equation at time ¢ = 0

3

= Ay = =& ey + &7 ) (- 0 hg + T, (8.8)
j=1
and thus we must have
Ah(k) +9N =0 onT. (8.9)

Here 9t; denotes the nonlinear quantities of 0,9—1,=o.
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8.2 Construction of initial data

Now we construct the compressible data based on the incompressible data. Let (v, G°, Qp) be the incompressible data and then
we define

vo =Vo + 04, (8.10)
0 _x0
F; =G + dp;. (8.11)
Therefore the continuity equation, the divergence constraints and the boundary condition of F yield the following equations
9¢
—A¢ = _]h , —|r=0 8.12
¢=e"ho, Zylr (8.12)
_ 1m0 _ -1 iy _
—Apj =& (F; -0 = & dkp;Okbo, Wh =0. (8.13)

Then (8.4), (8.6), (8.8) require that fork =0,1,--- ,m

3
~Ahgy =~ hgany + &7 LEY-DPhay + M inQ,
=

(8.14)

]’l(k) =0 onl.
Here N, is a function of vy, FO, by, h(1y, -+, hg-1y and their spatial derivatives. If we set hi41) = hgni2) = 0. Then (8.10)-(8.14)
gives a system of (v, FO, 5, hqy, -+, havy) such that the compressible data (v, FO, by) strongly converges to the incompressible

data as € — +oco and for each £ > 0 the compressible data satisfies the compatibility conditions up to order m. Then one can

invoke 8,v = —0h + Z (F0 6)F0 and 9,F; = (FO d)v to recover v and Fy) in terms of (vo, F9, bo, Ay, -+, Agyy). Thus, it
j=1
remains to show that the system (8.10)-(8.14) has a solution if ¢ is suitably large with uniform-in-& energy bound.

8.3 Existence of initial data satisfying the compatibility conditions

In the previous proof of local well-posedness, incompressible limit and enhaced regularity, we need to find the compressible
data satisfying the compatibility conditions up to 5-th order. According to the analysis above, we need to solve the following
elliptic system

Vo = Vo + 0¢ in Q,

F0 G0 + 0g; in Q,

—A¢ =& 'h) in Q,

-Agpj = s‘l(Fg - 0)ho in Q, (8.15)

3
—A/’l(k) = —S_Ih(kJrz) +¢&7! > (F(]) . a)zh(k) + Iy inQ, 0<k<3
o
o

h(k)ZO,ng,ZB—fJZO onF,

hay = hs) =0 in Q.
Here the quantity 9t has the following expression

€N, = Z C(u dmﬁl Buyi- Yp(aa]v IBE (aava)(aﬁl FO) . ((93”F0)((97'h(,1])) .. (37ph(/lp))’ (8.16)

where

i+ttt A G (i A+ (Y, + ) =k + 2,
OS(}.’i,ﬁi,(’yi-i-ﬂ,’)Sk-FI,OS/L'SI(—].

We compute 9y, N; for example to illustrate how we get such a formula. When & = 0, (8.4) shows that
Ny = (Avo)(Ovo) — (OF)(IF).

When k = 1, we have 0ty = (8v(1))(0vo) — (0F1))(OF°). Invoking (8.1) we get vy = —db + (F° - 9)F° and F;) = (F° - d)vy, and
thus
Ry = —(67H0)(Avo) + (F* - (°F°) + (GF°)(OF)) (9vo) — F° - (87v)(OF").

The expression of Ny can also be similarly computed and we omit the details.
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8.3.1 A priori estimates

We first prove the uniform-in-¢ a priori estimate for the elliptic system (8.15). This is necessary for us to do iteration to construct

the solution to (8.15).
By standard elliptic estimate one has
18¢lls ~ Aglla < &' )l

and thus
-1
[volls < IIvolls + & [l72cnyll4.

Similarly one has
10¢;lls = 1A@;lla < & IF°lalDolls.

and
0 0 —1 0
IFls < IG7Mls + 7 1IEl4l[Dolls-

Then we estimate by by
olls < & (Ilaalls + IBollsIFI3) + vl + 1.
This together with (8.18) and (8.20) gives
lIBolls < lIvoll3 + IG5 + 8_1P(||h(1)||3, [1h2)ll3, 1Bolls, ||F0||4)-
Invoking the first and third equations in (8.1) we get
Ivnlla <Ibolls + 1ICE® - OYElly < P (lIbolls. IIF°lls)
<P(Iwolls. IG°lIs) + &' P (I1bolls. Vg lla- IIF1ls)

and o o
IFwlla <IE - volla < I1F]lallvolls

<P(Iwolls, IG"1L) + &~ P (11Bolla, Vel IF°1l3) .
Next we analyze h(;). By elliptic estimates and previous estimates, we have
-1 011 11RO 0

lhlls <& (||h<3)||2 + |[E7151[F ||2||h<1)||4) + |vollslvenlls + IE1311F i3

<&” P (oIl !l o las Dolls. 1IEV1Le) + PAIwolls. [IGOlL).
Again invoking the d,-differentiated first and third equations in (8.1) we get

Ivaylls <lhaylls + IE® - D Ewlls < Whplla + IFOII511Fy L4
se'P (||h(3)||2, 22)ll3. 1Ibolls. ||F0||4) + P(lIwolls, 1G]14),

and
IFalls < &7 P(Iolls, IF°ls) + Pdliwolls, IIG°lla).

Once again we use elliptic estimates and (8.23)-(8.27) and A4 = 0 to get

la)ll3 SS_IP(||/I(3)||2, )13, 1y llas [1Bolls ||F0||4) + P(lIwolls, 1G]1a)-

Again invoking the ?-differentiated first and third equations in (8.1) we get

||V(3)||28_1P(||h(3)||2, 122)l13, 1y llas [1Bolls ||FO||4) + P(lIwolls, IIG"l14),

and

Il < I 0l < € P (Ilhla. ls. s 0olls. IEClLs) + PCUIwolls. G ls)-

Next we use elliptic estimates and (8.28)-(8.30) and /sy = 0 to get

73)ll2 SSilP(Hh(s)”z, )13 1y llas [1Bolls ||FO||4) + P(lIwolls, 1G]1a)-
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(8.17)

(8.18)

(8.19)

(8.20)

8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)



Again invoking the 0>-differentiated first and third equations in (8.1) we get

vl P (ylla, Il W lla, Dol IIE1L) + PAIwols, 11G 1la),

and
IFwlh < 871P(||h(3)||2, 12)ll35 1y llas [1Bolls ||FO||4) + P(lIwolls, 1G]1a)-

Define the energy

4
. 2 2 2
€ = vl + IF @R, + Il
k=0

Then our computation above shows that
€ < & P(€) + P(IWolls. [1G°]1),

and thus by choosing € > 0 suitably large we have proved that
€; < P(Iwolls. IG°lla),

which is the uniform-in-€ estimates for the elliptic system (8.15).

8.3.2 Ecxistence by iteration scheme

(8.32)

(8.33)

(8.34)

(8.35)

Having the a priori estimates in hand, it remains to proceed the standard iteration scheme. We start from the solution

vy, A, -+ . b)) which solves

— Ahy) = N80, °F°, 000, - "), 0 <k <3,

Then we inductively define (bg"), hf'ln)) IR h%"))) by

W = v + 9™ in Q,
F" = GY + g\ in Q,
—APp™ = 8—1h2’1’; in Q,
8¢ = &7 (®" - )b inQ,

_Ah(”) _ _8—lh('l)

) (k+2)

3
+et A 9PR + R inQ, 0<k<3
j=1

(n)

) _ o o8 _ 9% _
h(k)—O,W—ﬁ—O onF,
W = p™ =0 inQ,

@ 7o) T

where ‘Jt;(") satisfies the form (8.16).
Define the difference

[¢](n) ::¢(n) _ ¢(n—l)’ [%](n) = ‘pzn) _ 905."_1),

M =1 ) _ ) =) ) . ) (1)
Wl =Vay =V Flay = Foy = Fy 7 Ul gy = gy = gy s

(] =0 - w7,

4
2 2 2
(€17 = > IR + IFIE + IBIE
k=0
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(8.36)

(8.37)



Then we have

iy = o[g]™ inQ,
[F” = olg;1™ inQ,
A1 = &7 ]} inQ,
~Ale ) = &7 (™ - )b + &7 EY" - 9o inQ,
3
(n) _ - (n) - (n) (n) (n)
~A[h)) = =& R, + £ 1}; (([F?] - O)FY"™ - D)) (8.38)
+ )R - ) + 0)2[;,]33) S inQ, 0<k<3
m _ o a0 _ 09 _
(hlgy = 0. %5 = 55 =0 onT,
[h]}) = [AL3) = 0 inQ,

@~ e T

Following the same method as in the a priori estimates, we are able to prove that
[€1™ < ™' PAIvolls. IGl1s)[ €1,

and inductively we can get
[€1™ < & PlIvolls, IG°ll5)™ €1

By choosing a suitably large € > 0 such that e P(Ivolls, [IGOlls) < 0.99, we finally prove that
[€1™ + -+ [€]"™ -0

as m,n — +oo. The iteration scheme is finished and thus the existence of the solution to the elliptic system (8.15), i.e., Theorem
1.4 is proven.
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