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Abstract

We prove the incompressible limit of compressible ideal magnetohydrodynamic(MHD) flows in a refer-
ence domain where the magnetic field is tangential to the boundary. Unlike the case of transversal magnetic
fields, the linearized problem of our case is not well-posed in standard Sobolev space H” (m > 2), while
the incompressible problem is still well-posed in H™. The key observation to overcome the difficulty is a
hidden structure contributed by Lorentz force in the vorticity analysis, which reveals that one should trade
one normal derivative for two tangential derivatives together with a gain of Mach number weight £2. Thus,
the energy functional should be defined by using suitable anisotropic Sobolev spaces. The weights of Mach
number should be carefully chosen according to the number of tangential derivatives, such that the energy
estimates are uniform in Mach number. Besides, part of the proof is similar to the study of compressible
water waves, so our result opens the possibility to study the incompressible limit of free-boundary problems
in ideal MHD.
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1 Introduction

In this paper, we consider the compressible ideal magnetohydrodynamics(MHD) equations

Dp+p(V-u)y=0 in[0,T] x Q,
pDu=B-VB-VP, P:=p+3B? in[0,T]xQ,
DB=B-Vu—-B( -u) in[0, 7] xQ,
V-B=0 in[0, 7] x Q,
DS =0 in[0,7T] x Q,
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describing the motion of a compressible conducting fluid in an electro-magnetic field. Here Q := T¢~! x
(=1,1) is the reference domain in R (d = 2,3) with boundary £ := X, UX_and X, := {x; = +1}. V :=
Oy, ,0y,) is the standard spatial derivative. D, := d; + u - V is the material derivative. The fluid velocity,
the magnetic field, the fluid density, the fluid pressure and the entropy are denoted by u = (uy,--- ,uy),
B = (By,---,By), p, pand S respectively. Note that the last equation of (1.1) is derived from the equation of
total energy and Gibbs relation. See [6, Ch. 4.3] for more details. Throughout this paper, we will use follow
the convention of Einstein’s summation, that is, repeated indices represent taking sum over the indices.

We assume the fluid pressure p = p(p, S) to be a given smooth function of p, S which satisfies

p >0, G_p >0, inQ. (1.2)
dp

These two conditions also guarantee the hyperbolicity of system (1.1).

The initial and boundary conditions of system (1.1) are

(M, B’p,S)ll‘:O = (MO, BO’,OO’SO) in [Oa T] X Q7 (13)
ug=By;=0 on[0,T]xZ, (1.4)

where the boundary condition for i, is the slip boundary condition, and the boundary condition for B; shows
that X, are perfectly conducting walls.

Remark 1.1. The conditions V- B = 0in Q and B; = 0 on X are both constraints for initial data so that the
MHD system is not over-determined. One can show that they propagate within the lifespan of the solution.
Using the theory of hyperbolic system with charateristic boundary condition [22], one can show that the
correct number of boundary conditions when assuming u4|s = 0is 1 (see [31]). So, Bylz = 0 has to be an
initial constraint.

The initial-boundary value problem (1.1)-(1.4) is used to characterize the motion of a plasma confined in
arigid perfectly conducting wall, which is an important model in the study of laboratory plasma confinement
problems. See [6, Ch. 4.6] for more details. To make the initial-boundary value problem (1.1)-(1.4) solvable,
we need to require the initial data satisfying the compatibility conditions up to certain order. For m € N, we
define the m-th order compatibility conditions to be

&lugleo =0, 0<j<m. (1.5)
Let ¥ :=logp. Since g—z > 0 indicates % > 0, using D,S = 0, the first equation of (1.1) is equivalent to

gD,p+V~u=O. (1.6)
op

Thus the compressible MHD system is now reformulated as follows

%D,p+v-u:0 in[0,7]xQ,
pDu=B-VB-VP, P:=p+ 3B in[0,T]xQ,
D:B=B-Vu- B -u) in [0, 7] X Q,
V-B=0 in [0,T]x Q, an
DS =0 in [0,7] X Q,
p=pp.5), %L >0 in[0,T]x Q,
ug=B;=0 on[0,T] X Z,
(u, B, p, $)li=0 = (1o, Bo, po, S o) on {t =0} x Q.

1.1 The equation of states and sound speed

This paper is devoted to studying the behavior of the solution of (1.7) as the sound speed goes to infinity,

which is known to be the incompressible limit. Physically, the sound speed is defined by ¢, := g—ﬁ. Math-
ematically, Mathematically, it is convenient to view the sound speed as a parameter A. This being said, a



typical choice of the equation of states p,(p, S) would be the polytropic gas
pa(p,S) = > (07 exp(S/Cy) = 1), y>1, Cy>0. (1.8)

When viewing the density as a function of the pressure and the entropy, this indicates

pa(p) 2, S) = ((1 + %)e*%)% . and log (pa(p/2%.8)) =y log ((1 + %)5%). (1.9)

Hence, we can view ¥ = log p as a parametrized family {#.(p, S)} as well, where € = % Indeed, we have

o7

Sy log((l +£2p)e_%V). (1.10)
P

Since we work on the case when the entropy and velocity are both bounded (later we will assume u,S €
H*(Q)), we again slightly abuse the terminology, and call A the sound speed and call & the Mach number and
thus M = O(e). Furthermore, there exists C > 0 such that

1
< e 6)= 120, 6y <0t (1.11)
dp pop
Also, we assume
10,Fe(p, S < C,  10,F(p,S)I < Clo,Fe(p,S)I < CF.(p) (1.12)

holds for 0 < s < 8. Thus, when considering the incompressible limit, that is, when & > 0 is sufficiently
small, it is more convenient to reformulate the compressible MHD system by replacing ‘g—i with £ as follows

e€Dp+V-u=0 in [0, T] X Q,
pDu=B-VB-VP, P:=p+ 3B in[0,T]xQ,
D:B=B-Vu-B(V -u) in[0,7T]x Q,
V-B=0 in [0,7] x Q,
, (1.13)
DS =0 in [0,7] x Q,
p=p(e.5), % >0 in[0, 71 &,
ug=B;=0 on[0,T] X Z,
(u, B, p, $)li=0 = (1o, Bo, po, S o) on {t =0} x Q.

1.2 An overview of previous results

The incompressible limit of compressible inviscid fluids is considered to be a type of singular limit of hyper-
bolic system: the pressure for compressible fluids is a variable of hyperbolic system whereas the pressure for
incompressible fluids is a Lagrangian multiplier and the equation of state is no longer valid. Early works about
compressible Euler equations can be dated back to Klainerman-Majda [14, 15] when the domain is the whole
space R4 or the periodic domain T¢, Ebin [5] and Schochet [23, 24] when the domain is bounded, and Isozaki
[9] when considering an exterior domain. The abovementioned papers consider the case of “well-prepared”
initial data, which means the compressible initial data is exactly a small perturbation of a given incompress-
ible initial data. When the initial data is “ill-prepared”, that is, the compressible initial data is the small
perturbation of incompressible initial data plus a highly oscillatory part, we refer to [34, 2,9, 25, 8, 29, 18, 1]
and references therein. The precise definitions of “well-prepared data” and “ill-prepared data” can be found
in [29, 18, 1].

For compressible ideal MHD, the incompressible limit in the whole space was studied by Jiang-Ju-Li
[10]. However, when the domain has a boundary, the study of incompressible limit for ideal compressible
MHD is much more subtle. The first difficulty is that the vorticity estimate for ideal compressible MHD
cannot be closed when using standard Sobolev spaces, and thus the method presented in [23, 24] is no
longer valid. When the magnetic field is not tangential to the boundary, one can use such transversality to



compensate the loss of normal derivative arising in the vorticity analysis. See Yanagisawa [35] for the well-
posedness result under the condition B X N|so = 0. As for the singular limits, we refer to Ju-Schochet-Xu
[12] for the singular limits when both Mach number and Alfvén number converge to zero and Jiang-Ju-Xu
[11] for the low Alfvén number limit of incompressible ideal MHD whose local existence was proved via a
low-Mach-number regime.

Unfortunately, when the magnetic field is tangential to the boundary, that is, B - N|so = 0, Ohno-Shirota
[20] proved that the linearized problem near a non-zero magnetic field is ill-posed in standard Sobolev spaces.
In this case, one has to use suitable anisotropic Sobolev spaces introduced by Chen [3] to proved the well-
posedness. See Yanagisawa-Matsumura [36] and Secchi [26, 28].

Therefore, an essential difficulty in establishing the incompressible limit for ideal MHD with B- N|3o = 0
is the “incompatibility of function spaces for the existence”: compressible ideal MHD flow with the perfectly
conducting wall condition may not be well-posed in standard Sobolev spaces, while the corresponding in-
compressible problem is well-posed (see, for example, Gu-Wang [7]). So far, there is only a partial answer
for this incompressible limit problem. Ju and the first author [13] proved the incompressible limit in a suitable
closed subspace of standard Sobolev space, introduced by Secchi [27], by adding more restrictive constraints
for the boundary value of initial data. Specifically, [27, 13] require the initial data to satisfy

2%k 2k+1 m—1
03 (u3, B3)ls =0, 05 (p,u1,uz,B1,B2,8)l =0, k=0,1,--- ’LTJ'
However, the physical interpretation of these “extra constraints” is still unclear. In other words, it is still
unknown how to thoroughly overcome the difficulty caused by the abovementioned “incompatibility”.

The aim of this paper is to give a definitive answer to the incompressible limit problem of ideal MHD
with the perfectly conducting wall condition when the initial data is “well-prepared”. Indeed, in the vorticity
analysis, there is a hidden structure brought by the Lorentz force term. To the best of our knowledge, such an
observation never appears in any previous works, but it can really help us easily prove the uniform estimates in
Mach number and also illustrates why the anisotropic Sobolev spaces are naturally introduced and necessary
for compressible MHD but are not needed for incompressible MHD.

1.3 The main theorems

Before stating our results, we should first define the anisotropic Sobolev space H.'(2) for m € N and Q =
T4 ! x [~1,1]. Let w = w(x,) be a cutoff function' on [~1, 1] defined by w(x;) = (1 — x4)(1 + x4). Then we
define H”(QQ) for m € N* as follows

=1

d-1
H'"Q) = {f € LZ(Q)‘(wﬁd)‘””()‘l“ .- -dof € L*(Q), Ya with Z j+2aq + g < m} ,

equipped with the norm

2 . 2
ey = D, M@Id™ 85 fls g (1.14)
27;11 @2+ <m
For any multi-index a := (ag, @1, - , &g, @g+1) € N2, we define
d-1
0y := 8 (wd3)™ 107" - Y, (a) := Z @)+ 204 + @gy1,
=0

and define the space-time anisotropic Sobolev norm || - ||,,.. to be
W= D 102 MMy = D 197 f s g (1.15)
(@)y<m ap<m :

We also denote the interior Sobolev norm to be || flls := | f(¢, -)lls(q) for any function f(z, x) on [0, T] x Q
and denote the boundary Sobolev norm to be |fls := |f(#, -)|ms(x) for any function f(#, x) on [0, T] X X. From

I'The choice of w(xy) is not unique. We just need w(xy) vanishes on £ and is comparable to the distance function near X.



now on, we assume the dimension to be d = 3, that is, Q = T2 x (=1, 1) and X, = {x3 = =1}. In the proof,
we will see the 2D case follow in the same manner as the 3D case up to a slight modification in the vorticity
analysis.

First, we establish a local-in-time estimate that is uniform in Mach number &.

Theorem 1.1 (Uniform estimate in &). Let £ € (0, 1) be fixed. Let (ug, By, po,S0) € H3(Q) x H}(Q) x
H3(Q) x H3(Q) be the initial data of (1.13) satisfying the compatibility conditions (1.5) up to 7-th order and

EQ)<M (1.16)

for some M > 0 independent of &. Then there exists T > 0 depending only on M, such that (1.13) admits a
unique solution (p(¥), u(t), B(t), S (¢)) verifies the energy estimate

sup E(1r) < P(E(0)), (1.17)
1€[0,T]

where P(---) is a generic polynomial in its arguments, and the energy E(f) is defined to be

E(1) = E4(t) + Es(1) + Eo(1) + E7(t) + Es(1),

4
Ey(r) = Z H(S(k‘”*@fu, k=gt B, g(k‘1)+afs,8k6’,‘p)Hik
k=0

4-1

En)= Y Y [l V270w, B.S. p),_,_, (1.18)

(a)=21, k=0
<2l

4-1
_ 2
+ Z “8(/( l)++2[6f+21(u’ B, S), 8k+216f+21p||47k71 , 1 < l < 4,
k=0

where K, := max{K, 0} and we denote 7% := (w(x3)63)"40;’°0‘1"8‘2’2 to be a high-order tangential derivative
for the multi-index a = (ap, a1, @2, 0, a4) with length (for the anisotropic Sobolev spaces) (@) = @y + a1 +
@3 +2 % 0 + ay. In the rest of this paper, we sometimes write 7% to represent a tangential derivative 7@ with
order (@) = k when we do not need to specify what the derivative 7 contains.

Remark 1.2 (Correction of E4(7)). We note that the norm || pllf1 in E4(¢) defined by (1.18) should be replaced
by ||sp||% + ||Vp||§ because we do not have L? estimates of p without & weight. We still write || p||i as above
for simplicity of notations.

Remark 1.3 (“Prepared” initial data). The above estimate only requires V - uy = O(g) and d,u,-9 = O(1). In
this case, the compressible data 1 is a small perturbation of an incompressible data ug, and this perturbation
is completely contributed by the compressibility. Such compressible data are usually called “well-prepared

initial data™?.

Remark 1.4 (Relations with anisotropic Sobolev space). The energy functional E(f) above is considered as
a variant of || - ||g » norm at time ¢ > 0. For different multi-index a, we impose different Mach number weights
according to the number of tangential derivatives that appear in d¢, such that the energy estimate for the
slightly modified || - ||s . norm is uniform in & > 0.

The next main theorem concerns the incompressible limit. We consider the incompressible MHD equa-
tions together with a transport equation satisfied by (u°, B, 7, %) with incompressible initial data (u, B))
and S

0

00’ +u® - Vu®) = B - VB + V(r + 3|B°») =0  in[0,T]xQ,

OB +u’ - VB - BY. vy’ =0 in[0,7T] x Q,

0,8 +u’-vS®=0 in[0,T]x Q, (L.19)
V-u'=V-B'=0 in[0,T]x Q, '
uj =B =0 on [0,T] X X,

(19, By, So)li=0 = (u), BY, S9) on {t = 0} X Q.

2One can find the definitions of “well-prepared” and “ill-prepared” in [18, 1] for rescaled Euler system, which is equivalent to the
statement in our paper.



Theorem 1.2 (Incompressible limit). Under the hypothesis of Theorem 1.1, we assume that (ug, By, S¢) —
(u), B),S0)in H{(Q)as € » 0 for V- u’ = V- B = 0in Q with uf, = B), = 0 on X. Then it holds that

(u,B,S) »w®,B°, %) weakly-* in L*([0, T]; H*(Q)) and strongly in C([0, T]; H*°(Q))

for § > 0. (u°, BY,S°) solves (1.19), that is, the incompressible MHD equations together with a transport
equation of S°. Here o satisfies the transport equation

do+u’-Vo=0, gz =p0,5)),

where we consider the equation of state (1.9) as p = p(p, S), that is, a function of &?p and §. The function
n satisfying Vo € C([0, T]; H(Q)) represents the fluid pressure for incompressible MHD system (1.19).

Remark 1.5 (Choice of regularity). We propose H* regularity for the energy functional because lots of
commutator estimates require the bound for ||(92(u B)||r~. Recall that H> 540 <y L, so it would be convenient
to choose H*2+91 regularity, that is, H* for d = 2, 3. The initial data are set in H 8 (©) in order to guarantee
they satisfy the compatibility conditions up to 7-th order and the uniform-in-¢ bound E(0) < M. Our results
can be easily generalized to the case when H* and H® are replaced by H™ and H>" (m > 4) respectively.

Remark 1.6 (The space for the convergence of initial data). The compressible initial data converges to the
incompressible data in H*(Q) instead of H3(Q) because the higher-order energy E5(0) ~ Eg(0) automatically
vanishes as & — 0. Thus, it suffices to require the convergence in H*(Q).

Remark 1.7 (Boundedness of the domain). In the proof of the main theorem, we do not use the boundedness
of the domain, such as Poincaré’s inequality, to close the energy estimate. Thus, after making necessary
modifications (including setting py — 1 € H3(Q) instead of py itself and assuming the initial data to be
“localized”), our proof is still valid for the case of unbounded reference domains such as R~ x (=1, 1) and
the half space. Indeed, using a partition of unity as in [4], the proof can be directly generalized to the domains
which are diffeomorphic to the reference domains via H3(Q)-diffeomorphisms.

1.4 Organization of the paper

This paper is organized as follows. In section 2, we discuss the main difficulties and briefly introduce our
strategies to tackle the problem. Then section 3 is devoted to the proof of uniform estimates in Mach number.
Combined with the compactness argument, we conclude the incompressible limit in section 4.

Acknowledgment. The research of Jiawei Wang is supported by the NSFC (Grants 12071044 and 12131007).
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List of Notations

o (Tangential derivatives) 79 = &, denotes the time derivative, 7; = 5j (1 < j <d-1) denotes the
tangential spatial derivatives and 744 := w(xy)0; with w(xg) = (1 — xz)(1 + xg).

o (Tangential components) i := (u1,--- ,uy_1) and B := (By,--- ,By_1). We also write V= (51,52) as
the tangential components of the operator V.
e (L*-norm) || - lleo := Il llz=(@)s |+ oo := 11+ llzocs)-

e (Interior Sobolev norm) || - [|;: We denote ||f]ls := || f (%, -)ll#s() for any function f(z,y) on [0, T] X Q.

e (Boundary Sobolev norm) | - |;: We denote |f|; := |f (%, -)lusx) for any function f(z,y) on [0, T] X X.

e (Anisotropic Sobolev norms) ||-||,s«: For any function f(#, x) on [0, T1XQ, || fII2., = Say<m 10212, I3
denotes the m-th order space-time anisotropic Sobolev norm of f.

e (Polynomials) P(- - - ) denotes a generic polynomial in its arguments.

e (Commutators) [T, flg = T(fg) - f(Tg), [f. Tlg = —[T, flg [T, f. gl :=T(fg) - T(f)g — fT(g) where
T is a differential operator and f, g are functions.

o (Equality modulo lower order terms) A £ B means A = B modulo lower order terms.



2 Difficulties and strategies

Before going to the detailed proofs, we will discuss the main difficulties in this incompressible limit problem
and briefly introduce our strategies to derive energy estimates that are uniform in the Mach number. Note that
our initial data is assumed to be well-prepared, so the uniform estimates together with compactness argument
are enough to derive the incompressible limit.

2.1 Choice of function spaces

Compressible ideal MHD with perfectly conducting wall conditions is a first-order quasilinear hyperbolic
system with characteristic boundary conditions of constant multiplicity, for which there is a potential of
normal derivative loss. In fact, inside a rigid wall with the slip boundary condition, Euler equations and elas-
todynamic equations with degenerate deformation tensor on the boundary (see [38]) also have characteristic
boundary conditions, but their vorticity can be controlled in the setting of standard Sobolev spaces because
there are no other quantities involved in the pressure part. The loss of normal derivatives is then compensated
via the control of vorticity and divergence. However, the vorticity estimates for compressible ideal MHD
cannot be closed in the setting of standard Sobolev spaces, which was explicitly presented in [37].

On the one hand, people observed that such normal derivative loss can be compensated if the vertical com-
ponent of the magnetic field does not vanish on the boundary. See Yanagisawa [35] for the well-posedness
and [19, 32, 33] for the study of corresponding free-boundary problems (MHD contact discontinuities). But
the transversality of magnetic fields violates the perfectly conducting wall condition. On the other hand,
Chen [3] first introduced the anisotropic Sobolev spaces defined in (1.14)-(1.15) in the study of compressible
gas dynamics inside a rigid wall. Under this setting, a normal derivative is considered as a second-order
derivative, which exactly compensates the derivative loss. Detailed analysis for MHD in such setting is re-
ferred to the second author’s paper [16, Sect. 2.5]. Using such function spaces, Yanagisawa-Matsumura [36]
and Secchi [26, 28] proved the local well-posedness and see also [30, 31, 16] for the study of free-boundary
problems, but the estimates obtained in these previous works are not uniform in Mach number.

As stated in Section 1.2, the essential difficulty in proving the incompressible limit is that the function
spaces for well-posedness of compressible problem are not “compatible” with the ones for the incompressible
problems. Since our initial data is well-prepared, that is, a given incompressible data plus a slight perturba-
tion, we shall still start with the incompressible counterpart and try to find out the relationships between the
incompressible problem and the compressible problem.

2.2 Key observation: hidden structure of Lorentz force in the vorticity analysis

First, the entropy is easy to control thanks to DS = 0, so it suffices to analyze the relations between (u, B) and
p. We start with the control of ||(«, B)||y. Using div-curl decomposition, the H* Sobolev norms are bounded
by ||V Xu, VX B|3, ||V -u, V- B||3 and the normal traces |u3, B3|3 5. The boundary conditions (1.4) eliminate the
normal traces, and the divergence part is reduced to tangential derivatives |le>D;p||; thanks to the continuity
equation and the divergence constraint V - B = 0. As for the vorticity, taking curl in the momentum equation
yields the evolution equation of vorticity

pD(VXu)—(B-V)(VXB)="---, (2.1)

where we find that the term V(p + %|B|2) is already eliminated. In the H3-control of V x u, we invoke the
evolution equation of B to get

% Pl (V x ) +18°(Vx B} dx = — f &V x (B(V - u)) - 8*(V x B)dx + controllable terms, (2.2)
Q Q

where we find that there are 5 derivatives falling on u and thus the vorticity estimates cannot be closed in

the setting of 4-th order standard Sobolev spaces. Such derivative loss in the vorticity analysis must appear

because taking curl operator eliminates the term V(%IBIZ) in the momentum equation but does not eliminate

the term B(V - ). However, in the proof of L? estimate, the contribution of V(% |BI*) should be cancelled with

the contribution of B(V - u).



If we further analyze this problematic term by using the structure of MHD system, we will find that the
anisotropic Sobolev space is naturally introduced in order to close the energy estimates. Using the continuity
equation £2D,p = —V - u, we find that the highest order term in (2.2) is 2B x (8°VD,p). Then commuting V
with D, and invoking the momentum equation pD;u + B X (V X B) = =Vp, we get

2B x (°VD,p) £ 2B x (3°D,Vp) £ —&pB x (8*D*u) — £2B x D,(B x 8*(V x B)). 2.3)

On the right side of the above identity, the second term still contains 4 normal derivatives 6°Vx and 1
tangential derivative D, which exhibits a loss of derivative. The key observation here is that the contribu-
tion of this term in (2.2) gives an energy term and thus avoid the loss of derivative. Specifically, using
VX (B(V-u)) = (VXB)V-u)— BxV(V-u)and omitting the contribution of (V x B)(V - u) in (2.2) (this part
has no loss of derivative), we have

- f PV x (B(V - u)) - 3(V x B)dx £ fo63V (V-u)-8°(V x B)dx
SN———
? : ==&’Dyp (2.4)
L f & (pB x (6°D}u)) - 8*(V x B) dx + f & (Bx D,(Bx3*(V x B)))- 8*(V x B)dx,
Q Q

where we insert (2.3) in the second equality. Then settingu = B, v = D, (B x 83(V x B)) and w = 8°(V X B)
in the vector identity (u X v)-w = —(u X w) - v, we find that the last term in (2.6) contributes to an energy term

2 3 3
st (Bx D (Bx & (V x B)))- *(V x B) dx

=—f82 (Bx*(Vx B)) - D;(Bx3*(V x B)) dx (2.5)
Q

=— li & |B X 63(V X B)|2 dx + controllable terms.
2dr Jg

The above analysis for compressible ideal MHD shows that the vorticity estimates cannot be closed in
standard Sobolev spaces, but in fact we trade one normal derivative (in VX) for two tangential derivatives
£2D? thanks to the special structure of Lorentz force B X (V x B) whose contribution in the vorticity analysis
is an e-weighted energy term instead of introducing loss of derivatives. This exactly illustrates why the
anisotropic Sobolev space is naturally introduced to study compressible ideal MHD.

It should also be noted that this difficulty never occurs for incompressible ideal MHD because the
divergence-free condition automatically eliminates the bad term above. Indeed, taking the limit & — 0.,
the right side of (2.2) automatically vanishes and the vorticity estimates for the incompressible problem can
be established in standard Sobolev spaces. Besides, to prove the incompressible limit of ideal MHD with
(1.4), an extra Mach number weight £ must be added together with the two tangential derivatives. So, we
find that the “anisotropic part” of the energy, namely the terms E5 ~ Ejg in (1.18), will automatically vanish
when we take the incompressible limit & — 0. The remaining term E4 () exactly consists of the standard
Sobolev norms, which coincides with the energy for incompressible ideal MHD.

Remark 2.1 (Slight modifications in 2D). When dimension d = 2, we have to replace the curl operator Vx
by V+- where V+ := (-=d,, d1). Then (2.2) reads

d
5 f Pl (VWP + 103 (V- B dx = - f ((B-Vl)63V-u)(63VL-B)dx+ controllable terms, (2.6)
Q Q

where the highest order term can be reduced as follows after invoking the first two equations of (1.13)

—(B-VHPV - ukt B 3DV p £ X(B0°D,0,p — B8 D,dap)

L _ &p(B20°DPuy — B16*D*uy) — £X(B2 + BY)D,3*(V* - B),

where we note that the momentum equations can be written as d;p = —pD;u; — Bo(V* - B) and dpp =

—pDuy + B1(V* - B). The first term can be treated as in the 3D case, and the contribution of the second
term gives an energy term —31 < fQ £2|BP*|0°(V+ - B)|> dx which also automatically vanishes when we take the

incompressible limit € — 0,.



It should be emphasized that our analysis is very different from the previous works about well-posedness
[36, 26, 16]. Indeed, these previous works [36, 26, 16] avoided using div-curl analysis to reduce the normal
derivatives of u and B. Instead, they controlled the normal derivatives by directly computing the correspond-
ing L?-type estimates which yields non-zero boundary integrals such as — fz 6‘3‘P 6§V3 dx” and only gives the
estimates for (u, B, ep), not (u, B, p). Since taking normal derivatives does not preserve the boundary con-
ditions, one has to use the MHD equations to replace d;P and dsus by tangential derivatives of the other
variables, and then uses Gauss-Green formula to rewrite the boundary integrals into the interior. During this
process, more time derivatives might be produced without extra weights of Mach number (e.g., the product
of the underlined terms in —VP — D,v — (B - ﬁ)B and 03v; — —&2D, p - h) . However, the continuity
equation indicates that one may have to add more Mach number weights to higher-order time derivatives.
Thus, following the methods in [36, 26, 16] might cause a potential of loss of Mach number weight, and one
can find related details in [16, Sect. 2.5]. In other words, these previous works [36, 26, 16] only revealed that
one should trade one normal derivative for two derivatives but ignored the necessity of adding extra weight of
Mach number &2. One of the advantanges of our method is that all normal derivatives are reduced via div-curl
analysis which does not involve any boundary estimates; and every time when we reduce a normal derivative,
we never lose weights of Mach number because the continuity equation must be used in the reduction.

2.3 Reduction of pressure and design of energy functional

The main idea of proving the uniform-in-¢ estimates is to repeatedly reduce normal derivatives to tangential
derivatives until all derivatives are tangential (with suitable Mach number weights); and reduce spatial deriva-
tives of p to tangential derivatives of u, B until all derivatives on p are time derivatives. Once we only have
tangential derivatives, it suffices to mimic the L? estimates to close the tangential estimates because taking
tangential derivatives preserves the boundary conditions.

From the definition of D, and us|y = Bs|z = 0, we know both D, and B - V are tangential derivatives.
Based on this fact and the analysis in section 2.2, we have the following reductions:

a. Vorticity: V X (4, B) — 2T %u.

b. Divergence: V - (u, B) — &7 p.

c. Reduction of pressure: The momentum equation reads —V(p+ |B[>/2) = pD;u—B-VB gives the relation
VP — 7 (u, B) and thus Vp — 7 (u, B) plus VB where VB is further reduced by using (a) and (b). This
indicates that 6pr should have the same Mach number weight as 6?” (u,B,S).

d. Tangential estimates: When estimating E4.;(¢) (defined in (1.18)), 7 *(u, B) is controlled together with
&7 ?p in the estimates of full tangential derivatives, i.e., when (@) =4 + I.

In the above subsection we start with E4 and reduce ||u, Bl|s (part of E4) to ||e27 pll3 (still a part of Ey)
and ||e>7?ul|3 (part of Es) via the div-curl analysis. The divergence part introduces time derivative, but the
number of derivatives does not exceed 4, so we can repeatedly use (c) to reduce the spatial derivatives of p to
tangential derivatives of u, B until there is no spatial derivative falling on p. Finally, it suffices to control 4-th
order time derivatives of u, B and p with suitable Mach number weights. The Mach number weights of these
quantities are determined by the relation (d) and the “preparedness” of initial data. See also diagram 2 below.

For the control of terms that have 5 derivatives, for example the term ||e27 ul|3, we repeat the div-curl
analysis to get ||£*773 p|| (still a part of Es) from the divergence part and ||s*7 *ul|, (part of Eg) from the curl
part. Again, the divergence part is reduced to Es(¢) which is controlled in a similar way as E4(¢); and then
we do further div-curl decomposition for ||*7 *u||, which then requires the control of E;(f). Repeatedly, we
finally need to control the L? norms of 377 8(u, B), which is controlled together with 378 p when 7% are not
purely time derivatives, and £°8% p when 778 are purely time derivatives. Then the control of 78 is completely
parallel to the proof of L? energy conservation because there isn’t any normal derivative.

We present the above complicated reduction procedure in the following diagrams. For more details of the
reduction procedures, we refer to section 3.2.3. We also list an example of reduction of E, () by repeatedly
using (c) and (d) when / = 0. The other cases follow in the same manner.



curl

I, Blls — s 18272, B)lls —22 (l6*T(u, B)ll, —22 11657 °u, B)ll;i —22 1187 (u, B)lly

\l/div \l/div \l/div \l/div

le*Tplis lle*7 pll e°7 plly le*77 pllo O appears

\l/ﬁ, appears \l/(?r appears \LO, appears \l/z?, appears (27)

reduction of £; —— reduction of s —— reduction of s —> reduction of E; —— reduction of Eg

aneentt t tial
tangen angentia \l/[angential .
tangential
closed

Diagram (2.7): From standard Sobolev space to anisotropic Sobolev space.

Es(1)

[1Cu, Bl [10:(u, Bl lled? (u, B)» ll28; (u, B)II; lle*d} (. B)llo 2.8)
% / l(d) / l<d> / l(d)
llplls lled, plls le*d7 plla lle*d; pll; lls* 7 pllo e Closed

Diagram (2.8): Reduction of E4(¢) via (c) and (d).

Recall that the vorticity estimates for compressible Euler equations can be closed under the setting of
standard Sobolev spaces. As presented in [17], the reduction scheme for Euler equations is merely the
control of E4(f) but does not involve any higher-order energies. In other words, the reduction scheme is
finished within the first column of diagram (2.7), or equivalently diagram (2.8) with Es() replaced by E4(¢).
Compared with Euler equations, the extra thing for compressible ideal MHD is that the vorticity analysis for
E4 (%) requires the control of E4. ;41 (¢) until there is no normal derivative on u, B. That’s why we have the
first row in diagram (2.7). Then, as presented in each column of diagram (2.7), we need to mimic the scheme
in [17], that is, run the scheme presented in diagram (2.8), for each E4(f) to close the energy estimates.

2.4 Further applications of our method

Based on the above analysis, we give a complete and definitive answer to the incompressible limit problem
of ideal MHD under the perfectly conducting wall condition when the initial data is well-prepared. Besides,
compared with the previous work [13] by Ju and the first author, we give a clear illustration on the “incom-
patibility” of the function spaces of well-posedness and thoroughly resolve this issue. It should be noted that,
in the uniform-in-g estimates, the “preparedness” of initial data is only used to guarantee E(0) < oco. If the
initial data is not “prepared”, that is, V - uy = O(1) is not small and 9,u|,—y = O(1/¢) is unbounded, we believe
that the uniform-in-¢ estimates can be proven in a similar way after doing suitable technical modifications.
Hence, one can expect to generalize our result to the case when the initial data is not “prepared”.

It should also be noted that the reduction procedure presented in diagram (2.8) is parallel to the case of
compressible water wave, which is presented in the paper [17, Sect. 2.1.3] by Luo and the second author.
Indeed, it is exactly the appearance of the magnetic field and the perfectly conducting wall condition that
force us to do further vorticity analysis as stated in section 2.2 and presented in diagram (2.7). Therefore, one
can expect to extend our results to free-boundary problems. In fact, we believe that our method together with
the techniques about free-boundary problems presented in [17] can be generalized to study the current-vortex
sheets in ideal compressible MHD, which will be presented in a forthcoming paper by the second author.

3 Uniform energy estimates

10



3.1 [’ estimate

First, we establish L2-energy estimate for (1.13). Invoking the momentum equation and integrate by parts,
we have:

1d
2dt Jq
1

=—fV-u(82p2+|BI2+S2)dx—fV-(pu)dx
2 Q Q

&p* +plul® + B + §? dx

1
+f(B-VB)-u+(B-Vu)-de—f§V|B|2-u+(B~B)V.udx
Q Q

1
=3 f V- u(g?p? +|BI* + $%)dx, (3.1
Q

which give the energy estimate:

d
3 llep.u. B, OIS < P(Ea(1)). (3.2)

3.2 Reduction of normal derivatives

3.2.1 Reduction of pressure

We show how to reduce the control of the pressure to that of the velocity and magnetic field when there is at
least one spatial derivative on P. This follows from using the momentum equation

~V(p +|BI*/2) = pDju — B - VB. (3.3)

Then
IV(p +1BI*/2)llo < llollwlDello + 1B - VBllo. 3.4

where Dy = du + it - Vu + u3d3u and B - VB = B - VB + B303B. Similarly, using (3.3), we also have the
reduction for L norm

IV(p + 1B /2)lleo < lIolleoIDstellco +11B - VBllo. (3.5

Recall that D, = 0, + i -v+u363 and B-V = BV+B363 are both tangential derivatives thanks to u3 = B3 = 0
on X. The above inequalities (3.4)-(3.5) show that VP is reduced to d,u, du, w(x3)d3u, OB and w(x3)03B for
some weight function w(x3) vanishing on X. Thus, the momentum equation reduces a normal derivative of P
to a tangential derivative of u, B. _

Also, one can reduce the Sobolev norm of VP in the same way. Let 7 = 9, or d or w(x3)d3 and D = g or
0;. The above estimate yields the control of ||7*D*V p||y after taking 7*D*, k+{a) > 1, to (3.3). Specifically,
at the leading order, ||[7*D*V(p + |B?>/2)|lo is controlled by

lolleollT* D*T ullo + 1|7 D*T Bllp. (3.6)

As for the fluid pressure p, by definition we have d;p = 9;P — 9;B - B. Thus, to control the Sobolev norms
of Vp, we still need to do further analysis for VB, which will be controlled together with Vu.

3.2.2 Div-Curl analysis

From the analysis of section 3.2.1, in order to control the Sobolev norms defined in (1.18), we shall reduce
the normal derivatives of # and B and then analyze the tangential derivatives. We use the following lemma to
reduce the normal derivatives of u, B to their divergence and curl.

Lemma 3.1 (Hodge elliptic estimates). For any sufficiently smooth vector field X and any real number s > 1,
one has —
XIS < 1XIG + 1V - XIE_ + 1V X I +19X - NE_. (3.7)
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We start from the control of E4(f). We apply Lemma 3.1 to [|e*~D+3%(u, B)||4_x for 0 < k < 3 to get

k=1); ak. 112 k=1)4 ak. 112 k—1). ko2 k-1 ko112
le*afully_, <lle®"afully +11e® 1V x dFullz_, + le* Vv - dkull3_,, (3.8)

le*=Da Bl sle® Dot B3 + le* DV x 0¥ BIS_,. (3.9)

where we already use V - B = 0 and the boundary condition u3 = B3 = 0 on X.

The L? norm of u and B has been controlled in (3.2), while the control of [|e*~D+d*(u, B)||p (1 < k < 3)
is parallel to the case of k = 0 and will be postponed to later sections. The divergence part is reduced to the
estimates of p by using the continuity equation

_ _ 2
e '”Vﬁ’:ulli_k — ”(9(1( ”*+23f(sz)||3_k, (3.10)

which will be further reduced to the tangenital estimates of (1, B) by using the argument in Section 3.2.1.

According to the reduction procedure in section 3.2.1 and (b)-(d) in section 2.3, the control of E4(¢) will
be reduced to the control of 7%(u, B) and 6;‘ p with suitable Mach number weights, plus the curl part. Next,
we analyze the curl part via the evolution equation of vorticity.

Lemma 3.2.

3
; % (I v x okl + v x B[, + 6D Bx (V x OEB, ) < PUEAD, Es(e). G

Proof. First, we take VX in the momentum equation pD,u — (B - V)B = —VP to get the evolution equation of
vorticity

pD,(Vxu)—(B-V)VXB=p[D;,VxJu—[B-V,VX]B - (Vp) X (Du), (3.12)

where we notice that the right side only contains the first-order derivatives and does not lose Mach number
weight. Note that the equation of state is smooth, so dsp is bounded.

0
[D;,0:1¢) = =0iu;0;(-), [B-V,0;1(-) = =0;Bxok(-), Vp= £VP +05pVS = O(e)Vp + s pVS.

We first prove the case when k = 0, and the cases for 1 < k < 3 follow in the same manner. Considering
the structure of the evolution equation (3.12) and p is bounded below by a positive constant, it suffices to

prove that
1d

2dr Jgo
We take 62 in (3.12) to get

p|@V xuf’ +|6°V x B +[sBx (8°V x B dx < P(Es(1), Es(1)).

pD&*(V x u) — (B- V)3V x B = &*(RHS of (3.12)) + [pD;,8*1(V x u) — [B- V,8*|(V x B), (3.13)
Ry

where the order of derivatives on the right side must be < 4. Now, standard L>-type estimate yields that
1d
2dt Jq
=pr,a3V Xu-Vxudx
Q

1
plo*V x u* dx = fp(c')tc')3V X u)- 0’V xudx+ 3 f A,plV x u)? dx
Q Q

1 (.9
—fp(u WPV xu-0’V xudx — = f(—pa,p+aspa,5)|a3V><u|2 dx. (3.14)
o 2 Jo dp

Z=I]
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Then invoking (3.13) gives us the following terms
f (oD,V x u) - (°V x u)dx
Q

:f((B-V)c’)3VxB)~(63qu)dx+le~(63V><u)dx
Q Q

Z=I2

BJ—f(a3VxB).(a3V><(B.vu)) dx—f(63VxB)-<[B-V,63V><]u) dx+7,. (3.15)
Q Q

2:I3

Next, we insert the evolution equation of B, that is, D;B = (B - V)u — B(V - u) to get
- f(a3v x B) - (6°V x (B - Vu)) dx
Q
=— f(a3v X B) - (8°V x D,B)dx — f(a3v X B) - (83V X (BV - u)) dx
Q Q

1
:__if|a3v><B|2dx_fa3v><B-([33V><,D,]B+(M-V)a3V><B) dx
2dt Jgo Q

Z:I4

+f(c')3V><B)-63V><(823D,p)dx. (3.16)
Q

=K

Based on the concrete form of the commutators, a straightforward product estimate for 7; (1 < j < 4)
gives us

4
DI < P(EL)). (3.17)
j=1

The most difficult term is K because the highest-order term has 5-th order derivative and thus cannot be

controlled by E4(?):

£20°V x (BD,p) = €23*(VD,p) X B + D;p(V x B))
= — 2B x (8°VD,p) —-£’[8°, BX|(VD,p) + 3*(£*D,p(V X B)),
Ry

where straightforward calculation shows that ||R;|lo < P(E4(f)). We then further analyze the problematic term
—&”B x (8*°VD,p). We invoke a simple vector identity (in 3D) (B - V)B — 1V|B]> = =B x (V X B) to rewrite
the momentum equation to be

pDu+ Bx(VxB)=-Vp.

So, we commute D, with V and insert this equation into 2B x (03VD,p) to get

- B X (°VD,p) = —&*B x (8°D,Vp) — &*B x (3°(Vu,0;p))
= &’BX & D,(pD,u) + &*B x 3’ Di(B X (V X B)) — "B x (0°(Vu,;0,p))
= &’pB x (8’ D?u) + € B x D,(B x 8*(V X B))
=%,
2 3 2 3 3 _ 2 3 Y
+&6”B X (10° Dy, pIDyut) + £ B x ([8°, DAV X B) + D, ([6°, BXI(V X B))) - 2B x (8*(Vu;d;p)),  (3.18)

R3

where [|Rs|lo < P(E4(¢)) can be proved by using again the concrete forms of these commutators as the order
of derivatives does not exceed 4. In particular, in the commutator D, ([63, Bx](V x B)), the highest-order
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terms have the form D, (BB X 0%(V X B)) or D, (83B X (V x B)) and contain a time derivative, in which there

is no loss of either derivative or e-weights because there is already an & factor in R3. Now, we analyze the
contribution of Kj in the integral %, which reads

f52(63V><B) -(Bx D, (Bx*(V x B))) dx. (3.19)
Q

Then we letu = B, v =D, (B x 83(V x B)) and w = 03(V x B) in the vector identity (@ X v)-w = —(@ X W) - v
to get

f @V x B) - (Bx D, (Bx 6 (V x B))) dx = - f &D,(Bx (3°V x B))- (Bx (3°V x B)) dx, (3.20)
Q Q
in which the right side contributes to an e-weighted energy terms instead of introducing a loss of derivative

—fszD, (Bx (0°V x B))- (Bx (8’ x B)) dx
Q

1d 1
—— = | S|Bx@VxB| dx+ = f(v ‘) |[Bx @V x B dx. (3.21)
2dr Jgq 2 Ja

Ra

The term Ry is directly controlled by ||u||W1,m||B||%‘,Q||B||2 < P(E4(1)). Therefore, we control the term K with
both E4(¢) and E5(¢) as follows:

1d 2
K+5 f & [Bx 8V x B)| dx < ||Blls (P(E4(1) + lloBllolle® D}ulls) < P(Ea(t), Es(®)),  (3.22)
Q
which gives us the energy estimate

5 (||V x ull? + |V x B2 +|leB x (V x B)||§) < P(E4(D), Es(1)). (3.23)

Recallthat D, =0, +u-V=0,+u- v+ u303 and us|y = 0 imply that D, is a tangential derivative. So, the
above analysis shows that the curl estimate for compressible ideal MHD cannot be closed in standard Sobolev
space, but in fact we can trade one normal derivative (V) for two tangential derivatives together with square
Mach number weight, that is, £272. This step naturally introduces the so-called anisotropic Sobolev space
and also explains why we add s’weight to Es(f).

Similarly, we can prove the same conclusion for §?9* with k + |a| = 3 by replacing 8°> with e*~D+g*o*,
Indeed, the highest order derivatives in the above commutators do not exceed 4-th order, and there is no loss
of Mach number weight because none of the above steps creates negative power of Mach number. Besides,
the problematic term can still be analyzed in the same manner:

b 2B x (379 VD, p) £ —e%V pB x 99 (2 D2u) — 647V 2B x D, (B X (8°05(V x B)))

where the L? norms of the omitted lower-order terms are controlled by P(E4(t)). The contribution of the

last term in the above equality is again the energy term —%% fQ g |B X (090FV x B)|2 dx. The proof of this

follows in the same way if we replace 8> above by £*~1+3?9* (that is, using the vector identity (u X v) - w =
—(u X w) - v. Hence, we can conclude the vorticity analysis for E4(f) with the following inequality
3

(||s<k—1>+v xoul[s, +[le“v x 4B + Hs(k_l)*“B x (84V B)H ) < P(E4(t), Es(t). (3.24)
k=0

2
3—k

&~

[m]

The above div-curl analysis shows that it is necessary to control ||82+(k‘1)+7'26fu||3,k, which should be
analyzed together with ||e2**D+728B||;_,. When k = 3, 728} is a purely tangential derivative and we
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would like to postpone the tangential estimates to the next subsection. When 0 < k < 2, we again apply
Lemma 3.1 to [|e***=D+6*72(u, B)||3_« to obtain

e &0k 2013, < Nl & D=0 T 2ully + 1e* C D0V - T2ull5, + 1E DV x T2ul3 . (3.25)

e kT2 B3, < lle** Dok T2 BIS + ¥ % (T2, V168 BIl3_,, (3.26)

where we already use the boundary conditions and the divergence constraint to eliminate the boundary normal
traces and V - B. The divergence part is reduced to the estimates of p by using the continuity equation

2+(k—1)4 ak 2112 2+(k—1); k-2 2 2+(k—=1)4 2 ko112
e & D08V - T2ull5_, <1l ® kT2 w3 + 1€ * D [T, V10kull5,

= e D a2 Dp)|s, + [ ¢ 1T VA (3.27)

where [|e*** =D+ [772,V-]6%ull3_, can be controlled by *E4(f) < e*E4(0) + fot Es(7)dr. Indeed, such commu-
tators only appear when we commute the third component of V- with wd;. We have the following identity
which can be shown by induction:

(@33, 351() = ) crp(@ds)03() = ) dirds(@ds) (), (3.28)

t<k-1 <k—1

where ¢ and di, are smooth functions that depend on k, ¢ and the derivatives (up to order k) of w. For
example, we assume k = 0 and 72 = (w63)5, for which the highest-order term in the commutator is
ll6%(330(x3))d30u3]la < &*E4(r). This term can be either controlled by &*E4(0) + fof Es(t)dr or absorbed
by E4(1) when ¢ is sufficiently small. Similar estimates apply to the commutator [|¢***~D+[772, V-6 B||3_, so
we omit the details.

The term ||g*+*~ D+ 6sz(D, p)||§7k will be further reduced to the tangenital estimates of («, B) by using the
argument in Section 3.2.1. Finally, we need to control the tangential derivatives of u# and B (including time
derivatives) in Es(f) and the L? norm of 8,5 p with suitable Mach number weights.

Next, we analyze the vorticity term. The proof is parallel to Lemma 3.2.

Lemma 3.3.

2
> &l x T+ [ x T+ [ B (B

(3.29)

< P(E4(1), Es(1), Eo(1)).

Proof. Forthe case of k = 0, a3 = a4 = 0, T = 97°0{' 03> with g + 1 + @z = 2, we write 7 to be 772 for
convenience and take 3>V x 772 in the momentum equation pD;u — (B-V)B = -V(p + %|B|2) to get

pD(*V X T*u) — (B- V)V X T?B) = [pD,,*V X T*lu—[B-V,3*V x T>*]B. (3.30)
Again, it suffices to prove that

1d

55 P 267V x T2u|’ +|26°V x T2B" + |2 B x (8°V x T2B)[ dx < P(E4(1), E5(1), Eo(1)).
Q
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We compute that

1d

23, ple20*V x T2ul* dx

= f pD(20*Y X T2u) - (620°V X T2u) dx
Q

)
- f p(u - V)E*PV X T?u) - (29°V x Tu) dx — f (6—pﬁ,p + 05 p0,5)|€2°V X T 2uf* dx
Q Q op

=TI

= f E(B-V)(0*V X T2B) - (620°V X T?u) dx
Q

+ f & ([pD &V X T Ju = [B- V,0°V x T21B) - (£26°V x Tu) dx +1}. (3.31)
Q

=1

Then we integrate B - V by parts and invoke the evolution equation of B, namely D;B = (B - V)u — B(V - u) to
get

f (B -V)(0*V X T2B) - (620°V x T?u) dx

Q

=— f PV XT?B) - X(*V X TXB - Vu))dx — f PV XT?B)-([B-V,8V X T2 u)dx
Q Q

=— f (0°V X T?B) - ¢X(8*V x T*(D,B)) dx — f PV X T?B) - 2(0*V x TX(BV - u)) dx
Q Q

- f PV XT?B)-*([B-V,d*V X T u)dx
Q
1

__1d |£260°V X T2B|> dx + (SZaZV X TZB) . (g4a2v X TZ(BD,p)) dx
2dr Jq a

=K’

- f PV XT B & ([0°V X T2, DB + (u- V)PV X T?B) + [B- V.0’V x Tlu) dx  (3.32)
Q

=1
A straightforward product estimate for I’} gives us
I < P(E4(t), Es(1)). (3.33)
For I’,, we first consider the commutator &”[pu - V,8*V x 7 %]u. Since,
[ou - V,0*V X T*lu = 8(pu )0 T >0 ju; + T (pu)0°T 0;u; + lower order terms, (3.34)
we obtain
E0(poud* T uillo < 118@w)llelle®T ulls < P(E4(2), Es(0)), (3.35)
T (ou @ T juillo < IT (ow)llelle>T djulls < P(Es(1), Es(®), j = 1,2, (3.36)

Since u3ly = 0, using fundamental theorem of calculus, we have us(x3) = uz(—1)+ L xf 03u3(&3)dés (W.L.O.G.
x3 < 0), so the length of the interval [—1, x3] is comparable to the weight function w(x3) = (1 — x3)(1 + x3).
We have

X3

|7 (pus3)(x3)l <0+ f ‘ 1057 (pu3)(E3)lle0dés < w(x3)103T (pu3)llco-
1

Then we can combine this w(x3) with 93 to convert a normal derivative to a tangential derivative.
ENT (pu3)(x3) T d3uillo < 1105T (pus)lleolle®w(x3)8° T d3ullo
<1057 (pus)lleolle* T w(x3)B3ullg + P(E4(t), E5(1))
< P(E4(0), E5(1)). (3.37)
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Thus,

le?[pu - V,0*V X T ully < P(E4(1), Es()). (3.38)
Similarly, since Bs|s = 0
% (08, °V X T2 ullo + ||€*[B - V,8°V x T21Bllo < P(E4(2), Es(1)), (3.39)
then
T, < P(E4(1), Es5(t)). (3.40)

We can also get the estimate of 77 in a similar way:
I < P(E4(1), Es(1)). (3.41)
For K", we consider the estimate of £*9*V x TZ(BDtp). Since,

£*0°V x TZ(BD,p)
=& PTHD,Vp x B) +&*PT*(Vu - Vp x B) + £*0*T2(D,pV x B)
=R,
= - Bx &'0*T’D,Vp —&'[6*T?, BX|(D,Vp) +R|
R,
= BX (£'0°T*D/(pDw)) + B X £'@*T*D(B X (V X B)) + R| + R,
= Bx (£*pd*T2D?u) + *B x D, (B X T2V x B)) +R + R,

«
+B x £4(10°T Dy, pIDyut) + £ B x ([9°T2, D)V X B) + D, ([0°T 2, BXI(V X B))), (3.42)
R,
we get that
IR} + R, + Ryllo SP(Es(0))(IE2T Blls + 17T Blly + l* T Dy plla + 1T ull3). (3.43)

It should be noted that when commuting D, with d or 0, no extra normal derivative is generated as D, 1tself
is also a tangential derivative. Indeed, when j = 3 in [D,,(? 1) = -0; iu;j0;() fori =t,1,2, we have o uszly =
and so this is still a tangential derivative.

The analysis of K] is also similar to the analysis of K. That is, the contribution of K] in K” is an energy
term plus controllable error terms

f (£20°V x T°B) - (e*B x D, (Bx &*(V x T2B))) dx

Q

=—-— f |&*B x 0*(V x 7'23)| dx + = f(v u) e’ B x 8*(V x 7'23)| dx

<-—— f |&* B x 8*(V x TZB)| dx + P(E4(0)Es(1), (3.44)

and thus

K+ %d— f |E*Bx 8*(V x T*B)|* dx < P(Est)ls*T > D?ully + P(E4(1), E5(1)). (3.45)

Here we use the fact that 72 commutes with V when a4 = 0. So we obtain the vorticity estimates for k = 0
anday =0
d 2 2 112 2 2 pl|? 3 2 |12
S (le2vx T2l + 29 x TB] + B x (7 x 7B .46)
< P(E4(1), Es()|e* T > Diull < P(E4(2), Es(1), E(1)).
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For the case of a4 > 1, since [d3, wd3] # 0, we need to reconsider the estimates of commutators. First,
we consider commutators: [72, Vx](-) and [72,V-](-). According to the identity (3.28), such commutators
contain at most two derivatives and at most one of them is d;. Thus, we have

N2 [T72, VXlull, + 1€°[T 2, VX]BIl + |I€°[T 2, V-]ull, < & (E4(O) + f P(E4(‘r))d‘r). (3.47)
0

Next, for example, we consider the commutator &*[B - V,3*V x (wd3)71B in I s (wetake ay = 1,77 =
(wA3)0,° 0" 85 with ag + @) + e, = 1 without loss of generality),

[B-V,0°V x (w03)T 1B = [B303, w937 1B + lower order terms
£ B303(wdT B) — wd'T (B303B)
£ Bi(0:w)83T B, (3.48)

where the “lower order terms” represent the terms that do not have the leading order derivative and the terms
that 3?Vx contributes to tangential derivatives instead of [)g as above.
Since Bsly = 0, we again use the fundamental theorem of calculus to get

&2[1B3(03)3T Blly = l|€%IB3(x3)|057 Bllo
< 1103 B3|l lle® w(x3)03T Bllo
< P(E4(1)). (3.49)

All the other terms in 7, and 77 can be treated similarly. Finally, we need to consider the term K] because
we shall control an extra commutator arising from

D, (Bx &*T*(V x B)) = D, (Bx 9*(V x TB)) + D, (Bx & (77, Vx]B)).

Again, using (3.28), [772, VX]B contains at most two derivatives and at most one of these two derivatives is
03. Thus, the highest-order part in the term D;, (B x 6° ([7'2, VX]B)) contains at most 3 normal derivatives

and two tangential derivatives, whose L*(Q) can still be bounded by Es(¢) aftering multiplying the weight &*.
At this point, we obtain

E(Ie2v x 72l + |29 % 7282 + 2B x (7 x T*B)|E)
< P(E4(t), EsO)l*T *ully < P(E4(0), Es(2), Eo(1)). (3.50)

For k = 1,2, we obtain the following energy estimates in similar way as in the proof of Lemma 3.2

d 2+(k-1), 2 ok |2 2+(k—-1), 2 ok pl|2 2+(k—1),+1 2 ok o ||2
(e v x Tkl + 20V ) T2B + [0 Bx (VX T2
< P(E4(0), Es(1), E¢(D). (3.51)
The proof of Lemma 3.3 is completed. O

The proof of Lemma 3.3 shows that we need to trade one normal derivative for two more tangentials
with Mach number weight &2, that is, we need to control ||*7*(*u, 3 B)|l»_x (k = 0,1,2). We again do the
analogous div-curl analysis for the case k = 0, 1 and reduce it to ||g67”6(6fu, 6fB)||1_k, and then repeat once
more such that we finally need to control 13778 (u, B)||op which is a purely tangential estimate. To sum up, we
can obtain the following estimates by mimicing the proof of Lemma 3.2 and Lemma 3.3.

Lemma 3.4. The div-curl analysis and vorticity estimates for le*T*(u, B)l2, l€*0, T *(u, B)||; and ||l °(u, B)|l;
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are listed below:

I T4 Okl < T hullg + Nle*V x T Okullf_y + 1le*V - Tfulli_y. &k = 0.1, (3-52)
le* T4 BIZ_, < le* T4 BIS + 1*V x T BIP_, + |le*** D+ [774, V10" BI?_,, k=0, 1, (3.53)
d 4 k4 (12 4 k4 p |2 5 k4 v | |2
> 4 (et v x o Tl + |4V x T Bl + [ Bx (v x BT B
< P(E(0), Es(D), Es(t))||e°T 00  ull—, (3.54)
IESTCully < Nle°T ullg + l1s°V x T°ull + 11V - T°ulf3, (3-55)
€T °BIF < 1T °BI§ + 11€°V x T°BII§ + (7, V-1BIf5, (3.56)

d
" (||s6v X T0ull; + [|e°V x 7°B]; + [|s"B x (V x 7'6B)||§) < P(E4(DE5(1), Eo(0), Ey ()T Sullo.  (3.57)
Besides, the divergence part is reduced to the estimates of p by using the continuity equation

2
le* oV - THully_, = |0 T*Dup)||,_, + 1' [T, V105 ulli_. k=0, 1,

15V - Tull3 = ||e*T°Dup)|) + 1776, V-1l (3.58)
where the commutators can be controlled
15
Z e [T, V-105ulls_, < &*Es(r) < e*Es(0) + f Es(t)dr, (3.59)
k=0,1 0

f
51T, V-1ully < e*Es(t) < &*Eq(0) + f E,(7)dr. (3.60)
0

by using the identity (3.28). Moreover, ||866f7’4(Dlp)”ik and Hsg’f 6(D,p)||(2) will be further reduced to the
tangenital estimates of (1, B) by using the argument in Section 3.2.1.

3.2.3 The remaining tangential estimates

Recall that the entropy S is directly controlled via D,S = 0, so we can temporarily ignore that. Let us
summarize what kind of tangential derivatives we shall control in order to close the estimates that are uniform
in Mach number &. Again we start with [|*~D+(0%u, 3 B)||4_; in E4(f). We set such Mach number weights
based on the following facts:

a. H* regularity: Several commutator estimates require the bound for ||6%(u, B)||.~. Recall that H2* <
L*, so it would be convenient to choose H2*/2*%1 regularity, that is, H* for d = 2, 3.

b. The initial data is well-prepared, so ||[Vp(0)||;3 should be bounded with respect to € and we shall add
Mach number weights to 6*p when k > 1.

c. The L? estimate in section 3.1 suggests that u, B, ep should share the same weights of Mach number &
because taking tagential derivatives preserves the boundary conditions.

d. The reduction procedure in section 3.2.1 shows that Vp is converted to 7 (u, B) and VB. When 7 is a
spatial derivative, 7 (u, B) and VB should be controlled via div-curl analysis as shown in Lemma 3.2.
When 7~ = d;, we find that *p, 8*!(u, B) should share the same weights of Mach number.

Thus, E4(t) consists of the following quantities.

llu, B, S, plls, 10:u,3,B,8,S,&d,plls, led?u, £0?B, £92S, 07 plla,

203 23p 293¢ 3493 304 Badp 3ada Aad
lle“0;u,e°0; B, £°0;S,°0; plli, lle’du,&’d;B,°9;S, &9, pllo.

The Sobolev norms of ||e*~D+ (6’t‘u, (9fB)|I4,k for 0 < k < 3 are controlled via div-curl analysis. The di-
vergence part can be absorbed by E4(f) itself because the continuity equation produces extra £ weight and
&? < & since we assume the Mach number is small. Even if we do not assume & is small, we can alternatively
control the divergence by repeatedly using the reduction of pressure such that there are only tangential deriva-
tives. The curl part, thanks to the special structure of Lorentz force, is reduced to ||£(k’1)++2D,26’,‘u||3_k which
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is a part of Es5(). So, it remains to control Es5(7) and the full time derivatives, namely |30t u, €29} B, £*9? pllo.
See also diagram (2.8).
Then Es(¢) is designed in the same manner as E4(?):
le*T*(u, B, S, Pll3 (produced from the vorticity analysis of ||u, B|4),
T %(8,u, 0;B, 8,S , £0,p)|l» (produced from the vorticity analysis of ||8,u, d,BlI3),
||s27'2(86,2u, ac')tzB, 8(9?5 , 828,2 Plli (produced from the vorticity analysis of ||8c'),2u, 86?3“2),
||827”2(526t3u, 826,3 B, 823? S, & 6,3 DPllo (produced from the vorticity analysis of ||s26,3u, 826?B||1).
The div-curl analysis of Es5(¢) produces ||e*D+*472D23*y||,_; which is part of Eg(). In order to close the
energy estimates, we now need to control E¢(7) and also the full time derivatives ||.92‘7“2(.9(9[3 u, 86,33, 82(9[3 Dllo-
Repeat the above procedure once more, we can see Eg(#) should be designed as
lle*T*(u, B, S, p)ll> (produced from the vorticity analysis of ||e*7 2(u, B)|l3),
le*T*(8,u, 8;B, 8,8, €0, p)|l (produced from the vorticity analysis of ||€*72(8;u, 8,B)ll»,
le*T*(£0?u, €0 B, £97S, £207 p)|lo (produced from the vorticity analysis of ||s*7(£0%u, £0>B)||;).
Combining the result of vorticity estimate, it remains to control ||86T4D,26fu||1_k (part of E;(¢)) and also the
full time derivatives ||£*7*(£6%u, £0> B, 0>S , €292 p)|o.
Repeat the above procedure once more, we can see E;(¢) should be designed as
187 (u, B, S, p)ll; (produced from the vorticity analysis of le*T*(u, B)|I2),
8T 8(,u, 8;B, 8,8, €0, p)\ly (produced from the vorticity analysis of ||*7*(8,u, 8,B)||; and (c).
Discussion about the weights of p. For the pressure p, we only have the control of [|e¥*7*6* p||s_;—; at
this step, which has one more e-weight than what we defined in (1.18) when k > 1, [ > 1 and @y < 2/. To
replace £+ by %~D+*2/ when [ > 1 and o < 2I, we just need to notice that 7® now must contain at least
one tangential spatial derivative, and then we can use the momentum equation
—0;p = Bi0;By + pDu; — (B - V)B;, —w03p = By wd3By +wpDus3 — (wB - V)B3
N——
tangential
to reduce the control of [|e®=D+*2lgegkplly (@) = 21, g < 21) to |le* D27 (u, B)||4_1; for some B
satisfying (8) = 2/ and a¢ < By < ap + 1, which has been included in E4(?).

Combining the result of vorticity estimate, it remains to control ||£®7%(0,u, d,B, 3,p)llo for (@) = 6, ay <
6, ||56(8?u, 6,63, sc'),7p)||0 and ||e37*D?u||y for (@) = 6. This indicates us to define Eg(f) to be

Esn= Y |7 B.S.p)||s + |65 B.S. ep)]; -

(@)=8,ap<8

To sum up, the remaining estimates are all tangential estimates, which can be proved by analyzing the L
estimates after taking the following tangential derivatives to MHD system (1.13)

£}, 720}, T3}, 7%, T, (3.61)

3.3 Tangential estimates
3.3.1 The 7 *-differentiated equations

By the div-curl analysis, the crucial step is to study the higher order tangential energy estimate of (1.13). In
particular, we define the following tangential derivatives

To=0:,, T1=01, T2=0 T4=w(x3)0s. (3.62)
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We take 7 in the momentum equation pD,u = —=Vp — B x (V X B) to get
pD(Tu) — (B-V)(T*B) + T°V(p + |B*/2) = [pD;, T*]u— [B - V, T “]B, (3.63)

where 7¢ := 77" T,° T, and {@) = ap + a1 + @2 + 0 X 2 + a4 < 8. Accoding to section 3.2.3, it suffices
to consider the following cases

(@) = ag = 4 with &° weight,
(@) =5, ap > 3 with &* weight,
(@) = 6, ag > 2 with & weight,
(@) =7, ap > 1 with £° weight,
(@) = 8 with & weight.

Since these derivatives are all tangential, taking either of them still preserves the boundary conditions.
For simplicity, we will only show the details of the following cases (either full spatial derivatives or full time
derivatives)

37 with (@) = 8 and ap = 0, &%0%, & '0F 4 <k <7).

and the other cases (space-time mixed derivatives) can be proven in the same manner.

3.3.2 Tangential energy estimate with full spatial derivatives

In this subsection we study the spatially-differentiated equations, i.e., the equations obtained by commuting
T ap =0, and (@) = 8, with (1.13). We aim to prove the following estimate

Proposition 3.5. For 7% with multi-index « satisfying oy = 0 and (@) = 8, we have the energy inequality:
d N 2
> Sl Tw sl < P, (3.64)
(a)=8,ap=0

Proof. We first consider the case of a4 = 0, thatis, 7¢ = 5‘1"5‘2'2 with a| + a; = 8. To simplify our notation,
we will write 4® to represent such 7¢.
1d
2dr Jo
_ _ 1 _
= f 816p086,u -OPudx + = f ('),p|.9868u|2 dx
Q 2 Ja

= f 808 (oDyu) - (£%0%u) dx - f 816(,058(14'Vu)+[58,p]D,u+(g—Za,p+35p6,5)58u)~58udx. (3.65)
Q Q

,0|s858u|2 dx

=T

The first integral above, after invoking the momentum equation and integrating B - V by parts, is equal to

f 9B - VB) - (¢86%u) dx - f X (V(p +|BP/2)) - (% *u) dx. (3.66)
Q Q

For the first term, we integrate B - V by parts
f % (B VB) - (6*3°u) dx
Q

By _ f SPB - (355(B - Vu)) dx + f £8[38, B - V1B - (88%u) dx — f SPBB- (8[B-V, 85 dx. (3.67)
Q Q Q

=T

For the second term, we integrate by parts and invoke the continuity equation to get

- f 08 (V(p +|B*/2)) - (£*6%u) dx = f &% (p +|BP/2) - (£%0°V - u) dx
Q Q

= f 0%(BP/2) - (£20°V - w)dx - f 0%p - (80%(e? D, p)) dx, (3.68)
Q Q
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where the boundary intergral on X vanishes thanks to the boundary condition u3 = B3 = 0 on X.
The first integral in (3.67), after inserting the evolution equation of B, is equal to

1d - - - -
- —— f |88 B> dx — f 8B (u-V)3®B +[0%,u-VIB)dx
2dt Jo Q

=T

- f 08B - (£30%(BV - w)) dx, (3.69)
Q

Z:'](]

which gives the energy of B. The last term on the right side of (3.68) gives the energy of ep

—f8858p~(8858(82Dtp))dx
Q
_ 2 _ —
=- lij-|.9888(8p)) dx—fsgagp-(slo[ﬁg,u-V]p)dx. (3.70)
2dt Jo Q

=T

Then we analyze the first term on the right side of (3.68). Since 5( %IBIZ) =0B- B, we have
f 20%(BI/2) - (%0°V - u) dx
o)

= f (&®B) - (8°B)(e%3°V - u) dx + Z f 5C,(0°B) - (84 *B)(%8°V - u) dx (3.71)
Q 0<(ay<8 ¥

=K
: =75

where C, are some positive constants. Now let us control the commutators J; ~ J5. For ;1 ~ J4, since
u3 = B3 = 0 on Z, it suffices to analyze one of the following two types of commutators

0%, u-VIf, 6% B-VIf.
For example. we expand the first one to find that
_ _ _ _ _ T8\ emr =
0% u-VIf = 0% - Vf + Z £30m,)(V;0" f) + &*(Ou3)(9:0" f) + Z ( k)gsakujajaf‘f 1,
j=1,2 k=2
and it is easy to see that the last term is directly controlled by E(¢). For the first term, we have
I6%0%u - V f + &*@n) - (V& Pllo < l*0*ullolIV flle + l1ullz~ 113" £ o,

which is directly controlled by E(¢). For the third term, note that dusls = 0, using fundamental theorem of
calculus, we have B B
0u3(x3)| S w(x3)003us]lL~,

and thus _ _ _ _
ll£%(0u3)(330” Pllo < 10031311l (w3)d fllo

which is again controlled by E(7). As for Js, we integrate ] by parts to get

Js< Y 1659 B- G B)olls*d (V- wllo < E@)lie'*d Dypllo < PIE®)).
0<(a)<8

Thus, all the commutators J; (i = 1,--- ,5) are directly controlled

J1+ T2+ T3 +TJas+Js5 < P(E®)). (3.72)
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Next, we show that K has cancellation with K,. We have
3 p— f—
K== f 5B, - (895 (Biou) dx
Q

ij=1

3
=— fg B -0°B(e%9*V - u)dx - Z LssggBi . (3853i57(9juj) dx

i,j=1

=%,

3
-0 fg &33°B; - (£8C,0°B;0* *0uj) dx. (3.73)

ij=12<(a)<8

Je

The last term J is again directly controlled: J¢ < P(E(¢)). The first term cancels with K;. For the
second term, we need to further analyze the case when j = 3. Thanks to the continuity equation, we have
—03u3 = &2D,p + V - it and thus

3 3
- Z f £858B; - (6%0B:0 3uz) dx = Z f 0B, - (°9B,0"(e*Dyp + V - ) dx < P(E().  (3.74)
ij=1v¢ =1 vYQ

When j = 1,2, the second term is again directly controlled by P(E(f)) because all the derivatives are tangen-
tial.

3
- Z Z f &56°B; - (£%0B,0",;) dx < P(E(1)). (3.75)
i=1 j=12Y9
Thus, we conclude that
K + ¥ < P(E()). (3.76)

Combining (3.66)-(3.76), we conclude that

d% |e"3*ep.u B)Hi < P(E(®). (3.77)

To control ||68_58 pll, it suffices to invoke the momentum equation —5,- p=18B- (5;3) + pD;ii; — (B - V)B and thus
we convert £89% p to £80"7 (u, B) which is part of Eg(f). We then conclude that

”sség(p,u,B)(t)Hz5E8(0)+ f P(E(7))dr. (3.78)
0

For the case of a4 > 1, since [03, wds] # 0, we need to reconsider the estimates of commutators. For the
commutators of type [7%, d3](-), we can use identity (3.28). For example, we need to control the extra terms
when commuting 7% with V:

- f (ET u) ([T, 8;1P) dx and f (% 0;, T u)(E T P) dx.
Q Q

Without loss of generality, we assume 7 = (w(x3)83)8". In the first integral above, the highest-order term
should be

- f (E3T u3)(* 3w 030" P) dux.
Q

Now we invoke the momentum equation to replace —d3P with pD,us — (B - V)B;. Recall that D, and
B - V are both tangential derivatives thanks to usly = Bis|lz = 0. So the above integral is controlled by
N8 ullo (13T ully + 1€377" Bllo) plus lower-order terms where (') = (a”’) = 8. Similarly, for the second
integral above, one can invoke the continuity equation, which reads dsu3 = V.- &2D,p, to finish the
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control. A slight difference is that we do not have the energy for [|e37%p|lo. Luckily, at this step, 7% must
contain a spatial derivative w(x3)d3. So, it suffices to again invoke the momentum equation

1
~wdip = wds (3|B) + wpDus — w(B - VB3)
—_— 2
tangential

such that all terms that contain the fluid pressure are replaced by the velocity and the magnetic field.
As for the other commutators, for example, we re-consider 8[wd307, B - V1B in the analogue of 7
(W.L.O.G. a4 = 1). We have

[wH30", B - VB = [wd3d’, B303]B + [wd:0", B - VB
= wd30 (B303B) — B393(wd30’ B) + [wd30’, B - V]B. (3.79)

Compared with the case of a4 = 0, the potential risk is that d; may fall on w(x3) and then converts the
tangential derivative wds to be a normal derivative d3. So, it suffices to analyze the term —B3(03w)(830’B).
Luckily, there is a B3 (replaced by u3 if we commute 7 ¢ with u - V). Since Bs|y = 0, we again use the
fundamental theorem of calculus to obtain

1B3(x3)] < w(x3)]103 B3|,
and thus
&'1B3(930)(330 B)llo <1193 B3\l lle* (w83)8" Blly < E(0). (3.80)
Other terms arise from commutators can be treated similarly. Therefore, we obtain the energy estimate
d g0 2
> gl B pf, < PE). (3.81)
(@)=8,ap=0 d

The proof is completed. O

3.3.3 Tangential energy estimate with full time derivatives

In this subsection we study the time-differentiated equations, i.e., the equations obtained by commuting %,
with (1.13). We aim to prove the following proposition which gives stronger estimates for full time derivatives
than what we need in (3.61).

Proposition 3.6. The following tangential estimate for full time derivatives holds:
@S gt B, o] + 08w B | < PCE 382
3 [ 2 e 0w Boep)|; + [0 w. B.ep) | < PEW). (3.82)
=4

Proof. Let us first consider the case when k = 8, that is, £39%-estimates. We just need to replace ® by 8% in
the proof of Proposition 3.5 and then check if the analogues of the commutators J; ~ J can be controlled
by P(E(?)) or not. From (3.71) and (3.73), we know that the analogue of J5 and J can be controlled in the
same way because Bf(u, B) and 0%(u, B) have the same weights of Mach number. Next, let us analyze the
commutators in the analogues of 77 ~ J3. For example, we consider

e%0%, B-V1f, f=uorB.

This commutator is equal to
7
858 7 8(8) & 8—k
80} Bj0,f +80,B,0,0] )+ > (k)a,B,-a,at f
k=2

7
= (&9 B)f) + 80, B)IE T ) + Y (i)(sk_léfB (0,05 ),
k=2
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where the L?(Q) norms of the first term and the third term can be directly controlled by E(f). For the second
term, when j = 1,2, it can be directly controlled; when j = 3, we again use 9,B3|y = 0 and fundamental
theorem of calculus to create a weight function w(x3):

118, B))0 (%07 )l < 110, Blloll*0BA] fllo + 1030, B3lleole® (@2)d] fllo < VEa(1)Es(2) < E(D).

It remains to analyze the commutator J4 arising from (3.70). The difference is that 6? p needs one more &

weight. Luckily, this term is produced because we invoke the continuity equation which automatically gives

us &2 weight. So, the analogue of 74 is controlled in the following way:

—fsgafp(sm[a?,u-V]p) dx = —fs96,8p (89[6§,M-V]p) dx
Q Q

_— fg &0 p (2(0%u;0;p + 80,1;0,0° p)) dx (3.83)
7

- fQ (£%p) [Z (i)(gk-lafuj)(slo—ku,a,af—kp)] dx < E().

k=2

Therefore, we conclude the £89%-estimates as follows
d 2
T ||€%0F (u. B.£p)||, < P(E()). (3.84)

For 4 < k < 7, the proof is still parallel to Proposition 3.5 if we replace 39 by &19% (4 < k < 7). We
only need to re-consider the estimates of the commutators arising in the analogues of J; ~ J¢. For example,
we look at the case k = 7. Similarly as above, we first consider th L? estimates of the following commuator

&%0],B-V1f, f=uorB,

which is equal to

6
7
£8(0] B0, f +70,B,0,00)+ )| sﬁ( k)afB 0,007 f
k=2

6
= (0] B)(@f) + 10BN ) + ) (Z)(sk“ai‘B;)(e”‘ﬁﬁ?"‘f)-
k=2

Again, the first term and the third term are directly controlled by E(#). For the second term, using d;B3|z = 0
and fundamental theorem of calculus, we then obtain

118:B)3 (%07 f)llo < 118:Blleoll€2382 fllo + 1030: B3l lle®(w3) fllo < VE4(1)E+(2) < E(r).

As for the analogue of 7y, the continuity equation gives us extra &2 weight such that the estimate is uniform
in Mach number:

—stGGZp(sg[ﬁz,u‘V]p) dx=—Le702p(e7[6r7,u-V]p) dx

. fg &'} p(£7(0]u;0;p + 10,u;0,0¢ p)) dx (3.85)

6
- fg (9 p) [Z (Z)(sk_lﬁfu j)(gg—ku,a,-af-kp)] dx < E(f).
k=2

Therefore, we obtain the energy estimate
d 2
T ||€°0] (p. u, B)||; < P(E(2)). (3.86)

The case when 4 < k < 6 can be proved in the same way, so we conclude the following energy estimate
for full time derivatives

d 7
o 2l dt BLep)ly < PEW). (3.87)
k=4

The proof is completed. O
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3.3.4 Space-time mixed tangential derivatives

We still need to prove the tangential estimates for 77 (0 < ag < 8). Indeed, they can be proved in the same
way as Proposition 3.5 and Proposition 3.6 because of the following reasons

e The derivatives 37 (0 < o < 8) are tangential, so they preserve the boundary conditions and thus
all boundary integrals must vanish.

e The commutators arising in the proof of Proposition 3.5 and Proposition 3.6 do not produce extra time
derivatives, so the weight &% is enough to close the estimate.

e When a4 # 0, that is, (wd3)™ appears in 7¢, it suffices to use the same strategy as presented in
Proposition 3.5. Indeed, we only commute (wd3)’s with either # - V or B - V, so there must a u3 or B3
appearing when 03 falls on w. Thus, we can use the boundary conditions for u3, Bj to reproduce the
weight function w(x3).

Based on the above analysis, we conclude the tangential estimates in following proposition.
Proposition 3.7. We have the energy inequality:

d

U el + [t sen;

(@)=8,ap<8

3 3
£ e Tt w B p)lg + D || a . B, sp)”(z)) < P(E(1)).

1=0 (@)=2l,ap<2l =0

(3.88)

3.4 Uniform estimates

Since D,;S = 0, we can easily prove the estimates for S by directly commuting D, with ¢ and corresponding
weights of Mach number. The proof does not involve any boundary term because we do not integrate by
parts, so we omit the details.

4
%Z DU et aasfy < PE)). (3.89)
=0 (a)=21

Combining the tangential estimates presented in Propositions 3.5-3.7 with the div-curl analysis in section
3.2.2, the reduction of pressure in section 3.2.1, the L? estimates and the summary in section 3.2.3, we can
get the following energy inequality

%E(Z) < P(E(2)), (3.90)

where E(7) is defined by (1.18). Since the right side of the energy inequality does not rely on &, we can use
Gronwall’s inequality to prove that there exists some 7 > 0 independent of & such that

sup E(t) < P(E(0)). (3.91)
1€[0,T]

Theorem 1.1 is proven.

3.5 The case of 2D MHD

The previous sections are devoted to the incompressible limit of 3D MHD. Now we explain how to modify
the proof such that it is valid for 2D MHD flows. The proof for the 2D case is essentially the same as the 3D
case: we only need to do a slight modification in the vorticity analysis because the vorticity in 2D is a scalar
function, not a vector function. First, lemma 3.1 should be modified as below

Lemma 3.8 (Hodge elliptic estimates). For any sufficiently smooth vector field X € R? and any real number
s > 1, one has B
XIS < 1XIG + 1V - XI_y + 19 - XITy + 101X - NI, (3.92)

where V = (91, 02) and V+ = (=0, 8,).
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Taking V*- in the momentum equation, we obtain the analogue of (3.12) as
pD(V* - u) = (B-V)(V* - B) = p[Dy, V-Ju~ [B -V, V1B~ (V*p) - (Dyu), (3.93)

which has the same structure as (3.12). Thus, one can follow the analysis in section 3.2.2. The only slight
difference is the treatment of Lorentz force term. We take d°-estimate of V* - (u, B) for an example. Following
the proof of lemma 3.2, we need to control the following integral

K = f &P (V* - B)3V* - (¢2BD,p)dx, (3.94)
Q

where the problematic term is
&(B-VHY®D,p = e(-B18°3:D,p + B28°3,D,p)
after inserting the continuity equation. Commuting V* with D,, we have
&*(—=B10°8,D,p + B,8°0,D,p)

= 82 (—3163Dt(62p) + Bga3D,(61p)) — 82 (3183(621/!]‘(9]‘]7) - 3263((91141‘(9]‘[7)) ,

where the L*(Q) norm of the second term is directly controlled by E4(#). For the first term, we again invoke
the momentum equation, which in 2D reads

—01p = pDyty — B181 By — B,3,By + 81(IB*/2) = pDyuy + Bo(8,By — 3,B1) = pDyuy + By(V* - B),
—8»p = pDuty — B101 B — B20»B, + 0,(IBI*/2) = pDyuy — B1(61B, — 0:B1) = pDyuy — By(V* - B).
Now, we have

*(—B18°0:D,p + B,3°9,D,p)
= &’p(B10° D?uy — B,0°Duy) —&*(B: + B3)0*D,(V* - B) + L*(Q)-controllable terms,

£2|BI? has definite sign

and thus

K" L f & (V* - B)e’p(B10° D?uy — B20° D?uy) dx — f & (V- B) &|B**D(V* - B)dx
Q Q

£ f & (V* - B)e*p(B18* D*uy — B20° D uy) dx (3.95)
Q
_ld f |elBIo* (v - B dx + 1 f (V- u) (|g|B|a3(VL : B)|2) dx
2dt Q 2 Q ’

where the last term on the right side can be directly controlled, and the first term requires the control of
lle? D?ul|3. The conclusion of Lemma 3.2 is then modified to be

%% |V wf’ + (1 + E1BD |V - B dx < P(E4(0) + Es(0). (3.96)
Q

4 Incompressible limit

This section is devoted to showing that we can pass the solution of (1.13) to the incompressible limit (1.19)
provided that we have the convergence for initial data. In other words, we study the behavior of the solution
of (1.13) as the Mach number & tends to 0. Recall that the Mach number ¢ is defined in Section 1.1.
The energy estimate presented in Theorem 1.1 implies the boundedness of )’ |I6f(u, B, S)||4- uniformly
=01

in € within the time interval [0, T]. Thus, by Aubin-Lions Lemma, up to a subsequence, we have

(u,B,S) — °, B°,5% weakly-* in L™([0, T]; H*(Q)) and strongly in C([0, T]; H*~°(Q)), 4.1
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for 6 > 0. Moreover, by using the continuity equation 2D;p + V - u = 0, we have
V-u—V-u®=0 inL¥([0,T]; H*(Q)) and strongly in C([0, T]; H>7(Q)) 4.2)

for 6 > 0 because ||ed; . pll3 and ||u||4 are uniformly bounded in [0, T'].
Now, (u®, B, §%) € L>([0, T]; H*(Q)) solves the incompressible MHD equations together with a transport
equation

0@ +u®-Vi®) = B* - VB + V(r + }|B°?) =0  in[0,T]xQ

0B +u’ - VB - B". vy =0 in[0,T] x Q,
V-u'=V-B'=0 in [0, T] x Q “3)
9,8 +u’-vs®=0 in [0, 7] x Q, ’
uy=By=0 on [0,T] X X,

W°, B, S0 = (u, BY, SY),

for a suitable fluid pressure function r satisfying Vzr € C([0, T]; H3(Q)). Here o satisfies 8,0 + u® - Vo = 0,
with initial data gy := p(0, S 8) . Moreover, the uniqueness of the limit function implies that the convergence
holds as &€ — 0 without restricting to a subsequence. Theorem 1.2 is then proven.

References

[1] Alazard, T. Incompressible limit of the nonisentropic Euler equations with the solid wall boundary
conditions. Adv. Differ. Equ., 10(1):19-44, 2005.

[2] Asano, K. On the incompressible limit of the compressible Euler equation. Japan J. Appl. Math.,
4(3):455-488, 1987.
[3]1 Chen, S.-X. Initial boundary value problems for quasilinear symmetric hyperbolic systems with char-

acteristic boundary. Translated from Chin. Ann. Math. 3(2), 222-232 (1982). Front. Math. China 2(1),
87-102 (2007).

[4] Coutand, D., Shkoller, S. Well-posedness of the free-surface incompressible Euler equations with or
without surface tension. J. Am. Math. Soc., 20(3): 829-930, 2007.

[5] Ebin, D. G. Motion of slightly compressible fluids in a bounded domain. I. Commun. Pure Appl. Math.,
35(4):451-485, 1982.

[6] Goedbloed, H., Keppens, R. and Poedts, S. Magnetohydrodynamics of Laboratory and Astrophysical
plasmas. Cambridge University Press, 2020.

[7]1 Gu, X., Wang, Y. On the construction of solutions to the free-surface incompressible ideal magnetohy-
drodynamic equations. J. Math. Pures Appl., Vol. 128: 1-41, 2019.

[8] Iguchi, T. The incompressible limit and the initial layer of the compressible Euler equation in R}. Math.
Methods Appl. Sci., 20(11):945-958, 1997.

[9] Isozaki, H. Singular limits for the compressible Euler equations in an exterior domain. J. Reine Angew.
Math., 381:1-36, 1987.

[10] Jiang, S., Ju, Q., Li, F. Incompressible limit of the nonisentropic magnetohydrodynamic equations.
SIAM J. Math. Anal., 48(1), 302-319, 2016.

[11] Jiang, S., Ju, Q., Xu, X. Small Alfvén number limit for incompressible magnetohydrodynamics in a
domain with boundaries. Sci. China Math., 62, 2229-2248, 2019.

[12] Ju, Q., Schochet, S., Xu, X. Singular limits of the equations of compressible ideal magnetohydrody-
namics in a domain with boundaries. Asymptotic Anal., 113, 137-165, 2019.

[13] Ju, Q., Wang, J. Incompressible limit of ideal magnetohydrodynamic equations with a perfectly con-
ducting wall condition. SIAM J. Math. Anal., to appear, 2023.

[14] Klainerman, S., Majda, A. Singular limits of quasilinear hyperbolic systems with large parameters and
the incompressible limit of compressible fluids. Commun. Pure Appl. Math., 34(4):481-524, 1981.

[15] Klainerman, S., Majda, A. Compressible and incompressible fluids. Commun. Pure Appl. Math.,
35(5):629-651, 1982.

28



[16] Lindblad, H., Zhang, J. Anisotropic Regularity of the Free-Boundary Problem in Compressible Ideal
Magnetohydrodynamics. Arch. Rational Mech. Anal., 247(5), n0.89: 1-94, 2023.

[17] Luo, C., Zhang, J. Compressible Gravity-Capillary Water Waves: Local Well-Posedness, Incompress-
ible and Zero-Surface-Tension Limits. arXiv:2211.03600, preprint.

[18] Métivier, G., Schochet, S. The incompressible limit of the non-isentropic Euler equations. Arch. Ratio-
nal Mech. Anal., 158(1):61-90, 2001.

[19] Morando, A., Trakhinin, Y., Trebeschi, P. Local existence of MHD contact discontinuities. Arch.
Rational Mech. Anal., 228(2), 691-742, 2018.

[20] Ohno, M., Shirota, T. On the initial-boundary-value problem for the linearized equations of magneto-
hydrodynamics. Arch. Rational Mech. Anal., 144(3), 259-299, 1998.

[21] Ohno, M., Shizuta, Y., Yanagisawa, T. The trace theorem on anisotropic Sobolev spaces. Tohoku Math.
J.,46(3), 393-401, 1994.

[22] Rauch, J. Symmetric Positive Systems with Boundary Characteristic of Constant Multiplicity. Trans.
Amer. Math. Soc., 291(1), 167-187, 1985.

[23] Schochet, S. The compressible Euler equations in a bounded domain: Existence of solutions and the
incompressible limit. Commun. Math. Phys., 104(1):49-75, 1986.

[24] Schochet, S. Singular limits in bounded domains for quasilinear symmetric hyperbolic systems having
a vorticity equation. J. Differ. Equ., 68:400-428, 1987.

[25] Schochet, S. Fast Singular Limits of Hyperbolic PDEs. J. Differ. Equ., 114(2):476-512, 1994.

[26] Secchi, P. Well-posedness for Mixed Problems for the Equations of ldeal Magneto-hydrodynamics.
Archiv. der. Math. 64(3), 237-245, 1995.

[27] Secchi, P. On an initial boundary value problem for the equations of ideal magnetohydrodynamics.
Math. Methods Appl. Sci., 18, 841-853, 1995.

[28] Secchi, P. Well-posedness of characteristic symmetric hyperbolic systems. Arch. Rational Mech. Anal.,
134(2), 155-197, 1996.

[29] Secchi, P. On the Singular Incompressible Limit of Inviscid Compressible Fluids. J. Math. Fluid Mech.,
2(2), 107-125, 2000.

[30] Trakhinin, Y. The existence of current-vortex sheets in ideal compressible magnetohydrodynamics.
Arch. Rational Mech. Anal., 191(2), 245-310, 2009.

[31] Trakhinin, Y., Wang, T. Well-posedness of Free Boundary Problem in Non-relativistic and Relativistic
Ideal Compressible Magnetohydrodynamics. Arch. Rational Mech. Anal., 239(2), 1131-1176, 2021.

[32] Trakhinin, Y., Wang, T. Nonlinear Stability of MHD Contact Discontinuities with Surface Tension.
Arch. Rational Mech. Anal., 243(2), 1091-1149, 2022.

[33] Wang, Y., Xin, Z. Existence of Multi-dimensional Contact Discontinuities for the Ideal Compressible
Magnetohydrodynamics. Commun. Pure Appl. Math., to appear, 2023.

[34] Ukai, S. The incompressible limit and the initial layer of the compressible Euler equation. J. Math.
Kyoto Univ., 26(2):323-331, 1986.

[35] Yanagisawa, T.  The Initial Boundary Value Problem for the Equations of Ideal Magneto-
Hydrodynamics. Hokk. Math. J., Vol.16, 295-314, 1987.

[36] Yanagisawa, T., Matsumura, A. The fixed boundary value problems for the equations of ideal magne-
tohydrodynamics with a perfectly conducting wall condition. Commun. Math. Phys., 136(1), 119-140,
1991.

[37] Zhang, J. Local Well-posedness of the Free-Boundary Problem in Compressible Resistive Magnetohy-
drodynamics. Calc. Var. Partial Differ. Equ., 62(4), no.124: 1-60, 2023.

[38] Zhang, J. Local Well-posedness and Incompressible Limit of the Free-Boundary Problem in Compress-
ible Elastodynamics. Arch. Rational Mech. Anal., 244(3), 599-697, 2022.

29



	Introduction
	Difficulties and strategies
	Uniform energy estimates
	Incompressible limit
	References

