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Abstract
We show that the solution of the free-boundary incompressible ideal magnetohydrodynamic (MHD) equations with surface
tension converges to that of the free-boundary incompressible ideal MHD equations without surface tension given the Rayleigh-
Taylor sign condition holds initially. This result is a continuation of the authors’ previous works [17, 32, 16]. Our proof is based
on the combination of the techniques developed in our previous works [17, 32, 16], Alinhac good unknowns, and a crucial anti-
symmetric structure on the boundary.
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1 Introduction

We consider the following 3D incompressible ideal MHD system which describes the motion of a conducting fluid with free
surface boundary in an electro-magnetic field under the influence of surface tension
Du-B-VB+VP=0, P:=p+iB? inD;
D,:B—B-Vu =0, in D; (1.1)
divu=0, divB=0, in D,
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with boundary conditions
Dilap € T(0D),
P=cH on 0D, (1.2)
B-n=0 on 0D.

Here, D, := 9, +u-V denotes the material derivative, and D := Ug<,<7{t} X D, where D, C R? is a bounded domain occupied by
the conducting fluid (plasma) whose boundary d2D; moves with the velocity of the fluid. Also, we denote by v = (v, v, v3) the
fluid’s velocity, B = (Bj, B,, B3) the magnetic field, p the fluid’s pressure, and P := p + %IBI2 the total pressure. The quantity H
is the mean curvature of the free surface 09, and o > 0 is a given constant, called surface tension coefficient. Finally, we use 7
to denote the exterior unit normal to dD;. The equations div B = 0 and B - /i|lsp = 0 are only the constraints for initial data that
propagate to any ¢ > 0 if initially hold (cf. [19]).

When o > 0 (i.e., the MHD equations are under the influence of the surface tension), we proved in [16] that given a simply
connected domain Dy C R? and initial data u and By satisfying div uy = 0 and div By = 0, By - filap, = 0, there exist a set D
and vector fields u and B that solve (1.1)-(1.2) with initial data

Dy =1{x:0,x) € D}, (u,B)=(up,Bp), in{t=0}xQq. (1.3)

In addition, when o = 0 (i.e., the surface tension is neglected) the initial-boundary value problem (1.1), (1.2), (1.3) is known to
be ill-posed [20, 11] unless the Rayleigh-Taylor sign condition is imposed

-V,P>cy>0, onT, (1.4)

for some ¢y > 0. In fact, we only need to impose (1.4) on the initial data and then show that it propagates within the interval of
existence. The local well-posedness (LWP) of the initial-boundary value problem (1.1), (1.2), (1.3), (1.4) was obtained by the
first author and Wang in [17].

The following terminologies will be used throughout the rest of this manuscript for the sake of clarity: We use “o- > 0
problem” to denote the initial-boundary value problem (1.1), (1.2), (1.3) with a positive surface tension coefficient o. In
addition, we use “o- = 0 problem” to denote the initial-boundary value problem (1.1), (1.2), (1.3) without the surface tension
but with the physical condition (1.4). In this paper, we would like to prove the zero surface tension limit of (1.1)-(1.3), i.e., the
solution to the “o- > 0 problem” converges to the solution to the “o- = 0 problem” as o — 0., provided the Rayleigh-Taylor
sign condition (1.4) holds initially.

Before stating our results, we would like to review the related previous results. The free-boundary problem of MHD can be
considered as the simplified version of the plasma-vacuum free-interface model which is the basic theoretical model for plasma
confinement and some astrophysical phenomena. We refer to our previous work [16, Section 1.1.1] for a detailed discussion.
In particular, the surface tension cannot be neglected when we use a free-boundary MHD system to model the liquid metal,
film flow, etc [23, 33, 34]. Even if we consider the MHD flows in astrophysical plasmas, where the surface tension effect and
magnetic diffusion are usually neglected, it is still useful to keep surface tension as a stabilization effect in numerical simulations
of the magnetic Rayleigh-Taylor instability [39, 40].

In the absence of the magnetic field, i.e., B = 0, the free-boundary MHD system is reduced to the free-boundary incom-
pressible Euler equations. The first breakthrough came into Wu [48, 49] for the LWP of 2D and 3D incompressible irrotational
gravity water waves. In the case of nonzero vorticity, Christodoulou-Lindblad [6] first established the nonlinear a priori es-
timates and Lindblad [29] proved the LWP by Nash-Moser iteration. Later, Coutand-Shkoller [7] avoided the Nash-Moser
iteration and extended the result to the case o~ > 0. See also [50, 36, 37, 38, 9, 10] and references therein for the related works.

For the mathematical studies of free-boundary incompressible MHD system without surface tension, Hao-Luo [19, 21]
proved the a priori estimates and the linearized LWP by generalizing [6, 28]. The first author and Wang [17] proved the LWP
for the nonlinear problem. See also Lee [25, 26] for an alternative proof by using the vanishing viscosity-resistivity method,
Sun-Wang-Zhang [41] for the incompressible MHD current-vortex sheets, Sun-Wang-Zhang [42] and the first author [13, 14]
for the plasma-vacuum interface model, and the second and the third authors [31] for the minimal regularity estimates in a small
fluid domain. For the compressible ideal MHD, we refer to [3, 43, 46, 35, 44, 30] and references therein.

However, when the surface tension is not neglected, much less has been developed and most of the previous results focus
on viscous or resistive MHD [4, 18, 47]. To the best of our knowledge, our previous works [32, 16] are the first breakthrough
about incompressible ideal MHD with surface tension. In addition, we refer to Li-Li [27] for well-posedness and vanishing
surface tension limit under a non-collinearity condition for a two-phase model by assuming the free interface is a graph; and
Trakhinin-Wang [45] for the compressible case.



This paper is the continuation of our previous works [17, 32, 16]: we aim to prove the zero surface tension limit of the free-
boundary problem in incompressible ideal MHD with surface tension. This can be achieved by establishing the uniform-in-o-
energy estimates. Our proof is based on the combination of the techniques in [17, 32, 16], Alinhac good unknowns, and the
newly-developed anti-symmetric structure on the boundary.

1.1 Reformulation in Lagrangian coordinates

We reformulate the MHD equations in the Lagrangian coordinates and thus the free-surface domain becomes fixed. Let Q C R?
be a bounded domain. Denoting coordinates on Q by y = (v, y2,y3), we define 7 : [0, T] X Q — D to be the flow map of the
velocity v, i.e.,

am(t,y) = ut,n(t,y), n0,y) = no(y), (1.5)

where 19 : Q — Dy is a diffeomorphism. We introduce the Lagrangian velocity, magnetic field, and pressure respectively by

v(t,y) = u(t,n(t,y), bty =B@ny), qty =Ptnky). (1.6)

Let 0 be the spatial derivative concerning the y variable. We define the cofactor matrix A = [6n7]7" and the Jacobian J := det[d7].
Then direct calculation gives the explicit form of A

0o x B3\ (€7 Drmadm:
A=J" 0 xdin|=|e"03m0in- |, (1.7)
i xdam)  \edmdan.
where €1 is the fully antisymmetric symbol with €!?3 = 1. In light of (1.7), it is easy to see that A verifies the Piola’s identit
y y y g y y

8, (JA*) = 0, (1.8)

where the summation convention is used for repeated upper and lower indices. Above and throughout, all Greek indices range
over 1,2,3, and the Latin indices range over 1,2. For the sake of simplicity and clean notation, we consider the model case
when

Q=T2x%x(0,1), (1.9)

where 0Q = Ty UT and I’ = T? x {1} is the top (moving) boundary, Iy = T? x {0} is the fixed bottom. This is known to be
the reference domain. Using a partition of unity, e.g., [7, 10, 31], a general domain can also be treated with the same tools we
shall present. However, choosing ) as above allows us to focus on the real issues of the problem without being distracted by
the cumbersomeness of the partition of unity.

Remark. The use of Lagrangian coordinates loosens the restriction on the geometry of the free surface in comparison to
treating the free interface as a graph. Specifically, with a large initial velocity, the free surface may fail to form a graph within
a very short time interval. Nonetheless, using Lagrangian coordinates opens the possibility to go beyond that time.

The system (1.1)-(1.2) can be reformulated as:

Bva — bpAd,b, + Abdq =0 in [0, 7] x Q;

0:b, — bﬁA“ﬁa,,v(, =0 in[0,T] x Q;

div 4v :=AM"0, vy = 0, div 4b :=AF"0,b, = 0 in [0,T] X Q;

v-N=b-N=0 onIy; (1.10)
ARN g + (\gAM") = 0 onT;

APb,N, =0 onT,

(,v,b) = (mo, vo, bo) on {t = O}xQ.

where A, := 6aBA/"8, N is the unit outer normal vector to 0Q, particularly N = (0,0,—1) on Iy and N = (0,0, 1) on T, and A, is
the Laplacian of the metric g;; induced on d€2(¢) by the embedding 7. Specifically, we have:

_ 1 - o
8ij = 0" 0jmu, Ag(-) = @@(\/gg”aj(')), where g := det(g;;), (1.11)



where 8 = (51 R 52) denotes the tangential derivative (with respect to I'). The symmetric matrix {g;;} € R?*? is indeed a metric on
the free surface, as one can easily show that all of its leading principal minors are positive to prove the positive-definiteness.

One can show that 9,J = Jtr(Ad;[dn]) = Jdiv 4v = 0 and thus the Jacobian J = Jy = det[dno] is independent of time. This
property corresponds to incompressibility. To get rid of unnecessary terms involving Jy, we may assume Jy = 1 for cleanness
in the calculation. Under the Lagrangian formulation, we can express the magnetic field b in terms of its initial data and the
flow map. Specifically, by the second equation of (1.10) and the divergence-free condition on b, we get d,(A*”b,) = 0 which
implies A"”b, = A{’bo, and thus b, = A{ boydune = (Abp) - d)n™. We refer to Gu-Wang [17, (1.13)-(1.15)] for the proof.
Therefore, we denote by = (Ab)y and thus b = (by - d)7.

We formulate the free-boundary MHD equations with and without surface tension. For each o > 0, let (7, v, g”) verifies

om” =v" in [0, T] X Q;
0 — (by - 0)°n” + Vagrg” =0 in [0,7T] x Q;
div gy v = A7 Y0, =0, in [0, T] X ©;
divbg := 650,(by)’ =0 in {0} x Q;
v 30 ¢ (bo) in {0} (1.12)
vy =by=0 on[y;
A7) + o( Vg7 A (7)) =0 onT;
b(3) =0 onl,
(77, v7) = (10, vo) on {t = 0}xQ,
where ij(,) = A7)0, denotes the covariant derivative, and the induced metric g;; = g;;(n”) is given in (1.11). Let

Va4, := Vage), and Ay := Vg, - V4 . The initial pressure g is determined by 79, vo and by through the elliptic equation
—Aaq0 = (Vav0) © (Vav0) = (Va,bo) : (Va,bo),  in €, (1.13)

with boundary conditions
qo=0Hy, onT,
dqo (1.14)
N 0, on IY.

Note that the Neumann boundary condition follows from restricting the normal component of the momentum equation to
I'g. In [32], the second and third authors proved the local a priori energy estimate of (1.12) for each fixed oo > 0. The local
well-posedness of this problem is established by us very recently in [16].

On the other hand, when o = 0, let (£, w, r) verifies

0l =w n[0,7] X Q;
Ow—(bo -0 +Vapr=0 in[0,T]xQ;
diVA(é')W =0, [0 T] X Q;
divby =0
s n {0} (1.15)
w’ = b0 =0 on Iy;
r=0 onl;
b(3) =0 onT,
(&, w) = (70, vo) on {r = 0}xQ.
The initial pressure ry is determined by the elliptic equation
=Auyr0 = (Vayvo) 1 (Vagvo) = (Va,bo) 1 (Va,bo), in Q, (1.16)

with the boundary condition 7y = 0 on I' and dr¢/ON = 0 on I'y. Moreover, for (1.15) to be well-posed, we assume the
Rayleigh-Taylor sign condition
—Org=2¢cp >0, onTl (1.17)

holds for some constant ¢y > 0.

Remark. In fact, the original Rayleigh-Taylor sign condition for (1.15) is =g - V4,70 = co > 0. But since = 0 on I' implies

51r = 52r = 0 on I, then the sign condition becomes — \/go(g“o)ﬁo[,fzg&ro > ¢o > 0. So it is reasonable to directly assume
—03r9 = ¢ > 0.



1.2 The main result

This paper aims to show that if g verifies the Rayleigh-Taylor sign condition, i.e.,
—03qo=cp>0, onT, (1.18)

then the solution of the “o- > 0 problem” (1.12) converges to the solution of the “o- = 0 problem” (1.15) as o — 0. Specifically,
we prove

Theorem 1.1. Suppose the initial data (vo, by, go) verifies:

1. v, bg are divergence-free vector fields with vg =0onTI)and ba =0onTUTy.
2. no,vo, by € H>>(Q); 10, vo € H'(I'); the initial mean curvature Hy = Agymo - iy € HOD).
3. The Rayleigh-Taylor sign condition
—03qo>¢co>0, onT. (1.19)

4. The compatibility conditions up to the 4-th order, where the j-th order (0 < j < 4) condition reads

8lq(0) = 0d/H(), onT,

. (1.20)
8;0!q(0) =0, onT.

Then there exists some 7' > 0 independent of o, such that the solutions to (1.12) and (1.15) exists, and as o — 0, we have

. o o COTXD)
(V ’(boa)n »q )—>(W’(b06)§’r) (121)

We will drop the superscript o on (77, v7, ¢7) in the rest of this paper and simply denote them by (7, v, g) when no confusion
can be raised.

Notation 1.2. (The Sobolev norms) Let f = f(¢,y) be a smooth function on [0, T] X Q and g = g(z, y) be a smooth function on
[0, T] xI'. We define || flls := |l £, )llas and |gls := |g(¢, )lusr) throughout the rest of this paper.

Theorem 1.1 is a direct consequence of the following theorem where we establish an energy estimate of the o > 0 problem
that is uniform as oo — 0 via the standard compactness argument, which is also proved in section 8.

Theorem 1.3. Let (v, by, go) be the initial data given in Theorem 1.1. Let

E(1) = Ei(t) + 0Ex (1), (1.22)
with 5
Ev() =m0l + (Ilo’ﬂ‘v(t)”ﬁ,k + | o - a)n(r)llﬁ,k) +[FPn) - ﬁ(r)jz (1.23)
k=0
and
4 5
B0 = @R + Y (100 o, + [t bo - @l ) + D [ 0knw - aco]) + [Fbo - amor i, (1.24)
k=0 k=0
where 7 is the Eulerian unit normal vector. Then
E(1) < P(E(0)), (1.25)

where P is a generic polynomial in its arguments. Also, there exists a constant

c=c¢C

3 3
1+% 1+% N
<0 70, vo, bolls, Vorllno, vo, bolls s, ZO' 2 70, Vols 4% » Z T 2| Ag o - ﬂ0|4,5+§] >0
=0 =0

such that

Et)<C, Vtel0,T] (1.26)



Theorem 1.3 states that given the initial data for the oo = 0 problem, we want to prove the a priori energy estimate for the
o > 0 problem, and such energy estimate has to be uniform in o as o tends to zero. That said, it is natural to come up with
the energy (1.22), in which E(#) corresponds to the o = 0 problem and E,(¢) corresponds to the oo > 0 problem. Also, E(¢)
reduces to E(f) when o = 0.

Let Py := P(E(0)). The energy estimate (1.25) is a direct consequence of

T
E(T)<Po+eET)+ P(E(T))f P(E(?))dt
0

together with the Gronwall’s inequality.

Remark. The reason for us to require 79 and vy to have higher boundary regularity is that we need to express E(0), consisting
of
), 8b0), 1<k<5 in H™

Vodv(0), Vodkb©), 1<k<4, in H? K

and
dq(0), 0<t<4, in H,

Vodlq0), 0<<3, in H?,

in terms of 79, vy and by.
Specifically, the boundary regularity for 79 is required when solving the initial data ||[v,(0)|ls < llgolls + I|boll4llbolls and
1 Vovi(Ollas < | Vogolls.s + Ibollasll v/obolls.s. Then g is determined by the elliptic equation with Dirichlet boundary condi-
tion' on T’
A0 = V5008V v0a = Ve bosVboa  InQ

qo = =0 Agmo - flo onI"
0
8;;(; =0 on I'y.

The elliptic estimates for ||go|ls and || Vogolls.s require the bounds for loAg,m0 - fiolsa.s and |03/ 2Ag0n0 - fig|s. Similarly, when
solving 8,v(0) in H*(Q) and &d,v(0) in H>*(Q), we need the bounds for old;(A,n - 2)(0)]35 and o3 10;(Agn - 2)(0)]s. These
contribute to o|vgls s, o2 [vole and o|mols s, o3 [nole at the leading order.

By continuing this process, we need to study the equations verified by 8*v(0), k > 3, where the Dirichlet boundary condition
involves A AV - Ay, € > 1, and this introduces higher-order norms of ¢ (and its time derivatives). Then one has to perform
higher-order elliptic estimates for ¢ (and its time derivatives) with the Dirichlet boundary condition. This results in the higher
order boundary norms of 1y and vy in the constant C. The detailed arguments to can be found in Appendix A.

Remark. Note that #(0) = (0,0, 1)" and go = 6 when ny = Id. Thanks to this, the higher-order boundary terms of requiring
only the third component of 779 and v in the constant C. This agrees with the constant Cy introduced in [9, Theorem 2.3].

Remark. The initial data vy, b, 79 are the same for both o > 0 and o~ = 0 problems, but gg # ry since g = oHy #0onT.
Therefore, the initial data for the o= > 0 problem should be (770, vo, by, g ), Where gy verifies (1.18) for all o > 0 and g — ro
aso — 0.

1.3 Key new difficulties and comparison with the existing literature

1.3.1 Difference between Euler and MHD equations

The zero surface tension limit for the free-boundary (compressible) Euler equations is studied in [8], but the method developed
there does not apply to the free-boundary MHD equations. Their treatment depends on the assumption that 7 is 1/2-derivatives
more regular in the interior than v when passing o to 0. This can be done by assuming the vorticity is more regular initially>and
this extra regularity can then be carried over to i through the Cauchy invariance. However, in MHD equations, the coupling
between magnetic field and velocity denies the possibility of the higher regularity assumption on the vorticity and thus on 7.
This is due to that the Lorentz force (i.e., B - VB) in the momentum equation destroys the Cauchy invariance.

"'We cannot employ the Neumann boundary condition here since this would generate v (0).
%It is also well-known that in Euler equations, the extra regularity assumption on vorticity can be propagated to a later time.



On the other hand, we mention here that the zero surface tension limit of 2D Euler equations was established by Ambrose-
Masmoudi [2] but without vorticity. In this paper, we develop a unified framework for proving the zero surface tension limit
for both incompressible Euler and MHD equations in 3D, without imposing the irrotational assumption®on vy. That is, we can
recover the zero surface tension limit of the 3D Euler equations by setting by = 0.

1.3.2 Treating the higher-order interior and boundary terms
The aforementioned regularity issue prevents us from commuting & with the equation
v = (by - Y’ + Vag =0,

because we are unable to control the term generated when all derivatives land on A. Our method to overcome this issue is
to invoke the so-called Alinhac good unknowns for the leading order terms involving v and g (i.e., (2.1)). The structure of
these good unknowns is tied to the covariant differentiation in the Eulerian coordinates, and thus the higher-order term will not
show up. Nevertheless, the use of good unknowns alone cannot fully resolve the problem, as the surface tension introduces
higher-order boundary terms in the energy estimate (i.e., the integrals on the RHS of (2.2)). None of these integrals can be
controlled directly, but fortunately, we can overcome this issue by exploiting the structure of the equations as well as that of the
good unknowns to generate cancellation schemes. We refer to Section 2.1.2 for the detailed explanations.

1.3.3 Application to other free-boundary fluid models

The method developed in this manuscript is applicable to study the zero surface limit problem for Euler equations without the
extra regularity assumption on r. In particular, Theorem 1.3 yields the uniform-in-o- energy estimate for the free boundary
incompressible Euler equations by setting by = 0. Also, it is possible to adapt our method to study the zero surface tension
limit in other complex fluid models, where no extra regularity assumption can be made on the flow map 7.

2 Strategy of the proof and some auxiliary results

2.1 Proof of Theorem 1.3: An overview

2.1.1 Necessity of time derivatives

The energy (1.22) consists of mixed space and time derivatives, and this is required as a result of the estimate of the pressure
q. Specifically, we cannot equip the elliptic equation verified by g with Dirichlet boundary condition when o > 0 (see, e.g.,
[6, 17]). Instead, we should impose the Neumann boundary condition, which contains the time derivative of v and thus forces
us to analyze all the time derivatives of the variables v and b = (bg - 9)1.

2.1.2 Interior tangential estimates: Alinhac good unknowns and cancellation structures

The non-weighted full Sobolev norms are analyzed via div-curl analysis. The curl part can be controlled via the evolution
equation of the Eulerian vorticity. As for tangential estimates, if the tangential derivatives contain at least one time derivatives,
one may follow the ideas in our previous work [32, 16] to close the energy estimates and we refer to Section 6 for the proof.

However, when the tangential derivatives are purely spatial, we have to introduce the Alinhac good unknowns to proceed
with the energy estimates because we cannot directly commute 0> with the covariant derivative V4 falling on ¢ or v. Instead,
we rewrite the term 0°(V¢) in terms of the covariant derivative of the Alinhac good unknowns plus a controllable “error” term.
See Section 5 for the proof. This remarkable observation was first due to Alinhac [1]. In the study of free-surface fluid, it is
first (implicitly) applied to the Q-tensor energy introduced by Christodoulou-Lindblad [6]. Here, following [17, Section 4], the
Alinhac good unknowns of v and ¢ with respect to > are

V= 55\;—5577-VAV, Q= 55q—5577-VAq. (2.1)

Under this setting, it suffices to analyze the evolution equation of the good unknowns to derive the & -estimates.

3Physically, the Lorentz force twists the velocity field and thus introduces vorticity. In consequence, the irrotational assumption on the velocity becomes
inadequate in MHD equations.



Compared with the “o- = 0 problem”, the boundary integral appearing in the tangential estimates, which reads J :=
f A3*QV, dS, becomes very difficult because the top order derivative of the pressure 65(] no longer vanishes due to the
presence of surface tension. It contributes to

- f A¥FPgV,dS = - f 8 (A*q)V,dS + f g(@P AV, dS + f A3 - V4q)V, dS. + lower order terms (2.2)
T r T Tr

=: ST+ J; + RT + lower order terms,

Due to the presence of d3q, the term RT can be directly controlled by invoking the Rayleigh-Taylor sign condition and
a standard cancellation structure of the Alinhac good unknowns which relies on the simple identity 8,4 = —A¥@,v,A*
and also appears in the “o- = 0 problem”. This part contributes to the non-weighted boundary energy 16° n- ﬁ|(2) that exactly
controls the regularity of the second fundamental form of the free surface. The term ST contributes to the yo-weighted energy

| ooty - le2 after plugging the surface tension equation A>*q = —o y/gA,n® and integrating by parts, where the error terms can
be either dlrectly controlled or eliminated by using the structure of the good unknown V (e.g., (5.23)).

Finally, 8°A% in J; has the top order contribution 8677 X 817 that cannot be directly controlled. To overcome this difficulty,
we write A3 = (6171 X 627])” and use it to observe a crucial symmetric structure on the boundary, while the 2D version
of this symmetric structure was developed in [15] and plays an important role in the local well-posedness of free-surface
incompressible elastodynamics. B _

We illustrate the observation of symmetric structure briefly. By plugging A3® = (9,5 X d.n)® in Jy, the highest order terms
are all of the form

Ji1 :faﬂ(gsémxgzn)-gsvd&
r

which cannot be controlled directly. To resolve this, we re-express Ji; as

d i _ _ e _ _ e _ _
Ji = f(ﬁ{(aSamx don) - ndS — faﬂ(aSalvxam) -Pnds — fo—fH(aSam X 0yv) - 81 dS
T T T
- fa'aﬂ'((gsém X 5217) -5577 ds
r

d - _ _ _ _ N _ _ _
= f oH(@B8\n % 8n) - ndS + f TH(@Bv X 8m) - #01ndS + f a(8v x 8,(Hdym)) - 8ndS
Tr r r

A

- [ @ux 3 Faas - [ c0s@x T Faas
r r
Although we do not have control for U, by the antisymmetry of the vector identity (u X v) - w = —(u X w) - v, we have
@V X 8yn) - 801 = —(8°01n X Do) - v,

and thus A = —J;;. This implies
ld =55 3 =5
Jiu==— | oH(@I1nxdn)-IndS + ...
2dt Jr

Nevertheless, the first term on the RHS does not have a positive sign. In consequence, we need to control it by the +o-weighted
energy | Vod®n - Afj. To achieve this, we need to invoke the decomposition 6% = A%## + 7% = A"A + ¢'19,m,0 mp, where
7 denotes the unit Eulerian tangential vector, and use the vector identity u X (v X w) = (u - w)v — (u - V)W to obtain good
cancellations of the error terms. We refer to section 5.2.3 for the details.

Remark. The aforementioned cancellation schemes appear to be crucial when treating the higher-order terms ST and J;.
Nevertheless, neither of these terms would appear in the case when Alinhac good unknowns are not needed. For instance, the
good unknowns are not employed when proving the local existence of the o= > 0 problem with fixed ¢ in [16] since we do not
need to consider the energy E/(f) (defined in (1.23)). In addition to this, although the zero surface tension limit is proved in [8],
no good unknowns are required owing to the extra regularity assumption on 7.



2.1.3 Necessity of weighted energy and the control via surface tension

In the tangential estimates, especially in the boundary integrals, many terms have 5 derivatives weighted by the surface tension
coeflicients. Therefore, it is reasonable to include the weighted H>>-energy o E,(f) to control these boundary terms via the trace
lemma. To control the weighted higher-order energy o E,(f), we again do the div-curl decomposition, but no longer convert the
yo-weighted normal trace terms to the interior tangential estimates. Instead, we notice that the boundary energies contributed
by the surface tension in the non-weighted tangential estimates are exactly the +/o-weighted Eulerian normal traces with the
same order as those v/o-weighted normal traces. Hence, the energy estimates for E(f) = E(t) + o E(¢) are closed. The detailed
discussion can be found in Section 7.

2.2 The auxiliary results

In this subsection, we record some well-known results that will be used frequently (and sometimes silently) throughout the rest
of this manuscript.

2.2.1 Geometric identities

Lemma 2.1. Let 7 be the unit outer normal to (') and 7, NV be the tangential and normal bundle of (D) respectively. Denote
IT: T,y = N to be the canonical normal projection. Denote 6A to be 9, or 01, 62 Then we have the identities

. ATN

n:=non=m, 2.3)
IATN| =|(A™, A%, A% = g, (2.4)
MG =a%h, = 6% - g0kma0m, (2.5)
1Y =I13114, (2.6)
=A(m"Ir) =H o na®, .7
VEA® = \gg TIS0:0m" = \eg 0:0m" — gg g o am! 9.0 my, (2.8)
Ba(\BA") =B VB TTAT " + B8 ~ &g Dumidadin' 29
Oaty, = — 80 Dan A Oiryy, (2.10)
0i(V28") = V(g7 g" - 28 g™)dv ' oma, (2.11)

— . 1 .. oo — - _
a(+gg") =g (Eg”g” - g”‘g"’) (D01t Oumyy + Dprt' DO, (2.12)

=58k[

Proof. See Disconzi-Kukavica [9, Lemma 2.5]. O

Notation 2.2. We shall use the notation Q(d) and Q(dn) to denote the rational functions of 9 and d, respectively.

This Q notation allows us to record error terms concisely. For example, for any tangential derivative 94, we have 94 0dn) =
Q' (0n)040; 77 where the term O, (877) is also a rational function of dn. Also, recall that g;; = = 9, M0 and g = det[g;;] and
[¢"/]1 = [gi;1"". This means that g;;, g and g"/ are rational functions of 617 and so is II.

The following lemma will be employed frequently in the rest of this paper.

Assumption 2.3. In the sequel of this paper, we assume ||7lls, || Vorlls.s < No a priori for some Ny > 0, where Ny depends on
T and [inolls.5)-

This a priori assumption can be straightforwardly recovered thanks to n = 19 + fOT vdz.
Assumption 2.4. In the sequel of this paper, we assume the Rayleigh-Taylor sign function —d3g > 3 > 0 a priori in some
time interval [0, T]. This a priori assumption can be justified by using Sobolev embedding: One can later show that —dq is
Ci ([0, T] x I')-continuous and thus the positivity can be propagated to a positive time interval. See also [31, Section 5.2].



2.2.2 Sobolev inequalities
First, we list the Kato-Ponce inequality and its corollary which will be used in nonlinear product estimates.

Lemma 2.5 (Kato-Ponce type inequalities). Let J = (I — MY2 s > 0. Let f, g be smooth functions. Then the following
estimates hold:
(1) Vs = 0, we have
Iz < W llweriligllzre + N Nl lgllwsa:

, 2.13)
10°(Fzz < M s lIgllzez + [1f 2o gl s »
with 1/2=1/p1+1/p=1/q1 + 1/qx and 2 < p;,q> < o;
(2) Vs > 1, we have
I7°(f) = (J* g = F(I°DNr < 1fllwro llgllws-1rn + I llws-ra llgllyran (2.14)
forallthe 1 < p < p1,p2,q1,q2 <ocowith 1/py+1/pr=1/q1 +1/q2 = 1/p.
Proof. See Kato-Ponce [24]. O

The inequalities listed in the following corollary shall come in handy when estimating products in fractional Sobolev spaces.
All of them are direct consequences of (2.13).

Corollary 2.6. Let f, g be given as above. We have

Ifgllo.s < Nl fllosliglh.s+ss (2.15)

Ifglls < I1f1slIgllises + NNl sollglls, s> 1.5. (2.16)

Proof. (2.15) follows from setting s = 0.5, p; = 2, p» = o0, and q; = g = 4 in the first inequality of (2.13). (2.16) follows
from setting p; = 2, p» = 0, g1 = o and ¢, = 2 in the second inequality of (2.13). O

2.2.3 Elliptic estimates
We present the Hodge-type div-curl estimate, which will be adapted to study the full Sobolev norms of v and (bg - 0)1.
Lemma 2.7 (The Hodge-type elliptic estimate). Let X be a smooth vector field and s > 1, then it holds that

IXIE < Cldmllw Il (IXIG + 11Va - XI2_, + 1Va x XIZ_, + [0°XIi). 2.17)
— g | A~
IXIE < Cldmllw, Il2) (IXIG + 11V4 - XIZ_y + IVa X XIZ_, +16°72X - 2lf), (2.18)

where the constant C(Ilénllwl,m, ||77||§) depends linearly on ||77||§, and 7 is the unit Eulerian normal vector.

Proof. The first inequality is the same as Ginsberg-Lindblad-Luo [12, Lemma B.2]. The second inequality is identical to
Cheng-Shkoller [5, Theorem 1.6]. ]

Remark. Note that the inequality (2.18) does not require the bound for |7]|,, 1. Indeed, |I7l,, 1 is only required if we replace

s+3
the boundary term by |X - A]> | (corresponding to the inequality (10) in Cheng-Shkoller [5, Remark 1.4]) because in that case
s—3
8°~% may fall on /i = dn X dn.
Finally, the following H'-elliptic estimates will be applied to control || D*ql|; and || \/55% D4gl|; for D = g, or 0.

Lemma 2.8 (Low regularity elliptic estimates). Assume B*” satisfies ||B||;~ < K and the ellipticity B (x)£,&, > %Ifl2 for
all x € Q and ¢ € R?. Assume W to be an H' solution to

-0,(B"9,W)=divr inQ 2.19)
BY,WN, = h on 09,
where 7, div € L*(Q) and h € H™%3(0Q) with the compatibility condition
(m-N+h)dS =0.
Q.
Then we have:
Wl Svor llzllo + 12 + 7 - Nigs. (2.20)
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Proof. Testing the first equation of (2.19) with ¢ € H! and then integrating by parts, we obtain

f B9, W,y dy = - f n-Vgdy+ [ (- N+hydS <lalloliyll + |- N + hl-osl¢los. (2.21)
Q Q oQ
Because B is positive-definite, ||B||.~ < K and ¢ is arbitrary, this yields

10Wllo < llzllolledly + b - N + hl—o.51¥lo.s- (2.22)

Next, we need to control the L2-norm of W. Invoking Poincaré’s inequality ||W — WIIO < [lOW]|o with W = #(Q) fQ W dy, we
have

Wl ey 1Wlo + [ Way. (2.23)
Q
LetY = (y',O, 0). Then
f Wdy = fBHY"Wdy = —fylal"de <vol @ 18W]lo. (2.24)
Q Q Q
This concludes the proof. O

Remark. Lemma 2.8 is essentially [22, Lemma 3.2]. But we can drop the requirement on the smallness of ||B — Is||;~, where
I; is the 3 X 3 identity matrix, by invoking Poincaré’s inequality.

3 Elliptic estimates for the pressure and its time derivatives

In this section, we control the pressure g and its time derivatives. The estimates presented in this section are essentially the
same as the ones in [16, Section 3]. Our conclusion is

Proposition 3.1. The total pressure ¢ satisfies

4 3
D N05al + D INTdfqll s < PED). (3.1)
k=0 k=0

Due to the presence of the surface tension, we need to consider the elliptic equation verified by g equipped with the Neumann
boundary condition. We henceforth let Ayg := div 4(Vaq) = A**9,(A%,0,q). Taking div 4 in the second equation of (1.12) and
invoking the identity div 4v = div 4(bg - ) = 0 and Piola’s identity 4,A** = 0, we obtain

— Apg = =0, (A A ,8,q) = V5vgViv, — VS (bg - ) Vh (bo - A1 (3.2)

We define B = A¥A*,,i.e., B = AAT, then B is a real symmetric positive-definite matrix and thus satisfies the assumption
of Lemma 2.8. In particular, we have B33 > 1/K for some K > 0. Therefore, we can express two normal derivatives of g in
terms of < 1 normal derivatives of g plus the terms containing v and (by - 9)n via the following identity

1

2, —
6361—@

(V3vp)(Vava) = (Vib)(Vabe) = D 9u(B”8,9) - ;8" d,q|. (3.3)

H+V#EG

Repeatedly, one can reduce up to 5 normal derivatives of ¢ to the control of < 4 derivatives of v and (bg - d)n, and < 1 normal
derivatives of g. We denote these terms of ¢ to be || D*dglly where D = dor d,. Such tangential derivatives will be controlled by
using Lemma 2.8.

To control these tangential derivatives of dq, we first invoke the second equation of (1.12) to get the divergence form

— Ou(A"* A"40,9) = =0, (A" (Dv — (bo - ') in Q, (3.4)

with Neumann boundary condition
A A ,0,q = A**(0,v — (b - 0)*1))y on T. (3.5)

11



Now if we set
B = A™AF,,  hy := RHS of (3.5)

and
my = = (4@ — (bo - )’
then the elliptic system (3.4)-(3.5) is exactly of the form (2.19) and satisfies iy + 7o - N = 0 on I'. Invoking Lemma 2.8, we get

the estimate for ||gl|;
llglli < llmollo S P(No)(U0:vllo + 11(bg - D)mll1). (3.6)

Next we let ® = d or 9, be a tangential derivative and take ©* in the elliptic equation (3.4)-(3.5) . Using Piola’s identity
8,A" = 0, we can still write the D*-differentiated equation into the divergence form

- 0,(A" A" D4, q) = —0, (|44, D] 8ug) - 0,2 (A" (@ = (b - 91, 3.7)
with boundary condition

A A9, D = [A A, D4 9,uq + D (A*(Bv - (b - 9)*)s) . on T (3.8)

Similarly we define 7 := — [AV“A"", 94] 0uq — 4 (AV“(B,V —(bg - 6)277)(,) and h4 = Right side of (3.8). It is also straight-
forward to see that iy + 714 - N = 0 on T and x, div 7 € L? because the terms in 7 has at most 4 derivatives.
Then again by Lemma 2.8, we have

D%l < lixllo s PCE1(2) + PWNo)(ID*dgllo + 1D?dgllo + 1D8gllz + 10gll1)- (3.9)

We find that the terms involving g on the right side of (3.9) contain at most 4 derivatives. One can repeatedly use (3.3) to
reduce the normal derivatives to tangential ones, and then use H'-type elliptic estimates to make the order lower until only

ll0gllo appears. _
Similarly, one can replace D*q by +ord%>D*q and follow the same way as above to control || vod*qllss_x for 0 < k < 3, so

we omit these steps and finish the proof of Proposition 3.1.

4 Estimates for the non-weighted full Sobolev norms

We study the estimates for v, (bg - d)n, and their time derivatives in full Sobolev spaces. More precisely, we need to estimate
I9F VIS 1197 (bo - O)iflls_,  for k=10,1,2,3,4.

We will adopt the Hodge-type elliptic div-curl estimate (2.17) to the quantities above. Specifically, we will replace X by v
and 6%(by - ), as well as their o-weighted versions. For 0 < k < 4, using (2.17) in Lemma 2.7, we have

I65VI3_, s € (I Vorvilg + Il Vordiv adfvlly_, + llourl adfvIE_ + 118 *95vIR) (4.1)
16 (bo - D)pllzs_ < € (11(bo - A)rpllg + lidiv a0 (b - D)plly s, + llcurl 0 (b - D)plly s + 16K (bo - i) (4.2)

where the constant C = C(|0]y1., Inli2_,) > O depends linearly on [|nli2_, .

4.1 Divergence estimates

First, we treat
lldiv OvI5 . Ildiv df(bo - Ol k=0,--- 4.

We recall that div 4 X := A¥*9,X,. When k = 0, since div 4v = 0 and div 4(bo - ) = 0. When k > 1, we differentiate the
div-free conditions in time and get

div 40fv = 95 (div av) — [0F, A**10, v = —[0F, A" 10, Ve,

: k k 1 (43)
div 40, (bo - 9)m = — [0;, A**10,(bo - D)o

12



We notice that the right side of (4.3) only contains < k— 1 time derivatives and the highest order terms contains 4 derivatives.
Thus, in light of the Sobolev product estimate (2.16), we have

k-1

T
Idiv A97 I3 + lidiv 48 by - Dyl < P Z|I77|I4,I|6§VII4_,~,||0§(bo~0"')77|I4_i]SP(El(O))+ f P(E\0)dr.  (4.4)
i=0 0

4.2 Curl estimates

In this part we aim to control ||curl Ac’)fv||4,k and ||curl Aaf(b(, -0)nlla— for 0 < k < 4, where we recall (curl 4 X); := €17,A*70,X7.
Applying curl 4 to the second equation of (1.12), we get

Oi(curl 4v) — (bg - 0) (curl 4((bo - 9)n)) = curl 54v + [curl 4, (by - D)](bg - )y := F, 4.5)

where (curl 5,4v), 1= €1700;A#73,X". Now, when k = 0, by taking 0* to (4.5), testing it with 0*curl ,v, we have
dl1
= f 0% curl 4v* — f (@*curl 4v) (b - 6)8* (curl 4((bo - A))))
dt2 Jqo 1)

= f ([54,(1)0 -d)]curl 4(bg - d)n +a4¢) (&*curl 4v). (4.6)
Q

Since bg = 0, we integrate (bg - ) by parts in the second term on the LHS:

- f (@*curl 4v) ((bo - )0* (curl a(bo - ) = f (bo - 9)(@*curl 413" (curl 4((by - A)n))
Q Q

= f d*curl 4((bg - d)v)d*curl 4((bg - ) — f ([8*curl 4, (bg - 3)]v)d*curl 4((bg - D). 4.7)
Q Q
Here, fQ d*curl 4((bg - 0)v)d*curl 4((by - d)n) contributes to
41 f 8*curl A((bo - D)) ~ f gcurl (o - D)m)d*curl 4((bo - O)n). (4.8)
dt2 Jg Q
Therefore, (4.6) becomes
il 4 2 f 4 . 2
dt2( fg 10*curl 4% + Q|a curl 4((bo a)n)|)
= f (16*, (bg - O)leurl 4(bg - D)y + 3*F ) (9*curl 4v) (4.9)
Q

+ f ([0*curl 4, (by - 8)]v)d*curl A((bg - A)n) + f d*curl 5,4((by - d)ym)d*curl 4((bg - A)).
Q Q
Now, because

15 < lleurl 5,4vI[3 + lI[curl 4, (b - 8)1(bo - d)mllz < P(lIbolls, lInlls, Vs, lI(bo - A)alls),
it is not hard to see that the terms on the RHS of (4.9) can be controlled by P(E(¢)). Therefore,

llcurl 4|13 + llcurl A(bo - A)nl3

T T
< f PEE()). (4.10)
0 0

The estimates for the cases when k = 1,2,3,4 follow from a parallel argument: By taking 8**0* (or 8*37%6F) to (4.5),
testing it with 3**6*curl 4v, the energy estimate then yields

4 T
> (lteurl 48vIE_ + llcurl 4(by - ) nIl_) < P(EL(O)) + f P(E(t)). (4.11)
k=1 0

Finally, given (4.10), we obtain

4

T
(lleurl 48VI2_, + llcurl 4(bo - DFIE_,) < PE1(0)) + f P(E/(1)). 4.12)
k=0 0
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S Tangential estimate of spatial derivatives

By (4.1)-(4.2), we still need to do the interior tangential estimate. In this section, we would like to do the &°-estimates for v and
b = (by - 0)n, i.e., the control of tangential spatial derivatives.

5.1 Interior estimates: Alinhac good unknown

However, we cannot directly commute §° with the covariant derivative V, because the commutator contains A =00y xdn
whose L? norm cannot be controlled. The reason is that the essential highest order term in_65(VA f), i.e., the standard derivatives
of a covariant derivative, is the covariant derivative of Alinhac good unknown f := & f — 8-V f instead of the term produced
by simply commuting &> with V4. Specifically,
PV = Vi@ ) + @AIf +16°, A", 9, f]

= V4@ f) — 8" (A" 8, AP, f + [8°, AM, 3, f]

= V4@ f) — AP*0pd 1, AP, f — (18", APY AP100pm, )0, f + [0°, A", 0, f]

= V@ [ = A8, + P, Vi(Vyg) — (10", A AP100pm,)0,f + 19, A", 0, f1,

=vet =:C(f)

We introduce the Alinhac good unknowns of v and g with respect to & by
Vi=v-8n-Vav, Q:=8q—01n-Vaq. (5.1)
Then direct computation (e.g., see [17, Section 4.2.4]) shows that the good unknowns enjoy the following properties:
& (Va-v)=Va - V+CO), 8(Vaq) =94Q+C(g) (5.2)
=

and

ICHllo < PdinlisIA - (5.3)

Under this setting, we take 8 in the second equation of (1.12) and invoke (5.1) to get the evolution equation of the Alinhac
good unknowns B B B
0,V = =V4Q + (by - 9)(@(bg - O)n) + 8,(0°n - Vav) — C(g) + [8°, (bg - )1((bg - D)) . 54

=:fo

Taking L*(Q) inner product with V, we get

1d —
33 [Py == [ 9.0 Vay+ [ (b0 0@bo-am)- Vays [ Ve (5.5)
2dt Jo Q Q Q

where the last term can be directly controlled:

ffo - Vdy < P(Inlls, [IVlls, 19:vla liglls, Ibolls, l|(bo - nlls) < P(EL (D). (5.6)
Q

Then we integrate (b - d) by parts in the second integral of (5.5) to produce the tangential energy of the magnetic field
(bg - 9)n. Note that since by - N = 0 on 0Q and div by = 0, no boundary term appears in this step.

[ (0 0@ by 0m) - Vay = = [ @bu-a)- -3V dy

=- fQ (@ (bo - 9)) - (bg - A)(E°d,m) dy + fﬂ (@ (bo - O)m) - (bg - (@1 - Vav) dy

1d

(5.7)
—= 55 | [P0 -omf + [ @bu-a0 . 0011+ o @ Tava) by

2dt
1d

_ 2
<1 fﬂ [y - o[ + PEI@).
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Next, we analyze the first integral of (5.5). Integrate by parts, using Piola’s identity d,A#* = 0 and invoking (5.2), we get

- f VaQ-Vdy = f Q(Va-V)dy- fA3"QVa ds— | A*QV, dS
Q Q r
N—— —

Ty :/0
= (5.8)
=- f QCw)ydy +J < QIblICWIlo + J
Q
< P(Inlls, liglls, Vlls) + J,

where the boundary integral on Iy vanishes due to 77|r, = Id and thus A%V, = 3 v3 = 0. Therefore, it remains to analyze the
boundary integral J.

5.2 Boundary estimates and cancellation structure

The boundary integral now reads
J=- f AQV, dS
r
=- f A¥F gV, dS + f A0 - Vaq)Vq dS
r r
= RT 5.9

4
_ _ 5\— _
= fr AV, dS + fr g(@ AV, dS + fr Z( k)as_kAh(')quQ dS + RT

k=1

=:ST
=:ST+J,+J,+ RT.
5.2.1 Non-weighted boundary energy: Rayleigh-Taylor sign condition

The term RT and the Rayleigh-Taylor sign condition yield the non-weighted boundary energy. Recall that V = Bv—8°n-Vyv,
then we have

RT = f AP AP 0390 v, dS
r

_ fAS(YESnﬁA3ﬂaSq55nyA”yaﬂva ds
( (5.10)

2
+Z f A¥ S nsAPH,9(D vy — 81 - Vavy) dS
i=1 YT

=:RT; + RT, + RTs.
The term RT; gives the boundary energy term by writting v, = 91,

RT,

f AN nﬁAw 8390,0°n, dS
r

1d -

- __= _ A3a 5
3T fr( (’33q)| 1o
1d -
= - -— [ (-039) |A**0n,

> fr( 36])| n

The term RT), can be directly controlled by

2

ds .11

2 _ _ 1 _
ds + f O A AV G 1503497, dS + 5 f 6,33q‘A3“05na
r r

2
dS + RTy; + RTy».

— 2
RT; < 10:03qli |A> 014 o S PEL@). (5.12)

The term RT}; is exactly canceled by RT; after plugging §,A%* = —A%7§,,v, AH®:

RT}| = - f A 9,0, A" AP 1303901, AS = — RT,. (5.13)
r
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Finally, invoking g = =0 /gA.n - 71 = o Q(0n)8*n - A, we can control RTs by the weighted energy and trace lemma
RT; =0 f AP AP QO - AN Ve — 8- Vave)dS
r

< P00 = | VT8 nlo(| Vo d v + | Vo nlolVavirs)
< P(Inla)linlls 1| Vornlls sl Vorvllss + 1| Vornllsslivils)
<VOEN(NoE>+ VE, VOE3)

(5.14)

< P(E\(D))(TEx (D).

Summarizing (5.10)-(5.14) and using the a priori assumption 2.4 and A3 = 4/gi”, we conclude the estimate of RT by

T co - ) T
f RTdr 5 - 2[5, [ + f P(E () (o Ea (1)) dt. (5.15)
0 4 0 Jo

5.2.2 Control of the weighted boundary energy: surface tension

Now we analyze the term ST, where the surface tension gives the vo-weighted top-order boundary energy. Invoking A3?q =
—0 /88" 0,0, we get

ST = a'f \/Egijﬁ”ftﬁgsgiamﬁ(gsva - 5571 -Vave)dS
r
+50 f (Ve )3 3,0 g8 ve — 81 - Vavy) dS
Tr
7 f & (V2g i 10,0 mp(0 ve — 81 - Vave) dS (5.16)
T

4 5\— N e _
+ Z o fr ( k)ak( VS 80 mp(@ v — 071 - Vave) dS

k=2

=: ST, + ST, + ST; + STy.

The term ST, can be directly controlled with the help of +y/o-weighted energy:

STy < 1010°( Vg A" W)= | Voo & mlo(| Voo vl + [ NTd nlolV avli)
+ 1010°( V88" a W) 1| N0 3, gl I NTO Vo + | N0 nlol Vaviz~)

— . — — — (5.17)
+ 5|V d* (Vg a® #P)1ol0d}ngl~ (| VT @ Vio + | Voo nlolV avli)
< P(E\(D)(0Ex(D).
In ST}, we first integrate o by parts:
ST, 2 - O-f \/ggijﬁaﬁﬁgsgjnﬂgi(gsva - 5577 < Vave) dS
r
3 5@ ABYAST 4 (S 25 (5.18)
—o | di(~/gg'n )0 Omp(@ve — 0’1 - Vav,)dS
r

=: ST11 + ST12.
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In STy, we write v, = 9,1, to be

STy = - o-f @gi‘jﬁ“ﬁﬁg‘st_?jnﬁgi(gsﬁ,na —5577 - Vave) dS
r

od G msT A\ [(R5T A o iiFSE . A TST L A
= _EEfr \gg" (658,-77 . n) (856j77 : n) ds - 3 fr Vg0,87(9m - 1) dm - 7t) dS
+o fr 270,( g dma (8’8 - 1) dS + o fr Veg i 58 im0 n, A 9,v, dS

=A3@
+o f Vg8 R W80 mp) @ n - 0/(Vava)) dS
r
=:STy11 + STz + STiz + STis + STys.

The term ST);; produce the weighted energy term because +/gg'/ is positive-definite

T 1 —6 21T
f STlllS—§|\/g'377'ﬁ
0

0lo

The terms STy, and ST ;s can be directly controlled
\/55677 )
\/556)7 i

Z < P(E((D)(0EA(2)).

ol Vallss s PIE(()(TE(1)).

STi12 < 1vg0:8" |~

STy15 < | \/§gij5(VA V)l

In STy3, we use (2.3)-(2.4), i.e., /g = A3 and §,A* = —A%8,v,A"" to produce cancellation with ST} 4

ST] 13 = —0'fgijA3y8HV7Aﬂ0555iT]a(555j7] . fl) ds = - ST1|4.
r

Summarizing (5.19)-(5.23), we conclude the estimate of ST;; by choosing & > 0 sufficiently small

T O e 2T T
f ST di < -2 ‘aSan A ]+ f P(E\(1))(0Ex (1)) dt.
0 2 0o Jo

Next we control ST,. First, we have
STz = = [ GGG T T v, ~Fn- Tavs) dS
- a'fr \/Egijﬁ”(giﬁﬁ)gsgjnﬁ(gsva - 5517 -Vave)dS
=: STyp; + ST2.
The term ST can be directly controlled
STi21 < 19i(V88 M= Nad°n - flo(| VT & Vo + | VT & ol Vavlz=) s P(EIONTEa ().
To control STy, we first integrate P ; by parts.
ST = -0 fr Ve (@) 1pd j0° vy dS
+o fr Vg (@) 10 j6° 1, (A" 3,v,) dS
+o fr Veg i (9,;i%) 1p8° 1,0 (A" 3,v,) dS
to j; 3,(\Eg A 9)O np(ve — 811 - Vave) dS

=: STi221 + STi222 + STi223 + STio2s.
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(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)



The term ST5,3 can be directly controlled by the weighted energy
STi223 + STio24 S P(E1(D))(TEx(1)). (5.28)

To control ST, we write v, = 87, and then integrate 9, by parts under the time integral. When 0, falls on /gnh® = Ade,
the cancellation structure analogous to (5.23) is again produced.

T T
f STy dr L o f f 0,8 B )@, naA") dS
0 0 T
T o _ _
+o f f (=AY 0,0, AP g0, 1150071, dS (5.29)
0 ) B )
9,(+/gh")

T —_—
< f PE\0)(IVovllss + | Vorlls )| Vord®n - flg di + (= STia22).

0

Therefore, ST, is controlled by

T T
f STy di < f PE/ ) Ea(1) dr (5.30)
0 0
which together with (5.24) and (5.26) gives the control of ST
T o (- 2 T T
f ST, dr < —Ef|66n-ﬁ ds +f P(E(t))(cE> (D)) dr. (5.31)
0 r 0 0

It remains to control ST, and ST3 in (5.16). From (5.18), we find that ST, has the same form as ST;,, so we omit the
analysis of ST, and only list the result

T T
f ST, dr < f P(E\(0))(0E (1)) dt. (5.32)
0 0
As for ST3, we have
ST; =0 f Veg i ()80 mp(8°ve — 81 - Vavy) dS
r
+o f Ve (@A)t 0:0 mp(0°ve — 81 - Vave) dS
r

+o f P (Vg WP 0:0mp(8ve — 81 - Vava) dS (5.33)
T

4
+ Z o f 3 (\3g")o* K #P)8:0 mp(@ v — 0°1 - Vave) dS
k=1 r

=:ST3; + STz, + STs3 + STyy,

where ST34 can be directly controlled
STay < Pnlys=)| Vomls( VT8 vlo + 1 VTG 1ol Vavle) < PIE(ONCER(). (5.34)
To control ST3; and ST3;, we need to invoke (2.10) to get
Fa" = -0 (gkl(%kﬂ : 'Al)gm“) = —g"(@dn - Wam" - [8*, 8" m"100kn - ),
and thus plug it into ST3; and ST3;:
STy =-0 .fr‘ V28 g (@ an - MO 9:0 mpha(ve — 80 - Vave) dS
—o fr V28" (1", 810" 100k - 7)) 8id mpia (8 ve — 31 - Vava) dS
< P(E\()INTn - flo(| VT8 Vlo + | NG 1lo|Vaviz)

+ P(E\ (1) N & nlo(| Vad v + | Vo nlolVav=)
< P(E\ (D) (T Ex(t)),

(5.35)
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and similarly B B B
ST32 < P(E1(£)| Nod®n - illo(| VT d Vo + | Vad nlolVavlzs)

+ P(E\ (1) N @ nlo(| Vad v + | Vo d nlolVavlr=)
< P(E(0))(0Ex(D)),
For STs3, we use the identity (2.12) to get

— L. 1 .. 00\ —e— — — Y
(Vgg") = g (Eg’fg“ - g’kgf’) (@ D' By, + O 3 0m,)

64 817]#( gug lk Jl)}ﬁ@n +

& 6k77“( gg" g""g"’)]%mﬂ,

2
R33

and thus |
STys =0 f @(Egijgkl ik ﬂ) (8t Omy, + Ok P m )N P 0:0 mp(8ve — 81 - Vave) dS
r
+o f RLA8,0 mg(@ vy — 81 - Vave) dS
r

= ST33] + ST332.
The term STi3, can be directly controlled

STaz < P(E\(0) Vorls(INT Vo + | Vo @ nlol Vavize).
In STs3;, we should first integrate the derivative 5k in 5551(17“ (resp. 51 in 555177”) by parts

1 .. ——  — —
STs31 :—Uf\@(igugkl % 11)3577"3/77;1 70,0 mpdk(0°ve — 071 - V4v,) dS
r
1 ..
—o-f\/g(—g”gkl ik ﬂ)akn”ainﬂwnﬁ()6Inﬁé)1(65va—8577 Vave)dS
—crfak( ( gg" - g* ”)Hmf"nﬁﬁc?mﬁ)a%”(asva °1 - Vave)dS

—afa,( ( —glgkl — gtk ﬂ)@kn,l ”nﬁaa,nﬁ)aW(a Vg — & n-Vave)dS

=: ST3311 + STa312 + ST3313 + ST3314,
where ST3313 and ST3314 can be directly controlled

ST3313 + STs314 S P(E\(D)(TEx (D).

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

For ST331; and ST3312, we need to write v, = 9,1, and then integrate 9, by parts. For simplicity, we only show the control

of ST3317.
fO‘T STs3p1dt = —0']:]; \/E(%gljgld % ﬂ)3577”3177;4wﬂﬁéigjﬂﬁékgsaz% ds
+0_j:ﬁ Vg(%g’jgl‘l ik ﬂ)asrf’amﬂ o, 8jn38k65nyA”76 Ve dS
+0'f0Tfr \/E(%gijgkl k 11)8577”8177;[ *585.0 6,77[;8 n- 0k(V4vy) dS
2o fo ' fr @(% gt —gl"gﬂ) TV 00,0 1580 1a7") S

1 _ —
r(i gk —g’kgf’)aSnﬂampat( VSR 0;:0 111501071, dS

‘o f f
T 1 .. o\ = __ _ __

+o f f Vg0, ((Eg”gkl—glkgﬂ)(9mﬂﬁﬁ(9,-6jnﬁ)857]”(ﬁ"6k(95na)dS +(5.42) + (5.43).
0 r
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(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)



Note that 9,A(/gh®) = A% = —AY§,v,A", we know (5.45) + (5.42) = 0. Then the remaining quantities (5.43), (5.44)
and (5.46) can all be directly controlled

T T

(543) < fo | NFRRPE (D) < fo PEVO)Ex(1) di, (5.47)
T T

(5.44) < fo NGEn - o] Vais P(EL (1)) < fo P(E\(0)(oEx(1) dr. (5.48)
T T

(5.46) < fo NGFn - ol Vanls PEEL (1) < fo PE\()) 0 Ex(1) dt. (5.49)

Combining (5.37)-(5.49), we get the control of ST33
T T
f STs3dr < f P(E|(0)(0E, (1)) dt, (5.50)
0 0
whic together with (5.34), (5.35) and (5.36) gives the control of ST3
T T
f STsdr < f P(E|(0)(0E, (1)) dt. 5.51)
0 0

Finally, (5.16), (5.17), (5.31), (5.32) and (5.51) gives the control of the boundary terms contributed by the surface tension as
well as the y/o-weighted boundary energy

T | —
f STdts—fﬂaﬁnﬁ
0 2 r

5.2.3 Control of the error terms

2 T T
as| + f P(E,())(0Ex (1)) dr. (5.52)
0 0

It remains to control J; and J in (5.9). Note that g = —0 +/gAgn -7t = O'Q(ET])EZU -7t on the boundary and A3 = 5117 X 527]. The
term J; can be directly controlled

J, =50 f G*A3(QONI* ) (D vy — 81 - Vave) dS
r
+ 100 f AN (QON)*N)(ve — 81 - Vavy)dS
T
+ 100 f BPAP (OO N)(D vy — 81 - Vave) dS
+50 f DA™ G Q@M@ - W)@ Ve — 81 - Vava) dS
r
< P(9nl)i0nl (INonls + 1 Vod®n - nlo) (1 Vo vy + | Vod nlolVavi-)
< P(0nl)i0nl= 10Vl (VEL + Vo Ea) NoEy < P(EV()(TEa(1)).
The control of J; needs more delicate computation. Recall that A3 = (5177 X 527])“, we have that

Ji = f o H@ 8,0 % Byn) - F0m dS + f o H @ x 5 Ba) - 50 dS
r I

- f o H (881 % dm) - (60, A"8,v) dS — f o H(@1n x 3 dm) - (61,41 8,,v) dS
4r r (5.54)
+ 3 [ oH@hnxT G- @r-Fy- Tanyas
k=1 YT
= Ju+Jp+Jiz+Jis+ Jis.
Again, the term J5 is directly controlled by the weighted energy

Jis < P(E((D)(0Ex(2)). (5.55)
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Below we only show the control of J;; and J3, and the control of J;, and J4 follows in the same way. For J;;, we integrate 9,

by parts to get
T T _ _ _ T _ _ _
f Judr=- f f(ﬂ{(aﬂalv X 0an) - °ndS — f faﬂ(BSam X 02v) - 1 dS
0 0 T 0 T

! =53 > =5 =55 > =5 ’ (5.56)
- TOH(P o X 0n) - PndS + | oH(@ 01n X dan) - 3" ndS
o Jr r 0
= Jin +Jiz +Jus + s
Next we integrate d by parts in Jy1; and use the vector identity (u X v) - w = —(u X W) - v to get
a (" = 7 ==
Jin :‘f fw{(a%xam).ala%ds dt
o Jr
T L _ _ T _ . _
+ f faam(a% X 0h) - ndS dr + f fo‘ﬂ(ésv X 010,1) - 81 dS dt
o Jr o Jr
T
= —f faW(aSam X dpn) - v dS dr
o Jr (5.57)
= [ Judi
T L _ _ T _ . _
+ f fcraﬂ{(é’sv X dyn) - P ndS dr + f fo‘ﬂ(ésv X 8,0,1) - #ndS dr
o Jr o Jr
T T
<= [Cawars [ pE@NEW)
0 0
Therefore, we have
T 1 T
[ andrs o nn a0+ [ PE@@ED @ (5.58)
0 0

Next we need to control Jy4 by Py + P(E1(T))(cEx(T)) fOT P(E|(1))(cE»(1)) dt. For that, we need the following identity

5(Yﬁ = ﬁaﬁﬁ +gij5i7705jf]ﬁ,

which yields
Jig = fo‘ﬂ(gsgm X gzﬂ)aﬁaﬁﬁgsnﬁ ds + fO'(]‘((ESEIT] X gzn)(,gijginaaﬂ]gésf]‘g ds (5.59)
r r .
=:J141 + J1142.
In Jy14; We integrate ] by parts and use e-Young’s inequality to get
Jiar 2 - f TH (B 7 X 8:3)ah°0,8° 15 dS — f a0 (HA W Dn)8ndn dS
r r
< P(No) (| V& lol Vord®n - g + o0 nl3) (5.60)

T
< el Vod®n - Al + P(No)orlinll3 s < &l Vad®n - Al + P(Np) (cr||no||§_5 + f vl 5 dr),
0

where the first term on the right side can be absorbed by E(¢) if we pick & > 0 suitably small.
In Jy142, we notice that the integral vanishes if i = 2 due to (0°01m x 02m) - Oon = 0. If i = 1, then it can be controlled in the
same way as Jyj4

Jita = f0'71(555177 X 8a1) - iy gljgjnﬁésﬂﬁ s = - f‘ﬁf (817 x 8am) -1 8”5/'778557715’ ds
r roo———
svsn (5.61)
T
< P(No)| Nad>d1m - ol Vo dnlo < &l Vord®n - i} + P(No) (0||T]o||§,5 + f allv®li3 dt).
0
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The term J;3 can be controlled in the same way as J;14 so we omit the proof. Thus we already get

T
Jiz +Jis S P(E(T))J; P(E())dt. (5.62)

1
It remains to analyze EJ 112 which should be controlled together with J;3. Again we have

1 1 (T —— = - 1 (7 —— ==
52 =5 f f TH(@ 01 X 02v) AP dS + 3 f f TH(D 011 X 02v)08"0m"0 01 dS
0 r 0 r

2 (5.63)
=0 Jiz1 + J1122,
and the control of J;;»; follows in the same way as (5.60) by integrating d by parts
T
hn s [ PEG@ED) (5.64)
0
For J112; we need to do further decomposition
1 (T - - e
Jio =~ > f fo'ﬂ(aﬂl X 02v)ag" 0’0170 g dS di
o Jr
1 (T - - —— o
=—= A X 0av), WA 0114 870 P& 1 dS dt
2]; £M<( 11X 02v), A"A"0°01n )g o (5.65)
1 T - - - U
-3 f f T H (@i X 2v), 8" B Oy 801110 ) 870 10 dS dr
o Jr
= Ji221 + J11222,
where J}12;; is directly controlled by
T o _ T
D 5 [ PEOINGT - i NGT o< [ PEWD) + 0B (5.66)
0 0

In Jy1222, the integral vanishes if i = k, so we only need to investigate the cases (i,k) = (1,2) and (i,k) = (2, 1), which
contribute to

s — _ - = -
Jion = - zf f0'7‘{ ((3177 X (92V)78213277y3177“(953177a)81](9;"7665% ds dr
o Jr

T
[ [[ (@ s 5175 T I T Fas a
0 r

1
2 (5.67)
1
2

T
=— f fo-‘H (((9177 X dpV) - 6277) (gzzc?m . 856177> (gljajr] . 6517) ds dr
0o Jr
1 (T _ - - — —
+ 5 f foﬂ‘{ ((8177 X 0pv) - 627)) (g”@m : aSam) (ngt')jn : 8577) ds dr.
o Jr
Next, we analyze J;3. First, we do the following decomposition
> nyA"0,ve = & nﬁﬁﬁ A" 0,v, + & nﬁg’j om’ o iy AR O,ve
—_——
="
=8 nﬁfzﬂ A" 0, v, + > nﬁg’j gir]ﬁgjva,

and thus

Jiz = f TH@d1n X o) - (B npiPi, A7H,v) dS + f TH @ d\n x dum) - (8 npg 8P v) dS (568
T I .

= Ji31 + Jiz2.
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The term J;3; can be controlled similarly as Jj4; in (5.60), i.e., integrating 51 by parts,
Ji31 S P(E1(0))(0E>(D)). (5.69)

In J132, we need to do further decomposition

Tz = f TH(@E°01 X D)y A" (D 1pg DD va) dS + f TH@ d1n X 0:m)y &0y O (@ pg 01’0 v.) dS 5.70)
r r .
= Ji321 + J1322.

_ The integral in Jy32; vanishes if k = 2. When k = 1, we again use the vector identity (u X v) - w = —(u X W) - v and invoke
(01m x 8%n) = /g to get

Jizn = f oH (@011 X 02), 8" 0117 O (0 npg” O djva) dS
r
=- fcr?(((ém X ,1) .555],])gugma@snﬁgijgﬂfgjva) ds (5.71)
r
< \/5555177 - 7ol ‘/5557]|0|7-{ g2577 577 MW= < P(E1())(0Ex(2))

We recall 71, = \/§‘1(51n X Ezn)y and use the vector identities (uXv)-w=—(uxw)-vandux (vXw) = (u-w)v—(u-v)w
to get

@811 X 3ym) - (0111 X Ba1)) = = (B9 X (D1 X 6a11)) - Do
=~ (@3 n-02m) Bin-8am) +(@d\n-in) (Ban - Fam))
S——— ~—
=gin=—(detg)g'? =gn=(detg)g"!

Plugging this into Jy3; yields
Jiz1 = f T H(@ 1 x dan) - (1 - 0am) g~ A (D 118" D3 v,) dS
I
- f o H(g" B - FBin)5 B - Bn)@;vah V3 dS
T

= f o H(g"dm - 891m)(g"'dm - n)(@1v - (Bin x ) dS + f o H(g"dm - 83 1m)(g¥dm - 8 n)(@2v - (8117 X dam)) dS
T T

= Jizn + 13212

_ (5.72)
Integrating 9, by parts in Jy3511, the highest order term is the same as Jy3p;; itself but with a minus sign. Therefore,
1 _ e -
Jam = f (@B - P& B - B (HByv - By x Do) dS
2Jr (5.73)
< |No@ g P(0nl=)(16°7 0vIL=) $ PE(D)TE(7)).
Now Ji3012 reads
Jiaan2 = — f o H(g"dm - 80n)(g*dm - Fn)(01n X 8yv) - o) dS, (5.74)
r
which together with (5.67) yields that
1 e e -
Jio22 + J13212 = — 3 fo‘?[(g”ﬁm 0201 (g% - ) (B1n X Bav) - Fam) dS
r (5.75)

1 _ e
-2 f o H(g" B - T B - B3 (@ X Bav) - By S,
I
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and thus integrating d by parts in the first integral yields the cancellation with the second integral due to the symmetry
1 - - . - - -
Jin +Jim2 = 5 fUW(al(gllam) -7 0m - (011 X B,v) - Bam) AS
r

1 e -~
v f o H(g" B - P )@,(5¥Fm) - F)(@in X Bav) - Bap) dS
r

(5.76)
1 _ . - _ _ _
+ 3 f(r?*((g”ﬁm - Pn)(G* 0 - n)d1 (011 X Byv) - Brn) dS
r
S |NT g P(E (1) < P(E1(D)(TEx(D)).
Summarizing (5.54)-(5.56), (5.62)-(5.66), (5.68)-(5.76), we conclude the estimate of J; by
T T T
f Ji1dt 5 P(E\(T)(cEx(T)) f P(E, (1)) dr + f P(E\()(0Ex(1)) dt. (5.77)
0 0 0
Finally, combining (5.9), (5.15), (5.52), (5.53) and (5.77), we conclude the 55—boundary estimate by
T co I= ) o 5 T T
f Jdr < 7 |8577 ¥ ) |0677 ¥ o + P(El(T))(O'Ez(T))f P(E(t))dt + f P(E(t))(0E, (1)) dt. (5.78)
0 0 0

5.3 Finalizing the tangential estimate of spatial derivatives

Summarizing (5.5)-(5.8) and (5.78), we conclude the estimate of the Alinhac good unknowns by

—, T T
IVIE+ [0 -] + S PAvolly) + PET)(E(T)) fo P(E (1) dr + fo PE(O)NCED)dr. (5:79)

2
0

|56n )

Finally, from the definition of the good unknowns (5.1) and 557]| =0 = 0, we know
p— p— T p—
17V < VDG + 1P n(DIGIVAVTIZ < IV(DIIG + P(E((T)) f [ERYGIE:
0
and thus

A

2 T |56
0+5'6 n-n

_ _ _ T
IG5 + 118°bo - Oyl + 5 3% - S Plvolls) + PE(T)(@EA(T) fo P(E\)(@Ex0)dr.  (5.80)

0l

6 Tangential estimates of time derivatives

Now we consider the tangential estimates involving time derivatives. Due to the appearance of time derivatives, we no longer
need the Alinhac good unknowns thanks to the fact that A has the same spatial regularity as d,A. Instead, we adapt similar
techniques developed in our previous work [32] to reveal the subtle cancellation structure and +/o-weighted energy terms on
the boundary.

6.1 Full time derivatives

First, we do the §7-estimate which is the most difficult part in the tangential estimates of time derivatives. The reason is two-fold

e We do not have any estimate for the full-time derivatives of g,
e The full-time derivatives 8v and d>(bo - d)n only have L? interior regularity and thus have no control on the boundary
due to the failure of the trace lemma.
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From the second equation of (1.12), we have

1 5112 1 5 2T
SN92IG + 31107 (bo - Al
0

T
= (A" H,q) v, dy dt
fofgf( 1 q)0; Vo dy 6.1
=:1

T T
+ f f (bo - )35 ((bo - ") v dydt + f f 3 ((bo - B)v) - 83((bo - D)) dy dr.
0 Q 0 Q

It is not difficult to see that the second integral cancels with the third one after integrating (by - d) by parts. Therefore it
suffices to control / that reads

T T
I=- f f AP 30,0 v, dydt — 5 f f O,A"0}0,q0) v, dy dt
0 Q 0 Q

T T
- 10 f f 07 A" 320,q0} v, dy dt — 10 f f 3; A" 379,907 v, dy dt
0 Q 0 Q

6.2)

T T

-5 f f 3} A" 8,040} v, dy dt — f f 3;AM,q0} v, dy dt
0 Q 0 Q
==Lh+hL+L+14+15+ 1,
where I ~ I5 can all be directly controlled
T
L+-+15 5 f P18 Vllo, 167, 8¢ qll1. 116; v, 8} qll. 107 v, 87 qll. 10:v, B,q. v, g, 7ll3) di (6.3)
0

For I, we integrate d,, by parts and then invoke the surface tension equation to get

T T
I =- f f A¥F v, dS dr + f f AP 3 40,07v, dy dt
0 r 0 Q
T T
=- f f R A9, dS dt + f f PA gD v, dS dt
0 Jr 0o Jr (6.4)

4 T T
5
+ § f f 8 A8 q0] v, dS dr + f f AF33 8,82V, dS dr
=1 k) Jo Jr o Ja

=11+ 11p+ 113+ L14.

Apart from I;;, the most difficult term is /;, since 6,51/ cannot be controlled on the boundary. However, to produce a
cancellation, we can integrate d,, by parts in /5. Invoking Piola’s identity and the boundary conditions on I'y, we have

0, T !
Ig 2 — f f A qd v, dS df + f f 0} AM G, 8, v, dy d
o Jr o _Je

(6.5)
=g
=- 112 + 161-
Next we control Ig;. Recall that Al = 5277 x 0sn, A% = 931 % 5177, A% = 5177 X 527] which implies
T — —
Is) = f f gAY P B v, + gAY 0yv, + g0 AP D3v, dy dt
0 Ja
T _ _ T _ _
= f f q(8*9,v x d3n)) - 3,8 v dy dt + f f q(0om x 31d3v) - 8,3 v dy dr
0o Ja 0o Ja
(6.6)

T T
+ f f q(893v x 811)) - 3,87 v dy dt + f f q(03m x 8101v) - 3,87 v dy dt
0 Q 0 Q

T T
+ f f q(8}9\v x d) - 3307 vdy dt + f f q(01m X 87 0,v) - 3307 v dy dt
0 Q 0 Q

+ lower order terms =: Ig;] + - - - + Ig16 + lower order terms.
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From the vector identity (u X v) - w = (v X W) - u, we can divide these 6 terms into 3 pairs: Ig;; + Ig14, o2 + I15 and Ig13 + Igi6.

I + Ig14 = fg q(@fézv X 037) - 510;‘1) dy Z + lower order terms, 6.7)
Isa

Ii1o + Igi5 = fQ q(@j‘agv X 517]) . 526fv dy Z + lower order terms, (6.8)
Iep

Is1z + Ig16 = jg; q(ﬁfélv X 5217) . 836fv dy : + lower order terms. (6.9)

Isc
Now we shall control Is,, Igp, Ioc by Po + P(E1(T)) fOT P(E (1)) dt. For Is,, we can equivalently write it to be
Isq = f qe‘w’aﬁzva(’)mﬁglﬁfw dy.
Q

We take 8 = 1 for an example and the cases 8 = 2, 3 are treated in the same way. When 8 = 1, @,y can only be 2 or 3. Note
that €12 = —€2!% = 1, we know Ig,ls=; only consists of two terms

Ioalp=1 = f q03111018}v30,07 v, dy — f qd31110,8}v10,8 v dy. (6.10)
Q Q

Then we integrate 9, by parts in the first term and 8, in the second term. We notice that the highest order terms cancel with
each other

Isalp=1 = — Lq@ﬁﬂ@léza?vsa?vz — 8%20,0,0%v3) dy
=0

- fﬁz(qagm )51 a?wa?\/z - 5] (q03772)6?\/2526?1/| dy + lower order terms (6.11)
Q
T
< llgonlls o vilollofvil < &l vIlF + Po + f P(E\(1) dz.
0

The estimates of Ig, and Ig. can proceed in the same way, but integrating by parts in y; yields an extra boundary term. We
only show how to control /s, when 8 = 1. Again we can integrate d3, d; by parts in each term respectively and produce similar
cancellation as in (6.11). We also have to control the boundary term as follows

16191 Z=fq517718?\/2526?1)3 ds = fo-‘]—(élmﬁfvzég@fw ds
r r

< VIl NaT Il s8Il 5107 =10nl= < el VTavIP s + aP(Np)IIavIR s,

6.12)

where the first term can be absorbed by o E;(#) and the second term can be controlled either using smallness of o or using
interpolation (not necessarily for small o)

T
103VI13 5 < 1101103 vIlo < eldvIlF + 107VIE < eE1(2) + Po + f 97V dr. (6.13)
0

Therefore, we get
T
Is + Iz < (10T + 1 VTa VIR 5) + Po + PEL(T))(Ex(T)) f P(E (1)) dt. (6.14)
0

We then start to control /;; in (6.4) which is expected to produce the weighted boundary energy Uléaj‘v . ﬁl%. Below we

L . . . . .
use = to denote equality modulo error terms that are effective of lower order. Plugging the surface tension equation A3 =
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—0 \/gA,n® and the identity (2.9), we get

T
I fo fr Veg i P 370,vp0:07v, dS dt

! ij K ik JNA @R A7 a4 1785 (6.15)
-0 - Vg(g“g" — 8" ¢/")om" 0k 0,0, v'8;0; v, dS dt
=1 hn + L.
And the term I}, contributes to the weighted boundary energy
o .. — — T T .. — —
Lii=- = V(80w - a) (a0 -n)dS| + f fa i)} 0:v,07F 0vg dS dt
111 zﬁﬁg(,vn)(t/vn) . 0'0 rt(\/ggnn),v,vﬁ 6.16)
=:Inn+Inne
where I111; gives the v/o-weighted boundary energy because \/§g’7 is positive-definite.
— 2|7
I £ —z‘\/g'aﬁfv'ﬁ‘ , (6.17)
2 0o
and /I,y is directly controlled by the weighted energy
T T
ITERS f POV~ | NTd VIl 5 dr < f P(E\(1)(TEx(1) dr. (6.18)
0 0

The control of I, requires a remarkable identity, first introduced by Coutand-Shkoller [7, (12.10)-(12.11)] to rewrite I;5.
Here we only list the result and we refer to our previous work [16, (4.33)-(4.37)] for the details.

T
I = f f 7 (3, det A + det A2 + det AY), (6.19)
0 r \/g

where

Al = élﬂya@lv“ élﬂ,@za;“’”
627],16:161\1” (927]#32(3?11” ’

and A2, = 00,0} and A}, = 9,1,0;0}*. Under this setting we have
T
Iy S ellNTIIE 5 + Po + f | Voo Vil s P(E:(t)) dt. (6.20)
0

It now remains to control ;3 in (6.4). First we recall that A> = 5177 X 5277.

T T
I35 f f 8,q(320v x dn) - BvdS dr + 10 f f 2q(0?dv x o) - &) v dS dt
0 r 0 r

T . L A (6.21)
+ 1of faﬁq(a,av xdn) - FvdS dr +5 f fat q(dv x ) - BvdS dt
o Jr o Jr
=iz + -+ 34,
We only show the control of /;3; and the rest three terms are easier. For /;3;, we integrate d, by parts to get
T
Ia £- 50 f f O H(B*dv x ) - d*vdS dt + 5o f O H(B28v x ) - 9*vdS
o Jr r
T
Ltoso f f O H (v x an) - v dS dt - 50 f 8, H (v x dn) - 90*v dS
0 Jr r (6.22)

T
<svo f 103Vl Vadvili slon 0, H s + Salldvil s110; vil 18, H Inlys
0

T pa—
<vo f P(E1(D) (o Ea(0)) dt + Saldvlly 5103Vl 10, H 61l
0
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The last term should be controlled by using Young’s inequality

vl sNOVINBH Bl < o (lld VI 5 + 165 VI 10,H Fnpl.)
< &l Voa il 5 + olla VIO H dnlye

T
< el VoahllF s + 0—(500 + fo P(E (1)) dt).

Finally, we need to control /14 = fOT fQ A”“Bf qc?,ﬁfva dS dr. The proof is parallel to our previous work [16, (4.41)-(4.49)].
In the proof, we will see that the bound for initial data ||8;‘q(0)||1 is necessary. By the div-free condition for v, we can write

A””O,ﬁf Vo = 8,5 (Vu-v)— 6,5A”‘18ﬂva + lower order terms
——
=0

T
L:= —f f@tsqafA”‘laﬂva dydr.
0 Ja

and thus it suffices to control

Then we write 8 A = —3} (A" dpv,APY) = —AF8pdtv,AP® + - .., where the omitted terms are of lower order and can be

directly controlled by integrating by parts in . This also explains why we need the bounds for [|3¥g(0)|l;. So we have

T T
L é f f atquHVaﬁa?VVAﬁ(laﬂva dy dr = f f C’)tS (Aﬂﬂq)AyvaﬁajlvVa”va dy di+ -
0 Q 0 o

where the omitted terms can be directly controlled. Next we integrate dg by parts and use AN = -0 V8Agn - AR® to get

|l

T
L=- f f T (\gAgn - AA")A" 3}v,0,v, S dt
0 r

T
- f f AP 3357 gAM 0}, 0,,v, dy dt
0 Ja
=:L+ L.
The term L, can be directly controlled if we integrate by parts in ¢

T T
L < f 18211 103 vIlolmlZIvils — f AP O30} gA" 81,0, dy
0 Q

0

T
<Py + f P(Ey(5) di + elloq]l>
0

For the term L;, we note that A,n - 7 = P(5n)5277 - 71, SO we can integrate one ] by parts to get

T T
L £ f f P(@n)dv (NTdd?ty - i)(Noddtv) dS dr < P(Np) f o Es(f) dr.
0 r 0

Therefore we have the control of 114

T
s < ellofqll} + Po + f P(E((T))(0E5(T)) dt.
0

Summarizing (6.1)-(6.3), (6.14)-(6.22) and (6.26), we conclude the 6;” estimates as follows

o |- 2
IG5V + 165 o - I + 3 (@0 -

T
S el VTavli} 5 + lld?qll} + Po + P(E{(T))(TEx(T)) f P(E|(D)(TEa (1)) dt.
0

(6.23)

(6.24)

(6.25)

(6.26)

6.27)

Since we consider the zero surface tension limit, we can take o > 0 sufficiently small to absorb the term o E;(f) to LHS in

the final step.

28



6.2 Mixed space-time derivatives

Replace 6 in Section 6.1 by D*9; with D = 8 or d,, we can similarly get the D*9, tangential estimates. The proof is similar and
even easier since 3%v (1 < k < 4) has at least H>~* regularity and may be controlled in H*>~* norm on the boundary by using
the trace lemma. So we omit the proof and only list the result. For the related details, one can refer to our previous work [16,
Section 4.2].

4
DGR + 16535 o - i + 3 30y - z
& ] (6.28)

S e(TExT) + Ei(D) +Po + P(El(T))(O'Ez(T))f P(E\(D)(TEx(1) dr.

0

7 Control of weighted Sobolev norms

7.1 Weighted div-curl estimates

The div-curl estimate for || yov||2 5 and || Vo(bo - )nl2 5 is done similarly as in Section 4.1 and 4.2, while we no longer convert
the remaining part to interior tangential estimates but preserve the normal trace as in (2.18) in Lemma 2.7. For 0 < k < 4 we
have

| Vorofvli2 s, < c(|| Vo3 + | Vodiv 4053 5 + | Voreurl 405I2 5_, + | Vad oy - ﬁ|§), (7.1)
IV ok (bo - Dl 5_y, < C (VIR + | Vordiv 4bi} 5_ + | Voreurl 0Bl 5, + | Vo &> 0 (b - ) - l}) (7.2)

where the constant C = C(|05]y1., || Vornll3 5_,) > 0 depends linearly on ||7l2_, and b = (b - d)n.
For the divergence, we directly get
alldiv 4viiz 5 + orlldiv a(bo - Dnll35 = 0, (7.3)

and similarly
4

T
D olidiv 40§Vl 5 + olidiv adf(bo - Al 5 S PCEO)) + f P(E(1)) dt. (7.4)
k=1 0

The weighted curl estimates follow similarly as in section 4.2. By taking d*° to (4.5), testing it with c-d*curl 4v, and then
integrating (bg - 9) by parts, we have

3 [ ivaascun i+ [ VG0t aon- R = [ (V10 (- 2w sty -+ NG ) (VT cur )
Q
+ f (Vo[d*curl 4, (b - D)v)(Vord* curl 4((bo - d)n)) + f Vod*3curl 5,4((bo - 8)n)( Vo™ curl 4((bo - H)n)).
Q Q
(7.5)
Since
Vo F i35 < | Voreurl ,avl[; 5 + | Vorlcurl 4, (b - 9)1(bo - Ol 5
< P(|Ibollss. lInlls. IVIls, I(bo - A)nlls, | Vornlls s, [| Vovlls s, | Vo (bo - nlls s),
then the terms on the RHS of (7.5) can be controlled by P(E(?)) as well. Therefore,
T
|| Voreurl 4vi[; + || Voreurl 4(bo - d)nll; < f P(E(1)) d1, (7.6)
0
which yields
T
| Vorcurl 4vI[3 5 + || Vorcurl 4(bo - O)nll; 5 < P(E(0)) + f P(E(1)) d1, (1.7)
0
and similarly
4 4
D alleurl 43Vl 5 + licurl 49k (bo - il 5 < D PIEO)) + f P(E(1)) dt. (7.8)

k=1 k=1
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7.2 Control of the weighted boundary norms

We still need to control |3 %% - ily and or|d>*8 (b - &) - filo for 0 < k < 4. For the boundary estimates of v, we find
that they are exactly the energy terms contributed by surface tension (cf. (5.80), (6.27)-(6.28)).
As for (by - d)n, when k > 1, we can directly control them by the norms of v:

Nol@ 3 (g - A - Ay = Vor|@ 0 by - v - il < Ibollze Il Voo dvls.s_x + lower order terms. (7.9)

When k = 0, we need to control V8% (bo - ) - Alo. This term naturally appears as a boundary energy term contributed
by the surface tension in the d*(by - ) tangential estimate, which can be proceeded in the same way as d*9;-estimate by just
replacing 9, by (b - 9). The reason for that is that (by - d)n and 1 have the same spatial regularity, which is similar to the fact
that 9,7 = v has the same spatial regularity as 7. In other words, the tangential derivative (b - ) (note that by - N = 0 on 9Q!)
plays the same role as a time derivative if it falls on the flow map 1. We just list the result of 3*(by - 9)-estimate

_ _ _ 2 T
l16*(bo - 3)"”3 +116* (o - 5)277”3 + % |55(b0 -0 - ﬁ|0 , <Po+ P(EI(T))(O'EZ(T))L P(E((D)(0E2 (1)) dt. (7.10)

t=

8 The zero surface tension limit

Now we conclude the energy estimates as follows. First, (4.4) and (4.12) give the div-curl control of the non-weighted Sobolev
norms. Then the interior tangential estimates obtained in (4.1)-eqrefdivcurlbl are established in (5.80) for the spatial derivatives
and (6.27)-(6.28) for the space-time derivatives. In the control of the non-weighted Sobolev norms, the weighted energy o E,(¢)
is needed to close the energy estimates.

The +/o-weighted div-curl estimates are established in (7.4) and (7.8). Then we notice that the boundary normal traces are
exactly the aforementioned +/o-weighted boundary energies contributed by surface tension. Finally, we can get the following
energy estimates

T
E(T)=E((T)+ 0ExT) < €E(T) + P(E(0)) + P(E(T))f P(E(1))dt, (8.1)
0
which together with Gronwall inequality implies that there exists some 7 > 0, independent of o, such that

sup E(f) < P(E(0)) < C. (8.2)

0<t<T

Finally, we prove the zero surface tension limit. Assume (w, (bg - 9)¢, ) to be the solution of the incompressible MHD
system without surface tension (1.15) and (v7, (b - 9)17, ¢”) to be the solution of (1.12) with o > 0. Theorem 1.3 and Sobolev
embedding implies that

U'”

C. (8.3)

o2 o2 2
”V ”Cl([O,T]XQ) + ||(b0 ' (9)77 ”CI(IO,T]XQ) + ”q C1([0,T1xQ) <

1
By Morrey’s embedding, we can prove v7,(bg - 9)n7,q° € C}H;‘([O, Tl X Q) — C}C}z,’z([O, T] x Q), which implies the
equi-continuity of (v, (bg - 9)1”,¢%) in C'([0, T] x Q). By Arzela-Ascoli lemma, we prove the uniform convergence (up to
subsequence) of (v, (by - d)7, ¢”) as o — 0., and the limit is the solution (w, (bg - 9)Z, r) to (1.15).

A Appendix: The initial data and compatibility conditions

The required regularity of the initial data is proved by solving the time-differentiated MHD system restricted at {r = 0}. Namely,
given (19, vo, bo, go), and let E(¢) be defined as in (1.22). We show

E@©) <C, (A.1)

where C is defined in Theorem 1.3.
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A.1 One time derivative

First, we control
10:v(O)lla, [| Vord:v(0)la.s, 18:6(O)]la, | Vord:b(O)lla.s.

Since 9,v(0) — (bg - )by + V4,q0 = 0 and 9,b(0) = d,(bg - d)n(0) = (by - d)vy, we have

18:v(0)lla < Ibollalbolls + [mollsligolls, | Vodw(O)llas < Ibollasll Vobollss + lmollsll Vogolls.s + 1| Vonolls sligolls, (A2)

and

10:60)lla < Ibollallvolls, 1| Vo db(O)llas < lIbollasll Vorvolls s (A.3)

These imply that we need to bound ||go||s and || v/ogolls.5. Invoking the elliptic equation verified by go, i.e.,

~Aayq0 = =(BA0Y ), (Mo)a = ((bo - DAG)Fu(bo)e + AG* (b - D)(bo)a, inQ,

qo = oHo = =0 Agmo - 1o, on I'(0), (A4
% = O’ on rﬁxa

the elliptic estimate then yields

llgolls < P(lInoll, [volla, lIbolls, o Hola ), (A.5)
3
I Voqollss < P(Imollas, [Ivollas, bollas, o2 [Hols), (A.6)
where \ \
ol Holss = dlAgno - fiolas, 2| Hols = 02|Ag, 10 - Aigls. (A7)

A.2 Two and more time derivatives

To control
165v(0), b5k, 2<k<5

and
| Vod!v(0), Voo b(O)llss-, 2<€<4

we have to study the time-differentiated elliptic equation restricted on {t = 0} to control [|0*~1g(0)lls—, | Vo8 q(0)lls5-¢. In
light of the first remark after Theorem 1.3, we require the extra boundary regularity of 79, vo when controlling these quantities.
This seems to be necessary as if we alternatively consider using the Neumann boundary conditions, we would have to control
the term with one more time derivative on the velocity and thus we could never close the loop.

A.2.1 Two time derivatives

When k = 2, the control of 6,21/(0) requires the bounds for ||¢,(0)|l4 and ||cg;(0)|ls5. The Dirichlet boundary condition then
contributes to |ovyls.5 and |0-%V0|6. Specifically, we study the equations for q; := 9,q(0)

—Anyq1 = =07 A0 )8, (v0)a = (DAY )3 (Bv(0))a = ((bg - DA A0Y ), (bo)e = ((bo - D)AG")8,(8,5(0))e

o pa (A.8)
+ 0,A(0)**(9bo - 0)(bo)a + Ay (8ubo - 9)(8,5(0))a,
with the boundary conditions
511 = 0-617—{(0)» on F(O)’
0
6_;1\; = —(0,A*)qo, on Tgy.
We have
ligilla < Pdlnolla, lvolla, 18:v(O)lls, [bolla, [18:6(0)13, ligolla. ol0;H(0)]5.5), (A.9)
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and

1Vogillas < Pdinollas, Ivolla.s, 18:v(O)ll3 5, [bolla s, 18:6(0) s, lIgolla.s, o/ *18:H(O)a). (A.10)

Since H = —0 \/gAgn - 1t = —O'gijél.zjn - (8117 X A1), we have ,H = a'(gijgl.zjv (011 X D) + 52775VP(57])) . So, the control of
al0,H(0)|3.5 and 0-/2|9,9H(0)|, respectively reduce to

o |8.(Agn - )(O)|, 5 < PlIvolls. Inolls. olvols.s. ool 5). (A.11)
~ 3 3
a1210,(Agn - 1)(0)|, < P(Ivolls, lolls, | Vonolls, | Vonolls.s, o2 vols, 2 nols)- (A.12)
4

A.2.2 Three and four time derivatives

We consider the 9! -differentiated elliptic equation for g at = 0
— Ayit = =0y (18", 057110,q) — 0" (DA™ Dyve — A" Bybg - By - O)rg — (b - DA™ D, (b - ) |,y =2 fit.  (A13)
When k = 3, the control of IIBEV(O)IIZ requires the bounds for ||(9,2q(0)||3, whose Dirichlet boundary condition reads
g2 = —00;H(0) = =0 \gAgv,(0) - fig + -+ - .

Here and throughout, --- denotes all boundary terms without the top order time derivative on the velocity, which do not
contribute to the highest order boundary terms of 779 and vo. Using v,(0) = (bg - 9)170 — V4,q0 on I' and A, f = PO f, we
need to control |0:0*V 4,qo - figla.s and [08*(bg - 8)*10 - figla.s. The latter is controlled by

(8 (bo - 8)*170) - fiola.s < bolIZlorAgy o - Aolas.

To control the term involving gy, we need the following normal trace lemma.

Lemma A.1. Assume the vector field X satisfies X € L*(Q) and V4, - X =0, then

IX - 71l 1 < IIXllo + IV, - Xllo- (A.14)

Similarly, one has for s > 1
IX - fgly_1 s Cllamolwre, ||770I|S+%)(I|6XXII0 +IVa, ’X”s—l>- (A.15)
Proof. We only prove the case s = 0 as one can later replace X by 8°X. The second inequality relies on ||rol|, 1 because 0°

may fall on 719. For s = 0, we pick an arbitrary test function ¢ € H %(BQ) with its harmonic extension ® € H'(Q). Then by the

divergence theorem
folQ(pdS = fVAo X(Ddy+fXVA0CDdy
r Q Q

and taking supremum over all ¢ finished the proof. O

Applying Lemma A.1 to g, we get |o-52VAUqO sfglhs S 0'||55VA0q0||0 + |l A, qolla, which shows that we need the bounds
for [[cVqolls. This can be controlled by invoking the standard elliptic estimate (parallel to [17, Prop. 5.3]):

oV 4, q0lls 5 Cllonols s)(lloAa,qolls + 1 Hols.s) < Plomols s 1105 vo Bolls, 1 Ag 170 * fiols 5)- (A.16)
Summarizing the bounds above, we get
lig2lls < P(lIno, vo, bolls, lomols 5, [0 Ag, 10 * fiolass |0 Agym0 - fiols 5) (A.17)
Similarly, for y/o-weighted norms, we have || Vad?v(0)|l2s < || Vo (bg - 9)*v:(0)ll2s + || Vo Va,92(0)|l2.5, and then

| Vor(bo - )*v,(0)ll2.5 < Valvi(O)llas + | Voga(0)lls 5, (A.18)
3 3 . s .
I Vogallas < PAI Voo, Vove, Vobollss, o2 10les 1072 Ag,o - fiols, 02 1Ag, 10 + fiole)- (A.19)
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For k = 4 we follow the same strategy to get
gl < llfsllo + lo VAL, 2v(0) - figli 5 + - -+ < Il fsllo + 100>V ayq1 - olis + 8> (bg - 8)*vo - Aigly 5 + - -

where the term f3 can be controlled by the aforementioned quantities. The third term is controlled by |ovy|s5. Then the second
term is controlled by using a parallel argument as in Subsection A.2.1,

loVa,qilla < NIfills + P(Tlin0, vo, bos qolls, vo, mols 5, 2o, 10l6.5)s (A.20)
ligsll2 < P(lIno, vo, bo. golls, ovo, 1ols 5, 7 1vo, 7ol 5)s (A.21)

3 3
| Vogsllas < P(Valino, vo. bo, qolls s, 2 [vo, moles 0% vo, 1ol7)- (A.22)

A.2.3 Top-order time derivatives

Finally, we control ||<9;‘q(0)|| 1. Consider the 3f—differentiated elliptic equations restricted on {t = 0}. Below g4 stands for 6j‘q(0)
= Apga = =0y ([B",3{10,q) — 3} (BA™ Byve — A 0,bg - (g - O)1ga = (b - D)A™ Dy (bg - a)| =2 fi- (A.23)
We alternatively consider ||(5)‘16fq(0)||2 > ||6fq(0)||1. The Dirichlet boundary condition reads
g4 = —O'P(én)gzﬁﬁv(O) “hg+ -
Applying 47" to (A.23) and using standard elliptic estimates, we get
K9) ™ gall2 < 1€)™" fullo + 1P@*3; v(0) - Aoloss, (A24)

where the first term is directly bounded

2
1K) fallo < Ilfallo < P Z 187 v(0)13, 18; v(O)lla, 118, v(O) 11, [1bo, 70, G0+ G1, G2 ll3, llgll2 |-
=0

Invoking 8,v = (bg - 8)*19 — Va,qo twice, we have
lo-P@@*3;v(0) - ftolos < Pl (I0Vagq2 - ftola.s + IbolIglorAg, o - folas + 107Vagqo - fiolas) - (A.25)

where the second term and the third term also appear in Subsection A.2.2. Applying Lemma A.1 to the first boundary term and
invoking (A.13) for k = 3, we get [0V 4,q2 - fiolas < [loVa,q2ll3 + loAa,qallz = lloVa,q2ll3 + |l £2ll2,, where the top order terms in
f is 862v(0), 08 (bg - d)n(0) and °8,q(0) which have been controlled before.

For the term [|0"V4,42ll3, we do not use the Dirichlet boundary condition to control as in Subsection A.2.2 because this
will further increase the regularity of the mean curvature. Instead, we use the Neumann boundary condition as in the proof of
Proposition 3.1. This still makes sense, as we have already solved ¢, and 8v(0) at this point. Following (3.3), it suffices to
control ||o-53VA0q2||o. Then we take &° in (A.13) for k = 3 and convert the right-hand side to the divergence form. Since the
source term contains up to three time derivatives that have been controlled before, we can use the same method as in Proposition
3.1 to finish the control of the initial data.

A.3 The compatibility conditions

The above analysis yields that the initial data of the o~ > 0 problem has to satisfy the compatibility conditions up to the fourth
order, where the j-th order (0 < j < 4) compatibility conditions read

q; = cd/H(0) on I(0),

(A.26)
63qj =0 on Fﬁx.
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We conclude that the initial value of the energy functional E£(0) := E;(0) + 0 E»(0) depends on the following bounds

3 3
144 1+ A
170, vo, bolls,  Volino, vo, bolls s, § o M0, Vols 5% » § o T2 Agymo - g g
=0 =0 — 4544
=H,

Furthermore, this can be carried over to the o= = 0 problem, namely, the first line is replaced by ¢; = 0 on I'(0). And all

o-weighted norms vanish when there is no surface tension, and that initial data is exactly for the o = 0 case as in [17].
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