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Abstract

We consider the three-dimensional incompressible free-boundary magnetohydrodynamics (MHD) equations in a
bounded domain with surface tension on the boundary. We establish a priori estimate for solutions in the Lagrangian
coordinates with H 3-> regularity. To the best of our knowledge, this is the first result focusing on the incompressible
ideal free-boundary MHD equations with surface tension. It is worth pointing out that the 1/2-extra spatial regularity
for the flow map 7, such as in [1, 18, 22], is no longer required in this manuscript thanks to the presence of the surface
tension on the boundary.
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1 Introduction

The goal of this manuscript is to investigate the solutions in Sobolev spaces for the following incompressible inviscid
MHD equations in a moving domain with surface tension on the boundary:

du+u-Vu—B-VB+V(p+3|B>) =0 inD;
3B +u-VB—B-Vu =0, in D; (1.1
divu =0, divB =0, inD,

describing the motion of conducting fluids in an electromagnetic field, where D = Ug<;<7{t} x () and (1) C R3
is the domain occupied by the fluid whose boundary d£2(¢) moves with the velocity of the fluid. Under this setting,
the fluid velocity u = (u1,u», u3), the magnetic field B = (Bj, B,, B3), the fluid pressure p and the domain D are
to be determined; in other words, given a simply connected bounded domain £2(0) C R3 and the initial data uo and
By satisfying the constraints divuy = 0 and div By = 0, we want to find a set D and the vector fields ¥ and B solving
(1.1) satisfying the initial conditions:

20)={x:(0,x) € D}, (u,B) = (up,Bp), in {0} x £2. (1.2)

The quantity P := p + %|B | (i.e., the total pressure) plays an important role here in our analysis. It determines the
acceleration of the moving surface boundary.
We also require the following boundary conditions on the free boundary 0D = Ug<;<7{t} X 982(¢):

(Bt +u- V)|8D € T(E)D)
P=0cH on 4D, (1.3)
B-N=0 on 4D,

where N is the exterior unit normal to d§2(¢), o > 0 is the coefficient of surface tension, # is the mean curvature of
the moving boundary embedded in R3. The first condition of (1.3) means that the boundary moves with the velocity
of the fluid. The second condition in (1.3) suggests that the motion of the fluid is under the influence of the surface
tension, as opposed to the case without surface tension (0 = 0). Also, we remark here that H is a function of the
unknowns and thus not known a priori. The third condition of (1.3), B - A/ = 0 on 9£2(¢) implies that the fluid is a
perfect conductor; in other words, the induced electric field £ satisfies £ x N/ = 0 on 382 (¢).

The physical energy is conserved, i.e., denoting D; := 9, + u - V, and invoking the divergence free condition for
both u and B, we have:
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+[ u-(B-VB)—/ u-(B-VB) =0,
(1) (1)

where the first line in the last equality vanishes as shown in (2.1) in the paper [25].
This motivates the construction of the higher order energy for (1.1)-(1.3). We refer Section 6 for the details.

®

1.1 History and background

The MHD equations describe the behavior of an electrically conducting fluid (e.g., a plasma) acted on by a magnetic
field. In particular, the free-boundary MHD equations (also known as the plasma-interface problem) describe the
phenomenon when the conducting fluid is separated from the outside wall by a vacuum.

An overview of the previous results

In the absence of the magnetic field, i.e. B = 0 in (1.1), the problem reduces to the well-known incompressible
free-boundary Euler equations, whose local well-posedness in Sobolev spaces was obtained first by Wu [32, 33] for
the irrotational case with 0 = 0, assuming the physical sign condition —Vx p > €¢ > 0 holds on 0D;. This condition
plays a crucial role in establishing the above well-posedness results for Euler equations. It was found by Ebin [10]
that the incompressible Euler equations is ill-posed when physical sign condition fails. Extensions including the case
without the irrotationalility assumption have been studied extensively in the past two decades, without attempting to
be exhaustive, we refer [5, 6, 18, 20, 21, 34] for more details.

On the other hand, the free boundary Euler equations behaves differently when o > 0. The surface tension is
known to have regularizing effect on the moving surface. As a consequence, the physical sign condition is no longer
needed when establishing the local well-posedness. We refer [23, 25, 26, 27] for more details.

The free-boundary MHD equations, nevertheless, is far less well-understood than the free-boundary Euler equa-
tions. When o = 0, under the physical sign condition'

1
—VN(p+§|B|2) > ¢ > 0, (1.4)

Hao-Luo [14] proved the a priori energy estimate with H# initial data and the local-wellposedness was established
by Secchi-Trakhinin [24] and Gu-Wang [11]. Also, we remark here that in [15], the authors proved that this problem
is ill-posedness when (1.4) is violated in the case of dimension 2. We also mention here that in [22], we proved a
priori estimate with minimal regularity assumptions on the initial data (i.e., vo, Bo € H?1%) in a small fluid domain.
Unlike the Euler equations, this assumption on the smallness of the volume of the fluid is crucial here due to the
physical sign condition is unable to stabilize the MHD flow under low regularity assumptions. We will discuss more
about this in the following paragraphs.

In [12], the authors proved the global well-posedness and exponentially decaying rate of the viscous and resistive
free-boundary MHD equations when o > 0. In that paper, the kinematic viscosity and the magnetic diffusion allow

'In [13, 28], the authors studied the a priori energy estimate and local well-posedness, respectively, for the free-boundary MHD equations with
nontrivial vacuum magnetic field under different stabilising assumptions.
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them to control the enhanced regularity of the flow map, while this is impossible in the case of inviscid MHD without
magnetic diffusion. In [4], Chen-Ding studied the vanishing viscosity-resistivity limit and the convergence rate for the
viscous, resistive, free-boundary MHD system with surface tension in a half-space domain. Wang-Xin [31] studied the
global well-posedness of the incompressible resistive MHD system with surface tension near the equilibrium solution
(constant strength magnetic field). However, to the best of our knowledge, NO result that concerns the well-posedness
theory of inviscid and non-resistive free-boundary MHD equations when o > 0 is available.

Our results

The goal of this manuscript is to establish a priori energy estimates for (1.1)-(1.3) with fixed 0 > 0 when ug, By €
H?3-5(£2(0)). Our result is an important first step to prove the local well-posedness for free-boundary MHD equations
with surface tension, since the real conducting fluids have surface tension while the case without surface tension is just
an idealized model. Moreover, we will show that the surface tension, in fact, has a stronger regularizing effect compare
to that provided by the physical sign condition (1.4): We are able to get a better control of the normal component of the
velocity field on the moving boundary through the boundary elliptic estimate due to the appearance of surface tension.
As aresult, our energy constructed in Chapter 6 contains at least two time derivatives, which removes the requirement
of the flow map has to be 1/2-derivatives more regular than v, b in the case of no surface tension. We will give more
illustration on this in Section 1.3.

1.2 MHD system in Lagrangian coordinates and the main result

We reformulate the MHD equations in Lagrangian coordinates, in which the free domain becomes fixed. Let £2 be a
bounded domain in R3. Denoting coordinates on £2 by y = (y1, y2. y3), we define 1 : [0, T] x £2 — D to be the flow
map of the velocity u, i.e.,

den(t, y) = u(t,n,y)), n0,y)=y. (1.5)
We introduce the Lagrangian velocity, magnetic field and fluid pressure, respectively, by
vt y) = ut.n(t, ), b@t.y)=B.n.y). qy)=pny). (1.6)

Let 3 be the spatial derivative with respect to y variable. We introduce the cofactor matrix a = [d5]~!, which is
well-defined since 7(¢, ) is almost the identity map when ¢ is sufficiently small. It’s worth noting that a verifies the
Piola’s identity, i.e.,

d,,a"% =0. 1.7

Here, the Einstein summation convention is used for repeated upper and lower indices. In above and throughout, all
Greek indices range over 1, 2, 3, and the Latin indices range over 1, 2.
Denote the total pressure P = p + %|B |2 and let Q = P(t,n(t,y)). Then (1.1)-(1.3) can be reformulated as:

drvg —bgatPd by +akd, 0 =0  in[0,T] x £2;

d¢by — bgattd, v, = 0 in [0, T] x £2;

a*®d,vqg =0, at**d,by =0 in [0, T] x £2; (18)

U3=0,b3=0 OnF(); '

a'*N,Q +0(,/gAgn*) =0 on[l;

a*”b,N, =0 on [l
where N is the unit outer normal vector to 352, a” is the transpose of a, | - | is the Euclidean norm and A ¢ 1s the
Laplacian of the metric g;; induced on d2(¢) by the embedding 7. Specifically, we have:

1 L.
gij = 0in*0jmu, Ag() = ﬁai(\/?g” 9;(-)), where g := det(g;;). (1.9)

For the details to derive the fifth equation of (1.8) (the surface tension equation), we refer to Lemma 2.5 in [7] for
readers.
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For the sake of simplicity and clean notation, here we consider the model case when
2 =T?x(0,1), (1.10)

where 02 = I'y U T and I' = T? x {1} is the top (moving) boundary, Iy = T? x {0} is the fixed bottom. Using a
partition of unity, e.g., [8], a general domain can also be treated with the same tools we shall present. However, choos-
ing §2 as above allows us to focus on the real issues of the problem without being distracted by the cumbersomeness
of the partition of unity. Let N stands for the outward unit normal of d£2. In particular, we have N = (0,0,—1) on
I'pand N = (0,0,1)on I".

In this paper, we prove:

Theorem 1.1. Let £2 be defined as in (1.10). Assume that vy € H3>(2) N H*(I") and by € H3>(£2) be divergence
free vector fields with by - N = 0 on d£2. Assume (1, v, b, Q) to be any solution of (1.8) with initial data vy and by.
Define

N(@) = 135 + 10155 + vell3s + TveeliT s + NveeeI§ + 16155 + 156155 + IbecllF 5 + Nbeeell
+ 10135 + 10:15.5 + 1Qucl17.
Then there exists a T > 0, chosen sufficiently small, such that N(¢) < Cy for all ¢ € [0, T], where Cy only depends

on |lvo[ls.s. [|bolls.s. [lvolla,r. Here we denote || f||s := [|.f(z.")|ms(x) for any function f(z.y) on [0,T] x £2, and
Iflls.r:= 1L/ @ Has ) forany f(z, y) on [0, T]x I

(1.11)

1.3 Strategy and organisation of the paper

Notations. All definitions and notations will be defined as they are introduced. In addition, a list of symbols will be
given at the end of this section for a quick reference.

Definition 1.1. The L2- based Sobolev spaces are denoted by H*($2), where we abbreviate corresponding norm
Il - & () as || - || when no confusion can arise. We denote by H*(I”) the Sobolev space of functions defined on the
boundary I" (I'=Ip or I'), with norm | - ||s,r-

Notation 1.2. We use € to denote a small positive constant which may vary from expression to expression. Typically,
€ comes from choosing sufficiently small time, from Lemma 2.1 and from the Young’s inequality.

Notation 1.3. We use P = P(---) to denote a generic polynomial in its arguments.

Gronwall-Type argument and div-curl estimates
To derive the a priori estimates in Theorem 1.1, we need to do the div-curl-boundary decomposition for v, b and
their time derivatives and finally need a Gronwall-type control

N(t) S P(N(0) + P(N(l))/0 P(N(s))ds

holds in some time interval [0, T']. This implies N(¢) < C(N(0)) for some constant only depending on N(0), i.e., the
initial data.

The divergence control is easy thanks to the Eulerian divergence-free condition for v and b. The vorticity control
will be derived from the evolution equations of the Eulerian vorticity of v and b, as shown in [22]. Its computation
requires the repeated use of Kato-Ponce inequalities in Lemma 2.5.

The boundary terms of v and b are treated in different ways: We can control the normal component of v and
its time derivates on the boundary thanks to the boundary elliptic estimates and the comparison between the normal
component X3 and that of the tangential projection ITX as shown in Section 5. For the boundary control of b, we
invoke the identity b = (bo-d)7 (see Lemma 2.4) and the condition by- N = 0 on the boundary to see that b = (bg-3)7
on the boundary I". Then applying again the boundary elliptic estimates gives the control of 5r]. The time derivative
counterparts can be controlled in the same way.
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Boundary estimates of the velocity
From above, we need to control v3, v? and v3,. One can differentiate the surface tension equation in time variable
to derive an ellptic equation for v

1
Ago = =N, 01+ (1.12)

and then apply the elliptic estimates to control v. However this is not valid for higher order time derivative since we
do not have enough regularity for Q;; or Q. To solve this problem, we use the method in [7]: Let X be a vector
field. Then one can compare the X - N = X3 with the normal projection /T X as in Lemma 5.2. Specifically, this is
based on a simple fact that

X? —(11X)* = g oen’dimax*,

where the error term on the RHS can be controlled in a routine fashion.

The interior estimates of gv,t and 521),, together with that of v, and by, are derived in the tangential energy
estimates. To see this for dv;;, one can first compute [|vss 2 + |brse |3, where all the terms containing b with highest
order actually vanish due to remarkable cancellation as shown in (6.4) and (6.32). The main term is a boundary integral
containing full derivative of Q (i.e. Q) after integration by parts

t t
—f / a““QmafvaNM = —/ f 8?( a**QN, )8?1)“ 4.
o Jr o Jr —_—

=—0,/gAgn%

Invoking the identities
9:1(JEAgn") = 9; (\/§g” 6% — g0k + Vg (gl gl — gV ¢*)0; n“aknxazvx)

ki
I = 85 — g 0kn™dma,
WweE can get a COerCiVe term

1 ..
—E/F@glfai(ngafva)a,(nfafv*)

after integrating by parts. This term is almost equal to — 2 [[0v,||2 - since /gg"/ ~ 87 within short time interval.
Analogous computation also holds for 82v;. This concludes the boundary estimates for the velocity.

Surface tension stabilizes the flow

As stated in Section 1.1, the physical sign condition (1.4) is insufficient to regularize the motion of free-boundary
conducting liquid in low regularity Sobolev spaces (i.e., whenever 8?7 ¢ L) and extra regularity assumptions are
required (e.g., the smallness of the fluid volume). In this manuscript, we show that the presence of the surface tension
provides stronger regularizing effect for free-boundary MHD equations. This is due to that one can time-differentiate
the boundary condition to derive an elliptic equation for v (1.12), which allows us to control the normal component
of v on the moving boundary via elliptic estimates. As a consequence, this helps us avoid controlling the full spatial
derivatives of v and thus the extra regularity assumptions on 7 is no longer needed.

Ilustration on the regularity requirement of the flow map

To understand how the requirement of the regularity of the flow map n appears, one first need to realize a crucial
difference between Euler’s equations and MHD equations: There is NO analogue of “irrotationality assumption” for a
conducting fluid due to the presence of the Lorentzian force term B - V B. Physically, this is due to that the Lorentzian
force twists the trajectory of an electric particle in a magnetic field and produces vorticity even if the initial data is
curl-free. Mathematically, as shown in our previous work [22], the well-known Cauchy invariance fails. The Cauchy
invariance, however, is required to control the flow map if it is 1/2-derivative more regular than the velocity, and so
one has to introduce the smallness assumption on the fluid domain to compensate the failure of the Cauchy invariance
in the case of no surface tension.
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We mention here that in [11], the authors adapted Alinhac’s good unknowns to remove the extra regularity on the
flow map 7 in the case of no surface tension. However, this requires the initial data to be in H*.

Effects brought by the surface tension

As stated above, the surface tension helps us to avoid controlling the higher regularity of n owing to the boundary
elliptic estimates. It is natural to ask if the surface tension makes any negative effect on controlling other quantities.
We point out that the contribution of the surface tension here is the stronger boundary control of v, which requires
higher regularity of n in the case of no surface tension as shown in our previous work [22]. On the other hand, the side
effects on the control of the magnetic field caused by the surface tension are mainly technical difficulties, as shown
in Chapter 6. The strong coupling between the velocity and magnetic fields does not worsen those technical terms.
Therefore, one can see the surface tension contributes mainly in the kinetic part, while the impact on controlling other
quantities can be controlled.

Elliptic Estimates of Pressure

Our computation above produces some term like €| Q;; ||% after using Young’s inequality. Therefore we need
to do the pressure estimates, which can be derived from the elliptic equations of the pressure. Q and Q; can be
straightforward controlled by using the standard elliptic estimates [[u|s < || flls—2 + |glls=1.5.02 + llullo(Vs = 2).
However for the H'-control of Q;;, we need a low regularity estimate as in Lemma 2.2 proved in [16], and the trace
lemma with negative Sobolev index in Lemma 2.7. Finally, one needs to re-write these estimates in terms of the sum
of initial data and time integral of the quantities in N(¢) to finish the Gronwall-type control of N(¢) as above.

List of symbols:
e ¢: A small positive constant which may vary from expression to expression.

e a = [0n]~!: The cofactor matrix;

|| - lls: We denote || f|s := || f(¢, )|l as ) for any function f (¢, y) on [0, T] x £2.

Il - lls,r: We denote || f||s,r := || f(¢, )|l #sr) for any function f(¢, y) on [0, T] x I'.

P(---): A generic polynomial in its arguments;
P:P = P([vlss, lvell2s. lveells, [veeelos 101135, 1D ll2.5, Dee 1.5, [[Deee llo)s
N(t):

N@) = nl3s + V35 + lvel3s + lveellfs + lveeell§ + 181135 + 166155 + 1561135 + Nbeac |13
+ 10135+ 10155+ 1013

e d = 91, d,: Tangential differential operators.

2 Preliminary Lemmas

The first lemma records some basic estimates of the cofactor matrix a, which shall be used throughout the rest of the
manuscript.

Lemma 2.1. Suppose ||v||pco(o,17:m35¢02)) < M- I T < CLM for a sufficiently large constant C, then the following

estimates hold:
(M linllss < C fort €[0,T7];
(2) det(dn(z,x)) = 1 for (x,7) € 2 x[0,T];
3) laC, t)lg2s < C fort €[0,T];
@ |la: G, t)|lr < C||0v]y fort € [0,T],0 <r <2.5;
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@ la:¢.0)llLr = Cllov|Lr forz € [0,T], 1 < p < 003

) llare - Olr < Clvllzs+sllovly + Cllove |, fort € [0,T],0 <r < 1.5;

(6) a0l < ClOVIA 013 545 + ClIOvEl 012545 + Clloveely. for e € [0.T],0 < r <0.5;

() llar: (. D)llr < ClAv|Lrv]l3 55 + ClIvellLr[v]l2.54+5 + Cldveel|Lr, fort € [0,T], 1 < p < o0;

(7) For every 0 < € < 1, there exists a constant C > 0 such that forall 0 <¢ < T’ := min{CLM, T} > 0, we have

”aff - 85”25 <€, ”auaa; — 81“}”2,5 <e€.

In particular al ay, satisfies the ellpticity condition

1
aagk £, > 6|§|2 VE € R3;

(8) Day = —aldg Dnval for D =9, 9,.

Proof. (1)-(7) is Lemma 3.1 in that paper. (8) is derived from differentiating the identity @ = a : dn : a. We refer [16]
for the details. O

The next lemma is to introduce a low regularity elliptic estimates, and we refer Lemma 3.2 in [16] for the proof. It
will be used to control || Q1.

Lemma 2.2. Assume A"" satisfies ||A| Lo < K and the ellipticity A*¥(x)&,.&, > %|§|2 forall x € 2 and £ € R3.
Assume W to be an H! solution to

0, (A" W) =dive  in £2 @.1)
Ao, WN, =h on 90s2, '
where 7, div r € L?(£2) and h € H~%>(9£2) with the compatibility condition
/ (m-N—-h)dS =0.
3R
If |A — I||Leo < € which is a sufficently small constant depending on K, then we have:
— — 1
W =Wl < Il + I = Nl-os0. where W := o [ way. @2)
2
and
Wl S liwllo + 1A — 7 - Nl-0502 + [Wlo,r- (23)

Furthermore, we need the regularity estimate for the flow map 7 on the boundary. 7 verifies an elliptic equation on
I" which yields a gain of regularity. It has been pointed out in [25] that, this regularity gain is geometric in nature and
has nothing to do with the interior regularity (see the counterexamples in [25]). We will need H*(I") estimate of 7 in
this paper and we point out that this estimate can be upgraded to H>(I").

Proposition 2.3. We have the estimate

Inlla,r = P(IQll2,r)- (2.4)
Proof. The proof is based on the conclusion in Dong-Kim [9]: It suffices to verify the coefficient is bounded in BMO
semi-norm. The detailed computation is almost the same as in Proposition 3.4 in [7] so we omit it. O

The next lemma is to introduce the identities about the magnetic field b. It was first discovered by Wang in [30]
and used on the free-boundary MHD equations by Gu-Wang in [11]. This lemma reveals the regularising effect of the
magnetic field b; in particular, the flow map 7 is more regular in the direction of by.
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Lemma 2.4. Let (v, b, ) be a solution to (1.8) with initial data (vg, by, 7¢). Then the following two identities hold:
a’*b, = by, 2.5)
bP = (b - )P = by, nP. (2.6)

Proof. For (2.5), we multiply a”* to the second equation of (1.8) to get

a"*d,by = a"*bgattd,8,1e = a**bgd (a*P 3, ny) — bpd,atP (3, nea’®) = —byda®®,
%T N’
=54 81

$0 0;(a"“by) = 0 and thus a"*b, = by. For (2.6), it can be easily derived by multiplying d,,ng on the both sides of
(2.5) and using a : dn = 1. O

The last three lemmas record the results of basic PDE theory. The first one is the well-known Kato-Ponce commu-
tator estimates, the proof of which can be found in [17] and [19].

Lemma 2.5. Let J = (I — A)'/2, s > 0. Then the following estimates hold:
(1) Vs = 0, we have
I°(f e SN wspiligloez + 11 f e llgllws.az, 2.7

with1/2=1/p1 +1/p2 =1/q1 + 1/g2 and 2 < p1, g2 < 00;
(2) Vs € (0, 1), we have

17°(fg) = F(*8) = (J° f)glle SIS lwsrerllgllws=s1.p2, 2.8)

where 0 <51 <sand 1/p1 + 1/pa=1/pwithl < p < p1, p2 < o0;
(2’) Vs > 1, we have

17°(f8) = (* g = F(°Dlee SIS lwrelgllws—1.ao + 1 f llys—1ar [18lly1.a> (29

forallthe | < p < p1, p2,q1,92 <ocowith1/p; +1/p2 =1/q1 + 1/g2 = 1/p.
(3) Vs > 1, we have

17°(f8) = F(P )Lz SIS Mws-eiliglhers + 1Lf llyr.ai g llws—1.42 (2.10)

where 1/2 =1/p1 +1/q1 = 1/pa+ 1/g2 with 1 < p < py, pa < 0;
(3)Vs>0and 1 < p < oo, we have

17°(fg) = F°Dller S N0f ol T glle + 19° f lILrllgllzo: (2.11)

(3)Forl < p<ooand 1 < py,q1, p2,q2 < oo satisfying 1/p = 1/p; + 1/ p> = 1/q1 + 1/g2, the following
hold:

e If0 < s <1, then

17°(f&) = f(T*Dllee ST THof e lgllLee: (2.12)

e Ifs > 1, then
175(fg) = f(ED)Le ST S por ligliprs + 10 lLar 1 T5720g | an (2.13)
O

The second lemma is a refined version of the Sobolev interpolation proved in [3]. It will be used to estimate the
lower order error terms.
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Lemma 2.6. Suppose £2 is a domain in R4, Suppose also 0 <51 <s <spand 1 < p, p1, p» < oo. If the condition

1
1<s;eZandp, =1lands; —s1 <1——
D1

fails, then the following interpolation result holds for all 8 € (0, 1):
1 Iws.2(2) Sdsrsaonpa26 1 [5psion @y LF 157502 @)-
provided s = 0s; + (1 —6)s, and 1/p = 0/ p; + (1 — 0)/ p hold.
]

The last basic lemma is a Sobolev trace-type lemma which allows us to use trace theorem for the Sobolev spaces with
negative order in some special cases. It can be found in Theorem A.2.4 in [2] on page 251.

Lemma 2.7. For | < p < 0o, we define the function space for vector fields X € R9:
LY, (2):={X e LP(£2) : div X € L?(22)}

with the graph norm
X laiv = (X7 gy + Idiv X (7, o) "7

Then there is a unique continuous linear operator
Try : L (2) - W™VPP(3R)

such that Try X = (X - N)|pq foreach X € C(2) N LE ().

3 Pressure Estimates

In this section we prove the following bounds for Q, Q; and Q;, which will be repeatedly used in the following
chapters. Our conclusion is the following proposition.

Proposition 3.1. Assume Lemma 2.1 holds. Then the total pressure Q satisfies:
101135 S 1013545 + 1013505 + lvell2s + [1Boll2slbll3s + 1+ ¢ < P; 3.D

10¢l2:5 < Ivll2.548 (1 Q1125 + lvells) + 0l (VI3 545 + vell2.5) + llvee 15
+ 1bollsl1bellvs + 161254511 ll1.5 + [vll2.5+51Doll2 515112 + l1boll2 15125 (32)
S P
1Q:ells S (el + 18 TD U s lVlI2545 + vells) + Ivllz.s+5 (I Qelly + [[verllo) + l[vreello

2
+ vll2s+s (0115 ssllvlln + Tvll2.s4slvelln + llorelln)

+ llvellzs + izl Qelly + (lvellis + 101D Q25 + Ivll2.s4slvll2.s (3.3)
+ lloelll1Boll2llBll2.54+5 + lvllslbellis + lbollilIbeellrs
<P,

where § > 0 is a constant to be determined later, and can be sufficiently small if needed. P denotes P (||v]3.5, |[v¢ 2.5, lveell1.55 [[Veee oy |l
throughout this paper as shown in the list of notations.

As for the basic idea of the proof, the control of Q and Q; will be derived from the standard elliptic estimates,
whereas the control of Q;; needs Lemma 2.2 and Lemma 2.7 due to the low regularity.
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3.1 Control of Q and Q,: Standard elliptic estimate
First the total pressure Q verifies an elliptic equation as computed in Section 3 of [22]: In §2, we have
9,0 = 3,a"*dyvg + du((6* — aka’®)d, Q) + a"*dybl by + dgbya’’ aP?d,by — dgbliaP?d,by.  (3.4)

The boundary condition of Q can be derived by contracting the first equation of (1.8) with a“*N,, = a3* and then
restricting to the boundary:

2—1% = (6" — aa>)D,,0 — a,vy + a**bldyba. (3.5)

Denoting the RHS of (3.4) and (3.5) by f and g and invoking the standard elliptic estimate, we obtain

101135 S s + lgllz,r + 1Qllo,r

where the last term can be controlled by using the boundary condition. We apply the multiplicative Sobolev inequality
(as a corollary of Kato-Ponce product estimate (2.7)) to get the following control of f and g:

1/ N5 < 19:a"yvallis + 16" — aga”)9, Qll2s
+ 1" 8ubg duballis + 18pbya*? aP*duball1s + 195b5aP*duball15

3.6)
S lladllzllvlizs+s + €l Qllzs + 112545 1boll2.5+5
Svl3sps + 1615 505 + €llQlls;
lgll2,r S €llQllas + llvellz.s + lIboll2.slIb 3.5, 3.7

where we use trace lemma to control g. It remains to bound || Q |0, . Invoking the surface tension equation, i.e., the
fifth equation in (1.8) and Lemma 2.1, we have

Qllo,r < IvVgAgnllo.r 1
Therefore, after absorbing the e-term to LHS, one has
101l3.5 S vl + 1513 + llvellz.s + boll2.s11bll3.s + 1. (3.8)

We next estimate Q, in H2-3. Taking time derivative in (3.4) and (3.5), we get the following elliptic equation for

oy

3”3th = 8”61”“3,,1)“ + 3,ava3,,3,va
— 0y(9¢aka"®9,0) — 0, (ak0;a"*9,,0) + 0, (6" —akay)0,0¢)

+al®d,bl 8,bg 4 a”*dybl 3,:3,by + 3, (3gbydybe)a®? aP® + dgb,d,(a¥Y aP*)d, b, (3.9)
— 0pbaP,0,by — 05blaP®,b,
= f*
with the boundary condition
an __ (o13 nw,3a nw, 3a 3a 3o v 3a v
N " —aka>*)9,0; —0:(alya™*)0,0 — a0 vq +a*by0,0:bg — a;” (0;vq — by0,0:bg) (3.10)

=:g* onrl
The standard elliptic estimate gives

1Q¢ll2.5 S I/ " llo.s + g™ lle.r + 11 Q¢llo.r.
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and by the multiplicative Sobolev inequality and trace lemma, one has
I/ *llo.s S €llQellz.s + vll2s45(1Q 125 + lvellis) + lvll2(lvl5 545 + lvell2.5)
+ 1boll3lDell1.s + [1Dll2.5+51bell1.5 + vll2.5+5boll2.51D]12 S €1 Qe ll2s + P;
lg*lh,r SellQillas + llviellis + boll21bell2.s S €llQellas + P. (3.12)

For the boundary control, we first derive the expression of Q ¢|r. Time differentiating the equation a33Q =
—00;(/gg" 3;n*) we get:

(3.11)

0r=(1-a>)0; —a>0 —00;(3:(/88")3;1) — 091 (V28" 8;v°). (3.13)
By Holder’s inequality, Sobolev embedding and trace lemma, one can mimic the proof of Proposition 3.2 in [7] to get
1Qcllo,r S llvll2s. (3.14)

Therefore, summing up (3.11). (3.12) and (3.13), then absorbing the e-term to LHS, one can get the bound for Q;
as shown in (3.2).

3.2 H! control of Q;;: Low regularity elliptic estimate

In this section we will derive the H! estimate of Q;;. Although Q,, satisfies an elliptic PDE as Q and Q;, the
standard elliptic, i.e. |[ulls S || flls—2 + lIglls—1.5,0 + [[#|lo is valid only for s > 2. Therefore we need to invoke the
H elliptic estimate in Lemma 2.2. Since the RHS of the first equation in (2.1) is required to be the divergence form,
we need to start with the first equation in (1.8) to derive the elliptic equation of Q;; instead of merely taking a time
derivative in (3.9)-(3.10).

Contracting the first equation of (1.8) with a”®*d,,, invoking Piola’s identity d,a”® = 0, and then taking time
derivative twice, we get

0v(@"*al0, Q) = 0, (—8tt(a”°‘af)f)3MQ —20,(a"%ak)0,Q; + Blt(a;)“va)) (3.15)
+ 0, (a})f‘b(‘fauba + Za}’“bgauatba + a”“bgauat,ba) ,
with the boundary condition
a”“agauQnNu = (—8zt(a"°‘aéf)3uQ - 28t(a"°‘aéf)3th + 3zt(awatva)) N, (3.16)
+ (a}’,“bgauba +2a}*by0,,0:bo + a"“bgaufit,ba) Ny.
Let A = a"%all, W = Qi+, and
7’ = —04(a"%ak)0,Q —20,(a"*ak)0, Q¢ + s (a}%va)
+ at“;"bgauba + 2a}’°‘b(’)‘8u8,ba + a”“bgauanba,

and
h = (=04(a"%ak)0, 0 —20,(a"%al})0,,Q; + 014 (a"*0;vq)

+ a}’;"bgauba + 2a}’“b(’)‘8M8,ba + a"“bgauanba)N,,.
Then (3.15)-(3.16) exactly has the form as in (2.1). Before adapting Lemma 2.2 to the equation of Q;;, we need to

verify that 77 and div 7 are L2-integrable. Repeatedly using Holder’s inequality and Sobolev embedding and Lemma
2.1, we have

Izllz2 < (laslpslallze + lacll7) 190 s + llalzsllacllLs19Q: s
+ llaceell2lvllee + laclzsllvelis + lallzsllveelizs
+ llazell2bollLoe[10b]|Loe + llas (L6 llbollLoe [|0b: |3 + llallLoe 1boll L6 [|0bse | 1,3
S (el + Q1D Avlslviizs+s + llvellis) + [vll2.s+sU1Q ¢l + lveello) + llveeello (3.17)
+ [vll2.s+5 (V15 54Vl + 10ll2548lvells + lveellr)
+ [vellillboll21B1l2.5+6 + lvll1.511bell1s + [1Doll11bse 1.5
<7P.
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Next we verify that div # € L2. From (3.4) and (3.15), we have
div 7w = 310 (a’®dyvg + a*d,bl by + dpbya” aPd,by — dgblaP®d, by). (3.18)
One can expand all terms and repeatly using Holder’s inequality, Sobolev embedding and Lemma 2.1 to get

Idiv iz S llaslip2llvliz.s+s + llaelliLs (10vellLs + 18boll L6 191 o)
+ llacllzs (10veellz3 + 11951 L6 19bell L6) + llallzoe (19b] oo [[9bs I 2) (3.19)
<P

Now, Lemma 2.2 is valid for (3.15)-(3.16) and yields that

1Qully S llmllo + 1k — 7 - Nll~o.5,r + | Quello,r (3.20)

where we use Lemma 2.7 for Try : L2 (2) — H™Y2(382) to get

lh =7 Nl-os.r = 103 @*va)Noll-o.5.r < Y 193 @ *va) Ny lo-
v

This is valid because 9, (33 (a"*vy)) = 0 € L2.
It remains to control || Q4 ||o,r. One can differentiate d, twice to the surface tension equation on the boundary, i.e.
the fifth equation in (1.8), to get

O =010~ a33)Qtt - 8%5133Q - 2“?3Qt 321)
—0di(Vgg" 0;n}) —00:(02(\/gg")9;n*) — 200, (3:(/gg"”)d;0:m°).

Therefore, it suffices to control the L2(I") norm of each term on RHS. The terms containing g are all easy to control
by Holder’s inequality, Sobolev embedding and trace lemma:

11 =a®*)Qullo,r + 107> Ollo,r + 11247 Ocllo,r S €l Quelly + IvellislQllzs + vzl Qcllr.

For the L?(I")-estimate of —00; (\/gg" 9;n3,), we have:

19: (vgg" dmi)llo.r S llvellzs,

where we refer to Proposition 3.2 in [7] for detailed computation.

However, the L?(I")-estimates of 9; (87 (,/gg"/)d;n) and 9; (3;(,/gg")d;0;n*) need to be refined in order to
make us easier to write the pressure estimates in terms of the sum of initial data and time integral of P when we close
all the a priori estimates. First, we have

10: 02 (V2g )3 o, < 110: 02 (V2g” )0 llo,r + 1102(V28")3; ;0 llo,r
< 1020(gg Hllo,r + 1102(/28)llo,r 1%l Lo (r).-

Then we write the derivatives of \/Eg"j in terms of R(d7), a rational function of 9;7 sstisfying ||R(577)||1.5, rs
9] 1.5, (For the detailed illustration, see Remark 2.4 in [7]):

079(v/gg™") = R@n)(@)?0%y + R@ndve + R@nIvd*v + RO v,

and o o
?2(J2g™") = R(@n)dv, + R(In)(v)>.
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Invoking Lemma 2.3, we have

IR@1)(@v)*8%n + R@MIvello,r S IR@) ooy 13VI1F 4 19271l Loy
S llvll2
IR@mdv, + Q@n)Ivd*vllo,r < 18ve L2190l ooy
S llvellislQlla
||R(§TI)5U52U||0,F S lvllzslvllz.s+s
IR@m*vello,r S llvell2s.
S0
19: @7 (V&g N3’ llo,r < Ilvll2 + llvellisl Qllz + vll25l1vll2.545 + l[vell2.s-

Similarly, we can get N
197(2g")3:0;n° llo,r < llvellislQllz + lvell2 + 31212

Moreover, since at(ﬂg_l) = R(d1n)(dv)?, we have

19: (0: (v/g8")3;3:m) I < Nvll2.s.

Summing up all the boundary terms of Q,;, one gets

2
1Q:ello.r < llvellzs + vll2lQ:lly + (fvellis + 1011 Qllzs + [[vll2.s45]vll2s.

(3.22)

(3.23)

(3.24)

(3.25)

Therefore, combining (3.20) and (3.25), and absorbing the e-terms to LHS, we get the H ! estimate of Q;; as shown

in (3.3).

4 Div-Curl Estimates

O

In this section we derive the div-curl estimates of v and b and those of their time derivatives as the first step to derive

the desired a priori estimates. Specifically, we show:

Proposition 4.1. Assume the assumptions of Lemma 2.1 holds, we have the following estimates:
t
olas S Po+ [ Pt Io%lar.
0

t
Ibllss < Po + / P;
0

and ,
lollzs < Po +/ Pt 0 lar.
0

t
Ibellas < Po + / P:
0

and ,
lveellis < Po+ [ Pds + 103 s + P(lv]2s55),
0

t
1bsell1.5 S Po +/ Pds + P(||vl2.5+5, |1D]l2.5+8).
0

where § > 0 is a constant to be determined, and can be arbitratily small.

4.1

4.2)

4.3)
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The basic tool is Hodge’s decomposition inequality, i.e. for any (smooth) vector field X, it holds
1X1ls < 11X Mo + lleurl X{ls—1 + [|div X fls—1 + (X - N)lls—1/2,r:

where N is the outer unit normal vector to I". This inequality will be used to control v, v;, vy . In addition, we mention

here that since v3 = 0 on Iy, v3, v3 ,v3, also vanish on I.
t tt

4.1 Div-Curl estimates of v and »

We adopt the following notations throughout the rest of this section.
Notation 4.2. Let X be any smooth vector field. We define
AgX =a"%0, Xy, ArX =divX =6"%0,X,,
(B X)” = e"Pald, Xg, (BrX)” =curll X = e"#9,Xj.

Here, €7®® is the totally anti-symmetric symbol with €!2*> = 1. In other words, we use A, and B, to denote the
Eulerian divergence and curl operators, respectively.

From Hodge’s decomposition inequality applied to v and b, we have:

lllss < vl + leurl vl2.s + [div vll2s + 03131,

) 4.4)
16113.5 S l1bllo + lleurl bll2.s + Idiv bl2.s + 6% 13,

First, the divergence control is easy. From Lemma 2.1 (7), we know it holds in a sufficiently short time [0, 7] that

[div vllas = || Agv +(Ar — Aa)vlla.s S I —all2slvllas < €llvllas
N——
=0
Idivbll2s = I Aab +(Ar — Aa)bllas S I —all2sllbllss < €llb]ss.
N——
=0

4.5)

The control of curl v and curl b follows exactly in the same way as Proposition 5.2 in [22], just replacing d'-> in
that paper by 02->. We have:

t
curl vlj2.5 + [lcurl bll2.s S €(llvlss + [1B]l3.5) + Po + / P. (4.6)
0

Now we are going to control [|b>||3, 1. Recall that b = (bo - d)n and by = 0 on the boundary I", we know
b = (bg - )1 on the boundary I". Invoking Lemma 2.3 and trace lemma, we are able to get

t
153 13,r = b0 - 3nlls,r < Ibolls,rinlla,r < Ibolla,r1Qll2,r S Pllbollss, 1Q(0)]2.5) +/0 1Q¢l2s.  (4.7)

Combining (4.4), (4.5), (4.6), (4.7), and absorbing the e-term to LHS, we conclude that

t
|Mw§%+/P+W%ﬁ
0 (4.8)

t
uw%5%+/P.
0
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4.2 Div-Curl estimates of v; and b,

Again, from Hodge’s decomposition inequality applied to v; and b;, we have:

[vellzs S lvello + lleurl ve s + [|div vell1s + |07 2,1

) 3 4.9)
16¢ll2.5 < 16ello + lleurl be[l1.s + |div bell1s + 167 1|2,
where T is any unit tangential vector to .
To control the divergence, we again invoke A,v = Azb = 0 to get:
div v, = Agvs + (A1 — Ag)ve = 0, ( Agv ) — Aatv + (A1 — Ag)v = _Aatv + (A1 — Aa)vs;
——
=0
div by = Aabr + (A1 — Aa)br = 0:( Aab ) — Aq,b + (Ar — Aa)bs = —Aa,b + (A1 — Aa) ;.
——
=0
Therefore, one can use the multiplicative Sobolev inequality and Lemma 2.1 to get
Idiv ve[l1s = | 4a, vllis + 1(Ar — Aa)vellis
S llacllislivlz + 11 = allislvell2.s
S i3 slvlizsliviiz + ellvll2s (4.10)
t
< P(llvoll2.s) +f P(llve(s)ll2.5)ds + €llvllz.s,
0
and similarly,
t
div b:[l1.5 < P(llboll2.5) +/ P([[be(s)l|2.5)ds + €llbe |25 4.11)
0
Now we start to control curl v; and curl b;. First, we have
lcurl vell1s < |Bavellis + 1(Br — Ba)vellis S 1Bavellis + €llve]l2.s “4.12)

lcurl bell1.s < 1Babillrs + 1(Br — Ba)bellis S | Babillrs + €llbi |25
The control of B,v; and B,b; is slightly different from that of B,v and B,b. We start with the first equation of (1.8)
v = (bo - 9)°n* — a9, 0.
Taking the time derivative at first, and then apply B, on both sides, we get

9:(Bavi)s — (Ba(bo - 9)*v)5 = (Ba,v)a — €17a" 7, (a}%8, Q) .
G*

Commuting (bg - d) with B, on LHS, we have
81 (Bavy)y — (b - 3)(Bga(bo - 9)v) = G* + [By, bo - 9]b;.
Taking 9'> on both sides and commuting b - d with B,,, we get the evolution equation of curl v;:

9,013 (Bavy) — (bo - 9)0Y> (Baby) = 012 (G* 4 [Ba. bo - 3]by) + [0, bg - 9] Bab; . (4.13)

F*
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Here, we use the second equation of (1.8) and (2.6), i.e., by = (bg - d)v. Next we again mimic the proof of Proposition
5.2'in [22] and get
1d

Ed_/ |01 B, v, |* + |05 Byb, |2dy =/ F*. 3" B,v,dy
t Jo 2

By

+[ 013 (Baby) - [01° By, by - 0]vsdy
2

(4.14)
B3
+/ 012 (Bab)*9" (€r7aal ™9, 0%)dy .
2
B3
B3 can be controlled directly by the multiplicative Sobolev inequality:
BY S 119" Babi 018" (€xzaat ™ 3ub) o “.15)

S lalzllbellzslallz1bl2.s < lollslbell3 s
To control B3, it suffices to control ||[3!3 B, b - d]v; || 2. First we simplify the commutator:
[0'° By, bo - 0]vr = €3q (0" (a"7 8, (b y V%)) — by 30" > (@79, 0%))
= €aca (0"2(a"70,(by 0, 0Y)) — 0,0 (byatTd,vY))
B3, (4.16)
1.5v ut o v 1.5, ut o
+ €)ra (8v8 (bpa""0,v7) — byd,d > (a9, 0] )) .

B3,
For B3,, we need to invoke the refind Kato-Ponce type commutator estimate (2.13) because H'>(£2) € L*®(£2).
1832112 < bollwisslla™ 0,villLe + 19bollLee la"T 0,07 15 < lIboll3llvell2.s. (4.17)
For B3, we have
B, = €3200"°(@"70,,(byd,v%)) — 9, (byat*d,v¥))
= €2000" (a7 9,b3 0, v% + atThy 0, 0,vY — bydya T, Ve — byattd,d,v?)
s 5 (4.18)
= €read" (a“faub(‘)’avv?‘ + bYdgd,n,a"a fauv;’)
= €3000" (a7 0,,by 0,0 + g ((bo - D)1y )atY aP™d,v% — dgblialTd, ),

where we used Lemma 2.1 (8) to expand by d,a**9,v* in the second line and d,n,a"? = 8t'. Therefore, invoking
b = (bo - 9)n and the multiplicative Sobolev inequality again, one can get:

1B31112 < Nbollsllvellz.s. (4.19)

It remains to control B, specifically, || F*| ;2. The two commutator terms can be controlled in the same way as 55,
and straightforward computation (we omit the computation details):

118", bo - 91Babillo + 113" ([Ba, bo - Abe)llo < Ibollsllve l2.s. (4.20)

For G* = (Bg,v)) — €)raa""0;(a"*0, Q), the multiplicative Sobolev inequality combined with Lemma (2.1) yields
that

I1Ba,vllis + la**0,(a;*0y Q)15 < Mvlls(llvllss + [1Q11s.5) + [vllzs[ Q. (4.21)
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Combining (4.12), (4.14), (4.15), (4.17), (4.19), (4.20) and (4.21), and absorbing the e-term to LHS we have:
t
lcurl vs 1.5 + |lcurl by ll15 < Po +[ P. (4.22)
0
The boundary term ||53 |2, can be similarly controlled as ||53 |3,

t
16112, = llbo - 3d:nll2,r S llboll2,rllvlls,r < Pllboll2.5. l[volls.s) +/ lvell2.s (4.23)
0

Summing up (4.10), (4.11), (4.22) and (4.23), then absorbing the e-term to LHS, we have

t
loellas < Po +/ Pt 3 rs
0

; (4.24)
166125 S Po —i—/ P.
0
4.3 Div-Curl estimates of v;; and b;;
Again, from Hodge’s decomposition inequality applied to vy and b, we have:
v < v + |jcurl v + ||div v + |3 ;
[veclls S Toeello + lleurt veellos + i veellos + 03 1. w2s)

bell1.s S 1beello + llcurl bygllos + [|div besllo.s + 11bee - T ll1,r
where 7 is any unit tangential vector to I". To control the divergence, we again invoke A,v = Ayb = 0 to get:
div vy, = Agver + (A1 — Ag)vee = 014 ( Aqv ) — Ag, v — 2A4,0r + (A1 — Ag)ves;
——
=0

div byy = Aabyr + (A1 — Aa)byy = 044 ( Agh ) — Ag, b —2A4,b: + (A1 — Aa)bys.
——
=0

Therefore, one can use the multiplicative Sobolev inequality and Lemma 2.1 to get

ldiv veello.s < |Aas 05 4+ 2| Ag, vellos + |11 —all2l|vee |15

S llawelloslivlizs+s + llacllzelvellis + €llvieliis

2 (4.26)
Slovlloslvlzses + 0vellosllviiz.s+s + lvllzs+sllvellis + €llveellis
S P(vll2s+s)Ulvlls + lvellis) + €llveellis
and similarly,
[div brellos S P(llvll2.s+s. 10l2.548)(Ivll1s + vellns + 16ell1.s) + €llbeellrs. (4.27)
where § > 0 can be arbitratily small.
The boundary term ||b2; |1, is again controlled in the same way as (4.23)
_ t
167110 = 1160 - v ll1.r < Plllbollzs. v:(0)]1.5) +/ lveell.s. (4.28)
0
Apart from || vf, l1,r, it remains to control curl v;; and curl b;,. We have:
curl v = || Bavsr + (B — By)v < ||Bav + €|lv
I ttllo.s = [1Baver + (Br — Ba)veello.s < |1 Baviellos + €llveellis 4.29)

llcurl byt llo.s = || Babir + (Br — Ba)billo.s < || Babirllo.s + €llbiell15.



Luo and Zhang 19

Applying the B, operator on both sides of the first equation in (1.8), we have
Bav: = Ba(bo - 9)°1.
Then taking time derivative twice, we get
3¢ (Bavir) — Ba(bo - 0)*v, = G**, (4.30)
where we used (2.6) to derive
G™ := —Bg4,, vt — Ba, V1t + Bg,,(bo - 0)b + 2By, (bg - 3)b;. (4.31)

Commuting (b.9) with B, on LHS of (4.30), taking 3°-> derivative and then commuting it with by - 9, we get the
evolution equation of B,v;; and B, b, with the help of (2.6):

3¢ (3% Bavy) — (bo - 0)(3%° Babyr) = 9°°(G™* + [Ba,bo - 0lbss) + [0°°, bo - 0](Babsr) . (4.32)

= F**

Analogous to (4.14), we can derive the following energy identity:

1d
3 | 1005 B+ 005 Babudy = [ By
2dt Jgo Q
BY*
(4.33)
+ /9 3% (Babis) - [0%° Ba, bo - ]vedy + /Q 3% (Babi1)* 3% (pzaal ™ 9,,b%)dy .
B3* B3*
The multiplicative Sobolev inequality together with Lemma 2.1 yields that
B3* S lbeelluslibollislvell2slvllz- (4.34)
To control B3*, it suffices to control [|[3%° B, bo - d]v || 2. Analogous to (4.16), we have
[0°° B, bo - 0]vir = €310 (80'5(a‘”3M(b(‘,’8,,vf‘t)) — aUaO-S(bgaWan;",))
0.5 & 0.5 (4.35)
+ €ra (ava (byatto,vs,) — bydyd™ (a”rauv‘;‘t)) )
B33
For B35, we need to invoke the refind Kato-Ponce type commutator estimate as in (4.17)
1B3: 02 < bollwrs.sllat0uviiliLs + 0bollLella’* 0, viillis < Ibollsllvee s (4.36)
For B3}, we have
Byt = €100 0% (a7 0,,b4 0,0%, + 0 ((bo - D)y )a? aP™0, v — dgblyaP™o,v8), (4.37)
Therefore, invoking b = (bg - d)n and the multiplicative Sobolev inequality again, one can get:
1831112 < Iollsllveells. (4.38)

It remains to control B7*, specifically, || F**||;2. The two commutator terms can be controlled by [|bo||3(|bs/1.5 in
the same way as . Therefore it remains to control ||G**||o.5, which is directly controlled by using multiplicative
Sobolev inequality

1G™llo.s < llacellv(lvellz + 11Boll3l16113) + llall2(llveel1.slbolll1be l12.5) < P- (4.39)
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Combining (4.12), (4.14), (4.34), (4.36), (4.38), and(4.39), and absorbing the e-term to LHS we have:

t
lcurl vssllo.s + [lcurl byt lo.s S Po + / P+ e(lveellis + 11bsell1.5)- (4.40)
0

Summing up (4.26), (4.27), (4.28) and (4.40), then absorbing the e-term to LHS, and finally using Young’s in-
equality and Jensen’s inequality, we have

t
lveellis S Po + / Pds + [v3lli,r + P(lvll2s+s) (vlls + llvellis)
0

SPo+f§P

t
< P+ / Pds+ [0 s + P(0lasss):
0 (4.41)

t
[bsell1.s S Po + / Pds + P(|[vll2.5+5. 1Dll2.5+8) (lvllis + [[vellis + [1bell1s)
0

SPo+f§P
t
< P + / P ds + P([olla.sss. [1Bl2.555).
0

where § > 0 can be arbitratily small.

So far, we have derived all the div-curl estimates as shown in Proposition 4.1. However, the control of the boundary
terms containing v and its time derivatives as well as the lower order terms (i.e., ||v||2.5+s and ||b||.5+s are still needed.
This will be done in Section 5 and Section 7, receptively.

5 Boundary Estimates of v

In this chapter we focus on the boundary estimates of v3, v?, v ,3t with the help of boundary elliptic estimates and the

comparison with tangential projection. The conclusion is that

Proposition 5.1 (Boundary estimates of v, vy, vsy).

t
10 s.r < Po+ P [ Pt P([vll2s49)- 5.1)
0
_ _ t
102l < e(lvellzs + 13%vello.r) + [ (Tv)lo.r + Po + / P; (5.2)
0
3 _ 3 _
I3l <e (Z 1308 o, + 3 I ||1) 13T v o.r- 5.3)
a=1 a=1

5.1 Control of v3: Boundary elliptic estimates

From (4.1), we still have to control ||v*||3, 1. Differentiating the surface tension equation a** N, Q + 0 ,/gAgn®* = 0
in time and let @« = 3, we have:

vag = Jee Tjoev* = 0,(V2e")0i0in® = 9:(V2g" I[)en’ =~ (@2 Q)Ny, on I (54)

Invoking Proposition 2.4, we have | g;;|ls,r < C and ||Fl.§||2, r < C. Therefore, by the elliptic estimates with
coefficients in Sobolev spaces, one has:

. . 1
1 lls,r < 119: (283 dim* 1,1 + 110:(V2g" Ti)okn’ - + ;||3t(aM3Q)N/L||1,F
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For the term ||9,(/gg")9;9;n*||1,r, we have:

t t
10 (V)00 lr < 19:(vEg D s.r 17 s < vl / 120 < olls f lss, (5.5
0

where we used 327 = [3 3%v since 921(0) = 0. For the term [|3, (/g rk)ak n3|l1.r, one expands the Christoffel
symbol to get

0,(/2gg" ) = ﬁgm"amn’atannrg”g“amvaiamu + /20, (g7 g 81m")d;9;m,

+ /2" g 9im’ 89 v,.
A direct computation yields:

t
19:(V&g" T’ r < Z||U||35||3k77 ls.r S lvllss | 9kn (0)-1-/ [vlls
——

0 (5.6)
< v ||35/ lvlls.

The term containing ¢ can be easily estimated by Holder’s inequality and Sobolev embedding. Summing up (5.5)
and (5.6) and using (7.7) and the trace lemma, we have the boundary control of v3:

t
1030ar < 10:01 + Pvllasas. 10l1s.r) + Plvlas) [0 P(v]lss)
t t t
5||Q,(0)||1+/ IIQn(S)IlldS+P(IIQoIIz)+/ ||Qz(S)||zdS+P(||U||2.s+8)+7’/ PG
0 0 0

t
<Pyt P/ Pt P(Jvllasss).
0

5.2 Control of v} and v},: Comparing I7X with X3
To control |[v} |2, and |[[v},]l1,r, we need to use the bound for ITv, and [Tv,,. In general, we need the following
argument, which was proved in Section 6.1 of [7]:

Lemma 5.2 (Compare 71X with X - N). For any (smooth) vector field X in £2, we have

3 3
10X3(o.r < e (Z 19X*Nor + ) ||X“||1) + 10T X)lo,r - (5.8)

a=1 a=1

102X3llo,r SelXll2.s + €l3*Xllo,r + P(1Qll1.5.r 13:X(0)]lo)

= t 5.9)
PO lor + [ PA3X o)
0
O
Let X = v; (vy, resp.) in (5.9) ((5.8), resp.), we have:
3 3
2l Se (Z 139% o, + 3 ||v?,||1) + 13T ven) o, (5.10)
a=1 a=1
t
10712, < €llvellz.s + €ll0®vello.r + Plvee (0)]lo) + 19> (o) lo.r +/ P(|[viello)- (5.11)
0

Therefore we ends the proof of Proposition 5.1.
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6 Tangential Estimates

In this section we will derive the tangential estimates of v, bss; and vy, by, as well as the tangential projection I7v,
and ITv;;, which together with the div-curl estimates in Section 4 and the boundary estimates in Section 5, will close
all the a priori estimates. Our conclusion in this section is:

Proposition 6.1. Assume the assumptions of Lemma 2.1 holds, then we have:

t
veee 1§ + IBeee 15 + 10T ve)lIg 7 S €1 QeelF + llvel3.5) + P(llvll2.54+8) + Po +/ P. (6.1)
0

and
t
13vec 1§ + 119515 + ||32(Hvt)||0 r Selvdzs + P(lvlzses) +Po+ / P. (6.2)
0
Here € > 0 is a positive small constant and is to be determined.

Remark: Before going to the proof, we point out thet all the boundary integrals on the fixed bottom Iy vanish
since we have
3 = 07 ai r’3 =

and thus
3iv? = 0,00 = 0203 = 92v® = 0,a* =a*? =0.

6.1 Estimates of v,,;, b;;; and boundary term 0/7v;

We start with [|vzs: |3 + [|bs1¢]|3. From the first two equations in (1.8), we have

1 1 1 ! ¢
vl + 3 Wbl = Shoes @~ [ [ 8@ 0,000 dyas+ [ [ 82040,5%8%0, dyds
0 J 0 J2

| t ! g (6.3)
+ b )2 + [ / 93 (b0, 0%)9%be dyds .
2 0o Jo
K
We observe that J + K actually vanishes. Indeed, one can integrate d,, by parts in J 4 K to get
t
J+ K= / [ bl 320,,b% 3 vg + bl 979,020 by dyds
0 Jg

t

_ / / B8, (836%97 va)dyds ©64)

t
/ a b 83b°‘83vadyds +/ / bl N, (33h%03vy)dSds = 0.

Therefore it suffices to control /. Here we remark that we have to integrate d,, by parts once the term d,, Q;; appears
since there is no control of Q. After this, we invoke the fifth equation of (1.8) to replace Q| by the surface
tension term and its time derivatives. To do this, we first expand I as follows.

//a“ BuQma Vedyds — 3 /[a, 0 Q,ta Vedyds — 3 //a,, MQzafvadyds

6.5
/ / a0, 003 vy ds 6.3)

=L+ 1+ I3+ I4.
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With the help of Lemma 2.1 and Theorem 3.1, I, 4+ I3 can be directly controlled by Holder’s inequality and Sobolev
embedding:

t
I+ 1 S/ (lacll2110Q ¢ llo + llartllosN9Q 1) visellods
0
t
5/ P([[vlls. lvellvs, [lveeello. [ Qeellr. 1Qell2)ds (6.6)
0

t
S / P(llvlls. [lvellzs. viellvs. Tveeello. 10135, 166 ]l2.5. [1D2:]11)ds.
0

For I, integrating d,, by parts, then invoking the surface tension equation, one has:

t t
—/ / aanttta?vOtNlLdes +/ / aantztaua?Uadde
0o JIr 0 J

Lo

=—0./glgn“
¢ ——
—/ / 8? (a**N, Q) a?vades +110 6.7)

+3/ /a, N, Q] v(,des+3/ /a,, N, Q.9; vades—i-/ / 3a"* N, Qd}v,dSds .

I> T4

Here we can see the most cumbersome term is /4 apart from /;; since a,;; € L?(I") and vy4; cannot be controlled
on the boundary. However, we can integrate d,, by parts to produce a term which cancels with /14. We have:

t
I = _/ / 83013, 093 vadyds
0 J

t t
—/ /I:B?a““QNMvaadeswL/ /;G?a“"‘Qafauvadyds (6.8)
0 0

14,

= —I14 + I41.

Up to now, it remains to control /¢, I11, I12, I13, I41. For 41, one first differentiates d; twice in Lemma 2.1 (8)
to get
Pal® = —a""30%v,aP* + L.O.T.

Therefore the main term of 147 is
¢
Iy = —/ / a"“vaﬁafvva’gaa““Qaf’aﬂvadyds +L.O.T.
0 J

Also we observe that
3 (@™ 3 9%v,aP*at 929 ,,04) = 2a""350%v,aP*030,, vy + 20,075 3%v,aP* 320,04,

which implies the main term of /4; becomes

1
141 = _5/ altvaﬂ82vv ﬁ“a"“az
2

/ / at’dpd%v,aP?9,0%v, Q,

t
—[ f Bta“"aﬁa?vvaﬂaauaﬁan+L.0.T. (6.9)
0 J2

t
< P(lvolls. [lver (O)l1. [1Q0)]l2. 1Boll2) + llveelIFIIQl2 +/0 P.
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To eliminate the term |[v[|? [ Q||2, we first use the interpolation inequality and €-Young’s inequality:
4/3 2/3
e 1@l S TvaeIE5 oeeIF 21 Q112 < €lld2vl1t s + PUIQIs vecllo) S €l0Fvlid s + PAIQ I, 112, [veclo)-
Then the last term can be written as the initial data plus the time integral:
t
P([Qll2. 12]l2. [lveello) = PUIQO) 2. Boll2. vz (0)]l0) + / P.
0

Therefore 14, has the following control:

t
Ia1 S P([lvoll3, v (0) 11, 1Q(0) ]2, l1boll2) +/ P. (6.10)
0

The control of /3 is also straightforward if we integrate d, by parts,:

t

I3 = 3/ d2at* N, Q,02v4ds
r

t
—3/ /(8?a”°‘Q,+ 20" Q1) N, 0% vedSds.
0 0 r
t

S 07all2 I QellLaryllvee lLacry
0

t
+ / (183all 20| Qs ooy + 182all s | Quell ) vee |2y
0 . (6.11)
< Naelos) Qelllveels + / P
0
t
< (12 + Torls) + 1001 + ellvn 2.5 +/0 P
t
57>0+/ Pt ellval?s.
0

Here € > 0 need not be arbitrarily small, since we only require it can be small enough to be absorbed by N(¢).
The control of the remaining terms needs either to invoke the surface tension equation, or to use some tricky
simplification. First, we show that the desired term || 017 v ||o,r comes from /. Integrating d; by parts, one has:

1 t .. ii i i
i = [ [ 90 (Veg @ = oot + Ve — g g0 0t 0*) ot

t
= —/ V27 (8% — g5 0 9in*)8%9;v1 930, v
0

(6.12)

I

t
_/ / VE(g" g — gV ™Yo dn* 89,0201 82900 +L1n,
0 r

I12

where Ly consists of all the terms in 3 (,/gAgn®) with at least one 9, falling on ﬁ(gij gkt — gl gik)a, n%dxn’
and ﬂgij (6% — g®1 3, n*d;n*). We only show how to control 711, and I;;,. For the control of L, one only needs to
integrate d, by parts. We refer readers to Section 4.1.1.3 in [7] for details. The result is

t
L1 Sellveellis + P(lvolls, e )15, [1vee (0)ll1.5) + P([[vll2.545) + / P. (6.13)
0
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To control 1111, we recall [T = §§ — gX 9rn® 9 n* to get

1 [t .
I =—§/0 /F@glfnj‘a,(afajv*afaiva).

Integrating 9, by parts, using the symmetry of g~! and I7, and also I79?9;v = 9; (I19%v) — 3; [19?v, we obtain
t

1 B 1 ! .
1111=—5/1‘qx/§gl117§3?3jv’13%3iva +5/(; Aat(@g'fng)afaju*a%aiva

0

1 ..
=3 /F V88" i (11507 va)d; (T} 97 %)

I

+/Fx/é_’g"jat”ﬁafvaaj(ﬂi‘a?v‘)—%/Faiﬂ,‘ja,nfa%vaa}v* (6.14)
I1112
_%/Fﬁgfjngafajvxafaiva t=0+%/OtLat(ﬁgijnf)a?ajvkafaiva.
Ii110 Ly

The main term is /111 Plugging ./gg"” = 8" + (/gg¢" —§V) and || \/gg" — 8" ||1.5,r < €, we get the desired
term [|9ITv, ||§ - in the following way:

1 — 1 o
o = =3 10oull - = 5 [ (Vg =870, (120000, (1530

) (6.15)
< —5”317”” 15, + €lldTve 1§ -
For the remaining terms, invoking ||\/g¢" ' ll1.5,r < 1 and 1011 ||1.5.r < |nll3.5.r» one has
t !
Lin S [ 1008 DllzerliBoali - S [ Toulvsliola
0 0
Iz S ||at(«/§g_ln)||L°°(I‘)||3H||L°°(F)||Utt||0,F||anvtt||0,1“ + |I317||%oo(p)||vn||§,r
_ (6.16)
S PUIQlhs,r)Ulveello,r 10T vee flo,r + ||Uzt||(2),r)
Sellomv g + PUQNs.mllveellg. -
Iiiio S P(vee (O)]l1,r)-
Hence, we have
t
Iy £ =[0vu|i§ p + €llvelis + Pl Ollis) + P(IQ1l1s.r) +/ P. (6.17)
0

To end the estimates of /11, it remains to control /715, which requires some remarkable structures introduced in
[6]. The detailed computation is exactly the same as Section 4.1.1.2 in [7]. The estimate for /11, is based on the
following observation: One can write

t
1
L= / / —(9; det A' + det A% + det 4%), (6.18)
o Jr /g
where Aj; = ;1,079;v", A7, = 0;v,979;v* and

A3= alnuafalvu 81vM8f82vM
aznuafalvM 821);“9?820“ )
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Now we explain how this identity holds: Consider the integrand
(8" g"" — g" g™)3; 00,0003 0; vq.
Since this vanishes if / = i, we only need to consider the case when (I,i) = (1,2) and (2, 1), and then it becomes
1

ﬁ(amuam — 31120277,) (020207929 vH + 830* 020, vM).

One the other hand, one can find

1 1

il detA' ~ 2 Ormdans - 9112.020,) (070207039104 + 07v*070, 1),
while A2, A3 are present precisely to compensate the L.O.T omitted above. The result is

t
Iz S €ldviells r + €llvellis + P(vie(0)1s) + P(1Q1lus.r) + / P. (6.19)
0
Thus, from (6.12), (6.17), (6.18), I;1 can be controlled:
I S =10vlg r + €llveels + PUAQls,rs [0]l2.545)

t (6.20)
+P(||v0||3v||Ut(0)||1.57||”tt(0)||1.5)+/(; P.

The remaining work is to control /1¢, /12 via the surface tension equation. For /¢, invoking the divergence-free
condition for v, one has

¢ t t
Io :—3/ / afa““aua,vaafg—3/ / 8,a’w‘8u8?vaa?Q—/ / 32a"9,,0,07 0
0 Jo 0 Je 0 Jo (6.21)
=:I101 + T102 + 1103

I101 can be directly controlled by Holder’s inequality and Sobolev embedding after integrating d; by parts:

t

Lot 5e(||Qn||%+||vt||§.5)+P(||v||2.5+s)+P(||vo||3,||vt(0)||1.s,||Qn(0)||1)+/0 P. (6.22)

The control of 193 is similarly as that of 1, i.e., plugging 8?51‘“" = —a"vig vavaﬁ“ + L.O.T. into I¢3, then
integrating dgby parts for the main term and integrate d; by parts in the remainder terms. Detailed computation can
be found in (4.16)-(4.18) in [16]. The result is

t
o3 S €(I1Quell} + llveell 5) + PUIQee )11, 1Q: ()12, 02 O) 1.5, 10 (O)l|2.5) + P(l[v]l2.545) +/0 P. (6.23)

For 1192, we first integrate d,, by parts, then use Lemma 2.1 (8) and the surface tension equation to get
=3?q on T’
t —_—— t
Loz = —3/ / a,awa%va B?Q N, dSds + 3/ / B,a“"‘afvaBMS?Qdyds
o Jr 0o Jo

Lio21 (6.24)

t
= 3/ / a”"’aﬁvvaﬂ"‘afvaagQNudes +L1021-
0o JI

11021
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The term Lz; can be controlled by integrating d, by parts. For details, we refer to (4.36) in [7]:

t
Lio21 S €(1QuelF + lveellFs) + PUIQ e (O)l1. vee ()15, voll3) + P(lIvll2) + / P. (6.25)
0

To control /951, we differentiate in time variable in the surface tension equation three times to get
a*’N,3?Q = —007(/gAgn") —30;a"’N,02Q — 39?a""N,,0,Q — 3;a"* N, Q

and thus
t t
o2 = —a/ / aﬁvvaﬂaafvaaf(@Agn”)—[ / aﬂvvaﬂ"‘afvaaia““N,LQ
o JrI o Jr
I10211 (6.26)

' 1
—3/ / dpvyaP®d?vyd,a"” N 3% Q —3/ / dpvyaP*8?v9%a"" N3, O
o Jr o Jr

All the terms above can be bounded by fot ‘P. The last 3 terms can be bounded directly by using Holder’s inequality
and Sobolev embedding, whereas the control of /19,11 needs us to invoke

3 (JgAn") = 0; (ﬁgij(Si‘ — &M a9 vt + Ve(g’ g — g’jgik)ajn“f?knlazv*)

again. For details, we refer to the control of /51571 in [7].
From (6.21), (6.22), (6.23), (6.24), (6.25) and (6.26), one has

t
ho S €1Qull + ol o) + PUolsis) + Po+ [ P (627)
0
The control of /1, can be proceeded in the same way as above. We only state the basic idea and list the result. For

detailed proof, we refer to Section 4.1.2.2 (control of I557) in [7].
To see this, invoking Lemma 2.1 (8) and the surface tension equation, one can re-write /15 to be

t
I = 30/ / dpvyaP0% (/g Agn")B3vedSds + -+,
o Jr

and then one can mimic the proof of the control of /19,7 after integrating a tangential derivative and d; by parts. The
result is

t
Lz S ellveelis + Pllvolls, [[ve(0) 15, [0 (O |2-vee (0)[1.5) + P(l[v]l2.5+5) +/ P. (6.28)
0

Plugging (6.20), (6.27) and (6.28) into (6.7), we have the estimates for /;

t
I S =10veelly r + €1 QuelT + Ivell3.5) + P(l[vll2.545) + Po +/ P. (6.29)
0

Then combining (6.7), (6.6), (6.8) and (6.10), we know [ satisfies the similar estimates as /1. Plugging this and (6.4)
into (6.30), we finally ends the control of |vss|lo and ||bss¢]|o as well as ||0T v ||o,r:

t
lveeelly + bree g S —10UTvi) G + €1 QuellF + llvell3.5) + Plvl2.545) + Po + /(; P. (6.30)
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6.2 Estimates of 0v;, and boundary term 9%I7v,

In this subsection, we will derive the bound (6.2). Similarly as in the previous subsection, we first compute:

1 = 1 = 1 = tro_ —
S Bvual + 318l = 510 1= [ [ 50200, 0052 dyds
I*
t —_— —_—
+ [ / 592 (b10,,6%)30% vy dyds
0 J2
J*
1 = tro_ _
+ 513 O3 + /0 /Q 302 (b0, v%)302bq dyds .

K*

6.31)

We observe that the highest order term in J * cancels with that in K *. Indeed, one can integrate d,, by parts in J* + K*
to get
t
J*+K* = /0 f(zbgaafaﬂb“aafva + b4 00209,,v4007by dyds
t t
+ / / 302b™ bl 9,02 vedyds + / / 3020 9b 929, bedyds
0 JQ 0 JQ

t t
< / /ﬂ b0, (326807 vg)dyds + f CANEARCAER
0 0

; o ; o (6.32)
=- / 0,bl 392b* 007 vedyds + / bl N, (3926002 vy )dSds
0 J ‘\_fo—/ 0o Jr \_ro—/

t
+ / Vol lvee 1 lBolads
0

t
<[
0

Therefore, it suffices to control 7*. In face, the only highest order term in I* is 302v,a”*3329,,Q which can be
controlled by integrating d,, by parts and then invoking the surface tension equation again, while the others can be
controlled by Holder’s inequality and Sobolev embedding.

d t
" :_/ / 38?vaalwaagaquyds—/ / 302var®dyds
0 J2 0o Jo
1y
t B _— )
:—/é Aaa%v“aMaNuaandes+/; /ﬂaauafl)aa”’“a&deyder]g‘

= I{ + 17+ 1§,

(6.33)

where in / we have
% = 5a’matht + lemgau O+ 5aﬁwath +a"9,0 + aﬁ“gauQ + 52a§w8MQ,

and thus we have the control for /, 6":

t t
Iy S/O P([[vlls. vellz, [lveellns, 1212, IIQzIIz,IIsz||1)01S§/0 P. (6.34)
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I can also be directly controlled by Holder’s inequality and Sobolev embedding. First the divergence-free condi-
tion for v implies 307 (a**d,,v4) = 0. Expanding this and plugging it into 7}, one can get

t t
;< /0 Pl v, [vre s Qe )ds < /0 P. (6.35)

Now it remains to control /{". invoking the surface tension equation again, we have

t t
1;‘:-/0 /Faaf(a““Q)+---:cr/O /Faaf(@Agn“)aafva+---, (6.36)

*
Ill

where the omitted terms can be directly bounded by fot P. For I}, one can mimic the proof of controlling I1;: taking
derivative 89, in the identity

0(VEA") = ; (VEg" (6 — gm0, vh) + (g g = gV g™ )i din*ov* )
and plugging that into /7, one gets

t
If = - /0 /F JE6 (8% — g 029,30, 09230, ve

t N - — e . 6.37
‘/ /F@(g’fg"’—g’fglk)ajn“aknla,a,av*a%aafva+Lm (©37)
0

=11 + If1, + LYy,

where L7, is the analogue of L. The term I}, is the analogue of 11, which requires using the tricky determinant
computation, and is estimated in the same way as /;5.

Iz S /0’ P, LT, Selvelzs + Plvllz.s+s) + P(llvolls) + /:77 (6.38)
For I}, we just need to replace all the 32 appearing when controlling /111 by 99;, and repeat all the steps, to get
Ity S =12 0veli§ p + ellvell3 s + P(lvllas+s) + P(lvolls, 12(0)]12) + fot P. (6.39)
Combining and (6.36), (6.37), (6.39) and (6.38) , we have
1Y S =192 |1§ p + €llvell3s + PAlvllzses) + P(llvolls, 1Q(0)]]2) + /Ot P. (6.40)
Plugging (6.34), (6.35) and (6.40) into (6.33), we can derive the desired estimates from (6.31) and (6.32):

t
8ve 15 + 119522 115 < =110 1§ - + €llvell3 s + P(Ivll2.s48) + Po + / P. (6.41)
0

7 Closing the estimates

In this section we are going to close all the a priori estimates.
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7.1 Estimatesat: =0

Before summarising all the estimates we have gotten, we point out that, so far, all the estimates contain the initial value
of several quantities. In this section we will control all these quantities in terms of the initial data, i.e. vy and by. It is
exactly here that we require the a priori estimates depend on |[vg||4,. Assume we have the a priori bound for vy and
bo, then the control of ||b;(0)||2.5 automatically holds

16:(0)]2.5 = [|(bo - ) voll2.5 < boll2.5llvoll3.5- (7.1

While the control of ||v;(0)||2.5 requires the a priori bound for Q¢ := Q(0). Our basic idea to proceed the remaining
steps is:

9:(1.8) 32(1.8)

A (1.8) =— b (0 9:(1.8) 82(1.8)
v 2 00 B O g SO, o) a2
=b,(0) = 0:(0) = 04(0)

here ‘A’ means using elliptic estimates as in Chapter 3, ‘d,” means differentiating the MHD equation with respect to
time variable 7.

The first step is to control ||Qg||3.5. Since n(0) = Id, we can derive the estimate for ||Q¢||3.5 from the original
MHD system (1.1). Taking divergence in the first equation D;u — (B - V)B = —V P and set t = 0, one has

—AQo = [V. DIv|i=0 — [V. b - Vlbo = 8, 080,08 — 0,byd,bl in 2
3Q0

W:O on F()

Qo=0o0n I

Then the standard elliptic estimate yields that

Qoll3.5 < llvoll2.sllvolls + llboll2.511boll3. (7.3)

and thus one can derive the bound for ||v;(0)||2.5 as well as ||bs||1.5:

[v:(0)l2.5 < l1bo - dboll2.5 + 10Q0ll2.5 S 1boll2.5l1boll3s + ([ Qolls.s:
[162:(0) 1.5 = b0 - dve 15 S boll2llvellz.s S Nboll2(llboll2.sl1boll3.s + 11 Qoll3.5)-

To derive the bound for || Q;(0)]2.5, one needs to invoke (3.9) and restrict it at # = 0, with the following boundary

condition 50-(0
Qaj\g ) = g¥|;=0 on g asin (3.10)

0:(0) = ¢;(0) = —3,a"*N,q|r=0 — 0 Avg on T,
and the standard elliptic estimate yields that

10:(0)]l2.5 S P(llvollz.s. lIboll3.5. lvolla,r). (7.5)

and thus one can derive the bound for ||vs(0)]|2.5 as well as ||bss]|o by time differentiating (1.8) again:

V¢ (0)]l1.5 < llbo - 9b:(0)[I1.5 + [|9: (@"* 0, Q)lr=0ll1.5 S P(l[vollzslboll.s. volla,r):
162¢¢(0)|lo = lbo - verllo S boll2llveello S P(llvolla.slbolls.s. lvoll4,r)-

We remark that the last estimate illustrates that the term ||vg| 4,1 is necessary in the a priori estimates due to Avg
on the boundary. Besides, one can continue the steps by following the idea in (7.2) to get the bound for ||v,s;(0)||o and
| Q¢ ll1 so we omit the details. We conclude that

[[v:(0)ll2.5 + [lver (0115 + [[veer (0)]lo
+16: (025 + 16 (Ol1.5 + b2 (Ollo p < Plllvolls.sllbolls.s. [[volla,r)- (7.7
+ 10035 + 1Q: (025 + 1 Q1 (0)[Ix

(7.4)

(7.6)
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7.2 Rewrite and summarise the estimates

Now we summarise all the estimates that we have gotten. In order to apply Gronwall-type inequality, we have to
ensure all of the a priori quantities are controlled by the sum of the initial data and the time integral of these quantities.
Therefore we also need to rewrite the estimates of pressure shown in Proposition 3.1.

Estimates of 7:

t
Il < lvolla.s + / 1v(s)lla.sds. (7.8)
0

obviously holds.

Estimate of v: From (3.3), (7.7), (4.8) and (5.1) in Proposition 5.1, we have:

t
I35 S P(llvolls.s. llbolls.5) + 7’/0 P+ 107 + P(Ivll2.5+6)
t t
S Plvollss. 1bollss) + 7’/0 P +10:013 +/0 10::()II3ds + P(Ivll2.5+5) (7.9)

t
< P(Jvollss. Ibollas) + P / Pt P(lvl2545)
0

Estimate of v,: For v,, we notice that the e-term on the RHS of (5.11) can be absorbed by | v¢]|2.5. Therefore,
combining this with (4.24), (6.2), we get

t
lellZs < Po + / Pt vel q o+ [Foeel2 + (32
0

t
S Po+ /0 P+ P(Ivll2.5+8) + 102 Toe 1§ p + 190eellg + 10b1: 13 (7.10)

using (6.2)

t
S P(llvollss, I1bolls.s. lvolla,r) +/ P+ P(lvlz2.54+s)-
0

Estimates of v;;, vy, bsr: Similarly, one can get the estimates of vy, vss; and by, simultaneously just by mimicing
the derivation of (7.10). Using (4.41), (6.1) and absorbing all the e-terms to LHS, we have

t
veelTs + Nveee g + beaellg < Po + / P+ 103 1T, + 19veee 1§ + 192 I15
0

t
< Po+ / P+ 130T 12 + 1300012 + 18022112
0

using (6.1) (7 1 1)
t
S Pllvollas. Polls. luoller) + [ P
0
+ P(|vl2.546) + €l Quell3-
Estimates of b, b;, b;;: These estimates have been derived in Proposition 4.1:
t
1613.5 + 15:113.5 + 1bsellT.s S PUvllz548. [15l2.5+8) + P(lvollss. 1bolls.s. [volla,r) +/ P. (7.12)
0

Since our a priori quantities contain Q, Q¢, Q;;, we still need to rewrite the pressure estimates into the sum of
initial data and time integral of these a priori quantites instead of only a polynomial of these quantities as shown in
Proposition 3.



Luo and Zhang 32

Estimates of O, Q;, Qs;: For the estimates of Q, we invoke (7.10) and (7.12) to rewrite the pressure estimates in
Proposition 3.1 as follows

t t

10135 S PIvll2s+8. 1D1l2.548) + Pllvollss. 1bollss. [volla,r) + | P+ lbol55(Po+ [ P)
0 0

(7.13)

t
S P(vllz2.548. 161l2.545) + P(llvollz.s. [Iboll3.5. ||U0||4,F) + / P.
0

Similary as above, we rewrite ||v; |15, [v]2.5, V]2, | Oll2.5, | Q¢ 1, |b¢]l1.5, |2 ]2 as the sum of initial data and time
integral of the a priori quantities, then use Young’s inequality and Jensen’s inequality and invoke (7.10), (7.11) and
(7.12) to get

t
10:15.5 < P(llvll2.545) + P(Ibll2.s+5) + P(llvollss. Ibolls.s, [volla,r) +/0 P (7.14)

and
t
104117 £ P(Ivll2.545) + P(Ibll2.545) + P(lvollss. Iboll3s. volla,r) +/ P. (7.15)
0

7.3 Eliminate lower order terms

So far, it remains to deal with the lower order terms containing neither in the time integral, nor in the initial data,
specifically, P(||v]|2.5+s) and P(||b]|2.5+s) for arbitrarily small § € (0, 0.5). Therefore, it suffices to choose a suitable
8 € (0,0.5) and control P(||v]|2.5+8)-

Control of P([vlz51s): Since [vllasss < 4 + L0l 5.5
d

5 54 With d > 2. Then by the interpolation inequality in Lemma 2.6, we have

we may assume P (||v]|2.5+4) is the combination of
terms of the form ||v||

d 28d 1-28)d
ollé 5,5 < H0lI25 oI5 207,

Then choose § sufficiently close to 0, for different d’s, such that

1
pd:=%>l.

One can use €-Young’s inequality with p; and its dual index to derive

t
101K 505 < €lvl2 + 018 < elvlZs + P(lvollas) + /0 P([v:(5)]l2.5)ds for some b > 0,
and thus .
P([vlase9) < elvlZs + P(lvollas) + / P. (7.16)
0

Similarly we have

t
P(Ibll2sss) < €lblZ5 + P(lboll2.s) + /0 P. (7.17)

7.4 Gronwall-type argument
Recall in (1.11) we have

N@) = Inl3s + 0135 + lvel3s + lveel3 s + Nveeeld + 16135 + 161135 + Ubee 3 5 + IBre I3
+ 10135+ 10135 + 104113
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Combining this with (7.7)-(7.17), and absorbing all the e-terms, we have proved:

t
N(®) S P(llvolls.s. 1boll3.5. lvolla,r) + P(N(l))/ P(N(s))ds.
0
By the Gronwall-type argument in [29], we have:

N(t) < C(Jlvolls.s, l1boll3.5, lvolla,r).

as desired. This ends the proof of our result.
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