Solutions to Algebraic Topology by Allen Hatcher
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1 Chapter 0

Skipped for triviality: 1-3, 9-12, 14-15, 17, 19-22, 24-29.

4. f1 is homotopy inverse for inclusion i : A — X.

5. Suppose f; : X — X is deformation retraction. idx ﬁ Cap -

For each neighborhood U 3 z, there exists tg € (0,1) s.t. fi(X) C U for all ¢t € [to,1]. Let V = f, (X).

hi = fira—ty, © ftgl is homotopy from inclusion ¢ : V < U to constant map V — {zo}.

6. (a) First deformation retracts to the bottom line [0, 1] x {0}, then deformation retracts to a point.

X doesn’t deformation retract to any other point because of Exercise 0.5.

(b)(c) Y deformation retracts in the weak sense to the middle zigzag, so it’s a homotopy equivalence.

The middle zigzag is homeomorphic to R, which is contractible, so Y is contractible.

There’s no true deformation retraction from Y to the zigzag, otherwise Y will deformation retract to a point.

7. X is union of infinite cones on the Cantor set arranged end-to-end and getting smaller and smaller.

The “baseline” of X is [0,1). One-point compactification of X x R is obtained by adding the endpoint 1 of [0, 1).
After one-point compactification, {0} x R and additional point {1} x {0} become the boundary of D?.

Y is obtained from one-point compactification of X x R by wrapping one more cone on the Cantor set around the
boundary of D2. Y doesn’t deformation retract to a point because of Exercise 0.5.

X can deformation retract to baseline [0,1) in the weak sense in the following way:

1 1 1
~ g 1o W] moves to [1 — on

The point on cones moves to [0,1) in the similar way, so X deformation retract to [0,1) in the weak sense, and

For n € N, point on [1 1 alone [0,1), and point on [0,1/2] moves to {0}.

- 2n+1]
one-point compactification of X x R deformation retract to D? in the weak sense.

Y deformation retract to D? with a cone on the Cantor set around the boundary of D? in the weak sense.

This space can deformation retract to D? in the weak sense by moving points on cone and rotating D? clockwise.

Thus D? < Y is homotopy equivalence, D? is contractible, so Y is contractible.

Cantor set

Cantor set

baseline of X

[0,1)

Y

house with three rooms

8. The picture above is the house with three rooms. It’s similar for the general case.
) o T ordy, 0<s<1/2
13. The desired r{ is given by r; = 0 .
Tea(i—s) Tt 1/2<s<1
16. S = {(z1,%2,...,Zp,...) | there exists N s.t. zp, =0 for k > N, /> .2 |z;|> = 1}
Let T : S — S, (21, 29,...) — (0,21, @2,...), fr = (1 — t)idgee +tT # 0 and f, = fi/|f:.

Let K be constant map S — (1,0,...), gt = (1 — )T+ tK # 0 and g = g¢/|g¢|. ids L Tg K.



18. Let my : S™ x S x {0} = 8™, my : S™ x S" x {1} — S™.

S §™ = (8™ x S™ % [0,1/2]) /71 Ugmxgnxqi/2y (S™ x S™ x [1/2,1])/ma. S™ x S™ x {1/2} ~ dD™ ! x D™ 1,
S™ x 8™ x [0,1/2]/m1 = 8™ x CS™ ~ dD™F x Dt §m x §7 % [1/2,1]/my =~ S™ x CS™ ~ D™ 1 x gD+,
OD™ L x D" Uy pmtiggpntr D™ x 9D o~ 9(D™FL x Dntl) o0 gDmAnt2 o gmAntl

23. Suppose X,Y and A = X NY are contractible. (X, A), (Y, A), (X UY, A) have HEP.

XUY ~(XUY)/A~ (X/A)V(Y/A) =~ X VY >~ {x1} V {x2} =~ {x}.

2 Section 1.1

Skipped for triviality: 1, 4, 6-8, 10-15, 17-20.

2. Show that h; ~ hy iff change-of-basepoint homomorphism 8, = Bh,.

3. (=) If m1(X) is abelian, hq, hy are two paths from zg to z1, [f] € m1 (X, z1), then [f][ha - h1] = [ha - h1][f].
(<) For [f], [g] € m (X, x0), let g = g1 Gy. By, = Bg,, [9][f] = [f]lg]. X is path-connected, so m(X) is abelian.
5. f: X — Y is nullhomotopic < f can extend to CX. Let w: X x I — CX.

(=) F:XxI—=Y, Flxxy =f, F(X x{1}) ={yo}. Finduces F: CX =X x I/X x {1} =Y. Flxyo) = [.
(<) F:CX —Y isextensionof f: X - Y, then Forn: X xI—Y is the required homotopy.

(a) < (b) since CS! ~ D?. (a) < every loop in X is homotopic to constant loop < (c).

9. For all s € 2 C R3, there exists unique plane P; C R3 which divide A; into 2 pieces of equal measure.

Let 0% be normal vector of P§, then B® := {v € R® | for all p € P§, pb - 0% > 0} is half of R3.

Map 5% — R?, s +— (m(B* N Ay), (m(B* N A3)) is continuous. From Borsuk-Ulam theorem, there exists so € S? s.t.
m(B% N Ag) = m(B7% N Az),m(B* N Az) = m(B~°° N As)). Hence Py° is the required plane.

16. If r : X — A is retraction, then i, : m(4) — 7m1(X) induced by A — X is injection.

(¢) iv = 0. (£) ir(1) = 2.



3 Section 1.2

Skipped for triviality: 1, 7, 16-17, 19.

Skipped for difficulty: 22.

2. Note that convex set is simply-connected, and intersection of two convex sets is still a convex set.

3. Forn >3, m(R" — Ule{xl}) =m (D" — Ule{xz}) =m (\/f=1 Sn=1) = 0. Generalization: Exercise 1.2.6.

4. R - X =R — {0} — X ~ 82— X =82 - U {o;} = R2 — U} = V'S, s0 mi(R3 — X)) = 27717,

5. From Proposition 1A.1, every connected graph contains a maximal tree, namely a contractible graph which contains
all the vertices of the connected graph. Suppose X contains a maximal tree M.

If X = M, then X doesn’t contain any loops and 71 (X, x0) = m1 (M, x0) = 0 for any zo € X.

Now suppose M # X, there’re finitely many edges ey, ..., e, of X not in M.

Fix a basepoint zy in M. Note that each edge e; corresponds to a loop based at xzg in M Ue;.

X =, (M Ue;). Any three intersection (M Ue;) N (M Ue;) N (M Uey) is path-connected.

For i # j, (M Ue;) N (M Ue;) = M is contractible, so from van-Kampen’s theorem, m1(X) = #I'_;m1 (M U e;, o).
For each ¢, m1 (X Ue;, z0) is generated by a loop based at g and goes around the bounded complementary region form
by X Ue;, such loop doesn’t go through any other e; (j # ).

6. If A is discrete subspace of X, then for each x € A, there exists an open ball B, C R" s.t. B, N A = {«}.

R™ — A deformation retracts to X :=R"™ — | J__ 4 B.. X is path-connected.

z€A
Let Y be space obtained by attaching n-cells to X via ¢, : 0D™ — 9B, for each x € A, then Y = R"™.
Attaching n-cells (n > 3) doesn’t change fundamental group, so 71 (X) = m(Y) = 0.

8. Two tori Tl, TQ. 771(T1) =7ZxX7Z= (a) X <b>, 7T1(T2) =ZxX7Z= <C> X <d>

71 (X) 2 7 (Th) * 71 (T2) /N, N = {ac™1). m1(X) = (a,b,¢,d | [a,b] = [¢,d] = ac™! =1) = (Z*Z) x Z.

1

9. (1) m(M;) = (a1,b1,...,an, by, c| [a1,b1] -+ [an, bple™t = 1) = (a1,b1,...,an,by). T (C) = (c) 2 Z.

If Mj retracts to C, then i, : m(C') — w1 (M) is injective. i,(¢c) = ¢ = [a1,b1] - - [an, bp] in w1 (M}).

Abelianization preserves injectivity, so (is)qp : 1(C) — m1(M] )ep is injective. But (i.)qs(c) = 0. Contradiction.

In particular, there is no retraction M, — C, since such restriction would give a retraction M; — C.

(2) CW complex structure on M, consists of one 0-cell, 2g 1-cells a1, b1, ..., a,,b, and one 2-cell.

The 1-skeleton is \/{_, (S, V Sy ), the attachment map of the 2-cell is [a1,b1] - - - [ag, by].

Collapsing \/?_, (S}, v S} ) induces quotient map ¢ : My — M; = S* x S*.

r:M;=S'x St — S x {so} =C" s0 €S, (x,y) — (x,50) is retraction, so r o g : M, — C" is a retraction.

10. D2 xI—{a, B} =~ D? x I —{two parallel lines} ~ D?—{xg,90}. v is the boundary circle, so it’s not null-homotopic.
11. Suppose X is path-connected, f : X — X fixes basepoint =g € X.

Bundle X - Ty - Ty/X =5 L induces split short exact sequence

1= 772(51,1) — 771(X,(L‘0) — 7T1<Tf,$0) — 771(51,1) — 7TQ(X,.T0) =1.



To show how (S, 1) acts on 71 (X, x0), consider [a] € 71 (X, x0), B(t) = [wo,t] € Ty. [8] € m (S, 1).
Define homotopy H(t) : I — X x [0, 1]:

(z9, 3ts), t€]0,1/3]
Hy(t) =19 (foa(3t—1),s), te[l/3,2/3]
(o, 3(1 —1)s), t€[2/3,1]

Let m: X x [0,1] = T}, (2,0) ~ (f(x),1), Hs = w0 Hy : [ — Ty, Hy(t) = [H(t)].
Hy = f(a), Hi = BaB™, so [B][a][8] 7 = fu([a]). m1(Ty) = m1(X) 1. Z.

12. From Exercise 0.20, X ~ S* v SV $2 so m (X) 2 Z * Z.

d
cy A L &+
b
b
an b a
d

m(Y) = {(a,b,c,d | cbc™td = 1,aba=tb"1d~! = 1) = {a,b,c | aba=1b~Lcbc™! = 1), denoted by G.

Replace ¢ by ad, then a, b, d are generators of G and aba~'b~'cbc™! = 1 becomes a " 'bab~'db—'d~! = 1.

Replace d by ¢ and a~! by @/, then o/, b, ¢’ are generators of G, a~'bab~'db~'d~! = 1 becomes a’ba’~'b~1c/b~ 1/~ = 1.
Therefore (a, b, c | aba= b~ tcbe™! = 1) =2 (a,b,c | aba=*b"tcb~1c7! = 1).

R3 — Z deformation retracts to Y, so w1 (V) = 7 (R — Z).

13. Orientation of circle is represented by + (clockwise) and — (counter clockwise).

Case 3 Case 4

Case 1

In case 1, orientation of circle 1,2,3 is (—, —, +), fundamental group is Gy = (a, b, c | aba=bcbc1).

In case 3, orientation of circle 1,2,3 is (—, —, —), fundamental group is G3 = (a, b, c | aba=*b~cbc™1).

(
In case 2, orientation of circle 1,2,3 is (+, —, +), fundamental group is Gy = (a, b, c | aba=tbcb=1c™1).
=) (
In case 4, orientation of circle 1,2,3 is (+, —, —), fundamental group is G4 = (a,b,c | aba=*b~1cb=1c71).
From Exercise 1.2.12, G3 = (G4, case 3 and case 4 are equivalent.
In Gy == (a,b,c | aba=tbeb~c™1), replace a by ¢’ and ¢ by a’, then a’,b, ¢’ are generators of Gy and

aba=tbeb~lc™! = 1 becomes a’ba’ b= /b7l T = 1. Gy =2 {a’,b,¢ | a’ba’ 10717 = 1) 2 Gy

(1 has abelianization Z3 @ Z @ Z while G2, G3, G4 have abelianization Z ® Z, so cases 2, 3, 4 are equivalent.



14. Suppose the quotient space is X. It has two 0-cells, four 1-cells, three 2-cells and one 3-cell.
X!~ \/f’:1 S1, w1 (X1) is generated by a = ad, 8 = b~1d,y = cd.
Attaching 2-cells gives the following relations

abed = af~ 'y =1lac 'd b=y 187 =1, adb et = apfy~ ! = 1.

Attaching 3-cells doesn’t change fundamental group, so

m(X)=(a,8,v|af vy =y 1 =apyt =1).
T (X) 2 (o, 8| afa = B,a = Baf) = (o, B a* =1,5% = a2, Baf ! = a®) = Qs.

15. Triangles in L(X) is just triangulation of 2-cells in X, and this doesn’t change homotopy type.

11 1 2y
18. (a) X =40,1,=,=, -+ ¢, SX in fig(1) is homeomorphic to wedge sum of circles of radius — n + | =
2°3 i n+1
: o1 1\
forn=1,2,--- and circle of radius —/12 + 5) i fig(3).
™
Note that fig(3) is also reduced suspension obtained from SX by collapsing segment {1} x I, which indicates reduced

suspension depends on the choice of basepoint.

(2) (3)
(b) Region containing “- - -” means there’re countably many circles in it.
From outside to inside, circles in SX and XX are denoted by A, and B, with basepoint xy and yp.

Retraction r; : SX — A; mapping A;’s to the left yellow segment for j # ¢ induces homomorphism ¢ : 71 (SX, z¢) —
T 1 (Ais0) = [T Z 6(a) = (1) (@), (r2). (), ..). im 6 = B Z.

Retraction s; : ¥X — B; mapping B,’s to yo for j # i induces homomorphism ¢ : 71 (32X, yo) — [[io; m1(Bi,y0) =
[1o Z, ¥(b) = ((51)«(b), (52)4(D),...). 1 is surjective.

For quotient map ¢ : SX — XX, ¢ o g, = ¢. Mapping cone C = C(SX)UXX/ ~, (x,1) ~ g(z) for z € SX.

Write C' = Uy U Us, where Uj is space after removing the tip of mapping cone in C, and Us is C(SX).

U =5SX x(0,1]UXX/ ~, (x,1) ~ q(z) for x € SX. U; deformation retracts to XX . Us is contractible.

Uy and U are open in C. Uy N Uz ~ SX x (0,1] = SX so U; N U, is path-connected.

From van Kampen’s theorem, m1(C) 2 m1(Uy) * 71 (U2) /N, N is normal subgroup generated by words of form

(1)« (w) (i2)« (w™t) where iy : Uy N Uy < Uy, k = 1,2 is inclusion and w € 71 (U; N Us). 71 (Us) = 0, (i2)« = 0.
UiNUs ~8X, Uy ~¥X,50 (i1)« : m1 (U NUsz) — m1(U1) corresponds to g, : m(SX) — m (ZX).

Hence 71 (C) 2 711(XX)/N’ where N’ is normal subgroup generated by im g..

For surjective homomorphism v’ : w1 (XX) LA [[oZ—=]lZ/ B Z, Y 0gq. =0, img, C kery)’.

ker )’ is normal, so N’ C ker+’ and ¢’ induces surjective homomorphism 71 (C) = 7 (¥X)/N' = [[Z/ D, Z.



20. X =J,_, C,. Denote n-th circle in \/__ S* by D,, and common point by .

On each C), and D,,, we can define a coordinate 6 representing a from 0 to 2.

Define f:\/_ S' — X, f maps point in D, of coordinate # to point in C,, of coordinate 6.

Define g : X —\/ S1, g maps point in C,, of coordinate 6 to point in D,, of coordinate 6.
fog=idx,gof=idy_s1,s0 X =2, Cn >~V _ S X is closed subset in R?, so it’s first countable.

V.. S is not first countable,so it can’t be embedded in any first countable space, especially R?.

Let {B;}$2, be countable neighborhoods of zy in \/ S1. Let V; C D; be neighborhood of zq s.t. V; € B; N D;.
\/;’Z1 V; is a neighborhood of xy and doesn’t contain any B;, so \/OO ST is not first countable.

21. Let Y be path-connected. X *Y := (X x Y x [0,1])/ ~, where (z,y1,0) ~ (z,92,0) and (z1,y,1) ~ (x2,y,1).
Consider U == (X xY x[0,1))/ ~ X xCY and V :=(X xY x(0,1])/ ~ ~CX xY.

mUNV)2m (X xY x(0,1)) 2m(X)@m(Y). m(U) =7 (X). m(V) 2 (Y).

Inclusion 41 : UNV <= U, i : UNV — U induces (i1)s : 1 (X) ® 1 (V) = 711(X), (i2)s : m(X) @ m (V) — 71 (Y).
From van Kampen’s theorem, 7y (X *Y) = 71 (X) * 71 (Y)/N, N is generated by (i1)«(a,b)(i2)«(a,b) ™ = ab™! for all
(a,0) e m(X)®dm(Y),80 N=m1(X)*m(Y), (X *Y) =0, X *Y is simply-connected.

Alternative proof: Let (x1,y1,21), (x2,y2, 22) be two points in X * Y, and a : [0,1] = X be a path from z; to xs.

(z1,91,(1=3t)z1) 0<t<1/3
B(t) = q (z1,y2, (3t —1)z2) 1/3
(a(3t —2),y2,22) 2/3
WLOG, let v: [0,1] = X * Y be a loop with endpoint v(0) = v(1) = (x,y,0). Write v(t) = (z(t), y(¢), 2(t)).

t <2/3 isa path from (z1,y1,21) to (22,y2,22). X *Y is path-connected.
t<1

NN

x,y,2t), 0<t<s/2
(z,y,2t), 0<t
1—s (2,9,2 — 2t), 1/2<

),y,8), s/2<t<1-s/2 isahomotopy between vi(t) and v2(t) = {
x,y,2 — 2t), 1—-s/2<t<1

~2 is null-homotopic, so v ~ v; =~ 75 is null-homotopic, hence X * Y is simply-connected.



4 Section 1.3

Skipped for triviality: 1-3, 5, 16, 22, 28.
Skipped for difficulty: 33.

4.

aee e e e e

6. Let p: Y — X > X, xp be the common point of shrinking wedge of circles X.

For any neighborhood U of xy in X, there exist a connected component U of p~1(U) which contains two points in

fererar

covering space X of shrinking wedge of circles two-sheeted covering space Y — X

p~ (o), so plg U — U can’t be homeomorphism.

7. Y ={(x,sin(1/z) | 0 <z < 1} U [-1,1] x {0} U C is quasi-circle circle, C is arc connecting (0,0) and (1,sin1).
Let L be the segment [—1,1] x {0} on the y-axis. S = {z € C | |z| = 1}. Covering map p: R — S1, p(t) = >™*.
(1) WLOG suppose f(L) = {1}. Let f:Y — R be the lift of f: Y — S*.

f(Y = L) is connected and f(Y — L) C p~*(f(Y — L)) = R — 27Z. WLOG suppose f(Y — L) C (0,2m).

By surjectivity of f, f(Y — L) = (0,2n). Y is compact, [0,27] = f(Y — L) C f(Y) = f(Y), so {0,2x} C f(L).

f(L) Cp~ Y (f(L)) = p~ (1) = 27Z, so f(L) is not connected. Contradiction.

This also shows quasi-circle Y is not contractible because f is not nullhomotopic.

Otherwise from homotopy lifting property f will have a lift, since any constant map ¥ — S! has a lift ¥ — R.

(2) Note that there exists an open set V' C Y containing L with two path-components, V7 O L and V5.

Let g : I — Y be a path. If g(x) € L, then there’s a path-connected open neighborhood Iy 3 z s.t. g(Iy) C V.

Thus g~ (L) C U for some open set U s.t. g(U) C Vi. g(I — U) is compact set in Y — L, so it must be contained in
CU{(z,sin(l/x) | e < < 1} for some € > 0, and g(I) is contained in L U C U {(z,sin(1/z) | € < x < 1}, which is
contractible. Hence g : I — Y is nullhomotopic and 71 (Y) = 0.

8. For covering space p : X — X and q: Y > Y of locally path-connected space X and Y, X and Y are locally
path-connected. Let X é Y be a homotopy equivalence.

From lifting criterion, f Zp :X 5 Yhasalift F: X > Y wr.t. q: Y — Y,ie. qoF = fop.
goq:f/—>XhasaliftG:?%)?w.r.t. p:)?—)X7 ie. poG=goq. poGoF ~p,qoFoG~q.

p:)?—)Xhasaliftid;( andq:§7—>Yhasaliftidf,,soGOF’:idg and F'o G ~idg.



9. f. :m(X) — m(SY) 2 Z induced by f: X — S! is trivial, so it has a lift f:X >R

R is contractible, so f : X — R is nullhomotopic, f = po f is also nullhomotopic.

Lo @A, é@oﬁ@

connected 2-sheeted covering space connected 3- bheete(l covering space

10.

11. X; and X5, have 2 points and 3 edges, they can’t be covering spaces of other space. )?1 = )?2.

a ® b Y x b Y
OI {)x b !C)
X y a ¢
‘ .
y L = b ¥

X1 2-sheeted covering space X, X, 2-sheeted covering space X,

12. Let N be normal subgroup generated by a2, b?, (ab)?, p : X - S1V S1 be covering space. a T
N C 1 (X, x0). X is normal, so p, (1 (X, xg)) is normal.

Py is injective, so 1 ()~(, %) is normal and N = 771()~(, Zo)-

13. Let N be subgroup of Z * Z generated by the cubes of elements. N is normal subgroup and Z * Z/N is Burnside
group B(2,3) of order 27, so covering space of SV S! corresponding to N is normal and 27-sheeted.

14. Let X; and X, denote the first and second copy of RP?, 711 (X1) = Zg = {(a), m1(X2) = Zy = (b).

Covering map maps blue S? to X; and red S? to X». Consider subgroups of m1 (X1 V Xo) = Zo * Zy = (a) * (b)
SZ 2

9 @

(1) For trivial subgroup 1, it corresponds to the the universal cover, i.e. the infinite chain of S2.

]RP2

(2) For subgroup isomorphic to infinite cyclic group Z, it is generated by (ab)™ or (ba)™ of index 2n (n > 1).

It corresponds to a “necklace” of 2n copies of S2.

infinite copies of basepomt n copies of
basepoint
universal covering of RP? v RP? covering space corresponding to subgroup ((ab)") and (

(3) For subgroup isomorphic to Za, it’s generated by (ab)™ - a or (ba)™ - b (k > 0).

It corresponds to RP? attached to an infinite chain of S2.



k copies of basepoint k copies of

basepoint

(ab)® - a = (ab)* - a - (ba)* (ba)?**1 - b = (ba)* - bab -

covering space corresponding to subgroup ((ab)®* - a)(k > 0) covering space corresponding to bubgloup ((ba)2’Hl by(k = 0)
k copies of % basepoint k copies of % basepoint

A A
f \ r N
(ba)* -b = (ba)* - b- (ab)* (ab)?+1 . a = (ab)* - aba - (ba)*
covering space corresponding to subgroup {(ba)?* - b)(k = 0) covering space corresponding to subgroup {(ab)?*1 - a)(k = 0)

(4) For subgroup isomorphic to the infinite dihedral group Zs * Zs, it’s generated by (ab)™ and (ab)™ - a (m < n).

It corresponds to a finite chain of S?’s with both ends attached an RP2.

[ copies of % bagepoint k—1-1 copics of %
(ab)*

L = (ba) =t bab - (ab)ktt

covering space corresponding to subgroup ((ab)*, (ab)* -a) (k =1+1>1)

[ copies of % basepoint k—1 copies of %

ab 20, ab 2k+1 _ ab k-l

covering space corresponding to subgroup ((ab)z’“‘“, (ab)? - a) (k=1=0)

[ copies of % bagepoint k—1-1 copios of %
=1 h . (ab)k—i-

(ab)?+1. -aba - (ab)?* = -aba - - (ba)*-

covering space correbpondmg to bubgroup ((ab)zl‘, (ab)zl+1 ca) (k=1+ 1 = 1)

L copies of % basepoint -l-1 copies of %

(ab)?+1. -aba - (ab)?*+1 = - (ba)k~t=1  bab - (ab)*

covering space correspondmg to subgroup ((ab)z’“‘“, (ab)”+1 cay (k=14+121)




15. Choose basepoint zg € A with &g € A Leti: A< X,i: A < X be inclusions. pli: A— A p: X - X.
For [f] € kerq., [f] = 0 in m; (X, xo) so f lifts to a loop f in X (also in A), [f] = (p| 1)« ([f)), ker g C im(p] 7)--
ioplg=poi,i.o(plz)« =ps0ix =0, im(p|7)+ C kergq,. Thus im(p| 7). = kerg,.
17. There’s a 2-dimensional cell complex X s.t. 71 (X) = G and a normal covering space p : X — X s.t. p, (71 (X)) =
N, G()?) >~ G/N. p, is injective, so 7r1()~() %p*(m()?)) ~ N.
18. Suppose 71(X) = G. G’ =[G, G]<G, there exists normal covering space p : X — X s.t. py(m (X)) 21 (X) 2 G
G()Z') = G/G' is abelian, so p : X — X is abelian covering space.
Suppose ¢ : X’ — X is another abelian covering space, ¢.(m1(X')) = N <G and G(X') = G/N is abelian, then
G' Cker(G—G/N)=N,p: X - X hasalift 5: X — X' s.t. gop=p.
p: X - X,q: X' — X are covering spaces. From Exercise 1.3.16, p : X5 X'isa covering space.
Use unique lifting property, the ‘universal’ abelian covering is unique up to isomorphism.
For X = S' v S!, its universal abelian covering space is {(x,y) € R?,x € Z or y € Z}.
For X = S'v S v St its universal abelian covering space is {(x,y,2) € R®,x € Z or y € Z or z € Z}.
19. Let G = m(My) = (a1,b1,...,aq,by | [a1,b1] - [ag, by)).
Let X be universal abelian covering space, G/ = m (X) =[G, G], G(X) = 71 (My)ap = Z%9.
G/G" | 7%

For normal covering space X with G(X) 2 Z", let N =m(X). G’ C N, G(X) 2 G/N' = NG = NG WA

The picture below is the case for n = 3 and ¢ = 3. It’s similar for ¢ > 3.

If such a covering space Y — M, exists, we have an embedding ¥ — R3 with G(Y) = Z3.

Taking the quotient yields embedding M, — T®, which induces a surjection 71 (M,) — w1 (T?).

Suppose there’s an embedding i : M, — T, let Y be covering space corresponding to ker(m (M) — m1(T?)).
Then Y — M, — T has a lift ® : Y — R? via covering map R® — T3, and @ is injective.

Y — M, and R® — T® are local homeomorphisms, M, — T? is embedding, so ® : Y — R? is an embedding.
20. Fundamental group of Klein bottle is (z,y | zyzy~! = 1).

Non-normal covering space by a Klein bottle is corresponding to subgroup (x3,y). 2® -y 2% .y~ = 1.

Non-normal covering space by a torus is corresponding to subgroup (z3, zy?). 23 - zy? - (23)7! - (zy?)~1 = 1.
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21. (1) Let M be Mobius band. 71(S* x S') = (a,b | ab = ba), 71 (M) = (c). m(X) = (a,b,c | ab = ba,a = c?).

71 (St x S1) — m1(X) and 1 (M) — m1(X) induced by inclusions are injective, so universal cover R? of S! x S! and
universal cover R x [0, 1] of Mobius band embed into universal cover of X.

The construction is an example in Bass-Serre theory:

The universal cover of X is product 7' x R where T is an infinite tree in which every vertex has valence 3.

The union of adjacent red edges crossed with R depicts R2,

and the blue edge crossed with R depicts R x [0, 1]. > < > <
7 (X) = (a,b,c | ab=ba,a = c?) = (b, c | bc® = c2b). _\ /_

c acts on T x R by flipping T" over a midpoint of a selected blue edge and translating along the R factor 1 unit.

b acts on T' x R by translating 7" along the red direction by 1 unit.

(2) Let €% be 2-cell of RP? and D be closed unit disk in R2.

Shrinking Mébius band to its central circle induces a homotopy from X to S* Uy e?, f: 9e? = St — St 2+ 24,
Universal cover of S Uy e? is homeomorphic to D x {1,2,3,4}/ ~, where (z,i) ~ (y, j) iff x =y € dD.

The universal cover of X is homeomorphic to the quotient of D x {a,b,c,d} US* x [~1,1]/ ~, where

(x,a) ~ (z,¢) ~ (z,1) for x € D = S, (2,b) ~ (z,d) ~ (z,—1) for z € 0D = S*.

m(Y) = (z,y | 2® = 1,y = 2) = Z4 acts as follows:

(re?™9 a) s (re2™O+1/4) b)) s (re2™0+1/2) ¢) 1 (re2™1043/4) d) s (re?™ a) for points in disks D x {a,b,c,d},
(€20 1) s (2™ OFV/A) |ty 1y (27HOF1/2) 1) 1y (271043/9) 1) s (€279 ¢) for points in S* x [—1,1].

Covering map X=X maps the disks to RP? and the cylinder to the Mdbius band.

23. Fix z € X and neighborhood U of z s.t. H ={g € G |UnNg(U)} is finite.

Let Vj be disjoint open sets of gz for g € H, then V = g~ 1(V,) is the desired neighborhood of z.

24. (a) For covering space X Y — X/G, let H = {g € G | 7(z) = n(gx), for all x € X }.

Y is isomorphic to X/H via f1:Y — X/H,y+ Hxz,z € 7 *(y) and fo: X/H — Y, Hx — ().

(b) (i) Suppose X 25 X/H, 5 X/G, X 2 X/Hy 25 X/G. Let Ny = (q1)«(m1(X/H)), No = (o)« (71 (X/Hy)).
If X/H, X X/G, X/Hy %5 X/G are isomorphic, then gN1g~! = N, for some g € m1(X/G).

Let @ : m1(X/G) — G be surjection given by deck transformations on X — X/G, then ®(N;) = H;,i =1,2.

For [a] € m1(X/H1), o has a lift « in X from &g to &1, with &1 = h1Zo for some hy € Hy and ®((¢1)«([a])) = k1.
For b} € Hy, fix o € X, let S be path from z¢ to hjxo, then [p1(8)] € m1(X/H1) and ®((¢1).([p1(8)])) = h}.
From gN1g~! = N, for g € m(X/G) and ®(N;) = H;,i = 1,2, Hy = ®(g) - H; - ®(g71).

(ii) If Hy = gHyg~ ! for some g € G, then X/H; is isomorphic to X/H, via f; : X/H; — X/Hy, Hix — Hogx and
fo: X/Hy — X/Hy, Hyx v Hig 'm.

(c) Let p: X/H — X/G be covering space.

(i) If H <G, then for Hx, Hgx € p~1(Gz), Hgx = gHx where g € G is a deck transformation on X — X/G.

This descends to deck transformation X/H — X/G, so p: X/H — X/G is normal.
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(ii) If p : X/H — X/G is normal, then p,(m(X/H)) is normal in 71 (X/G).

Let @ : m1(X/G) — G be surjection in (b), then ®(p.(m1(X/H))) = H is normal in G.

25. Non-Hausdorff: Orbit of (0,1) contains (0,27") and orbit of (0,—1) contains (0, —27™).

Let p: X — X/Z. Exact sequence 0 — w1 (X) 2% 7 (X/Z) — Z — 0 right splits, so 71 (X/Z) = 7, (X) @ Z = Z2.
26. (a) Let C be connected components of X and 7 : p~1(zg) = C, ¥ — connected component 5(@) 5.

For [a] € m1(X, x0), [a] - 7 is the endpoint of lift of « starting at &. 7 : p~1(zg) /71 (X, x0) — C is injective.

For C € C, #1(C) = CNp~t(zp). Thus 7 is 1-1.

(b) Suppose C' is component of X containing a given lift &y of zg. p: C' — X is connected covering space.

Let H be stabilizer of Zg for the action of 71 (X, ), i.e. the subgroup of all [y] € m1(X, xg) s.t. [y] - Zo = Zo.

Let N = p,.(m1(C, Zo)). We have N = H by definition.

27. (Revised) For [y] € m1 (X, z0), 20 € X, To € p~1(x0), suppose v has lift v; from 77 to g, 71 from Zg to Zo.
For universal cover p: X — X, m(X) = G(X). [y] corresponds to deck transformation b1y taking To to To.
Action of 71 (X, x9) on p~!(x¢) means a homomorphism (X, z) — Sp-1(x0), Where S,-1(,,) is the permutation
group of p~1(wp).

71(X, x0) acts on p~1(zg) by lifting loops at 2y (monodromy action) means ®;([y])(Zg) = ¥1.

m1(X, xo) acts on p~'(zq) by restricting deck transformations to the fiber means ®5([y])(Zo) = ¢},)(Z0) = T2.
These two actions are the same when 71 (X) = Zs.

29. Let 1 : Y = Y/G1, Y — Y/G5 be covering spaces.

If ¢ : Y/G1 — Y /G4 is homeomorphism, there’s a lift ¢ : Y — Y s.t. mo@ = pme and G151 = Ga.

If hG1g~! = G3, then h : Y — Y induces a homeomorphism h : Y/Gy — Y/Ga, G1y — Gah(y).

30.

31. Suppose X =\/i_, S*. Let p: X — X be a normal cover and N = p*(m()?)). N« F, = *,Z.

We want to show X is the Cayley graph of G = F,,/N. Denote Cayley Graph of G by C(G). G()Z') =G@.

Fix basepoint & € X, there’s a bijection @ from the vertex set of C'(G) to vertex set of X given by ®(g) =g - Z.
If (v,w) is an edge in C(G), there exists a generator g € G s.t. w=gv. P(w)=w-T=g-(v-Z) =g D(v).
The edge (®(v), ®(w)) is in X, so ® can extend to & : C(G) — X.

For vertex v € )N(, path v from Z to v defines a word in F,,. For another path 7 from & to v, 7 -y defines a word in V.

Hence we get an map X — G = F, /N — C(G), which is the inverse of ¢.

12



32. Let p; : )?1 — X and py : )Z'Q — X be covering spaces where )?1, )2'2, X are CW complexes.

(a) If ¢ : X; — X is covering space isomorphism, then p(X1) = X1, (‘0‘)}11 : X} — X1 is isomorphism.
Conversely, suppose p1|g; : X! X1 pol ok X! — X! are isomorphic via isomorphism ¢ : X — X1,
Suppose ¢ is defined on )?{“1 and ¢ : dep, — Xj_1 is attaching map for X, we want to extend ¢ over p~!(ey).
py*(ex) and py *(ey,) are disjoint unions of k-cells mapping to e, homeomorphically.

For every e € py !(ex), there’s some €’ € p; *(ex) s.t. p(de) = e, so we can define |, = (paler) ™" 0 pile.

(b) Deck transformation of X — X restricting on X! is deck transformation of X — X!,

Conversely, suppose by induction X* — X* is normal cover, ¥ € (k+ 1)-cell e C X and %o, %1 € p~!(z0)-

Let eg, €1 be (k + 1)-cells in X containing Z and ; respectively.

For y € Oe, there’s a path v C € from = to y. v has lifts 7; C &; in X+ from #; to y; € Oe; C X* for i = 0,1.
Deck transformation over X* sending yg to — y1 extends to deck transformation on X+l sending o to 7.
Hence X1 — X**1 is a normal covering space and X — X is normal.

(c) Deck transformation of X — X restricting on X is deck transformation of X* — X!, and a deck transformation

of X! — X extends uniquely to a deck transformation of X — X from (b).
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5 Section 1.A

Skipped for triviality: 6.
Skipped for difficulty: 11-13.
1. Note that a basis for weak topology of X consists of open intervals in the edges together with the path-connected
neighborhood of the vertices. A neighborhood of the latter sort at vertex v is the union of connected open neighbor-
hoods U, of v in &, for all &, containing v. Such e, is finite, so such U, is open in canonical metric of R2.
Open interval is open in canonical metric of R?. Thus weak topology on X is a metric topology.
2. Denote the connected graph by X and its connected subgraph by Y.
If X is a tree, then Y is also a tree, and retraction maps X — Y to vertices in X NY.
If X contains a loop, then the retraction can be given via the following operation.
edge in X

retraction

edge in Y
3. (1) A tree can be obtained from a vertex by attaching a vertex with an edge finite times, so x(X) = 1 for X a tree.
(2) Suppose T is maximal tree in X. Note that x(T) — x(X) =1 — x(X) is number of edges in X —T.
4. For any edge e C Y, Y — e is a tree and contained in a maximal tree 7'
m1 (X, zg) has a basis with one generator corresponding to e C X — T
5.g:8t— StvSl f:81v St Slst. fog=1.
7. Let F be free group of n generators, X = \/;_, S' with wedge point z¢ and (X, zo) = F.
Let p: X = X be covering space corresponding to N < X and T be a maximal tree in X.
Suppose N is finitely generated, then X —T contains finitely many edges and Vy = {vertex x | « € €, for some edge e,, C
X — T} is finite. Let V; be set of vertices of distance at most ¢ from some vertex in Vj.
Each vertex intersects at most 2n closure of edges, so V; is finite for each 3.
If N is of infinite index, then X contains infinitely many vertices. N is normal, so for any vertex v € X , Px(mm1 ()~( ,0)) =
N.
Let v be a non-trivial loop in X based at x( corresponding to an element in N, which is a reduced word of length k.
Choose vertex v € X — Vjg1. Lift of v at v, say 7, is a path of length &k in X and by definition 4 C T, [§] = 0.
[v] = p«[7] = 0. Contradiction.
8. First prove the case of free groups, the general case follows since every group is a quotient group of a free group.
For finitely generated free group, its subgroup of finite index corresponds to a graph of finite vertices and edges, and

there’re finitely many possibilities for such graph and such subgroup.
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9. (1) For given group G, there exist a 2-dimensional cell complex X s.t. m1(X,z¢) = G for some zg € X.

Note that X is path-connected, locally path-connected and semilocally simply-connected, for subgroup H C= G, there
exists a covering space p: Xy — X s.t. p.(m1(Xg,Z0)) = H for some basepoint 7o € p~!(z0).

Change basepoint %y within p~!(zg) corresponds to changing H to its conjugate subgroup in G.

Since [G : H] = #{p~1(x9)} = n, H has at most n conjugate subgroups in G.

(2) Consider homomorphism induced by group action p: G — Sg,/u, p(9)(9'H) = (99" ) H.

ker p = ﬂge(;gHg*1 C H and is normal in G of index |Sg /| = [Sn| = n!.

10. This is Marshall Hall’s Theorem in Stallings’ article Topology of finite graphs.

See also: Projection between graphs extends to a covering space.

11. Why are free groups residually finite.

12. Exercise 1.A.12 in Hatcher’s Algebraic Topology.

14. The following proof comes from “Infinite combinatorics: from finite to infinite”, Horizons of combinatorics. Section
2.2 Spanning trees. Page 192 — 193.

(=) Let G = (V, E) be a graph and T be the family of subtrees of G. For T.T' € T, write T <T" it T C T".

Since T is closed under increasing union, (7, <) has a maximal element 7' = (V', E’) by Zorn’s Lemma.

Since there is no edge between V' and V — V', we have V = V’. Hence T is a maximal tree.

(<) Let A ={A4; :i €I} be a family of non-empty sets. We want to find a choice function.

First assume the elements of A are pairwise disjoint. Construct a graph G = (V, E) as follows:

Let V={a}U{yi, 2z i€ I} UU{Ai i€ I}, where {x} U{y;, 2 : i € I are new, pairwise different vertices.

Let B = {zy; :i € I} U, {zia,ay; : a € A;}. G is connected and by assumption has a maximal tree T' = (V, F).
Then we have

(1) {xy;:ie€I} CF.

(2) For each i € I, there is exactly one a; € A; s.t. za;,a;y; € F.

(3) For each a € A; — {a;}, we have z;a € F iff ay; ¢ F.

Thus f(i) = a; is a choice function for A and f is definable using 7'
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6 Section 2.1

Skipped for triviality: 11, 13, 15, 22, 30.
Skipped for difficulty: 10, 21, 23-25, 28.
1. Mobius band.

2. Let S = [012] U [123] € A3 = [0123], [01] ~ [13] and [02] ~ [23]. S/ ~ is Klein bottle.

Deformation retraction F : A3 x I — S induces continuous quotient map F : A3/ ~ xI — S/ ~. 3
[01] ~ [23], [02] ~ [13] produces A-complex deformation retracting onto a torus 72. 2
[01] ~ [02], [13] ~ [23] produces A-complex deformation retracting onto a 2-sphere S2. 0 1

[01] ~ —[23], [02] ~ —[13] produces A-complex deformation retracting onto RP?.

/
\

3.

4. Denote this space by X. H(X)=7Z. HMX) =Z®Z. HY(X) =0 for n > 2.

5. Denote Klein bottle by K. HH(X) =Z. HMNX) =Z® Zy. H>(X) =0 for n > 2.
6. Denote this space by X. Aog(X) = (v) = Z.

A(X) = {egy...,cn) = Z" Ay(X) = (Xo,... Xp) = Z"HL v

v v
82X0 = €, 82Xi = 261‘ —€;—1 for i = 1, ey ker81 = Al(X)
Xl Xn
v v v us— v
0

HY(X)=7Z. HA(X) = (e | 2"epn) = Zon. HX(X)=0forn>2. v h e

7. A% =[0123] = AU B. 9[0123] = [123] — [023] + [013] — [012]. Let [123] ~ [023], [013] ~ [012)].

A/ ~=0D?*x D% B/ ~=D?x8D? $%=0D* = 9(D*x D?) = D> x D2UD?*x 0D* = A/ ~U B/ ~ = A3/ ~.

2 2
e A= .
< Moyl N N /1
M- - If‘\\m
0° - #—3 U
A3 B
8. Ao(X) = <$,y> Al(X) = <81,...,8n,v,h>. AQ(X) = <W1,...,WH,R1,...,RH>. A3(X) = <T1,...,Tn>.
Y
X T; R;

0T, =W; —W;,_1+R; — RZ‘+1. O R; = 8; — 8;—1+ h, W, =v—s5; + Sit1- 018; = y—x, O h = 0, ov =0.

Note that 2Ry = s1—Sp+h =h+(s1—s2)+ -+ (Sp—1—5n), bW, =v—s,+s1 =v+(s1—52)+ -+ (Sp-1—5n)-
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ker 91 = (s1 — S9,...,8,—1 — Sp, h,v). ker Oy =im 3. ker 95 = (T1 + - + T),).

HYX) =kerdy/im 0y = (z,9)/(y —x) =Z. HA(X) =ker0,/im 0y = (h | nh =0) = Z,. HY(X) =0. HY(X) = Z.
9. Ap(X) = (a) = Z for k <n. da, = X.F_(~1)iagr_, = agx_, for k even and 0 for k odd.

12. For f,g: X — Y and chain maps fz, g% : Cr(X) = Cp(Y), fg and g4 are chain homotopic means there exists
prism operators P : C,,(X) — Cp41(Y) s.t. OP + PO = gu — fx.

14. (0) Prerequisites: In Abelian category A, suppose b : B — D is morphism, and g : C' — D is epimorphism, then
the followings are equivalent:

(i) A—L~B is pull-back.

Cc—=D
(ii) 0 E A-1.p 0 is commutative diagram with exact rows.
|, b
0 E ¢ ——>D 0

()

(iii)O—>A—>B@CM>D—>Oisexact.

(1) For abelian group A, 0 — Zpm LA Zpn — 0 is exact < A = Zyr X Lpm+n—r where 0 < k < min{m, n}.
(=) Suppose ma(a) =1 for some a € A. Define g : Zym x Z — Aby g(z,y) = f(x) +y-afor x € Zym,y € Z.

The key point is there’s a multiplication of elements in Z and A, which requires A to be a Z-mod/abelian group.
Claim: (Zpm x Z,p, g) is pull-back of m1 : A — Zpn and 7wy : Z — Zpn, where p : Zpm X Z — Z is projection.
Pull-back of 71 : A — Zpn and w9 : Z — Zpn is (P, 11,v2), where P = {(m,n) € A X Z | mi(m) = ma(n)}, 1 : P — A
is projection A X Z — Z restricted on P, vy : P — Z is projection A X Z — Z restricted on P.

h:Zym x Z — P is defined by h(z,y) = (9(z,9),y), € Zpm,y € L.

k: P — Zym x Z is defined by k(m,n) = (f~*(m —n-a),n), m € A,n € Z.

Note that m —n -a € kerm; = im f and f is injective, we have commutative diagram (I) and enlarged commutative

diagram (II) with exact rows and columns.

=
K
>
—N<+——O
N+—N+—©o

Zom X7 —27 (1) 0 —— Zpm —— Zpm x T —2 0
N |k
.A # Zp 0 4)’ Zp?ﬂ f m Zp’ﬂ 0

o+
S —

The middle column is short exact sequence of form 0 — Z (p—n)> Zpm x L — A — 0 for some € N.
prn. r
( 0 p”)

It’s equivalent to short exact sequence 0 — Z X Z —— Zpm X Z — A — 0.

m k
The integer matrix (po pﬂ) is equivalent to (po pmfn,k) where (p¥) = (p™, p", 7).
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Thus A = Zyk X Zymin—k for 0 <k <min{m,n}.
(<) For m,n € N, let k € Ns.t. 0 < k < min{m,n}, then k <m<m+n—k.

We have epimorphism « : Zym — Z,» and monomorphism (3 : Zym — Zpmtn-k. Lpm % DLke X Lpym+n—r is injective.

m+n—k

coker(av, B) = (a,b | a?" = bP =1,ab=ba,ab?" " =1)=(b| " =1) = Zpn.

Thus we have short exact sequence 0 — Z,m % Lk X Ligmsn—t — Lipn — 0.
(2) For abelian group A, 0 — Z — A — Z,, — 0 is exact & A = Z4 x Z where d | n

(n)

(=) We have short exact sequence of form 0 — Z —= Z x Z — A — 0 for some r € Z.

T

The integer matrix (7,) is equivalent to (&), where d = (r,n). Thus A = Zy x Z.
(<) Ifd|n, thenOHZMZdXZHZ — 0 is exact.
16. (a) Ho(X,A) =0< Hy(A) — Ho(X) is surjective iff A meets each path-component of X.
(b) Hi(X,A) =0« Hy(A) — H1(X) is surjective and Hy(A) — Ho(X) is injective.
Hy(A) — Hy(X) is injective iff X each path-component of X contains at most one path-component of A.
17. Suppose A is k points in path-connected space X, then X UCA ~ X V (\/k ! gt ).
Ho (X, A) = Hy(X UCA) = Hy(X v (VI SY)) = Ho(X) @ (D] Ha(S").
(a) Hy(S?) =7, H,(S2) =0 for n # 2. Hi(S* x S') = Z & Z, Hy(S* x SV) = Z, H,(S* x S') =0 for n > 3
Hy(S2, A) = 2+, Hy(S2, A) = Z, H,(S?, A) = for n > 3.
Hi(S' x S', A) = ZF+1, Hy(S" x S', A) = Z, H,(S* x S', A) = 0 for n > 3.
(b) X/A~T2VT? H,(X,A) = H,(X/A) = H,(T?>V T?) = H,(T?) & H,(T?).
X/B ~T?/{s1,%} ~ T2V S'. H,(X,B) =~ H,(X/B) = H,(T? Vv S) = H,(T?) & H,(5").
18. Hy(R) — H;(R,Q) — Ho(Q) — Ho(R) is exact. Hy(R) = 0= Hy(R), H;(R,Q) = Hy(Q).
0 = Ho(Q) — Ho(Q) 5 Z — 0 is exact, where ¢ : Hy(Q) — Z is induced by ¢ : Co(Q) — Z, (X, nioy) = >, .
For o,: A = ¢ € Q in Co(Q), {04 — 00 | ¢ € Q} is a basis for kere, {[o, — 00] | ¢ € Q} is a basis for ker p = Hy(Q).
19. Denote this space by X. Ho(X) =7Z. Hi(X) =@, Z. Hy(X) =0 for n > 2.
20. Long exact sequence of triple (CX, X, %) gives H,1(CX, X) = H, (X, ), thus H,1(SX) = H,(X).
Ho1(Uizy CX) = Hya (UZ) CXUCK) = Hor (U] CX, X) = Hon (VIS SX) = @) Hoy1 (SX) = @) Ha(X).
21. Explicit isomorphism H, (X) 2 H,.(SX).
26. From section 2.A, for X path-connected, Hy(X) = Hy(X) = m1(X)ab-
Note Hy (X, A) = H(X UCA). X UCA is homotopic to V.. S, while X/A is homeomorphic to Hawaiian Earring.
Hi(X,A) =@ 7Z. The singular homology of the Hawaiian Earring.

27. (a) By naturality, we have commutative diagram

H,(A) — H,(X) — H,(X,A) —— H, 1(A) —— H,_1(X)

I |~ |~ |~ |~

Hy(B) —— Hy(Y) —— Hyp(Y,B) —— Hy1(B) —— Hna(Y)
f:X =Y and f|a: A — B are homotopy equivalences, so from 5-lemma, H, (X, A) = H,(Y, B).

(b) For any be continuous map g : (D", D" — {0}) — (D", S""1), g(0) C S"!, s0 g : D™ — S™~1 is nullhomotopic
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https://web.math.rochester.edu/people/faculty/doug/otherpapers/eda-kawamura2.pdf

29. Ho(S'x SY) = Ho(S*Vv StV S?) =7, H (S' x S') = H (STV StV S?) =72, Hy(S* x S*) = Hy(S'v StV S?) =7,
H,(S* x SY) = H,(8* v S8t v §%) =0 for n > 3.

Universal cover of S! x S! is R2. It’s contractible hence has homology group 0.

Universal cover of S'V S'V S§? is universal cover of S* vV S with a S? attached at each vertex, denoted by X.

X = X2 X' = S'v S is contractible, so Hy(X) = Hy(X?2) = Hy(X2, X1) = Hy(X2/X1) = Hy(\/ S2) # 0.

31. 0 0 Z Z 0
A
0 Z Z 0 0
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7 Section 2.2

Skipped for triviality: 7, 15, 22, 37.

Skipped for difficulty: 16.

Note: Exercise 34 is deleted by the author — see the errata for comments.

1. For f: D™ — D", f: DT uD? =8" — D" C S™is not surjective, deg f = 0. f has fixed point in D".

2. (1) For f: 82" — S if f has no fixed points, then deg f = —1. If —f has no fixed points, then deg f = 1.
Thus either f or —f must have a fixed point, i.e. there’s some point z € S?" s.t. f(x) =z or f(z) = —x.

(2) For g : RP?" — RP?" quotient map 7 : S?" — RP?" gox has a lift §: S?" — S*" s.t. gor =7og.

For §: §?" — S2" there exists point z € S?" s.t. g(x) = z or §(x) = —x, so g(n(z)) = 7(g(z)) = 7 ().

(3) Consider linear transformation 7' : R?® — R2", (21,29, ...,%2,) = (—T2n, T1, T2, ..., Ton_1). T?" = —iday,.
22" + 1 is characteristic polynomial of T' and has no real roots, so T’ has no real eigenvalues or eigenvectors.
Thus T : R?" — R?" induces a map RP?"~! — RP?"~! without eigenvectors.

3. (1) deg f =0, so f and —f have fixed point(s).

F(x) : D" — S"landi:dD" = S""! < D" be inclusion.
1E ()]l

Glopn = Goi: S 1 — Sn~1 satisfies (G|opn)« = 0, so deg G|apn = 0.

(2) For non-vanishing vector field F, let G =

4. 5 5 pr 4 D?/9D™ = §™. 1 : 8™ — D" given by (x1,...,%p, Tni1) — (T1,...,2,) is projection.
5. Let fi be reflection of S™ across n-dimensional hyperplane with unit normal vector k. Treat k as a point on S™.
For z € 8™, we have f(z) = x — 2(x, k)k. For different reflections f, and f3, let v : [0,1] — S™ be a path from a to b.
Then F: 8™ x [0,1], F'(x,t) = fy)(x) is the desired homotopy from f, to fp.
6. (1) Method 1: Suppose f:S™ — S™, deg f =k. g: S' — S' 2+ 2¥ is of degree k and has fixed point zg.
Suspension Sg : $? — 5% and Sg|g: = g, so Sg(z0) = g(w) = 2o and deg Sg = deg g.
By induction, S~ 1g: S™ — S™ and S" " lg|s1 = g, x¢ is fixed point of S""1g. degS" g =k =deg f, S"lg~ f.
(2) Method 2: WLOG suppose f : S™ — S™ has no fixed points, then f is homotopic to antipodal map.
When n is odd, the antipodal map is homotopic to identity map on S™, so f is homotopic to identity map.
When n is even, let n = 2m. Consider homotopy H (z,t) : S*™ x [0, 7] — S?™ given by
((z1,22, ..., Tam+1),t) — (1 cost—xa sint, xq cost+x sint, ..., Toy—1 COSt—Topy, SINT, Toy, COSt+Tom—1siNt, —Tom41).
H(x,t) is homotopy from g : S?™ — S?™ (x1,22,...,%om+1) — (21,22, .., —Tam+1) to antipodal map on S2™.
Thus f is homotopic to g, which has fixed points (21,2, ..., T2y, 0) € S?™.
8. First, oo is not a zero. Suppose 21, ..., 2 are the roots of f with multiplicities nq,...,ng, then deg f = zk:lm

i=
For appropriate local coordinate chart near z;, f has form w = 2" h(z), where h(z) is a non-vanishing homomorphic

. . . k
function, thus deg f|z; = n;. deg f =5 deg flz;i = > n; = deg f.
i i=1
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9. (a) Let Xy = S2/{{N},{S}} =StV S% H,(X;)=Zforn=0,1,2 or 0 for n > 3.

(b) Let X5 = S' x (ST V SY). 0 — Z(U, L) -2 Z{a,b,¢) 2 Z(v) — 0. dy = 0, dy = 0.

Ho(Xs) = Z, Hi(X2) = 73, Hy(X3) = 22, H,(X2) = 0 for n > 3.

(c) Let the space be X3. Attachment map of 2-cell U is ca= e tba=tb"ta. 0 — Z(U) SN Z{a,b,c) SN Z{v) — 0.
dy =0, do(U) = —a. Ho(X3) = Z, Hy(X3) = Z2, Hn(X5) = 0 for n > 2.

(d) Let the space be X4. Attachment map of 2-cell U is a"b™a""b~"™. 0 — Z{U) LN Z{a,b) 4, Z{v) — 0.

dy =0, dy =0. Hy(X4) = Z, H(X4) = 72, Hy(Xy) = Z, Ho(X4) = 0 for n > 3.

——
X 2 A |

10. Let a,, : S™ — S™ be antipodal map. dega,, = (—1)"".

(1) X has one 0O-cell v, one 1-cell e, two 2-cells Dy, D_. 0 — Z(Dy,D_) LN Z{e) SN Z{v) — 0.

do(D1) = (1 +degai)e = 2e, die = 0. Ho(X) = Ho(X)Z, H1(X) =72, H,(X) =0 for n > 3.

(2) Y = S3/ ~ has one 0-cell v, one 1-cell ey, one 2-cell e5 and two 3-cells D, D_. d3(D+) = (1 + degas)e = 0.

0= Z(Dy,D_) -5 Zes) -2 Zey) 25 Z(v) = 0. d3s =0, dy = 2, dy = 0.

cellular chain complex of RP?
Ho(Y)=17, Hi(Y) =Zy, Hy(Y) =0, H3(Y) =72, H,(Y) =0 for n > 3.
11. Related: Exercise 1.2.14
Suppose the quotient space is X. It has two 0-cells x,y, four 1-cells a, b, ¢, d, three 2-cells A, B, C' and one 3-cell.

Yy

o a
x 5’6{ /7‘\
v )
b l x b y d
_ ¢ . ,0 /0' c Y o ox
: x o
d o ‘ o Y —p—onu0"0 ' ! ¢
/ y / 2®@—>—0 d o’
oy O =——p———a O ! : Yy 7
X a Y A B C

Faces of the 3-cell is identified via a twist, so d3 = 0. d2(A) =a+b—c—d, d2(B) =a+b+c+d, d2(C) =a—b—c+d.
Let a=a+d,B=-b+d, y=c+d. de(A)=a——7,da(B)=a— B+, da(C)=a+ S —1.

Ci(X) = Z{a,b, ¢, d) = Zla, B,7,d) = Z{a — B — 7, B, 7, d). Ca(X) =Z(A,B,C) = Z{A, B — A,C — A).

d2(A) =a—f =7, d2(B—A) =27, d2(C = A) =2B. di(a) =0, d1(8) =0, di(7) =0, di(d) =z — y.

Cellular chain complex is 0 — Z -2 Z(A, B — A,C — A) -2 Z{a — B — v, 8,7, d) 2 Z(z,y) — 0.

Ho(X) = Z(z,y) | Z{x — y) = Z, H1(X) = Z{a — B =, B,7)/ Ll = B = 7,28,27) = Lz ® L.

kerds, =0, Hy(X)=0. d5 =0, H3(X) =7Z. Hy(X) =0 for n > 4.
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12. Ho(S'V S1) — Ha(S* x S') — Hy (St x S, 81 v S — Hy(STv SY) — Hi(S* x S1) — Hy (ST x §t, 8t v Sh).
Ho(S*VvSY) =0=H(S' xS, StV SY), Hy(St x SY) =7 = Hy(S* x S, St v SY), Hi(StVvSY) =72 = Hi (S x SY).
For f: 8% — S x S' and universal cover 7 : R2 — S§1 x S, 71(52) =0, so f has a lift f: S2 5 R2s.t. wo f=f.
R? is contractible, so f is nullhomotopic, hence f is nullhomotopic.

13. Let 2,3 : S' — S! denote the attachment maps of degree 2 and 3 of 2-cells e? and €3.

(a) X = St Uy €2 Uz e3 = eg U eg U €3 Us €2. Subcomplexes are eg, S*, St Us €2, S Uz €2 and X.

Ho(eo) = Z, Hy(eg) =0forn > 1. X/eg = X. Ho(S') = H1(SY) =Z, H,(S') =0 for n > 2. X/S' = 52 v S2

Hy

S U362) Z Hl(S U362 Z3, (S U3€2)—Oforn 2. X/(Sl Uge) 52.

(
Ho(S Usg 61) 7, H1(51 Usg 61) Zo, H S Us 61)—Of01‘n 2. X/(Sl Us 61) 52,
( ) =
Ho(X) = Z, Hi(X) =0, Hy(X) = Z, Hy(X) = 0 for n > 3. X/X = {x}.

(b) (1) (ST Uz e?,e%) = (el | (e!)?). Attachment map 3 : S' — S C St Uy e is an element in 71 (ST Us €).
[3] = (e')?® = et so attachment map 3 is homotopic to attachment map 1: St — St C St U, €2 of degree 1.
Note that 2 : S — S' C D? is nullhomotopic, so it’s homotopic to constant map 0 : S* — S, ST s V.
X=8"UselUse3 ~ S Use?Ured = (ST Ure3)Uge? = D?Used ~ D?Ug el = D?V 5% ~ §2.

(2) X = X/ep = X is a homotopy equivalence.

X — X/S81 = 5%V S? is not a homotopy equivalence since Ho(X) = Z and Hy(S? v S?) = Z2

Consider quotient map ¢ : X — X/(5 U €2) = eg Ue3 = S2. ¢ is cellular and induces a cellular chain map.

0—> Z(e2, €2) — 2 7(e!) — 1 s 7(e0) 0.  Ho(X)=2Z(3¢2 — 2¢2). q.(3¢2 — 2¢2) = —2¢2.

0 Z{e3) 0 Z{e%) 0

¢« : Ha(X) — Ho(S?) is not isomorphism, so q : X — X/(S* Uy €2) = 52 is not a homotopy equivalence.
Similar argument shows quotient map X — X/(S* Us €2) = S? is not a homotopy equivalence.

14. (1) Let oy, : S™ — S™ be antipodal map. If f : S® — S™ is even, then f = f o ay,, deg f = deg f - (—1)"*+1.
If n is even, then deg f = 0. Assume n is odd in the followings. Let 7 : S™ — RP™ be quotient map.

For even map f: S™ — S™, define g : RP™ — S™ by [z] — f(z), then f=gom.

Consider quotient map ¢ : RP® — RP"/RP""' = 8" gonm:8" — 8" deg(qon) = 2.

H,(RP" 1Y) — H,(RP") % H,(RP"/RP" 1) — H,_{(RP" ). nis odd, H,(RP"1) =0 = H,_;(RP"1).
g« is isomorphism, deg(q o 7) = 2, s0 T, (1) = 2, fu(1) = gx 0 T4 (1) = g4(2) = 2g4(1). [ is even.

(2) For any even 2k, by Example 2.31 there exists map g : S™ — S™ of degree k, then g o g o 7 is of degree 2k.
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17. Let X, Y be CW complexes and f: X — Y be cellular map.

By naturality of singular homology (boundary map 8,), we have the following commutative diagram, where f, is

induced by singular homology by f. .

H, (X", X" 1) TN H,_ (X" 1) In, H, (X"l Xxn2)

|~ |~ |

Ho (Y, Y=ty — 2 g yn=ty 22 g (vl yne?)

\/

dn

f induces a chain map fx between cellular chain complexes of X and Y, i.e. the following diagram commutes

C—— Hp (X X7 RLIEN H,(X" X" 1) _dn H, (X" 1, X2 —— ...

lf# lf# lf#
C—_— Hn+1(Y"+17YYL) ntl, Hn(yn7yn—1) L Hn_l(yn—l’yn—Q) IO

f# induces a map fEV : HSW (X) — HEW(Y).

/0
\ Xn-H) - Hn(X)
/ \
.—=H +1()(%—}-1 Xn Ani1 Xn xXn- 1) Hn 1(X7L—1’X7L 2)
\ —
n 1 Xn 1)
Jn is injective, im 041 = j,(im Optq) = imdpy1, Hn(X > j,.( ™)) = im j, = ker 9,, = kerd,,.
0 —— imdpyy —— Hp(X") — Hp(X) — 0
% %.n %gax
0 —— imdpy ker d,, HSW(X) —— 0

Isomorphism ¢x : H,(X) — HSW (X) is induced by jy,.

0———=Imdyp41 ———— H,(X")

H,(X) 0
PN AN I
00— Imdpy ——— H,(Y") H,(Y)——0
gljn gljn ’:V\L@x
0 ——Imd, 41 ——— Kerd, —— HSW(X) 0
fh ~ |4, f& | 4, ffm o~ oy

0 ——————————Imdpy Kerd,

HEW(Y) —0
The front, back, top, bottom and the left cube of this diagram commute, so the right cube must commute, i.e. the

isomorphism between singular and cellular homology is natural.
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18. Consider long exact sequences for good pairs (X™ U A"+ X"~1 U A") and note that
H(X"UA"J'_I Xn— IUAn)g (XnUAn+1/Xn IUAn)g (Xn/Xn 1UAn): (Xn Xn— 1UAn)

Hy (X7 U A"

d

dnt1 Hn(Xn U A7L+1,Xn_1 U A") n Hn,1<Xn_1 U A1’L7X’ﬂ—2 U An—l)

X &

— I HL(X, XU AT dn Hyoy (X771 X2 0 A

dp—1
/=

dn—1

19. The standard CW structure of RP™/RP™ consists one k-cell for m 4+ 1 < k < n and one 0-cell.

0zt gt dn g, 507250

n—m m

dr, = 2 for k even and m + 1 < k < n, d; = 0 otherwise.

H;(RP"/RP™) = Zsy for i odd and m + 1 < ¢ < n, H;(RP"/RP™) =7Z for i =0, n (n odd) and m + 1 (m odd).
H;(RP™/RP™) = 0 otherwise.

20. Let b, b}/, ¢ be Betti numbers of X, Y and X x Y respectively.

XY
i+j= kbz b

XXX Y) =300 (= 1) er = 200 (1) 3054 o b10) = 32, 5 (=)0 b) = 30, (=1)°bF - 30, (=1)7b) = x(X)x(Y).

21. Let b, b4, b2, bANB be Betti numbers of X, A, B and AN B respectively, then bX = b2 + b2 — pANB,

Note that each k-cell in X x Y is the product of an i-cell in X and j-cell in Y with i+ j =k, s0o ¢, =

X(X) =2 (=1)"by = 32(=1)"by + 2o(=1)"by = 32(=1)"b"F = x(A) + x(B) — x(AN B).

23. M, is compact, so My — Mj, is finite sheeted. Let M, — M), be n-sheeted. x(My) =2 — 2g, x(My) =2 — 2h.
X(My) = nx(Mp), 2 —29 =n(2—2h),so g=n(h—1)+ 1.

24. (1) The first graph is K5 with 5 vertices and 10 edges. x(K5) = —

If K5 is 1-skeleton of S2, then from y(S%) = 2, S? has 7 polygons with 20 edges in total.

Let ny,...,n7 be the number of edges of polygons, ni + - - - + ny = 20.

We must have n; = 2 for some ¢, which means two of vertices of K5 are connected by two edges. Contradiction.

(2) The second graph is K3 3 with 6 vertices and 9 edges. x(K33) = —3.

If K33 is 1-skeleton of S2 then S? has 5 polygons with 18 edges in total. Notice that a circle in K3 3 contains at least
4 edges, so we need at least 4 edges to bound a polygon, and 5 polygons need 20 edges. Contradiction.

25. Existence: ¢, (X) =mn-(x(X) — 1) has the desired properties.

Let ¢y, denote the function ¢ for n € Z. For CW complex A and B, (AV B)/A = B, p,(AV B) = ¢,(A4) + pn(B).
For Sk=1 C S* as equator, S¥/SF=1 = Sk v S* 0, (S*) = 0, (S*71) + 20, (S*), n(S*) = —, (SF1) = (=1)F - n.
Suppose finite CW complex X has ¢; i-cells, ¢; is nonzero for finitely many 1.

en(XF) = 0n(XP) + 0n(Vo S8) = on(XF7) +en - 0n(S*) = on (X1 + 0 (1) . @n({#}) = 0.

By induction, we have ¢, (X) =n - (x(X) — 1). The uniqueness is guaranteed by property (b)(c) via calculation.
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26. (a) (=) If r: X UCA — X U CA is retraction, then fi(a) = r([a,t]),a € A,t € I is the homotopy.

(<) Define r : X UCA — X UCA by r([a,t]) = fi(a) fora€ At € I, r(z) =x for z € X.

(b) If A is contractible in X, then we have retraction r : X UCA — X. H,(X UCA) ~ H,(X) ® H,(X UCA/X).
H,(XUCA) = H,(X,A). (XUCA)/X ~SA, H,(XUCA/X) =~ H,(SA) = H,_,(A).

27. Given A C X, C, (X, A) := Cr(X)/Cr(A). 0 = Cr(A) = Cr(X) = Cn(X, A) — 0 is exact by definition.

0— H,(A) - Hpo(X) —» Hp(X, A) — 0 is exact if boundary homomorphisms 0 : H, (X, A) — H,_1(X) are zero.
Let C/ (X, A) be subgroup of C, (X) generated by singular n-simplices o : A™ — X whose image isn’t contained in A.
Every element o in C,(X) has a unique decomposition o = o1 + 09, where o1 € C,,(A4) and o9 € C/ (X, A).

Cn(X) 2 Ch(A) @ CL(X, A), C(X,A) = C,(X)/Cpn(A) and we have isomorphism ¢ : C,, (X, A) =5 C’ (X, A).
However, boundary map 9 doesn’t take CJ, (X, A) to CJ,_;(X, A), since for o € C} (X, A), Oo may have faces in A.
Thus 0 = Cp,(A) = Cp(X) — Cr(X, A) — 0 only splits as graded abelian groups, not as a chain complex, which is
not enough to induce a split on homology.

28. Related: Exercise 1.3.21

(a) Let X be the space in question, Y be the Mébius band and N ~ S! be a neighborho od of the identified circle in
X, thn A=T>UN~T? B=YUN~Y ~S8' A Bareopenin X and X = AUB.

Consider MV sequence for reduced homology groups:

Hy(N) —— Hy(A) @ Ho(B) —2— Hy(X) —2s Hy(N) —2— Hy(A) @ Hy(B) —— Hy(X) — 0

Tg Tg
(

H,(S1) Hy(T?) @ Hy(SY) Hy(SY) Hy(T?) ® Hy(SY)
0 Z{a) Z(b) Z{c,d) ® Z{e)

@(b) = ¢+ 2e, ¢ is injective, so 1 = 0, ¢ is isomorphism. f[g(X) ~ 7.

im g = Z{c + 2¢), Hy(X) = Z{c,d) ® Z{e) |Z{c + 2¢) = Z{c + 2e,d, e) | Z{c + 2¢) = Z2.

X is path connected, so Ho(X) =Z. H1(X) =72, Hy(X) =7, H,(X) =0 for n > 3.

(b) Let X be the space in question, ¥ be the Mobius band and N ~ RP! ~ S! be a neighborhood of the identified
circle in X, then A =RP2?UN ~RP? B=YUN~Y ~S', A Bareopenin X and X = AU B.

Consider MV sequence for reduced homology groups:

Hy(N) ——— Hy(A) @ Ho(B) —— Ho(X) —2 Hy(N) —2— Hy(A) ® H(B) —— Hi(X) —— 0

1 I

R
—
R

R

H,(SY) Hy(RP?) & Hy(S1) Hy(SY) Hi(RP?) & Hy(S)
0 0 Z{a) Zs(b) & Z{c)

o(a) = b+ 2¢, ¢ is injective, so ¢ = 0, ﬁg(X) =0.
ﬁl(X) = 7o (b) @ Z{c)/Z(b+ 2c) = (b,c | b*> = 1,bc = cb,bc® = 1) = (c| c* = 1) = Zy.

X is path connected, so Ho(X) =Z. H1(X) =Z* H,(X)=0 for n > 2.
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29. (1) R deformation retracts to \/g S1. Let two copies of R be R; and Ry. Let A, B be neighborhood of R; and Ry
s.t. A, B are open in X and deformation retract to Ry and Rs respectively. X is path-connected, Hyo(X) = Z.

A~Ry >\ S' B~Ry~\ 5" ANB~M, X =AU B. We have MV sequence:

0 — Hs(A) ® H3(B) —— Hs(X) —2— Hy(ANB) ——— Hy(A) & Hy(B) ——— Hy(X) — ---

- F F

Hs(Ry) @ H3(Ry) Hy(M,) Hy(V, ") @ Ha(V, S1)
0 7 0

¢ is isomorphism, Hs(X) 2 Z.

0 —— Hy(X) N H\(ANB) ——*— H(A) @ H(B) ——— H,(X) —— 0
H,y(M,) Hi(V,S") @ Hi(V, 5"
Z(al,bl,...,ag,bg> Z(cl,...,cg> @Z<d1,...,d9>

o(a;) = ¢; + di, p(b;) = 0. Hy(X) = p(Hy(X)) = im¢) = ker o = Z(by, ..., b,) = 7.
H\(X) = H\(A) @ H\(B)/kery = Hi(A) ® Hi(B)/im = Z{c1,...,cqrdy, ..., dg)Zlcs +du,. .. cq+dy) =79
Ho(X) =27, H(X) =179, Hy(X) =79, H3(X) = Z, H,(X) =0 for n > 4.

(2) Consider long exact sequence for good pair (R, M,).

Hs(R) ——— Hs(R, M) — Hy(M,) ——— Hy(R) ——— Hy(R, M,)

E

Hs(\, S%) =0 Z Hy(V/, S%) =0

Hy(R,M,) —2— Hy(M,) —Y— H\(R) —— H(R,M,) =0

F T

7% Hi(V, ") =29

ﬁg(R, M,) = .ﬁQ(Mg) = 7Z. 1 is surjective, kery = 79, ﬁg(R, Mg) =2 imp = kery = Z9.
Hy(R, M) = Hy(R)/imv = 0. Ho(R, M) = Hy(R/M,) = 0.

Ho(R, M,) =0, Hy(R, M,) =0, Hy(R, M,) = Z9, Hs(R, M,) = Z, H,(R, M,) = 0 for n > 4.
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30. (0) Prerequisites: Suppose we have exact A-modules sequence M;_o ELN M;_4 ELN M; — fora — M1 ELEN M;io.

im f; 2 M;_y/ker f; = M;_y/im f;_y = coker f;_1. M;/im f; = M;/ker fi11 = im fi11 = ker fi o,

0 — im f; =< M; - M;/im f; — 0 is exact, so 0 — coker f;_; — M; — ker f;12 — 0 is exact.

If in addition M;’s are Z-modules / abelian groups and ker f; 2 is free, then M; = coker f;_1 @ ker f; .
(1) Ho(S?) =7Z, H(S%) =0, Hy(S%) =7, H,(S?) =0 for n > 3.

Ho(S* x SY) =7, H1(S' x S1) =72 Hy(S* x SY) =17, H,(S' x S1) =0 for n > 3.

id— fs

0 — Hs(Ty) — Ha(X) L5 1y (X) — Ho(Ty) — Hy(X) 2215

Hy(X) — H:1(Ty) — Ho(X) is exact.

(a) For reflection f:S? — 52, deg(id — f.) = 2. Ho(T}) = Z, H\(T}) = Z, Hy(Ty) = Za, H,(Ty) = 0 for n > 3.

(b) f:S8? — 52 has degree 2. Ho(Tf) = Z, H1(Ty) = Z, H,(Tf) = 0 for n > 3.

(c) f: 8" xSt — ST x S'is given by matrix (§ % ). det A = —

Similar to Exercise 2.2.7, id — fi : H2(S! x S') — H3(S* x S') maps 1 to 1 — sign(det A) = 2.

Ho(Ty) = Z, Hi(Ty) = Zy & 72, Hy(Ty) = Zo & Z, H,(Ty) = 0 for n > 3.

(d) f:S'x St — Stx ST is given by matrix (' %)), id—fi 1 Ha(S*xS?) — Ha(S'xS) maps 1 to 1—sign(det A) = 0.
Ho(Ty) =2, H(Ty) =29 ® Loy @ Z, Hy(Ty) = Z, H3(Ty) = Z, Hy,(Ty) = 0 for n > 4.

() f: St x St — S'x St is given by matrix (% §). id— f, : H2(S*x S') — Ha(5' x S*) maps 1 to 1 —sign(det A) = 0.
Ho(Ty) = Z, Hi(T}) = Zo & Z, Hy(Ty) = Z, Hs(Ty) = Z, H,(T;) = 0 for n > 4.

31. Suppose for 2 e UC X, yo € VCY, X VY = X[[Y/(zo ~ yo) and U, V deformation retract to o and yo.
Let A=XUV,B=YUU, then A~ X, B~Y and AUB=XVY, ANB=UVV ~ {x}, Hy(ANB) =0.

MV sequence H, (AN B) — H,(A) & H,(B) — H,(AUB) — H,_,(AN B) gives H,(X) & H,(Y) = H, (X VY).
32. Suppose N is a neighborhood of X in SX that deformation retracts to X.

SX =CX UCX, let A be union of the first cone CX with IV and B be union of the second cone C'X with V.
A~CX,B~CX. H,(A)=0, H,(B)=0. AUB=S5X,ANB=N ~ X.

MV sequence H,(A) & H,(B) = H,(AUB) = H,_1(ANB) = H,_1(A) & H,_1(B) gives H,(SX) = H,_(X).
33. (1) Let X = A1 U---UAg, Yy, = A, N---NA,. Define Y, ;1 = X.

Prove by induction on k that H;(X; N Yjy1) =0for 1<k <mnandi>k—1.

By assumption, this holds for k£ = 1. Suppose it holds for k = j — 1, i.e. I;Ti(Xj,l NY;)=0fori>j—2.

XjNYjp = (X1 UA) MY = (X NYj) U (A NYjn) = (X0 NY0) UY;. (X NY40) NY; = X5 NY.
Hi(X;_1NY;) = Hi(X;_1NY; 1) @ Hi(Y;) = Hi(X;NY;41) — Hi_1(X;_1NY;) is exact. H;(Y;) = 0 by assumption.
Fori>j—1, H(X; 1NY;) =0, Hi_1(X;_1NY;) =0, thus H;(X; NYj11) = Hi(X; 1 NYjy1) =20

The procedure above is also valid for j = n, so H (XxNYiqp1)=0forl<k<nandi>k—1.

Especially for k =n, X,, NY,+1 = X, we have IA{Q(X) =0fori>n-—1.

(2) Consider boundary of an (n — 1)-simplex, which is homeomorphic to S"~2. It has n faces of dimension n — 2.
Let n open sets be small neighborhood of these n faces respectively, then their non-empty intersections will be

neighborhoods of lower dimensional faces which are contractible.
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35. Suppose H;(X) contains torsion and X embeds into R? s.t. IV is a neighborhood of X and N is homeomorphic
to M, where M is the mapping cylinder of My, — X, M, is closed orientable surface of genus g.
M deformation retracts to X,so N~ X. Let A=R*— X, B=N. ANB=N-X ~ M,;x[0,1) ~ My, AUB =R3.
From the following reduced MV sequence, we have H, (M) = H,(R3 — X) & H,(X).

Hy1(R?) —— Hy(ANB) ——— H,(A) ® Hy(B) ——— Ho(R?)

% E E %

0 H,(M,) H,(R?® — X) & H,(X) 0
For n =1, Hy(M,) = Z?9 but H;(X) has a torsion. Contradiction.
36. (1) Let g € S™, r : S™ — {xo} be retraction, then id x r : X x S™ — X X {z¢} is retraction and we have
H;i(X x 8™ =2 Hi(X x{xo}) ® H;(X x 8", X x {xo}) 2 Hy(X) ® H;(X x S™, X X {z0}).
(2) Let A= X x D%, B=X x D™ s.t. g € DL N D™ = S" 1. Let C =D =X x {x0}, then C C A, D C B.
A~X,B~X. ANB=Xx 8", AUB=XxS". CND=CUD = X x {z}.
MV sequence H;(A,C) ® H;(B,D) - Hi(AUB,CUD) - H, 1(AnB,CND)— H,_1(A,C)® H,_1(B, D) gives
Hi(X xS™", X x{zo}) X Hi-1(X x S" 1, X x {zo}) ¥ 2 H; (X xS°X x{z}) = Hi_n(X).

38. We have the following commutative diagram:

On+1 An i Bn f2 Cn An—l fs Bn—l —_—
| [ N |
En+1 by An Dn ha En ha An—l Dn—l e
(¢} (f2 — [e]
This yields exact sequence --- — Ej, 41 M> B, g—l)> C,d D, (92,7 h2) E, fsoha By_1— -

The exactness of this sequence can be verified via diagram chasing.

39. Let (X,Y) = (AU B,CUD) be CW pairs.

(1) For A = B, consider long exact sequences for triples (4,C,CND) and (A,CUD, D). H;(C,CND) = H;(CUD, D).
- H,(AC) —H,(C,CnD)— H,(A,CnD)— H,AC) —H,(C,CnNnD)—H,1(A,CND)—
- H,1(A,CUD)—- H,(CUD,D)—- H,(A,D) — H,(A,CUD)— H, ,(CUD,D)— H, 1(CUD,D)—
From Exercise 2.2.38, we have the following relative MV sequences for (X,Y) = (AU B,C U D) with A = B.

o= Hy11(A,CUD) - H,(A,CND)— H,(A,C)® Hy(A, D) - H,(A,CUD) - H,_1(C,CND) — -

(2) For C' = D, consider long exact sequences for triples (A, ANB,C) and (AUB, B,C). H;(A,ANB) = H;(AUB, B).
- H,11(AC) —H,1(AANB)—> H,(ANnB,C)— H,(A,C) —H,(A,AnB)— H, 1(ANB,C) —
— H,+1(AUB,C) - H,11(AUB,B) - H,(B,C) — H,(AUB,C)— H,(AUB,B)— H,_1(B,C) —
We have the following relative MV sequences for (X,Y) = (AU B,C U D) with C = D.

.+ = H,1(AUB,C) = H,(ANB,C) = H,(A,C) @ H,(B,C) = H,(AUB,C) = H,_1(ANB,C) — - --
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40. (1) From chain complexes 0 — C;(X) — C;(X) — Ci(X;Z,) — 0, we have long exact sequence

s Hy(X) 25 Hy(X) — Hy(X;Z) — Hi 1(X) 2 Hi 1(X) — ---

From prerequisite in Exercise 2.2.30, 0 — H;(X)/nH;(X) — H;(X;Z,) — n-Torsion(H;_1(X)) — 0 is exact, where
n-Torsion(G) = ker(G % G).

(2) (=) If f[i(X; Zy) = 0 for all ¢ and all primes p, then H; (X) LN ﬁi(X) is isomorphism.

For any = € I:Q-(X) and p/q € Q, p, q primes, px € I:Q(X) and these exists unique y € ﬁi(X) s.t. qu = px.

Let p/q -z be y. I;Q(X) is abelian group and addition is already defined, thus H;(X) is vector space over Q.

(<) If H;(X) is vector space over Q for all ¢, then }NIl(X) RN ﬁi(X) is isomorphism for all ¢ and all primes p.
Hi(X)/pHi(X) = 0, p-Torsion(H;_1(X)) = 0, so Hi(X;Z,) = 0 for all i and all primes p.

41. For finite CW complex X, suppose ¢; is the number of i-cells in X. We have the following cellular chain complex
0— Hp(X", X" L F) = Hy (X1, X""2,F) — -+ — 0, where H;(X?, X"}, F) = Fei,
X(X)=>,¢=Y,dmH;(X", X""LF)=Y,dmHY (X; F) = Y, dim H;(X; F).

Generalization: Suppose X has finite integral homology, i.e. finite number of nonzero homology groups, which are
all finitely generated. Let n be the top dimension of non-vanishing homology, F' be a field.

(1) char F = 0. Let b; be the i-th Betti number of X, i.e. H;(X;Z) = Z% @ T, where T is the torsion subgroup.

X(X,Z) = 52(—1)%;. From universal coefficient theorem, H;(X; F) = (H;(X;Z) ® F) @ Tor(H;_1(X;Z), F).

(3

char F' = 0, so Tor-term vanishes, H;(X; F) = F?. It follows that x(X,Z) = x(X, F).

(2) char F' # 0. Suppose H;(X;Z) = Zb @ (Z/pZ)* @& TP, where T? is the torsion part which is not p-torsion.

Fbo i=0
The universal coefficient theorem gives: H;(X; F) = Fhiteitels 1<ign
Fen i=n+1

X(X;F)=bo— (b1 + & +cf)+ -+ (=1)"(bn + &+ _y) + (—1)"Teh.

Each ¢! cancels with the one in the next factor, so all is left is x(X; F) = >,

K3

(—1)ib = X(X, 2).

42. (1) Hi(X;Z) is of rank n > 1, so X ~\/_ S'. Consider X =/, S* first.

To show ¢ : G — GL,,(Z) is injective, suppose g : X — X is homeomorphism s.t. ¢(g) = id, then g maps each S! to
itself and fixes the wedge point zg. Let f = g|g1 : St — S!, then f fixes 79 and f. = id, so f preserves the orientation.
G is finite group, so f is of finite order and there exists a smallest positive integer k s.t. f¥ = id.

Let y € S, f(y) # y, then points y, f(v), f2(y),--- , f*(y) = y are permuted in S* clockwise or counterclockwise since
f preserves the orientation. Arc between f(y) and fiT!(y) is mapped by f to the next one, and such arcs cover S*,
so one of these arcs contains xg, but f fixes zo. Contradiction. Thus f =id: S' — S! and g = id : V.. St — V.. St
(2) For general finite connected graph X ~\/, S* (n > 2), there exists a vertex z; of valence > 3.

x belongs to different loops based at x(, and g maps loops to themselves and preserves the orientation, so g fixes x,
and the followings are the same as the situation for \/, S*.

(3) For coefficient group Z,, ¢ : G — GL,,(Z,,). Suppose g : X — X is homeomorphism s.t. ¢(g) = id.

If m > 2, then g preserves the orientation in each loop since —1 = m — 1 # 1. This doesn’t hold for m = 2.
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43. (a) Suppose C = (- Chy1 Ont, Cp 2 g — - -) is chain complex of free abelian groups.

im 9, is submodule of free Z-module C),_1, so it’s free and exact sequence 0 — ker 0,, — C,, — im 0,, — 0 splits.

Let K, = ker 0, L, = im0, then C,, 2 K,, & L,, and D,, = (0 = L,,11 — K, — 0) is subcomplex.

C =&, Dy, i.e. chain complex C splits as a direct sum of subcomplexes D,,.

(b) Suppose groups C,, are finitely generated, then map L, 11 — K, is a linear transformation between finite dimen-
sional vector spaces. Note that L, ; = imd,4; C K, = ker d,,, write L, = Z7 and K,, = ZF with j < k.

By change of basis properly, which is equivalent to elementary row and column operations on L, = Z/ — K,, = ZF,
map L,41 — Z* takes each basis vector in Z’ to a multiple of a basis vector in Z*, which gives splitting of complex
0— Lyy1 — K, — 0 into summands 0 -0 —Z — 0 and 0 = Z 25 Z — 0.

(c) This is universal coefficient theorem for homology. Cellular chain complex has the following decomposition.
Sequence (1) corresponds to Z summand of H, (X;Z).

Sequence (2) corresponds to im(Z % Z) = Z,,, summand of H,, (X;7Z).

(3) is irrelevant to H,(X;Z).

(4) corresponds to ker(Z % Z) = 0 summand of H,(X;Z) and im(Z % Z) = Z,,, summand of H,,_(X;Z).

For H, (X", X" 1;Z) and H,(X", X"~1; G) where G is an abelian group, the numbers of summands are equal to the

number of n-cells in X, so summands in H,(X;Z) and H,(X;G) are in 1-1 correspondence to each other.

e Hp (XL X7 7)) D g (X XL 7)Y B (X, X2 7) DT Hy o (X XY s

0 —— Lyt =imdyy —— Kp =kerd, ———————— 0

0 0 Z 0 ()

0 Z n Z 0 (2)
0 L, =imd, ——— K,, =kerd,_1 0
0 0 Z 0 (3)
0 Z i Z 0 (4)
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