w4y AR X (ID): R mR S HIEEM

R E
HEREEROR R BEAR R

Email: yx3xQustc.edu.cn

B 5 BTN TRl 2026 4F 8 H 4 H






-t

I

it

XA U SO AR AE AL BT N3 ] 37 K 2 (NUS) - 5 MR JH M A 5213- = i 7> 77 12 (Ad-
vanced Partial Differential Equations) X — WA AR B B AR B U] - e i i, £EH E B2
FAR R ZE N o] TR A SHE RS “ AR 72 (R B R D . TS RN 28

o WIVRB TR TTRED: ARRFE A B 20 SIPDERFE A 2, (H i tPDER] LAY
XTTURHE IR $R ft— L 4] S5 149 1

o SEARPRAEL: Lebesguelll FE 51/ #Ei. Lebesgueff 7y . LP 2[RI FIFR U Sl e B

o LAEIZ PR3 HT: Hilbert”s [A] i Riesz & /n g B, Gy 8l/55-7 I8, B T HIigHIR

o Y (HEDATHE): LPREIIGEME € FE. Fourier® . 221537 5Soboleva* 8] . HART S I,
Folland [8] 6+ 8. 9F BX Stein [15] 252+ 3EMIERIT N

KTTURATAAE . R AR A LA A= R il o) J7 R BRI AR, B AL 0 S m i
T3 RRIEO R I [F] 7 F R A 73 T R B AR F A7V, DA e R ) [R] 2 LA B 15 B A
Iy T RESCHRAN L 25 B A RE ) o ARUREE I EAR N B NG 782, (B 5 ARMR L 77 A
[F ), X T TURAN TR0 SR ) B AR T, TR TR R 8 HDRE I RECHIWIIA (E 5545 2 15 B
AN EA B IEAPER G O I IRATTRE T A A RE EVE N =, &S & S8 L)
B b B 2 R BAR A TR 22 bR B I R TR, SRSRAF A7 FE IR MR B2 (i . R IR e P
RS AL, (AT R AR R o 7 FE D TR IR

PEHI S — E PR E R SobolevE [HWRP(U), HHU c REZDFA 46 (207 Lips-
chitz JEZ:EL CY) HIJTEE. SobolevF [AIWRP (U)W 5l — 2 & [N 1 H] 1 — A J= 35 P B b 40 )
APARTERD (55D AT, 1M Sobolev A& SN ZI ] T Sobolevif Z AT F#AME . FIt: . Holderid £ 14
Z A I EERFR. AN, SobolevifZ Al LAH G %L Gl 5 BB EERIIE) DIIEL Ty
BT, BEMFRATAT LA Sobolev ik H i S 4%E IE N . LeibniziZi M S8R A 5,

5 Sobolev 8] — [A] 5| N B — MRS 2 Wi or 7RI “S5MA 7, X AT e o) 77 A F i
HEMM S —. ETFRARR BN, JRATIEH & E 8 & AR L Mmoo J7 R AT, A
FRBOTRE IR WA = B R0 TR, ELERUE A AR A (E I AR R A . BT SR IR, FRAT
AILASE TR GRS E ST, XA 1 W KRB, i HL AT BA % ot JE 8 4
1) R AR DA R 5k 20 L S5 AT . AEAS RISSMEZ E,  an TR B R BN A8 2 % RN,
BATAT PSS = S AR 1 I, A H e 4 5 R B 42 B — 3

TS B A =2, WAL A R 7 R0 FOAS R S 2 ) o e e 1 20 77 2 B A7 AE 1«

i



ii

A6 5 i 23 7 AR AN B S o3 T AR o A [ Bl o 2 7 R A7 AE M S B i ds FH 2R v2 ek
Fr f)Lax-Milgram i€ P flFredholm —#% — € FIAG B 1. 25 R RERAIN 4 1 2 Sfi 118 5
. De Giorgi-MoseriEfX (55 FARAE JEFEA Holder 2214 ) LA Pohozaev 1855 X EE 1 5 7 #2
Z M. WY T RENAAEE NS Galerkin IEITIES, X2 “rEAREVE” 1, HE A
TEAE V5. A7 =52 W) F LS R & Evans R 7> 77 #2# E[6, Chapter 5, 6, 7.1], #6E 7 FE#h
ANBTTEZRHEE . HITHEBERIEE[9, BNUE] JATIENA T H KRR SRR )4
PEXTRRAM 2, 275 Evans [6, Chap. 7.3.1].

FREAN A T Fourier T 718, NEN LRI FEMSchrodinger /7 FEEHES . 73—
J7l,  Fourier A4 ff FATRENS 2 37 0C T SR AL AT S ME M SE A A 2 . (U = ROB, FRATTH
FFourier 3 n] LA & AT B AEBH s € R FH. MaERAFUAMXEA, 2580 508
HIEIE 2R (Sobolev-Slobodeckiiin ) KZliH, XAEFRERIRZ . AMRATIEGI N T Littlewood-
Paley 73 fiftix —47 71 B L H K R B AN R R ARBCHEAT “ JRBak ” o FEIE T HE B 3 LeibniziZ:
MIFIGE L NN, Littlewood-Paley Bt X H 2., #f—PHh, FIH Littlewood-Paley Hit, XA
AT DL ST SIS 4l ) Sobolev AN S5 T, IXAE P g — AN AR LM A Ak 70 5 REARE A A7 AE 22 [ Iy B 22
X B4y B S 2 LR 2 Bahouri-Chemin-Danchin [2, Chap. 1181F& 274 (1 507 #£[ 16, Appendix
Al FEENE, TAINA T Schrodinger 77 F2 AL T A Strichartz flith (ZetkAlitt), LA
Hilm ANLSH/MME A ViballES5E, FFAEH )G FR 7L Schrodinger J5 2 4 48 i
ZilR. R CERNNA TESIT R EARIR, ST IR FRAL ff s
FE, FRURBHALZ M3 s 7 FR I R AEAE 1, X E84) F 227 Jonathan (Wing-Hong) Luk A X [11,
Chap. 4-7]. RJEHMNIN TG, LLIE R ARG O M H A7 ZE 1 1) ER S o A 2 0 I i 4
T HINE Z WA A TR LU TR AR, TSR ARe EE N E T AL 1R

DRSS SCHIRE 2025 1L H7H 521, SCHIRR 20264 1 H31H e fm,  #£20264F7 H7H
RIS LB ARG DL OGN T 384> N 4E . fEt, FREF W 2RI R 2241, Al 14e 1 oF ST A
WLHEE R, JF0= 1 B ONIHRZ T TR A5 02 7 21045

o HEFRFAHARKFERBSLF AR, 20264EF = EMM B EO IR,  PAR21H B i iHRER
(MAENUS) . THRE (BFENYUAD) . T4 GRAEDHEM), 2358 br . ki S
[F%F e AR TR [F i 3 SGEAT T PR RSN IR T B O W

o SHTINME LRI 2 A%, LK 20254EMAS2138E 11 7™ 3 (EOM Ikhoon). A Bk
R EEFH (Timothy WAN Kai Yang). RAEM . 7K 7R [F %,

o HWEHPIIRFMP IRIIESZ FRHIFEITTIMS), TR 2B I B 4T T

WA RT T WS R R IR A (TR, VBRI MR At FNUSH S HI0
B2, MAS213X[ TR A b 712/ A% (g E48RN D, AR RS 7k MEE1-3, 55
MEE 6T &M sh T FEAMINLSI N 2, IF Hgkid 7 AD 5PDEA L JE R IER] o A AT R #B
ST N BRI, B SRR AR RS AR IR T S  FEAE G I  R

BRE
202657 A7H



IRIZIHEE L H

X 20265 F A WE 1 H B2 BOR K 2 R (COUAW G J5RE) A 5108 PR AR R 2
X, ZURET RSN (LRI = 455080, J8 Z3U0REE, IPU2EREDD, JLRIR14E O &5
B o IR EILYF SUNFFIRR, dRES SR RN S, AEORIEREAEESR.

EAXx | BHA A= el

3.3 ﬁ%%ﬁﬁjl\\ 55%%&*”801)016V§|‘Eﬂ %I\ﬁ}j@(%?ﬁﬁj&)
F1H Sobolev Bk £y (1] i T

755 B

3.10 | PRERAEME [1.4] FfE4. 5. 1
2 Sobolevitk A\ & EEATE IR A

3.12 | Poincaré/ 555, Morrey ik A\ & H [1.4]3. 7
30 3.17 | Sobolev/A %5\ LipschitziE 4. H-1745 ] [1.5]1
H3HE

3.19 | ZBARRIE 7 A 55 fd A7 AEVE [2.2]2. 3. WAL, [2.3]1
g | 324 | BT RO S0 [24]3
S 326 * 111 % %€ # (Mountain-Pass ) 1 i H I

SE: I ANLSHE S i AA e

sy | 3L FREREER TR %
5/

4.2 | S5 EEE . AERFEASTE AT Harnack A 555K [2.6]1. 2. [nJ@i2
6 878 : *Moseri&EACUE I JR A S e B

4.9 | *#h7: *De Giorgi/m#iCO*¥ {1t PohozaeviHZE = o
57 4.14 | PohozaeviHZ53. fh7n: *iE4F [2.8]1. 2
=7

4.16 | 2JER2 (BhZXIREGHZER) « F i Sobolev s [H] G

4.21 | #Wi+2%ik 09:50-12:00 T
F8JH

4.23 | YWIAELENE E B (Galerkini& ifT) [3.2]1. 2

ii



iv

i I WA E BE (AN IE M)

il
sso | 28 | MR BORIE ] Harnack AR Agbefmmy |4 HET
MEER T ERPS
4.30 | AHEE [3.5] 1. 2
5.5 | LR .
10/ e pr Ty
5.7 "ﬁlﬂﬁ}%%fﬂ- Prandtlﬁ%ﬂiﬁ‘]%&ﬁ‘ [Dl]z
Fourier®# . Riesz-ThorinifiH &
g 512 | ES RSN [D.2]2
H=114E
5.14 | AEHEH M SobolevZs 1] 2 H:Sobolev A 45 3 [5.1]13. 5,[5.2]4. in@i1
127 5.19 | KRN EH AL E . *Littlewood-Paley P i & /1~ o
AR 591 *SobolevZ*[H] ] Littlewood-Paley %Il . *Bony /i #:73-fif x
2 VESchrodinger /7 72
5.6 Schrédingerjif%E‘]S\trichartz{ﬁﬁ‘ [6.112,[6.2] 1
13 J5i I FEINLS /N B Ao 5
5.28 | VirialfH& . >IR3 (BIEGH 7RI [6.2] IFl 3
g 62 | B TRIER SRR, AR | 702,022
H14 )
6.4 | AP B J7 2 1 J B 3 5 P 55 R v ) [7.3]2,[7.4] I /i1
*Bootstrap 5l 5 /NIE K [H] lifespan [ 115 5
w#515)E 6.9 BT L. Normal form % #e 51& 1EHUH
LN BN TR SEE: T KA Fritz John 4]
6.11 | WIKE IR x
6.16 | IR #1X 09:50-12:10 T
F165d
6.18 | T




F—E SobolevZ|g] 1
L1 F99E0MSoboleva ] . . . o o 2
LLL 55930, . . e 2
1.1.2 SobolevZ[BIWEP(U) . . . . o o e e 5

1.2 SobolevBREUHIEHIEIEIEARIZE . . . . . . . e 7
121 BEOEHEIELT . . . . e e e 7
122 BAREMELD . . . o e 8
1.2.3 SobolevEREIHIFEABEILI . . . . . . . 12

1.3 HEEFRAIESR R . e 14
1.4 SoboleviR NTEFE . . . . o e 20
1.4.1 Gagliardo-Nirenberg-Sobolev ATz . . . . . . .. ... ... ... ... .. 21
142 B "LionsBEHHSSRBRE AN . . . . . .. 24
1.4.3 PoincaréNZE . . . L e 31
1.44 Morreyi ATEEE . . L L e 32
1.4.5 LipschitzZEZEFITIRUME . . . o o o o o 34

1.5 —MMSobolevANEETN . L L L L e 39
—E ZMBESRE 41
2.1 MR TFEMI S MEMISobolev S [HIH™ . . . . . L 42
211 FSRRIIRE S .« oo 42
2.1.2 Sobolev FE HNU) . . . . . . o v ittt 42

22 AR Lax-MilgramfER . . . . L oL 44
23 FEMEEH2: Fredholm —FF— . . . . . . 48
231 BETHM . . . e 49
2.3.2 Fredholm —#H— K HAEMBEAPDE EFINH . . . .o oo oo 50
2.4 RMEMEREE TIRMEE RS . . L 53
241 FRERBRIMIESZME © .o 54
242 SERMERG R FAR A R 56

2.5 MEEIENIEERE . . o . e e 60



vi

2.6

2.7

2.8

E=F
3.1

3.2

3.3
34

35

HFME
4.1
4.2
4.3
4.4

2.5.1 SobolevEREIHIZERT . . v o v o o e e e e 61
25.2 MEEINIEMIVEEEL . . . e 62
253 FHREFEEAAEMIMEER .. 65
WRAEEEE e 69
2.6.1 SEMRAEJRER ... 69
2.6.2 WEBEEALTE: Bernsteinfi¥5 . . . . ... 71
2.6.3 Harnack NEER: XEBLEMTE .. . o oL 72
2.6.4 Hopf7|BEABEARMEEEE . . . . o 76
*De Giorgi—Nash—Moseri%{Jﬁ .............................. 82
2.7.1 CaccioppolifNZEZN . . . L oL 83
2.7.2 MoseriEf: LPATHRIGERSBILAS T .. . o o o 84
2.7.3 De Giorgithf: CO* LM . ... 86
Derrick-PohozaeviHZEIN . . . . . . . . . 90
LM 512 95
BFZSobolevZS A . . . o e e e e e 96
3.1.1 BanachEMERIBREL . . . . o o e 96
3.1.2  EEEARERISobolevZ¥ (A . . L L L e e 97
SIRAFAETE BT, GalerkindBIT . . . . . . L e e e 100
321 GEMRHIE N . . e 101
322 L. EAREVE L e 102
3.2.3 Galerkind&lT: fAEMEFME—ME . . . oL 103
324 *H'ETVE: Rothe kM Lions G ML . o o oo oo 108
PODIETIPER IR © e 113
WM RAEEFE . . 120
341 FERRAETRER . o e 120
342 SEAAETRER .o e 121
3.4.3 P Harnack NERIEH . . . . . 123
WML . e 129
3.5.0 WIEMML TR RIAAENE . o 131
352 —EUEIFSMARER .. . 133
353 FHREEH|: Prandd FREMITES . . . o o 135
WEFERE N (EREEE) 141
PUERTERCR SRR T RRZL . . L e 141
FEfu el T, AU RETAL . . . . 141
e PEFIEA Y. GBI L e 141

JEEMERA: TIBTAR . . . L L L 141



H %

EHE
5.1
5.2

53

EARE
6.1
6.2

£LE
7.1

7.2

7.3

7.4

7.5

£N\E
8.1

8.2
8.3

SobolevZ Bl FourierZl ]

AEREE BN SobolevZF THIHS(RY) . . . . e e e
Sobolevik N B EL [ Fourier 175 . o o o o o o e
5.2.1  WImFAE ﬁ*Sobolevﬁﬁ"t)\%fEd .........................
5.2.2 Morreytk NEEEFNGEFZMH . . . . o e
523 BRRAL EREHL . e
*SobolevZ® 8] 1] Littlewood-PaleyZIH . . . . . . . .. .. ... ...
5.3.1 BernsteinTUIAZEIL . L L
5.3.2  Soboleva¥[f]f]Littlewood-Paley ZIHE . . . ... ................
5.3.3  AEBHN LeibniziE WA EE IR N BonyifR @ . . . . . . . ..

Schrodinger /5732

MR FEIRAE T MIStricharez /Tl . L L L o
A AEL M ESchrodinger THE . . . o . L L L
6.2.1 WMEBMRMBABUT . . ..
6.2.2 NLSHIVirialfEZEZ0 . . . . . o o

AT e

VERE RN ERAAAENE . L Lo
701 BAMRBETRERENE Lo
702 BRMBEBIAREMIAEYE . L
B TRRIA MG . .o
7.2.1 BBl JURDESE o
722 AMAEREEFERUERR .. ..o
PRI AN TR RAEIR .« . .
731 WA TRERRAGEENE .o
732 ANEBB TR A TR BB
BEEIG IR RYEB FE o oo
741 WIS TTRERVIIMERERAR L
742 HWUE. RIGFBEHTRERRYMEREARR . ..
Bootstrap /7725 « v i e e e

T EE T

—BAR e BRA-RIRSBHETRE L.
8.1.1 HTSEMl: HMIEATREMFH .o o
8.1.2 R ARAy: MMM . ...
BoAER: RIS .
WRFETL

vii

143
143
147
147
148
152
159
159
161
163

171
172
179
179
181

189
189
190
191
194
195
196
199
201
208
221
222
225
228

237
240



viii

8.4

8.5

FifsR A
Al
A2
A3
A4

Mtk B
B.1
B.2
B.3

B C
C.1

C.2
C.3

Fix D
D.1
D.2

8.3.1 WHMBURSUEH . . . . e 243
8.3.2 JUAMSEH . . e 244
BAMEFIIFAEESIERIYE oL 248
8.4.1 ERHIMESEI R IELEME . . . o L 248
8.4.2 Me/MEF M Euler-Lagrange 7788 . . . . . . .. .o 252
8.43 H—ZHWMMELERRIMIMET .o 253
8.4.4 M/METIIIENIME . ... . 255
ZIRAR SIS . L 256
8.5.1 ZyWtk/MbELagranged€ 1 . . . . . ... 256
8.5.2 *LyusternikZJHESFERL . . L 258
8.5.3 INEEERL . .. e 264
8.5.4 FiH: MEIGAETEAENES .. 266
HFHRiZs 271
32 = 271
1 £ S = 271
KRG RIIE S . e 272
4 LT 1 = 274
ZLEMRTHERARN 275
SRR AT e 275
IR AR AR R R . B LR . L 276
Gronwall/NEETC . L L o e 277
LP=S (A S AT IR 279
LPASER R . o o e 279
C.1.1 LPEMPIFEARAGER . . o e 279
C.1.2 LPIEEMEMNE N MERIR © oo 281
C.1.3 LIPS E X AARRERAR .« . o 282
BREI . e 285
LPEEIEFREEEE . . . o e 287
C.3.1 Marcinkiewicz NFEERE . . . . . . . . e 288
C.3.2 Riesz-Thorin WHEEH . . . . . . . . . . e 290
FourierT#A1 53 IR & I 293
Fourier T . . . . e 293
A1 71 300

D21 HABIEAIZE .o 301



H %

MR E
E.1

E.2
E.3

ix
D.2.2 Zg¥aaAn M HFourier 3 . . L L L e 304
ZMZ R T 309
Banach ZTH] . . . . o 309
E.1.1 Banach ZHIBFIJUE . . . o e e e e e e e e 310
E. 1.2 5908 . . . . e 313
Hilbert Z308] . . . o o e o e e e e e e e e e e e e 313

BRETIEHEIS . .o e 314



H %



= o
58—  SobolevZE|g]

Ay

A E IR EEH M SobolevF (A AT 1. 7RI EMJLTHH, SobolevZ[d] 4% iE BATE 7 Hr
X ZPDEW in) @ i A H . S5 b, AV BE e HAm ST T iV 2 A8 A, A ) RS AT AR AR
FEAMZNE . — T KB B): BEANBAARL T~ B 5 i g (132 B R AR MERSORS 3
I, AR B B ATV RAE HIPDEME (1) A7 AE PR I 0 A K e PR A E BT, Bl nRe 7%, A2
5315 Fourier/pAfT45, HETT eR B AT A A AT AR () 2 AR 1S JE R 2. 55— J7 1, Sobolev¥[H]
WP (R —A FEALFH 2 X 2 bR Hr 18] [F] I 25 8 T B3 P AR R RN AT e, T H o 1der %2 25 R £ 2 [H]
Cha HE B RASAT . WAk, FRATATCL “Aldk— @ vl i, e BCE m i nl ARME ", JFE3ZSobolev
(0] 5 LP 23 [a]F0 Cle 73] Z B E R R R

TEA4HSobolevZS 0] 2 |/, FATHE LB =0 Choo . RS S ASM TR, BEM1Ebr s
WENES R B CF FAH, FrAZMEPDER Schauderflitt .

AP P EAUEK U ¢ R Z2— DI, Wa € (0,1], FATR R Huf afrHolderiE4E
By, ZIRFAETE C > 0 15

lu(x)—u(y)| <Clx—-y|* Vx,yeU.

LR, 4 a =18, FRATFK u 7E U /2 LipschitziZE4LH. HEIbFAT5I N[0 CRe IR,
— EX 1.0.1 ELRHEE
Lr—ANARESEHH U >R, #MEX

o« —BEH: ulleg, 1= suplu)l.
xeU

o alfrHolder¥ 35T 34 :

e s 1409~ D)

0,a .= - a4

o) X#£Yy |x - yloc
x,yeU

L aFfTHolder?@éﬁ: ||u'||C0'“(ﬁ) = ||u||C(5) + [u]co,a(ﬁ)-




2 H$—& SOBOLEVZ A

o Holder® i Ck*(U) (k € N):

Cke(U) = Ju € CK(U) [ullevaiy 2= Z l0%ul| @) + Z [0%U] coaqy < 0 -

lal<k la|=k

A LABGAIE, etk iache(U) fER T - | e 7y TE U FE Banach 22 [8] o

1.1 355 #FSobolevZs|g]

A8 TovE EIUE SR PDEMRE T Ch, PN TFEIEE SRS ENE. T 5wk
IXFNAE, AT DlSobolevas (Al AL IE “HLKE " MRAVSFIESE, JFH “39 58" MG EE
HEEH

1.1.1 553#
AT —AFERAIG T I 4G: G A RXIE U c R MK f € L2 (U), A1 EPoisson /7

—Au=finU, u=0ondU.

FERIRD f Al e — N EER MR R A, X AT B EIE A I ] S i AR WM. S — 5T
W u e C3(U), M4 HGauss-Greens JFA 152

J fedx =J Vu-Vedx, Ve CI(U). (1.1.1)
U U

FEE, FRBSSERORIAFE u e HI(U), B Vu € L2(U) H ulyy = 0. BEFATATLL
¥ Poisson /T FEF) “F9fR7 & N RMEER (1.1.1) B w. IXFh 5588 14775 4% 7T LU Hilbert == 8]
[P Riesz 7~ B FAER, X HEM Vu S2br B2 u i “5554807, BAERET L2U) AR C(U).
2 BRI R, BATGIN “5598”7 FIME.
_ EX1.1.1 $FEH
Hu,v € L} (U), a = (ay, -, a9) & 5 THAF. M vRusal 3534, oy = v, 244
T Xz

J ud*p dx = (—1)'“'] vpdx Vo e CX(U). (1.1.2)
U U

FXH v AL, WEAEAUal 5510 F 2R B 1o
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Fid 111 Fi3%8, ERRLELZH50F 90 F8% A R B (5 LFolland [8, Chapter 9]),
B A A8 7 XK 55 F A& — B3 Lebesgue ™ A5 £, ﬂﬁ’\jﬁ% AR EKET DWU) = (CU))
18R —2 2 B3R T F2uk $0 (Fl4e Dirac delta 8) -

ek 1.1.1 S55HaM—
|7uéﬁal%‘55%i‘&, R AAE, WEAEZ—ANRMNESLTRAE—,

SEBR. ¥ vy,0, € L1 (U) RulFiA e B8 S50 52 AL
J (L —Vpdx =0 Ve eC.
U

AR P 3 G5 W S B E PAR 5B AR . O

3138 1.1.2
(ﬁwGU(W%ihw¢M 03t Ep € CR(U) R Z, Mw =0 4& U FILF LA M L.

SITE 1.1.2 BNIERR. & {1} 2T C.2 g X —IREDGHZ, Wie
€ CX(B(0,1)), 0<n<Kl1 =1 (x) = 1 (f)
77 c ’ ’ X 77 X b ad 77 — 778 - Ed’? c .

MAMER &> 0, FAHEA foum. = 1. HHIA

r

w) = | wEmy—x)dy = J (W) — WLy — x)dy + f Wy —x)dy
U

JU U

=0 by assumption
N

= (w(x) —wy)n(y —x)dy.

J UNB(x,¢)

HAHO <y <1715

06 - ey <a@ ] ot - w)ldy.

B(x,e)

1
weol < % |

B(x,e)

Elja(d)ERdE|3$1_Lfa‘?El’HZl§ K, T R . Y e - o B, Humiiesh B0 X L
ﬂLﬁL Ix € UMALIY), X & Lebesguelil 7 & H 4518 . ]

BNOK, BAHEWA I3 F BT .



4 H$—& SOBOLEVZ A

— il 1.1.1
x 0<x<l1 1 0<xx<kl1
%d = 1,U = (0,2), % j&FH 3 u(x) = L u(x) = IR =
1 1<x<2 0 1<x<?2
VEFBFHZXLT R Lo

WERR. e € C2(U), AT EHIE

2

|

2

u(x)e'(x)dx = —J v(x)p(x)dx.

0

TR, AT R AT

2 1 2 1

f u(0)p'(x) dx = f x@'(x) dx +J o'(x)dx = —J o(x) dx + 9(1) + 9(2) — p(1)
0 0 1 0
- J b)) dx,
0
XEFATHBI T € C® = ¢(0) = p(2) = 0. O
Bi112
Hd=1U=(11) A um) =] TS50 ammir sk mak, BRAEK
1 0<x<l1

flve L) (U)iHE

1

I u(x)e'(x)dx = —J v(x)p(x)dx Ve e CX(U).
-1

-1

SERR. AR, BBAEERA ve Ll (U) R EdR. 3 u 15E /55

1 1

u(x)e'(x) dx = f ¢'(x)dx = —p(0), Ve e Cx(-1,1).

0

—f b)) dx = J
-1 -1
WA, BATER—5] {p,,(x)} Cc CO(-1, D) R 0< ¢, €1, 9,(0) =1 LLEYm > ot H e, (x) -
OXHERx 2 OB 1 o BHCH o 34 m — oo RATEE] GUARHIECEI)

1

1
-1 = lim (—¢,,(0)) = — lim j v(x)e,,(x)dx = —f v(x) lim ¢,,(x)dx =0,

-1
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i 1.1.2. H& u AR N Heaviside by 3, o REAMNIHEEBR L, HR ul,=0Fu|.=1.
u B9 FRE AR B A 69 Dirac delta §, € D', € & BT AR o

1.1.2 SobolevZ[EWSP(U)

$2 T kA5 ASobolevZ [H] 1) 52 3o
— EMX 1.1.2 SobolevZE|g]
7%k € NF=1 < p < 00, Sobolev® BWkP(U) =2 LA

WkeU) =1 f € LP(U)| . 110° flloow) < o0 ¢ -

la|<k

L A FWEP(U)Z Bl 2 RH R “HR k M3FHAL LP(U) $HE” 8 E3RTRIK f -
U — R#&. #t—F T HEB(WSP(U),|| - |lwkew)) ZBanach = 18], HEH 2 XA

Ifllwieay = 25 10%fllrwy 1< P < oo

lee|<k

/E'lEllZ’ dﬂﬂ; LP «&ﬂ /\7?0/ 6/7 1/p //\%: é! 1 p<oo Bd’ &{]]ﬁﬂf“&afim%@ﬁl\/&ﬁi (/ri
M A TF)

||f||Wk’P(U) =

2, f |a“f|de];.

lal<k Y U

% p=20, &A1 HYU) := W(U).
_ EM 1.1.3 SobolevZ 8] hRIYT S
B b [ B TWEP(U).  BAVARS AEWEP(U)F I Ef, ZiEEm - oobFmZ|f, —
Fllwkswy = O. &mﬁifmftwﬁf(U)#’l&ﬁii']f, RA&| frn — fllweoqy — OFHERE V € Uk

Lo

_ EM 1.1.4 FEiFSobolevZEs|g]

HAVA WP(U) &7 CO(U) £ Whe(U) F8ifleL, B, fe W, (U) % 81RE 4 E5H%
fm € CXU) 14% f EWkP(U) PUEE f. #H—F, &MA

feWé{’p(U)@fEWk’p(U)—E]—aaf=Oon6U Vlia| <k -1.

RmLEFELHF, BARTARLELIT,
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5l 1.1.3
{é\u = B(0,1) CRY, u(x) = |x|™* x#0). 22 deN"F pe[l,0), KMNHZHKE a>0

115 u e Whr(U).

R, EIRAVANTE u TR B A, R T AR R b T A R A u(x) = ——. 2

|x|a+2

TRIATRAER W U PRI SE ILREE e > 0 FFHEBUEE ¢ € €, AT A

J ud;pdx = — f Jupdx + J ugv; ds,,
U\B(0.¢) U\B(0,¢) 3B(0,¢)

Hev = —li—l 7& 0B(0,¢) LRI NLIAE. 5, 8 T HAE Gu M2 U 1 u i5s 38, JATH
AL BT IE € » 0 IFH K

J ugv; ds,
9B(0,¢)

Ha+1<diesi® o, XBESEENR > 2.
BETFRBEANFE u e LA(U)LLEEHROu € LP(U) (A < i < d). ATURBEESHER
X, Fiblu € LP(U)M B Map < dfSE; FEsRSA|IVu@)| = 2-Xtx # 0z, widdils

< |lollL=Area(dB(0,£))e™ < Cyed™70

|x|(l+1
| Vux)| € LP(U)M HANH(a+Dp < d. RIS HER: ue WHP(U)HHA Ha < d%pﬁfcio
R, FAEHp > ditAu ¢ whe(U). O

51 1.1.4

AU = RAN\B(0,1), ARku(x) = x| @ (x #0). 4<2d € N“Fop € [1,00), ZMNAZHKE a>01%
Fue whe(U).

R, ZER TBRIAAHRTE a+1 <d KFREH T ou 2T TE, KN u WA N x=0¢
U. 2T B, |x|7@D e LP(U) BER (a+Dp>d, Hla> dfp; Mi|x|~* € LP(U)ERap > d,
Ba > d/p. WMZE)ER1#5Fa > d/p. O

SRR 1.1

S 1.1.1. & f € WP(0,1), 1< p < +co. iEH:
(1) fILFRAEF T —Atbatik g d ¥ f* € LP(0,1).
@) % p> 15, FNF 1F)—FON < =y 7 1P OF doyr.
B FE f(x)= [, fr(Ode, ZE R fE(0,1) PHIBF .
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SRR 1.1.2. & X e 2 U =B(0,1) CRE R o9 —ATHMAETE, B

KaeR WEELE ue W)
S 1.13. #$ € C2(U) Bue WeP(U). iEH: {u € WEP(U) B22 HLeibniz/t X -

*(u) = (g)aﬁg 3Py,

B<a

1.2 SoboleviRHRINFBIEMERERE

WR AR SRR 55 T, AT KR IXFF B AR AR LA ER . T 2N B2
2 SRR PO MO SR E R B (B a0 iE s B0 B iSoboleviR EL, K GIE AL
CRUFMERR” kK% SoboleviiE, FHaL b, XA LB C.2 AR KL . A E
keN, 1< p<oo fIFFEEU R Xfe >0, FAlE X “4iKTFE” U, ={x e Ul|dist(x,dU) > ¢}.

1.2.1 BEEbeiEiEia
F— AN EHRIIMEEL < p < 0o, WEP(U)RERT DIAEU N O R E0E T .
FIE 1.2.1 FHIEBLEER

R feWPU) Q< p<ow), EU FTEXER =9 % f. A EE e > 0% A S, €
Cx(U,), B¥%e— 0W, f AW P(U)Titsslf.

MERR. DUIE R CAEEHE C.2.1(1) TRl phabegid . B RNORIEWTEIL YT, KD B LRIIE
0“f.=n,%x0*finU,, V]a| <Lk.

HRAE L, WG E#C.2.1(4) I 130% f, — 0°f in L) SMTER|a| < kHBMAL, X IEREATEIE
IO EE
BUEIEMIRBEP IR . A EE € > OfIx € U, 1543

8n.(x = )f () dy = (=D J 5. (x — Y)f () dy.

U

0%f(x) = 5“J ne(x — ) f(y)dy = J

U U

TR, NENMEER xe U, BHin.(x—y) (FNy RRED BT CoU). 4559 FHHI E X153

J 8m.(x — ) () dy = (~1) f ne(x — PSS dy,
U U
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85 f (x) = (—1)2 j Dk = ) F() dy = (0, % 3 ).
U

N————
=1

1.2.2 ZEiFEEER

TEBDERE 1212 5, FRAVR AR W 2 R ReEEAN XU g4 € BSobolevii #L, 1
AMUGEER T8 E? BBl tB B E 2 A ? XA RS SR AL T e, FHHXM
I T AT DAl s A A SR SR, (HIRATTR EX 0U mig ARt — PR .

EIE 1.2.2 EBENAEIEIR
BXUARE feWkr(U) S EANMTLS p <o Rz, NBE—FHEA{f,}C CUNWEP(U)

. WRRD)
#1F frn— f.

MERR. Xt i € N*E LU, = {x € Uldist (x,9U) > 1/i}, W4H U = | U, BIFFE U #i—5HF 745
i=1
U, 55, EE1.2.2, RITCEKAETA U, FHIE T u BGHEERE, IAERATR EOR X I8 1 2R
BOOME” it W E T IX EN— g AT R BRK N, SR 2 5 B S R AT RE A
W AWM, RHEMAETLIRMEFRIERE: MEANEER x € U, fEiZA /N HE
HIRZAAEERI, X AT LUs s B i B R ST .
BARRUE, SN ie N, BATEXV, 1= Uys\Uiy MW, 1= U, \U, W REL

FURTIILV, € U 68 U = Vi & Chene BIBTFFEER V, 10— Il 80750, 6
i=0

° ogg’lglﬂglecfo(vz)

[e9)

L4 Z§l=1inU.
i=0

P A, MEE—Rx e U, RAAFREA i H158 {i(x) #0. tbalh, I8 1.1.35%H, 8N u e
Wee(U) H Spt($if) C V.
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SENf =1, * (g’lf)jjff CHE” VARDOEHIET. BES > 0, FATANK S e i IS
ARG IMER || f1 = $if llwwrw) < —5524 FII AT Spr f1 € W, VERBINIXFEN W, b E K,
E%E%ﬁ&ﬁ%%T?A“%ﬁ”* BRI NV, “IEik” 3l w).

BAEENF = Zfio HRESABRYE, KA AGHRZAAEFI, el F e C2(U). 7

— T HIEAVFIE f = Zg“f, HIHAMTEE V e UH

IF = fllweeqy < D= Cif llwiowy = D, 11me, * Cif) = i llwerqy < D, 271718 = 6.
i i i=0

R4 6 5V BB RN, ZFERNHMEE] |F - flywo) < 8. Fealth, 26 1,%,
M2 — B AL R £y o

2 T ORI TUE B Sobolev i B BB LB, X T EMRKILF dU 2/ & LipschitziE£L 1
— EX 1.2.1
EAVARAF OU &£ Lipschitz# %6y, £ HA & x € U, H 4 r > 0 Fo—A-Lipschitzi% 4
Aty 1 RIS R, M4 (LBHTREFTHC L L) A

UNnB(x,r)={ylys >y, Ya-1)} N B(x, ).

The boundary of U
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FE 1.2.3 FhapEREAEEL
EARFEU c RYE A Lipschitzid o X f € WEP(U) S EMN 1< p < oo sz, AFAGES

wkp(U)

7 {f,}cCU)EHFf,, — f.

HERR. e B 1.2.2, FATEF AL FOUMITIE fRDEITET. ESUMNE RS ToURNE
P, HHAFOUn UM BRENTEE R, HILXEHERNV,, -, Vy. EHE TIOAHRE
wZla, WATRFTH—NIE VvV, c U BEF T NI, MV @ OAe € #1.2. 19k
T, B R 0U BRI 8 s P g i e i .

AEE x° e dU, fFfEr>0 %HLipschitZﬁ?ﬁ@i& y Rl & R 615

U nB(xO’r) = {xlxd > y(xb ’xd—l)} ﬁB(xO,r).

ﬁmﬁﬂV=Unmﬂé.

BEx eV, BRIMEXTFBA X = x+ Aeey (€ > 0). XTHEEHES KM A >0 (FlA >
Lip(y) + 20, FATENEER B(x%,€) C U N B(Xx°,r) MHEEx € VAT /Mie > 08 &ML, % F K
WATE SGEIE, 42f(x) = f(x9), HESGBERE F :=1, « f°. BHEH F e c=(V), &l
AR S
BiS. F* — f in WhP(V).

WERIWT S 287, AU — N EAMEE.

L ZLKBIEMIE. B RER I AT AREIN PR x° JFFERGET K A > 0?7 H
JRRZ MR — fx € V, Baer fedr® ARH LA . A BN E AR x ) /N4
BN GRS, AR RESHE KSR ASB(x, e)NUC # @. 75— J7 1, i85 HLipschitzi%
SRR TR “WEEIRY " (Lipschitz 21 a5 114 5 BUR ok —Fir S 80 — 2 b
F, B REATTIEE A > Lip(y) + 2, H2AKNA O(Ae) HIFH —E RERILE B(x,€) C U,
ENIIVSESY i AR e A s ATl LT

2. At AWS AR EEBEIR? F b, BHWEROL, e RFE U 1AL ff R AT 58
FE BRI . BARKRUIRAT R E— 6§ > 0. HToU%, HATATAKB|IBRE AN M x?
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N
U (1 <i<N M r>01fFoU c UB&,r/2). 1EV, :=UnBEX,r/2), IAXEA I,
i=1
TEAESC IR f; € C=(V)) #1453

Ifi = fllwee,y <6, 1<i<N.

IR, AT LRSIV, € Uk

vclJv., B 3foece(y), 85 |fo— fllwew < 6.

Sk, RATCLMIE T AV, B, 11 /2), - BOS, ry /DU T R IFE % . 1213,
N

RMWRTIEANFFEEN T 0L, 4 F = Y ¢ f € c=(0). TR RIE
i=0

N
XA f=2¢f FUMEMal < kA]iHHE
i=0

N N
10 f = %F||powy < X 10 (fi = Plleowy < C DS I1fi = fllwkery < CAN + 1)3.

BIERAT A FIEHB S . 12 Fe & f FRZEHELIE, KRN IZE FE— f fvaN
Fe— fe F fe— f SRRz, fmisii, RATIEMLPU) Wd, wreriaHifu s 4. &
(RES]

1FE = flleery < MFE = fElleoery + 1 = fllzeqry-
5 IR AU SAVE R LPYu B SRS R M AT Y, DRI AR B 2 — U830, 4 E A

zww—ﬁw=wwr¢uﬂ=§f DG + Aeeg = W) = Fx + Aee,) dw
B(0,¢)

w

==5=J NER)(f(x + Aeey — ez) — f(x + Agey)) dz.
B(0,1)
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BB LE S5O BB 9 Minkowski 14 5L e 1

||Fe — fg”LP(V) = [|F* — fS”ij(UmB(xO,g))

= |In(R)(f e + Aceq — €2) — £ e+ Ace))icwon)|

Ly(UNB(",3))

(B Minkowski A5 20)  <|||Im()(f Ge + Ase, = e2) = £ e + Ase)zwnme 2

Lz (B(0,1)

- f NIFC + Aeeq — £2) — £+ Aea) |z, dz.
B(0,1)

Mg — 0N, FELPYVEENI TR ELLIE TSP R EL || (- + Aeeq — e2) — f(- + Aeey))l| ey ILELFNO.
[ I AT

@IS+ Aeeq — ez) = f(- + Aeea)llewy < 201 f o) € Lz(B(O, 1)),
111425 1) BR BN T 2o AR fSioE 2, AT 21

hmj IS + Aeeq — £2) — F(- + Acealszr, d2
B(0,1)

~[ @t + ey —e2) = £+ AceDlig dz =0
B(0,1) &=

1.2.3  SoboleviR ¥R EARTF AN

FroimEL e G, A4 B NSobolev R £l i 37 FE A 12 B

_ #81 1.2.4 SoboleviR Z BT E EM
X1 < p < oo.

(1) & f,.g € WH(U) nL=(U), N fg € WHP(U) nL=(U), B 8,(fg) = (6:f)g + f(;g) *F
i=1,---,d £ U ¥ ILF AR .

(2) # f € WtP(U), F € CY(R), F' € L*(R), F(0) = 0, ] F(f) € W'P(U), B §,(F(f)) =
F'(f)o,f*ti=1,---,d&EU FIL-FL L mZ, %UﬁRd“Pé‘JLebesgue‘/‘)’l’JE"iﬁFF&, MF0) =
O~ A b E0y,
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3) Ef e W), M f*, f7,1f| € WhE(U), FHBAT

0 a.e. on {f > 0} d1f1 =10 ae. on{f =0}

—0f a.e. on{f <0}, —0f a.e.on{f <0}

ot = [af a.e. on {f > 0}
0 a.e. on {f <0},

of a.e.on{f >0}
of =

FHI, f =04 {f =0} EILFR AR 2.

MERA. FATTFHIERT (1) A1 (3) i EE — 5. (2) MR RESR ] .
g =1 * g MABATE A

f Fe(@@)dx = f fg(aiqo)dx=1imf £.8.6,9) dx.
U v =0 )y
5 LR VT B BB A T2 e 5B, 5 L, U FTHlder R 4

J £.8.61) dox — f fe@p)dx = j F (g — )G dx + J (f. — f)gdsp dx
|4 |4 |4 vV

< I8 — &lleow) I fellzey 10i@llLe vy + [I8llze 1 fe = FllLeol10ipllLer vy = 0 as € = 0.
———

< fllzeo )

XHEER: RX f,g € L™ ZLEF, 1 f.,g KIS EER C2.14 K.
(3) MREMIR A B9, 495E € > 0,3A1E L F(r) = (W2 + €2 — )Xo, WA LE
IEF, € CY(R) H F. € L*(R) KT ¢ —HA . AERANTN F, Q)RS0 I3 570153 2

J F(f)0pdx = —J F(f)dfedx, Ve CrU).
U U

HT few' HFE(f) — f*. #4 e — off, IREHISiEHg

—1imf F{(f)d:fpdx = —J lim F{(f)3f¢ dx = —J 9:f .
e—=0 U Us—>0

Un{f>0}

PRI AG 2] o f+ RIES, WIEMHH f-= O M If] = [+ f~ BRHRE®. O

SRR 1.2

SR 1.2.1. U,V EFE, VeU. itW: AEeCU) 7], =1 ¢ £ 90U ML AR,
RT: RVeEeWeUHEBEX ywo
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N
I 1.22. BRAUCRCARBLUe Vo iE9: BEECU), i=1,---,N, #£/F

i=1

N
Ogglgls Sptgicvi, Z§l=11nU

i=1

Bog: wEA D, ORI 121 98t MiE g e CU) B ¢, =1 AW, W, eV, &
Sptg; CVie ZBEZ ¢ =01, $H=0,(1—@1), ¢y = on(1— @) - (1 — @y_y). ERENARE—
oy,

S8R 1.2.3. iEAE A 1.2.402).
SIRR 1.2.4. 3£ ||Vulll, ) < Cllullpa) | Vullpw) HET u € CRU) iz, RBHitsiti
#lue H)(U)NH*U), XZFEMRU HFELIU AF.
S 1.2.5. ZueCU), iEfAhTAANTRF X,
(1) IVullzowy < Clleell [ VU125, for 2 < p < oo,
2) IVutllznwy € Clleelf o[ V2Ull 5 s, for 1< p < o0,

R7: AR (p,p, ﬁ) 1% A = THolder 75 X,

SRR 1.2.6. HFUCRY REBFEHL fe WPU) XV =04£U FILFRARZ. iEW: f
JUF A5 F —ANF 1B 2o

B A Afe4E A Poincaré A F X R EH, A 1% AR 458 2 Poincaré N 5 X 89 1E B P & )
B, BEVEUWTHEf, i=n.«f, HFiEAR A, I e>0, f,=C £V FILFRALLRL, &
B A EE C21 RIEW ||fllp KT e —8AF, BH{CIEL—FAR, sm{f}O—ATFrbik
S — /N S

SR 1.2.7. G5 WP(RY) = WHPRY MHEE 1< p < o0 Ao
1.3 BEEMIEIAETE
HEueC), MATATTLURME X u fEILF oU FHIZESIE. AR u e Whp(U) L

3t —Sobolevef #, MAFATH MBS EAETIME LHRE. Fealh, LHIUKIdYELebesgueill
JER%E, PIIRATTRE R “485E” SoboleveR Z MU H . ATHAE K 1< p < .

EIE 1.3.1 EE
K1<p<oo,UCRYZARFRAE, H OU &ZLipschitzif 469, A A
(1) BEAREWHET Tr : WWP(U) - LP(OU; dS) #4/F4£& 0U L Trf = f $FiA f €




1.3 5 E FAIGE i 15

wWhe(U)YNCU) mx, B
||Trf||LP(6U) < C”f”leP(U)
SEAN feWLP(U) L. EFPHFHC>0MRMT p,U. LE dS = FH4 Y,y £ U L

#9 (d — 1) ZEHausdorff] & (’(’Lﬁ@?& A& B .
(2) () WHiEE ¢ e CH(RY - RY) 4= f € WIP(U), H

deivgbdx:—J Vf-¢dx+f (¢ - N)Tr £ dS,,
U U 5}

U

£ N &2F U {29 kmE.

IR 131, B/ Tr f #4RA f £ 0U Ly, ©E FH Y,y RMEELTAE—H <, TrfBp
TTIRAR f /£ 0U Loy “fa”, R EeH—F B

r—

lim][ If(3) = Tr f(x)|dy =0, FH%'ae xedl.
UNB(x,r)

K
3

r—0

Tr f(x) = nm][ F)dy.
UNB(x,r)

WERA. L, WAVER f e CWU) IR HE p = 1 ML, BHEW [, |f|dSx < C [, |Vf|dx.
HT U #LipschitziZ£ 4[], X{Em x° € oU, ATATLILE] r > 0 Fl—ALipschitzi% £ i %1
y i R&V SR, (15 (FEDA BN e s DA R FE BT e SCALBRAH D

UNnBx%r)={x|x; >y(xy, -, x4} N B, 7).
1B 1= B(x%,r) JFE IR f £ U\B FEANE, BIFRAVLIESLE 0U 1 B AEEMITE « Rl
1. BEEFOU BIHALANE & N 2
1 1

—e; - N = cos(—ey, N) = > H¥ 1 a.e. on BNAU.
2 \/1+ (Lip y)?
\/1+tan (—ey, N) Py

WAL E € > 0 FE X B.(t) = Vi2 + €2 —¢. PiGauss-Green®H, FATH

fmf)dsx: J B.(f)ds, <C j B )(—eq- N)dS,
oU BNoU

BnoU

<- cj 5. (B.(F) dx < C j BNVl dx < € f V1 dx.
BNU B

nU U
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XHE C >0 2H (—eq - N) FIMbTH=AMIEREE, JFHBIMEMEHT B < 1 X—F%., BELS
e > O M 1.2.42)1%

f |f|dsx<cj V1 dx. (13.1)
U U

L SRS — |fIMEIEL AR LT, B f € C' SARBAT |f] AALIELE W, T
BH) i 11 1) €SI

B FORFATAEAS (L3 DI BIFAEUNB R AN B $55 EIRATAT LA IR %
(3R B, 1), i = 1, , mEHIU GEROUREND, SREHEI 1.2.3 AW 506 4k 52
N

J F1ds, < C J Vil +1fldx, VS € CAD). (13.2)
oU U

FAAKRYEL, X1 <i < mBANE B, := B, r), EXC, =1+ ipy)? IHLC = max{C}. &
V,By, -+, By 5 U KI—MNERIFE R, HBALDEN o, Crp oo Cne BT FIRIUE B AT 15

r

J BN <Y | e WS,
oU i=1

B;ndU

r

=C2 | 0. (f)dx

—1JBnU

m
=C2
i=1

<C’ J B+ IBNDIVflde 3> 0.

r

@, CDB.(f) dx + f 0, (B.L)) dx
U B,NU

JBin

RJF2 e — 0 BRI T HY (1.3.2).
BT RIA VG AR 2 — ) p € (1,00). XMAERIP > 1, FAE (1.3.2) HH|f|1PE
Bl fl, RS

f £17dS, < cj FIP + IV FIIf 1P dx.
U U
#EYoung %5 Kab < £+ 2, p + (p)7 = 19la = V1, b = |17~ A8

J |f|pdsx<C'J FIP+VfIPdx  Vf € QYD)
U U

Hrpix A ¢ > 0 WM p. RILWIRIATE Tr f i= floy, BAFERKB T pHIHEEC > off
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B Tr flloewy < Clfllwow) A2 f e CHU) L. FFEESRIE f € CY(U) B B4
A Q)AL

BJGIEANT f € WY (U) EMERSE . AERXFE—Af, e 123G ER f, €
C*(U) £ Whe(U) sk sl fo a1

I Tr fi = Tr filleouy < Cllfx = fillwiew)

XKW {Tr f,} /& LP(OU) F I Cauchysll, MNMAAEWIR Tr f € LP(OU), & X Alim Trf,. 1 H

n—oo

XAERAKH T f IR IR . BUELE A f € Wh(U) N C(U), AT AT U 2
4 ARSI B K E X Ty f = floy. T WW2(U)NCU) £ Wh2(U) %, BATTA LK E
¥ Tr GEABLT.EM) EHN—MN WE(U) - LP(OU) A REHE T . ET RS AR,
PATHE AT DUASE FH 31002 PR AR M I T e R SE IR R, AN E A O

B NP RIBANVEH AR T IEAE R AE P8R . XA EE, EIEAHE IS

9, Wl AT Ak
T 1.3.2 TihEE
X UCRY RHRFE, U 2Lipschitzif 449, B f € Wh(U), N

few,’(U) % BAE Trf =0ondU.

WERR.  “U0H7 WA SIEW, Sehr B FURORHHEI I M RIS . A f € WPU), 17
fE—% {f.} Cc C2(U) 13 f, v, f- T Trf,=0HTr : WP(U) - LP(OU) &H FLEMEH
T, FAEETe fAEOU LIERNE.

RZMWEAEFEME. e f e Whp(U) H TrflaU = 0, FMFEME—F {f,} c CX(U) &
13 11fn = fllweowy — 0. HEHESE C.2 MOBITIEIR A, #MiE—F C° WRETE LP(U) Y8 MBI —
™Sobolev i HUE 75 5 1. SR FRATIE T ZHA R — I FEU USRS, X B IFAEFE L. RN IR S
BB EEATRIEBEARHABEANE. N T RESIELNRS M EEENENE
5, BATAT LA FEBHE A — AN IE A RE 2 BLIEHE A7 ((HAa e B i st 310D, ARG
BT 5 1E T R

AT HAREWEAE, BAMEBE f € WHPRDAFERSLE, HTrflpe = 0. XA LUEX 60U
TERAL MR FEH B y MEGORSLIL, X ANP IR R B ROU I Lipschitzi%: 4 P

F—: BTG, BATE L MEIREN R ¢ e CX(R,):

1 X4 (S [O, 1],
$(xg) = § #k, BUET[0,1] x, €[1,2],
0 X4 (S [2, 00)
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SRIERHEAN m e N*, FRATI7Ex € RUBSE XL ¢(x) 1= E(mxg) A
W (X) 1= FE1 = (X)),

B2, w2 T BL, ZERIT x [, c0) RS EG JFTE RO x 2, 00) 15 AR,
i HA S E W [Jw, = fllerwy = 0.

E$: —IN A BT R TS
axdu-)m = axdf(l - gm(x)) - mf(x)g’(xd) and axiwm = axif(x)(l - gm(x)) 1 < i < d—1.

PRI S

2
m

f |Vwm—Vf|de<Cj |§m|P|Vf|de+CmPf
R4 d

Rd 0

f | f(x', x5)|? dx’ dx,. (1.3.3)
Rd-1

+

FHE €, B SCRPERSSOEHE, 5 5 A 2R — T I s 310

J 1¢nlPIVFIPdx -0 asm — co. (1.3.4)
[Rd

+

RKTH I, ERIERDTE x; € [0, %] FEEELL T, FTOIRANBZE f(X,xg) RoxA f
HIIAFES O, f IR Z M, HISEBLTRAR > A E B R . AR BEATRAE f =2 —
NSoboleved £, AR 7 A< & B R 0 20 BB R BOH 2K, T ABRAT T A0 fH 38— A i 138

d
WHP(RS)

j&o y\jTrflaRi =0, Fﬁuﬁﬁ:*ﬂ@ﬁ {uk} C COO(RL}_) {E?ﬂa‘ U, ——m f’ }‘Aﬁlﬁﬂﬂiﬂ%@%

Lp(Rd_l)

Traty = tyly,o —— 0. MR w, BATH w (', xg) = we(x',0) + [ 8, w (', ) dto BHIL{FEA

Xd p
|u (x’,0)]P dx’ +I d (J 10w (X', 1)l dx) dt,
Rd-1

0

J (', x)IP d’ < f
Rd-1

Rd-1

Lp(Rd—l)

HAE T k — oo FULEHN0, KREKEN Truyp = uyly,co — 0. X T 5 =00, AR
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3 Minkowski/ 25 F AT Holder A~ 25 045 2]

xd p p
j ( j 1+ 185w, 1) dx’) dt =10l 0,
Rd—l d

0 LP,(R-1)

1
p Xd »
= J 1- (J |0y, uic (X, )|P dx’) dt
L)lcd(o’xm) 0 Rd-1

fEH t %
1P

<18l ey

p

Xd , I'd Xd %‘P 1 Xd
J 1P ) . J (J |0, u (X', 1)|P dx’) dt < ng_ J J |V (x’, t)|P dx’ dt.
0 0 Rd-1 0 JRd-1

WGk — oo, FAGE]—ASRALT BRI HA E BRI

Xd
f | f(x, x)|P dx’ < ng_lj f IVF(x!',0)|Pdx’dt, a.e. xy> 0. (1.3.5)
Rd-1 0 Rd-1

PAERE (1.3.5) AR (1.3.3) HI5E — T st nl 15 2

" . X
mpf f £, x)IP dx’ dxy < CmP f xf;‘l(f f |Vf<x',t>|de'dt> dx,
0 JRd-1 0 0 Rd-1

. xa
< CmP (J xg_l dxd] . sup J J [Vf(x,t)|Pdx’ dt
Rd-1

xg€l0,2 40
m
2 2

p m m
=CmP - 2 J J |Vf(x’,t)|de’dt=CpJ
p 0 Rd-1

0

f IVF(x, )P dx’ dt. (1.3.6)
Rd-1

S o o AT IEEI0, FTBA(13.3) M A0, B Vi, - vf. SR RATHE W
JTw —»Wlp(Rd) f
B=%: BENBIRRBHIES. T {w,} "TLATE WEP(RY) Y FIEIT f, (HIXLL R EmTHe
ANET C(RY). HEFERES w, 7£ R € [0, —] RENE, BRI IRANTE S 2 RITE x, J7 1A B
KB w,, FHIE AR —ANF 5. ﬁﬁ-‘ﬂﬁfﬁ S ER ke N*, 55 B RIGEE—NT
B w,,, T
Wi, = fllwro@w) < %

TG AMIATAT L Swh, =50 % wy, 3ok REBURMT. RATAIE wy, EXFRC x
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[i(l — i), o). I 1.2.1 IR, XA € N*IATE AT LARE] n; GEIEE] o) 15

n; 1
Wy, — wmk”WLP(Ri) < j

IS fi 1= wp € CE®RD), FAVHAFEN fe = fllwroe) = O. 0

FATTLASoboleviE 4 E FEAE AT . BIIMESIRIRA 2 B, (HIEIIEIARM M 0. Feoltth, *f
TAER AR R k e N*, IR P A IE AN A o BUHERATT A 21t 4510 IF 4 BE R B
_ FIE 1.3.3 SoboleviEthEIE
Z1<p<oo, UCRIEAFRFE, LU e C-M (k e NY). % G Cc RT ZF % LT
UeG, MABGARM T d kU GHFEHRKC>0URAREESHE : WP (U) - WEP(RY),
1EIFAAEAT f e WRP(U), A
(1) Ef = fae. inU.
(2) SptEf €G.
) IEfllweee < Cllf lweew)-

)& 1.3
3@ 1.3.1. 32U c RO A A Lipschitz R o9 A RFAF. B RAEAFEAEET Tr : LP(U) -
LP(AU) 143 Tr f = flop*t 248 f € C(U) N LP(U)#R A 2o
B MEF ISR fullow) = 0, BEAROULEAT:f,, =1.
SRR 1.3.2. % f, e H(ROFBATr f_ = Tr fLERT X {x, = 0} bRz, RS € LA(R)A

fe x3>0

f= .
f_ xd<0

iR f e H(RY).
I/ 1.3.3. & f e H(RY)NHX(RY). iE8: ER1<i<d -1, k30, fLETHL(RD).

1.4 SobolevEx N\ EIE

AHT 1} 12 Sobolev 18] 5 ¥ WL B U (8] (B 5 50 &, JUHR T 18 LP A [ A CRo 2 18], R 3,
TATEEHEEWEL(U)RIRAN, BIIniRk > 2, AT AT K IH 9K 2] 1 RN 257
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1.4.1 Gagliardo-Nirenberg-Sobolev/ AT
—MENEL < p <d. AT NZ ST L R Bk Tt
TAFEC > 0, g = V1R fllamey < ClIVfllowey, VS € C2(RY)?

KB AAE T IXAHEBCA M R EL S, B AFRATTAT AMZASE P BRGEA T M (scaling invari-
ance) H R RFEE., M 2L ES € CP(RY), A > 0, FATE XA FHIRES,(x) = f(Ax).
Xt frs BAWPARA EEWERUNAER, HEAFRNERCARBBRBERTA. BEHER

J Fa(Ol dx = f FA) dx = A4 j FO)Iedy
Rd Rd

Rd
oy
J V417 dx = A7 J V£ ()P dx = WJ V)IP dy.
Rd Rd

"
SRR f, AR A 5 .

1 lzaay < CA 721V £l ooy
thﬁaﬂ‘]%@m - d(l - l) = 0, BMAL - 0Hcolt SFENFJE. XA Hhrqi L q =
Mg = f‘ﬂfﬁ/ﬂl]ﬂ bjj

bl

Qe

1
p

..__ap
= I
EIE 1.4.1 Gagliardo—Nirenberg-Sobolevzz'—'ffﬁ
Z1<p<d, WEERK p,d8FHC > 04E7F

11l ey < CIVflleway,  Vf € WHP(RY).

MERR. 4 EBE1.2.1, ATAG K f € CHRY) (FiE R 2B H 2 C AR 44K Spe f IR/, T
TR SR S TR S BEER B S, 2 */\E@‘E’J*ﬁ/%ﬁ'inmﬂﬁﬁﬁﬁ oy HEA e H KT
BN TR, BATE S Ep = 100, T = —

d—

Vi=1,"‘,d, f(x)zJ' ax,—f(xl""’ti""’xd)dti’

If(x)|<J IV F1Ges ot xg)



22 $F—% SOBOLEV#[H]
WIEH 1
d B -1
|fe)]a-1 = (If(x)ld)d <J1 (J VIO, - by e ,xd)dtl-) :
i=1 Sy

TERRMPIER 1 BT X BUEXT x, M52

+0o0
J 1Y dx,

+00 ﬁ +o0 d +00 ﬁ
<(f |Vf|<t1,x2---,xd>dt1) | H(f 191Gt xd>dt) dx,

i=2

H(d — 1) oK IHslder A& 7] 15

+00
J If1Y dx
—00
1 2+

oo 1 d pt+o ptoo
<(J |Vf|(t1,x2~--,xd)dt1) HJ J IV f1(xq, -, b,

i=2 Y—00 V-0

~

=

je ¥

<

o,

=

A

[

-t
~———
)

R, X x, R R Fl Holder 55 2015 21

+00 ptoo
J J |f|1* dx; dx,

—00 —00
1 1

+00 ptoo d—1 +00 ptoo a1
<(J J |Vf|(x15t27'“’xd)dx1 dtZ) X <J‘ J |vf|(tl’x2""axd)dt1 de)

g |

400 ato0 ptoo d-1
f J J |Vf|<x1,~-,ri,--.,xd)dxldxzdri)

—00 —00 —0o0

HEWPIR, mERE

d +00 +00 d—1
f |f|1dx<H(‘[ J |Vf|(x1,---,ti,"',xd)dx1"'dti---dxd)
Rd —oo _

i=1 0
d
d

=(f IVfIdx)

XIESE p = 1 B IGNSAZE L
1 Il ey < IV FllLiwey-
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NF1l<p<d, FMIHg=|fI" 1T f, Hby>1F€. HEERAEGE]

vd %
(J Ifld?dx) syj PV dx
Rd Rd

1
p/

< ]/”Vf”LP(Rd) f |f|(}’—1)p/ , p' — —l_) .
Rd p—1
NT BT HBELN, BRATER y TR

yd _(y—-1p _pd—-1) yd ., (@-Dp
= >y = > = p* = .
d—1  p-1 d—p d—1

XFERRATIAS R | A EIE 4518

d-1 1

d Il
(J Iflp*dx> SCIIVfIILP(Rn(J Iflp*) = Ifllee ey < ClIVF ooy
Rd Rd

— EIE 1.4.2 SobolevEr N\ EIE
X U c R 2B A Lipschitzi2 789 H R %, H1<p<d.
(1) =&f e WHP(U) #8 T LP*(U), #AEH |fllew) < Cllfllwirwy 2 F % HKC > 0%
#nd, p, U
Q) E&f € W, P(U)F#H AT fllw) < CIVS oy 2tkg € [1, p* ]k, #+%H#C>
OfR #d, p,q, U

AR =AMl £ U BRN, WP W) LEEEY fllew) SHT 1 lwinw).

MERR. BT 0U fLipschitzff), FATATLLE f € Whe(U) &4 f € WHP(RY), EiliLtf = fE
Ut A o, Spe f 25500, LEAER || fllwiege < Cllfllwinw) BT 83, BUAFE—

B fu, } € Co(RY) 75 u, o 7 e 1.4.1, RA1EGH

|ty — Wl way < ClIVye = V|| ogay = thy, = f in LP"(RY).
REEGNSﬁ%iﬁEW% ||um||LP*(IRd) < C”Vum”Lp(Rd)o /?\m - OOED?%[‘
I llze* ey < CINV FllLeqray-

AT (DMIE . %F2), BATHT AU F7E RINUIEZ LS, FRAUKA SR Holder's
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1 1
S (1S o) < ||1||L(U)||f||LP(U)s/\EP_ -+ = O

r q

Fid 1.4.1. % p ¥ L2 F d B, Sobolev 4845 4% p* d— — 4oo. HAVHZ W 25
-p
BT L®, 2% d > 2 BHX AR Lo ﬂiﬁ%%’&zé‘:lf;Wldﬁ)\i'J"/\ BMO # =1, R3] 1.4.10.
EH 1.4.2Q2) MgEwRHE: SHMEE 1< p < oo, PRI A2 U1 N Poincaré N5
— 2 1.4.3 FiL{EM Poincaré ~FER

FZUCRAFRE1ILSp<co, NWHEALFHKC>0EHF

f ey < CIIV flleaw

MHEH f € WyP(U) Ao

B, 4 23X AN Poincaré R F A A f LR ARy A A2 ?

1.4.2 8. *LionsEh ZXHEEN

BATEALEF GNS AEXAERPR 1< p <d Ml p* = £ HikAFR WH(U) < LP'(U). 2R
A FEA SR 59- 008 CH S | 2 55 UE0 . EET??U%’EWJ& FRATHRATE SR MR e
R BH T ATHIUEY]: M1 < q < pi, RECEE WhP(U) BIRAF] LIU) .

— BN 141 E#BA
X X,Y A/ Banach ®18], Hi#HZ X CY. &AM X T # A 2] (compactly embedded into)
Y, WA X SSY, RIFEMHLT FH

o (HRM) AETHC>0EM |flly SCIfIxMESES € X o
o (BM)X PHIHEANARFIIEY FRMAM, PEY F LA BT,

_ TFIE 1.4.4 Rellich-Kondrachov

B U c R* EA Lipschitz 45 U A X%, 1< p<d, WHeK1<qg<ph
WLP(U) - LI(U).

WER. IRA KA B GNS AZEAM LUU) < oo fRIE, RFAEMEME. B{f, 1 WheU) F—5f
7 Eﬂsupllfmllwlpw) M. BRI BAT T Z A iE —ANE LIU) IS 58 {f,, ) 10 “HiE R

7 E"]*/[\E:fﬁk1§7%ﬁﬁ Arzeld-Ascoli 5|3, ERHY U AN, —2HRHEEEST R
FIHE Lo(U) S AW 5. BT L4U) < oo B L2(U) € LY(U), HATIAEBFIE LI(U)
W RIS SN

B—: KB BAVFEELS, A e Arzela-Ascoli 51 # . & Sobolev ZE4f EFE (5 HE
1.3.3), FATATLMEK £, € WHP(RY) R2#ESCTEANGFITEV c R, Hosup||fullwire) <
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LSUE5E € > 038 X fo =, * [ BATHEIEN ||f5 — fnllog) = 0 KT m—EMH L, 5
SE b, B, e CHI, HE R A g A

|fin = fml < NeNfmx = ¥) = fu(X)dy

J B(0,¢)

< F 7:(y) dy

J B(0,¢)

SJF J 7| - |yl - IVf(x—ty)|dyd:.
0 J B(0,¢)

B LYNV) V85T Tonelli 513, FHAI1EH]

' d
|| fine=e)

1

1% = Fulloen < J

0

J 9] 191 - IV fne = Wl dy di
B(0,¢)

< ||me||mf )1 191y = €V Fllorr

B(0,¢)
< 5||1||LP’(V)||me||LP(V) C€||me||Lp(V) CMe.

FIHYEELD GEF 1.2.1), ZAZERXN f, € WH(RY) Hksr. MAERNE LY(V) B#A
LIV), ¥ 6 e (0,1) L ? + 1pi = é | gy Holder A28 504

6 -6 6
1fom = Flleaey S Ao = Funllpan 1 = fm||ip*(v) < CMeY||frn = Full L
< C(ME)G(HfanLP*(V) + ||fm||LP*(V))1_9 < C'éf,

HAFRATFI A T HGNSAZE LS 2 1) Sup||fm||Lp sy < oo RILGEEIMER 6 >0, e — 0N, &
i1 CGF m —EU0) ISk || 15, —fmlqu(V) <é.

FEZH: WTEE >0, iERR{f} 89 KT m—3, BAXT—H!) BFM. X HEZ
H1Holder N5 AANEBUGHE AL 1 3€ SGIER

Fa) <f 2 = WO Ay < el el

B(x,e)
< CE_d”fm”Lq(V) <Ce™? < o0.

F=P: MEERI > OUERR{f; 0T EELSE. K e A3

IV GOl < NIVl fmlli) < Ce™47! < oo
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ALY Arzela-Ascoli 513, XFEEANE E Ke > OBSAEAET 51 {fin} 1E L>(V) Ju M kesk, BRIk

lim sup ||ffnk - frEnl”Lq(V) < lim sup ||ffnk - frE71,||L°°(V)||1||LEI(V) =0.

k,l— o0 k,l— o0

\|

L

RFFIRISRY .  BLAEIRA TR B G50 {f},} BESIE ARG {f,.} — ML
Sera, XnliE

PRI AL TE . 405E 8§ > 0 IR KI k1 e N*, FRAITH

fm, = Fllaory < W me — Frallaory + 1 fm, — Fonllaory + 1f o, — o lliaor
<26 + |[frm, — finllLaqy-

PRI RSB SRS 6 — 0 F0 limsup FIRTEURIR, X 2ENE S 5 F IS T Aehtse >
OBUERIZTIT . TAEI—F1 6, = 1/n, MAHERL BN 8, HIEAE—A" &, (RGTHE &, \O),
FAHERE ERHMEA 1£2 = Fulliw) < O, FEFMEHIETH. %564 n =1, 5 = S f7AE
TRy € URHE L) R, RETTRLIY) th TS

FIlL n = 2, %40 L BHUH G TR A S5O e, E'JEE{fEZ(D},‘f’ BB T
Ko {mPye | < im)e ﬁ{U%hlcﬁﬂﬁl £ (V) RS, HETRRLI(Y) T 7

Flo MoE AW LL X —1d 1% XﬂfiPﬁ%&n 2, FATATLAZERT— P B T ArdE {m,i”‘”};j;l Hh i
T4 my @HUQ) A LIV IR F

HLTE T LRI R F 2L A T e EAERRe, TRAE X 8 = [0, W R T AR

BN IR, B E: MMEESEMIERHN, 46 > NI, mwe{wwkp T T [ 5E ey,
e e 7 LIV) AT 8 . X AR AT A 2

”gf gk”Lq(V) 25N + ”f (f) f (k)”Lq(V) 35N - 3/N

BERRERLTE IS > ORAFAENES 3/N < 6, KAt T{g 332, = {f 0¥, /& LAV) IR
g, et BATEE RT3, O

FIE 1.4.2. ©ILY% p > d A p* = T > 400, TAEKMPBLZY U ARHWIP(U) > LP(U)

TR 1<p<Loo Rz, TR EY p> d B, iE8E # Morrey /~ 3 X A= Arzela-Ascoli 5|32, &
AHE G145 348 141, LFiEF, BFHELRIA Lipschitz 49, W, (U) > LP(U) & s

EIE 1.4.3 (U A FE). REFAEEU GARRBRRME TR, FURALR, Pl U R
— AR E R RS X (—g,6) C RY, d > 2, RMNTUFEMNLEH f e WPU) 2L f,(x) =
f(x +me,), FETVERE LP A I f, =0, 1BH LI EHERFT ||f|l.. T2 E
U A RBBILE T R L4U) < oo BRo RRFAE G a— LW BRA RO AR K BAEFZ
3% A 09 B ANAD R ik 2, 23X F B RIS ag MR A 54 &K, #1535 % Adams-Fournier #9
%1k [1, Chapter 6].
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M EFEIR AT BLE H, BRI T LOEE Ol —IeEESERN e E RIS Im” Sk
INEME . B AFETC T X I8 IR B Sobolev ik N B 1 55 187 BAH 8 1 77 2k A2 “IRBE 55 1 X3

il 1.4.5 SREHTRHIRIER M

Ko € CP(RHAL T I ABHH, TXBHT : fr—of, NT : WHP(RY) - LI(RY) A

BHT, AF1<p<dl<qg<p’ 1=fT’;°

SERR. RiESpre € Q = BO,R). RATH {f,d=, & WIP(RY) shIGfERA RS, B
M >0, MBI n € NG |fllwroge <M BALRE {falal £ WP(Q) 50 5. 16 O
A RIE, XA 1<q< p* #E Rellich-Kondrachov i, WP(Q) > LI(Q), FrbAFET
B {fn 1o, £ LI(Q) TR #24 k, 1 — oo WA f,, — [ lla) = O-

SHZFA, BATTENT fo, — Tfnllaway = [19F 0, = @ n|lLaay. 58 X LA K Sptop € QA

J PO, () = fn (O] dx < € J [Fn0) = £, (017 dx = 0.
Q Q
BT {p S} 2 LIRY) 1183 Cauchy 5. g

FEARTIR R M)l 1.4.4-1.4.5%, AVGEH B — DA KEERARG T H' (R?) < LI(RY),
Herd > 3,1 <q <2 HAmE#1.4.4 (Scraussts 7] 5| H) 5% B LB 42 (7] H B8 B0 SR ETE 55 e Ak
BTE, #mMEMNTETER B —REESENEAFEELS " XME (Bl garEis
A B Strauss 2] 5| BAH ) EFA-RAED) . FrbA E—am i P 7] @i1.4.4-1.4.50] W, ToFIXIH
BBV, L@ gl o rME” SRE R R, IRAVR B2AMSE A IR
Sobolev R N K1) 5 AN AW LA ? XA S (R E 155, Lions 24 S ¥ (concentration
Compactness) E/(J é:lg-i//t\xéé ‘I:I:ll T %:7#; o

_ FIE 1.4.6 LionsE—&EPXERE
Rp,A—3dF TL A, A £ —fxxA—FHF fi RadonM & o BIK [p.0,dx =21>0, MK
FIEATRAEUAT =ZMFEHNZ —,

o (%M, compactness) #{p, }i# XM, EALEFH LIy € RY, AN IEEe >0, A
AR >0, #HELBnaHy K,

p,dx > A —e.
Br(¥,)
XA TR ET ARENE Z F 20 KERMIK, 2RI AFEnEF,
e (H %, vanishing) #{p, } R £ H %k, FIHEEEZER>0, A

sup J p,dx — 0.
Br(y)

yeRd
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ERTEALE B R R AT ARA R AR ILP 6 R =,

e (=%, dichotomy) #{p } K £ =%, FAHEX N Na € (0,1), 10, T ALSfE A

> 1 2 2
H5 p,mpy) +p, A

J pﬁ,l)dx—ux, J pﬁ,z)dx—nl—oc,
Rd Rd

BlET A3 BAYIEH AT LY, BP dist (Sptps),Sptp(nz)) — 0.

TEAR A3 A, IX =R T 0 I R R B 5w B RE MU T B E 1T RE RIS TE R
ERE LMD BB T %, R EWE R T B8 BN M iz 2 143
B oRFATTT 8 LLH IR i FSoboleviik N NI /-4 LionsiH 2% 5] B .
— 5|3# 1.4.7 Lions;HS|IE
&dz3, {uEH' (R)F AR BIXAER>O0, T

supj |u,|*dx — 0.
B(y.R)

yeRd

LP(RY)
W34E&E 2 < p < 2*#Au, —— 0. T—fx, HxrEAqg e[2,29)F

supJ |lu,|9dx — 0,
yeR J p(y,R)

LP(RY)
N 3t4E&Eqg < p < 2*Hu, — 0.

25 BEAIE B B A ) 14,6, XSS BERY], AR — AN HY(RY)A SR FIE A [ E U HIER
kB R ET, A B ARG FLPu LA R #E L, 4 limsup [[u,l g > 0, N

n—oo

WIRAFAER > 0, ¢o > OLL KPR iy, € RY, fiif5 Faey, o [unl?dX 2 co. 2 0,(%) 1= u,(x +
Y, W{u HEH (ROFVIRE T, FH [y0p s> dx > ¢ HEHRA, WTIEMHH v, = vin
H (RY), }Ho #0. KIER “EMHRERFRVIE” KIEARRRE.

JEIC 1.4.4 (RIGFAR 7y i) @), & & A 69 29 R AL 19 A
I, = inf {E(u) L u € H'RY, |[ull}, g = ,1}.

Aefu VR T, FIEE p, 1= |u,|?, M Lions® — & ¥ % BT (o, LR EE KA B, KK

AR BAR AL N B TSR SRR . BN R £ KA M4, M b LionsH
p(md

K3 R A p € (2,2°), Uy b 0. 4o Bohle B35 b A A KW RAE B, 1 — [, [P dx,

A ZAREETALTE, REFEXILSEMIMEA T, AFEEEXANPARE LR T A LAHR
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ZHhHE: BEEZIENERART NI, < I, +1,_Sa € (0, A)éﬂiﬁx.LO EREZSR, REZ
FHOTFHRBEETHRL > I, +1,_,, HERRTHETF. RE6RAFTEE: Rit4ETF4.8
7y, € RUEAF u,(- +y ) BEA SRS T 3], F& T %%%ﬁ&& iX £ Lions % — %*“
WA AE R HARR A2, 3F & M Schrodinger 7 A2 45 75 9] A0 P 69 22 L A ik

LR, X Soboleviik A, A —Filid RUEMAALMESR W EPIR, k%
Bt AR H(R?) & L¥ (RY) J9PIkifie. e >0, AT I TR H4E

u(x) = s_d%zU (x — xo) .

g

Il
IVu||r2may = ”VU”LZ([Rd)’ el L2 may = [1U|]12* way-

X RIGE A6 8p < 2% WA luell], ey = IWmmdﬁo,ﬁiﬁﬁd—pf”>o%ﬁ
Fp<2v. Mp =21, $EEITNE l%RF%*TAﬁﬁﬁﬁ%%oﬁ%%&%ﬁﬁk¢,
DS Tt R R Ao T R R 36— 5 5 A B A

Kt FSobolevitk AL, FATA I T I Lions 4 — kK F L.

_ FIE 1.4.8 LionsZEBE-&HEHXRIE

Hy(Q)

%d>3, QCRIAFE, Hu, — u. BERFHE, £3FHARadonME &L TFH

[Vu,|?dx =* u, |u,|* dx =*v.

RN BAEF A

2
fRd |[Ve|™ dx
S = inf

0£pEC (R) ‘ 2/2’
J|ﬂ2u
Rd

NAEEEZTHN X € 5VX&J£i‘&vj,/xj, 1% 1%

v=lulrdx+ ) v6,, w2 |VulPdx+ ) w6,

jer jer

oI, B EHH RS <y

Lions#f SR ULH], IIm 75 & A8 IE R BELL Dirac § mUitEAEA L, I EEHRER t
A A s SR T 0 ALk

|| ¥ dx = [ul* dx + ) v;6, .

jer
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Hor |ul? dxoie A SR Ru,  TTYS v;6, $HR 2% I TR R RS $v2/ < iy FORAE
T I T o S Y B S At B fESobolev i % il it Dirichlecfit it . 55 2 BT (IS4
WLARLE, VIS P i R RIS T il RS R S AR R
TETCMINRBE R, B LT e, A R RTR R s 5 A A3 I BE Bl A
I fESobolev i #1

Fig 1.4.5 (BT EIEFE RN LS mEF). £Q = R, MTARERFE TH ELWREET,
ETRAEMELIAT T, X

R— o0 —00

n—oo n—oo

Vo, = lim lim supJ lu,|* dx, u, := lim limsupj |Vu,|? dx.
|x|>R |x|>R

MRSV < py. BRALZRIEREY, K ENHQIEZ L FHLL, RAEP AR
S, MBS RS B R A T REE b AR B AR P A

H'RY

A1 1.4.6 (AR BFH—EFERETHh, FTu, — u ARBELET, L1 EE

s L2(RY) N " C oo ko sE 1w
RFZEF, Bv,ve =0, W u, —. EXFFAT, ERZSEERTRIAREFX, TFT
HY(RY)

#—F Iy, —. ABFME SZAZF, XF R TIE Palais-Smale A 769 %, e stis R
Z

J(u):lJ |Vu|2dx—ij lul? dx,
2 Rd 2% Rd

#/~JE-F Flbubble £ 'V 1% i iﬁ%i’%Sdﬂ. B #t4e E Palais—-Smale 77898 = K-Fi#H L c < %Sdﬂ,
W) A9 %t FLAE-F- Fububble, B 52 LA 52 %M, XA WERFEA T F Loy “IKF m1ESobolev#
FOBAM R AR R

B JEHATTRIEH, LionsE o 5 i BEAL M B R T ) R Bk . & & R IRATE M 2R 2%, (HA
SEA TR B F IR R EUEAR . SERE A T B & profile decomposition. il Wi FSoboleviE &
th, AT RFAISERR b T LA

T2 x—x,;
u,(x) = u(x) + Z/ln,jz og ( . ’J) + ri(x),
j=1 n,j
SR Flprofilelf PAS BHA R B S MLILIERS, RIHE rl s 0 7564n > 0047 -
oo [ LR AL . [Rl B profile decomposition 25 H 'S Gt 5% IR ELARZE A4 . FEVF 2748 3 1) i, 0P
JE 4R A R B L4 2 DLHERR SRS TR R UE B B s 7RO A2 S I SHisE AL 1) RS i bubble 73
fig i fErh, 18 75 Eprofile decomposition ) FEAGAHE S . BAKT LAZ%

e Pierre-Louis Lions. The concentration-compactness principle in the calculus of variations. The
locally compact case, part 1. Annales de I’Institut Henri Poincare. Analyse Non Linéaire, 1(2):109-
145, 1984.
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e Pierre-Louis Lions. The concentration-compactness principle in the calculus of variations. The
locally compact case, part 2. Annales de I’Institut Henri Poincare. Analyse Non Lineaire, 1(4):223-
283, 1984.

1.4.3 Poincaréf"ZET,

FATIAE APoincaré ANSE 2 YR 15 B An 4] ) FH S5 AR W 5 O AN 55 2
BT 141 42 f: U > R, 3 LU < o B, MEZARSFH (f)y 1= f,fdy =
2o o f»dy.
AT e, XFRME Poincaré NEX, Ry T b iR BEL R —. Bl E RAEY
{EL#) Sobolev BRI ] 3 2500425 il BR AR £
— I 1.4.9 PoincaréAFELR
KU CR R—AKFREBFEHLLA Lipschitz AR 0U. X 1 < p < o0, WA AR
d,p,U 89% %% C >0, /%

I1f = Dulleewy < CUIVfllowy,  Vf € WHU). (1.4.1)

WERR. WA TH RIEVEEIZAER . HIZAERAKIL, WX ke N*, FRATAT PAER 2 28 2L
fi € WhR(U) f#15
Ife = (Fullew) > KIIV fielleew)-

BN RBAE LP(U) X fi = (fiou BEATEHIH—1b, € X

g o =Gy
TN = Gl

i 21 1.4.1, BAVREWP(U) S LPU), » FTUAEET A {g } MR T LA(U) k% g, 45
gk, —&llzowy = 0. Fg E LA R (@)y = 0, lIglleqwy = 1. A5 — 7T, FATATLLEY Vg = 0JLF
ReAbFSSE,  FRES-E UE BRI ) 12,6 7] FIglEU LA 55 F—ANE 4, iR B (g)y =
OIEIX N HHURERE, Alg = OfEU T JLFALALEOL, X 5gllew) = 17 )&

RTRFRAE Vg =0 £ U TP SAL. FSk EXER o € CR(U), ATH

1
= (@Ju =0, llgklleeaw) = 1= [IV&llrw) < o

f glipdx = limf g 0ipdx = — limJ 0,8 pdx =0,
U j=oo J 1 J=o )y J

Pkt Vg = 0 7 U F LT AL AL T O

JEi8 1.4.7. #ZPoincaré R 5 X523 142 PR AB . XREZRMAFTALREH flow = 0,
BLREXU AR (FUNEHBAREAR) . % ue W, U) i, 75X |ullww < ClIVullpo
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(Bl & VA Poincaré 4w.%) E—RAREBRFMAREL (FRREFRZU AT LAR, Plioir
X% R X (=1,1)) 0

1.4.4 MorreyBx N\ EIE

Sobolev R NEFAH T2 p < d I WEP(U) 7T LR AN B E A B Sl R LI(U) =), H
fg < p* = jf’; E2)51.4.9%, BATEE S WH(RY) n LY(RY) kA F]—4 BMO HIZ5H], 4

p >d H U FHHN, ?ﬂaﬂ'l]«Hfi‘w%@JWlp(U) " Sobolev B f JLT-AbAb%E T —4 CO*(U)-
Holder 4%, Hbha=1-2. 4 p = oo B, C% 4 Lipschitz LR, H— thﬂ i

5ESobolev i é&fﬂ?k&*ﬁ£EﬁHolder ESRBLH fr(x) = = 1im(f)x, gith, XRAEREL f 1
R (precise representative), X AJ fH B4 %} % 48 ﬁ?"bﬂlﬁﬂﬂ
BATE JEIE HMorrey N2
TIE 1.4.10
Kd<p<o, ba:=1- g W G AR T p,d 89% 4 C > 04E4F

If llcoeray < Cllfllwreway, VS € Ci(RY).

MERR. AT EE B A ANEE
|f(x) = FOI < Clx = Y% fllwrema)s |f GOl < Cllfllwrea)-

BAVAE A —ADAER, 55 - AMAEAR BB BlEx,y e R4, idr i= |x—yl MW :
B(x,r)nB(y,r), WEATH

FG) = F)] = ][ FG) = F)ldz < f FO) = f()] dz+ ][ FO) - ()] dz.
w w w

BE KA -—HNNER (JALLD, AHAXTEER “Rp-F377
Mz € B(x,r), FrLAATAIBAAES — MR FERERH 2 = x + tw, HiFw € 9B(0,1) H
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0<t<r, TRHF

L4YB(x,r)) 1
Ld(W)  Ld(B(x,r))
«— < |
L4(B(x,r)) ) B(x,r)

- r - d-1
~ L4(B(x,1)) L LB(O,D |f(x) — f(x + tw)|td1 dS,, dt

][ F ) = f()] dz = J F ) - f(2)] dz

|f(x) - f(2)| dz

t4-1ds,, dt.

f if(x+sw)ds
o d

S
L4(B(x,r)) ), 4B(0,1)

SRIEBATR ¢ OO r FFH 2R w BRI 3] 2 1= x + sw 153

c 7 VG4 sw)l i
][W 560~ J@d2 < o j (LB(O’D [ Bl asas, et a

0
' \Y
<LJJ | f(z3| dz 41 dt
LABx,1)) Jo Jpiep 1% — 2[4

_ cre f V() d
dLA(B(x,1)) J gy 1% — 2|01

V()
< CIJ —d—l dz < C,”Vf”LP(B(x,r))
B 1% — 2l

e — 11|

LY (B(x,r))

B — AT LIS I AR A AR BT 5

1

~ r ~ 1 p/
H|x — ! dHLp/(B(xJ)) = <Jo -[33(0,1) pd lp(d——l)p’ ds dp)

AR RARECE B (d - D(p' = 1) < 1, TXFH T p>d. 2 p>d i, A%k

d

s O R TR x Bl y RS, IR AT

f |f(x) - f(y)l dz < C”rl_%”Vf”Lp(Rd).
w

Rk, BATHER | f(x)] ATt

FG)l = ][

B(x,1)

f)ldy < C ( f (0 — f@)] dz + f

B(x,1)

|f (=) dZ) .

(1)
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H— MR pEd S LA

IVi(p
o =2l dz < Cl|V fl| o).
x,1

f uuyaﬂwMzscf

B(x,1) B

I Holder R8st th 85— R A R H
J'|ﬂm&<mmmmwmwm§ammmm
B(x,1)

it Ekfhiih, A5 3] Morrey AFEIM &R,

PATMASE W F A EH,
FIE 1.4.11 Morreyfx N EIE

SOBOLEV7 [

Z U CRYZ—ANBA Lipschitz AR HRFE. Hd<p<oo HfeWtr(U), N fAEU
PILFAAF T AT [0 1= lim(f),,, A [ €C™D), Kt a=1-".

HUERA. #5E# 1.3.3 (Sobolev ZEHiEEE), AT LUEE f € WHP(RY) HEZ., HT d < p < o,

WhP(RY)

FATAT LA B — B s 5 {f .} € C(RY) 847 f,, —— f. FIH Morrey ASEXIATHIE {f,,} B

2 CO%(RY) H111) Cauchy 1. FIMAFERSL f € COYRY) {415

fm—=f inC*RY).

H fr BE S BAVHIEWRR L f £ U H)LPabA S f 5. RFEXS f, H Morrey ANSEUIF

BUIR m — oo AIF53] f € CO%(RY) AL

”f_‘”COy“(Rd) < C||f||W1,p(Rd).
feJa, XA fOE U bbb SRR s, H9 LRATE

f=f ae.

ﬁwﬂm—i—{‘fww——Am L J'fmw
B(x,r) B(x,r)

r-0 L4(B(x,r)) r—0 L3(B(x,1))

BT f %8, 35 Lebesgue o € EE R A f* = f 1 U " RSO

1.4.5 Lipschitzi& £ AR %

b BESERR XY p = oo WESL, (HIUEMIJNEIFAME, KRN C2 £ L° AR . &

AW f 76 U hJR#S Lipschitz ¥E4E (R —EH ) HHAY f e W o).
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_ EIE 1.4.12 LipschitzE&E M S5wW
BZUCRIAFE, fF:U->RLE. N

fEU % B3 Lipschiz 8% S ARE  f e W' (U),

X EfAEUY B3 Lipschitz #£4: 2 45 fAU AT X T4 £ Lipschitz # 42,

MERR. FRATESCUEW L E . B f £ U RS Lipschitz ELE, HATEIEMXN A i € 1,---,d,
FIE50-FHAAAE BAE U MAEME TEELFREA . WERV eW eU, A& 0<h <
dist (V,0W) 7870 /N 3E LT

f(x+ he) - fx)
h

FERIES sup ID;7"(F)I < Lip(flw) < o0, $EILIFLS “L° MEWBETHEREL 1< p< )’

h>0

R, BWANFIEAAE TS by — 0 FEE v; € L (U) {4500 F g9 8isar

Vx eV, DI(f)x) :=

_h, L (U) .
D (f)— v AMMEELEEKL < p < .

KERATTARL v, € L2 (U) HAR L -S98R B, T v] DLEE T Lo (W) YEH e
(W e U) MDDy ZEFpHI—BBFMERIEH. BAME, i L 1= Lip(fly), FHXF
EREEM e > 0ENA :={xeW :v(x)>L+e HT 1, € LA(W), Hgisnrs

f Dl-_h"(f)dx=f Di_hj(f)lAdxef v; dx.

A w A

BAID " (Pl < Ly FAVEASE] [, D (f)dx < L- LUA). H—FTH, v, > L+¢e 18 A ik

A [yudx > (L+e)- LYA), ZIEfE LO(A) = 0, B3 v, < L £ W LA . K0,

BATAER v; > —L £ W LA AL 8L . PIERATT PR FUER TXHMER W € U f v, € L®(W).
DAEFATER XA v, 32 0,-55 38 EH 9 € C2(V), FATH

[ rethe s
U

ar == | Dt
h U

% h=h, BIURIE j — co, Fefifih
J foipdx = —J v;pdx.
U U

PR RUEAT M. S5E f e W o) flg >0, TMATATLUKRIERTEV e W e U
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2 f € wte(W) H dist (W,0U),dist (V,0W) > g,. H—TR&EN f, X f. = f *n., HHf
0<e<eg.

S, ATHRER L.

e e 0R, {f} AV PRk,

o WWHIMRKEH F, M F £ V F Lipschitz £ 4,

o AEMARVEU P, F=f LA MRz (ALF E fdtgmiT).

ZWERIEUA R “RE 77, RRFOVEIFEITAE L HARAL. EX— PR TAHTE —3
WS IR R B B IR AT 4, PIERATTRGZ ZAEW f, & L°(V) F1 Cauchy %1, X} €,6 € (0,¢,)
fMxev, TATH

1

1@ -rs@i= |5 [ n(Z)re-nay-5 | a(3)se-ndy
B(0,e) B(0,6)

- f D (x —ey) — G — ) dy
B(0,1)

< f nIf Gx = 3) — fx - 8y)] dy.
B(0,1)

FEX B A AR ERRE lim 5 [o01) KM IR Lo R REA A LT AR AR TESL ). SR

FRATVNZRA f e Whe(W) c WH(W) (1< p<oo ME) HEMAETE f* € COYW) £ W
5 f U AESE, XA AT LLEERR 70 ™% f BN .

6 = f5(0) <j HOIf*(x — £9) — F(x — 8y)| dy.

B(0,1)

IAEFRA TR SCE B (BRI RECY 20| f | owy) 32

lim sup | £.(x) — f5(0)] < J lim sup 7(¥)|f*Cx — €3) — £*(x — 83)] dy = 0.
£,6—0 B(0,1) ¢&0—0

WCHIRBEECA F(x). HTEV B —3SL f, 3 F, BAIFIE F € C(V). BAEKREIEE R
Lipschitz HEEM, FELEMEE x,yeV Hx#y, I1H

[F(x) = F()| < [F(x) = f.(0)] + [fe(x) = fD] + |f(¥) = F(¥)I.

WAE A TR e > 0, BREL f AEVH Lipschitzi®£ 42, HLipschitzi £0H MK #ie) 5. AT
et QTR

1

0 = f.(9)] = J VFutx+ (L= 09) - (= ) dt] < IV fulliw % = 1.

HT IV elliowy < IMlleslVAllie = IV fllew> FAHFE] £ £ V 7 Lipschitz 22k, HIL Lipschitz
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WHAEYS ¢ TR LS. FHHMER x,y eV, TATHAFR] |[F(x) — FQ)| < ||V llLoanx — Y. &
Ja ST HIE V A F = f*& 50T, O

it 1.4.8. Fix&, MM E “f e WhoU) S BY f 5 U ¥ 49— Lipschitz i# 4.5
ﬁ””OWﬁUﬁﬁU“E%”*ﬂ&T EEHF. RBIAL DA 1.4.10, FELEW(U) = CO (V)
SHAEAT B (quasi-convex) X 3R U sz, BiiEER E a,be U AHTH—5KEEZSH M|la—Db| 49
W&k yEE, APM>05ab Lk,

SRR 1.4

SRR 1.4.1. iEMEE 1< p < oo, WHP(U) B8 A2 LP(U) ¥,

SRR 1.4.2. % d > 2. £ u(x) :=Inln(1 + —) &T WY(B), £+ B ALK, 12X A u 2R
AT

SR 1.43. LU CRY RARFER, H#ue HU) #HL: HGlhac (0,DEFELSZ ={x€
Ulu(x) = 0} #H 2 L£4Z) > aLi(U). £ : HERMT d,a, U 89F 4 C >0, 47

Juzdx<CJ |Vu|* dx.
U U

R AUNZF, HFu*BA u—wy+ wy)* #3F (u—(w)y)? &M Poincaré 7% Ko (u);,
BT AR AT & I F XA AL RN, XARA U\Z 690 EZ 40T U 690 E . %5 5F T A
TiE# De Giorgi % & 232 (€322.7.7),

@ 1.4.4. xd>3Hr>0,B, :=B(0,r). ixueHB,), iE¥#: — € L2(B,)H i ® A&+t

2 u2
J—zdx<CJ |Vul* + — dx.
5, %] 5, r

R BAFA V(x|™) = —= 538G, REMM [, u?dS= [, V- (u?)dx Rzl
PAARD A AR
SRR 1.4.5. iE A4 T A5 X 69 Hardy 15 Ko
(1) KueC(RY), F:R! >R Z—AmEH, LARNOAZC ., iEH

J u’div Fdx = —ZJ Vu - (uF) dx.
Rd Rd

(2) % d>3, F) == B f € H(RY. Y]

(d—2)zj f?
R

dx < Vf|?dx.
) I \JRd'f'



38 H$—& SOBOLEVZ A

SJEH 1.4.6. % Q :={(x,y) e R0 < x < 1,0 <y < x*} IEWHHK f(x,y) = - &TF H(Q) 1275
F L3(Q). X5 Sobolev # N\ &2 #4236 R FF /2

Sf1.4.7. HUCRIZARAFOA TR, wEH: HX(U) B4 N2 H(U), Bx4E&E e > 05
BEFHC, > 0147

||Vu||L2(U) < E”””HZ(U) + Cs”””LZ(U)a Yu e HZ(U)-
ST 1.4.8. 1< p<oo, & feLl (RY), ZX (fy, 1= fop,y fo EW: AEEHT d,p &
W C >0, EFNEZR B(x,r) Cc R F= f € WHP(B(x,r))#R A 4= F 5 Ko 2

||f - (f)x,r”LP(B(x,r)) < Cr”V“”LP(B(x,r))'

Rom: AN ELHIERLZR H—MAOK, FEY) = f(x+ry), £+ yeB(,1).
SRR 1.4.9. & f € WHRYD) N LY(RY). iE9 f € BMO(RY), Hi# R A&t

f 1= el dy < ClVuls,
B(x,r)
H+ BMO(R?) & F-F353k % = 18] (bounded mean oscillation), K T ¥ &4

oo = sup £ 1f = (Dl dy < o
B(x,r) J B(x,r)

S8 1.4.10. % U = B0, D\(x,) € (0,1)[x > 0, y = 0} & R ¥ i x £ F &b 2| FF — £ 25 84 7

#o &L u(x,y) = (max{0, x})> max{sgn y, 0} iEFAu € W®(U), 12 £ U + I~ & Lipschitz i %49,

3@ 1.4.11. Zue HA(RY), iE¥W: Aoh FEs: e L% MR A K LEKG e Cy(R), 4%

a.e.

u = u.

o)R% 1.4

o)l 1.4.1. AU Cc R A FAFHH TR, FHKB e U. *te € (0,1)Ku, A4 T ZAL69 T #

—Au, +e(u,— f)1; =0 inU,

(1.4.2)
u, =0 on 0U,

L*(B)

¥ feH(U) RERHHH B ||Vu||pw XTe—&AR, BLu —> f.

iRk 1.4.2. %X 1< p < o0, U C RY Z# R Lipschitz 898 F X3k, S Cc U ARG TE, B
AR EH (d - 1)-%Hausdorffll & . 1E: AAERMT p,S,U BFHK C > 0, EFXHAHL
Trulg =08 ue W"P(U), A |ullLw) < CllVullpew)-
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iB]& 1.4.3. # )& p-Laplace 7 A2 &9 4F LE{AL 7] AL

—div (|Vu|P2Vu) = Hu|P?u xe€U
u=20 x €dU.

77

EF 1<p<oo, leERE—NHEH, UCRIZARREKR, it¥: FZHTHATEARGHFu, N
p
St AL R R T E X A > CLYU) ¢, P H 4 C >0 R p,d.
BT pAHHBREAEFENp<d,p2d>224p>d=1.
[E]R% 1.4.4 (Straussfla] 51 ). 3&d > 2, u € H' (RY) (Ffu € H'(RHAZ@HH, u(x)BAARR
#ir 1= |x]). ARTEHINCSO(RY) £ H! (RY) ¥ RAME G, stm R T ALEN CO 28 & RAEH
(1) A RS A AR B Fu(oo) = 0iEH: |u(r)> < 2r=d [T [u(s)||u'(s)|s4 ! ds.
(2) AEH: Ju(r)] < CroC=D2|u| 101Vl 20 -
R/ 2 (1)A L 8925 B Cauchy-Schwarz R ¥ X, B RAMRS;QGMALIRETAS u f2 Vu &
L? 584,
io]@k 1.4.5 (42 M1SobolevZ [AI I HA AN ). 8d > 2,2 < g <2* := dz—_dz iEH: H! (RY) — LI(RY) &
KRN
R f2|x| = RRAEEST, %|x| > R AStraussZ @ 5132, % |x| S RECEH %M,

G187 1.4.6. i %3] % 1.4.7 (LionsiX % 31 32).

1.5 —f%B9SobolevAZET,

BJG AN B — Whr(U) (k € N*) [fiSobolevANZ5E R, HiFMmt 244 E M 1.4.1 i

1.4.10 IR UE T L LA k AZREES, LA FBUR .
185 1.5.1. stxeREXL [x] ADTFHFEF x 9K KEH, {x} :=x—[x] WA DHHF.
— FIE1.5.1 —mFRH Sobolev AEFER
ZU c RY & FLipschitz 89H X%, K f € Whr(U).

(1) k< § n f e L), H+ ; = i—g (S, q= df‘;pn REHEA 5 ||l <

C(d,k,p, U)”f”Wk’P(U)'
2) k> g W fEU P LFRAETF A mER fr, L e LD, st

i

(0, 1) 694 & £ #¢

d
p
d

¢ Z,
€
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'ﬁ'ﬂ’%&ﬂ]ﬁ'ﬁﬂ-}—/férl— ||f*||Ck_[g]_La(ﬁ) < C(d, k, D, a, U)”f”kaP(U)-

TEREQ M AMEHILR HU) CLU), k>3, HARER

1 f 1oy < CllSf llaxw)- (1.5.1)

PRI RSN TR BB, BATSAESE LLEIEVER AR 2518, RN 2 0208 1.5.1,

SRk 1.5

SRR 1.5.1. XU c R® &34 R Lipschitz 49 X7 %, E¥¥Hk > g. JEH . BAERMT k,d, U 89%
#C>0, 3RS, ge H(U)RZ4 T RF X

1f&llrew) < Cllf e llgllrew)- (1.5.2)

FEIB 151 T —Aa ke N f,g € H(U)NL®U), HRAMNFEFRLEA Moser B RF X (LLARA
“ o F U Leibniz 50”7 ¥ Kato-Ponce B RF X 094575 F L)«

||fg||Hk(U) <C (||f||Hk(U)||g||L°°(U) + ||g||Hk(U)||f||L°°(U))- (1.5.3)

FAFKX (L5.1)-(1.53) ALFREHBR R s, Hk bt ¥4, 1239 % 4% Fourier 4
M, BAFES EF TR,



FTE ZMUHMERAIE

N0

AR FE AT BT 1A E 7]
Lu=finU, u=0ondU. (2.0.1)

KR UCR! B—MEFRIFE, u:U—->RERMEE. R f:U->REBHEN, L2~
P&t 51, RAEHUER (2R

d d
Lu=— ) 3,(a¥(x)du) + Y bi(x)d,u + c(x)u (2.0.2)

ij=1

AR (2T IRRE R ED

d d
Lu=— ) al(x)30;u + ), b'(x)du + c(x)u (2.0.3)
i,j=1 i=1
H RERH oV, b e (1<, j < d) REER), REEFE[aV] ZXIFRTTRE, B oV = o/t 35 % AF
u =0 f£ oU LHFR ADirichlet 1%
— EX 201 —HHEET
KM (2.0.2) R (2.03) R XML HT LA (—FK) WMEY, RAEALTLHO >0 %7

d
Dl ai(x)EE > 01E]7 ae.x €U, VEER (2.0.4)

Lj=1

MR RERENS THDS x € U, B [aV(x)] RIEER, HER/NMFEERTERET 6. &
fE BB Pt oV = 68U H bl = ¢ =0, fEXMIHEN NHET LN —A; 1058 BARERHEN—AT
e—A+cl (c > 0). NILERR, FAVEHZRWHERANZA E, BELHIRIEERS eI, 5
1, (2.0.2)-(2.0.3) BAEELE

Lu = —9;(ad;u) + b'd;u + cu or Lu = —a"9,0;u + b'd,u + cu.

41



42 BE RMEME TR
2.1 ZKMWER S IEAEEEEFSobolevZE B]JH !

2.1.1 SERRRIE X

TR (2.0, FATAMIK T aV,bl,c € L®(U) H f € L2(U). IEWE —FI:LPTR, 4515
ARG TEARZERS, BERRIE 2 MR A AEVEE W R AR S . BTSRRI, FATEONESSE
MCRKRAETTRE (2.0.1). Hfktts, % veCPU) H u Z2—Muilfg. WAt e s

f a0ud;v + b'ouv + cuvdx = f fudx. (2.1.1)

U U

MADEHELT, AT LA FAE R E S R v € HY(U)WRGL. At u € HY(U), X

MEERXWRAZ W FHIRATATLE B HY(U) HFHRTTHE (2.0.1) 1 “557 fiF.

— X 2.1.1 BERLMHE S IER S5
AV L GRS Koo E 2T (2.0.2) 483 2 69 MEHA B[-,-| A

Blu,v] := J a0ud;v + b'ouv + cuvdx, Vu,v € Hy(U). (2.1.2)
U
AR u e Hy(U) & (2.0.1) 89 —A-35/%, &4
B[us U] = (f7 U)LZ(U)’ VU € Hé(U)a (2°1'3)

H & G, ‘)LZ(U) P30 LZ(U) Ay AR

B, WATELER f e HI(U) (B HXU) BxH s Mo, ol B H8AT8
¥ (2.1.3) WA EA (f,v), Hd () & HY(U) M H)(U) BFER .

2.1.2 Sobolev Z[8 H~Y(U)

WAEFATFI N Sobolev 70 H-Y(U).
_ ENX 2.1.2 H'ZF[g
HAVE XL HW(U) A HY(U) #3482, Lk RHLf € HW(U) &%4& [ &£ H(U) L6y A F

1 Ny 2= sup {(f, w)|u € HYU), Ilullw) < 1.

T EE R, FATAME Hilbert 7% ] 1 Riesz F7 & HIBFEHR HY(U) 5 HOE A (045 [F . Sk



2.1 ERNEMRIRDTRER) 95 MSOBOLE V= [a]H™! 43

br EIRATH
Hy(U) c LX(U) c H'(U)
HulR U RAEAH), H—MEERRATUPERA G .
FATH LA 2 i
— FI2.1.1 H ! HZE
K feHNU), MNEkE—mH% O, f1, -, f* € L2(U) /T Xz

(f,v) = J £o + fidvdx Yo € HX(U). (2.1.4)
U
d
TR (Q2.14) Rz, B f=f0- Yol HIAMNA

d 2
| f |1y = inf U Z|fi|2dx] ‘f A (2.1.4) ¢,

U i=0

AR, e R AN v e LA(U) A HY(U) ot E, NaiE&Eey ue HI(UH

(U, W2y = (L, u).

WERA. 255 f € HTW(U), FADRMIEFZ (2.1.4) 1 £°, f1, -, f4, XA 2 Riesz Fon 2 FA
FiH. BT f 72 Hy(U) ERA S 2ikiz i, H H)(U) & Hilbert 25[8], FRAVHEAAE u € HY(U)
(4% (u, Vi = (f 0) AHERI v € HAU) M. BLEEREB HL(U) 1091 BT LLE
(u,v) = J Vu - Vv + uvdx.
U

B4 0 = u, fi= S (1 < i< d) BT EIFTHER.
B R AW [l o HOSE0 52 S, BATEL g0, g%, -+ g% € L2(U) i 2

(f,v)y = J g% + g'd;v dx.
U
FEZHIE X HY(U) W4 v =u, A3

J |Vu|2+u2dx<J D lg'? dx,
U U i



44 g AR R
[t

d d
[ Sirrars| Yigrar
U i=0 U i=0
R ol < 10 B4 Ko 0d) B R RIE— A RS R e, ARG TR SRR o €
HAU) B0 R 51
WWKW\ZJLﬂMx

HJiE, Qv = A US55 5 10T O

”u”Hl(U)

i 2.1
S 2.1.1. ZARFHRU C [Rd-,a\—%]—Lipschitziﬁﬁo

(1) 3% {0} € HU) #E oyl < 1o ER: AHETFI {v,} A v € HU) 3 o, —
U”H—l(U) - 0,

(2) & v € H)(U), llmwy = 1o EHA: v e HW(U), BT e > 04 £ —AMRihe 49 w A
Ce) > 0 145

IVllr2w) < €+ CE||V|| -1y

2.2 FHEMEIEL: Lax-Milgram EIE

HEN 211, &€ f € LAU), BANEWFEME K u € H)(U) 114 (2.1.3) X i v €
Hé(U) AL 3K B IRATT T 4 i H Lax—Milgram 5 B K UE B /A LB 14

_ I 2.2.1 Lax-MilgramEE
KH AR AR, ) TTE ||| AR L 4% = BB AT (-, ) 49 Hilbert = 18], % B : HXH — R
R =R S, BEAETH af > 014847

o (ARM) #EZF u,v € H A |Blu,v]| < allul|v|l,
o (GZ#4IM) MEZF ueH A |Blu,ul| = Blul*

#f H->RHNHLEGHEREKRZEH, RABFLEE—E ue H A Blu,v] = (f,v) S ATA
vVEH Mo

UERR. KEAIEEE. 1245185 Riesz Fon B HA LAl FHL b, BT f & H LA REEZ R
Riesz KN EHKPAE w e H 1§15

(f,v) =(w,v) Vv eEH.



2.2 fRfEtEEH ] LAX-MILGRAME 45

B HEEATTLLE XL — N E T A H— H #1453 Blu,v] = (Au,v). HREIFH A : H > H &
XU, IARERGEN f, AT LLdEIE € L u = A w SRS BT Mu.
B 15 EXME A ¥56 B, BATEETMAEE M u e H, WS v - Blu,v] &
H FREREMZ . FIHEFIH Riesz Fon @B, FAAEME—IIICE w € H 113 Blu,v] = (w,v)
SR ve H L. TREBENEX A:H->HNAu :=w, BIX u,ve HAH Blu,v] = (Au, v).
F245: ARBRE&MET. AHEH A RAMN, HERAMERET B[, ] 1A 7H14E:

|Au||* = (Au, Au) = Blu, Au] < a|lu||||Au|| = ||Au|| < «||lu|| Yu € H.

E3L: ARG, HEomblrER, EATA
Bllull* < Blu, u] = (Au, u) < [|Aulll|ull = Bllull < [|Aull.

RILA 2, H R(A) (A MMEBD 75 H P2 M. B RA) = H, RERIE (RA) = 0.
Fo b, WREEEECE w e R, FLRNEE Bllw|? < Blw, w] = (Aw, w) = 0. KL
fITERR T A& H LRSS o

$ 45 uTEEM. RONIERSIAEIETEY. 4% f € H', 3 Riesz £ H, 17
EHA w e H R (f,0) = (w,0) WA v e H M. IFERINTTULEE % X Au = w (5
u = A"w) RMEHEN u. RERAGE]

Blu,v] = (Au,v) = (w,v) =(f,v), Yv€EH.

ME—VE b Fomf PR A e, BRALIE 2 O

BUERAIA BR Lax-Milgram & BN TR D52 (2.0.1), FATR LLESLLUR RE ATt

_ EIE2.2.2 sEEMHit
3t F AR A2 (2.0.1) AR R AREMER (2.1.2), Rzt Tt GEFEH ,f>0Fy >0
1% 13

e |Blu,v]| < allull g an vl w)-
o Bl < Bliul + 7]l

MERA. [E1E Blu, v] 1 EATE

Blu,v] = J a¥oud;v + b'duv + cuvdx, u,v € Hy(U).
U
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TR, R

|Blu,v]| < ||la U||L°°(U)”aiu”LZ(U)”ajU”LZ(U) + ”bi||L°°(U)||aiu||L2(U)||v||L2(U) + [lell oy [l 2Vl 2y

Cllullzw) + IVullz)Ivllzw) + 1VOllw) < allullmollvllmw)-

//\ IN

5 AAGE AT DU 2Rk 77 2k B
Blu,u] =J a0udu + b'duu + cu’dx
U

26| [Vul?dx — ||| 18l 2o 1l 2wy = llellzsw [l

C
>ef|vm%u—dwm@wy(;ﬁ+qﬁwmmw
U

XEBAMER T — B &4 Young A5, Ble = =, BATAIE: F1EL > 0fly > offifs
BEY YA

Bluul > Bllully ) = Fllull o

ER y =0 #sEn] LUARI (B b = c = 01BN - O
Fid 2.2.1. FRE, 2R PRAIEBIXTARMEE L 69— AN (ATR 2B IL{aV} & F 4t
M, HETEHAH L HE), LEA2.2.2.

EE, WRy >0, 4 B[, ] A—EWE Lax-Milgram & HMRE. HFAEH Lax-
Milgram & HUE T RE (2.0.1) FIAELEMERT, A R 57 N 2 it i — LS A A I 20 3R
— 1223 PHEE—HFEMHEE

BaEy>20 (23222 FF5), 73 TEEuzy fo f € L2(U), o TFAAEEE £
—89 55 u € H)(U).

Lu+puu= finU, u=0o0ndU. (2.2.1)

WERA. X RE (2.2.1), BATE LR GFRIT L, = L+ul) N
B,[u,v] := Blu,v] + u(u,v)2@y Vu,v € Hy(U).

& w>y M EE 2.2.2 W40 B[, -] /& Lax-Milgram B, 45E f € LAU), ®ATTH f
MAE HH U —A 70z, B (f,v) T W (f, v)pe). # Lax-Milgram E B, f77EME—H
u € Hy(U) 2 B,[u,v] = (f,v) % v € HY(U) WL, WY u 2 (2.2.1) WE—5#. O

Eig 2.2.2. BAVTARMGERAS T f € HY(U), ZALu+puu = f (BA Dirichlet # - 5#) 53
ey Ak, TAFEED (f,v)=[, v+ fovdx & H)(U) L&A F&MEZ L, A, Z
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R RS
L,:=L+ul @ HyU)—>H'(U) Wz7)

R—/RE o

SRR 2.2

ABTAME® U c RY ZIAFOCIT A I 550 aV, bl ¢ 26T HIw 2 — Sk E 1
s.l%ﬁ: 2.2.1. ’&L\Lu = _aj(aijaiu) + cu. iiﬂ}f]: X%—E'f%’);i u > 0, ’fif—%’—/‘:{%c(x) > _MEUEP'E'—EX(‘_?L,
AR A & PEAL B, -] #Li# & Lax-Milgram & 32 #9483
SR 2.2.2. HFK u e H(U) AW AT 42

ANu=finU u—a—u—OondU
B ’ T ON
é@gﬁﬁ‘rf{’, 7‘%;}5}#4{_% v E Hg(U)i]-J‘UAuAde = fode ﬁi‘io 2w f c LZ(U), iﬁ%ﬁﬁﬁ%"—éﬁi—?
FEPEFeof—

SJE 2.2.3. xU%EE, &AAFRHE ue H(U) ZEA Neumann 4 7 5449 Poisson 7 #2649 55 %

—Au=finU, %%=OonaU

RAEEEGV e H(U)A [, Vu-Vodx = [, fvdx mz. 4% fel*(U), iE¥: w E7iisk
5L EMRE [, fdx=0.
SJRn 2.2.4. % JE A Robin ¥ F 5449 Poisson 77 4%

—Au = finU, u+g—;=00n5U.

HALE B u € H'(U), FHHx THR [ € L(U) M4tk dek— 1k

R R MR GG IR B FT LR R R T 2 32 1.4.9 F Poincaré 7~ 3 XEBA 6 H 77,
SRR 2.2.5. RU%EE, FXOU AN HED,, T84 %, # & LA %A Dirichlet-Neumann
AR 449 Poisson 77 A2

—Au = finU, u=0onTl}, aa—;\lf=00nl"2.

FE P A5 ue H(U), Fifiedt T4 =2 fel?(U) W ige) G fag—,
7 A H :={veH®U)|Trvl, =0} FEFAKBZE.

S 2.2.6. Fue H(U) AU+ —0;,(a"u) =0 89— MA R, ¢ 1 R > RE-ANRFGD
B, A w=¢pw). EH: w A AP TM, B TAT veH(U) Lv>0, A Blw,v] <0,
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o) &l 2.2

[BI8R 2.2.1. A G fst 5 A2(2.0.1) 89 B3 A ALt 4 h— AT HGEH, R L Ll (2.0.2) 4,
HAREbD =c =0, f € LXU). &

Iw] :=J laijal-wdjw — fwdx.
U 2

(1) & {u,} Cc H)(U) & HY)(U) ¥ 530k 2] u, €% liminf I[u,] > I[u].
(2) iEH: AEFH a>0,5eREMA I[w] >al|w|?, - HHEZEM we H(U) #k L.

(3) 4m:= inf( )I[w] < oo, ERAE ue H(U) 4% Iu] = m.
weH) (U

(4) AEAM DT u € HY(U) #9°E—H. (RT: R u,u, RANMRERGRDMMLT, RAEE
i = (u, +u,)/2 FEM I[a] < ([uy] + Iu,])/2.)
(5) FEFAM T u P5EF R T 42(2.0.1) 849 55 /% .

BIRR 2.2.2. KAX) = [aY(X)] g 2 F AT, B&al e L°U). RELEFHK O0,c > 01£F T X

d
GJ |Vu|?dx SJ Z aijaivdjvdx+cj [v]2dx, Yv e C®(U). *)
U Ui, j=1 U
JER: SHL PR x e U, A(x) — 01, ZF ER T M. AT AE R4 T 2548
@A
G : U — S R B3RT A4 AR 3, b S B AR d x d 5E 3 AR 7 54 89 5 &
F [y GV’ (x)dx > 0 LR v € CP(U) oz, WATLFALE x e U, G(x) >0 AF ER
jJ‘Fio

R FEF wx)sin(kx - &) MK HHK, EFweCU),xeU, R ke N, KRG
Al Riemann-Lebesgue 5|3 (4 #2D.1.3(4)).

2.3 FHEMEE2: Fredholm—#F—

WEREE 2232 )5, HATEAS T WRQ2.D)FAT uulit, FATE I GEUE B IE 77 F2E1)
FAETE? B RRAHEN, EMETERIR TR Lu = 0 (A Dirichlet I 726 F) REAA
EFAE . LA EATAT DGR WERGF OO RE SRV ARE AR, A S (R b 0 AT R YERN),  HLAER S
THERL B RS I I 4ERL . X B R HORARZ M TR Ax = b 3 B3R AE L.
X T#1E PDE, BATHEHE T Fredholm PRigKAE LUK 4518 o
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231 EEFHIMR

TS TRAT R K 1 — I AR
EN 231 REF
i%X,Y ABanach ], KMHA—NMAFEHETK : X > Y REHF, I TFHETAF
EBcCcX, KB AY PRMEM (BPKB) ALY F2%#), H#iLK e CX,Y).

BoyEH, K 2BE Y HICHHMETE FTA {x,} c X, {Kx,} £ Y BHHETS]. il
GIEE]
— R 2.3.1 BETHEARMR

1%X,Y,Z ) Banach =19,
(1) ZKeGX,Y),x, = x &£ X #550ksk, A4 Kx, > Kx £Y ¥+ (38) dksk.
Q) EZAREMETFK, X >YHRK,: Y >ZHANREELF, MAELHETF K,0K, :
X ->ZwREHT,
(3) #KeCX,Y), NHFEMHET K eCY X)), £+ XY 2R X,Y 893H1B= 1],
%52 %, (1) E4AEREETIecCX) ¥ LY dimX < .

AT A il Fredholm —3#— (Fredholm Alternative) E¥.
_ TE3E 2.3.2 Fredholm—#F—
%X # Banach 219, K € G(X).
(1) dimN(I —K) < 0o, £+ NI —K) ={x € X|(I — K)x = 0}.
(2) RU-K) AH %,
(3) RU—K) = NI —K*)* BRI —K*) = "N -K).
(4) NU—K)=1{0} 3 H{% RI —K) = X.
(5) dimN(I — K) = dim N(I — K*).
XM C X, FcX, &A1

M i={feX'|{f,x)=0,VxeM}, Fl:={xeX|(f,x)=0,VfeX}

MR TR E R AR TRAL Ax = b, TR M AL x
A4 b TSR A, = (ay, > a,)" MEEAL, Wb=Y x,A, XBEHT

j=1

zJ_b@Zaijzi=0 (zlA) Vj=1,-,n.

i=1

A FRAT]
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e AEbeR", HFEHAx =b HAMUHAN LT E z€ekerAT H z L b.
o HHPIFRIE M

1. A2 beR", HEHAx=bHFMH—H x € R

2. Ax =0 HiEZEf#, H dimker A = dimker A*.

WAL A =1-K, HH K e R, LB —IgiwsE 2.3.20) —%, F M4 EeH
2.3.2(4)-(5) —%.
PAT 8 I (e o 5 1 P il
— EMX 2.3.2 FfEFE
XX # Banach ®1], A: X > X 22— A4 AHAFEHET,

o A 69T ME % (resolvent set) € X A p(A) :={n € R|A — nl A4t}
o A B3 (spectrum)E XL A o(A) := R\p(A).

e neplA), EHNRBE TR (A-—)) ' X EOFREELT.

o KA €0(A) & A GY4FIEER I N(A —nl) # {0}, HF A 2 ARFIEAEM nx 89 & S AR
A A = (point spctrum), TTAE o,(A).
o FARMIMEH AL w#0181F Aw =Aw, MAKMNFRw £ AXNET A W4 ERE,

BAIIAEA
_ ZFIE 2.3.3 Riesz-Schauder EIE
%X # Banach Z M B K € C(X), MA

e 73F dimX < 0, H N 0 € o(K).
* a(K)\{0} = 0,(K)\{0}.
o 0,(K) MK m (REAE) LARNO.

2.3.2 Fredholm —_H—KHEMEPDE LA N
eI (2.0.2) MIERE T L 3% b e CNU), BATE LHAEEET L N
L*v := —0;(a"d;v) — b'd,v + (c — 9;b")v.

FEREXZ AL B @ HY(U) X HX(U) - R € SCH: X u,v € HX(U), B*[v,u] := Blu,v]. A1
v € Hy(U) /200 PR 555

L'v=finU, u=0ondU,

IR € HA(U)EHAB [v,u] = (f, W) ML
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FIE 231 2 E AL 09 R XA G HMAT LA RIEFEHKRS, B (Lu,v) = (u,L*v).
BAVRATH 0K u, v RARHE, L 6 BRI KRN LM 24T 9347017 2

(Lu, v) =J a’d;ud;v — 9;(b'v)u + cuvdx = J —0,(a"d;v)u — d,(b'v)u + cuv dx
U

U

=(u,—06,(aVd;v) — b'd,v + (c — 9;b")v) =: (u,L*v).
PR AAFET F 5 B 69 AR Ko
AATBATN B s 2 2 2.3.2 (Fredholm —#—) SRIEMI T FE (2.0.1) S5 MIAA7E M e 2.
— i 2.3.4 PF[RE_GFEMHEE
TRAA LA BALH — R

(A) *HAEAT f e L2(U), #A2(2.0.1) G —09 55/,

(B) Fk 742 (Bp742(2.0.1)&f = 0894 ) A AIFEFHM ue HI(U).
% (B) &z, fﬂ' FokFAMGB R (U N) & H(U) WA RETEH, B dmN =
dimN*. X2 N* RFRFEFAE, BFHAELVv=0inU, v|;y =0 9=,
®"JE, 742 (2.0.1) ﬁ;ﬁﬁi@%}ﬂﬁ%ﬁﬂ%ﬁ vEeN*#H (f,0)w) = 0.

HUERA. WEBH A5 IR

F15: BAOEIIME. RAEIZHLax-Milgram € FHIES KIS —FEEEEEY. A
g € LXU), U HFLMM AL u = gt HY(U) HHEM—55E, KL, :=L+yl, y e
2.2.3 HIE . MRRATE u =L 'g.

FETRIATE BN TR Lu = f. WTRATTHE, FAVHIE u € H)(U) 2EM8#E2S BAY
u€H)U) & Lu=f+yu K55/, Bl

B,[u,v] = (yu+ f,v) Vv e HyU),

Xk — B T
=L'(yu+fl)edT—-yLYu=L"f.
PAESKu = yL'ull eh = L' f, WA
u & (2.0.1) —1 55 < (I —-Ku = h.
£25: WERAK R LAU) EWEEF. #HT L, i#/2 Lax-Milgram & BB, R R]
MUNRAAFAE v e H(U) Mge LX(U) 5 Lv=g Eﬁ% SCRRAL, BB [v, @] = (8, @)raw) X T
H ¢ € HX(U) BoL, M4

BlILIl ) < Byl v] = (8, )y < N8l IVl < I8l llvllmw:
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M2 H
IKgllmw) = YVllmw) < Cliglew) TR C> 0.

KK : L2(U) —» Hy(U) £ —MERENET. 55— 7 mEATE EIRA H(U) o< LA(U), Kt
K fER—A LX(U) —» L2(U) WA REMEHE T, £ L2U) bhR—MEET, X268 2.3.12) 1
g5

%8 3 #: Fredholm “H—mINH. MWAERANEER 2.3.2 P X = L*(U), K =yL,", 135
P REE

o 1EM 1: NI —K) ={0}. &N FAEEM h € L2(U), HFE I —Ku = h £ LX(U) FH6 M
—fiR. SRIGHRIESE 15, XM utBAH T (2.0.1) BI— 55,

o [HM 2: N(I —K) # {0} ZIF M FRATLA vy £ 0. #EH 2.3 25085 K e u—Ku =0 1
LZ(U) HAAEEMH dim NI — K) = dim N(I — K*).

R, X—BMENESH— B TH,(U), X2Z2KEAh = L'f € Hy(U), #ifiKu = yL;'u €
H(U), Fﬁu u=Ku+h e H)U).

F45: WIFMENEEE < (f,Lv)=0YveN*s v U CGEEZEIHER) HELv=0
(BREEMMH v — K v =0) HI59fE. JATE

(h,v) =y UK f,0) = ¥ (f, K 0)=——=7"(f, V).

FTA(I — K)u = h fif# < MR v € N* 1= NI —K*) 3L (h,v) =0 & (f,v) = 0. O

PLAEFRAT AT 2 I R A1

_ EIE 235 BRE=FHAEMEE

BE—ANELSTHNES T CR, £ FRMAEPAEN FENM R € LX(U) HE—3HR
LHRH 1¢X

Lu=Au+ finU, u=0o0ndU.

EL R—ALBRE, 2T ={NLhen B—NERATEFT, LA — +0c0.

AR Z NEF LA (50 1%, FiRg PR A A
Lu=AuinU, u=0ondU.

HAARTP U w20 HHMNH 1 e, HERXMIEIT A PFONL BFIEE, 1 w POFRIXT R 1
fER® . &M 2.3.5 W L BAFAEE L2 — BT 400 FIANEF .

IIEEH Ly NEM 2.2.3 FRIEHGHMRK A > -y, AR —BHEHARE ¥ > 0. #5 Fredholm —F#—,
2 4A 7]
Lu=Au+finU, u=0o0ndU
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MENGEER f e L2(U) AAEME— 5547, 2 BACE ka8 A £
Lu=AuinU, u=0ondU.
X AF A RS HAY w = 0 5200 7 FE A I e — 55 i
Lu+yu=@A+yuinU, u=0ondU.

B — N IREBIE u=L"(y + Yu = %Ku IS, Hrt Kuot= yLy'u, FATHIES u =0 2
ME— 15505, A4 yﬁ A K RFIE(E . PRt m] I dn 2R yﬁ AR K HRHIEE, At ™y REst
A E— i

Lu=Au+finU, u=0o0ndU

KNK € C(LA(U)), #Eer 2.3.3, HA1MIE K MFHMEEZEAZ —MERE, Eag—MaT 0
HIFFH . XN T B A L H 2N DA 4 — +oo, BNy >0 24 ERH A (L ILTE yﬁ
1o B O

AY|
W

SR 2.
SRR 2.3.1. ASRLA AR IEEM RIS, SR FEHK A ¢S R f e X(U), & ueH\(U)

A dn T 77 AL 6 55 %
Lu=Au+ finU, u=0o0ndU.

W BAEFRC > 0447 [ullow) < ClNfllew). (BT RAEZE)

2.4 ZMEHEETRFIEERR
A7 A 155 FE A [5] B5E - R ARFAAE AR 1) A
Lw=AwinU, w=0o0ndU. (2.4.1)

XH U cRYZERAINGIEUS OU A A X (XEREEENE) . Jy 7L, AT HEEXS
PRHAIR ST RO O, BIEBE

Lu = —8;(aVdu), a’=a’, da’eCc=(). (2.4.2)

DAL S R XA R A R AR s X FARAT w, v € Hy(U)ALB[u, v] = Blv, ul.
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2.4.1 FHEREAMIIEI M

S5 BRZE (RN FR AR (5] 5 B AR AE A ANRRAIE BR B W20 25 i

— EIE2.4.1 FRIEEEFREHEE

L 9 BNHIAR R FER, #— T3, ERNREFEENFIEY AR) THEL7H, &
A L= e, EF

O<AI</12<"', limlk=+oo.

k— o0

w"E, A& LXU) 89— Rk EE (wlhen, £ w € H(U) AR TFTHEA k e N* 694F
FEAR Ay B9 45 AR B

ka = /lkwk in U, Wy = 0 on 0U.

SEIC 2.4.1. B25F PR EN ML, aUe kBT U R, € C°U), HELERLEAH w, €
C®(U) (iX&K QU 42 C™ #),
TEUE XA B2 A, L BRATT 8 [l i — N X R R 57 i 2 e

STREEFHIEIE S
W H &S Hilbert = [H] .
_ ENX 241 XEF

EAMMHAREEET A H-> HEXARY, REHTH x,y € H A (Ax,y) = (x,Ay). X E
(L)RHWAR. BHAH AZFHGY LY A=A%

— Wl 2.4.2 BANMEFHIMER
KA :H->HAANAREHEF. IRA ARG Y AR S5 THEAT x € HA (Ax,x) €
R. b BH AT &MNE—F A

(1) o(A)CR, AxtfE&Ety xe H,A€C,ImA#0 4 ||(AI — A) x| < %

(2) #H CHARH®—/ARZATZNE, W A, & H L&),
(B) HFHEM AN €0,(A) BA#2, A NA—-A) LNAI-A).
) Al = sup |(Ax, x)].

flx[I=1

£ Hilbert A3 8] 1, XHRE 57 AT A 45 440 5 R PR 2 8] m SIS R e ) A A ABL AN 254 3 A 101
Rl b, FRATT RSB AT AT S0 FR T BE AR AT AALH,  HO et i 2 R, It 4 B S PR
FERRFAE A s T BRI A — 2 IEAE (AR bsE IR J BhAh IR FHE B2
REIEAE . XL TN T Hilbert 23 [A] b (XK S BT AT .
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— PRk 2.4.3

KA € C(H) AxArty, MAKLx,€H, ||x| =1, %%

A 1= |(Axy, X,)| = sup |(Ax,x)|, Ax, = Ax,.

lIx[|=1

— Rk 2.4.4
KA € CH) . MABZLE—NESTHOFERD M, EE—TRORSE (WF
BAE) A0, 143 ) IFR AW, WWINEE H 49—k ER K {e) 1543

X = Z(x,ek)ek, Ax = Zlk(x,ek)ek.
k

k>1

_ i 2.4.5 Courant T/NMRAZIIE

RA € C(H) AxARay, BAMMEMEAL 247> 20> 24, 2. 4
A A
AF =inf sup ( x,x)’ A, =sup inf (Ax, x).
Bn-1 xegt (x, x) E,_, X€E;_, (x, X)
x;éré)_l x#0

KR E, | TUR H AT (n— 1) AT 2 .,

FATIAEUE ] & 2.4.1.

EIE2.4.1893FRR. S = L' : LA(U) » L3 (U). FEZHIET P RINIELIER T S € C(LA(V)),
WA FRIGAE S 78 L2(U) L. FL b, FHf,g € L2(U) #4 u :=Sf,v :=Sg, Mu,ve
HY(U) /& Lu = f #1 Lv = g (A H Dirichlet WF M) MF5FE. FHEATAE

(Sf’g)LZ(U) = (u’g)LZ(U) = Blv,u] = Blu,v] = (f, U)L2(U) = (f’Sg)LZ(U)'

BE—PHh, FART f € L2(U), BATE (Sf,f) = (u, f) = Blu,u] > 0. i 2.4.4 vJ51, S K
FRAEAE A N IESCE, HARRIRAFAE R B B 1 LA2(U) B —HFriEIEAE R . X S HEHFEE (X
>0, WHERMTFHED0+we H(U) A Sw =nw, WXEHT Lw = Aw, Hf1=n",

O

FATE TG AR S5 4 AR 0 A AR AL BB AT B FUAE B B L R 2, 24
V2 KRR . U, H. WeyliE 8] 7 —/ M EAEMRMES10: E£EAET
FMAERXIE U c R 1, (—A)HEFAE U H (FEUEFRM BIRHEE 2

A e
s k. LiDad)
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FAVEAET — b gt L B/ NFIEE A, FZIEE R . A, > 0 A N EFFIEE.

2.4.2 MNHHEE FHEFEET S RE

A UE WA PR 5 55 e /NVRFAEABL IR AR ) SR 3L

— EE 246 MNRHEIEFHEEHEETSRE

&, > 0 A BEADirichlet RAE G 3 AR E HF L (d= (2.4.1)-(2.4.2) P 3L) & T 454048,
(1) ZREEH T L% 3

Ay = min{Blu, u]|lu € H)(U), ||ull@w) = 1} (2.4.3)

(2) E#AMAMAEURAR UN—NT LT 000 L3 w, AR, Zw, A 4FAEE P A6 #F

Lw, =A4,w;inU, w; =00ndU.
(3) ®E, HFueH|U) 2T HALME—51%

Lu=AuinU, u=00ndU,

PSR
w =
NN

u A w WEHAE TR A LR EHIEL, A, KA 0 < <

- WAMEREF
B[wk, wl] = /‘lk(wk, wl) = Akékl k,l (S N*,

ERY {wt MWART Hy(U) B— IR TR GENBUESCN ¢ pe) = Bl Do MR IEY
fw} B2 T HI(U) 11— EAE.
BIS. {we/VALWRT H(U) 89 —8Ark B A,

EHZI S, WA FIENTEER k€ N*, Blw, u] = 0 geffEt u = 0. XA LAHBE
XEERE

B[wk,u] = dklk(wk, wk)LZ(U) =0=> dk =0 Vk € N*.

AW ullpow) = 1, TRENEE Y & =1, #—0a5 ~A4E Hy(U) sl
j=1

oo w
Jj=1 1’2.]
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PE L S ARE St . X R A iR H(U) IR u, FATH

d2A;2 2, ), d} =4y,

J=1

Blu,u] =

IMe

<
I

HEES A HACY u = w,. (1)U,
(2) FREBAR R KRB CERE 2.6.7) . EABMMEL W TS
WIS, Fue H)(U) #HA ||ullpe =1, WNukde FHIELREAG MY HIXE Blu,u] = A,.

Lu=AuinU, u=0o0ndU.
WS BOUERR. W S B B 2 AR, FHBlu, o] W@ SO EEIE H « BT ORUE 7R 501, R u e
Hé(U) ﬁﬁ/@ ||u||L2(U) =1H B[M, M] = /11, ﬁﬁﬁﬁiﬂ‘]ﬂ U&I%‘ u @ﬂ:y‘j Z dkwk’ /ﬁ\:qj dk = (u, wk)LZ(U)
k=1
A Y, d? =1 WERATH L Blu, ul:

M. d> =2 =Blu,ul =), d2A = D (A —A)d? =0,

EARYIS AL A4 > 4, Bk BFH d =0, 14, RERER, #%FH

m
FlEmeN, u= Z(u,wk)LZ(U)wk, Lw, = Lw, Vi<k<m.
k=1

XY Lu = 4u EF9E U AL, Wrs k. O

Pt =, BATET LUIER(2). IEMR S u 2 W N REAE i B — AN IR 55
Lu=AuinU, u=0ondU,
WAVEAELE U P E 2u > OfHROL, BAu < OEMAL. AN |ullpw) =1, 2
a = f (w?dx, f:= J (u)?dx
U U

Hrrut i=max{0,u} H u~ :=max{0,-u} W u=u*—u" M |u| =u* +u". BA [u*dx =1
BWRE o+ =1. Fdr 1.2.4, FAVEE w* R T H)(U), H

ou a.e.on{u > 0} 0 a.e. on {u > 0}
out = ou- =
0 a.e. on{u <0}, —ou a.e. on{u < 0},



58 FE RVERRIR DT RE

s

Blut,u™] = J aijaiu+aju— dx =0 (I out,du- B4 —MNAE).
U

PLAE HH W 5 LAKBI -, - [ 4 ] A
A, =Blu,u]l =Blu* —u",ut —u"| =Blut,ut|+Blu~,u"| > La+ 4,8 =1,.

IR JE— M AEROL AR T (DM Rt € HYU). BE LI A% A Ha %S5 mor, /)
Blu®, u*] = Ay|[u*|2, ). WHTE A, w i RLEEFHEE, M RAFHER S . Hial € C(U)LIK
W E P B (ISR 2.5 945, FATAHER ut € C=(U). FTUARANE U T Lut = L,u* > 0.
(BUERZ R — NS, AOGREMD mT U Sl FEEmCERE GEH2.67) f

B ut > 078 U PERRAT, o ut =0 1E U FHERGE.

R RIRATA BT 03 R 175 51
(a) EU H ut >0, IAGRIHE, Flyut > ofF R B AR Hu > OfE AL
(b) #1E U 1 ut =0, WATE U B u < OEL. WBL(b) T A A RFA FIT L
(b-1) #51E U LA u <0, BALREE.

(b-2) #FTE x, € U 8158 u(x,) = 0, MAXWMENE u™ £ U HIABHE/ME. 1w
RAFIERE, BAVE U B Lu- = Lu™ > OEKAL. Fr AU — VOm i KA 5
MR u- BAGE N, HRXANEELINE (BN u(x) = u(x,) = 0. 1M
FENZL R AT Zut = OfERGL, ZENINNESFu = optitffu = OfHMGL, X
5||“||L2(U) =17&-

BGEATER (3). WK w, o #2400 R A 1] 23 1) 5 22 55

Lu=AuinU, u=0o0ndU.

WAF)FH [, adx #0, BAFEEE C e R {53

f u—Ciidx = 0.
U

B u—Ca tRMMT A, FRHERE, HEMENE, WIEQ)FELAEXIHRAAZS, My A
MRENZE, FrABRATIEM Tu — Ci = OFEUTERAL. A4, > 0 A0 — A FURFEE . O

SEIT 2.4.2. (1) W94 85T KLE A&

Blu,u
A= min [2 ].
vty ©) [l



2.4 LRNEMM IR B AR RFALL AR 1) R 59

FLESAE G 7 ERER T AN SAZ, AT EA2.4.14 % T Lyusternik2) R E 57 %, 4% & Evans
[6,8.47], HEMAT L8 “EAFAREMRIKG” FXEEA,
Zliﬁﬁﬁﬁl{)%ﬁzﬂ] AR BRI 7 00 EAREE PR, IEWINg 2. ] oY, bl e € C(U),
Hrp U ZAFOCHEPE R X, [aV] BRI HEAE U H >0
— EIE2.4.7 ERTRBEEFHEIFEE
Z X Lu=—a"0,0;u+b'du+cu, ¥ a’,b',cith® Lk FMt. N
(1) #F L (#FDirichlet F &) HAE—NFMHEME L, HHL: R 1eCREMTHEL
FAEh, LA Re(d) > A,
(2) AE—AAREFIERHK w, CE U AZELN,
(3) 4FAEME A & FAFIE(E

SRR 2.4

S 2.4.1 (Courant Hl/M K JFEEE). % Lu = —0;(a"0u) RATAARE FF o RL(FFAFF4H)8
A = max m1n Blu,u] = min max Blu,u,
Sez,_, uest vezr, u€v
l[ull 2 =1 llllz2 =1
¥ 2, AT H(U) B2k m EEET ARG ES,
SR 2.4.2. &Lu = —8,(aV0u) + b'u+cu R—HBMAKL T, ARAFFHETELIHFIEEA A,
JiE B e T AR K AR %) @ xS

A, = sup inf Lux)
wecs(D) *U u(x)
u>0in U
u=0 on U
R AR T LY 09 T4AEE A, 09 IER S wi, RTRE RN 247,
SRR 2.43. FE—AEARKEBOARERUG) CRY, CABHEBTAH TER, AT 8T
&, oU(t) LayHENEVRE v 5. S THEA T, &MNFEHR

—Aw = Aw in U(T), LU|5U(T) =0

RSO AFAEE A = A7) Ao 2 694 R B w = w(x;7), HFIRF ||wllpgey =1 KA w & 7,x #)
Kim B, HEA:

s

dr 8U(D)

EPv.-NRZAR aU(T) 89 F e iR
B RIZLE A7) = [y [Vw)Pdx, KEHH (), MTFHHAENA [, 0. Vwx;1)]* =

(x T) (v N)ds,

ON

R
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2@, FFEAM |wllwey =1 RIER w40 =0
EIE 243, KA EAHARMAE RIR U 95 K, (—A) W EHIEELT ).

jo)&% 2.4

B 2.4.1. %th 232 2.4.6 (1) B9—/NEHEH . 7Lt F
Iw] = J aVowd;wdx, we A :={we HU)|||w|p:w =1in Ul
U

(1) E=BA7 {u,} Cc AT Iu,] > m = iI;quI[w]. WE: BET I {u, YEH(U) Y 3504080 5]
F A u, HI[u]l < m.

@) EW: ue A, Bitu RFRGIIT LHL u] = me GEF: AEHEA HI(U) oo
LX(U).)

(3) B2 v e Hy(U)#itBw € Hy(UMEMR [, uwdx # 0. FJ&W j(r,0) := [,(u+Ttv+ow)*dx—1
LA EW: B G € Cl(—e, o)l RP0) =0, BLATFIEE RN || H j(z, () =
0. RJG Ik

#(0) = _fU uv dx

Jyuwdx’

4) A1) =+ p(w, KRBT 114 i(r) 1= I[u+5()]. #IAI'0) = 0IEA A £
1 e R EFETL € Hy(U)#A

J aoud;v dlef uv dx.
U U

(5) EH (4) FHIAEIFA A, B U P EADirichlee XA 8 & H0F L #) 4F4EE

2.5 HEEIEMN S ER

WATIAERGHE L Lu = f 6 U FIOEMHE u £ “LWEN” XA RS, & f e LAU),
HF L2 AN, RATHIEM u R SCN R It . SRIMERA IR 26 Ak
— AT I R B AR S A B A i . FsE B RRATTAE

e feL*(U)=>ue H* ).
e feC)® uecCU), kFIiES% >/ 2.5.2.
o Xta €(0,1), HiLf € C*%(U) = u € C>*(U).

AR EATHE (2.0.1) FHLU)-F9FERIIERY, FHARLrE X n2.0.2)/mk. 4f e LA (U)R,
BN R u B I SR B R S b, W RATHE R R P —Au = f, Rk u £
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— AR H Y x| - ol P N F0, NE
J f?dx f (Au)’*dx = f (6i6iu)(6j6ju)dx=—j 9;0,0,ud;udx
Rd Rd Rd Rd
J (0,0,u)* = J |V2ul? dx.
Rd Rd
W0, #Ff e  H™, W u WIENME “Ri2oh” H™2, F§janl HES: R f ML 1) 256
& Col, MM utACe L. XEFHEHHU) %ﬁﬁﬁﬁﬁ*m (55) FEAEEMEHT

— L ISobolevrR BRI BT ORIE, MIEAMRESRE EoRUE, X5 50RR 73 BT IE ] B AR I A
e 27 LB UE I 22 T 32 A AEVE A AR 2 SR8

2.5.1 SoboleviR N EH

PO, RAVEED R () B 6, FEON, R YERR OBURAE A, B
1mf(x+lwi>—f<x)

h—0 l’l

FHAE.

Xt Sobolev PREL, AT EBZITIEG RN RLAN G 8, (HIZIEBR B A7AE P 2 8 i 55U slam

AR ISR . & f : U —> R 2 U R EE, HASV eU.

— ENX 2.5.1
“hEx e€V,h € RENNMEFO < |h| < dist (V,0U), EMELHHfEFiNE ERE AL

DFf(x) : _f(x+h<;l) f(x) l<i<d.

it D"f := (D!f,---,DI)).

_ up ﬁ251 %F‘T'ﬁﬁﬁ—r?ﬂ
4o T AN B R 2

(1) L1<p<co B feWP(U)e MABEFTHC > MEFHEZTV e U URAHEZF 0 <
|h| < %dist (V,8U) %14

ID" fllzowy < ClIV £ lliew-

(2) Xl1<p<co, fELP(V), BAEEFHC>01EF

1
ID" fllowy < €. WO < |h] < 5dist (V, V).
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AR 24
fewhP(V), IVl <C.

EE, WwRESMNEFEEFRTROER, RAVEU RE4H,

HERR. (1) T p < 00, BATAWIMRK f 2T EMERINMEHSEIERL . BaxitEx eV,
1<i<d Ko<kl < %dist (V,8U), TATH

1

|f(x + he;) — f(x)] < |h|J |V f(x + the,)| dt.

0
TR

1

d d
f IthIdeSCZJ J |Vf(x+thei)|Pdtdx=CZJ
|4 i=1YV4JO i=1

0

1

J |V f(x + the;)|P dxdt.
%4

EEEH?EHJ' ”th”LP(V) < C”Vf”LP(U)o
X (2), Bif € LP(U), BATAFERELLT “Mn” AT ZR SO (Ebr BiX R
BEFRIEERD

J F(Dlp)dx = —J D" pdx  VpeCe(V), 1<i<d. (2.5.1)

\%4 14

R 1D fll o X Th—BH LKL < p < o, FEAETF by — 0 v, € LP(V) 13
DMf—~v,  {ELP(V) FEFIEL.

D

ERRXE 1< p < oo AMER), BN LP FEAREA KK, BEMAESR5E. KA “n
A7 NFOFBARIR by — 0, FRAIEH]

de,-godx:f faigodx:—limf
U v hi—0

|4

<

Di_hquodx:—f

vipdx = —f v;p dx.
14

U

Rl bv 18U =2 fI10,-55 540, VS € LP(V), f € WEP(V). O

2.5.2 HEIAEN M EE

AR B B I 5 5 PR P 0 I O B
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— EIE 2.5.2  PIERHEIE IE MM
% aV € CY(U),bl,c e L®(U) B f € L>(U). XX ue H(U) A7 Lu=f &£ U P8 —4 355
o A2 ueH, (U), BMEEFEV eU, RMA T

lullizy < CUS 2w + 1ullrw)), (2.5.2)

HP C>0MURMV, U AR L HEEK,

HEEARIENVES u KA FETCR, PIEA T ER K u e H)(U). AT u e H (U), K
IVSEbR FUEAS T Lu = fAEUH LA AT . BRItusSEpR EAEU S ARG B T 7 R B RS -
BT f A L RE TR EOEATIA9N, RS UEB LR ANES, IEERRE 25,
— i 2.5.3 S EEREREN
#EZmeN, di,b,ceC™(U) L fe HMU). RXueHWU) RFM Lu=f £ U F&—4
BMo M2 ueHU), LAEEFEV eU, HMA Mt

[l zgmezy < CULf Namy + ull2w)), (2.5.3)

HEPC>0MURH m,V,U VAR L 09 FH,

— HEIL 2.5.4 C> HEEIFIEBEN 4
% aV,bl,c,f € C®(U), XkueH(WU) & Lu=f £ U ¥49—/2 55/, N ue C>).

EIE 2.5.2 BNIERA. AGID' = c =0, SN TiREAN . Hu e H)(U)SSMEE LT3
J a’dud;vdx = J fudx, Vv € H)(U). (2.5.4)
U U

FATIUE T BR IS &1 v 45

o EAU(ESERUY G4 H DM (Vu) [ L2(U) {53
o v TRl E%ij?i W2 TIRATL A0 B R “ R Bl s st au T .
WS — AN EORIFA A, EXTEE ANER, RATSFHIELE v Hhaf A FE LA R 2. [ e —
MFTFHEYV e U B W, W, #15V e W, € W, € U. HEERANTEEUH C T %1158
WTeR K ¢:
(=1inV, ¢=0inRN\W,, 0<¢<1
XX T AT A EE AT C R BT EIA S 0U R T L BT
2 |h| > 0 R /IMERIMER X € W Hx+he, € W,, X 1<k <dEX v :=-D"(¢*Dw),
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HAH
J aidud;vdx = — J a'id,ud;(D;"(¢*Diu)) dx = —J a'id,uD;"(8,(¢*Dru)) dx
U U U
FIA (2.5.1) =J D/(a'8,u)8,(¢*Diu) dx = J a'(x + he,) (DIOu)SH(Drou) dx + A,
. XFw, XTw, "
Hrp

A = J al(x + he,) 8;(&?) (Dro;u)(Diu) + (Dl'a)o,u(¢*Drdu + 8;(¢?) Dlu) dx.
w

1

¥ L2 B, HA1H

J a’/(x + he,) (D"0;u)¢*(DId;u) dx > 6 J $2|DyVul* dx.
w-

1 Wl

XL H T IRATEER |CDEVW)| 2w, TTA BEEEHIATR: X TAEMIE S/ e > 0F

ij h h h h
|A;] < C'||a”||CI(W2) (||§D vu”LZ(Wl)”D “||L2(W1) + ||§Dkvu||L2(W1)||Vu||L2(W2) + ||Dk“||L2(W1)||Vu||L2(W2))

< ElCDEVu gy + o (DI, + IVl

LX(W, ) L2(W1) L2(W, ))

BAERNTEI ¢ € (0,2) 13 el|SDEVull, ) TR B¢ DY Va2, , Wil

— C||Vul? (2.5.5)

L2(U) L2(U)"

J adud;vdx > —||§’DhVu||
w

1

AU, FAH

1D @D WPy, < 92Dy < c(f |§2VD:;u|2dx+J
W

1 Wl

|v<§2>||D;;u|2dx)
<C (VU + IKDEVIE, ).

el Young A5 A 15 2

J Fodx < ellol )+ I gy < Ce (VI ) + DLV gy) + CI By
w.

2



2.5 I 1k D4 e PR

EH € e o, - ) FATHAT 2

6
JW fodx < ZIDEVHUIR, i+ C (IV0E 0y + 1 12,y

2

Li43(2.5.4), (2.5.5) LA (2.5.6) Al S

lelfVulzdeJ §2|D£Vu|2dx<CJ |f1? + | Vu|?dx.
%4 W w.

BEHEANEYN T Vu e H. (UM Lu € H (U), HAEANT
[llzzry < CU 2wy + llinw))-

B Ja— B |ull ey BB [ullmar,). EPrEAE (2.5.4) T80 1= n*uffiil A& 515345
Wik € C(U) Hnly, = 1. B4 LR B 3R] LA

lulliny < CAUS ) + 1ullrw))-

R, A H 458
[l < CUS 2w + 1llrw))-

2.5.3 *HHEEE

65

(2.5.6)

H

N

IULAE FAT T 18] T DU A - fi 300 A [X sl DAIE ) 553 e ) B A IR DUk o ST IE W] DA S e

— EIE2.5.5 WHEBFEMM

ik

RU —Z—ANEH C2 AR U A RFE. & d/ e CY(U), bl,c e L*(U) £ f € LA(U), XX

u € H)(U) £ (2.0.1) #9535 #%:

Lu=finU, u=0o0ndU.
A2 u e HA(U), Hi#L

lullw) < CAUS 2wy + lullzw))-

TXEFEHC>0IRM U A= L 09 F H.

(2.5.7)




66 B MR TR
Fid 2.5.1. R u e Hé(U) A& (2.0.1) ¢9°E—355/8, AR AFEZ] AL 2.3.1, LRAEFTARALA
|| 2y < C||f||L2(U)- (2.5.8)

FIREH, WORXT f A0 L RE PT Bt A7 944, iR A 2 uE W PR MR .
— 12 2.5.6 SMHEEKENE

it meN, al,bl,ceCm™\(U), feH™U)HIU e ™2, #t—FHBiXueH(U) 4T H
£2 849 55 %

Lu=finU, u=0ondU.

24 ue H™2(U), BA it

[ullgmeawy < CULS ey + 1l 2wy)s (2.5.9)

EFFHC>0RM mUFo LG Z M, R ue H(U) RE—HM, LEMHEFTARL
A

||u||Hm+2(U) < C||f||Hm(U)- (2.5.10)

— #iL 2,57 C° WREIEEARENTE
% al,bl,c, f € C®(U) B 9U € C*, XX u € HJ(U) &4 F ZA2 89 55/

Lu=finU, u=0o0ndU.

Mu € C*(U).

EIE 2.5.5 BYIERA. B REREMITE GEFE 25.2) KW Lu = f £ U W ae. HOL, MAMNE
GRS RO FsL B 252 HiREA]: SHERe € CX(UHEE Blu,¢l = (f,9), Hit
(Lu— f, @)y =0, FEHTIHE 1.1.2 BIf3Lu — f = O7EUH JLFAb AL BT

YE x° e oU, BAVHIEFEr >0 M C? By : R 5 R flifg

UNnBX°%r)={xe€BXx%r)|x; > y(xy, -, X451}
LEAMFAER S IR @ FUE /T s > 0 145 y = d(x) LA
U’ :=B(0,s)N{y; > 0} C ®(U N B(x°,r)).

BT U A, FATATHERZ AR ERE SAL 57 oU, JFEd Bk R IR S
M R hiE . FECAF RN, FATTERE U = B(0,1) n R AZIEDL T 8y, -+, 8, , —&VIAIFHL,
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M) e RN 2 2 e B 2.5.2 45 1R, ITPLR T R R & 6, Bk m S8t
% U =B0,1)NRY, V = B0, -) nRY. EIHNTRE ¢ € C=(U) 1t

¢ =1in B(0, %), Spt{ € B(0,1), 0<{<1.
WAE u 2 (2.0.1) F—A 5508, #E LIRA145 2

J a'dud;vdx = J (f=bdu—cu)vdx  Vve Hy ). (2.5.11)
U U
WF1<k<d—1, f£(2.5.11) P v = —D({*Dju), B 2.5.2 BIUEW] W] 13

JlDQVu|2dx<CJ If1?+ |ul®> + |Vul?’dx V1i<k<d-1. (2.5.12)
14

U
ST b2 i SO £ T 0 I S
188uli2y < € (IF 1Ry + ally + 1VHE,)) . Vit j < 2d. (2.5.13)

SR R BB S0, BN B % FRRE 220, 5 0x + he, 1T AEHI X AN X
W Sthi b, MTEAGTLEN: A SR U L EBEH A 60,u (i+)<2d, HED
HAIFSHD UM IR R, T D287 (2.5.13) tha 51 T Hbl. Bk,
ML = f 46 U BILEAA R CATILIX— 5 R BB, FE

a3y = — Z d;(a"d,u) + b'du + cu — f — d,ud a’.
i+j<2d

Wb — BRI 26 1 VRS 0 > 0, A

1822112,y < € (11220 + 11200 ) - (2.5.14)
BB 2,52 {E R IORLE — 25, AT B AR S R A0 T

1820412,y < C (If 20 + 1al2er)) (2.5.15)
BT (2.5.13) R4t T RATEE Mt

1l < € (1B + aler) - (2.5.16)

O
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3@ 2.5

SR 251, Ku e H(RY) EA % X%, R R P54 —Au+c(u) = f 89— A5, XL
feLl*(RY), AFd#e: R—>Ri#HZ c(0)=0 LA > 0.9E9: u € H(RY),
R BAF AR EDN M EZAIER, 18R E ZHENRET R L.

SRR 2.5.2. it x = (x1,x,), B(0,r) =B(0O,R) CR> #& K R< 1. 5% E 42

x2 —x?
Au = ; 21 : + L .
X1\ V=Tnlxl 2= In [x)):
Jo R AV LR H AR 3 AR B AL AGMEIX A0, NE A& B(O,r) ¥ A EL., AL XL
u(x) :=v-In|x|(x; — x2).

TEHA ;

(1) u € C(B(0,r)) N C*(B(0,r\{0}) & B(0,r)\{0} it & Lt 742, BAFFAMHFHulspe, =
V—InR(x} — x3).

(2) lim du = o0, XHLEA u & C*(B(O,r)).

|x|—0

S8 2.5.3. il —A f € LIU) ¥ AM, HFTEE 0 < |k < sdist (V,0U) H D" fllng, <
Chz, 18 f ¢ WL(V).

SRR 2.5.4. KA G ALY U # B(0,1) NRY BF =2 32 2.5.5 49iE8, 4eif AP AL, 4% x0 €
U, AEr>04C* Ky R > RAEH
UnBX°r)={x € BX%r)|xg > y(xy, -, Xq4_1)}
WIS GEMDRIIE ® fa R s> 08 F y=dx) = — x°),x, —y(x)) (Rx=%(y)) H
U’ :=B(0,s)N{y; > 0} C ®(U n B(x%,r)).
B 43T V! = B(0, %) Nn{y; > 0}.

(1) iE% | det(VO)| = 1.
2) =X u'(y) :=u(¥(y)), EA U € Hé(U’) AFAALUW = finU, W =00ndU 855/, X E
f'y) = f@), FFTL 2 LT,

Skl

L i= =3, (a8, u) + b9, u’ + (P (¥()
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CAA—BMRG, ERHN
KL oo* oD koo ok
a” i=a" (‘P(y))a—xi(‘l’(.)’))a—xj(‘y(yn, b™ = b'(¥(y) ox, (P
(3) A (2) #=e 32 2.5.5 6L 7 E Ak

”u’”?{za}/) <C <||f||12,2(U) + ”uHiZ(U))' (2.5.17)

2.6 MAERE

AT AR PDE W 70 H e B 21 T B 2 ——— R ME I 3 (Maximum Principles). % K {H
JREEE T — AN IE: Wk u e C* IS U i) — R x, € U RIA BN Hg KME, B4

Vu(x) =0, Vu(x,) < 0.

FESERATTIR BB R B VE A E AR AU AR T LR EG T “RERIR” . sebs b, T
WMKAEF B AR ML K2 RIE T BB, R BEATLAER R T ¢ GRI#)

NTHEAR BT, FAEART B ESE 7 BEAIEBUE RN (2.0.3), HAAGESRH. A
IR fEit & Al XF Tl PDE (85/#, 45l = R8N BAT Ll ik 8y I PER, 2 n
DAERMEATR 2 TT? ZREHEH, (HIEWMES RS JATFEATT ookt Zah g i A 23 KA
Ao 725 2.7 ik, AT HZE 21 De Giorgi-Moser #£K., "E145 H T HATHRE R PDE
SIMEE) L fiit.

2.6.1 SHREIRIE

WU C RGEAFIFE CRALIER) .
_ EIE2.6.1 FBRAEEFEIE
#%u e CXU)NnC),c = 0.

o FLu<0EUNEMR L, Mmaxu = max u. Bt #ru & T #& (subsolution).
U U

e HLlu>0EUAEMRZ, Mminu = rglin u. L Aru£ _EM# (supersolution).
U U

HFAH, ELu=0£URNERL, Mmax |u| = max lul.
U

IERR. FATRMIBNIE.

Bi=. %Lu<0£UAEAL, Mmaxu=maxu.
U U
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SRV S AL SAE B (). BUZE (D) R R A Lu < 0, AT LLIRATTZ B RtutE/MEED, & Lus(x) :
u(x) +ee™, Ho <e < 1,1 > 02— KA E L BEWF S Lusi— PN TAN
RERE T, kI R A

Luf = Lu + eL(e™) < 0 + ee™1(—=A%a™ + Ab") < €e1(=226 + A[|b||pe(r)-

Fr LA MATE 53 KIS, A Lu® < OFEU WAE AL . PEWT S Aimax uf = max ut. Tfiie > 0, ATLL
U

max u < max(u + ee*) = max u® = max u° < max u + max ee*.
T T T 3U 3U U

% e — 0, WAMFRNEGER S5 1B max u = max u.
T

PR AZAENIM S . Bk AFENRX, € Ul u(x,) = maxu. BAH
U

diu(xy) =0(1 <i<d), HessianJ7FEVZu(x,) <0 CERE) = d2u(x,) <0, 1 <i<d.
Hal R, MR C LIRS B TS Sal > 6138 Lu(x,) = —ad?u >
0, MIfiLu > OFEUNTERRAL, SWEMERT E. —RELT, BHT{aV M4 EE SRR T
B, ISARAETEIER RO = {o, Hifd
0AO" = A, A =diag (A,,-+-,4y), 4, =6, 1<i<d.

I, FATHRAER MR y = x, + O(x — x,) 155

0, u = Z 0y 0y, U, axiaxju = Z 0ki (0,5, U0y
k k.l
FTMEX AL, BRATHEAS
Y=V

d
Lu(x,) = —a"0,,0,.u = —(0,;a"0};)d,,0,u = — Z A8 u >0,
k=1

XI5 WS BRSBTS - O

AL ERE e > 0, AR IEB SR Z518, ik 5 e B2.6.158 2 FF, BLAbug%.

EIE 2.6.2 > OMISEHRAKERIE
|7i5’iu e CXU)NCWU),c > 0EUNEMR .
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o FLu<0fAUNER=Z, N maxu < < max ut. BPutydE i R KA A A LA 3],

o FLu>0EUAREMR L, i“]m_lnu > —maxu~, PrutgdF B MEA D S Bk B,
U

AR, FLu=0LEURNBRL, W*]%Tm_ax|u|=rr;gx|u|.
U

2.6.2 MEEIT: BernsteinifI

FANIAE 27 23 vty A sk o 7 RIS, R DA P S P44 D BRI B R R o B R B Akt o {E2 24 Laplace
SR Al — i AR HOHR [ 557 (48] dn AR HEOE TR [ 5 (2.0, 3)) I, B TG FR 4 ) e B BR 2 R I
A I AT RRAL . BB BRATIE A8 I TR R A R AE SR B A Hopf 51 3 o PRlUb Al it
|Vu| BZE s, A&k A(Vul?) REIES, AR5 HSIEFEBERIT] (G B2 K 7 2 B oy
EEAEGUED ;s MBI RN ORFRIAFD, AT ZIE N G 3E B T ek 4
PLKEBE A THIRBIAE U B — DN ETERN o« ZITVEMFRAE Bernstein 315,

B S FLUN(2.03)E X, HRRFAEFELHALA > offfF E1? < a¥gE; < AlE)? WERE
& e R ]z
— EIE2.6.3 MHEEMIT
Fu e C3(U)NC'(U) # & Lu=finU, £F f € L>U),a € CY(U),b,c € L*(U), L 47i%k
JB. 5.0 € U, M3xE&#KB(0,R) € U, M 4 1&t

sup |Vu| < C(% sup |u| + R sup |f|).

B(O,R/2) B(O,R) B(O,R)

NTBEREBITE, AL L = —A, f =0, R = 1 AFIE SRR E 0 R G, HIRAT
AN FH Y- S5 8 57 2R A AnT 1 0 R R R 1 I

EIE 2.6.4 FFMEBEBAAGE G

ku € C3(B(0,1)) N CY(B(0,1))2 ¥ 42 3KB(0, 1) M 89 BA=F 3. T~ A-FHERLIEN: HAEFE

#C >0, % fFmax |Vu| < C max |u| A% 2o
B(0, ) 6B(0,1)

IERR. 2%, B AE
d d
A(Vul?) =2 ) 0,0;u) + 2D, 6udi(Au) = 2|V2ul? + 2Vu - V(Au). (2.6.1)
i,j=1 i=1

ZAFREBochner A3 . #Au = ORI L5 —0UAE, B A(Vul?) > 0, 3t |Vu| 7E14
TR B KAH . (HRIAEIRAT T B0 S TR HI7E B(0,1/2) W, KL E46 N & 1E a8
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SHE R AR F AW R Bl € C2(B(0, 1)), FATiHHE 15

A(p|Vul®) = (Ap)|Vul?* + 4(Ve) (VZu)(Vu) + 20| VZul®.

M Cauchy N5 T 4|(Ve)T(V2u)(Vu)| < 20| V2ul? + (2/9)| Vo ? | Vu 2. FIRA1EF]

ApIVul?) > (Aco - 2'?'2) Vul.
IR, [Vol/o RTINS, FHREEARAEN o KBREANR, SE o =
o2, SUh SRR € C2(B(0, 1) 7€ B(0, ) AL, fEA Fsta5)
AMm?|Vul?) = (2nAn — 6]Vn|»)|Vul* > —C|Vul?,
SEhC > 05 e, d. K /NFHER AT ER I — DA ST, 7S 2 5
Au?) = 2|Vul? + 2ulu = 2|Vul?,
B AGP IVl + (C/2u%) > 0. B HA(H FE e

sup (n?|Vul? + (C/2)u?) = sup (n?|Vul*> + (C/2)u?) = % sup u>.

B(0,1) 3B(0,1) 3B(0,1)

MA > sup n?|Vul|?, FFR5 RIS 4518 O

B(0,1)

2.6.3 HarnackP™ER: WEBEMIT
W RAB SR B2 Y T AR IR 5 R R BB A 1, #2 T ORIRAIAR I — 2D I Hl M PRI . A5 1k B
Harnack A%: 7RI B AE T Xikd, Lu = ORHE Uik i i/ IME AT ORAE 2 nl LR .
_ FIE 2.6.5 HarnackTEHL

BO<u e CHU)RT ALy = 02U NEME, AFHFLAAN X(2.03). &RV e UREBTX,
M| B 2% 3 C > O(PARFV Ao L8 F )L AF 40 T A5 Xom =

supu < Cinf u.
1% 14

SRR E ) Harnack NF A EE, FATTIAEA FEA T S0 R BOX — BT, A “IR K
57 AERE O S m iy TR IREE) A ZEA 5T ORBATN AW Harnack NS5 20— AT
SR E 1T (logarithmic gradient estimates).
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B REATA DR B > 0, BN E—NFE/DMESIu + e > 0. 458V € U, A4 HEIE
HHAEAE C > 0 113 u(x) < Cu(p)SHEREx, y € VAL, THX DAL RN T4 In ”(x)| < CIXF A
HHC > 0plr. DAE X REg() 1= Inu(tx + (1 — 0)y)) AN ﬁ\ﬁimfﬁﬂ’iﬁ&mﬁiﬂ?ﬁ

mg%%=mu@%4nmw=£ﬂ)—ﬂm=féﬂ0m=(x—w-fthax+ﬂ—0wdh

0
FIT DA 0] U 6 AV R UE B AZTE S 21C” > offifSsup |V Inu| < C". X WL T A 4 BATIGH2 ok 2
14
JEBLIIE M i 44 “ R EORE AL 17

BRIABETFER: A ABANTHEE S Harnack AN 55 2 IE B #4005 BOR B Al 11 We 2 sk
EIRATTAT DA e — AN R O, B AT R B Harnack A5 Hul TR EL o @ = Inuwitii
E—Av = |Vv]?, 4w = |Vu]PR[ AW + 2Vw - Vo = 2|V20|2. Ft bA ] Bk R stolE R Bk AL
TF, AR LR 2 #H2.6. 41 1R SE GIE B, X 2D IR S8 A AT 3518 TR L)

N1 REABERRS, 52T RBANBEED = ¢ = 0, u > OKiEMHarnack AN 5530, 7EUEIIH]
K, BATe LU R 2 Harnack N5 961, 00 ARG B oA Bade B 7572 o

WFRA. #bi=c=0,u>0. %v =Inu, MEZEITHAEH
u=-e", du=edv, 0;0;u=e"(d;v9;v+3;0,0),

KRN Lu = 0 15Fa(9,0,v + g,vd,;v) = OFEUT KL, HELwW 1= a¥dvd;v , N EXEHw =
—a9,0;v. # P ARIAMEH Wr 5

WS, 4 bk 1= —2a 5. M|
62
—ak9, 0w + b*d,w < —?lvzvl2 + C|Vul|%. (2.6.2)

725 (4 9 6 BT TR, TR TN S B 2SR T 25 BT 2 U B A 4

A BT EIB R € CRUIiR0 < ¢ <1, ¢y =1, HE LBk iz = CwiwiBUE
FREEV B . ikzfER fix, € UBSERAME, MR < k < dfdcz(x,) = 0, il

0 =8,z = {*Ow + 4$3wd ¢ = {Jw + 4(8,)w =0,

PL &
5kalz = {45kalw + 4§3al§akw + 12{251§5k§w + 4§35kal§w + 4§3ak§51w.
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EPRIE

- aklakalz + bkakz
=¢* (—aM9,9,w + b*o,w) — 12ak(¢29,¢0,.w — 8ak!(¢39,¢)d,w — 4ak1¢30,8,¢ w + 4b*¢30,¢ w
=¢* (—a9, 0w + b o w) + 0 (&3 | Vw| + (2w + |Vu|iw)

R fa—mih i Vo] Z2lEAER [bY < C|Vul E .
fEx, € UAL, FA1H 0,z =0, —a*'9,0,z > 0 (K Hessian 1 [ V2z /& F FUE ), fir LAAS 21

0 < ¢ (—a3, 8w + b d,w) + C' (&3|Vw| + ¢2w] + Vol |w]). (2.6.3)
(2.6.2), (2.63) U SIS, 51
0 <TI0l + CIVOP) + € 1Vl + ol + ol at %o
BT w = —aiadyp, iR 15
Chw? < C7 (S Vol + I Vw| + CPw + 3| Volw),  atx, (2.6.4)

N ARBAV A 0 EASE AL

o &3|Vulw = (&2 Vu)¢w < ewd*| Vo2 +wC.¢? §4w2+C(€)w§2. AT T e Young A
2, PLEGIVO)? S w, B Hw = ad,vd, vﬁiﬂ
o &3 Vw|. FMZFRATH I, w + 45,{w = 0, BRI Vw| < Clw], MTTE3 | Vw| < CL2w.
2
C VOl < vop < 22
LR AN (2.6.4), B EFEFEC,C, > 0, > 0, G EX AL C*w? < Cre*w? + C,¢ %w.
Ak HLe < %, CEl
Fw? € 2C,8%w = z = Cfw < 20,82 < 2C,,  at x,,.
H Tz = SfwiEx A2 KL LS|, =1, &G w > 0| VuPFIfEEC, > 03 2 |Vu| <
PR R A TR 5 oL, BiEHEAS

dw = 6,a"(d,v4;v) + 2a"4,0,v9,v, 0, .0w = 2a9,0,09,0,;v + 2a"/6,6,0,v0;v + R

FPR 1= 6,6,aY 8,v9;v + 29,a"6,6,v 3,V + 28,a"8,0,v9 v, Hik e Xfe > 0, OLIR| < C(|Vul* +
|Vu[|V20]) < €| V20]? 4 C(e)| Vol B ILAESE)

—aM8,8w = —R — 2a¥a"(8,0,v)(8;0,v) — 2a'a’,8,0,v d;v. (2.6.5)
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S — I n] DA H — B06 [ 2 A4, DR R B PRl 12 P A% 1E 8 I SEXSRR O B, BAEAE T
MePfifS{a} = PTP, #EMA aa’(8,0,0)(8;0,v) = (VZv - P)-(V?v-P)T > 8%|V20|%. (2.6.5) T K25 —
WAE T =M S8, BATTUFRHw = ak6,0,0k H B

—a¥a'i9,6,0,v6;v = — a¥d;va'*4,8,0,v = —ad;v (9,(a*'8,0,v) — 8,a'*,9,v)
= —a'd,;v(0;w — 9,a*,dv) = %biaiw + a9,a'*d,;v9,9v.
FAWE LR IRN(2.6.5), F-45E | Rk T, U452

— a9, 0w + b*o,w < |R| — 6%|Vu|* + |a¥8,a™8,;v8,0,v]
< |R| = 6?|V?u)? + C|Vu||V?v]| € €|V?0]? + C(g)| Vu|? — 62| V?v|?

<- 7IV20|2 +C(e)|Vu]?,

HrRATH RN T el Young 5520, T e € (0, —)TE?HEE’JIW&WE W SR . O

JEIE 2.6.1 Gl BIRR B wIMIE ER). 5 ik 2 R A A 5K 2@l FRRIBRe, mAE
15 AR B AE T AR BUR2 R H AR HE KT X ALF T AM B Fo By Fc Harnack 1~ 5 X 491E 8] 2@ A &
Ko ~ﬁﬁL——mU=BmJLV=MQ§,ﬁﬁ%ﬁ&%&ﬁ¢%&0<¢<hwsz&m
T HA(pw) % 2|

A(pw) +2Vv - V(pw) = 2¢|V?v|? + 4(Vep) - (V?0) - (VU)T + 2wV - Vu + (Ap)w

4|Vo|?
> oIV20[? — 2| Vg | |Vo]} + (Aqo _4 qf' ) Vol2.

d 4 2
FHIRp = CHELTREX V]2 2 zafv > ~(Av) = % = = M T HESA(pW) + 2Vw -
V(pw) £ A MR #vey T 7 (lﬁTi&%*‘ﬁﬁ HBIRE A V| RA, ERAAZHN EWT
KERK, —R—ZHTFR)

A*w) +2Vw - V(§*w) > lS”‘IVUI4 — 8|V Vul® + 4¢%(§AS — 13| VS| Vul?

—¢|Vo 4
= 1 w4 zt—d _8|VE|E + 4(CAC — 13|VEDEE > —C' Vit € R.
&ﬂ‘liﬁ&&ﬂ%m ;4 21X IR F A mA BN BT wey R KB, BRIXRwaE R &x, € B(0,1)H
ﬁﬁkﬁ,%ZﬁW@M—ﬂM&M&M\OE%%ﬁA,ﬁ%%@{4%%y\xﬂ.ﬁAU%
AR T 2 S d Ao AR BT B 2L %w(xo) 1, W fw(xy) < 2C'd; & W &ANA Crw(x,) < CHx,). BT EA
Tt ho AT HR B f2 PAR R AE R 09 7 C>Mi§4 < CAB(0,1)F B o



76 WE MR TR
Jm R &N Fre = C4HEm L2, N4 HH

A*w) +2Vw - V(§Pw) > éé”ZIVUI4 — 4LIVE| VO] + 20AL|Vo|* 16| VE|?| Vo2,

:‘iif%ié’ai’é FPARREXEARREAL (=+[|Vo|09ZAX (BHHATHFR&GTA), oA
AEARIE NS X & A A AR BB T RAx it

2.6.4 Hopf5|IBFERIERIE

FEHZRHOT, SRKERE L L 1ERAEHIE PDE MIf# (305 T HZE S F.
ATEATEM : £ DEETENK Ch) @ERAFRFEL, HNARENTERIE JE5D &K
fH, AR IANSE 7 ARRAE B BRI 4518 108 AR BT X ANk 1) S 4 a”E BFK mALH
HES I

_ 5|1 2.6.6 Hopf3|I#
#%u e CXU)NCYU), c = 0. 1B&

o Lu<0EUNREMZ;
o BAEAF EXY € UMEFu(x®) > u@x) M 1EEx € Uk i ;
o Uex&kih B 1 3 &4+ (interior ball condition), PP # 4£3B Cc UiE#$x° € 4B.

W?@%>OﬁWNEﬂBEkﬂ5ﬂk%$h%%ﬁz Fc = 0, W Fe FAFu(x) >
SR I VASKAE B) A 89 458 AR 2o

Hopf5| 3Lt 7] LA 5 H 5 bl A8 iR 22

— I 2.6.7 EIRKEFRE
RU CRIZRAREHR, ue C(U)NCU),c=

(1) ZEUPE ﬁquyﬂﬁﬁm5%euﬁﬁu%)JmmuWuEUm¢ R HHo

(2) FAEUTEBALU >0, LAHERN Ex, € Ut Fu(x,) = m1nu WufeU W s 2 2% #o

Me > Off, FRATHA R B
_ EIE2.6.8 > OHEMKIERE
JU CRIZRHFF X, u e C2(U)NnCU),c > 0.

(1) ZAUPEALu < 0, LAEAEN &x, € UlEfFuftx, A&k 2 3E 7 & KA, MuktURZF
o

Q) EEUFTEALu > 0, LAHERN Ex, € Utk Fulx, &k 24 E R A, NutURAZF
o
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B SEBAE Hopf 51 B RLIE L M IEM] 5@ E R (c = 0)

UERA. BEE U A Lu <0, FFiC M :=maxu H C :={x € Ulu(x) = M}. AIXiEi%E: BiEES
U

V i={x € Ulu(x) < M} # @. IAEEI—Np 2 dist (p,C) < dist (p,0U) Wiy €V, Hid B~
AT v i Bty yHsREK. BAFE x° e ¢ (ks b “YIsi”) 115 x° € 6B.

SV X LU BB R, 7 Mdise (V, C)ATBE™ 16 IE, MTTix® € CAlRERNTELE. BLEEV
WL ERZAE, HEHopf B34 j—;<x°) > 0, HANZOBIIA AL R, KGBOPE: u 7 x,
Rk B H A KA, XZES T Vux®) = 0, iﬁﬁﬁ:—;(x") = N(x,) - Vu(x®) = 0. 0

e T Hopfl BA B, IR EAR: I SRutE XA T 0 K e, S BURK A, WAEU
WS 77, R S0 A SNBSS T L 0 SR
) SR AL KA 1 B o) BT AR 0 . AT B 22 g PR B, 7 2
W 2T AR AT A B . BRI ¢ > 0 Kt DA BB Ru() > 0),
fiie = 0 Mt CRERu(e’) > 00 0 LU FIRER 7 D).

Hopf5|32AYUERR. N 7 78 B Ui i Bk 5, Ak EKBNB(0,r). HHHopf5| B #(2), FAT1
Ay BRI 5 B R B0 A3 M E R TR 3/ MI0 < € << 1RO
i u(x,) = u(x) + cv(x) ¥ x € B(0,r) UAB(0,r/2)KAr.
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ii. L(u +&v) < OfEMEIXIKA 1= B(0,r)\B(0,r/2)3L.
5}
iii. vlspo,r) =0, Vlsnor/2) = 0, ﬁ(xo) <0.

U SR RE A 3 H X RE R BR B, T ER AR R R EE AT B u(x) + so(x) — u(x,) < OFEAHFEERAL, P
Feu(xy) + ev(xy) — u(x,) = 0. FTLLEE B + cv — ux)Ex AL 1AM 0] 5 Hvs 5 2 3R F1)
Et?%?ﬂj—;(xo) > —s:—;(xo) > 0.

X RE (R B R Ko AT LGB u(x) = e PP — e~ [, Hitbx € B(0,r), A > 02— MikiE
(780 K 8. ARG AR A 15

Lv = — a4,0,v + b'dv + cv = e (all(—4A2x;x; + 246V) — 2Ab'x; + c(1 — e~A0*~¥1))
< e P (—4022|x|? + 24 a' + 24|b||x| + c).

FEMTE XIRA A TR 515

Lv < e P (—pA%r2 + 2/12 a'* + 21|b|r 4+ ¢)

1

Xxe A, EiHmEL > zifﬁﬁj\jtﬁﬂ“ﬂ‘éiz'%s O, T BRIt AT LA E AR AR IE - O

r2

SRR 2.6

FREFAURAZ SN, AT IEABRZU c RIZAFAFHEFXIE.
S1%02.6.1. RuR FTAE—ad,0;u =0EU MR, FHKaV e CY(U). EMN:

max |Vu| < C(max |Vu| + max |u|).
U ou oUu

Rw: Av=|Vul* + Ww?, BBRAS KHUEFLY K OEUF B8R Lo
S 2.6.2. BuR T A2—-a8,0;u = finU, ulyy = OWRFEM, LFfARK. BEx® €U, #HM
FRC? ) Fw A x4k 69 7] & £ (barrier function)Z 45wk &4 T £ 4

Lw>1inU, wx% =0, w>0o0ndU.

A FwAXO G —ANF LR, B AT RC > R Vux®)| < CIZ—:;(xO)L

SIRR 2.6.3. %Lu = —a’8,0,u + b'du+cu, AL veEC(U)NCU) #F L > 0& U ¥R %,
L ULERBHL>O0. iEH: Fue CA(U)NCU)AEUP#HZALu < 0Hu|;y <0, MufUd L0234
E#y, (RF: 4 w="#%E Lw=—ad8,0,w+dwb —aid,v-2).)

SIRR 2.6.4 (AR EF AT 2387 05). FuR £ #HB(0,R) := B(0,R)\{0} C R4 (d > 2)A &y iff=F



2.6 HKME P 79

%, Hi#nZ

o(|x|**%) d>3
X) = as |x| = 0.
o(In|x|) d=2,

JERA: ufex = O A 2 L, BPufe#KB(0,R) M 2 AF= k4,

Sl 2.6. 5 (AR E K elvin B 41). stx € RN{0} (d > 2), &M 2 X E X T 2K\ a9y BE &
Ax* = _I 2 Sk u(x) 9 KelvinZ # 4 (Ku)(x) = u(x)|x* |92 = u( )|x|2 d 3RBhe T 5
BAERR . 4o Ruf AT AN RAA R, W KuR EA2IRIN2R69 8 F= K 2o

(1) sHE&EL < i, j < d, iEW: a* = l‘sll}z - e o = 1ifi =, 8 = 0if i # j. dBAE
BV (V)T = |x| ™I, tF I, 2d x d 242771,
Q) A)ER: AGx) =202 — d)==.

|x[4

(3) 4291 AKu() = Au(Z)Ix) =o.

SI8% 2.6.6. %U = RU\B(0,1), u € CA(U)n C(U)i#% 2
Au=0inU, u =0o0ndB(0,1).

a)%d=zﬂnmu@ymuhm,mw:uﬁUW@ﬁi
(2) #d>3, JéLhm u(x) =0, iE¥: ukEtUAE

[x| =0

(3) Fd>3,12A ﬂ’iu lim u(x)/In|x| =0, ﬁbHTuEUl*]x&% e FTR? IEAR R,

|x|—>o0

R B 2.6.4 A5 8 2.6.5(3) B4k,

jo)’R 2.6

[B)RR 2.6.1. JEF: JA2.5.2F 89 H AL A & TCAHB(0,r))ay H H-fF,

R RAkk, HHLEXHEGERME € C2(B(0,r)), MFEEw = u—v, ZPuth e L]
2520, T RwARA R, LAELSRE ﬂﬁ:B(O PO\{O} LA, AR A 2.6.4% Lt 45 K #
AR FH E6GAFRH, AdmETCHBO,r)). X5 M25.2094#F
E—IJ;EE 2.6.2. XU Cc RIZAFAFNARRERR, 1, > 0&(=A)H T (#Dirichleti {&) 89 £ 4 4214,

€ Co(D)RM A RIS, T g € CT)HMikgly = 0, LAEAEERAB, &
ﬁAwl(x) g(x) < Bw,(x)31E&Ex € Uk Lo
B8R 2.6.3 (Carlemanfiit). #&U c RIRAFABHHRRESBR, REHH ¢ € CH(U) AT

(BP Hess p A E ) HiZAEBWEM |[Vo| > 0in U. #5584 # %L Carleman #Fit: 4
BEFHHC>0,7y> 0, EFHEZW T2 7, o u € CP(U), REZFHF X

T3J e21¢|u|2dx+fj e27¢|Vu|2dx<CJ e?™| Au|? dx.
U U

U
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(1) 4 w=e"u, P,w :=e®A(e”w). iE#: P,w = Sw + Aw, £ F
Sw := Aw + 7%|Vop|*w, Aw = =21Vp - Vw — t(Ap)w.

(2) LA

f 2| Voltw Aw dx = 2r3j (Vo) (V20) (V@) w2 dx,
U U

J Aw Awdx = 21'[ (Vw)"(V2p)(Vw) dx + TJ w(VAgp - Vw) dx.
U U U

(3) SEH: A RQ)HEPw]2, FHQRNER: BrAs kI, &E%HKC > 0k/F

12?

T3J |lw|?dx + TJ |Vw|? dx < C||P,w]]?,.
U U

(4) ¥ w #= u AFH Carleman 71,

E: X EAMRIR |[Vo| FBELRERARLRRAN T WEREZEE |Vo|* TTak, WmRIAHK,
ARAF KL 2 ML/ EF, ABAGRE; HIMRERK @ LHZZMH M (strongly pseudo-
convex), XZHKMA “PH L7 EIANRJREMHREE, #dmT LA A Hessian 7 [F 69 E € M F #8

TR @653 Vw2

iR 2.6.2. e R AT @ = |x — x|%, A4 Carleman 41 T AALAE L? i A 69 Hopf 5132, &
12iE B Hopf 51 328, KAV 2] A(e?) = 12|V |2e™ +A(AY)e™, RZAZ S K, AL H—F#t b £
Fo Hopf5| BiE B P 692 MARIE T 40 8) L A T iAoy 2, 2tim ¥ IR, @& Hopf 5132
GER P F BIRH Rk (AL EF 2 r/2 R —F) NRHA T le T L0 %ER 247,
PRIER M R A IEM R “H 6”7, Hopf 5132 &8, e R B[ AELR—EEH AR KIE, &
R FB” NI, e FHLMIER, @ Carleman 4 — AN IR 2 N5 X, |
WAL CRBHA R mARIFIER, BPER L® RHREAME TAZMEEE— LB S
RAEFRO—ATREERER, ACEENEB RS EHA K,

H52 I Carleman it I8 R HIL T m S8R L2 v DLE G NS L? Jugh, BARE LT M
9 “BEUHE A"

O] RE 2.6.4 (REMMEAZETL (observability inequality)). #2U C RIZAFAFA RFEHEK, x, €
RNU. & 3L
={xe€dU :(x—x;,) N(x) =0} I, :=0U\I,.

FueH*(U)n Hé(U) R A F AR

—Au=finU ulyy=0, feL*U).
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i B @ BUR |x —xo|> RIE: BAEFH C >0 (BURH U, Ty, x,) 4%

i < € (I + I3y )

EREAARN ue CP(U) B . AL u iFiFmit H AR L= A ERm,

F182.63. AMESWHRARBRABIF . EARAL: wXE&NPBEARZETHE, RF
AT& “@ X d” A5 Ty MM, shak T2 LA MHIEH EANARBRAIFREE, X NEEAE PDE &
B A (Inverse Problems) ¥ M A T &, Hlde “IRMZ =" P X B @3 M4 R a9 0= g A
HAIZ R E, LA ERLEREN, BT APLRE4HKE, déﬁlﬂ;jiﬁﬂé@/\ﬁﬁﬁkaééﬁi
o HeBF Rt — & A A Carleman #H3EF “ =7, GRFARIA R & 7 3 i 8t 09 B3R FEx
Mo XAY BRI R RS R R A GG EAR T, XMBETAMAEREF (eF Ii%?F/L'Ji’@TL
), MM EIRZLRFRAIN LB KR E.

[B]R 2.6.5 (Modica-Mortola FEEE{li1). &= M 4dd > 2, Fftu € C*(RY)AZAllen-Cahn 77 #2
a9 A i

Au = W), W@p:%u—wﬁ P@p:%wmwﬁ—wwu»

(1) B8 |u(x)| < 1EARZ.

(2) iE#: AP = |Vul?> — (u® —u).
o)E%@ﬁwmwn¢oytﬁb:=§%;%Qwhm%:AP—bwmzo
(4) EA: PLOEAR L, HEZERREA MoL:iica—Mortolaﬂ%}iﬁ G

R (1) FEMIHHK u(x) 1= ulx) —g|x|?, £C 8 R KA RLF) A FTAZSHTubBAE; (4)

BXPHY & KAEM > 0, B{x, ME/FP(x,) = M, REF & u,(x) 1= ulx + x,) L% H K 7] 69 R
R uy, AR P, R ELIB R KA (T ABNIZRIRH 58 TCIA LG ER M, AL
B & & WP A i+ #=Schauder?2 i) ; ®EFHJE U = {P, > m/2}, ii’[,ﬂf]/ﬁ- UL Vu, Z#¥IH
AM%TMQW@?%MIT%K F HRAAE R FLIEH ¢ @8R KA RE ) R K, A
P,=M, @|VulE PR ETR, T5uBRFAE,
JEi2 2.6.4. Modica-Mortola /& (AR 48 % & Modica—Mortola & 32) AR T 48 % 32 16 89 H 52 4
%, FAAKT Allen-Cahn A2 A @I MR EKZ. AT HRAERMHRNRERK (e
AP egmAtn) 9555 %, Van der Waals #2 )5 %49 Cahn & Hilliard 24 7 }Jfﬁiﬂ@ﬁ%
A, HaeEzh (GBFMA Ginzburg-Landau A8 % X Cahn-Hilliard f6 =) & 4= T

€ 1
E.[u] = J;J <§|Vu|2 + EW(u)) dx

Ed uRFA5EH (B FEIKE), u=+1 4&%@5/\%7}5 W(u) ZBHEE, Plde W(u) =
A—u)?; e>02ANVAH, REROREENRE. INREQLSAMATE: HEM —W(u) M4E u
REBAA +1, HER —IVul2 &3 u B9 2L ?J& AL RREE R, &R %/\%/EH:H MusxlK
ﬁﬁkﬁ%uN—liﬁ AR Z B R — N O(e) a9 B &,



82 FE RVERRIR DT RE

19774, Modica #2 Mortola X % T }é% 3% L "Un esempio di [-convergenza". HA1IE &
£— 08, E ATk 3 B ¥ 2% E.(u) N Co - Per(fu =1}). X EREAME P MMM NBEE e —> 0
MRT, Aol ddm, AT E, 89 (BF Euler-Lagrange % #2 —cAu +
SW(u) = 0 B9RR) AYATIEAT B, — AN KA ﬁw—. fuzm»ﬁéﬁ SR 2487 — 2k
T BT, RRLEEHLRZHS (BPModicath ZEHFFEARL); —ALZLEHU 2 |Vu|2
e W(n), EWTRAREMRILBIITHIEFTIH — %R, EP u(x) ~ g(x-v). BARERL

e Luciano Modica, Stefano Mortola. Un esempio di I-convergenza. Boll. Un. Mat. Ital. B (5)
14(1) (1977), 285-299.

e Luciano Modica. The gradient theory of phase transitions and the minimal interface criterion.

Arch. Rational Mech. Anal. 98(2)123-142, 1987.

e Luciano Modica. A gradient bound and a Liouville theorem for nonlinear Poisson equations.

Commun. Pure Appl. Math., 38(5), 679-684, 1985.

#t— #, Modicath B &1+ £ De Giorgi 1F B 691E8A F A2 2| X 41E Bl . De Giorgi 15 887 &
AR Au=ud—u £ RY LHR M, e RBL G, u>0, MNARKFELAELFE (B u 411’&
HMT—AFm). BAld=23,4,50FNC LML, fd>I9FNELERE, BARTAL

e (24t) Nassif Ghoussoub, Changfeng Gui. On a conjecture of De Giorgi and some related prob-
lems. Math. Ann., 311(3), 481-491, 1998.

e (3%) Luigi Ambrosio, Xavier Cabré. Entire solution of semilinear elliptic equations in R*® and a
conjecture of De Giorgi. J. Amer. Math. Soc., 13(4), 725-739, 2000.

e (4, 5%) Ovidiu Savin. Regularity of flat level sets in phase transitions. Ann. Math., 169(1),
41-79, 2009.

e (d = 9 &) Manuel del Pino, Mike Kowalczyk, Juncheng Wei. On De Giorgi’s conjecture in
dimension N > 9. Ann. Math., 174(3), 1485-1569, 2011.

2.7 *De Giorgi-Nash-Moserix{X

ARBERATCEUE T G9MAAAENE, 105 T T8 IR ORAE S5 B ) 6 2 AR S . AR A 3K
IBETS X 59/ ELHAE L R P4k 11We 2 iX 5t /2 De Giorgi-Nash-Moser iE4045 2518, F5L b,
MAT= N A TAEIR 77, AT ERATEZ AN H Moser 44 tH FILPTRbRIERIE, RGN 4H
De Giorgi SHRA CO% MRV (f th MIUEY]. A5 BUR 27,1, BATf A De Giorgi M
AP R T75, BARTZ Wb . MRO7RREAE [9, 45

AT I T A R X U c R _F (18 BRI 7

Lu :=-V-(Ax)Vu)=0, xeU 2.7.1)
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Horh RECERE AGx) = (@ (x)) 2 — BRI 2 TEE0 <A< A < o0, fHf2VE € RE x € U:
AER <Y al(x)EE; < A€
i,j
B al e L®, ue H'(U) NI, X BIRATE ST BT R8RS GNS R

— 5| 2.7.1

% d > 3, Sobolev I& 44 A y = ﬁ >1(Fd=2, TREZXY ) HEZF v €
H}(B(0,r)), #:

1/x
Om |mw¢a SCMJ?[ |Vol? dx. 2.7.2)
B(0,r) B(0,r)

FERENIEWIZ BT, FRATTEE S 355 T 559 B

— EX2.7.1

H#MAru € HY(U)A(2.7.1)49 85 T #% (weak subsolution)/ 53 L ## (weak supersolution), & #§*}
&3 R RIS o € HI(U) #AH

| avsuae <
U

2.7.1 CaccioppolifnZE=

PTATE S UE B CaccioppolifhGex, H4GH— AN “REW” Wgiw: WHE TR S T BT
SHROAT DA ST SRAP R B B 1
_ ¥ 2.7.2 CaccioppoliffZFHFi{

Fu RTAQR7.1)69AE % 53T %, W& BO,r)cBO,R)eU, A:

16A2

_16A7 u?dx. (2.7.3)
A2(R —r)? J B(0,R)\B(0,r)

J |Vul?dx <
B(0,r)

SRR, IRAETBE 7 € CR(BO,R), W/ 0 <7 <1 lyop =1, H V9l < 2. FEONREH
o= ntu, RS X1

J AVu - V(n*u)dx = f n?AVu - Vudx + J 2nuAVu - Vndx <0
U

U U
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MAIRETE 21€1> < AE - & MG FHE |AE - 9] < A€l

AJ 7?|Vu|?dx < ZAJ nu|Vul||Vn| dx.
U

U
FH Young A5 45
A A A %
< A2 2, Do 2\ = 24,2 2, 4 o 2
2A(17|Vu|)(u|V17|)\2A<4A77 |Vul* + ik |V ) X |Vul® + ¢ |V
P2 SEECH )
&J 772|Vu|2dx<&J u?|Vn|*dx,
2 U A U
BRLL 2 FHR V7] K SREVRHE 0

2.7.2 MoserifX: LPHITEREIERSBRIL> &It

HAEFRATTUE B Moser &1 R B 45 18

_ 2273 B[ENEMERM

% u € H'(B0,1)) £ 7155 TF, M uelLlXBO,1) LAEFH C =Cd,AA) REFFT
0<r<R<1m=zTFX:

sup u < (2.7.4)

C
B(0.r) m ||u||L2(B(0,R)) :

TERR. SR o = 2P (B > 1), JRITERS 7 5 Caccioppoli A% o (AU
HEL Vo = Bruf Vi + 27uf Vi,

H—t: BMENTER. KA RN, AV - Vodr < 0f

BJ n*uP1AVu - Vudx < —2J nufAVu - Vydx.
B(0,1) B(0,1)

i Caccioppoli AZEIEY], MBI MM Young M55, FRAT145 5

/lﬁj n2u5‘1|Vu|2dx<2Af nuf|Vul||Vn| dx
B(0,1) B(0,1)
A
< —ﬁj nzuﬁ‘1|Vu|2dx+%f uft1| V|2 dx.
2 B(0,1) (=) 4B

2A
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%mﬁw%u%,%ﬁ

2
J U1Vl dx < %J P V|2 dx. 2.7.5)
B(0,1) A 5 B(0,1)

WMAEL w = w, m | Vw|? = (%)Zuﬁ‘lqulz. RN LRI E| V| AAT1S w bt

+1)°A°
n?|Vw|? dx < B+ DA w?|Vny|?dx < ¢ w?dx,
2)2 2
B(0,1) B B(0,1) (R—r) B(O,R)

Hrp eI, A IAEXT nw H GNS A% (2.7.2) 155

1/x 1/x
<J w2 dx) < (J (qw)*x dx) < CJ [V(nw)|? dx.
B(0.r) B(0.,1) B(0.,1)

MV@w) = nVw + wVy, AIEFTEMENIEEE Y, /EETTEIN 58| V| i FARN B AT

J w?|Vy|?dx < w? dx.
B(0,1)

9%" Hle]’ j;k‘l\ /ﬂ‘]?‘j EIJ

1/x c
(J w2 dx) < . J w?dx.
B(0,r) (R —-r ) B(0,R)

Lp=8+122, L wikkl u, PHLHITpIITFHRE

C 1/p
il 0y < <W) 1l 00 - (2.7.6)
B8 ERBLTEH. & T
=y k NS R —r R —r
]REUTH: p=2x%, FRFH: Re=r+ 7 = Ro=R Ry =r Ry =Ry = o

%E(276)EP1 ﬁ/ﬂ\]é'\ D = Dk, R = Rk, r = Rk+1’/f%'°§'J

C. 4k+1 I
”u“LPkH(BRkH) < (R _ I")Z ”u”ka(BRk) )
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Ntk =0,1,2, - FATIEAE T,

T AC N\ L
||u||Loo(B(0’r)) < |::k[[ ((R — r)Z) . (42){") ] ”u”LZ(B(O,R)) .
=0

RAAY, L= 2= <o, LR T £ < oo FUESRBMAS AAIRGE, RS
k=0

k=0 X

sup u <

C
B(0.r) m ||u||L2(B(0,R)) :

O

Fi12 2.7.1. BTz B3 A T2, Mosers: IR EiL4EBA T 55 /%% & Harnack % X, 124E8A L
2% % A 2IBMOZ 1 #9John-Nirenberg ¥ X, HILEMNTAHXFET@P. ERmH T AL
HE. RFEGEFE]9, 447

2.7.3 De GiorgiicfX: C%* ZEZ&M

FERENL SR A FHE(L®) 2 )5, De Giorgifll 7K & B B SRI=HI SR RO RIE, 2F KA 7
“THPNT COELERIME. BARKUL, ATTEIEMWZLIT .

_ 32 2.7.4 De Giorgi I

XuA Lu =0 4 B(0,1) ¥ 955/, AF 2 NH

ju(x0) —u )| _

A
sup |u(x)|+ sup <C (d, —) lullz2B0.1))- (2.7.7)

j— a
B(0.) x.yeB(.}) x =yl

A

% o = a(d, %) € (0,1).

UERIX AN E B A% O AR . BRI RE R A TR,  HAE K X BUEECDN, A BRI R
HRIEATTRER . B ARIRAT I EAC T B,
— 5|3 2.7.5
B OeC)(R)Hddt, IRA:
(1) ZuATHRELO >0, A& v=0w) A veH (B0,1), 1 2ok,
(2 FuREMAL I <0, REv=>(u) #HZ veH, (B0,1)), F Avd
HAx, Fut T, Ntk e RA W — k)" :=max{0,u — k} &2 T #.

IERR. FATFAER(D), BRI, kit © e C;

loc

(R). A4 @'(s) > 0,9"(s) > 0. &%
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® € CX(B(0,1)) H ¢ > 0. HEATHAH:

J a0,vd;p dx = J a9;ud (' (u)p) dx — J (a0;ud u)pd” (u)dx < 0,
B(0,1) B(0,1)

B(0,1)
Hr @'(u)p € Hy(B(0,1)) FEH1. —RIGHHOMEROGHE T{n WEGHUEITRIT] . O
TG BRI B1L43M B W, RATAFHIUEH.
— 5|3 2.7.6
i%e > 0,u € H'(B(0,1)) # & L£({x € B(0,1);u = 0}) > ££4(B(0,1)), W A &% 3 C =C(ed),
&S
J u? < CJ [Vul? (2.7.8)
B(0,1) B(0,1)

_ EIR2.7.7 BETEHE
% u>0=2B(0,2) P69 L, HiHE LY{x € B(0,1) : u>1}) > eL4YB(0,1)). N F AR
T dA AJABFH C, 4% inf u>C.

B(O,%)

MERR. FRATATLME R u> 6 >0, K54 6 — 0,. Y51 H 2.7.5510 = (logu)~ & FE, HEH LR
log 5. #EEB2.7.315

1

supv<C (J |v|2) ) (2.7.9)
B(0,) B(0,1)

i L9(x € B(0,1);v = 0}) = £%({x € B(0,1);u > 1}) > ££4(B(0,1)), #E5I¥ 2.7.6 7[5

supv <C (J |Vv|2) X (2.7.10)
B(0,1)

B(0,)
BATESARA . ALIIRES o = £, ¢ € ClBY. KA1

. &2 a’o,ud;u $aloud;¢
O<J a’oud; | = dx=—J {2—2dx+2J ——dx.
B(0.2) u B(0.2) B(0.2) u

I, JHERRIVIogu = (Vu)/u, FH—BUME S F M Young A 45 15 2]
j ¢2|Viogul?dx < 5||§’Vlogu||i2(3(0’2))+Cf |V¢|* dx.
B(0,2) B(0,2)

S > 0785y /MERFIZIFME AT, IXFEBATRE] [54,, [V Iogul® < C [y, VST BIILXS [
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SEM ¢ € CHBY), ¢lgon =1, TATAH

J |[Vlogul?> < C. (2.7.11)

B(0.1)

ity (2.7.9) B3 2] sup v = sup (logu)~ < C. bk inf u>e™€ > 0. O
BO.;) B0 B(©.3)

B2 R BA IR B AR -
_ X278 IRIEEE
& u A Lu=07%B(0,2) ¥ AR, NHELY =y, g) € (0,1) 1273

0SC U <y 0SC U. (2.7.12)
B(O,%) B(0,2)

HERR. JRERA A O AR e #2.7. 3 5HE. IETRNTL a; = sup u, By = 11(}f2)u. SRR Lo
B(0,2) > a1—p1
UJZ 5 }F/EﬁﬁﬂﬁﬂT£fﬁ9§§

1 1 a,—u
—A L u<§(a1+[31)<:> !
51

512

l\)|>—‘

1
u> 5(oc1 +6,) <

B 1 %ﬁﬂ%&Eanzwﬁ/4)>yﬂmmnm%zEBmewﬁggzoﬁ%%
EEL, MBS C > 18 inf S8 > 2 EAEE] inf u > B +C 7 ey — By).
By a=Fh - C B(©0,2)
15 2. #f L ({x € B(0,1); 22 ﬁ“) > }) Ld(B(O 1)). [A A1 sup u < — C Ny — B)-
! B(0, )
WAL a, = sup u, B, = inf u. EERB =26 UK a, <a. %L@U\J:WFFT%%EEE, A
B(0,) B(©.)
HR AT LA 2] . .
o — B, < (1 - 5) (- B) = o5 < (1 - 5>B?§§)u. (2.7.13)

O]
MDe Giorgi T CEH2.7.4) M bt .
EIE2.7 4H9UERR. EHE2.7 ARFIEAE R L5 — T Wi sup lu| CETERHA A e GEHE2.7.3)

B(0, )

B, AT BB S I, Wite sup L2l gy

xX— a
xyepo.l) F
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E12: RIEANEAK. FTIRECHEAEREL v = y(d, A) € (0,1), fH#45XF B(0,1) F I E Bk
B(xy,R) C B(0,1), HETTFEAEIZERNATE 3, AT F AR RERA T GBI AR -

0SC U<y O0SC u. (2.7.14)

B(xo.R/4) B(x.R)

B R RBABIATIEAR. BEhlla = —log,y € (0,1), RJ5[EEx, € B0, 1) AR, = <, MIER

2

B(xy,R,) C B(0,1). % [EF12FFH] R, = Ry/4%, H ke N. xEFH 2.7. 14) X, AT 2

osc u<y osc u<y* osc u.
B(x¢,Ry) B(x¢,Ri—1) B(x¢,Ro)

iy = 47 B R, = 4Ry, BILL* = @0 = @7 = (2], st

R a
0SC us(—k) 0sC u. (2.7.15)

B(x,Ry) 0 B(x9,Ro)

E25: EEKEMIREMATT. SMFEL 0 < r < Ry, WAFHE k € NS R, < r < R.. T
B(x,,7) C B(x,Ry), HEAIRME K HL I 150

R a
osc u < o0sc us(—k) osc u (M 2.7.15)

B(xo.1) B(xo.Ry) Ry/ B(xo.Ry)
4R @ r\“
= ( kﬂ) osC u < 4¢ (—) osc u=Cr*. (2.7.16)
Ry ] Bk Ry /) B@xo.R)

Hr € =4°R;™ osc u. FA u AR GER2.7.3), FATATEUH [|ull 20,0 T ,O5¢ U

B(x¢,Ro) X0,Ro)

S83:: Holder ZMANEH]. EH x,y € B(0, ) Br=|x—yl. &r>1/8 WHEHEHRHHLHER
PEE BRI P15 2] Holder ZE R . SFE r < 1/8 &L, ULy € B(x, 2r), A

lu(x) —u(y)| < sup u(z)— inf wu(z)= osc u. (2.7.17)

zEB(x,2r) Z€B(x,2r) B(x,2r)
H(2.7.16)%1 (3 F = x € B(0, ;), H r <1/8 f#43 B(x,2r) c B(0,1))

[u(x) — u(y)|

400~ u(p)| < CErF = C'x =yl = ==

<C. (2.7.18)

XEER T u e Co%(B(0, i)). 0

Fig 2.7.2. E— P EAM A EILT De Giorgi 35K L™ &5 5] CO #9342, Frif De Giorgi
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MERFEG T EZTEZRATIENENA R SR, ZANFLZEIRIAERNL 271 RKXEKAL
x, ARmP T A LS F. mFEeEF (9, £ 24.1].

SFIC 2.7.3. muayieE A R, AVARE P Nashi XA H . FER Bty FTak e T hedh 5 42iE
BT A AE A AE T, REF B et S A2 ARG Holder £ 47 . Nash AA Y8 ARME R, 34
T AR H 3o T Lk

¢ John Nash. Continuity of solutions of parabolic and elliptic equations. Amer. J. Math., 80(4),
931-954, 1958.

e E. B. Fabes, D. W. Stroock. A new proof of Moser’s parabolic Harnack inequality using the old
ideas of Nash. Arch. Rational Mech. Anal., 96(4), 327-344, 1986.

jo)RR 2.7

Bk 2.7.1 (De Giorgi iE# 5 A S e #l). & 44%d > 3, u € HY(B(0,1))A 7 4£(2.7.1)49 3k
NETM. k € R,R € (0,1], EXKFEAY = {x € B(O,R) : u(x) > k} vARMMW &4
u, :=w—-k)t.

(1) Zh>k>0,0<r <R<1, BT IRFX

u dx.

C
J |V, |2 dx < R=7)y J utdx, L£4AN) <
B(0,r) r)* JBoor)

2) A p, = 2(1 +27), ky, = M(1L =27, AFHEHM > 0FE, & U, = [y,,,u; dx
A (1)#=Sobolev#k N & FZIE B :

(3) JAFAHIN{Y,} B Y, S Cb"YLE, Hd Co>0,b>1,e>0.iE8: A& >0 (UK
# Cy,b,e), IFREY, <8, LAY, - 0.

(4) ERAEEGMEFu < MILT A 2, dtmfFElesssupu < Cllul|mo0y)-
B(0,1/2)

AL RN = 2 EH, {ar& AH C L4 R G NRIEBA(2), bAIBAATRER T,
2.8 Derrick-Pohozaev|BZT

BEE A 4ERd > 3, U € RYEATFIX I, AT B A0 -2 AR 5 R 1 T4 )

—Au = |u|P"'uin U, ulzy = 0. (2.8.1)
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F L 2% 5] 2 (Mountain-Pass) 5548 73 T HATUEA M1 < p < gﬁﬂ', A AR U u £ 0. AT
B, #p> Zj , HUZ XTSI 2F 18 (star-shaped domain), N5 FE(2.8.1) R A Ef#

EX 281 EFHE
|7%5<3L1'£fé?éﬁx elU, ZBH M 0<KASVBHETFU b, WHAKKRU £ % TFREHGZHR.

S, OEEANEDERFTIRAMERE, EHkzZ AW, BESEE W MR
513E 2.8.1 ERiWpIEZ%
#AU eCl, EARRKRU RXTREGEHB., RAEE x €dU #HA x-N(x) > 0. iX
¥ N(x) %47 x €U &9 k@2,

MEER. KN QU e CY, # x €U, NIXEE e > 0 #fEE S >0, 1§15 |y—x| < 8. I HyeU 7]

HEH N(x) - Ti:j e FERIHL, 4 y=Ax(0<A<1). HT U RERE, HyeU, #imH

NGO - X = — lim Ny - 275 5 0,
|x| A—1- |4 |

R RBATEH: WA R U 2R, MTEIGHREK, TEQI.DAAEM. x4
UEIASE T — AN & AR (E T RE PRI R BA x - Vu IXANMFIRR T, RGBT 38 . X
ANSeT-SEbr BRI E R CEFES.3.1) M R 4s A VERAF B, AT R A TH
fath: x - Vusthr FR TR s /MERITT.

EIE 282 FFEILBHFFEM
BEAREBRURARCWEHB (XFRE), & u e C(U) AH4Q28.1)8#, Hp >
%, Mu=0AUFEmk s,

MERR. TR E SRR LA x - Vu IFAE U ERUR, 193

U

U

BB HNA, FILEAB. il ER 15 2
d

d
A=) J (B,u)d;(x;0;u)dx — Y J (BN x;(0;u)dS, =: A, + A,.

i,j=1YU i,j=1vY9U
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RIETHEA, BEEFE SR

d

A = Z JU(aiu)[éii(dju) + x;(0;0;u)] dx = J
i,j=1

d 2
|Vu|2dx+ZJ (qul )xjdx
U -1

d |Vul?
(1N \vura +j (N(x) - %) dS,.
( 2>JU| ul * ou 2 o

BUAEFRARAEFED AT, KN ulyy =0, FTbAVx € 0U, BE & Vu(x) W& P Tikm =
Nx) (M ulgy = 0 288 u fEIAAR EWUIRSECAE) . HIt Vulx) = +|Vu@x)|N(x). ¥ HAR
ANA 3

A, =— f |VulA(N(x) - x)dS,. (2.8.3)
oUu

ARA AR, FAFBIARAL A

A:uf |Vu|2dx—%J |Vu>(N(x) - x) dS,.
U

ou

BN RBATEHEB, 0 AR 15 2]

B‘—Zd: |ulP~" ux;(d u)dx—zd: o) <|“|p+1>x dx = — d [P dx
N ™ - Ujp+1j _P+1U -

j=1 U j=1

MA =B, FrbiIESR I MEZR, (FR{EDerrick-PohozaevIBZER,)

(d ; Z)JU |Vul|?dx + %LU |[Vul>(N(x) - x)dS, = —p:i-l JU lulP*! dx. (2.8.4)
Fo1#2.8.1, FAFRNAEX
d—2 d .
(5F2)] wurax< 555 | wpnar 28.5)

A BATEL R R TRR A E . TR sRuE 7 5 7, BA TR LU

J [Vul?dx = | |u|P™dx.
U U

AN (2.8.5), FAR 2

d—2
- - - p+1 <
( > p+1 J |lu|P**dx < 0.

ORI u A, WA T~ =<0, B p< 2 BT 0
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B a AR EH UL — R e Fx - VulfRIE. HIERY ERH45 A #Af (dilation group), HIZ
Hr € RERN T, 1 x v e'x. %t = OB ZIESEA., ME/EHA L R Eu ErlE U
Su(x) = u(e'x). HIF/NMERIT (infinitesimal generator) & XUNZEEEH KTt = 0b T
5

d
Au = T IZOStu(x).

NS, & X143
%u(e x) = Vu(e'x) - (e'x) = Au(x) = x - Vu(x).
A W - V2 B ARG AR B x(8) 1= efxg RTRLP) AN ESg, B — AN NG RUA Ah K H AR ) ) &
Y.

MAEPDEM S, Ruftd R EWELEA (scaling dimension), AFRAE I PZH 25 #4443 1l
HREE A FATHE

VA >0, u;(x) = Aku(/lx)

ek (8,u)(x) = eFu(e'x).

Bt AR TN

—|  (eMu(e'x)) = ku(x) + x - Vu(x).
de|,_,

EI#XF@%?%W%E@H’JW%qu %18.3. 2545 i T B T RE IG5, TARSE 5 (x, £) — (Ax, At),
Uur-— /1 2 u(/lx At) PRAE T2 HY JuEU AR

BRI BN FRATA T W I 2 VEMA R 77 F2(2.8.1), W REFRATTEE T 3R B A 4 A S (scaling in-
variance), BUATIRFE wy(x) = A%u(Ax) F45: WRuEfE, W, HAM. RATEIFES

—Awy) = —A"(Aw)(Ax),  |[wlP7uy = A%P(JulP T uw)(Ax).

PR T H M, WBGiHa+2 = ap, 13 a = 2/(p — 1). H—HHEN TR wE G IR AR,
W REETEEL [, |Vul? dx WG, HEH a=(d - am,ﬂﬁﬁﬁﬂ%ﬁﬁp—i-

45K, PohozaeviH S5 AR I & s i 3 (E$E83 1) BIFIE AR R OEERI, T
T x-Vu {’Eﬁﬁﬁﬁ&ﬂfa‘é?@rﬂ “UNRFATARILM — A, BEEREARY” XM BAT 18
15, ZAp KT IGFFabanS, &I FHRAaLY “hrfih” Eﬁ?mmkzﬁﬁlﬁaﬁ “IREE”, UL AR
uﬁﬁﬂnﬁmﬁﬁﬁﬁﬁééﬁm

>)En 2.8

SRR 2.8.1. R &9 5 & 16 R Schrodinger 7 4289 2 % (ground state) QA& i#h & 4 T F & M A | 77 A2
B EE B, BALFTZARARIE

—AQ+Q—1]QliQ=0, xeRd
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4

(1) 7}%/{75&532 8 2&’7 75/%‘}13% ||Q|| = (1 + )”Q”Lz(Rd)

L’ d([Rd)

(2) & 44T Galiargo-Nirenberg #1813 X R =, Hu = QT EFZIF XRF 5

2+(4/d) 4/d
[l < Clul| IVull7

L2+(/d)(Rd) N L2(R4) L2(R4)"

B i LI 8 AL H S CK T QI e 80 R L K
SJE% 2.8.2 (Rellich-PohozaeviE254 ). XU ¢ RIBAFAFHAREE, V € CLU)—ASL Z 1z
BH, 1> 0&(—A+ Vx))H T (FDirichlet R 1A) 89 —AN4F 44, u € HX(U) N Hy(U) R &
a9 4FtE R 2, BP
—Au+V(x)u=Auin U, ulzy = 0.
TEBH :
f 12 dx = %j (x- N(x)) ) ds, + 1] QV(X) + x - VV () |u]? dx.
U

2 E A0S AL2.4.389 ABB A

o) 2.8

B)RR 2.8.1 (GNSAZEAX MR EH ). BGNSAKRF X (2 #1.4.1)4%, *Ff € H(R?), Rz A¥ X
||f||L6(R3) C||Vf||L2(R3) Z’&K‘d— ﬂ%’fi -#U“;J%, )&?J'L)%')IIUT/iufl(ﬁﬁ:’f/FRaylelgh%]_)é’J*&‘J"ﬁi

Jos IVfI?dx
(fs 1£16 dx)1/3
N

(1) RERFERA J[u] 9T (BIREEBE) HA —Au = uu’, FF u 7 .
(2) AR CE DT ulr) ZEw K5, HikZ u0) =1, u(+o0) =0. Wy =3, ++H L
AT 89 & A KOABRGNS R HF X | EF 2 CH BARBAL, % B ARAE Talenti bubble.
E: ()M E & R B AR E HE € B APolya-Szego A F X, TARE AH N IRTEEH. KT
L, —Au=puw 9H' EfERE— (HEmLRAXRTE—800ZeEHH) X£1989F & Caffarelli-
Gidas-Spruck A ##-F @ik (W Evans [6, % /LF]) BB, THARL
e Luis A. Caffarelli, Basilis Gidas, Joel Spruck. Asymptotic symmetry and local behavior of semilin-
ear elliptic equations with critical sobolev growth. Commun. Pure Appl. Math., 42(3), 271-297,
1989.
5 —7 @, Talenti @M AN EARE 6T HRHFZHE-F@ LEGHKT,

feH R, f#0.

JIf] =

o)L 2.8.2 (BEWMEASE X RIALIUER). A RAEF M 1= 2(x — x,) - Vu + (d — 1)u #= Pohozaev &
FXROGIEAF ok, THEARALF X (F1A2.6.4) .



E=F ZMMmYILE

ARBERAVGELRKRU ¢ RIZFHAITE, HYT > 0 LI A (parabolic cylinder)Uy 1=
(0, T] x U. AELATH FE40 T YIILAA 7] &

ou+Lu=f inUpy,
u=0 on [0,T] X dU, (3.0.1)
u=g on{t=0}xU.

BEf:U -RMg:U->RBAENER, u: Uy - RERMEE u=ult,x). L &M
WaHET, BAAWTEHERN:

Z 8,(a(t, x)d;u) + Z bi(t, x)0u + c(t, x)u (3.0.2)
i,j=1
s IERE R
d d
Lu=— ). a(t,x)d,0;u + Y, bi(t,x)du + c(t,x)u (3.0.3)
i,j=1 i=1

H R4 aV, b, e (1<, j < d) NG EREL
— EX 3.0.1 —HPEF

EAVERBD HF0, + L (0 (3.02) % (3.0.3) 2 3) & (—R)ednth, RIALERO >0 /T
AL (t,x) € Uy A2 £ € RYH A T Xk L

d

Y, al(t, x)EE; > 6112 (3.0.4)

ij=1

B, stFENBE W te[0,T], EFLA—FMHARL,

— ARG TR\ o/ = Y H b = ¢ = 0, WHGFE. WATHE 2 —K =
R ok 7 R ARV 2 05 T 5 AT RE RO A ALl X — B B I R s R, T

95
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aij(t,x)aiaju ik 798 (diffusion), —FIi biaiu iR T #iz (transport) , TMEM I cu iR T
FEAEBUHRFE (creation or depletion) o

HATCAH 2 oAl AEZtt) R 7R 241, 9141 Navier-Stokes 72, Keller—Segel
J7#2. Fokker-Planck J7#2. Black-Scholes 772 (—2&mf (A3 P 7 88> 55, ©AIHE) 2 B
THAAI 5 R BB SRR 2 AU

3.1 B+Z=SobolevZ|H]

N RENERPTTRE /T, FRATTE ZHE 2 AW R AZE ) Sobolev 2 [0 (I AR E . 5
i, XHFRE (6x) € [0,T] x U U E u(t,x) € R M u @ [0,TIXU —» R, FATATLLK u 55—
AN EVE T BanachZS [B] AYBR & O B AL K :

u:l[0,T]-X
[u()](x) :=u(t,x), x€U, 0<t<T.

KHE (X, || - |) /&5 Banach (A #AJHE UL, FATKICEK Bu(, x)EFRM ¢ 2IFA (HT
x [P RHEORE ]D Banach %] X HIBRSS wo IX AT DLLERATTEE 7 (8 58 SUK R 5 FE IS5 A o

3.1.1 BanachZS[E){HAYE
AT e I A 4 Banach S M{E K. 4 (X, || - )/ SE Banach Z5[[), W& f : [0,T] » X &2 —
™ Banach = [A{E K%, HA T > o0.

— ENX 3.1.1
HAVIAK Lebesgue M Z 7 ¥ 49 — A 4 & 2| Banach = AR %L,

o (HEBH) wRMTte[0,T], & st) =2 xgOu Az, Wiks:[0,T] >X H#A

¥ F# (simple function). X 2T A & u, € Xl, 1_EL)5)'T$T€I‘J E; #: 5% [0,T] % Lebesgue =T
T%.

o (ERTMIH) WwRAGLE—FIBERHKs, 1 [0,T] > X, EFFTILFLLG t€]0,T]
A s (t) = f(t) =z, WA f:[0,T] > X £ 3% M (strongly measurable)dy.

o (FMBHBEK) de X3 THEAM ur € X' (X &93HBEH), BRA ¢ — (u*, f(t)) A2
Lebesgue T M &y, WA f :[0,T] - X 4§57 M (weakly measurable)y,

o e RABAE—ANKMENC[0,T], 45 {fO)|t € [0,TI\N} £ T 54, W& f:[0,T] -
X &9 BUAEZ JU-F 7T 589 (almost separable valued).
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EIE 3.1.1 Pettis5|FE

|7f D [0,T] - X ARSI MY AL f & 55T &g LB A JLF 7T 549,

BRI R, FA1E X Banach Z [BMH KRBT .
— EX 3.1.2

m
o &s(t) = Y xp (DuA—ANF R4, N
i=1

T m

f s()dt 1= ) LYE)u,.
0 i=1

o WwRAELEFIEFHE {5} T

T

[ sy - seona — o
0

W ARZZ =T M FK#K f : [0,T] — X & Bbdchner T #2469,
e 4o f:[0,T] > X & Bbchner T #2689, W& X

T T

J J@®de .= limf s, (1) dt.
0 k—co J o

_ FIE 3.1.2 Bbchner3|IE

BT MG f : [0,T] - X A& Bochner TTAR49 % AL B4 t s || f()| 4 [0,T] L&
Lebesgue *T #2489, X AF 5 LT &KA1H

T T
f Foar <f LFOllde,
0 0

HsFHEEHu eX', A

(w, f 0 at) = f e fo)di

3.1.2 EHEEZZE/ISobolevEE[g]

LZEFRATAT BB A5 B 16075 B 119 Sobolev %, BH(X, || - ||) /5% Banach %3],
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— ENX 3.1.3
XT > 0% 2 693K
o KAV XL LP(0,T;X) APTA iR AT FHAZTHNHE u: [0,T] - X Bty EAL:

T

lallLrorx) = (J
0

llallzerx) 1= esssup |[u(t)]] < co.
0<I<T

>
||u(t)||Pdt) <00  1<p<o,

VAR

o HMNEX C(0,T; X) AP A #H AT FFa9E4 R u: [0,T] > X ¥R b ES:

u x) -= max ||u(f)|| < oo.
Il = max (o)

— ENX 3.1.4
T >0 HRE2%H

o (33%%) 4uell0,T;X). B KL veL(0,T:;X) 1243

T T

J"¢@m0m=—j¢awmm
0 0

SHIEEE @ € CX(0,T) #R Rz, MARvV H utyss (KH) F3, e u =v.
e (Sobolev =) #&AV2 L WEP(0,T;X) AP A i X T &4H69 &% u € LP(0,T; X) #
A RA: £33 () 8 u AALET LPO,T;X). HEHKELH

T @IP + [ @Pd)? 1< p < oo,
esssup([u()]| + [w @)  p = oo.

0<t<T

[allwreorx) =

WEP(0, T; X) I R 506 2 SRR 43 1) — S 38 A Ak J
_ #pEl 3.1.3 EBfSobolevEEIMEAXATZE
SueWhr(0,T;X), £+ 1< p< oo, N:
(1) CGTaesE R %L?ﬁ%ﬁii)‘%) u e C([0,T]; X);
) MEEW 0K s<ELST, A ult) =uls)+ [, w(r)dr;

(3) Ttk =

max [la|l < Cllallwreorx),

\\




3.1 W=SOBOLEVZ|A]

HEPEHEC>0IURMT.

99

AN 5 VR AU B 2 P40 7 R 553 98 ) A7 AE PR AN L U PRI AR5

— fhRl 3.1.4

BU CR ZFEFFE. & uvel’0,T;H)(U)) Eu',v' e L*0,T; H(U))s

(1) CTRRAEEAZME LEFH 2 LE) ue Cc(o,T];L*(U)).
(2) BeAtt —— (), V() o) AT ELE), BXLFALM 0SS TA

%(u(t),v(t))uw) = (W'(0), v(1)) + (v'(1), u(0)),

K
3

T

J W' (), v(0)) +(v'(), u()) dt = ((T), v(T)) 2wy — ((0), v(0)) 2 (wy)-
0

(3) 4T AEi R L
ggﬁ’% a2y < C (”u”Lz(O,T;Hé(U)) + ”u/”LZ(O,T;H—l(U))) )

L

HE P EHC > OURMT.

— Rl 3.1.5

#U C R REAAFBAR U 9 A RFE, B m e N. it ue L*0,T;H™?*(U)) L u’ €
L2(0, T; H™(U)).

o (TRAXANEMNE LEHZLE) ueC(o,T];H™(U)).
o Jo FAEH AR L

gilffé ”u(t)”H'"“(U) <C (||u||L2(o,T;Hm+2(U)) + ||u’||L2(O,T;Hm(U))) ’

P EEC > OURMT.

SI80 3.1.1. &AM A 4o F 3k =

u, —u in L*(0, T; Hy(U)),
u —v in L*>(0, T; H'(U)).
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iEHl v =u.
SRR 3.1.2. i%H # % Hilbert =], HR%X4A& L*(0,T;H) ¥ A 3504 u, = uo X LB EF
C > 0fE/F T Xk £

esssup |[u, ()| < C, Vk eN*

0<t<T

TERA
esssup |[u(®)|| < C.
0<t<T

io)RR 3.1

@)% 3.1.1 (Aubin-Lions & @ 2. X T > 0, X, > X & X, % =ABanachZ ], #FiX 1< p<
0,1 <g< o0 EX

W = {uel?(0,T;X,) : w € LI(0,T;X,)}.
BRI T HIEH W o LP(0,T;X) & EH N

u(—t) -T<t<0
MHERFcCcWRAAARE, RuedF, 23X a@) = {u@®) 0<t<T RHEEBEHXR
ulT —t) T<t<2T

ui(t) 1= @, x w)(t) = [t —Du(r)dr. iEBA: H e — 0, B, sup|lu® —u||orx — O.
uesF

2 BEe>0, X F, :={u :ueF}, i F, & C(0,T];X) ¥ &4a3 K%,
(3) iEFAW < LP(0,T; X) & % # N
#7: (HVARHE LP(O,T; X,), LP(0,T; X,) &4k, A5 A Ehrling 3132 (XM T34 14.7). 2) A
Banach = {469 Arzela—Ascoli 7] ¥,

3.2 SSMTETEMEIRE: Galerkini@if

IG5 HIROER, HHRE. VI f MYIaaEdE g W IERIPEASIFR, FATHE 5k
WM 7 FEFIAFE R . SRR T REA GO0 T L EBEER (3.0.2), JHHIE
H.DirichletiZ1{H 0] 5

Su+Lu=jf inUpy,
u=20 on [0,T] X dU,
u=g on{t=0}xU,
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Hrp
Z 9;(a¥(t,x)d;u) + Zb (t,x)0;u + c(t,x)u

i,j=1

MER t € [0,T] "RX AR H—SE K. B f e L*(Up), ¥ifig € L*(U), &% aV,b',c €
L>(Up¥ies e

3.2.1 SHRHEX
AR u(t,x) & (3.0.1) KOG M, FRATH u 540 H By M k.
u: [0,T] - H)(U), t — u(t)

HoE SUH [u(t)](x) = u(t,x). Hh)iEyl, 1EE XM, AT u BIERM ¢ 250 H)(U)
IR w. R ERATED [FO1x) = ft,x) X f : [0,T] = LXU). KA TR &
veH)U), WA LR v UMY I7 I IFEAT 0 30, 1531

(W', V)2 + Blw,v; t] = (f, V)12 VO<Lt<T.
X G M e LA

Blu,v;t] := j a'(t,x)0;ud;v + bi(t, x)duv + c(t,x)uvdx, u,v € Hy(U), a.e. 0<t <T.
U

PATBEESRIE R 8] S8 o B TR s es e st b, WA S, BT

du = (f —b'du—cu)+9,(a’d,u) =g°+ Z 9,g/,
N—_—— j=1
=Zg0 ::g]

Hoprfs g/ (0< j<d) BJ@T L*(U). KLt (a1 34 o,u(t, ) J& T H~H(U) Jfi e flith

d 2

”atullH*l(U) < [Z ||gj||1%2(U)

j=0

< C[ullm ) + 1 lle@))-

A TR B S AT 1) 340w’ 5T LA ¢ € [0, T] TSR 248 T HY(U), Bk (', 0) a0 M4
Bl (w',v), H ()2 HY(U) 5 H)(U) PN BPE, BATATEE L G.0.DIISEME T .
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— EX 3.2.1 ZHZ&Mm S iZR05s R
FueL*0,T;Hy(U)) B € L0, T; H'(U)) # L AT &4, WARLA (3.01) (L+ L
(3.0.2) & X)) #—/55H#

o M THEE ve H)(U) FILFa& t €[0,T], AW, v)+ Blu,v;t] = (f,0)w) R

e u(0)=g.
TR, %A 3.1.4(1) T4 u e C([0,T];L>(U)), Priu(0) = g A wdtu : [0,T] —»
L*(U) #9i% B8 AT VA LY,

3.22 il HETEE
R AR — F T RARIK 1] 0, ) - A4 Dirichler 15 5 P SRR, 104124 Rl
I ] )y A
d,u—du = f(t,x) t>0,0<x<m
u(0,x) = g(x) 0<x<m (3.2.1)
u(t,0) =0, u(t,7r)=0 t>0,

b f,g RUSIEN . ZJ7 FEEH /B EOR g BB f =0 H u(t, x) = TO)X(x),
RNTTREJE TG X" (x) /X (x) = T'()/T(t) = =1, F&EHREME X(0) =X (1) =0 15

Ay =12, X, (x) = sinnx, T,(t) = Coe™ = u(t,x) = ). T, (0)X,(x),

n=1

H R C, BVIME g(x) #iE. 2 f 208, RATAFER {sinnx} FEI u, f:
u(t,x) = Z T,(t)sinnx, f(t,x)= Z fn(t)sin nx,

3R ODE T (t) + n?T,(t) = f,(t) KiE T,(t)- ﬁ}%ﬁ%/i%)ﬁﬂﬁ@}i% {sinnx} 1BUFEH T
L*((0, 7)) I IER 3. [A B FRATTH R I {sin nx} 16 1F & (0,7) b —A = —% (B % Dirichlet 141 7+
SAE) BIRFIE R, XN T AFEE nl.

N TR IX— B CHET B, AR DMEI N S &

o U WALZA TN, IXLRUE T L RS 202 B HUY .

o FRATAIAE o FE XS FRAA B 55 U RFE R AU R 28 1) ARiEIEACHE {w, } I AT IR
SRIMERAIIAE T5 B A2 — AR5 YWIMEAIR DA IR BRE R mi o TR . FRATLANER: @il
R B AS RN A3 BT 75 BB SRAE L2(0, T; Hy(U)) e,  H AL [A] 2 807E L2(0, T; H'(U))
i RIS S A 4E R AT B A A, R OTERERRN “Galerkin &L .
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3.2.3 Galerkini@if: ZFEMFME—4

Be{wy} & LA(U) WIbRAEIEASEE, W52 Hy(U) MIIEASHE, HEAD wy 2GR, BIansiTe] L
W {wy} N Hy(U) F1 —A BJH— AL . Galerkin (&I REAN T -

1. WIEEMREHE. X me N, NFHR—RIEX W TR K w, : [0,T] - HY(U):

u,(6) 1= ) dy(Dw, (3.2.2)
k=1
BAA BB R B AR () #45
d(0) = (g, wy), (3.2.3)
(u;n’ wk)LZ(U) + B[um’ Wy t] = (f’ wk)LZ(U) (324)

X1<k<mMO<Lt<T WAL, EEWY u, AJLHEIE u 1E {wh e IR T 258 _EHY

52,
2. IBIEFY (xFmiy) —HEEEMhIT. HI9WIRAELENE  Eberlein-Smulian & HA#IE, &

117 B2 AR Rl A2 T 5 1) 95 i
3. IIESSIRPRIGLF 2ME—RYSSRE. A DR 218 3.1.1 IS5 1R R IGERS 8] 20w, A9 I9AR PR IG 4
& Wy [ 55 B PR AR IS 1) S K

B1L: BIARFYIRMIE

B Je Ik B E T B AR AR
— EIE3.2.1 EBEBRFIINGFENE
SHTHEANAmeN, BAEE—GER TR u,:

u,,(t) 1= ). di(Dw, (3.2.5)
k=1
Hik R
dy(0) = (g, wy), (3.2.6)
(W, W2y + By, wis t] = (fwdpey, 0<t<T, 1<k <m. (3.2.7)

MERR. dEIEACHE, FATTAT DUR B AS 2

(), (), wy) = %d’;(tl Blu,,, wy;t] = f}ekl(t)din(t)

=1
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HrAr ek(t) = Blw;, wy, t]. & u,, HAER % d . (Owy, @) = (fF@), wy). IBAIRATE RGN 2
k=1

I TRAL
Sds 0+ Y00 = O, 1<k<m, (3.28)
=1

HAMER di0) = (g wy). HTREC X)) RWEIEN, o TR HEEEE BRI X T
JUTAEAEEH) O < ¢ < T, AFAEME—HIZEXTES R HL d,,, (1) = (dp,(8), -+, dpy (£) T R HHEANZH
JrREd. XA, BB AT E N v, B AR AT A, O

$24: BERFIIN—BRER AT

A
i

— E1E3.2.2 EABFFIN—BEERET
BESRB T UT AL EAEKNTFTHC>0, 35 TFHEAAmeN, A

SUP (16 (Ol i, + 01, )+ 10y < € (W By + 18l - (3:29)

0<t<T

TEFFURUE B 2 /T, FRATL AR : i ReR E() B EEDFEEHE T Gronwall BAZE
Et)LC (E(O) + f E(7) dr)
0

ROl HEE S M A E (1) < AE() HES HIRAY .

iIEEH- éé\/—\? me N, ﬁ,ﬂ‘]agéﬁ (u:n, wk)Lz(U) + B[um,wk; t] = (f, wk)Lz(U) Xj‘ 1L k <m Eijo 7‘5
FEW A 3R LA d () FF5F 1 < k < m SRAIFS 3]

(u;na l'lm)LZ(U) +B[uma u,,; t] = (fs um)LZ(U)' (3210)

[, (O

1d
2.dt L2(U)

KBk R AERTTRE Ou — Au = f PIRUL u IFHE U EARMX— D8R, BIERANISE R

b'd,u,, u,, dx — J cu? dx.

U

1d 2 ij —
Eallum(t)lle(U) + JU a Jaium ajum dx = (f,um) - J

U
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MM Holder A% L ) —EUEIETEN Young A5530, XHMEE 6 > 0F

1d
2 il + 81V, < I i + V8l DBl o

el g )
<Vl g, + (I *+ 0l ) (3.2.11)

TS € (0,0/2) FA N, HH 8| Vul2, ) FTRABA M. TRATATEAELE € > 0 A8 F s

(num(ony(m JIIVum(T)IILZ(U) ) C(IF1E + bl ) (32.12)

M f(t,”) € LA(U) 24 ER, #aGronwall A (BE BIZXH AR &R 5, AT PUEHAF
FE—AMEKH T, U, L B8 Cr > 0§15

t T
[, (OI,0, + ef IV, (DI, d7 < C; (numm)u;@ +J 1, dt)
0

CT(nganw) Jllf(t M d ) (3.2.13)

AR IE ZAG T ), || [m1Zu,,(t) = g: di,(Hw,, ATHEH (1) = Z(d Y(Owy, TERT

k=
Spanfw, ++-, w,,}. WIERAE E ¢ € [0, T]a%ﬁaﬁﬂw ki tp € Hy(U), 32 lpllmw, < 1. T—HA

L2(0,T;H-1(U))"

<u;ns §0> = <u:n9 §0m> = _B[um’ Pms t] + (f’ gom)
ClIVu,ll2anIVemll2wy + (||Vum||L2(U) + ||f||L2(U))||§0m||L2(U)

<
< CUIS Nz + IV llay)s

Hosma—2 T lemllaiw) < el =1 Fil Poincaré A=5e BULEXT 4143 2 lellmw) < 1ify
o B EFA, Wi H'(U) a8 e X3

I OI 2 y < € (IFIE + 1Vl ) (3.2.14)

BRI FH A 1 (3.2.13) T 45

T
(O opr1ry < Cr (ngnzzw) +j CDI dt) (3.2.15)
0
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HrHE# c, > 0 BUKHT T, U, L. O

B=H: BMATFEMERME—E
B RAMMER 3.2.2 I EEERAM TSGR . FATIAFZ MR 502 TR (3.0.1)
ME— R 55 % .

EIE 3.2.3
|7 742 (3.0.1) BAEE—0955/% .

MERR. PEE 3. 2.2 A5 B — B RE R AL TF DAL B LR . AA4E T8, } C {u,} fEf5

7E L2(0,T;:Hy(U)) 8k ,  ELXOTHTU) haisl

u,, u, u, u/,

T RBAAEZX A v IERBATHEER M. FE N e N FEBRAFM T EANEE v e
C([0, T]; Hy(U)):

N
V() = Z d“(twy.
RIFBAER m > N, 1£(3.2.7) PEAFIRIRELA (¢) FX5T t BT

T

l
2 m = my FFEES IR IRAS 2]

T T

J (w',v)+ Blu,v;t]dt = J (f,v)dt, Vv € L*0,T;H}(U)), (3.2.17)
0 0

T
(u},,v) + Blu,,v;t]dt = J (f,v)dt, (3.2.16)
0

SR ATFFIR I Y d (Ow, 1B $LE %2 M R A A i — s, EROHTRIT < THRL,
W LX 2R € HI(U), FATHTEE: F/EZNE N, C [0,T] 4 (', v) + Blu,v;t] = (f,v)
At € 10.TI\N, R, LRy HYU) R4 Hilbert 218, BOUFHERT BB 745 D = o

A v, MM ENEILE N, , HIEN = U N, W N c [0, T] 5582 FME. BHEXEE
t € [0,T]\ N DARATE IFBEL k #0H (0, vy) +B[u v tl = (f,v), HHES D LS

(o’,v) + Blu,v;t] = (f,v), Yo € Hy(U), a.e. t €[0,T]. (3.2.18)

R 3.1.4, #iEBSa e (o, T]; LX)



3.2 S ER: GALERKIN&EIR 107

N HEuYHME g, ££(3.2.17) i [a] A2 B oy #AR oy vl A5 (R il3. 1.4(2) i 518D

T T

J (v,u) + Blu,v;t]dt = J (f,v)dt + (u(0),v(0)), Vv € CX0,T;H,(U)) with v(T) = 0,
0 0 (3.2.19)
PL&

T T

J ', u,)+ Blu,,v;t]dt = J (f,v)dt + (u,,(0), v(0)), Vv € L2(0, T; H:(U)). (3.2.20)
0 0

HIRS m = m R, BHTE L2U) T, (0) —» g H v(0) ZEEM, A% u0) = g 441
JRALo BN EATA B BT, IEWIME— PRt R RIRIEY f =g =0 I (3.0.1) HME— 3%4:7'3
. £ (3217) 4 v hu A g, FAEE

d1

372 MOl + Blw,w 1] = (w', w) + Blu,u; (] = 0. (3.2.21)

M X F AL €y, C, > 0 {815

Blu,w;t] > CyJ[ulff, ) = Callullfg, > =Calluls gy,

>R 3.2

m

SRR 3.2.1 (Poisson /7 FE 1) Galerkini&ifr). & f € LA(U) , u, = Y, diw, it &

J Vum-Vwkdx=j fwedx, ViI<k<m,
U U

A F {w} £ H(U) 8RB EK. % {u,} H4&T 7 E H(U) F 35048k TPoisson 7 # —Au =
f(xeU),u|yy =0 4955/ u.

3@ 3.2.2. & g e L2(U) % u A4 F PIAZ &9 X7

ou—Au=0 in Uy,
u=20 on [0,T] X dU, (3.2.22)
u=g on{t=0}xU.



108 B=E VYR

iEBH: AAEZ Gt > 0FH
ut, lw) < eM|gllw)-

XZ A >0 ARLA K Dirichlet #5189 —A £ U Loy L HF1E{A.

3.2.4 *HEHFZE: RotheFEFMLionst iR T 473k

MGalerkini@ 3T ik B 5 FEAFAETE SRR T, FRATT A B AN IE B I R AR T X 4 U
AFHE. MAAELAXEER, GlU = R, PR E T AHEAEHE, H) o L* A
RN e G Galerkini@ i P A, BA AN ZRAAAE —HAE Hy(Q) TIEARL. 1E
L(Q) FARUHEIEAZ MVETH IR {wede EUEBAJCIRMTHRS, BRI EO2 v, M 6u,, fbfi15E

BV RYET 208 V,, = spanf{wy, ..., w,,} W, L (=A) EFHFAEMEE. HIEEHEL T
AN T

1. XtGalerkin/FFVEXGHIRAR. B HATomAT R AL A G 1A IRYEEILME w,, FR2 T 5 m &k
K e flitt

u,, € L*(0,T; LA(R%)) n L*(0, T; HY(RY)), d,u,, € L*(0,T; H"Y(R%))

A E /& Banach ZS[AIMIPEST, LATLGEMIGHIR w,, — u. HAE R? L, ATREER
N, Fil{u, TS RE “REELTFTLHRR” 1. RITRE ARELSSENETHE
K € RY E3RPFREH RIS, H—BOR TR XMERE $ 2 FEAS RY,  BRARX ARAETC 75 1 AL 3
PCRFE 1N BB B 2 TR il it

2. POPDIENMERERF. X2 Galerkin J7iE AN “HB5E” —A (B FRAGIE ST Rk & 2 51
B N RN SFE B AT AR HL— A 28 BOANHAS [7] 22 5 PR X Rt 1 51
R REEIZ ST RRFE R BCR MME ISR RTT, A REUEfm Hy IR, Xl 2
PAMEFE AP 212 (| Aul| . FIEH]. Galerkini® i 551 AL KI5 FE N

(0u,,,w,) + Blu,,,wi; t] = (f,wy), k=1,..,m.
ME— BBV E R A R o (6) eLLEE k ANTTFEFRA, XS TR BN —N R 67 3
v € V,, = span{wy, ..., w,}. N TSR A SEMEE, Rl e s 7122 0 B e
v =—Au, (). MHILE AT JARE —An, () € V,, ZELH . HTF u, = D) d(Ow(x),
k=1
XA BATL A T KA
—-A (Z d’,;(t)wk(x)) € span{Wwy, ..., Wy, }.

k=1

L5 WA HE X — 2 ) Lions & & 5 FE (G #H 1.4.6).
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NT X —FMSHERE R m FUER T8 R d ) #O%AL, FBATLIEREF —Aw, €
V1 <k<m), TisBERFIERERZER w, N (—=A) FIRHER L

HETLH X R |, (—A) AAESE, HAEMET L2(RY) MHRHERE. XERERNTTT
FEEEIRYE T30 V,, A& S 000 B BOR BT —Aw, FIPER, X5t S 231 eiEAE
Te S X 38 Galerkin 7 v IF B figd i) 10 )4 .

LMY T, FATATLAA] Rothe 777 H Lions $il1 R A8 537538 (A] LA s i Ak 77 FE AR
A Lax-Milgram /77%) AT EMM H) 2] L2 FERANEH . T4

Rothe A&7 : BYE]ZEEHYF EHHL

Rothe J7 % 0 B AR FF 3T == (B 4E B RO BT, S adBTEEITREL . R R etk
NTHETTRERFS, MAERXIER GG FELL) £, MEJTER Lax-Milgram & FHS
FAL o

E—F: HEFESHILBEIMELDERIE. FATRKK E XA [0,T] &8 N ST XIE, K
t=T/N, Rt =kte BEWMWITE 0, + LOu = fo £ ¢, AT R &
BN a2, Mg N PR

e O Y Y RO

ty_

% u° = u(0,x), FANTHEHTHNKM u*. SF EHEEREENA, WMEENXRE v e
HY(RY), AT TG 52

(u*,v)2 + B[uk, v;t, ] = WKL, 0) + T(fF, V).

F=%: FA Lax-Milgram EIBKEE—ATE)L. & UL : B (u,v) = (u,v)+
tBlu, vty ] HE T — BRI VERANTE Blu, us ti] > Bllull?, —yllull?,o Klik:

Bi(u,u) 2 (1 = zp)lull7, + tBllull7,-

PUBEHHUN 25K © 205 MER 1 1y > L, UARMLIER By(u,0) 76 HY x H' L3t 2 bR
Sk, 4 Lax-Milgram SEBLRITECEME—19 uf € FA(RY) Wi 2 Lt g5 1A,
B2 BHERARME. EHERB RS S 0 = ub, AU @, w0, = (P,

U + [l = Iz, WA

1 _ .
57 (eI, = I + 1 = L) + Bl = vl lI7 < I lle w2z



110 B=E VYR

WIS, X k=1,..,mRMNEH
(12, + D lluk = u Y2, + 208 D) (k]2 < IOI2, + Ct ) IIFI12, + 2vT D) k|2,
k=1 k=1 k=1 k=1
T B8 Gronwall R, TATHE T MERBEHESK ¢ 10— SR B it

N
k2 k12

max ||lu + E u <C.

OSkSN” ”LZ Tk=1|| ”Hl =N

FEUE: WEEIAEE, FEGERR. MG R a. () = ub M5B A R A u, (1)
(t € (th_p, te o SBHAETFRFEA u, £ L2, T;L?) n L*0, T; HY) *—5H 7, i ES
# ou, £ L*(0, T; H™Y) H—8rA . W4 B R EM 558, FEFIISSIEIE MR u e
L*(0,T;HY. % 7 — 0, FIFHFGUSIEN AT UE AR IR u g2 JATE R I 55/ .

Lionsi5 % 57 [RIE

WA S AR SR T AR T AMEESEL, J.-L. Lions MM RHESLSS T bR o 7 X 38 A
HEZMZ R . EAR 2 Lax-Milgram EE1E Gelfand —Jtdl (V & H < V*) FI75[a]- [A]
ERIHET o BEANUE BN T A (B R SRR N, BRI A 5 X3k A 4 2% ] R 343 FH &

SR Lionstl AL/ WA BE, A1 F13Ea N =&

1. Gelfand =T, ¥ H ¥ Hilbert 28] (Fl40 L*(RY)), V JyHX A% Banach %[ ({140
H'(RY) 8L H)(Q)), H Vv EZ: HAZE RN Ho 1 Riesz R & BLAT 73R #EH Gelfand =T
HV o H=H"o V. AREMERHEE: (f,u)y., =, u)y, VS €EHuEeV.

2. BEESIE. € XA E

W(,T) ={fu € L¥0,T;V) | d,u € L*(0, T; V*)}.
HR¥E Lions & (#rfi3.1.4) 5 W(0,T) < C([0,T]; H), HI#¥ME u(0,x)=u, € HZER

EN, HAMER u,v e W(0,T), 708 R A& AL (fmidft3.1.4)

T

|

3. WMEMERSHKET L), Xftae. t € [0,T], BHENLIEER B[, 5t] : VXV > R,
B
o WM X Vu,veV, t+— Blu,v;t] £ATMH.
o [AE: FAEFE M >0, 115 |Blu,v;t]| < Mlul|y||v]ly.
o SRME: f7TE a > 0,4 € R 453 Blv,v;t] + || = a|[v|? .

T

(W Vhyepdt + j V', Wy dt = (@(T), v(T))yr — (8(0), v(O))s

0



3.2 SIMAETEMEE: GALERKINIEIT 111
HA A, BATATRUE R BT L(t) 1 V > V* {life:
(L), V)., = Blu,vit], Yu,vevV.
MAERAELT K u e W(O,T) 1115:
W () + LOu() = £(t) in L20,T;V*), u(0) = u, in H.

B2 Bl e S A A
1. FMEF R, BET y, : W(O,T) - H 2, WAEE U e w(O,T) 153 U0) = uy. %
u=u+U, Ma0) =0 AFEENG +LOa=f-U, —LOU =: f. KERITATAYEH
W u, =0.
2. EigsEHIME GEETIR) XPHE N T EdEuEkE R A, A A £0, 2ult) =eMw(t).
RNJR T FEH TR e, 152CT w(t) FHTTFE w’ + L(Ow + Aw = e~ f. LI TR 3T
LM AN Blw,v;t] = Blw,v;t] + A(w,v),. H Garding 2F51 Blv,v; ] > aflv|)?. Kk
TATAT AR —fe bt A = 0, BIXNZRIHETE S Blu, v; t] A8 5 5l A2 P sm il /1
BAEFRAT T N A% S5 ik
— 5|3 3.2.4 Lionst&®5|3E
% H A Hilbert W], V AR EE SN, LV ELEHN . ERNEMEH KX E(u,v) :
HXV—->RHL
e HARM: WweV, u—— E(u,v) £ H LR ESEEMZ L,
o dExFARIRFIME: HBEa>0, RIFVWEV, E(V,v)2a|v|3.
WiiEE VvV LegE S EB2 R/ FeV, LB ueH (CEEZXELHE—) 5

E(u,v) =F(v), VYveW.

JERR. BT ur— E(u,v) 7£ K Fi&EZ:, 45 Riesz #Fon©H, MR v FAEM—1 S(v) € 7, f#
5 E(w,v) = (0, S(V))ye» XHUE X TEMRET S 1 V - FHo FIHAEFRoRE VKA1

allvIl}, < E(v,v) = (v, S(V))s < (V|5 [ISOV 5

HIESERN V < 51, FFLERELC > 0 L |[Vilse < ClIvlly, BUHEAZS@lse > SVl XE
H] S 28, H S(V) & 5 Mt T28m. 18 S(V) g X&MIZ R ¢(S(v)) = L(v), RATIRIE
HA c

£SO = ILWI <L VI < Z I ISl

$& Hahn-Banach jE#, AT LUK € LRV EFR 2 HE S Hilbert Z¥[8] € o XT2EHR 5 K2 BRTE I
RIS Riesz £on g, FAEM— ae I, HHEXNITA w e I #AAL ¢(w) = (4, W)yeo FF
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AL, HHw = S(v) B, FAEE] L(v) = €(S(v)) = (0, S(V))4 = E(u, V). O

Yaut, BATRTPORARLNEIOYI T RE . AT T € SCE R 572 R

o KBS H =L*0,T;V), TTFruETEHE.

o MPRKEEE: V={vewOrT|v(l)=0} BT VcH, ESEHMNKL. RFTHH K
WH vl := IIVIILz(OTV)

o MM WK 0 S EER AN RECRE L E : H XV > R:

T

E(w,v) = J (— (V' (), u(®))y- + Blu(t),v(t);t]) dt.
0

o VTR HNZ K F(v) = [ (), V(). dt. BIRF € V.
TELCTRATFEAGS H 52 B4l , T R R B OCHE I 70 B0 UE X2 14 28 B 1) A X R ik i 12 o

JEXTARIE HI M4 A UERR. E?’u\v € 17 ﬁdl]ﬁ‘ﬁ E(v,v) = fo —(V/, V). dt +f0 [v,v;t]dt. BT
v e W(O,T) Hv(T)=0, 7&ifisn153)

T

| =@ ¥ de = =SIVDI + SINOIE = IO >
0

A XA B i sl v, FATI45 3

T

|

P AHINEIRE(V, v) > af|[v|)%. BIAELE u € L2(0,T; V), fEAMER v e vV MAaL:

T

B[v,v;t]dt > ocj Iv(®)ll;, dt = a|[v]]3.

0

T

|

( - (V,au>V*,V + B[u’V; t]) dt = J <f, v>V*,V dt.

[]

BAKRE T u € LX0,T; V), (HI& 7 uk B i [a] 5 200 IR 1 DL R & i S R W0 aa 2648, R
T FEA - HE B 7V

FIE SHEENM u e WO,T). MAECEH T o' (t) + L(u = f AESAE X I 1
ueL?0,T;V) H L) G5, Bl fi L(-u e L*0,T;V*). XEH f € L*0,T;V*), Xuizas
A GH = f — L(Ou € L¥0,T; V*). FIt u € W(0,T).

FMEFEMH u(0,x) = 0. A ue WO,T), EHIMKXEE v e C0,T;V), Mlve v, A
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AT LUK IS (6] 2 20 B AR > TS X THER v e V AL T3

T

|

KA v(T) = 0, Frlifg3]

T

—(v,u)y. y dt = J (W', vy dt + (u(0), v(0)); — (u(T), v(T))-
0

T T

J (', v)y. + Blu, v;t]) dt + (u(0),v(0))y = f (f,V)y-ydt.
0 0

MTHT— % CLUEH u'+L(Ou = f £ L0, T; V*) KL, PRI ITE 240HE, B T @0), v(0), =
0, Vv € V. H TR EAE ¢ = 0 B FHUE {v(0) | v e V} £ H HEMHR, Xidffu(0)=o0.
ME— Pk IR Z /T —#F, WA ESER T

3.3 AENTEEE

FEVEAR ) 7% (3.0.1) S9MEHIAFAEME— PR 5, RANTB RS F M BE— PR R XA 55 %
e SN 2 R IE NIRRT ? O TR R AR, BATA DU e E it E RO R (a
priori estimate).
— Ay = . d
[@u Au=f in[0,T] xR, (33.0)
u(0,x) = g(x) on{t =0} x RY,
FoAp X BLIATIER u & — 2 |x] — oo MMGETERE] O KOG ME . 7EEHE 3.2.2 1, FRATERR
FAREIT LeL2 0 L2H, s fliit

T

sup J u(t,x)*dx + f J |[Vu(t,x)|*dxdt < C (J g(x)*dx + f
Rd 0 JRd Rd

o<t<T 0

T

j (f(t,x))*dx dt) .

SR IR TT FEH ) Laplacian U6 & B S8, HIETIf (4, ) € LX), FMBERSA: u 2GR
H? IENME? (Bluf BAELYE SRR Bl ?) Fsg b, JATA] BURCE 5 28 )5 7 # AR 0 45 21

J frdx :j (u, — Au)*dx = J (B,u)? — 20,ulu + (Au)*dx
Rd Rd

Rd

:J (G;u)* +20,Vu - Vu + (Au)* dx,
Rd
IEE]

B,u)* + (Au)*dx = f

R

d 2
EL@ [Vu(t, x)| dx+f

R4

f2dx. (3.3.2)
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XIS (AR S ARy, 455

T

supJ |Vu|2dx+f
0<t<T J R 0

T
(J B,u)* + (Au)? dx) dt <C (I |Vg|*dx + J J ft,x)? dxdt) )
Rd Rd 0 JRra

(3.3.3)
XRMAUIRYIME g € Hy HIEW f € LL;, W we L’H;nLP H, Hu' e L7L;. # T RFATAH 2%
/i__LXTHTIETngtlz,'ﬁE"] H? vt A L7 B o X2 v LSRR, BWMERYIE g AR
W f BA SRR SESE EIRAT TR 6, 155
0%u — Adu = 8, f in (0,T] x R4, 3,u(0,-) = £(0,-) + Ag(-).

PIIL R Lo, u it 7y # AR 70 mI 45

f Ol dx + f V6, dx < (180 f oo ety
[Rd

Nl*—‘

4
dt

P& Gronwall A~ 25 245 2|

T

T
supf |6tu|2dx+JJ IVatulzdxdtgc(Jj (6tf)2dxdt+J |V2g|2+f(0,-)2dx).
0<t<T J Rd 0 JRd 0 JRd Rd
(3.3.4)

SRIG R A/ 3.1.4 HIEBIASFE AR AR e B, AT

sup [18,24(t, N2, 0 < C (122 0mpeser + 18 1oy ) (3.3.5)

o<t<T

XA T du MIENTE . X w i LoHZ IENME, FATE AR W e GeERE2.5.2, A5k
H Au FefE T RER LR GRS 153

J |V2u|?dx < CJ’ f?+ (6,u)*dx. (3.3.6)
Rd Rd

K FRAT 1S 4518

T

sup J |0,ul* + |V*u|*dx +J
Rd

0<t<T 0

T
<C<JJ (atf)2+f2dxdt+J |v2g|2dx). (3.3.7)
0 JRd Rd

J |VO,ul? dx dt
Rd

AR X AR HE R T RE R o B, BRATHIRE XI5 R (3.0.1) WA R IEMIVESE R . OF T HOR
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ERfEAE, FAVMRGXU c REZLFOLH A R X, {w} c Hy(U) & (-A) H (@ Dirichletil 5%

S RRIE B AR (R B I DU e B bR BT {w,d € Co(U)), FFHRE RS oV, bl,c £ U b

wWHYS LR,

_ TR 3.3.1 HhAmEN
#u € L0, T; H\(U)), w' € L0, T; H™\(U)) A (3.0.1) 49554, #{h g € HI(U), RHA f €
1200, T: L2(U))o 7} 2 8 u 25 L i 2

u e L*0,T; HX(U)) N L>(0,T; Hy(U)), w' € L*(0,T;L*(V)),

FHA 4 T AE

ess5up IO, + 1908+ 19 sy < € (I + 18l ) 338)

o<t<T
AP FHC>0MRM U, T #= L 89 7 3.
Pobh, de B EAVE I HARIL g € HX(U) A f € L2(0,T;L*(U)), A4 u ik’

u € L*(0,T; H*(U)), v’ € L*(0,T; L>(U)) n L*(0, T;Hé(U)), u” € L*(0,T; H'(U))

FHA e T AE

Coert <”“(t)”?ﬁw> + ”“/(t)”éw)) + ”u,”iZ(O,T;H(l)(U)) + 1L o o)

<€ (”f”ill(o,T;LZ(U)) + ”g”zzw)) : (3.3.9)

JERR. o AT F AR AR EI TR LA o ARG A Ay . AT E TR A MG RS u e
L0, T; LX(U)), FrLAFRATE Se izt (3.2.5) i X IiEIE F 41 {ul, } HoX B A Ruk & . 4
R (3.2.7) Wit [FI R LA d&'(6) FExt 1 < k < m KA1, 133

(u,,u),) + Blu,,,u,,] = (f,u,), ae.t €[0,T].

PRI IAE 7 205 Blu,, w), ] AANF T L W AMATE, FA1G 2

Bluy,uj] = f

a’ou,, d,u,, dx + J b'éu,, ul, + cu,u,, dx.
U

U

T oV = o/ HRBEETER, EATEI Mgt 7 — P eeRgiy

J a'du,, d;u, dx = %% J a’ou,, d,u,, dx.
U U
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SR Young AN, SHERE 6 > 0fF

J b'du,, u,, + cu,u, dx| < §|[ul,|?
U

LZ(U) ||um”H1(U)

DL c
|(f um)l 5||um||i2(U) + g”f“iZ(U)'
FREAHHE W AR

- C
”u;n”iz(U) + EEJ aljaium ajum dx < 25||u;1||i2(U) (”f”LZ(U) + ”um”Hl(U))
U

Iﬂﬁﬁﬂée(&i)%ﬁj\d\ A5 S I T AS S A TR AL s, R I PGS I ) A2 AR 73 T 45
T

J ||u;,,||i2(U) dt + sup f a'’ou,, d,u,, dx
0 U

0<i<T

<C (J a’ou,, d,u,,
U

IR, ARLIO—BOMBIER [, aid,, ju, dx > 6| Vu,|2,,  EHHAE

T
J||f||L2(U)+||um||HI(U) ) C (W * I8l ) 3310
t=0

T

L 00 0+ 500 1V, < € (I gy + 1) (3.3.11)

0<t<T
ERGBANKGET m, BEHFRATATCLS m = m; > oo HFHUAKIRTS 2
ue L>(0,T;H)(U)), w € L*0,T;L*(U))

EAE R T O 2 8E3.1.2)

0<t<T

T
2
L 01 e+ 55 VI 5, < € (I gy + ) (3.3.12)
AT LLUE w L7 HE 1. $F5L FIERN O 2152
(W', 9) + Blu,p] = (f,9) Vo € Hy(U), a.e. t €[0,T],

AN ] 51
Blu,¢] =(h,¢) ,h := f —u’ € L*(0,T; L*(U)).
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PEEDIIENRE 3 GE3E 2.5.5) WA R TLTAEALH ¢ € [0, TIH u(r) € HX(U) WK
I, < CAMIE g, + 1P ) < CUF Iy + W1, + 12 )

R Z AR THRS Satas 7T ERATEE A TE, R (3.3.8) fFilk.

B PRI g € HY(U)NHYX(U) #1 f € HY(0,T; L*(U)) ﬂemﬁ%mm#@mm Pt (3.3.9).
FEAEHL, FRATE X BIL TR (3.2.7) (AR TR RIS SEL, X 2R NEANTH it 3%F #
(fEWF A B el fht. BER

(a,, wy) + Blu,,, w, ] = (f,, W),
WA TR dk(6) 0 1< k < m RANEF]
(ul), ) + Blul,,ul,] = (f,u),).

WL — G R TE AT Gronwall A2, FRATTHEH

T
S0P 0,0l + f 901 A < CAO s ) + 1 g0

< C(lluVH(O)”]Z-IZ(U) + ||f||H1(0,T;L2(U)))' (3.3.13)

PAEFAT AT RO [0, (0|7 MO BUETEELA—ERMIRBEE T, ProdRAIBTF
FAN || Aw,,(0)]| 2wy KEEH] ([0, (0)||gaye XA 0T DOE I u, EARHEIEASEE {w,} FIERE
FEoRSEEL. L b, PEMEEDENEEE (DL u, |y =00, FRATA

1 (O, < CUBAOIa gy, + AU O, )

A u,,(0) = 2 dX (0w, (x) LLI —Au,,(0) = Z dk (0w (x) (ERE w, 72 (—A) FIFFER ), 1
*ﬁ?ﬁ@iﬁ%ﬁ@ﬁﬁcﬁﬁﬂﬁ

O, = Z(dk(o»zq Z(dk(omf A7 1A, O)]1F. ),

N
(O, < CA + A7)][AU O] g,

Hr 2, > 0 & A Dirichlet 5% (—A) B ERFIEE. 2K, JAT0EAR T PIE HAIH]
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W, |0 = Au,, oy = 0 135 GXHEHE) T RHAE R A 5 28 T eI
[0, (07 < C(1,,(0), A%, (0)).
H1 T A*u,(0) € Span{w,, -+, w,} LA (u,(0),w) = (g, wy), FHATH
[0, 0]}y < C(Ag, Au,,(0)) < ||u Oy + Cllgl

NTIAEAEC > O [l < Cllglla BRAL. BLAERA S0, 19— St

T
Sup W DI, + J |IumIIHl(U) £ < CU Oy + 1 1220 10207

< CUllglFw) + I o razwy)- (3.3.14)
DUEFRATRI 7 FERAER LoH2 IEME . B2 EH

Blu,,w; ] =(f—u),,w,), 1<k <<m.
ZRPIATRLL A,.dk (1) FEXE 1 < k < m RFE15 2]
Blu,,,—Au,,| = (f —u),,—Au,,), t € [0,T].
M Au,,|;; = 0, FTEA Blu,,, —Au,,] = (Lu,,, —Au,,). 3 8 3.3.1 %0
Wl < CUFN Ly + 10l + 1l )- (3.3.15)

Gt w, M—Sefhit, A5
T
SUp ([ (Ol + 0 Olsg) + Jnumnm(m < CUO Ry + I Pz (3-3:16)

Lom=m - o0, BT I

ATREEY w” € L0, T; H'(U)). BfMi1fE H'(U) A& Hy(U) (3B, FrARAE
o € Hy(U) FFERIHE ||§0||H1(U) <1, B¥fHe = ¢, + o5 HH 9, € Span{w,, -+, w,},
Pm € Span{W,,, 1, Wy, o, -} FHE XA

”u;:l”Hl(U): sup |(u§,’1,qo)|= sup |<f,’q0m>_B[u:mg0m;t]|

ol <1 Il <1

/ /
< sup (”f |2 ll@mllc2wy + ”u;n”Hé(U)Hgom”Hé(U)) < llexqwy + ”u;n”Hé(U)'

el <1
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HTFRAMTCEUEN T u), B—850, AL m = m FEARR 82 BP15 3] v’ € L0, T; H1(U))
FIE A (3.3.9). g

1B XF Sobolev RIFFEPRKIASN, FRATIE 7] LAUE B 58 & B ) P IR PR 45 2R, IR IS 2.
_ EIE 3.3.2 SMnfEN
o EHEH m e N T i4 3.0.1), Xge H™U) AT o<k<m*A % €

L0, T; H*™}(U)). B WRIXA1E g # 2L A2 m Bré4a 5 %54 (compatibiliy conditions
up to m-th order), BP

d=tf
dei-1

g =g€H,U), g := (0)—Lg;_, €H,U), 1<j<m.

mﬁo<k<m+1ﬁ%;eymﬁHMH%@m,%ﬁiﬁ?%ﬁ

m+1 2 m 2

dku dc f
2 dtk <C<Z P T + 118l i o) | (3.3.17)
k=0 L2(0,T;H2m+2-2k (1)) k=0 L2(0,T;H2m=2k(U)))

HbBFERKC >0 URY m, U, T ARL 49 % K.

S0 3.3.0. MABEHRLE, TRIET AWK g8, -8, LAR OU LeyiEdA T, T %
F2RRAY IR S 20 Mk R, BPAAAE AR,

— FEIE 3.3.3  C™ HEN
st iedh 742 (3.0.1), & geC®U), feC>(Uy), AWMhgi#hiRTWestnamis, o

1 f .
g =8€H,WU), g, := W(O)_ng_l eH,(U), j=1,2,-

AR 2 (3.0.1) BAR—# u e C=(Uy).

[l 3.3
g 3.3.1. X u e C®U) #H 2 u|yy = Aulyy = 0. iEH: HAEL >0,y > 0fE4F
Bl < Lt =By + 7 Ul

HF Lu 1= —-3;(a"0;u) + bdu + cu R—EMMA Y, HLiKZal =al.
Er B R T ENEAIER . AT A AIEFARLT MEIR b =c = 0.
[B)§k 3.3.2. ¥ L= —5j(aijaiu)ﬂﬂ’, XA d 35 E WM (3.3.9) 49 B ALIERA .
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R ARE B {w ) RIA LA H(U) FORKIEZ M RA (—A) HIERH . AR AT
HEZFAM I3 FHLRFXT.

3.4 R KERE

ARSI A OO )53 Harnack A%, X BIRAMBHGRASE 7 L AR
A8

Lu = —aY3,0;u+b'du+cu, a’,b,ce C(Uy), a¥ = alt.

AT SRR Uy i= (0, T] x U AL R Ty i = Up\Uyp, Hib U ¢ RY DR TG
BHRIFE. AP SR BRAVUE B 558 R R 3, sm Al A S5 22 AR B 75 290 Harnack %554,
1E I 25

3.4.1 HRERE
XA T CRAFFE U CRY, FATE X CXIXU) :={u : IXU > R : u,0,,u,0,0,u,0,u €
CUIxU)V1Li,j<d}, BT Etel,x e U AR U 2FHH .
EIE 3.4.1 FERKERE

KueCUp)NCWUy), BAEU $H c=0, Fou+Lu<0 (£fitx, >0) & Uy Flaik
%, MA maxu =maxu (EMH, minu=minu). bt u WARATH (LE),

UT 1—‘T UT 1—‘T

UERR. IEME RS e B 2.6.1 EH AL, AT E ey xi% N d,u + Lu < 0 £ Uy FIERSL, FF
RBAFLE (ty,x,) € Uy 15 u(ty, x,) = maxu F0<ty<T, WA (ty,x,) 7& Up FIN A, Kk

d,ulty, x,) = 0. 55— J51Hi, ?ﬂdl]TU@%fﬁEﬁ 2.6.1 WAL HTE (b, x,) 40 Lu > 0. FILLE
(tg, Xo) Ao du+Lu >0, X5\ u+Lu<0F)E. #&t,=T, IBATHRE o,uty,x,) =0,
X FEAE (L, x,) &b ,u + Lu > 0.

WAERAIUE 0, u+Lu < OFEULH RAL . BEITFRATTSI IS ué (e, x) = u(t, x)—et (e >0
Te—AVNEHD . BT S o ut+Luf = d,u+Lu—e < 0 AEU, FHE ST, #E max u® = max uf.

Ur I'r
MAEEIR ¢ — 0, FRATIE 2
max u = lim max(u — et) = lim max(u — t) < max u.
UT =0 U, e=>0 Iy I'r
T A AR R BT 5 L, BN Ty € Uy O

UEF LR ENRTURE ¢ > 0 B, FRATATLAIE BRI 45 R
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— T 3.4.2 c>O0HBHRAERE

KueC(U)NCUy) BEU $H c>0. F0u+Lu<0 & Uy Flaks (£, >0),
N maxu < maxu® (£M#, minu > minu=). A, Fdu+Lu=04%& U, PERZL,
Ur I'r [ I'r

WA max |u| = max |ul.
UT 1_‘T

3.4.2 BRERIE

UE PP 5 FE I s A O A i 3 75 2L B4 Harnack A5
_ I 3.4.3 #) Harnack ~FX
RFERBK ueCX(Up) £ U PHAGu+Lu=0 AV eU AEBTHE, WIRAEEH
0<t, <t,<T, REFHC>0, 7

sup u(tb ) < inf u’(t29 )
V V

P EHCIURM V, ), t, A2 L 89 A H

SEFE 3.4.3 UE B 5 EH B OB B AL T 5k, Bk S WL Evans [6, 39170 € £ 7.1.10], A TH:
T —/NIHH Li-Yau BEE A4 HL = (—A)YEONEY] . IAEIRATHIEY) Harnack A% z0A
i 55 W% AR JE T SRAIE IR S 3 B A SR B

EIE 3.4.4 BHRXERE
BHRFE U REile), K u e C(U)NCU;) BAE U $Hc=0. & U $1EA
du+Lu<0 (£, >0) Hufk (t,x,) €Uy REFHA U, LR KA (£, R
M), A2 u U, PR EE GEERE UL,
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Ro

Parabolic strong maximum principle

SEH 3.4.3 AR T FERA “ LIRALRREL”

MERR. WAE Up B du+ Lu <0 H u 7E (ty, %) € Up AE B KMEH. I GELFNIT 75
W eU, 1§ x, e W. R/5H &MY ITHE

v+ Lv=0 in Wy, v=u onA; i= Wi \Wr.

PEIat KAEFEE, JAFE u<<v <M = = maxu, KIHAE (2, X0) A0 v = M. BUAEFRAN 7 EAE

w:i=M—v=0EWHERT, %ﬁé‘ﬁ%ﬁ%m, MsEAAE IR B L2 fRUE, KB W eU 2
{E R .

HT c=0, FANVFIEL W, FF ,w +Lw =0 LA w > 0. I Harnack A5, XL
MiEx, eVIITEVeWMo<t<t, #HAE

sup w(t,-) < Cinf w(t,, -).
v v
H—J7 1, ir‘}f w(ty, ) < wlty,x,) = 018 w 7E {t} x V LIEN O XHFEXFER ¢ € (0,t,) £

AL, HITV eW Mt e (0,t,) FRAEE R, FATVHIESL W, Hf w=01EML, FIEvIE
W, THENEEM. BT =uff Ap BERGL, BATHEY T7E [0, x oW Eu=MEXZ. O

XFe >0, HABATRBIER.
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— I 3.45 c>oRBRIREIRTE
BARFE U RAEilit), HH ue CXU)NCU;) BAE U FH c> 0. £ Uy $1EA
du+Lu<0 (EMH, >0) Lulek (ty,x,) €U REF LA U, Lo9IER R KA (EM
H, FERKMA), M2Au U, FERAFE CZERRZ U

3.4.3 *Hi¥IHarnack R HYUEEA

AFEAPKIE E #3453, N TR, AL = —A, BI% EFRHERJT 2K Harnack
VI ERBAIAHM R I BARRIE AT, ORGSR AUE .

#04 Harnack B9 “SEWAFME” . HAVALHBEATRERRAMRE: [THE & € RY, HEK(E,x) =
_lx—¢?

~_e” w . HESTEE K RRTEEA. STE (%), (,X,) € (0,00) X RY, 5015

(47t)d/?

K(tl’ xl) (tz)d/z |x24:§|2_|x14—§|2
> N\ e o,
K(ty,x,) L

EIﬂYoungm%ﬁ%ﬂ, Xﬂ‘/ff%z: [2 > tl > 0;

2 2 2
X, — X, — X X, — . tLx, —t;x
| 2 fl <| 2 1| +| 1 fl , A»‘Q:DEE\—\E/H/TX\!/ gz 27°%1 1 2'
L L—14 b L—1h

Bl

£,\*? 1%, — x|
Vxl, x2 E Rd, tz > tl > 0, K(tl’ xl) < (_2> eXp ; K(tz,xz),
5} 4(t, — 1)

B & i B BN 555 T,

EAERTH R R, AO7RE Harnack AFEXHA “BEAA” FROE: MRS — N 211 BUE
P HAEA 5 i 2 P B s ) o PRI G SRBRATTZEUE BT 0 u(ty, x,) < Cult,, x,) ISR, WA FEH C
NAKHSR t,/t, 1%, —xq|, CASEREER] (8, —t1)™1 > 0.

B B A5 BB Hamacm%ﬁﬁ%%«w%, SKATHZ JE ik R BT u(ty, x,)—0(ty, X,)s
R IRAT AR B A+ o, A1 [Vol. BLETRATEE M LA R e A W . 7 I T £ 35 A A v
AE =0, BT

_ _=2 _ _d |x]?
K(t,x) = (4m)d/2e => u(t,x)=logK(t,x) = > log(4rt) T
KGRI - .
__4 X" __X = _—— 2
o, = o + PR Vv T = 0,v o + | Vvl
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ILAEXT PO FE I F R IR, BRATIER a0 R 52> Harnack A5 2
_ ETE 3.4.6 Li-YauXt¥EEE Gt
K ueC*(0,T]xRY) ZHAL u, —Au=0 8 EM. 24 v=Ilogu #H 2

o,u+ i > |Vu|? in (0,T] X R4,

FOZGE WAL, N A S RO AT #E S ) Harnack A~%5 50,
— 12 3.4.7 #HAEMHarnack AN ER

% u € C*((0,T]xRY) & u, = Au £ (0,T] x R* ¥ EfE, NIEZFG (t,,x), (L, X,) €
(0, T xR A= t, > t; > 0 A L4 F 5% X

u(ty, x;) < (tz )d/z |x, —x, |?
———< (=) expl/——¢.
u(ty, x,) b 4t —ty)

HERA. 4 v =logu, 1EHx, Fx, KR x = x(t) (t € [t,,1,]) WL x(t,) = x;,i = 1,2. #EH 3.4.6,
TATE p . q

av(t,x(t)) =v,+Vu-x'(t) > |Vv]> + Vv - x'(t) — > > —le’(t)l2 ~ 5
X AR 5315 2

tr

v(t, %) < u(ty, X,) + %(102‘% t, —logt,) + %J‘ |x’(¢)]? dt.

PR RFH R S B E M A Eh . FRATESRITER AR L X/ (¢) = 0. [RIIRAT]
AL x(t) = at + b. X[AA x; = at; + b,i = 1,2, FrClIATEL

X, — X, LX) — 11X,
a=———, b=—7——=,

t,—t,’ T L—-bh
Mo [ of de = 220 gt 5

1]x, —x1|

v(t, %)) < U(ty, x,) + g(log t, —log t)+ - ﬁ’
-

fvh, B oNHarnack AN

u(t, x,) (t_z )‘”2 exp | P2 XL
u(ty, x,) S\ 4(t, — t,)
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THAR BT AOIERR. T ORIATIE B #3.4.6. TATHE | Vo> — v, HHTHEHESH LR, Hk
HAWHET Vo> — v, B2 — D RITRE . BRI TR, 207 RE 0 R L UC R 2
Fﬁuﬁdlﬁl)\?‘%ﬁ a € (0,1) HHMAEE | Vu|* —v,. E%MI]F“EH?WEJEEEF Lo — 1 B

o FEAVEPAFTEERAIRIEFEEMIEAZ—, MRFAEELRRTEHF T, REZFXZANA
ﬁ'é%W?XEEE’\L

EIE3.4.680MERA. AT u BHE {t = o} #ES:, BWAE [¢,T] x RY _EH &% B4 ¢ — O]
Al

F—: HESHBHEMNSE. WIMTERHERT KL v=1ogu MSHNTTE. HEIIETE
v, = Av + |Vl

A w=Av, NEH w, = Av, = A(Av + |Vv|?) = Aw + A|Vu|2. H A|V|? = 2|V?0|? + 2Vu - V(Av) =
2|V20|2 4+ 2Vu - Vw, FA1E3

— Aw —2Vv - Vw = 2|V3v|2. (3.4.1)

IJ‘TE% Vv e A, HAE N R BT (3.4.1) he PrUARATFR EHES: Vo W47
. & w=|Vu*, HEIHHS

w, = 2Vv - Vu, = 2Vu - V(Av + |Vu]?) = 2V - V(AV) + 2Vu - Vi
= A|Vv|?> = 2|V?v|* + 2V - Vb = AW + 2V - Vb — 2| V202,

RIS 2w = | Vo Xl 2 15 12

— AW —2Vv - Vo = =2|V?v|2. (3.4.2)
HH Cauchy A4 45
2
d 1< 1
— 2
|V21)|2 Z Uxx =z Zv X;X; 2 E[Z vxlle - E(Av) .
i,j=1 i=1 i=1
DAL AN (3.4. 1) AT DAHE H

2
—Aw—-2Vv-Vw > sz.
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B ESHIEENHE. WIBRNEEE B 2 BN ie, BRI Vo2 — v, AR,
W EE o« € (0,1) 4 f :=a|Vu|> —v,. I

f=a|lVu]>?—Av—|Vu])=-Av—(1—-a)|Vv]* = —w — (1 — o).

P5(3.4.1)-(3.4.2)nf 5
fi—Af =2Vv - Vf = =2a|V?|%.

B RBATH f RAliTh V202, EEER
V20 > S(A0Y = S(IVol? = v = £((1 = )| VVP + f)?
~d d ! d
= Z(f+ 201 = @IVoPS + (1= aP|Vol) > 5+ 20 - )| Vo)
LA B £ AR (R
fi—Af —2V0-Vf < —%x(fz+2(1—oc)|Vv|2f). (3.4.3)

REFEIRH, A |Vo|? f£RHEEREZEM, RN EZ R K = 1.

E=: 1EEMT. DESINEBW R o € CCRY), H >0, H4 g=rtef TAMES g W2l
AT REBANE G T, SR P15

g =¢f +tof, Vg=teVf+tfVep, Ag=1tpAf +2tVep-Vf+tfAe.

8 _ye_ Y8

Vo ( Vgo) A Vo IVp|? Ag
toAf = Ag—2— - (Vg— —Zg|—-—Zg=Ag—2—L-Vg+|(2 - —Zg
PAf = Ag 2 -5 8| 8=08-2 Vg P o |8

tof, =8 —

£ (3.4.3) PR t2e?, 1 ERSEXMNI f, VM AS, FAE 2

IVol|?

2a 4a(l — )
f@(gt—Ag)+2t(qu—quv)-Vg<g{¢_Fg.,.t(z - (

d

—Ap — qole|2—2qu-Vv>§.
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NTHEEAER Vo, FRATN e WIGEATE T . (XREANTTE a < 11 B NTEEFE A 5 )
—2Vo - Vo) KILRE g ZARGM, A

plet [Vol? d |Vol?
tp(g, — Ag) +2t(Vp — pVv) - Vg < gl — —g +1t|2 —Ap + :
p(g — Ag) +2t(Vp —pVv) - Vg ggqo 78 ( 2 L R

RS, AT g AEREARAE. SR o =9, HipeCP®RY) Hy>0. XM
g AT A

2a d
tn*(g; — Ag) + 26(2nVn —1*Vv) - Vg < g{nz — 8+t <6|V77|2 — At o IVn|2>}-

ILAE HU AT BRI HL ), € Cy(B(0,1)), 57 B(0,1) F 0 <75, <1, H7E B(0,1/2) # 5, = 1. {4
R > 1, AT n(x) = 1,(x/R) 3435

1 d x
2 2 — 2 2
(6|V77| —2nlAn + V7] )(x)— Rz <6|V770| — 2noAn, + 21 a)|V770| >(R_>'

a(l—oa)

I IRATIASRILE (0, T) x B(O,R) 1, St ffgmiorin F AR

2a C,t
tn*(g, — Ag) + 2t(2nVn —n*Vu) - Vg < g (1 - gt R“Z )

X EC, > 0 UK a B no. FATESGH, ALHIT Vo, BERL—HI Vg BRE, i
A T ASE T 55 10 A D5 2 P AR X AR A5 1

EML: EHBRESESER. IEFRWTES
BIES. 2(0,T] x B(0,R) *F A4 F A3 A

2a C.t
- =g+—= >0 4.
1= =g+ 220 (3.4.4)

RiEH: SEE R = 1-Zg+ S fE (1,x,) € (0.T] x BO, R) ISR ME. KRR

h(to,xo) < 0, h[ < 0, Vh = 0, Ah > 0 at (to, xo).

FEhITE XT3 g(ty, x,) > 0. 1 g = tn*f 7£ (0,T) x B(0,R) Wil ft L6 NZE, FrbL (¢, x,) &
AIREVEEIIn T B B ORX Rk T, 183 h, = —%“gt + % PLE Vh = —%“Vg, (A 5 21

g =20, Vg=0, Ag<0 at(f,x,)
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IXFELE (8, %) A, BAG 2T )&

20 Cut
0 < t7*(g, — Ag) +2t(2nVn —n*Vv) - Vg < g (1 - gag +t R ) <0

(Rl 5 IR, (3.4.4) 7E (0, T) X B(0,R) H Az, FrbAFRATI15 21

C.t
1- %"‘m%awvv ~0)+ =5 >0 in(0,T]X B(O,R). (3.4.5)

BAEXHE R E 1 (¢, x) € (0, T]xRY, FRATEHL R > |x|. FRNEW 8% n = 9o(-/R) 2 R > o0,
AT 2 )
1-— F“t(oclel2 —v,) = 0.

B4 a — 1 BRI 452| B & 4. O

PATHFAE (3.4.5) FHR = 1 wLAERS BT 5 DX 3 N I RE LA 0006 3Bt BE A -

— EIE 3.4.8 /FEP Li-Yau #E KT
% u € C?((0,11 X B(0,1)) & u, — Au =0 &9 EfE, W*EZE a€(0,1), v=1logu # 2T

v, —a|Vu|* + 2%“ +C>0 4 (0,1]xB(0,1/2) *,

HEbC>0RAURK d Ao a 897 K.

FALHBFRA T3 B X 38 _E AT FE I Harnack A 55 2
— HE$ 3.49
% u € C*1((0,1]1xB(0,1)) & u,—Au = 0 &93F 7 f#, W3HEZE (¢, x,), (£, X,) € (0,1]xB(0,1/2)
AR t, > t, A Harnack % X

u(ty, x;) < Cu(ty, x,),

HPC>0RBRH A, t,/t; F= (L, — ;)7 69F 3.

SRR 3.4

S 341, RuARFTEOu—Au+cu=0ER, XU PeEBM, A{i=0xU Lu=g,
REMHAL[0,00)x0U Eu=0, XZ gx),c(t,x) %< 09EZ%HHK,
(1) ZHEEFRyEFcz2y >0, iEW: BEFH A>O0EFTEZY (6,x) € (0,T]XU, ¥
A u(t,x)] < Ae ™.
(2) Lg=>0HcHRE, £ u AR,
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SIER 3.4.2. iEBARIE 3.4.2, I ALFE 2 2.6.2 49iEH,
SIRR 3.4.3. iEH R 345 (R7: £EOu+Lu, P L'u:=Lu—cu.)

o) &k 3.4

B8R 3.4.1. £ 322 %, wREBERIXge CYU), iEW: BAEFHC>0BEFESE > 04
A sup |u(t,x)| < Ce™M!,

xeU
R de BAMER M B F(—A)H T (¥ Dirichletifl R & #0892 A4AE4E 4, 09HIEHH w,, T
SN TTALGYRERAT A7 ARG AFIRL2.6.209 4548

3.5 HEKMME

A RATEINHE ML (vanishing viscosity method) (HFK N TAIRPR (inviscid limit)) K
UEH] — B e A R B HE T AL SR A AE I . s b, ORI BRAE Xl <7 FE AR B 70 Hh e % B 2
YEH, IFIRAE T V2 A PR TER R & 207 50 AR BV N — AN A /D R 2L ¢ BORG MR
eAu LSRG —A “IENL” B RS, RIGREZIMY RS, &5 HBIKRER ¢ > 0 DI JR
B AEEE . AT RNBEXIE U = RY, FFRIBfEH: WRXEABR, ZHETREA
EH, XK NOAHETREHIL AR E” (boundary layer). 1 4nE Xt 71 12 X 5+ ) Navier—
Stokes J7 1% (HEIRREPERAKIZZ)) BICHIA RN, a0 RIN-ST7FEA £ i 46 6 3l (non-slip) il 7 2%
i, B BRI = S A TR ANILED, BB PR IS AT e 75 2215 SRR AT R £ sl — s M 2
F1Gevrey PR EZE BRI 5 FE (A AER il NC® B # Schwartz B BUERANGE FH D), 2 AATS G VF 2 R ffk ik
) i) R
FREAN — Ml i e AR
d
atu+§1Bjdju=f in (0, c0) X R4, (3.5.1)
u=g on {t = 0} x R4,

XHu=! -, um :[0,00) xR » R™ EARFFE, B; :[0,00) X RT - M™™, (1< j<d)iE
ZEGERE, JRIf :[0,00) X RY - R™ FIWE g : R4 —» R™ &2 E HIREL

ENX 3.5.1 Wk
(%ﬁ@c% x,yERIFt >0, mMhal% Bt,x;y) AAZT Ay, AR (3.5.1) 2l H4E




130 B Mo RE
28 (hyperbolic system). iX 2 B(t,x;y) 492 X H

d
B(t,x;y) := ), yB;(t,x) (x €R%1>0).
j=1
Yo REA B; # A ARG, AR A BAB (3.5.1) R AR # (symmetric hyperbolic)#. i,
A x,y,t, 77 B(t,x;y) A m A5 4F AL

B3t B 4IRS & {1 (¢, x; y)} Hmk R™ a9 —28 4k WAk (3.5.1) g HA220, $t—FH, &
A a9 < AR AR E X < Bk, IRA KM (3.5.1) £ A& (strictly hyperbolic)é9.

IR 3.5.1 (U LIBL). AT R, EMNTRGEEREN B, REEARNEL f=0. FELHA
ut,x) =v(y-x—ot) X8 3.5.1) &9-F@EM, L+ v:R->R"ZHLE. FERAN(B5.1),
A7 2]

d

j=1

Bt v R4 B(y) WA o W EMHIEG S, RBHEEFEETENE RN y e R, GA
m AR S FRAAR, BT XA

@ -x-24r(y) A<k<m), L,(y) < <4,().

3T ||yl = 1 G 4FAEEBP Ay kit
IRAEFRATTUE B 1 S PR X 2 (3.5.1) 995 1 Ja S A7V

d
du+ Y Bdu=f in(0,00)x R4,
[ _E’J (3.5.2)

u=g on {t = 0} x R4,
K RARE u: [0,00) xR > R™, X 1<j<d, REIEMEB; € CX([0, T] x R M™m) Hxt
MO RE, Hif e

sup |B;|+ |V, B;| +|Vi,B;| < o 1<j<d. (3.5.3)
[0,T]xR4

¥)E g € H(RY = R™), JEI f € H'((0,T) x R = R™) 455 .
BN RIATE TR (3.5.1) 1I551#
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— X 3.5.2
“BrZuveHR! s RN A0t KT, T XEBEAR

d
Blu,v;t] :=J Z(Bj(t, )d;u) - vdx.
Rd j=1

R AT 4 09 o Roaak AR A 3T AR I R A 9] AR 69 55 A
e ucL*0,T;H(R? - R™)) . u’ € L*(0,T; L*(R? - R™));
o iEE v e HY(RY - R™) Ao JL-F 4L t €[0,T], sz (W,v)+B[u,v;t] = (f,v);
e u(0)=g.

EEARMNCZA ue C(0,T]; LA(RY - R™)), B u(0) =g T L& E MR Lo

FATTHE T AHAEH
EHE 3.5.1
|7 (3.5.2) A E—955 /K,

3.5.1 PENILHGIZANFEN

PAERATGIN e IEME T REH, Kb o<e<1,g° i=7n, * g.

(3.5.4)

j=1

d
guf —eAuf + ), B;jdju* = f  in (0,00) X RY,
ut =g¢f on {t = 0} x R4,

TH RRGPEVL B AR . Je X [ B & > 0 SRF e-J IE ML 7 RE A, ARG IEWIZfR A 5T e—
FREREAG T, BJFHURIR € > 0 BRI R (e =00 (3.5.2) B
AT X [ E ) € > 0 SRARIIY) IE ML T 72
EIE 3.5.2
st & e >0, (3.5.4) AAE—M u iH 2 u € L20,T; H}(R? - R™)), v’ € L*0,T; H'(R? >
R™)).

KA I TAL T FE A RELE T e- IR AL TS =B 550, AL 3A T AT AR — B 131 B;0,u” 41
BRI, X EIAESR N u,u’ () B2 HY EUE R E e # CEs 3.3.2) MBE#ELSR. #
AU, BRATUER (3.5.4)fff A A7 AEE IR I 24 38 OB AR 1Y) o K2 1)
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WA R EERK=IE?

QAT T FRAE M R BT (R AR AR ? BETTRRA (3.5.4) 2 HT, FANIAWIE — N HRITHE
du—cAu=f inR, xRY, u(0) = g € H(RY) on{t =0} x R,

#aDuhamel R EE, FATH u() = esmg+f(; efU=DAf(r)dr, Hr efthg 1= (e‘“'flzg(f))v 7] DA Fourier®®
HoE Lo XFEXs >0, BATH

le2gl sy = lle™EFEENEN N2 < CUEENEN Iz> = Cllgllp-
AN, A= etf, WATATHEH e~ () = e‘”z((st)_§n>s < C(et) ™. FIL 2SI g € H'(R) I,

BATWIF e'2g € L0, T; H'(RY)).

SHEF U A O, x) 1= — e FRRERAEE (c=1) WA, UG

(4rt)2

J eI f(z)dr =f B(e(t — 7),) * f(7, ) dr.
0 0

F RS Minkowski AEEAXAER Young A5, FATH

t

t
f Ot -1, ) 5, < f I0Get = 7)) * £zl dr
0 0

12

t t T||f||L;’°L§
< | NG — ), Il 1f (@ )l dr < ) If (@ )ll2dr <9 o
0 ~ 0 T2 fllz2r2

FAlts, FeArIT LAUERA

t t
ij D(e(t —1),-) * f(r,-)dr|| = J Vo(e(t —1),-) * f(t,-)dr
0 0

L2 L2

t
< J IVE(e(t = 1), I 1f (2, Iz dT < CTY2| o2
0

<C(e(t —f))_%

BT f € HY((0, T)XRY), FATFEXTELEMN T < 00, H f € L0, T; LA(RY))NL3((0, T)X
RY). RILFRATT “TRI 7 . BIAZAE Lo, T; HY(R?)) FIUEM e-1EMAL G FEA (3.5.4) H =37 AEE
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EIE3.5.209F A

BAVH R Aame st L EE IR (3.5.4) MRAIAFAEYE. 2 X = L0, T; H'(RY - R™)) F£3E X

t d
T w - efllg +J eft—A (f(’l’, D - Z B;(r,)0;w(z,-) | dr. (3.5.5)

0 j=1
PATTEAE I T 25

e T X B X HYMmLY, BRI CX.

o T & X ERIRAEIST, BIfFAEHEL C € (0, 1) (X TEM w,v € X #6 |[TW — TV||x <
Cllw —v||x B

A REUE WX UL, B4 R Aa it B R W] 77 AE X P RS R, IR
() e-IIE AL 225 REA (3.5.4) HOfiEE
MAEBAL AT LEME S, SMEEweX H

1
17Wllx < Cligllan + CT2(lfllrerz + [[VWlper2) < 0.

KULAR(T) C X. B FRBATEYN 7 2 X B Egamut. F455€ w,v e X, RATITHHE

d ot
Tw—-IJv = ZJ e =AB,4 (W — v)(7) dr.

j=1Y0

BRI RS T3] || 7w — TVl < C.T3 Iw — vl A3EIFES/N T, > 0 143 C.T? < 0.5,
FATHAUER] 7 7 72 L*(0,T;; HY) LHIESiBS . FIIAE X = L0, Ty; HY) AFEME— R AZ)
GeAN u®), TR 3.5.4) BKifE. REIRAE [Ty, 2T,], [2T,, 3T, ], --- FEEMIBIE, AT
B3] R, x RY RN, XEEER: E4u RIS 8 NN AEN K T, MET f.9,
BMIEA “HE” SRR

BERATEIME ue 32 ENE ue e L2(0, T; H3(RY - R™)), v’ € L*0,T; H'(RY - R™)). &
b, Xtae t €[0,T], VI f— B;d;ut € LA(RY - R™), M ENIPEEE (EH3.3.10) o1
uf € L2(0, T; H¥(R? - R™)), v’ € LX0,T; H'(R? — R™)), #ifi f — Y, B;0;u¢ € L*(0,T; H'(R? —
R™)). ¥a € #3.3.2, A TH A 2w’ € L*(0,T; H*(R? -» R™)).

3.5.2 —Ehit 5 stk BR

PAE L/ DR RIS M THRR T ey 1T USRI PR 75 250 e- 4 IR ML T AR 4. (3.5.4)
FEALR TR R B ¢ —BUlT
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— ¥ 353 XxT ¢ —HMREEMIT
wut AR 352 FRFE (3.54) B9, MAEEFTHC >0 ORF&RMe), AT EZLY
e (0,DAH

sup ([l ()2, + [ OIR) < € (1912 + IR + 1 Paorss,) - (3.5.6)

0<t<T

WERR. JATTH AT seE A T

d
%% JRd luf|?dx = JRd u-o,ufdx = JRd ut - (eAuf)dx + JRd u - fdx — ZJ u® - (B;0;u) dx.

j=1Y Rd

X — T AR B [ vt (eAWF) dx = —¢ [, | VU > dx. 5 o
1% ||L2||f||L2 X =30, FATAT AR B, X AR MR 1 s J:E’J—Briﬁ d;, 4 * ?E'

J u - (B;jou)dx = —J (B;0;u°) - u°dx —J [u®|*(9;B;) dx,
Rd Rd Rd

yeadl(]

1
X < Clfuc2,.

J u® - (B;0;u’)dx| =
Rd
B =0, FRATA 2o A% S

J |u5|2(aij)dx
Rd

d1l

S|t = e [ vuiar + COIE, + 1A < O, + 1)
Rd Rd

¥ Gronwall N2 0] 15 .
sup ()2, < C(lgll + f IFOIZ do,
0

0<t<T

XEBATHE 7 BRI TR [19°: < gl
FAH, Ve Al w1 — SOk LU o % P A T R SR A S AL 0, A1 6, SRS AL
BRUERIEN] . RATAFRGRERE, B H 45 R

sup [V ()|l < CUIVGIIZ, + I1F11 070

0<t<T

sup [[u’Ol7, < CUIVILL + lIAGF + IFOIE. + 112 rarm + 1F 202

0<t<T

<CAVGIZ + G712 + 1Pz + 1 oo rany):

X BHHATH S T HBBOEHE T 05— [|Ag7. < Ce7' Vgl LK IFOIZ. < CULFIR 0702 +
12,0 7.00)- FERE Age RRLE, I ' IOHIEIE £ — 3 B0,g° + eAg. O
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{u} K—BCHE SRS T AE (AT AR S5HRER .
FEXE 3.5.1 AYIERR. 455 b —SRE AN VHAI T 3.1.1 AT, AEEE TS {e ) (A5
u* = u in L%0,T; H'), u® — ' in L*0,T;L?).

RTA Fﬁ%%“ﬁ%*&ﬁﬁ u SR (3.5.2) [IME—55#. (EBUINRE S ¢ € C1((0, T, HY, FRATIHERT
1B 5 eAué XI5 EBF4 )

T

J (uE',¢)+aVuE : Vo + B[us, g; t] dt J (f, ) dt.
0

A -0, FAER

T T

f (W) + Blu, ;] dt j (f.@)dt, Vo € C1([0,T]; HY),
0 0

R FATE 48 5T JLTFAbAbH £ e [0, T] Al ik o € C1([0, T]; HY), #5A (0, ¢)+Blu, ¢;t] =
(f, @) L. SikBlolifRe(T) =0, RIGTE (u, @) T4 EEAR I A 5% 8, 153

T

|

4e=g -0 FRHE [j(0¢)+Blu, @it dt = [y (f.@)dt + (g, 9(0). 55 —TilHi, 1 (w,9)
PR 20,155 [, (@) + Blu,g;t]dt = fo (f, ) dt + (u(0),9(0)). HT @0) ZAFE=H, FrLd
u(0) = g. HIRAILIE, Me=u, f=g=0mmHME—{E. O

T
—(us, @) + eVt : Vo + B[us, p;t]dt = J (f,p) dt + (g,v(0)).
0

EIR 3.5.2. X TEAARG S —N 3t fRatdh 7AZ20 69 2 @328, ST HAF AT TR PB4

e Peter D. Lax, Phillips, R. S. Local boundary conditions for dissipative symmetric linear differential
operators. Commun. Pure. Appl. Math., 13(3), 427-455, 1960.

e Rauch, J. Symmetric Positive Systems with Boundary Characteristic of Constant Multiplicity.
Trans. Amer. Math. Soc., 291(1), 167-187, 1985.

e Métivier, G. Small viscosity and boundary layer methods: Theory, stability analysis, and applica-
tions. Springer Science &’ Business Media, 2004.

3.5.3 *HABESLH: Prandtl FIERIES

BT IR R N R B EVE AT BEAIE T HIAAE AL, RN e-1E D4k fa) @i i 26 1R mT e 5 T
WX TR, BRI AFMRE WA AR . XN RSB RSH7AAIZ 2 #) Navier—Stokes
7 FE B FEIR TR RARIZZN 1 Euler J5 2 W] AR 18] @UC R B BR OBT A0 R U B R . A8 vl g e
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e Bll(non-slip) 56 F w = 0, 1M J5#& AL E R (slip) % w - N = 0. XMl F 56 A+ FIA UL HC SE
bR EUR TS Z G HZBER R, DR E SRR R b, F H IR ER S Rt T O i
T 0.

DL BRATT LA A TCH8 # (non-slip)id Fi £ 14 11 — 4 AN 7] K 4 Navier—Stokes /7 F2 1 TG 2 1% BE A 41,
BHATE U SR I 20 S22 i B R ). FATRU = {(x,y) : x € R,y > OB PP, AR
WEEE Nu = (u,v). b u Z2YRTEE, v 2 RIEE, v > ONEIEREL o> ONFHEER.
YT R4 Navier-Stokes J7FE N

0u + ud,u + vo,u = —%dxp +v(0zu + du),
BV +ud v + 3,0 = _%ayp + 9(6% + ), (3.5.7)
d,u+d,v=0.

EEH E B S AT FiERM u = v = 00on dU. My — OFf, HIEA L RZUWS B A 7] & 46

Euler J7 1241 )
d,u + ud,u + vo,u = —Eaxp,

0,0 + ud,v + Vi,V = —%6yp, (3.5.8)
dyu+d,v=0.

{H2ZEuler PR R BEAIEBIL M v = 0 on U (BN Euler FREHSHE), KL TEFRIR
I, wli AR HBLXA LR B A2 5 A o 4% 2 1 RO R PR 2 8 B i P i — A4
RN URESEhR ERON L) HE R HE, 1M 4F M R0 T mX A2 ot b
KR, M ulsy = 0 RADMLF KM EK 5T RBATHELBHLEITIIITE, R RS
HRIAR IE B A

TENK

EX#%?E&E L. #%?E@E UO’ /Q»\x = Lx/’y = Ly”t = it’, U\&u = Uou/, L= U()U’, b=
oUZp RN, LB, SR
g

1
0u +ud,u +vd,u=—09,p + R—e(aiu + d5u),

1
10,0+ ud,v+vd,v=—-3,p+ E(éiv +6,0),

d,u+9d,v=0,
\

HH# Reynolds 204 Re = S Nt Reynolds ZUHFE Re > 1.
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MABRRE

BT RN EL A ZN “JFERE” . B TAME Euler fif Hw R I8 & 1F0E(L, x,0) = 0, T ARE
TR 2 uP(t, x,0) = 0. [RILAEBE BT 2 B — AN )2, 5] 1) 3805 JRE [ Ak 1) 238
O P RSN Buler WK E . WIARZEREN S, SIANRERY = g. EIHFZ A, R AE
£ u~ 0Q). XK EETT 1a) FRFE R EE A O(1), FTlAdu = OQ). A K 4i 26 0,u + 9,0 =0
w13 a,v ~ g N T AEANT R 45 2 A4 P IR B %- =0(1). Rt v =00). T&S v=248V, [
e

3,= =8y, 8= ﬁag

PR RBATIE S u i) AA TR O,u + udu + vé,u = —0,p + E(aiu + dyu) AT RE . KRAv =
1 1 4
6v.6, = 16,07 = Loy 1%

du+udu+Viyu=-90,p+ éaiu + a2 u.

Re 52
fEAFEF, du, udwu, Voyulloy OQ) Wi. N 7 HEMEAEIA T Z A £ PR, 5 2Al
EERN el '55<]L/J[LIF'|_JB)I——O(1) XL HIL 5 R R RN R NS = Re™/2,

XA RET, R—eaiu tlﬁﬁdiud\*/l\iéﬁ, PRI 3 B AT A2 D ) R 3 5. D) 5 A
EpAE N
d,u +ud,u+Voyu=—3,p+0oyu.

Prandtl5i2RUES

PAEE T IS BN LR S E TR, Rl6,v + ud,v + vd,v = —d,p + (azv +80). kAL =
5V, 5y = gay OCIETJ?:JF

823,V + ud,V + Vo, V) = —3yp + Rie (8232V + 32V).
HT62 = —, FrbABR s IBeEEIi4h, HAR D AN /M. B EE20,p = 0. XiiHIAAE
P FE I D 7 LA, B p = p(t,x), BFZHPEITHAME Euler itk E . TRBANHAR
| 4E] Prandd 7R

d,u + ud,u + Vayu = —04,pf(t,x,0) + o, u,
axu + ayV = O.

(3.5.9)

FEBETH Y = 0 [, Prandd i 2 LI EM u(t,x,0) = 0,V(t,x,0) = 0. M{EZLE LR ER,
Prandtl i FBLCECAP S Euler fR£E 5 ] AL 1147 [ 33 i 75 Ylim u(t,x,Y) =Us(t,x). REH Y - o
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RN FHRA BRI, AR y — co. LA, 5EBEM "4k Prandd i85 JZ 1A N 1% N

(

O,u + ud,u + Voyu —dou = —0,pf(t, x,0),

axu + ayv = O,
] (3.5.10)
u(t,x,0) =0, V(t,Y,0)=0,

lim u(t,x,Y) = UE(t, x).

LY—)oo

5 Navier-Stokes fERIFZR B H <&
B/NEiPESHOe = —. Navier-Stokes it i LUE A S AN Euler NS HZIE
us(t, x,y) =~ uf(t,x,y) + uy, (t,x, L) )
NF

H T Prandd 7 FERIME uf 35 2 uf (¢, x,Y) = UE(t,x), Y = oo, FTAE IERIA I ERIEN uy(t, x,Y) =
uf(t,x,Y) — UE(t, x). Rk 56 vERf AT e T

us(t,x,y) ~ ub(t,x,y) + uf (t,x, L) — UE(t, x).
€

fEEEly =Y = 0.1
us(t, x,0) =~ uf(t,x,0) + uf(t, x,0) — UE(t, x).

T uf(t,x,0) = UE(t, x), N T i# & Navier-Stokes 1 ToHI 2 2&Fus(t, x,0) = 075 ZEul(t,x,0) = 0.
IXIE A& Prandtl J7 72 6 BE 734 726 AT

ZE LRTIR, HES T4k Prandd 7 FERIIZ O ARV 2 B Reynolds U, BEMHEHINEE A O(Re™1/?)
BIARE. HiZIAREF, y = ORe™?),v = O(Re™?), I Hikm By 50 -5 % I 0=
— = 0(1). XN RIEEES = Re™'/2, IASSEI M LM R L 4 Prandel JFE,

Red? -

SRR 3.5

5185 3.5.1. i Q =R, xR C R?, £iIRA Q= {x, = 0}. &b = (b, b,) € W>>([0, T] x O R?).
A e € (0,1], HEAbbEstiR-b A A AL 1) A

out +b(t,x) - Vut —eAu* =0 te€(0,7),x €Q,
0,uf|30 =0 te[0,T],x €8Q, (P.)
us(0,x) = g(x) € HX(Q) x € Q.
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it iE® e > 0, (P)AELY XIF G u.
(1) £ b, = 0. R4 T 236,
(la) sup |[uf|lgp X T ¢ —&AR, #tm W} HETFE L0, T; H(Q) F 55-5Ik s 2]
f?ﬁmﬂﬁﬁmxﬂumﬁﬂ%%ﬁﬁdeMJyWHm%%%,@ﬁ%%g
(1b) Mol Byulsg A F—7 HE?

(1o) sup [luf —ulla) < Cve.

tel0,T]

(2) #b=(1,0), EHA: sup |[u2q X T e MA—FARFK, H#F: sup |[uflpme T e 2F

te[0,T] tel[0,T]

—H A7 R B E M R,

RF: £e € HAQEFAMENLE, Mgk izih Lot & Ho,gls = 0; MQ), BH4efT
sehus 6 — Y S Bk — B AE

jo)’R 3.5

B)RR 3.5.1. wFEH Q = {x = (x,x,) € R? : x; > 0}. ZbAFIEG=E, g € C(Q), A
e €(0,1], #J& R2 LagrbM iAo B o AZ 815 AL :

%

14

x&

out+b-Vut —cAu* =0(t € (0,T),x € Q), u*=0(t € [0,T],x € 9Q), u(0,x) =gx)(x € 5).

Q)

Lttt & e > 0, (Q)FLERYAFIIMHE ut. Fiku(t,x) = §(x — th) A4 T2 H ARG — N RE
%

du+b-Vu=0 (t€(0,T),x€Q), u0x)=gkx) (xeQ), (Qo)

HPg =gl € CPRHRGER? LEy Rt I,
(1) (15%) &b = (1,0), LA TF £t
(1a) (9%) B A AR #e®) H HC > 084 sup |[us(t,)||me < C.

te[0,T]

(1b) (657\) (Qo)éﬁ )/ﬁzf]'-/l%/i ulag =0, -EL/F%”{‘E Z:'f&;f")ﬁ\Eéﬁ 'Jl%ézxkic > O’fi?’%" sup ||U,E(t, ~)—u(t, ')”LZ(Q) <
te[0,T]

Ce.
(2) %&b = (-=1,0)HCa(t, x,) = u(t,0,x,). i G4 t, € (0,T) 115 a(ty, ) FEAER
(2a) HEFA: sup [[us(t, )||mo R E TFe—&A K.

tel0,T]

(2b) iEBA: A ERMNKIE 6, 1% 1718 1 /% U, o(ts X1, %) 1= u(l, Xy, X;) + 64(t, X, /€, X,)ith &

(t,0,x) =0, sup [[us(t, ) —us (6, |y < CVe,

a 0
PP te[0.7]
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H o XNC > 0OR Ate.

(2¢) AT A a—W@&LMU (X1, %,), € RARMuA(2b)F 69 R AL E L2 6, (B F40)
MR FuE, ik e

(6,0,%) =0, sup [[us(t,) =, (6, o) < Ce?

a 1
. te[0,T]

H A IXAC > OR R A, IEBARAYLE38,
BT Q)MAREEWNEGEH “BRBEE” z 1= x/ctI—IRERZK, TFZRERNG
RE*:T c RizhEFGH?
io)Fk 3.5.2. &k 4EHd >2, UCR? RARKLFGAHARRXB. &<f e l?(U). % %ke>0, &
T A A RS RS W Ui R AR

0
eA’u, — Au, = f in U, ug—aj;—OOndU
Chaxf it E R e >0, RHTHRALE—HBF u € H(U).

(1) iE: AE up € HNU), B35 ¢ - 0% B, u, o up, 4 th uy (£33 % L) A9 41

F%ﬁﬂ(‘io
(2) EHA: limerlAuglzdx:O.
(3) FSRRAW)PF 4 801y € HAU), £ 220U LR AHE. EH: Ml = +oo.

(4) GR#) 75 RABAR f A3 () F Pr g, € HXU), @ BARFR & 3T %%W&MEaULTﬁ

T, @4 AL

2
(4a) iEHH: %He > 0,0, usi Uy, HAETRI R HHC > 0RAF [Ju, — o2y < < Cye.
(4b) F#—H RIS € HX(U), iEH: HETRBENHHC" > 02T |Ju, — |l < C"Ve.

(4c) W RE4Rf € HI(U), W AFTHAEa >0, RIFHETRMN T HC > 03t |u, —
Uol| 2wy < C'e?? JEAR a9 4518

R Q) BATR LML 4) 2 f e H|Af|le # ||l RFNER: 3 (4e) 7T A
FIERAT PR 222 Mg s, RERXHTT i Hy - HyA: %4 xheH,, #The H,~%"%
—i#H A [, ATh)Av = [, V(Th) - Vv (Vv € H)# L% (dLax-Milgram /€ ZiE8), 1IEEC £ A F
ZHF, TREFHN—AERXK, FEYRER u, £ZEEEF TR K
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4.1 LMENHTIERSIZA

4.2 JEARIEERT. FHGUKFNECK MR

4.3 AELMEEARL: FHRF

4.4 AELEMEEAR . [EHTHE
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RE SobolevZE 8B FourierZl E

Jdiy
-

5

BANHEE —FAN A T BE G rSobolev [A] . R, W1 HRALAE H B £ SobolevaX A, ¥ Z A1t
fESoboleviEhn FHA R EmAEM . AME R ERHEZME AT RS TR, Fouriersy:
PR —NumA I TR, AR LU IS 73 4 R 2 Fourier A8 4 1) AN [RS4SR IRAF SERG 4B 1) At 1t
BENATARE 2T, X T s e R A Q c RY, &G AT LLUE LAREEEH SobolevE[a] W*P(Q)?

XA A E S T a1, EXT AR X Q 7R ZHAFEJ7 2R E SCXFhHET . 24
Q=R W, HAMMTEZEFourier#t, K AMFourier ] LUK 30 8 2 T )3k -+«
T 24 X3 1, Horp—FhE T #FR N “ Sobolev-SlobodeckiiZs [A] 7, ‘A& il id 2 i (differential quo-
tients) K & X .

AP, AT Q = RY H p = 2 BN, BRI 7Z F)Sobolev [A] HY(RY)
ST U L2 8] HS(RY) o 5 — MW SPZR[A], 552 % B[] Sobolev ik N i BE 45 45 14 45 75 2248
Littlewood-Paley 7} fi#RIEN], HAKS: WL T AEZM BUT IR R 2 [16] I SKA.

5.1 JEEH M SobolevEEHS(RY)

hE € e RY, AT (€) =1+ €12, BEXNT V11— A [HFourierde ¥ . IAELIE s € R,
FATAT LA FH Fourier B # 5K 58 LHS(RY).
— EX 5.1.1 3EFFXSobolevZi]
% seR, H&A1E LsHSobolev? ]

HY(RY) :={u € $'(R?) : (£)n(§) € L*(RI)}. (5.1.1)
HYRY) AHilbert= 1, HEXK |ullpgy = ||<§>sa(§)||L§ AR (o) =

JpalEY*0(§)o(8) d§ 7%

EIR5.1.1. FiEE, 4 s A RKE, (€0 € LA(RY) HA1REF%E u 2—4 (HIFTRE) R,
B—7 @, §T%ESHFourier T A ALIE A, RIKRMNAE R IZITEES>H WL L2
Ty F k2 X # YrSobolevs ],

M s e N, bFiRgEX5HE—TEFE LR Soboleva 8] —81, X 1] LLHPlancherel{H%

143
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A AN Fourier2s 4 it 3L A4 5 EH .
— ek 5.1.1
2% Y Sobolev = 8] HS(R®) i# & VAT MR -
(1) C2(RY) A= S(RY) £ HS(R?) P AR A 49 o
(2) B seNH, H(RY) 5% —FF Lo WH2(RY) ZFMNEY,

RATFIA5 USobolevE ] IPRY), EAE TR “5 s P OPOIFEMIEH S50

Ay L(R) W5 A
— ENX 5.1.2 FFXSobolevZE|g]
e seR, HAZ L s Br3-kSobolevs ] A

HRY) :={u € §'/PR?) : |£]'0(¢) € LA(RY)}. (5.1.2)

X2 PRSZAXNGESE

FIE5.1.2. FEAZTNE S /P eRE R L L8 ||jul|g =0 e ER u AL HSAF TR,

FEE, BELAMARTE Sprit C {0}, TABEE D27 Foa= Y c0%, #miFs u
|| <N

AERAN. FIABMERIRSZ AKX P BHTAFE |ullp =082 u=0LEHZ 8§ /P KL,

it — 3 &4 24K Fourier X £1& &R 289 Schwartz KM A9 E S H S, (LizorkinM] X = 1],
HIALIEAE S, TARh &H “FR7), B Sy(RY) 1= {p € S(RY) : 3°¢(0) = 0V % T 547a}, MT
ARREE & 8§ B9 F . AR AW Fourier THRMMMFH 9 € 8, <= [ xp(x)dx = 0 ¥1E
BEEHMma kL, ZHApePt < pes§), #m S = (P XTRIEPEAS I TE M,
Bl (PO =P AERKH S REIRGEN, S RAHTER, AT ARRM /St =8,
LALE S = 8 /P.

EE S AHFEANTHAE S ARGHTER, RIFRES fo 8 AFFRXACLERR HHT
Bifde THFRAEA R S, BEHAN S Rp € SRY), ¢0) =1, H = Xg,(x) = p(x/n),
Me, e SAEE=0RAFK, ko, €8 £ Fo, 21, EMRIRERS AKX, #mk 8
FAHAE, EANPITFALRAT KA LI S, AmEE0 S /P,

NS, BATEIIA D Bl T EAE N Fourierdfe 1

YRER BN AN, SM c B EX M+ :={f € E : (F,f) =0,VF € M}, MY)' :={F e E' : (F,f) =
—_— o(F'E)
0,Yf € M1}, )ljJJ (MYt = Span M , At 2 Span M 7E55- b NI, R M AR Yutedkit:r2=m, Ba
byt =70 s M OB R, B, IAMYE = M.
2BR 1 8 > 8, Rw) = uls, ARG, IBAEIER S = P ERAIEHHATE kerR = 2. 1 8, & 8 MM T 7
6], FTPAH Hahn-Banach & BAUER ¢ € 8) #ATLAESH AT u € 8, AT CABRBIB S 2 65, BRIbe b 35 — [ 40 o 2
#1332 8’/ kerR = im R, Bt 2 8 = 8'/P.
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— EX 5.1.3
% feSiseR, &M@ idFourierZ 2 L P(V)f:

P)f(£) := PUEF (&), P A—/ %K.

Fiad, R —ANBIATRGLAALK m, KA FFourierRF 7 LA m(V/Df(E) :=
m(&)f(&). H A, KA (VYf A= |VIf ieH (VFE) 1= (EFE), VIFE) := |€1f (&)

HHEET, BITE f e H(RY) o (VY¥f € LA(RY), f € H(RY) o |V['f € LA(RY).
— Rl 5.1.2
F-2k Sobolev= 8] H(RY) i & VAT,
(1) FS(RY) & Hilbert 18] % ALY s < g
2) ¥s< g i, %4 S(RY) :={ueSRY) : ) £ £=0MWLANER]} & 0 HRAETE,
(3) H(RY) #9348 = 1 & H-S(RY).

WERR. X ELERATIAER (1) A1 (2). X (1), Hs< gaa‘, TATE AR (u, 0)gys = S 1€172(E)O(E) dE.
R TR sE 8 . 1 {u,} € HS(R?) /& Cauchy 51, W2 LA |E50,(€) & LA(RY) H K Cauchy 5 .
1 L2 [5E &IETTHL, (A f € LARY) (513 |EP0E) — f. BFEID f = |E°g, RAVEEW) g 22
B4

s b, XA o) M et P gE) e TR A TS, R4

f 18(&)] dé =J EFIgOIIE dE < 1118l (J £ df)z < co.
B(0,1) B(0,1)

B(0,1)

=[fllp2<e0

<oo HHANY 2s<d

Jﬂi(g(f))(|§|<1)v %ﬁﬁﬁﬁgl%&o Xﬁ?%iﬁ%ﬁﬁj\’ y\]|§| >1, Fﬁy\ |§| =~ <§>, iﬁﬁﬁ

J GaGRIEE f

1€1>1

£ 1912 dE < C f

R

|f(E)N* d§ < co.

X RE G S BRI AN AT, JETTT AT BAsE X Cauchy SIHINEIR u N u := F4(g) € 8. T |£a) =
f& e L? bl u e HS. WS, ATEA ||lu, — ullg = IE1G, — 1€1°8]l = |I€15F, — fll2 — O.
i—as%w, AT SOEVEUER s (SR, || - 1) —ATERT . HARAEW W .
BiE (I8 5.14). %5 > S0, N @ u e [lllosoy + el & HRY B8 —Atd, B
(H5(R%), N) &Banach= ],
LW T, HAEIRT || - [ SO0 EPRY) HRSEEI, A || - || LAUSTH N %
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1 CEATER N R || - [l B8, 3SR AT
2|11 (50.1)) < Cllul|gs-

PATHE T ARG — D RGORHER N AER. B A= {i <&l < i} FEFALERY I — A RIA, 352
AN2A =0 REHANE X v, WK

s+ 3k
~ 2772
U}’l = Z k XZ_kﬂ
k=1
HEEA
n 2(s+§)k n z(s_g)k
0]l 80,1y = CZ k 2 kd = Cz — 00, (¥ n— oo M),
k=1 k=1

BT F A5 T g

n

n
o 2k(s+ ) 1
”Un”ip:ij kA|§|2sk 29 2k(s+3 dfgckzzﬁ<00
- wrl

k=1
(2) Hs< g I, HS 52 —HilbertS[f] . ZEW] S A% 748, WA FIEY S5 = {0}: Wik
ue H e
Vo € 8o (P = | IEPUOREE =0 W u =o.
Rd

EXAEFEE. FXE, SEu e HY, MANERER ¢ € 8 #H (U, )@y = 0, AT S, 1
EXFI 0 =0 7 RO\{0} Loz, Bl Spta = {0}, XFEa= > c,0%, FrlluftBmi, B

la|<N
S | PHREETLER. O
S]& 5.1

3@ 5.1.1. e HY(RY) 892 &1
SR8 5.1.2. iEBAGAL 5.1.2 (3). #Ansbit, X |s| <§’ i B
(1) R&MEZ L

B:§x8§ —C

(¢, 9) — J P(x)p(x) dx

Rd

PAEIE A HS X HS EayiF &R 2%,
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Q) R LA EREGENL S, WEEE—OERIH ue H T (L,¢) = Blu, ¢] ¥
A peH Mz, B|Llgsy = l[ullg--
SRR 5.1.3. & s, < 5 < 5, EY: HY(RY) 0 HY(RY) C HY(RY), EH#% s = (1—6)s, + 6s;, 1

|| prsmay < [Ju llﬁl_soe(Rd)llu”Z{Sl(Rd)' 1% 4518 % IR £ 3t 3F 5+ 2k Sobolev = ] &L3T

SE5.04. 55> S B, ER: (HRD,N) AR, LPRAN ZLA
N u == ||al| oy + llullms-

S/ 5.1.5. 8 0<s<1, ue H(RY. iE¥: ueLl (RY) HiHZ

_ 2
J f e+ ) —u@P
Rd J Rd |y|d+28

X 25 T 37k Sobolevit # 5 Sobolev-Slobodeckii & #4 2 18] &9 4 £ o
®o: Fan A {|€] <1} 3nF {|€] > 1} 3. ARG f£Sobolev-Slobodeckiiie 4L F #F x &
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5.2 Soboleviik N EIEHIFourier /5%

AHTIUE W] Sobolev? [H] H¥(RY) Al HS(RY) IR AGERE, EPRITE# 1.5.1 145

5.2.1 RXiEFMIEFSobolevEr N\ EIE
B, BATEH “WRIEA” Gagliargo-Nirenberg-Sobolev A%,
EFE5.2.1 RIEFSobolevER A
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#F0L<s < % W H(RY) < LI(RY) *F 2 < g < 2% := — i, BHARFX |fllLgsy <
C(s, @, DI s ey-

WERR. REXFA f e S(RY) IEHHA%ER. A fesS®RY), FME f=(f). BT 2<qg< o,
HXHMBEFEIF 1 < q' €2, FHEHausdorff-Young A5 A

I fllee = ||(f)v||Lq < C”f”Lq’-
BATHHE R f(&) = (€)=« f(£), FiHolder N1 5

£l = IKEYSUE» FED Iy < IKE N K€Y Fllze = IKE el f 1z
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Pl RFIIE () || rmay < 005 TIXEEMT sr > d. FH EIRATA T MHoslder NP Hir:

r_r i 1_1 1_1_ 1 1 1_5
qg r 2 r q 2 2 q 2 22 d
Xes 7 IANFE L AE s > d. O

EIE5.2.1. AR g P# TR 2%, 128 T RGN, LRFAMATLEY, FEL
EAVT VAR 5 s tig — /AN g, & f € HS(RY) B ||fllgs =1, &X fo(x) = f(x+ne), A2L
n—oobt, f, 550 T 0, 2R LIERERE f AFHE . BILEZA{f,} ZAETRAKE T
5.

K0<s < 9 N, AR HY(RY) o L¥(RY) (Hr2* := —) SEbr b2 AE AHardy -
Littlewood- SoboleVT A GEH C.3.4) FIHERROAL . N fa] s I, g‘jZﬂ]XJL??U\SOboleVLIEﬂ H5(RY)
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EIE 5.2.2 ImASoboleviEr A
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WERR. [FRER TR f e S iEMIEIT . 4 g 1= (|€197 )Y, W f = |E-Hrg, B f = (|€]7*)Y = g.
FH )@ D.2.4%0 (|€]7947)Y = Ca,ylx|77 (Al tkHardy-Littlewood-SobolevA~ %5 7.3 B

+
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1 1

1 lle = Caplll - 17 % glliamy < Cllglloy 1+ = 2
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1 3k
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1
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AAHE s > S 0 HRY) [Sobolevit NEEL. PEH —MALEALIELEE, HL%A
BER: s> SR, HRY) 22— BanachKHF BHAE L2®RY) .
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FETE 5.2.3 BanachREH (RY) (s > )
_ 2

% s> g ) ;
(1) H*(RY) & L2(RY), BMEES fe H A ||fllioms < Cllflasma-
2) & f,g e H'RYD A ||fgllas < CNS Nasllgllas-

SERR. FVRE N % Schwartz 5 SLE B AR 2 2
(1) FJy s> 2, FiLL () € LR, xfEsA

FGOl = (DG = ) <C j F6)] d&
Rd

f et () dE
Rd

= CI d(f)‘s((é’)Sf(f)) d¢ < CIKE Mz lKEY SNl < ClIS Nlas-

RIEH x € RY T EFFERAH F € Lo DL |1 lmcaer < Clf
Q) #t foge s, WA Fa=Qr)(f «g), TH
1f 8l = YTl = Q) 2 €V * Dl

— 2n) j (& 7(E — () dn
Rd

2
L
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Wis. AT H EneRiFos>0, Rz

(€Y S C(E -0+ (n)), C,=max{2225"}.

IR S KOL, E=MAE, RATE

_c j (& -y fE —ngnydn| +
Rd

J (&0 1(E — () dn
Rd

2 2
L Ly

= C([ICCYF) # 8lle + 1KY * flIr2)
HH G Young M5 CGEHE C.3.6), FATH
1Y) 3 8l < IKEY Fllalglle < N sl KE ez IKEVE M2 < CIF Nl

XEFERAT s> g PIRIE (€)1 < oo. XHHfe f, g [HIFEATER ||((-)*8)* f]|o.

J () F(E — g d
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e REEH RS . 5T p>0, HATE
A+ EP)P <A +2|E —nl> +2[9P)P <2PA+ € —9l* + 1+ |n|*)?
<max{2?, 2271 ((A + |€ —nIP)P + (1 + [91*)P).
4 p =s/2 IS, O
ok, FRATEHMorreyttk N & 225l 2h
_ FIE5.2.4 Morreyfx \

& s> g ﬂs-g ¢ 7. N F¥(RY) c CRA(RY) , H o k = [s—g] Hp ={s—§}. i B AL
# f € HS(RY), &MA

|0°f (%) — 3*f (W)
sup sup

< TS
ok x2y |x_y|p A Cds”f”H

IERR. HAEE, FATHTEXf € SROBBCEWIZAFEXNT . RE R a WL |af = k,
Xix,y € RY, H{EILH A g A

a a _ 1 ix- iy- seNa £
00 =3 = s | (=)@ ag
= |6°£(x) - ()] < cj el-¢ — 1| || f(£)] dE.
Rd

Ch=x—-y, NTHGEE B KR8, RAVERARECPRITRCE (€5, 152

J et —1|1£141 /&)l d =f (|4 = 1[1617) - A€ F17@I) df

<],

AT IR (|fllsr FFEAR TR T 4 IGh) = [ |e™ —1[ 1£126) dg,
H2(s — k) = d +2p, JHAEZRER R n=|h|€ FATEE] I(h) = |h|* [, Iei%"’ — 119|472 dn. Hifie
AV, BATTLAE h/|h| = ey, #Eifi FREF Cy |h|?, HFC,, 1= [p |ez1;1 _ 1|2 In|-4-2 d.
UMD RASKEU: 2yl 2 1, BEEBERIORATUE B ARME; 4| < U6, I Taylor &
FFEN e — 1> S |pl?, T 2 —d — 20 > —d, FIAE R S TR AT R

FIBATHIED T10%f (%) — 0*fW < C) 1% — PI°|If |l PRLIFIBRLA |x — p1#5 FEXSHTAH
x # y LR || = k BCE# SRS 4516 . O

RJAENTEIE s = S FITEOL. 1 1.4.2 2R HY? MBI REAE T Lo, BTN

1/2

. 1/2
et — 1] |§|2<k-s>d§) (j I§|2S|f(§)|2d§>
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— MR Lo MY K — A, ZEREBMOZT 4 H .
— EX 5.2.1 BMOZJq]
A R-FH Ik (bounded mean oscillation) 8] BMO(R?) 5 b &Rt & T X 89 &3 7T A5
VRN RE TR

. 0 1
o = sp o [ 17 =l oo R4 fuom g [ Fan

&4‘]%‘%4—’/&&{( || ”BMO E%éﬁi}’k{(«tﬁi .l';hkj:ii'-/\/ﬂrﬂ

IAEFA TR id Sobolevitk A\ i€ FE
— EIE5.2.5 BMOZ[EHJSobolevitk A E I

d
= L, RY)NH>(RY) &4 F BMOR?) +, BA#C> 0147
1flzmo < CIISII e

A f e L1 (RY N H3(RY Az

MERR. AR f MR IR S . FE A > 0 () Bk w6 e S 1415 6 e
CP(RY), 0<8<1 HE ¢ = 0%@@—1%?%&MEX

foat=(0CF) s funi=F=feu

B gL, [ Fbr FaRK R E & R (€] = A M. 3K 2800 SR DR A8 37 A2 3 A
FEP B R oS B EEAT “REie”, bR ME 42 R A A1 oy 26 EL s ) — A A AR B A1)
REE R HRHIRG -

XHEREK B, FATH Cauchy-SchwarzAN%5 445 2

2
.
IBI2

LB’

| 17 = fal g < ea =),

L2(B
B R ANEK B K142, HATH

1fea—(fea), dx\RHVf“HLw RL@'E'
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L2(B,
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AT |
f 1 = Fo] X < CRAIf|« +C(ARY" f ElF@ra) .
B E 2124
BRI A = R B L R AT A .

Xt FAEFF Rk SobolevZs (7] HY/2(RY), FA1H FTiE IMoser-Trudinger N5, ‘& SLPr LA H T

| Orlicz 4 23 8] RN o
_ EIE5.2.6 Moser-Trudinger NEFR
BEAMBRE T d T4 e,C >0, EFATAFXNEE f € HARY) e

[ oo (f) | rovee

523 FilrA. xR

HF RYESR, 50<s< M 2<qg< 2 BKIEREAN H(RY) o LIRY) HAZEH, H

BARE N B 2] H HFt<s) BN . TER, PSRN R Z 8 5 g 45
HE), BRAERREA & B B

EIE5.2.7 EBRANEE

(ii t<s, fRA—A SRY) FH#% (KRR OABA!) £ H(R?) 2| HI(RY) 49 % FF.

WERR. % ¢ € 8o ATTHEIEM: XWEEWZ sup||fullys < 1 WFPF {f,} c H(RY), HFLETF

{fn} E45 f,, 75 H'(R?) Pomiltsl.
4, Eberlein-Smulian & B ARE T 751 {(f.} (BFAE) 53BN f e H(RY), H
il < L BATGHEE T IVRITIE (f,} I 4 g = fou— fo EEBFEEI sup logallm < C.
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WAAE €] = R MBI AL & & 15300 ikt
2
P8a(&)| d¢
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| @rpmera-o
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Rd

—_———
€S(RA) XFHFA~ E€Rd

W ELAI 38U g, ok 0, TR L B P BLAGUCEE] 0. JKRER A THLAE A5
£ € RYHHEW] T % MR 9g(€) — 0.

BNORBAIMT 5 — 20 Atk

S, sup |9g,(8)| < .

I€I<R
neN

URSRWT S AL, AR AR I f A SOE Bt AT A5 2 3RA T EE B Al T

im | e em@f d = | im@ e 6 o
IEI<R

n—->oo n—oo
I€I<R

BLAETEWING 25, A%
BB = ) (g ()2(E — DY), < llgallZ )0 = .

xt Bl a — Ik s v oy, 53

f(n)‘zslqﬁ(f —n)*dn < J (M~*19(€ —n)|>dn + J (M)~*|19(€ — n)|*dn.

[n|<2R [9]>2R

MR ERAA T,
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TR T, RATUSUH o € § M1 B SO T LLEDTH RiE. T ¢ € SRY, M
R C > 0 59 )
P& —n)| S CE - Hp N, = 7 sl +1.
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BATIRAER 1§ — 9l > Inl/2 GERIEI <SR, 9l > 2R) Hifs FIRE A FHE

<n>2|s|<§ _ 77>_2N0 d’? < CJ <17>2|s|—2N0 d17 < 0.

[n|>2R

f mr“@@—ann<ch
In>2R

[n1>2R

]

BERAN AL E R . 8 1.3.1 R Whr(U) RELE R LUE U LP(OU) R, #
U = R% NPz, RITHERIAE s > i (NBEM S Ss = %), H(RY) & s 52 br A7

H3(RA1) (AT b
_ EIE5.2.8 IEIE
Ks>1/2. & LIRFI WSt y 4o T

S(RY) — S(RI)
f — Y(f) . (x29 ’xd) L f(OJCz’ ’xd)

1

Wy T ESRIEEAH H(RY) - H 72(RY) 893 5

ERHEL, ATH — AN HMRAE . X s >0, FATE X
H(RY) := {u e LA(RY) : (¢'yokaE , x,) e L(RY, r+k<s, k>0, ke z}.

1X B Fourier B # e S Y MIAF & x' = (xy, -+, X4_;) 7E X o
Hi£ 5.2.9 HAEFER
Rs>1HfeHRY A+ RIAEFZN {x; >0 WTrf e Hs‘i(aqui) B At
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H2(0R¢

HE1E 5.2.9 WHEMAER & 5, A Lt “RIERA” 4358890 1) Gauss-Green s 2o

IR 5.2.9 WIERR. RO £ € CoRY), RGBT
AP, =] @i ore
H2(8R%) oRd

— e | °° j (€T 0) €10,/ x) € ax,
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HARAITESE =47 H T Fourier W M FEANER [0 f(X)g(x) dx = [, f(E)E(E) dE. O

FEIE 5.2.8 BOIERR. AR y HIAAENE, RIFRATEAEBIAAAE W & C > 0 15

vies, [lrDIl o1 <Cllfllws-

H

AL, AT Fourier s 4t 8 5 1E 51+

FO.x) = @)/ f eiv6eit (¢, £ dE, df’

Rd

—em JRH oix' ¢ (\/%_ﬂ J ) f(&.¢) dgl) d¢’

R A .
V(f)(f ) = EJRf(gl’f) dé;.

P Cauchy-Schwarz NE, FATH

Lo ([ ) o) ([ vorera),

S AU s > DATDRAIRAD. FFBh, 76 RS Laf dE' BUME, RAFESE Iy, <
H 2
Cullf IRy TR T B — ER A I
BIAESATEN “3RTH T (Sebr LR TR MFFAERE. ¥y € Co(R) 2 £(0) =
1. 15 X

(NE&)

Ru(x) = (27)" % f e € x(x, (€ No(g) dE
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BSBR Ay G € NOE) 1E R il Fourierifi s, 78 RY Hfi{EFourierds #1435

— 1 . !/ ~ / !/ N §1 !
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e R R
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Rd

d&] (€ 1oEHI?) ag'




156 $ '  SOBOLEVZ[HIFIFOURIERZ H

BT 1 es, BITHEXN TR N, FAEFEH Cy 15 1) < Cyt™, TG

gf >s - A( é_l >‘2 , ( §12 >s—2N
1+ —— | (£) - dé, <Cy 1+ — -1d¢§;.
JR( (&) g (&) JR (§)*

XERABMEE T (&) < 1. FiEBRFS KK N #7135 — 2N < —i, BAELaELE BRI B
BRE. B ||Ro|| HIA A5 340 R 24

2
Hs(RY)

2
RO, < Cll sy

:EFT_LX}EI‘" g%%& YRU =0 I%‘I\EEE_\;‘LE/‘]7 ﬂEl—:llé‘o O]

SFI05.2.2. EiaB AT R A9 ME R R E—0), HAlx, EEE5298% 2T, &% ge HV2(9RY),
FAAEds (BH G, RXH —AG =0 (x €RY) B Glope = g) HARFERFX: ||Gllprey

C”g”HS‘%(aRd)’ iX 7T A8 i 9 M PoissonfR gy (CF A P ayiAFeE 45T AR X ) RiER], £ 2
S s > 0 AR
SRR 5.2

5186 5.2.1. iE9: MHEEEnER FseER, RIRE X
s —s N
A+1€2) A+ 9P2) <281 +1E-92)" .

JRE5.2.2. Ko e CRY) HEE |x| > o0 B p(x) > 0, B @ i#Z [, (€)4&)dE < c0. IEFA:
Is| < aff, B My(f) := of & H'[RY) LOHRHET. I RIVMERX 9 € 8, iEY: xHE
EsER, M, & HRY) Loy AR HF. (Ra: AT 5.2.1)
SRR 5.2.3. i FEEs € REA f € HY(RY), W f € C®(RY).
518 5.2.4. % H(RY) C Cy(RY), £+ Cp & FAELF ZAMSE ReyE LI, EW s> d/2.
Row: FF B RZIER QS BA H o C, #2409, KB4 ERAFourier T # A4 (€)% x,¢1<x(§)
8 H L H st E .
&R 5.2.5. % ¢ € CX(RY) RleHE, FERY Fe57 {a,} #HE |a,| - 0. TX @,(x) =
p(x —a,). iEHA: WHEEs e R, {p VEH P —HA K, 1B3HEAT ¢, %A 7L H b A ZH KT
7o
ﬁﬁizaﬁ¢<p<zmw:umﬂﬁﬁﬁkﬂmmﬁ¢,g#;—l_
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jo)&R 5.2

B 5.2.1. % meN, & P@) = ¥ c,0° ¥ c, € R AAEMY % Eosira 13 ¢, #0. &

lal<m

12 X HF P(9) %9 £ % 4E (principal symbol) P,

P& := ) ¢,

|al=m
KA PO) 2 m R 6, AL E £ # 0 #A P, (E) #0. 2B% PO) & m BinH 1.

(1) iE": PO) —HM IR 69 L HAX Y A& C,R > 01733 |€] > R A |P(&)| = C|E|™.
(2) ZPOAMBAET, ue H(RY) H PO)u € HY(RY), E#: u e H+™(RY).

IR 5.2.3. ZAMEERN M RIZAH . FREY PO) FAAME KT H, ERMEETRR
B, 127542 PO = f MAREVE LH(Q) FATHEN. ZEATHIEASEEFS, mi
o 7 B B9 Fourier X & o 1% 25184 #r % Malgrange-Ehrenpreis€ ¥, % I Muscalu-Schlag [12,
10.4771].

BlE 5.2.2. B AAERLIEL 522 FIF0<s < g T2 T AF X NSl wey < Cllfllis@aye Ak
RAMIE 7 X —ZH TFTEARRAREN, FRLE, &% pe SHRLHL ¢ € CP(RY), HAE
L. (x) =e' = px). iEH: ||@|l TMRH e, 12 ||@. s B9HH O(E™).

B8 5.2.3 (FFkBesovE il BS,). K 6eS#HEOeC®, 0<O<1BEE=0MLTAO=1. 3
fes fo>0, &MNEX

BJw(RY) 1= zllflls;v{w :=sup A||6(A") * fl|p < oo

A>0
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‘—’TVXE(TIiJE(B;fw(Rd), I| - ||B;°oo(Rd)) A& Banach= 8], HARIX s < > JER: HS 44 A\ 3 B> HA

UL N
C

Il e < Iflless  Vf € HY,
B d

00,00 - —5

2

H I C & H d F= Sptf.
[B)RR 5.2.4 (FF{XBesovib BHI AN E)., £ FIAR 5.2.2 #2 5.2.3 89MBi%X T, BFIEIX 0< o <d. it
HEE >0, ||@llse, <Ce.

RT: B Ae>1 L2 N, ¥ Ae <10, FIA (—ied))de™/c = /e F 53R d Ko

1E]8% 5.2.5 (MIZHATAR I FHR ). %0 <s < g W BAESRET d RO EK C, 1213

2 2

C e
1flz2 < I I e
>, 2
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¥ % @1 A 1 Bahouri-Chemin-Danchin [2, Remark 1.44].

R AGRIXTF K Besovie K A 1, HAEGZIL 524 MBEENS f = fou + frna TA
{1f1 >a} C{lfeul >a/2U{|fral > a/2}. #] ABesovit a2 LT AA h, & HERATETH —
MNELMFERNE, REFRZE CLS HH|fI%. , 4 p=2HJ#A C.1.6 ¥4 Chebyshev i
=X,
B8R 5.2.6 (INAHARAS A B PERIE). % s < g (% < g), EH: CR(RI{OD) £ HY(RY) (&
S(RY) d A%, s> g M CR(RIN{O}) 72 HO(RY) & &9 1] 6, % 4 T 4

L’

@efﬂ@%:mum:ov%&ﬁq<s—§%§ﬁﬁﬁm}

R Ky = (). EHEEN ¢ € CP(RIN{OD) A (uy, @)1 =0, M Spru, = {0}. KB
BFR7ED27.
E)jE 5.2.7. B FEEMYPFATL, EMNrueD A LHEERMB R Lu=56 EXHELTR
. KHRY % Laplace . F L, = —A Ao # 5T L, = 6, — A 49 % A fiE,

%% Stein [15, #3.27].

ETRI SR T HR R FREEIHE T 1= 0] — AMEEAM . B ET R

9> —A)E, =8(t,x), t>0,x € R4

(0; —A)E, =4(t,x) x (5.2.1)
SptE, C {(t,x) € R™*? : t > 0}

[a)RR 5.2.8. #| A it = Fourier & # & f = 18] T £ x 89 Fourier T 4%, KARIKLHF T 69 K K&,

() Sd=18, EHERER:
1
E,(t,x) = SH(t — |x]),

HE ¥ H(-) A Heaviside M # o8 %o
2) Bd=308, CrEah k@M E do, 497 MFourierk % do,(&) = 2r) 4#?”
TE A
E,(t,x) = 5(t — |x]).

(3) Mx = (x,x,,x3) ER3, A w4 = (xl,xz) Ld =20, FE_GRAHHTAE, FHE
A5 FH = AR x, iv“:é’:':-?{il‘ﬂ%ﬁo Jif‘ééii%ulfﬂ

_ /
E,(t,x") =J E;(t,x', x;)dx; = 1 M

" VT
B)& 5.2.9. MAF E—MELKGEHNFT, CTRIRERSHLELIE. X E (t,x) A d REFT4E

£AM. ThoFourier® iy Kk X B,(1,§) = 2m) 20D,
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(1) ERRBAfEX -
1

Ed+2(t,x) 2—— ( x)

(2) iEM: % d >3 HEHE, SptE, C{(t,x) ;¢ =|x|} % d ABHI, SptE, = {(t,x) : t >
x|} 4B HAREE A ZABHE R A HAE R “RE BRI,

5.3 *SobolevZ[8]AYLittlewood-PaleyZlE|

VP2 ARZRNE R e U5 R T DAIE IR H AR DA SRR o AORT e A3 T (10 30 3 AR ELAE FI ok 90
Bro BRAESR B A AL, BATH 2 TR TR, 5l Fourierd2 4. JRIM AU Fourier®
T%#Kﬁ%&ﬁTﬁiﬁ?Eﬁﬁfﬁ X EEAT N FEAL B Rl T SEfn AR EE. DIt — A E A
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#(dyadic numbers). BLAEFATE X Littlewood-Paley#52
_ EX 5.3.1 Littlewood-Paley$% &2
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P(£/27),9;(&) = P(&/2)). RJE AT X Littlewood-Paley & # 4= TF :
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B TEUL, Py B f RIBACEIEL & ~ 2N B, BASUEHNITE E£06 X (@) =1. H

Nez

XTPEWAL IN-M| 228 N,M e Z, JATH Sptipy N Sptipy, = B. By} SEhr L4 H 15
A (8] () — A BRI i

5.3.1 BernsteinBIAZFHER

MAERRA TN A Bernstein AR, B4 Hi Littlewood-Paley 5 52 [ A I
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_ PRl 5.3.1 BernsteinBI N ER,
EZNeZ, s20HL1<p<qg<oo. WERI PR

IPox flle < C(py 5, 27N VI"Po fllios (5.3.1)
||P<N|V|Sf||LP < C(p9 S’ d)zNS“Png”LP’ (5.3.2)
IPNIVIEflLe = C(p, s, d)2*NS||Py fllLos (5.3.3)

acl_t

1P S lle < C(Dy g )27 ™2 Py flzes (5.3.4)

dl_t
IPx Sl < Cpyq, )22 ||Py I (5.3.5)

HUERA. XSRS LT AR 2 B Young A5 GERE C.3.6) MHEBEHEW, TELLIRATRIEH (3) Al
(5).

Xt (3), TATH Pyf = Py(Pyf), ot Py := Py, + Py_q + - +PN+2;(?£%:: Pyt +
Ynao = 1 7E Sptpy LHL. ) FTLARATALE Py(IV=f) = Py(IVI=Pyf) = @n(©)IE[Pyf (&)Y =
W@ONEIEP)Y * (Pyf). TaBER Young AR 15

IPNAVIE Dl < N@NEIEF Nl |1Py fllze-
PLERRATIH L
@n@IEF)(x) = C j e EP(2VE)|E | df = coM j ex 20 ()2 ] dy = C2VEIP(2N ),
T
BN @OIE1) [l < C2VE DNl = C2¥ [Pl < C2°.

FIFERIERIE T |V f.
Xt (5), FATFHRAMER Py f = Py(Pyf) 133

1 1 1
1P lis = 1hxs + oo i)’ 5 Profllis < CBSIAIPNFllues 1 = 2+ .
RIEHAT
ol = IGC/2YDV e = 2%l = 2¥ I
N 1 1 1
Fy1-t=LoL e
r p q

Nd(l 1)

1Py flle < C(p,q,d)2 »a [Pn Sl
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FATEA LP ZE[E] A Littlewood-Paley % iH . F5 BLA7 7 1 A FRYE, FRATTAT LAE Wk 45
w7 —A “JLTIEAR M (almost orthogonality)” FIZIE], & A5 b & — AN AL T2) B e )
ik, SR HAE K # T Hormander-Mikhlin3e 1@ 3, X2 A4, A AFRA17E

_ TEIE5.3.2 Littlewood- Paleyzlzﬁ A ETE
HEZF1<p<oo, HBEFH C=C(p,d)>01%E4F

vies, CIflle < ISl < ClIf e,

HF S(f) £ f 8 Littlewood-Paley-F & Hik, <A

S(f) = (Z |PNf|2) = [[Pnfle22)-

NeZ

5.3.2 SobolevZ|a]AYLittlewood-PaleyZliE|
A T Littlewood-Paley# 52, AW oI ULt 7 AR RGBS AR S e 1P 23 [a] A B — e 1A oo
FAVIAE U J7 208 X Sobolev2® 7] WHP(R®) Al WP(R?).
_ X 5.3.2 Sobolev Zja] WSPED F1 Wp(RY)
e seRA1<p<oo, HAMEXIEF KSobolevs 18] WSP(RY) A

Wr(RY) = {f € SRY) ¢ fllweeces) = V)l < o0}
€ L5+ K Sobolev’= ] WSP(RY) K

WerR) = {f € 8 /P®RY : [[fllwroquey = IIVISlloqes) < 00}

PiBernstein NEH (AT 5.3.1(3)), FA 1A Sobolevitn %l (1] Littlewood-Paley %) ]

1

(e ]

I f llwsr@ay = IP<flloay + (Z 22NS|PNf|2) : (5.3.6)
N=1 -

BRI WSP(RY) HSobolevilk NERE, BAF R4 p = 2 IX—HpIRE 0 %A
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_ FIE5.3.3 5|Eﬁ%,‘ﬁGagliardo—Nirenberg—Sobolevzz'—r;{"f_ﬁ

1>‘Ll<p<q 7Fu5>0/ﬁ«a/i——l , AP 0<O0<1. MALEKH C=CW,p,q,5) >0
$1331EE [ e WHP(RY) ﬁﬁnTT\” ixﬁkw

]
1 llzaay < CULNEE NS NSy o

IERR. BATRHILittlewood-Paley 7 i# f = 3 Py f. HiBernstein NEAXAM = A%EX, FATH
1z <D NPw SNl < €W, po ) D 20| 1Py fllr = D 2V Py £l
N N N

H—Jih, W 5.3.1(3) M Py BIA S, RAVE
IPxfllee < C(d, DS lles [P Sflle < C(d, p, $)27¥|Py VI fllLe < C(d, p, )27V 1|
R BEARN AT B A T, FRATVREAAAE B K 345 T 0oz

Il < C(d, p,s) Z 2V 1 fle + Z 2N8S . 27NS| VIS £ o

N<K N>K

K6s 2EK+1)(E-D)s
<C(d,p,s) ”f”LP PR “f”W” — 2(6-1s

DAERATE S e S TG K R B e b LA AR LIRSS, AT DA H

2—Ks — I/l _ 1 — 26-Ds
I llsr 20-63 — 1

Kb ARl EIRAGEAX LI & KO, A5 2GS A 1055 T

1S, (1= 26-Ds
Ifl7,  \20- =1

Zc(dap) S)”f”LP ) =X C”f”}}@”f“u/sp(Rd)

BERS 31 i € BT 98 & Hardy - Littlewood-Sobolev AN 25 U HE R
I 5.3.4 um~Gagliardo-Nirenberg-Sobolev /AR,

: 2. W A&E®HKC=Cd,p,q,s) >0 &7 THE
a b

|7i5’il<p<q<oo7fus>0?%/il=



5.3 *SOBOLEV=Z [ LITTLEWOOD-PALEYZ|H 163

feWsP(RY), {£134 F 1% XK x
”f”Lq(Rd) < C”f”WS.p(Rd).

B, %1 B, #4118 JE 7k Sobolev s ] #9 85 A% 12
q

RS
Q|lw

1 llzaay < Cllf llwse(ray-

FATHAE e H#E 5.2.3 (1) HI2flah &
EE5.3.5
#Z1<p<oo,s>0i#HZsp>d. N

S lLowey < C(P, S, DI f |lwspwa)

5.3.3 JEEEH M Leibniz;ZMFN5ETEN] : Bony 75 97 i

VENAR AR, FRATKIE IR EE 5501 LeibniziZ: W FNEERGE I, DR SRR T Sk %) 5%
¥ Sobolev bh HUE IS AN o B 5T IR L 12 SR R A EL ), [RONAR 200 78 A 1 ) b AR
ARG SobolevAiti 1t .

— 151 5.3.1 ¥ Leibniz;EZN
X f,g AR ESGHH, WD AXEANHK a>0 A EGMPETFAMMPETF. AR L, &K
M4 iE

o (BK/I-BAREAER) de R fOMERLES T g (Blde f = PyF,g=P_y_3G), &AL

g “EHE” (PletE®u, f=Vu,g=u), NA fgBBAL fAASeME, L&

M#AfF D*(fg) ~ (D*f)g A% Py(fg) ~ (Pyf) g

o (B-F/IARMEAER) do R f Ao g BA ARG INE (Pldast FEL F,GH f = PyF,

g=PyG), M2 fg RiZzERL fIARRAZELGGME, BEMIAHF DY (g S(Df)g~

f(D*g)o

o (R H W Leibnizik W) 3% f 4o g R A S MEARIL, KRAVIHF

Du(fg) ~ f(D*g) +(D%f)g
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— f515.3.2  AEEHH RN
KuA R EAZHH, F:R->RE AN “ELAF” 69835 (Plde Flu) = [ulP'u). A
AL EREA BN a > 0 895 HT DY, AAVA AR BRI 69 4% XA

D*(F(u)) ~ F'(u)D*u

VA% Littlewood-Paley %] &

P_n(F(u)) % F(P.yu), Pyn(F(u)) ~ F'(P.yu)Pyu.

AT RN U DRk (kVEBEHD M85, LRSI R s bk iz L st e 41k
W) CRLZBEATAT f,g,u B < k — 1 BrSEHTOD . s b, Bl myAS JE0 = 5 — 5 U i SE 4

— 515.3.3 HEMBIEEFHEN

o LABFHIT, TFIEFERMA FHELELAHHK LT,
o WRENBHBORFTELRR, TFARFRANA FIHEATMEE (RRKHME) WIS

K ey,

XPIX L “JE 7 fR e 4 A AL B R 27 05 15 (paradifferential calculus), X U248 H
TARYE SR ARV . RATIMAEIEY] D = 0 X —dxfa] §L15 00 T B HEBE LeibniziE N, AT 45
W PR EMoserBURFRN . Alth, ATE S5 Bony A/ i# (Bony’s paraproduct decom-
position). FEUCIRATTEPTAR R I E X BN 280, B2 WA T 2% Bahouri-Chemin-Danchin [2,

H2E].
_ ENX 5.3.3 BonylAF 5 f#
stRARfg, 4o T V5 fE 7 KRS AR B

fg=T;g+T,f +R(f,8), (5.3.7)

£
Tsg .= Z (Pnsf)(Png), Tof = Z Pn=sHPNS), R(f,8) := z Z (Pn )Py g)-
Nez Nez Mez
IM=NI<3

Nez

T/(-), Tg(-)ifﬁiﬁ:/f’ﬁ’fffﬁi’n\ﬁ—ﬁ" (paradifferential operator), % A C11 8 & LA HALayF4H 2 Lo

RO, ke BRAE MR P B AR D5 5k b 205, 3 L I TR 1 - fR-m, 3t
W filts B FRIAIKGE R ||T,gllps (FIRIR, gmadit) BIA BT TTRRRIA || £ llzol1gllprss TTT o f g (1K
W, f ) AR GTRREI A (18]l e |1 f s, PRI R(f, &) AIDTHRIN S8 2 A~ F 2 AZ i AE
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— FIHE5.3.6 MoserBIf"ER
520, MWAEZY f,ge H(R)NL®RY), #HMmFFX

”fg”HS([Rd) < C(s, d)||f||Hs(Rd)||g||Lw(Rd) + ||f||L°°(Rd)||g”HS(Rd)

AN, s> d)2, FrEEHELA R 52.3(2).

A B IK b 22 2R Al 11 1 BE AR T V2 4 F Littlewood-Paley /- il Se I\ B 2 A2 & ZF I (H
TAFTREIAR AN AR, 485 FiBernsteinfiTHolder N A HH AN RIR &, BaRA. —
eVt FA 1% SR AE S AT REAK A B H Bernstein A5 3,  BUNIX S H T A RURfh . TAERELef
R, 752 H Cauchy-Schwarz A5 AR 58 R Al

MERR. AN fefEan kg LA 3 fif . WARHE Littlewood-Paley #5251 15E X, FATANIE
P ((Py_sf)(Pyg) =0 BIE |L-N|<C,
e AR, Wik M —N| <3, N
P ((Pyf)(Pyg)=0 PBrIE N>L-C.

XYL - AR AR R R R AR AR R P DR REHE HY A AR AMIR T4 R . X ] DU
S ASHRI A R W, LR DL

(P Prg)(E) = f Puf (€ — mPg(n) d.
R
BIfEM, NIR K, BlanM = N = 114514, NWPAERTREH I & — n = 2114514 4 0.001, n = 2114514 JX A
&L, BETT € = 0.001 A8 ERARA .
FA1 ettt Trg = 2 (Pan—s[)(Pyg). MRS R, [FEkmtmE Ly, W IN-L|<C
DA DTk PRtk
P T,g = Z PL((PsN—3f)(PNg))-

IN-L|<C

M P, 7£ L* FA ALK Holder A530, 153

||PLng||L2 < Z IP<n—sflr=IPngllL2-
IN-L|<C

REE% Littlewood—Paley 18%;@3&%2& L= J:—iiﬁﬁ’ El] ||P<N_3f||Loo ,S ”f”Loo a:%

24P Trglle Sl 2 2V IIPwgllLe:
IN-LI<C
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X L2 J60H FERH R AR 2T gl S (1f llolIglles. FIERRATHAR (T fllers S 18lleeo 1 s
BEFREMLIER R, = > (PyfPy). Bz L, HIRTARLS, W

N [M—N|<3

A N> L-C R ageomk® PLR(f,g). Kt

PR, = 2, 2 PUPNNPu®) = IIPRRS DS 2 2, IPxfllelPuglls.

NzL—C |M—N|<3 N2L-C [M—N|<3

SN |1Pyglle S Nl FAIFFE

IPLR(f @l S llgllee Y, 1PxSflpe-

N2>2L-C

e I Sobolev BLEH, FA11G

25PLR(f, Q)i S Ngllee D5 27NN 1Py 2. (5.3.8)
N>L-C

KA s > 0 ATLL {27551, C} e ¢!, TRHEER Young ANEA IR, Ol S Ngllie 1S |ers- TFIAE
WA LA f, g 193 ||R(f, g)IIH S W N llglgs. B EFrE fhvh & R4S Moser MR E51E O

_ ¥ 5.3.7 SchauderBUtit+ /1AM 1L (paralinearization)
BV REFHEBEEAKE TN, s>0, HKfFeHRY > V)NL®RI > V). itk AKRT st
RAEL, FRFeC, (V->V)#HAF0)=0 1 F(f) e H'[R? > V) &k, A% TH
EN:RS

IF sy < € (F, 1S llogays V5, @) 1 f lsay-

HERA. 2 A 1= ||f||e. B F(0) = ORITIAR 73 e A B, 1EF42 O(A) HIER A |F(v)| < C(F, A, V)|v|.
TR
IE(O2 < CEFE, A, V)| f g2

SR TG TR 7> o B N ORBAT D BARE R 2. BERMIN > 1, 2 fovog := Peyoaf. 1B

] X

PyF(f) = Py(F(f) —F(f <N_4)) + PNF(f<n-s)- (5.3.9)
B—TUEHRE, KAEEDEE f &SRS . 8 00UE eI, KA DL s S 8RS
27Nk ZE .
S FRRE T (fRpas o oiEk) . £V pEiEs A ATHRgER B, F 52 Lipschitz (). Ktk
IF(f) = F(fen-)| S CF, AV)If = fen—al. FTEA

IPNE() = F(fan-allze S CE, AV = fan-alliz-
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ﬁﬁf_fsN—4= 2 PMf-ler&

M>N-C

IPN(E(f) = F(fen-)llz S CEAV) D) |1Pyf I

M>2N-C
e I 2Ns, 153

2 PN(F(f) = F(fan- Dl S CEAY) D 2-M-95(2M5)1py, ]|, (5.3.10)

M>N-C

H s > 0 58 Young AN 15 2|

1/2
(Z 22Ns||PN(F(f) - F(fsN—4))||i2) S C(F’A’ V9S9 d)”f”HS (5311)

N>1
BRI I B Py 2R 2V ITHIRES, Bernstein BT
IPNE(f ev-dlle S 27VHIVEF(fena)ll o (5.3.12)
H B e RN, VEF(fov—s) RARZ TR, AT A
FOU DIV fanaar s Vi sl 1<r <k lagl 21, oyl + - + || = k.

N fon—s FIERE CA TR, MPTH REFO(fon_a) BPCF, AV, k) 28l K6 fana= X Puf

RN T o XTSRS EFHES N M, < M, < - < M, < N = C. I 1 H L
i1, HREFH L* fih, N#EBernstein NERA

IVaPy fllze S 28| fllw <), IV Py fllz S 2051[|Py, £l

XHRIFESR My, -+, M,_; KA, FIH M; < M, 133

Z 2M1|051| 2Mr—1|“r—1| S 2Mr(|051|+"'+|05r71|).
M <---<M,_1 <M,
(Al 1k
IVKE(f eyl S CF, AV, k,d) Do 2MK||Py f |- (5.3.13)
M<N-C
Fiofe | 2Ns, 193
2%||PyF(fen-olle S C(F, AV, k,d) D, 27W=ME=9(2M5)py, £]]10). (5.3.14)

M<N-C
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KNk —s >0, FrA B EE 27V, € €1(2), T2

1/2
(Z 22N5|| Py F( ng_4)||§2) S C(F, AV, 8, d)|f |z (5.3.15)
N>1
Fen bt &Rl R ERie O

18 5.3.1. AFRAFPAEMEANGR k> 5. 2R RKE— TR R A Cauchy-Schwarz #9%% K =,
BAEXZMEA—A s, £E2RERXZREMF. EANBERRE &KL
B b, RATET IO E IS K, B F(f) = Tognf + Re(f), Forh

Togf = D) (Pav—sF' (N))Pnf).

Nez
3138 5.3.8 FWifHIT
£ €32 5.3.7 91T,
T flls < CE, AV, 8, DI f |- (5.3.16)

IERR. XSS A SR = U T g AR, BER R Ly, JA N - L] < C A
HA TR

IPLTenflle S D) I1PavesF (Ol Py f e
IN-L|<C

KON f RHESSE AR A BIERT, FBLIF' (Ol < C(F, A, V). T/

25\P Tr flle SCWE,A V) D, 2YPy Sl

IN-L|<C

St LAE €2 SRANENHA], O

= 7R R R AT
— 313 5.3.9 AEMHSTUET
BRI 537 MILT, & Re(f) 1= F(f) = T f. M

IRl < CF, AV, 8, )| f |- (5.3.17)

Fh,
F(f)=Tppf +Re(f), [ Re(Pllas S CF, AV, 8, DI f ||s- (5.3.18)

Fi85.3.2. 3135398 £ 5.3.7 FrE 89 HS B A& AI=F], 2R H A EHAINRRA N $ A E
AR T MMk & EEAE A s e, &A1E ZHIMRIX f A £4F49 Sobolev, Holder
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% Besov EM M (EVE2H—NTHM), #RiLEAFE[LHISLBTRGES (LHAET R
KU a9 = 18]), ¥R ATPIAE5.3.3.

SRR 5.3

S 5.3.1. TARH AL 5.3.1 69iEH.

SJER 5.3.2. iEP R 5.3.4. (#&7: A Hardy-Littlewood-Sobolev /% X, )

SJER 5.3.3. GER# 5.3.5. (#&7: M Bernstein~¥ XA= s> d/p.)

S8 5.3.4 (Gagliardo-Nirenberglfi{ti A5 30). %1 < q,7r < 00,0 < j < m. N AEF #6 € [i, 1]4=

AR pith &
(1 m) 1-6
=0|l-—=5)+—.

107 o < ClO™ FIIZAIFIIES, 7

1 _J
p d
Io]&%L 5.3

@] &% 5.3.1 (Littlewood-Paley ¥ 52 A - HEZ ). % A £ F SRR 26905 R &6 RES H R,
HiX feSHESptf CAA. iEH: BAEFHK c,C>0EFTHEEISp<o RALA>0H

_ 2
[l flle < Ce™ %I fIL-

B R 5.3.2 (AR % ) Bernstein AN E ). KX uy € S H A FA 5.3.1 F [ 6918k, & BT #&
77 AL 09 %
ou—vAu =0, ul,—y = u; J,v —vAv = f(t,x), U|,—o=0.

HPstEZE >0, f(t,) #HAFRA 5.3.1 FaF f 89k, £

1 1

1
—=.d
lulliozs < COAD TAC P gl [Vllyore < CRA2)

1

TN g

M 1<a<bhb<0,1<p<qg< o0 MIo

7E18 5.3.3. Littlewood-Paley 4% % 69 # ¥ 25 %] @ 7T Ak — F ) 2| Lok & X Fourier X #6974 L,
€ R KK E B @9 Fourier L #4F A, 12 % 'V 4 4 Bernstein® R 5 XX 69 F B a9 48,
BIEAEREIUTERTALNFH A FIT AL TS,

BIRR 5.3.3 (54 PEL AT —1B 1), 453122539898 % & A: s > 0,k > 5,F € CF?, F(0) = 0.
% f e H Y (RY) n WER(RY), W [|R(Nlgs < CUIf llwros Fo ko 8, D f | ggs—1- AV, FH s> 1+
(d/2), MAEBBERELCFMH. G2: KIFE WL T K ABesovZE 18] Bl o, SLECH||f]|wre 89
RIR R BB | fllp= F= [l .-
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\

27 B2 Schrodinger5 72

\pix

JELi M Schrodinger FFE(NLS) B At F B, Hii=+v -1 B2BEHHA, u: RxRY - C 2
RN REL
id,u + Au = F(u,du, ---).

R, LR 1ESchrodinger TR (F = F(u)) AL Schrodinger 5 FE (F = F(u, 0u)) M 2R L7

T2 (A2 Laplacian 87 5 2637 5 I ) Laplacian ) 7EVF 2 ) BRI ih 22 B . AR5 fE B
AR 2 0 A2 1% T 1) - 26 14 Schrodinger /7 1%

i0u+Au=pululP'luin R, x R4, u=+1, u(0,x)=u,(x), x € R4, (6.0.1)

#Bland = 1, p = 30, EXNTEATHTZIEDCAHREE; Y d=p =38, ZXNTTETLHTZIE
Bose-Einstein #t58 . 4IRTERZH]F 1, Au B B e 6 B BT IE L (A + V(0)u.

=18, RATHFNLSAEEER (defocusing); 4 u = —1 B, FRATHRNLS AR EER (focusing) »
LR PENLS i0,u + Au = +|u|P~ u i 2 DL RSP

d

o (FiESFIH) — lu(t, x)|>dx = 0.

N= =y d
o (REESTH) — I §|Vu(t,x)|2 + #lu(t,x)lpﬂ dx = 0.

o (FESFH) %Im o u(t, X)Vu(t,x)dx = 0.
PRI sFEAE, A5 3 ARE

e Hp-1= 3 i, FRAIFKNLS A FREIGSR (mass-critical) 1, X2 H THMER L2(RY) Ju0H
A& _E IR GEAAR

« Mp—1=—(d>3) M, RAHNLSY RERIER (energy-critical) 1), KINAER B i
281 T B T & Sobolevitk N Il A48 15 o

A FE PRATTIGALE BF 5T = 11 FENLS /N AE BEARTE e AN BT, X R NLSH & #1161 2 —
i6,u+ Au = +luliuin R, x R, u(0,x) = uy(x), x € R, (6.0.2)
EHEEMZ BT, AT W LM Schrodinger 7 R ) ZE P AL TH AT 2545 1HE B A .

171
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6.1 ZMAHE: =R FStrichartzfdit

Wu:[0,00)xRY— CARMERE, FAIFHRELMSchrodinger /i FE
idu+Au=0in R, xR, u(0,x) = uy(x), x € R% (6.1.1)

I Fourier %4, 1R 5 K% 7712

lx—yl?

u(t,x) = e®u,, A f 1= (eTHEP (&)Y = : 2 J e « f(y)dy, (6.1.2)
(4irt)> R4

XA B R FEAM © 5VIME u, KB, Hh

1 _?

—e (6.1.3)
(4irt)>

d(t,x) :=

At Schrodinger 77 B A W1 N AR

o (B4FAANE, scaling invariance) W1 u A& (6.1.1) IR, WIRHMTME 2 > 0, A3u(ir, Ax) HA
(6.1.1) ffafift, HEHIH A5 up(A).

o (fNFIEEAZ e T )AL, Galilean invariance) WIER u 72 (6.1.1) HIfiE, MIXHMER &, € RY,
el ey, ¢ — 2tE ) WAL (6.1.1) HIMR, HHMEA e Soug(x).

Xt FAEFF IR Schrodinger /7 72
idu+Au=FinR, xR4 u(0,x)=1uyx), x € R4, (6.1.4)
F FHDuhamel 7 # 7] DL E 25 H IR IA

t
u(t,x) = ey, — if el=DAR(7) dr. (6.1.5)
0

Y IEINLSHIAEEYE, FoA 175 EHIE M Schrodinger=F B el (FERAL T (6T ¢ WEIZE &) AN
2 (LPLBD A, 538 XWERRAE Stricharez ffi1.
BATE SAIE I S A T
R 6.1.1 o' PG
% 1<p<2H fe8RY, N

1 1

. aci-1)
e’ fllor ey < Ct 2 27| fllpogay-
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HWERR. % Tf = e f. HPlancherellEEENA || Tf 2 = | f|l2e 2285 G Young A 55 2045 2]

d
ITflle = P * fllze < (Pllzellflle < CE2 Sl

$ERiesz-Thorin N fi @ # CEEL C.3.5), AVFIET 2 LP - LI WA RLMHE T, H1<p<2

FER/ I a
0 1-06
=—+—.
00 2

=D

1-6
+ —

deé
T flle < C't 2 || f]lLes

b

\S}

1
q
R g T RATARE LR, PO 6 = i -1€]o,1]. O

S

BRI HAEFT U 1 2 il it . B2 FRATIE ChristKiselev| ¥, HKH [ .- dr
RPN G TR UHEE N [ -+ dr BRIkt gEm s EME 7 B R A5 .
_ 5|38 6.1.2 *Christ-Kiselev 5|32 [4]
% X,Y & Banach © 1], K(t,s) : Y > X RAREWBRHE T, BXTt,s#%, X —-c0o<a<b<g
oo, FEXHFTAEYHTWhT:

b t
Hﬂ@=JKm®ﬂ®®, wwwo=me@ﬂwm

F T #HA TP anyx) < Clflrapyy M 1 < r < g < oo, With BABRE £ A 69 15+
W (acapyrx) < Corll flerapyy)-

SERR. FMHEW] g < oo KON T . AW \f lrapnr = 1 FL F REEELEM, I L5 b ik o6 5

va=Jnﬂmwm

HTF : (a,b) — (0,1) BiFIBEIEH), SMEREXIEIT = (c,d) c (0,1), HJFG F1(I) = (F~(c), F~}(d))
WX E],  H A2
F~1(d)
1y SO (@) = J If )|y ds = F(F'(d)) = F(F'(c)) =d —c = [I].
F-1(c)

WAE#ERE (0,1) BT i FXIEMES ((k-1)27,k27) 1 1<k <2/,j=1,2,3,..} 4]
X XA FE X —Fh R~ &I = || B IEJ AL, e “AQXE” 2800,
MHEHN T ~ J. R EEANEE R T, EE2EE 3 ANXE TiE T ~J.

4 W RKRIEFTE (0,1) x (0,1) B Whitney 7 (RIREAN 7 1E 7 TE IR /IN5 H B XA 2 i R
BERIER) o WBGY m (W) il m,(W) (Al A x My #52) aTeLE H, X LT b1

1 R PHFAR Q, AFTE ] T RIS F = {Q), W2 LA R =AM
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(x,) € (0,1)x (0,1) REEiEx <y, BAAAEME R 3 FXEX Isx MTsyiEel ~J.
B x =F(s),y = F(t), WA LA Ak o :

Xis.ne@bxab):s<t(S £) = Xicene)x01): x<yp (6 ¥) = Z xi(X)x,(y) = Z Xr-10)(8) X F-1(0).

I~J I~J
IR0 LA AT 8 T 5 1
b
W(f) = JMmmHU®®—Zhwmﬂhmﬁ
I~J

HTFAAECH TREERNIHLE I ~T, BXECHRE |J| =277, REK T ALK, &
(NEER

1/q
”W(f)llLQ((a,b);X) Z XF—I(])(t)T(XF—l(I)f) < Z C Z _ ||T(XF—1(I)f)||([11q((a’b),)()
J=L || =270 1~ Lanyx) 7L I|=2-]
. 1/q - 1/q -
< Z C ”)(F_I(I)f”(lllr((a’b);y) = Z C |I|q/r = Z Cz—j(l/r—l/Q) < C
j=1 \In=27 j=1  \ln=2- =1
RG-S TGN (B > = =150, ik, B

5 PRI ZXHED (p, @) (P, @) SR AG M ER, A4 TR

< oo
X C”f”Lf"Lg"

pPrq
LPLl

J elt=mA f(T)dr
R

BT p,g>1, BATHFS HIMinkowski A% 215 3

féWMﬂﬂa <.[w”ﬂ%vmgm
R R

Prdq p
Ll L

o SR PrA T REIFRIS I EaZITSE, B Q= U, Q.
o AEMAAFENLTREAFEAMI: B2 j £k, QnQy =0.
o K/NSHEEMLE]: BIFEEE ey >0 GEER ¢, = 1,¢, =4), fHif:

¢ dist(Qy, Q°) < diam(Qy) < ¢dist(Qy, Q°)
SRR R T SR ST AR, RS B B ST PR
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PERERAL T, RATE

<C

—d-b
fu—ﬂ @l dr
R

JHﬂHﬂﬂﬂhﬂh
R Lf) L[P

WﬁuﬁﬁEm%?ﬁﬁﬁgm%ﬁﬂﬁ,ﬁ Y1) Hardy-Littlewood-Sobolev %53, A1
HEefF 2 AR

—d(3-2)
1 Ol | < ClS Nl

S B0
0<yi=dG-<1l 1+
AR Vi SR VPR

_ EX 6.1.1 FIFXt (Admissible pair)
HAMAr(p, @) ANLSH K5 *F (admissible pair for NLS) & 45 & ith &

FHd=11, 2R4<p<oo; d=20, 2R2<p<oo; d>31, K2 p < oo HIF
& p>2, WAk (p,q) A 4?%,§\A1!FXT (non-endpoint admlssble pair); & p =2, W#R (2,q)
A 3% B EH 3 (endpoint admissble pair).

PAEFRAT AT LUERH Schrédingerﬂﬁﬁ e’ W]Strichartz{hit.

— Ayl 6.1.3 NLSAYStrichartzfhit
& (p,q), (P, q) ANLS#E#3F, t >0, f €8, MA AT 45+

e lhgrs < Clf I (6.1.6)
t
[[ers@ar <cifiipy. (6.17)
0 Lf(
t
Jammﬂﬂm <Clf e (6.1.8)
0 Lsz t X

JFIE 6.1.1. 4o R XA Strichartz &1+, R E. HETEGE, RMNAKELMBAEH = A F
R o, &RAMNmEH VA R/ 728 55 %, /f—El’?kﬂ])r;%ﬂjﬁ??%%:%iTifi%qj T, L RHeiE £
AR RARNE PG “AH5R” . Strichartz EHMEA N Z R X EEANNE, TREENRAEALS
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TR, e Bk AT LRy K, SHLMAE BRI “BH7,

FATHAUEW AR s A VERT A T 3 R DUIE S % E 4R 0

o Markus Keel, Terence Tao: Endpoint Strichartz Estimates. American Journal of Mathematics,
120(5), 955-980, 1998.

#mﬁhﬁMﬂ%%ﬁT%mmrﬂﬁ& it T ME-FIEEL WIS NG TT W -FIaE
G B NLSEF FEAS, XEF AN CZES T T it

< Cllfllp e (6.1.9)

Lrrl

.f elt=A f(r)dr
R

HUERA. HChrist-Kiselevs| 32, HFIEH RxRY EHfliH. FATHESLIER (6.1.7), BT L? ZHilbert=
|, FATH
2

= (J e ™A f(r)dr, I e HAf (D) dt)
L2 R R

=f f (e f(x), e f (1)), drde = J (f(r), j e“f—f)Af(t)dt) dr
RIR * R R

L3

J e A f(r)dr
R

L3

<l <CUfIE, o

Ltp Lq x

f elT=DA £(1) dt
R

KI5, (6.1.6) A LUEEN (6.1.7) A1 LP Y5 R R (C.1.1) Kk,

lle"® fllpppg = sup JJ ¢4 f(t, x)p(t, x) dx dt
R J Rd

llell pr gr <1
Pl

= sup ‘[(émﬂ¢Lgdt= sup (fJ,dm¢d0
||¢’||p ,% <1|JR * ||(P||L£;'Lg/<1 R 2
< sup Il J o dt| < Cllfl
||¢||Lp’Lq’ <1 R L2
t pd

HApBAEEECEE A AFEXFHHE T (6.1.7).

24 SR B ALIE W] Serichartzffi i1, FHSZ A LN Christ-Kiselev 5 38 & #1J73%, 2L [5, 513 1.10] *F i Gril-
lakis 1 Machedon #5 Hi FTHE A
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X (6.1.8), AT XHAER R

J ei(t—f)Af(T) dr = sup ‘[ f (ei(t—r)Af(T)’ §0(t, _))L2 dtdr

R Prl el ST RIR *

= sup (J e A f(1)dr, J e ithp(t, ) dt) < sup J e"A f(r)dr J eBo(t)dt
lell pr o <L\ R R 2| ey g <tV R 2 VR 12

< su 56l r a0 < C I
t “x

S]E 6.1
SIRR 6.1.1. B *HEE f € LA(RY), }ng|x|<ﬁ | f(t,x)|? dx = 0.

SRR 6.1.2. i%d = 3, FEERNEFMN(p,q) = (4,3). AF(u)(t,x) = |ul?u(t,x), ER4TF i 54
#9Strichartzf& 71

f el—DAF (u)(z, ) dr
R

< ull, s
L¥H. b L?W’l"g

INRER: A ERR?

FATRAE T — 9 1E P BT & i SR INLS /N WA B A e PR SR, (B AR 2 F Fed 10 250 B A 4
A=W W AETERHERT R OEOT L [16, 3.270]. b b, A hMAR R Az X
“PE7, HEIR “9mE5” AF. PLE Sobolev 725 [H] HY(RY) g ufl, % “5wfE” s HE
J¥se: MR (classical solution). & E N H fi# (wellposed HS solution). 5 H fi# (strong HS
solution). 59 HS fif (weak HS solution) 173 Afifi# (distributional solution). FAITKE 3= B4 FH I i fi#
M2 Bfig

PLITFE(6.0.1) M, W RIRATIE R =M (1) Sobolev 7 [A] HLTHI SR M IX N7 2, AN vl b 4 dth ok
|u|P~ u IXFE AR LA URIR Z B S T4 p BUNS XA A 3 FEA L (BrAEp = IE&HD,
DRI FRATT— M 25488 NLS %4k AR 43 75 R SR A

t
u(t,x) = ey, — i,uj 02 (u(r) P u(r)) dr. (6.1.10)

to
EEEMTE, u B—NREAAETIHEA LPLY Ry, X FEWMEERor, HRi FATRR
XA RN TTFER 4> Fa % (distributional solutions), B[IX 25 % i S 18] X [RITAAE 2 Rl R 2 ¢ €

Sltn, FAERF (6.0 )RR HER CXEERAHINRT, RASHES), BB & 8 S 87E M7 1
TE MR BRI A USRI, — AN SRR Bl ) 22 AL [16, >1/3.55].
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Cx(I x RY) pior T2

J J (—iu(t,x)0,¢(t,x) + u(t,x)A¢(t, x)) dx dt = ,Llj J lu(t, x)|P~ u(t, x)p(t, x) dx dt.
1JRrd 1JRd
L ou BRI, PSS —EL B u BREREO T EAR T LLRRGE .

AT H R BEWIE u, € HY(RY) IXFER Sobolev 7510, #& Fourier 28t IYEF K1 u, € HY(RY)
BT euy € COHL(R X RY N LEHL(R x RY). ZbjE K, BATE S Aifdn A k.

o (6.110){ERf X [RIT - [HISEAR, 288 C7) Hy(I x RY) ) 534 g
o (6.1L10){ERf X [AIL E[I5EME, 88T LY Hy( x RY) HH5Aifi.

Fi6.1.2. FiEE, X2 M EARAHAAT =B R “553M” A —F, BHAE[16,3.27]
EXZTET “HHhfE". TRAAE—/AMERBARGEIA: AHLAXERIIN “BHM”? 28%
W, “FRHMR” RAMEBILINA RIGEAMAE—MIZRORT2OME; S TFHHM, &K
BT RPN CA AENEMEAE—H, AXEFELT, ATHRAR (6.1.10) A F kit A
9% B BNAR A SRR, Bkl AL s R KRBT R (GF L E B & MA4E LF, Blde s> d/2
H pREFHK). —MEABEMIKT F (42 Duhamel RIZ) M@ T /= £5%M0; mIBFTEHETEH (Qeif
KA MR, Galerkini®@ %) fE{E R & = A 55/%: 3% Banach-Alaoglu & 32, &fﬂz"xﬁ%ﬁiﬂjﬁLf"H;
TGOS IRIR, CAIRL A B L AT ZF0 “HH R mE AR X S8 (FlheftEEit), 29
THBRMRARAFH AT EHEESENE, ©HKREE 52 H B 69k,

X omfg, u(t) Fetuy KT ¢ RIELART, BIh(6.1.10)% 24k ¢ € T = L (AR AN
IEERS JUFALAL ) ¢, BRRAE AR T ) o R,  9RARLEZ S S AT 55T u(0) = u,. B
Al SRS RN A I [~ BN 8] S R 2 AR g 1, I HURT DUKE By B 8 A7 A X TA] R P AS 2 A 1F
RAE . HREMECRE g, EMRIENERHOLT, A (6.1.10) ZIERMRITER (4
SPAERREME—E) IR AR N IRA AL ZR MW uy —— w 52 — LA, — ek
Al B | 3 iR B 2 f# (well-posed solution) .

— EX6.1.2 EEM
e Rt &N up € HY(RY), AARE T > 0, AREE u 49 H(RY)-FHR B, ik
COHY([-T,T] x RY) 89 —AF % X, #4534 B #8EE—A uy, X PAAAE—EB u
HRAS T4 (6.1.10), H Huy— u KB KT HS #&41) 2] X ORT CPHL([-T,T]XR%)
4L gk gEmat, A8 2 &AVFAR (6.0.1) £ HLU(RY) + 2 F3iE 2 49 (locally wellposed) , #&
AR R u A (6.0.1)EFMER u, B 69 H & 2 fF,

de R BRI X = COHY([-T, T] x RY), HKAVFRI%E € A L FK 4489 (unconditional); 4= R A&
T AR BAEZE K6 T, HAVARE 2 M & R (global).

12 6.1.3. X B “HEARERH” B RKEZTZKBT T =+ootd, B RMNMRE— R EIRE T
. (uniform global well-posedness), LB u(t,x) 69 Hy 588 % t - oo HHRFA ST, mARIE KL
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F e —MRVL, MBETERZDMAGHEARATREL—RERELHEY (Bl T—F
B30 R 2 15 FNLS 89 /) A8 B AR RE 2 ) o

12 6.14. EXMEZAMA[EFEN. WRWARBAE, N2AECHBTHALZHEMG; X
T — I AR E N AR AT ok, de RomERE, KAV AR RE maEig L,
AR g3 A G IR R AR R R T A ZEMAE COHy XL TRRMIR, FEsE M
M & (canonical), BFC H IR IFEE U 57 098 IR, oo, @idEE Bagmrk, & <M
AR H R ZHEBARELFRERES X, ERFRLT, BT EAMAUILE Z3FHE & HEAK
EN A SLBtAEBRATAYE LM AB R T, KAE R AR BB R RIEAIL, /T
F2 09 A MF AE % AKX B I 69 R AR ST He i@ 1,

6.2 REIGFIELESchrodinger5Fz
ARATEA FE i B A AE L 14 Schrodinger /5 72 (mass critical NLS).

0, + Au = pluliu(=: F@), p==+1, u0,x)=u). 6.2.1)

6.2.1 NMEEEIRIERIBLE

PATTE BH 51 211 FEINLS(6.2.1) 1 /INVIE BEARE s PR AU « A M 10,  BEAARSE e PR AU =
BRE (6.2.1) AT USELERIE S IR, HXt > +oo B, ZMEE 2k 1 Schrodinger /7 F2 I i -

_ EX 6.2.1 B5T (scattering)
HAVARNLS 4 8 /2 0 18] £ =) # 4t (time-forward scattering), Z4§#4E t € [0,00) LA A, BA&
FERE u, EF u() — e™u, — 0, t > +oo. NLSH) #E 4% AR A /£ 0 18] 48] ) #C 4t (time-backward
scattering), AAGMEAL (—00,0] LA E, HAE u_ 5 u(t) —e®u_ — 0, t > —oo. MAF]A
89 EALAR Ay AT, G % ) A BARE 2 B A B ) G w) Fe 48] @ AR A, B ou, e oul 3R
KR F LR

— T 6.2.1 REIRFNLS/NEREEHE
2(d+2)

sAEEd > 1, BEEDDE e(d) > 0123 |ugll @ < &, 742 (6.2.1) £L,° (RxR?)
B E#ARE 2 S A LA(RY) FHUH

WERR. ATE SUEIAAENE. Bod > 1, HOVR SR A I p = q. R (p, Q& FVEXS, MIAH

A ANBRSE SE B A — BB AR E 52 B T2 i0,u + Au + V(x)u = 0 31 _E1ENL, 2 W Jean Bourgain. Growth of
Sobolev Norms in Linear Schrodinger Equations with Quasi-Periodic Potential. Commun. Math. Phys., 204(1), 207-247,
1999.




180 $NE  SCHRODINGER T2

th p =g =22, PILLRAI% R 564 1

X :={u:RxRY= C: ||u]| 2 < Ceyt -

d
L, (RxR)

1
2d+2) < -Cg,.

LY (RxRd) 2

Hrb ¢ NEH. YEStrichartzffiit, FEEFE C(d) 15 Heimuo
ILAEFRATT R S iff

d(u)(t) = e'bu, — J i(t=0A R (y(7)) dr.
0

¥ ueX FHREOE) = ult), Mu i (6.2.1) [ff. JEIEAFBEEIE, SGEY (6.2.1) £ X Hi1E
{EME A, WY o0 € X H @ & X LIRE4mE. tp = ¢ = “=2 [Sericharcafiiif
FHolder N, #H u e XNWH

4

1+ 4
SCIF@I wn < Cllull 4 < (Ce)'a

2(d+2) d
L7 (RxRY) Lie™ (RXRY) L7 (RxRY)

tx

DR AT N B UH e, 7e 0/, b AERS B Al Coe /2, HETT ©(X) C X.
FNKIEM] @ RIRGEm, Xt u,v e X, A

J el=DAF(u(1))dr

D) — P()]| 22 < ClIF(w) - F(v)ll s
L% (RxR4) T4 (RxRY)

||u - U|| 2(d+2) .
(Rde) L4 RxRd)

t,x

CWMwﬂm

EEBATFHAET [lul“u —v|*v] < A+ a)(ul|® + [v|9)|u —v|. MEN TN e, >0, H

1
||(I)(u) - QJ(U)” 2d+2) < EHU — U” 2d+2)
¢ (RxR4) L9 (RxRY)

tx tx

XU @ WX RS . IAAAEME— 1 u € X BOA @ INABN A, B2 &k S NLS
(6.2.1) WIfiFE. ME—PENUCT YA I ZLAORE AT DL RIRE R VAR N], X g 25,
BOGRATEABUR . W u, = uy — ify e ™Fu@))dt, u_ = uy + ifgoo e "AF(u(t))dt.
i Strichartz{li TF F1Christ-Kiselev 3| BEA1, u,,u_ € LA(R?) & R E K.
FH 428 1) WA S e FR 0 llm [|F (u)|| 2d+2) = 0. A5 4 Strichartz /i 1HE

([T 00)xRY)

eu, —u(T) S CIIF@)|| 2 - 0.

L)ZC(Rd) L[,)?+4 [T,OO)XRd

J el—OAF (u(1))dt
T

L2(R4) = |

KR T IMERME [luoll, < &0 FTHE(6.2. ) TARAE, HAE LR (A7 U . Ik A R LE 61
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I [ 5 TR O A2 S 4 — RN, R . O

6.2.2 NLSHYVirial[BZF
XPERFENLS (BRI Rl = =19 1550
i0,u+ Au = ululP~tu, u(0,x) =uy(x), u==+1, (6.2.2)

fel E(t) = = Jna; IVul? - |u|erl dx RERZFER, HERRR NN, XFE S IRATAT B
B 1EFR (V1r1a1 1dent1ty) ﬁﬁﬂﬁﬁ (R i A=A PR B TR) AR AR 2’—‘?@21[]@0\ DU Il FENLS A
#l, Rifip —1 = E' TR, EANERIFAE EATUE BN E RS E A G

AT XL (Virial potential) UWIF

V(t) :=f |x)?|u(t, x)|* dx. (6.2.3)
Rd

BHEM VE) LAV F— Oy AT BAER: X (6.2.2) FUEEM u, WREWE xu €
LX(R?), MR 2518 AL o

_ i 6.2.2 NLSHEYViriallBZE5
& u A (6.22) 8LEMR, Hu,e H(RY), |x|u, € L2(RY). A

2
V(t =8I Vul> +4 dJ <1——> ulP*tdx. 6.2.4
(t) Rd| | U Ny D+ 1 |ul ( )

R, RFATS p-1= S W AHAT RN V'(¢) = 16E(t), HEILTATIER] LAT E .

— 1 6.2.3

#Fu:[0,T)XxR - CRAREE, REWRANLS ((6.2.1) ¥ u = —-1) 89X FME, Huy, €
HY(RY), |x|u, € LA(RY). ﬁuTN%zfﬁx,L, HeH T, < oot

(a) E(0) < 0; (b)E(0) =0, V'(0) <0; (c)E(0)> 0, V'(0) <0, (V'(0))* — 32E(0)V(0) > 0.

F186.2.1. FEEEINLERFTERTE 621 Py I mEEARE R, BHERFH S|ul. <
AF e VA()AF, HAFERLET LLEA 4T Gagliardo-Nirenberg #5147~ F X: *iE&Eu €
H' (RYH

245 ] 2
llull s < Cllull[IVullr,
L d

19824, WeinsteiniE 81 T % % X a9 RAEE 4 A C, = Tg'"ﬁfj P HQRASM, BPE AN E

HAE —AQ = —Q + |Q|Y4Q W E—FE EfE, HIEH ﬁzﬁz&«lf&rﬂi%%‘%ﬁ%%i’a%ﬁéﬁ?\%f*é@’}E
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SR, T e N T R e EAE R AR, R FLE

e Michael Weinstein. Nonlinear Schrodinger equations and sharp interpolation estimates. Commun.

Math. Phys., 87(4), 567-576, 1982.

1QIl2
B 5 gl < Qe ™, # AE®) > 0. EHH40 RE <0, WAk RELRHTELRE, 5
'J‘;f;ﬂ'fﬁ%}%o

4/
Pohozacvls § K 69485 7 (5 H28.1) R AREEQ)P T2 BO) > 2|Vl 1_(””“”) ]

“@hEl 6.2.2 > FIE 6.2.3” BUIERR. X R EIGFNLS, HAEESE, RIMEEH V() = 16E() =
16E(0). ARG XA IR, RS V(¢) = V(0) + V'(0)t + 8E(0)t2, iX & — kT ¢ MM ZE X
MR BRI R (a)-(c) AT —26 0L, AT EY ¢ 7850 K V(1) <0, X5 V() AR
FIE. FTPAnER (a)-(c) FAE—4 AL, fRINAFAERT K T, IR PRI . O

RN REAEW J1ESE R (6.2.4).

#ER 6.2.2 BOIERR. E—%H: HE V(). FE u REMERE P [u)? = ua, |Vul]? = Vu - Vu. #
TREATREAEH 2Re (z0) = z + Zw, Re (iz) = =Im (2) (z,w € C). XV ():R F15 2

i|x|?iaAudx + 2Re J i|x|?|u|Pt dx
Rd

tﬂa)=2ReJ

|x|%10,u = 2Re J
Rd

Rd

=0

=—2Im J |x|?(Au + |Vul]? )dx = —2Im J |x|?V - (@Vu) dx
Rd N—_—— Rd
Im |Vu|2=0

=2Im f V(|x|?) -(iVu) dx = 4Im J (x-Vuudx.
Rd N———— Rd
=2x

B2H: HE V(). R -IRIFIFDHR, JAFE

W@=ﬂmj

cmvmimu+ﬂmf (x - V)d,uiidx
Rd

Rd

=Mmj(wvmahm4hﬁm@MxVWM—MmJ(VwMMNx
Rd

Rd Rd

= — 8Im J d;u(x - V)iidx — 4dIm J o;utidx.
Rd Rd

EEI_‘E—E«EA Jl = Im fRd atu (x . V)L_t dx, J2 L= Im fRd a[uadx. m\uﬁ V”(t) == _8J1 - 4d]2. ﬁzﬁ Jz E’Tﬁ
NTTREFE I By R AR 2R S ik B

J, =—Re J u(id;u)dx = Re J
Rd

#Au — uluP*tdx = —Re f |Vul? + pu|P dx.
Rd

Rd
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XF T, ATWARNNLS /5 7215 3

J; =Im f (iAu —iu|ulP~u) (x - V)iidx = Re f
Rd

Au(x - V)iidx — uRe J |ulP~tu (x - V)iidx.
Rd

Rd

PAEIL Ky i=Re fpoAu(x - V)iadx, K, :=Re [ [ulP7u(x- Vyadx. WA J, = K, — uK,. *f K,
BANE g0) = x 7 BIFRH G(x) 1= ﬁx%, SRS TR
d

K, = 3Re JW@ V)(JuPg(ul?) dx = — fRdw () dx =~ de julP* dax.

Xt Ky, BATEL 7 HE 15 2

Kl =—ZRCJ ajudj(xkdkﬁ)dx=—ZRef 6ju5jk5kﬁdx—Ref 6juxk5k6jﬁdx
Jk Rd ik Rd Rd

=—J |Vu|2dx—%J (x-V)(qulz)dxz—(l—g>J |Vu|? dx.
Rd Rd Rd

R EiRSEnER, HAe 2

J1=—<1—§)J |Vu|2dx+,uij |u|P+! dx.
2/ Jpa P+1 )pa
A,

V'"'(t) = —8J, —4dJ, = SJ |Vul|? +4d,,¢f (1 —_ L) lu|P+! dx.
Rd Rd p+1

SRR 6.2

SRR 6.2.1. iEHAE & M Schrodinger 7 42 (6.2.2) 89 €. AL EAes) 2 F 1B,

s (MEFIE) %fRd lu(t,x)|>dx = 0.

o (RREZFE) %fRd éIVu(t,x)l2 + ﬁlu(t,x)ll"+1 dx = 0.

o (FIEFIE) ilm Jra u(t, X)Vu(t,x)dx = 0.
S]I@R 6.2.2 (Galilean boost4 ST, & L HEF J(t) = x + 2itV. ik 4= T &
(1) J(t) 5 Schrodinger #-F 19, + A A& 7T L #:49,
(2) =R (18, + A)p = 0, W ¢ (t,x) := expfli[(v - x)/2 — |v|*t/4]}p(t,x — vit) i F R &M
Schrodinger 742, E V,p,(t,X)|v=o = ({/2)J()ep(t, x).
(3) J(t)f = eltAxeAf,
(4) *EREEHKk > d/ 27 RARET ||f(E,)llewa < CEP(IFE ey + WO fllama)-
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N

SR 6.2.3 (UEImFANLSHMSLE R &7 1E). F & £ 16 FNLS(6.2.1).
(1) e T 2 L8 E X T o R F 2,

S

._ 1 2 4/‘”2 p+1 _
By ul(®) = S @ully, + —E 7l p—1=4/d.

Lpt1?

(2) & pu=1, 7 RRAKLEN, AR LAY REFEIEA: sup |J(Oult, )| gy < .

teR

SRR 6.2.4 (i ln AANLSH)— KB E). RQA I A2.8.1F Frik 9 A &M, 2t € (—0,0), & X

1 x . x
(_t)d/zQ (—_t) exp <1t - m) ,
Y EARBRERNLS S (7 A42(62.)F o = —1), iR E,[SI0) = 0, [ISlls» =
Q. ABMEHEFE || VS(t,x)||. > C/t.

IR 6.2.2. MR AT MEN T RAE: —F @ Q) RBFALMM, F—F @R P
Rp = —1EA2(6.2.1) 898, R [e|4/%p(1/t, % /1) explilx|?/4t) 4% 7 2(6.2.1) 8 .o

S(t,x) =

|o)RE 6.2

8178 6.2.1. R HHEMX 1= {f € H'(R?) : xf € LA(R?)}, AAR&C 4 = iR F 16 FNLS(6.2.1)
(B 5) #06.2.3% B8 T ALy = 189 0L) fe R RX F B AL #ARME . B A fu, € XAE7F lim ||u(t, )
t—>+o0
eu |y = 0. A || fllx = [Iflla + 1% lze-
B15R 6.2.2 (MerleMI P #). # & =R &R 21 RNLS, B idu+ Au = —|ulu (t € R,x € R?).
1

A Elf] = 2IVAIZ = I ARGES: o Ri% 5 RO RHER (lugll = |Qllz, Byel) = 0, V%A%

A SR 6,24 Hyik b R AR SRS (FE4R £ FA5Fo Galilean T #AH LT,
(1) 4= R||uollrz = |Qll2, EE[ug]l =0, iEBA: BAEFHH A1>0,0 € R AR x, € R?, £ Fuy(x) =
1eQ(Ax + x,).
(2) Ku(t,x) RiZzHAZZ Lt € (—00,0) LaGAE, & X v(s,y) = (1/s)u(—1/s,y/s) exp(i|y|*/4s) (s >
0) Lk R B 42, H 4E[v](s) = E, [v](=1/s).
(3) FHME uy #HZ |Jugllr2 = [|Qllz2 B E, [u](t) = 0. JEFA 4 FR4e £ 77 X2 LAGuith X

(s, y) = A)EPOQUASY + Y, (5)),  EA(s), ¥,(s)H FAL, 6(s) = A%s + 6.

F I ANLS, B i6,u + Au = +|ul*u, BT 151262, 1550 1 Weinsteinf1 45 BLISL, 5
THAENH, Frank Merleilf B 7 41 5435 807 R M0 91 06 5 BRI 255 T 5 R 0 LA 76 FRAT ) T
RSB, TS AVRARAE R ZE X BRSSO R SR, W5 ) 5o 0L ST A S 3 O R o R
(AL 1) 6.2.2)



6.2 JREIEAIELESCHRODINGER T2 185

e Frank Merle. Determination of blow-up solutions with minimal mass for nonlinear Schrodinger

equations with critical power. Duke Math. J., 69(2), 427-454, 1993.

XIS RE LN WIME, JE Weinstein IEW] | &RFAE, ERAETLT LR TR EEBOIFAE
Gy o IXAN 0] B B 20 104F A A AV IS AR 1R o

e (d > 3) Rowan Killip, Monica Visan, Xiaoyi Zhang. The mass-critical nonlinear Schrodinger
equation with radial data in dimensions three and higher. Anal. PDE, 1(2), 229-266, 2008.

* (d = 2) Rowan Killip, Terence Tao, Monica Visan. The cubic nonlinear Schrodinger equation in
two dimensions with radial data. J. Eur. Math. Soc., 11(6), 1203-1258 ,2009.

e (d = 1) Benjamin Dodson. Global well-posedness and scattering for the mass critical nonlinear

Schrodinger equation with mass below the mass of the ground state. Adv. Math., 285(5), 1589-
1618, 2015.

S B RO AR B [1QU1ze < bl < I1Ql ke B, MR 5 S S A [ 2L,
» Frank Merle, Pierre Raphael. On universality of blow-up profile for L? critical nonlinear Schrodinger

equation. Invent. Math., 156(3), 565-672, 2004.

e Frank Merle, Pierre Raphael. Blow-up dynamic and upper bound on the blow-up rate for critical
nonlinear Schrodinger equation. 161(1), 157-222, 2005.

Fritbz 41, Bourgain—-Wang £ 199714 1& I — FIRMIR RN (T — )t BT, (HiX 5%
W5 RAAE B2 AR B XRWMEM R — D RYEE DOy 1RSI, — BXWME I
2, WEVREML LA XA, ARy Log-Log MRIN, HAANEREL .

¢ Jean Bourgain, Wensheng Wang. Construction of blowup solutions for the nonlinear Schrodinger

equation with critical nonlinearity. Ann. Scuola Norm. Sup. Pisa., Serie 4, 25(1)-(2), 197-215,
1997.

e Frank Merle, Pierre Raphaél and Jérémie Szeftel. The instability of Bourgain-Wang solutions for
the L? critical NLS. Amer. J. Math., 135(4), 967-1017, 2013.

M 24 AAE 5T AR KIS, B AT Ly BOFAE 5 (A) th AN [A) B A B RIS 33 40, A R A R g PR 25
R, BERENEEMERNEE W, T — IR TF A .
B ot B I SR NLS i) DL B 42U 15 RV B AR AL, FHBenjamin DodsonilkBH .

e Benjamin Dodson. Global well-posedness and scattering for the defocusing, L*-critical, nonlinear

Schrodinger equation when d > 3. J. Amer. Math. Soc., 25(2), 429-463, 2012.

e Benjamin Dodson. Global well-posedness and scattering for the defocusing, L?-critical, nonlinear

Schrodinger equation when d = 2. Duke Math. J., 165(18), 3435-3516, 2016.

e Benjamin Dodson. Global well-posedness and scattering for the defocusing, L*-critical, nonlinear

Schrodinger equation when d = 1. Amer. J. Math., 138(2), 531-569, 2016.
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[B)@% 6.2.3. 5% fEcubic NLSHF &9 7 o
id,u + Au = ulul*u in (0,T) X R3, u(0,x) = uy(x). (NLS)

o inftiu, € H'(RY), u = +1.

(1) IR TA26.1.209 84 B ||ug||lp sy << 18, FAZ(NLS) A D AMEEARR u € LP(R; Hy(R*)N
LIR; Wy (RY).

(2) MAEEu = -1, WAELHZ|x|u, € L>(R3). i%u : [0,T,) Xx R® - CA& M (NLS)Z[0,T,) X
R3 L&y, & LARZE)FZ ) HV ()4 T

E(t):=J %IVu(t,x)lz—%lu(t,x)l“dx, V(t):=J 12z, %) dx.
R3 R3

iEB: FEW0) <0, MNT, < +co. (#T: QABHZABFEX, RBIEAV"(t) < 16E(1).)

PLEE RN FENLS N id,u + Au = /,clulﬁu, (x € R4, d > 3), BAVEAV X P E&iuEH 1/
WHEE ARG M (AR AL Strichartz AT OZ BRI T o X RHMERIENL, Bk, Rl
FENLSAT A B i HA 5

¢ Jean Bourgain. Global well-posedness of defocusing critical nonlinear Schrodinger equation in the
radial case. J. Amer. Math. Soc., 12(1), 145-171, 1999.
¢ James Colliander, Markus Keel, Gigiola Staffilani, Hideo Takaoka, Terence Tao. Global well-

posedness and scattering for the energy-critical Schrodinger equation in R*. Ann. Math. 167(3),
767-865, 2008.

{HERFENLSH KAYME R A — B A B, W#86.2.350 2 — MR AL E S5 s 1 = . 38
AT — MR 4 AT ATL ) PR AS [FDK e 23 N 28— AU (Type I blow-up, XFK ODE ZUARM) DLIKER
ZRERE (Type Il blow-up, M FRIE ODE BUGEMED o I3 — Mg HARZRPE RN S 2Ry, —MRWiAR
5 NLS f)fgg A4 tH B AR profile 2R 5 IR M B 2 B o J7 18« W e &Il 5 NLS,
H AT A& AU Type I blow-up &5 % . X Type II blow-up, Kenig-Merle FI| FH£E & 5 1 A1 W P 2
B, XTREENN A NLS A2 RMEUER 1 R YMER R EMH YO AT ISR, NIk
EHAEES: kB ET, WA LR BB . J5K Duyckaerts, Merle 55 AXT G IFALT “ 43S
fig” X —BERYMEWRAE S 72800, R m4ER, PN RS E A, Hg
]2 WA MR AN TR R A R S 3

e Carlos Kenig, Frank Merle. Global well-posedness, scattering and blow-up for the energy-critical,
focusing, non-linear Schrodinger equation. Invent. Math., 166(3), 645-675, 2006.

e Thomas Duyckaerts, Frank Merle. Dynamic of Threshold Solutions for Energy-Critical NLS.
Geom. Funct. Anal. 18(6), 1787-1840 (2009).

¢ Dong Li, Xiaoyi Zhang. Dynamics for the energy-criticial nonlinear Schrodinger equation in high

dimensions. ]. Funct. Anal., 256(6), 1928-1961, 2009.
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T4 Merle-Raphaél-Rodnianski-Szeftel SER% T BEEHRIR T NLS 1 BUEE R fg Ao it

e Frank Merle, Pierre Raphaél, Igor Rodnianski, Jérémie Szeftel. On blow up for the energy super-
critical defocusing nonlinear Schrodinger equations. Invent. Math., 227(1), 247-413, 2022.

%4 R 5 0] R 4fEuler /7 F2 F Navier-Stokes /7 2 [ Rl EL 4 AH K
e Frank Merle, Pierre Raphaél, Igor Rodnianski, Jérémie Szeftel. On the implosion of a compress-
ible fluid I: Smooth self-similar inviscid profiles. Ann. Math., 196(2), 567-778, 2022.

e Frank Merle, Pierre Raphaél, Igor Rodnianski, Jérémie Szeftel. On the implosion of a compress-

ible fluid II: Singularity formation. Ann. Math., 196(2), 779-889, 2022.
T NLSHAC I AT Sy, —A “LMAs 487 B9 TR AL F 23 ##F5 8 (soliton resolution conjec-
ture), RIS AL A7 AE IS R) VO B N 00 78 SR 4R B8 70 (radiation, RALTZRPERED I E&EF4
TERAZ RN T, BN /), B

iy;(0) —x.(t
u(t,x) = Z < d—2 j(x AJZJ)( )

) + uradiation(x) + OHl(l)'
=VROE

10 LT P U R A AR, T2 /0 —bubble X A4E 7 ERAEBLG, WIRUE 2,(t) —» 0, BEMIAAME
. %I Schrodinger J7RET &, XA LA T KIAA T HPRE .
AN 5 e MR G] T — 4R E cubic NLS. JA1KIIEd = 2/ i cubic NLS2
JR IR A, DR AT DASIE B /N AR B A S PEAT R B s 1 L — RS = 4 L (RERR
[ %), AR T AR A D AME AR A 2 VRS . EAEd = 10, JRATTRT DLIE B /N AIE BE AR i
{HZPEHUN A BRSO, T2 HOo(log O)GK AN, X PRI R AFR A IEEUR (modified scat-
tering).
B85 6.2.4. # & — ¥ fEcubic NLS, ¥ u : [0,T)XR - C RAk%edi, i =12 EHK%
4%,
idu+3d2u=ulPu (t€©7T),x €R), u(0,x)=1u,x) (x €R). (1IDNLS)
(1) &#{iu, € H(R)NH*(R) :={f € HY(R) : xf € L*(R)}. &%=
(1a) JEBA: H AR ||uy||p 698 18] T > 0 1% 4F (IDNLS) A £ —f& u € C([0, T]; H'(R)).
(1b) Z A3 E#HE ue C(0,T]; H n HoY).
(lc) KT, > OF MK A LN, EH: FT, < oo, Mlimsup [|lult, )||m + ||xult, ||| =
t/T,
+o00.

#: EFot, x) 1= xu(t, x)ih L6 IE & M Schrodinger 7 #2, AR B MutEL2 a8 = 1&7F.
(2) KA < e < VEFFO < |||l + || xUol|2 < €5

(2a) HEFw(t,x) 1= J(Out, x)8 742, A H D #6.2.25EH |[w(t, )|l S e,
(2b) EF(1)F FTIF 69 R 7T 2 4 H H' n HO o 6 BAR R
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(2¢) EB |lu(t, )|l STV + TOU, )||p2) HHEZ £ >0 Ao

2d) T > 1, HCLRELEFTHKA > 1, EF5t € [LTIA|u®, )| < Ast™V2. JE8:
lw(t, )| S etC4%.

R REAR I A6.2.269254#
3) =X f(t,x) := e it%y(t, x) (Bp f(t, &)= e, £), B fGaEFHe#0,6>0,C>0EF
SHAEEL > 1R 24 F = X

0, f(t, &) = —ict V|F(t, OPF, &) +R(t, &), |RE || < CE2, |f(t,6)] < Ce.

(3a) & LA &AM (1, €) 1= —c fy57|f(5, O ds AR (1, 8) 1= f(t, e O iEH: #
# g, € LX(R) 43 lim |lg(t, ) = g4llzwm) = 0.

(3b) iEH: AETEBARGW, € LRI
lim 17t &) = W,.(&) exp(=ic| W, (§) log ]|z = 0.
#in B A u,,(t,x) &7 tliin [ut, ) = (s 2y = O-

(3c) M3b)iEEA: AL u, € LA(R) %4 lim ||lu(t,-) — eita§u+||L§(R) =0.
e t—>+00

Er ||uolln + |1xtollpz < 1 ARIE T (3)F 4 thy 69 AR 3 € 4 89 463 R AR 289
s (3a) 0,gi RAH 4 422 (3b) T AAEH S, s (| (s, )P — g, ()P st i& % & LT Hdk



BLtE HahiE

FEARRHIR G 7R RAE S, ATE A T IR R SRS 8 14 726 AF I — 4R X ] L1
PRAER IR E R Ofu — Au = f BOHSLAR. B UL 2 B ) A R R A IR, X AR
ANHuygensf# . SRMAEVF 2 Y HBA G, PR AT ERBEZRZIFLENRIIITE,
Bln) SR 2% i 4% (Einstein J5F2) « AT R4 AA TP B0 (R E48 Euler J7 /8. 3
Ve B S (VE 2205 RE )« AT 5 & TR R OGS 3 (R] %8 MHD 58D LAURFZ
oAtz N ) BEAR A

AERANVEHIEEARELRBMMEEW s HE, WAL RT u : IXxR? - R £ R
W T R
0, (g¥0u)=F in(0,T)xRY,

7.0.1
(u,0,u) = (ug,u;) on{t =0}x R4, ( )

XEARAE o, B BUERM 0 B d, HAH 0 AN ERANEAZRE . F @ [0,TIXR? - R 2%
SE MR, T C R &M AR S BUE P FF IX H] . 7RI JF A TR A B 1 I 30 5 F2 10 JR 0 1E
S PEBRAR SR AN, AR B 7V SEBR bR H o 7 R B R 0 B PicardiE A5, X IR
W AR 2 ME AW T 0 J7 AR A AEPE B — M W7 e 45 G A se =57 1H, A TEREE KN
TR AR BN TR A NI ME AR o TTAEL e 08 30 7 R R A I R A2 AE AT AT S N A
FH F|Lorentz) LA ) —28 T B (U1 Christodoulou, Klainerman %5 A & W F =3 515 8-
Alinhac ghost weight% AR, AP SCEHAW K.

7.1 ZMKRBNEERIEN

Mt ATFEE M

AT HSRE, A SR B A A R R

7.1.1
(u,0,u) = (ug,u;)  onf{t =0} x R4, ( )

189



190 HEE WA
AVER g :=[gV] : IXRY - R4 ZSIXFRIEE TTRE, FHERRAETFEEO <1 < A < ooffifd
V(t,x) € (0,T) xR%, z€ RY,  Alzf* < gU(t, x)z:z; < Alzl*. (7.1.2)
HEBZNBEZVEEGEXE (FBEZELVELXSELARERRBF) . FIHILATEEXS g% @ Ix
R > R,F:IxR% - R,uy: R - R flu, : R - R $H#EH—IE N PR .
7.1.1  MEEn S FEHE N
TEUER 2R BN 7R (7.1.1) W REBAAAENEZ AT, AT SEUE AR R E 4 M 5 07 B2 1 e A

i X AT AR A IR S 18 . FVER, XI5 R AT BE AN 1 B0 U7 RIS RE ST BE ST
T8, HIAVIER AT EM R IE 25 1 “HeR” BA R KRR . JATELIIAILS:

d
j6ul? 1= Gu) + . (B,u)° (7.1.3)
i=1

_ I 7.1.1 L EEEEt
Rud (7.11) 692 0m@, NEAEHKC=CA,T)> 0kiF4T iR

sup ”au(t’ ')”iz(Rd)
te[0,T]
T

T
sc(n(uo,u1>||;(w)xww)+ f ||F<t>||§2(Rd)dt)exp(c f ||ag<r,->||iw(Rd)dt). (7.1.4)
0 0

XE | |l = 10C)||: & 75K Sobolev &4k,

WEBA. XA BEAUE B SEBn B S PRED S T R FUE R L. AT T FEM LT UL o,u R 15
F|
j d,ud’udx —j g0,0;ud,udx = J Fo,udx.
Rd Rd Rd

IR EAR O AT AR

1d N N
o 9,8"0;ududx — J 9,8 d;ud,u dx.

Rd

J (0,u)* + g9 ududx = J
Rd

Rd

Fo,udx + % J

Rd

BB 1= 1 [0 + 890 uby doe, H5(7.L2ME() 19U, M2, gy B T LRG3 4 1

FEfi IXHHAIR BIREE AR

2
L2(Rd)?

E'(6) < IFCt, Moo l18etaCt, Mlzaqaey + 1890, Mloguollnt, I, ey (7.1.5)
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Xof B 8] A5 St AR 49 E%Youngzi%ﬁ?gf

t

E(r)<E<o>+J IF . iz |84, ey + 189 lzeollBu(, 2, g d7
0

t
< E(0) + 6 sup [I0,u(t, |7, qa) + J IF (T, I gy dT+J 189(7, s @allOu(T, I g, d7

telo,T]

t
< E(0) + SE() + cj IF (2, 2, g, AT +C f 189(T, ey ECD) dr.
0 0

(7.1.6)
HEHLS > 07053 /MEAFSE() B /2 a Wl . HIGronwall N5, Fixdr € [0, TIHL i 745
T
sg};]E(t)SC (E(0)+J IF O ga) 4 )eXP< J 1892, I} ey d )
B A K O

X T RN BN TR Ofu — Au = 0, TATRITEWIR u & — D, B4 du Ao, u i
fifto DRILU SRAIME 8588 HTE (x| > oo B#TE (B uy, u, € CO(RY) WIEH), A u )
B s S5 L2 RS . A e 2 (7.1.1) MEIEARRE e SEWE 7.1.1) 1
fifte ATTRATEG 2 7.1.1 BIUE B AT LAY u BT Sobolev Ju%l, #EmifEEILLFHE®, HiE
B RAEZR >
— iR 7.1.2 B A IEAIEN
Fug (71 WEREE ke N. ARLAFETFTH C=C(d,k,T) >0 F4 T =5+ R L:

sup 1|((), S U peserpes

te[0,T]
T

2 ' a B 32 2 2
<O e + | WP+ 3 [93090%0% | , ar|exp(C | ldglf dt ).
lal+IBI<k=2 0

(7.1.7)

9 L LB RAER k € R #% CATRER LS| AR WL Sogge [13, i #3.1].

7.1.2 ZMREhERRNEEN

AT HRATFIH BE B At 11455 Hahn-Banach € #HRIEH (7.1.1) MR T HIRAUR
w g LHFTAM S [0,T)x R4 EEZF A BRI E : [0,T] xR - R E: X T4HE
¥ k € NH F € L*0,T; HY(RY)). & 43410 Hahn-Banach & # .
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EIE 7.1.3 Hahn-Banach EIE
BX ABEAMEN, FTERRAY CX HAMEZyeY HA |Iylly =ylx- R fEY*RY £
MR R&MZE, WEAE feX 183 fly = f A& |fllx = Iflly- A& zo

BATBETEZLLT 5] 3.

— 513 7.14

4 L* 1= 0,(a"0sp) & Lu :=3,(a*Pdsu) 89 B R) HIHEHT . Bk € CX((—o0, T)XRY),
nstEEme 7z, £ C=Cm,T,g) > 01£1F

T

nwmomm@gscj|WW@,mmH@@dr

t

sHATA ¢ €[0,T] ¥ o

MERR. X IR Hm > 1, XEHER 7.1.2 KR JRATILEX m < 0 KB MEEAT IAgh. Rikss
RXTFmy + 209G OLAL (Hrm R R VB ED , B 14 AR A Em, 1 LB RO IR 3R
I FourierZZ#)E X ¥ = (1 — A7, BCEFMMEE TR (1 - AP = ¢ KIfFkE XY, N
FAEARTR T mo, T, a A1 b HIHEC > 0 {43

I — (1 — A)L*®| = [L"A - AP — A - ALY|<C ), [929].

1<al<3

EiatEd
Ll gmor < C (1L Bl mg-s + [ lrm0+2)

YaRg s, A2

T T

(L@, Mygmos + (T, | mor2) dr < CJ IL*%(T, )l gmor dT.

t

”lp(t’ ')”Hmo+2(Rd) < CJ

t

7 B Ja — AT EAMEH T Gronwall A%5530, 451045 5

T

1t lamo < CINCE s < C f LY, g d.

t

IAETRATTAT AR R (7. 1. 1) ) = B A AE
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EIE7.1.5 ZMEahAENEIRFEEME
{iﬁi k e N. 4% F € L*0,T; H"Y(R%), W H42 71.1)GEE—0Eu, CHL (u,du) €

C([o, T]; HY(R?) x C([0, T]; H¥'(RY)).

HERR. FRATM (o, uy) = (0,0) FIIBELUT AR ZAFOLRLT B 1 (7.1.1) BOME— 1k X REE L*(C((—o0, T)X
RY) FHUE—TCER L'y, BATE L AER R BN

T

LY —— J

0

‘[ YFdxdt =: (F,9),
Rd

Hr LH(CP (=00, T) x RY)) IR CE((—o0,T) X RY) FEBRIT L* TR HERIX AW RE M,
RN HFEL*Y = fELAEDY(T, ) = OFFFRIKME—PE DA E L2 fEEMt CGEH 7.1.0) il 7. 4
Xt F BRG] BE 7.1.4, RATHE

T T T
| | yraxa <c(f ||F||Hk1dr)<sup T ) | g, a
0 JRd 0 te[0,T] 0

4% Hahn-Banach EHAI, FEHE u € (L'((—o0, T); HF(RD)))* = L*((—o0, T); HK(RD) 1EH
b TH e RIS T IE S, H ], = 0. B

(F,9)=(u,L*Y), Vi€ Ce(—00,T)xRY).

Rlitbu € L°(0, T; HY(RY)) & 0 Ai 2 R HIfi# . 2 FRIUER (u, 0,u) € C([0, T]; HX(R4))xC([0, T]; H*"1(RY)).
HRBATA YW F R B S ERDEE R B, Sv = 0,u, XS TR N

0iu = 0,0 =F +g'8,0;u € L~(0,T; H**(R?)).

RGBS 0 = du € L0, T; H*2(RY)), K tHiani3.1.3%1 o,u € C([0,T], H*2(R?)),
i u e CY([0,T]; HF2(RY), XFEMAIAE T (u,0,u)ly—g = (0,0). BER MK TFEA
BB B, BTARANTAT LK + 1,k + 2R K #dsik, 15 2(u,0,u) € C([0,T]; HX(R?)) x
c([o,T]; H**(R%)).

SRIG AT TR ERE R FR i %, X —MIM F e LYo, T; H*Y), FRATATHREIE { < 0}
FEUE AT KRS {F,} C C2((—o0, T) X RY) {43 [ ||F(t,-) = Fo(t, Mipper At — 0. XFEHIE,
tiu, € C([0,T]; H) n C'([0, T]; H*Y) Wi 2 A FHMEMW Lu, = F,, FATEAT B IE 4 2 345

T

18Cu; — )l < CJ 1F1(, -) = Fy(t, )l s dt — 0.
0

B JE FAVIETF A BYMEAEF R, AWMU, u, € CR(RY) (R NAIIRZE BB, L 1 )&

D, At x) = ug(x) + tuy (x), ‘B IELFH RulIPHE R . KRR LY = F — Lyt — /1%
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TARME v B RAFYMEN B TR, TRu :=v+npitsat 77 R7.LD)R#, HIENE
ANZATE B g AR [ o O

S 7.1

SIER 7.1.1. GEYH67.1.2.

SIER 7.1.2. ik HTFHEEFRKDER, UTHIHRELZH—ALEFMRue C(0,T]xU). XE
UCRY Z—ANEFABARGREE, H o, e Ce).

d’u+Déu—Au=0 in (0,T] X U,
u=g, ou=179Y on{t=0}xU,
u=20 on [0,T] x dU.

7.2 BEHHERENGREEBRE

TEAR}L PDE BREEH, ATCE AR T 02u — c*Au = 0 HA A RALEEE .

— 2721 AREBRE

SEFA R, xR F AL (U, u,) € CX(RY) #9553 7542 2u — c2Au =0, R B A t, >0

Fo x, € RUEIF A bU,, u, BEES X ERY ¢ |x —x,| Scty} PHEANE, LM u(t,x) £iTit
H 4 (past light cone) K(ty, x,) AT AL, XE

K(t,X) :={(t,x) € R, X R4 : 0 <t < £y, |x —x,| < ety — 1)}

{ % |
(xp. tp/

AN
e

a B (x$(tg-t)

o £ SNy

GEEe 4y 2

Cone of dependence
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BN TR A BRAERE R HR 1 — > SR KB R 2 CERRAERRE ) “Ms” LR . X
— M S hr EAGE 1XUH Y PDE 5 2 AR R R B AT REE

WATESR ) X T8 KB B 77 TR IR REIE A IRAE R 45 R 2 BREHEM. [#
TE— 1 (0, %) € Ry, X RY, Tl 175 EHIIEIAN LA (b, %) FTURI “H MR 0 AT
fECn{t=0} bA%, WafuteC WAE.

BIAEIEIZ: E I 7.2.1 (5B AR R BIZE YD A {(6,%0) ¢ |x — x| < c(ty — 0} IREHES
T IR BEIRATTAT LU % THE 2 BR L qGr), (AR IAIIE B0 T2 R M 3 )5
PR AL, HERIHL UL, FRATA KR g(x), FEEVIFA K, :={x : qix) <t,—t} EIEANGEER
¥ e(t) ST £ 30, AR, ARSI LA q(x) & (x — x)/co

7.2.1 zHHl: JUAIRE

Hor b, AR HER A AT LR AR N RS Hamilton-Jacobi A IAE p(t, x) MI/KPEE, 5t
UL EHE I 7 B A Hamilton-Jacobi 77 F2 FIHRFAIE i1 26 20 Al o
WATE M Ry x R FIbRIERZh 5 FE 0%u — Au = 0 REX—FHL, Xt > 0,x € R Al
>0, FMIFEAGR us(t,x) := Us(t,x) - exp(ips(t,x)e ) IEEM. BN EB T E,
A NESE
= (82 — Auf —e (62UE + 2ie719,p¢ 0,U* — £72(8,p°)?U* + ic 10 p°U?)

—e< (AUS +2ie”'Vp® - VU® — e 2U*|Vpe|? + ic71U* Ap°).
B RS AR SEER, AT HL
U*((6,p°)* — |Vp°|?) = €2(6;U° — AU?). (7.2.1)
e - 0nf, HELMELTRATEWE p* - p LR U > U #0, AR LEIRATH TG
d,p+|Vp|=0 in R, x R4, (7.2.2)

P AT EmyE, AT LSS p(t,x) = q(x) +t —ty, H g 7F R¥\{x,} i & |Vq|> =1, g>0 H
q(x,) = 0, FEMMIRATATLUAELE gx) = |x — x,|. EEEATLUEH, FEU U exp(ipe™) W=k
SEPr AR T RARE AR D, BEm @R e R, W AT RIeHE”, HEmIE A BRAL 1
W

YT REME OL,  FRATH AT DA

o,p + (g6,pd;p)> =0 7R, x RY. (7.2.3)
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P A RVER 2

p(t,x) =qx)+t—1t, (7.2.4)
870,99, =1, q>07E RA\{x,}, q(x,)=0. (7.2.5)

FHL LA q 2AEH g HEME2EE N x 2] x, (.

7.2.2 BIREEREERYIERR

TATE XK :={(t,x) : p(t,x) <0} ={(t,x) : qx) <ty —t}, XFt>0FAEX
={x:qx) <t,—t}

BT Vg # 0 fEIZ B x, Ao, FATAEX 0 <t <ty 0K, &I (d — 1) 4Ei8 i1

T 7.2.2 BREEBEBRE
|7i§i ux (711) 8 FEM. Fu=0u=0&K, Lmz, RAuEKFEA

IR 7.2.1. B AN, Zuk FAETLD)AEF = 0, #EA (U, u) B ERE, T Zulty, x,) AR
F uy A2 uy £ K, W09 BUL,

WERR. FATE XA

e(t) := %J Bu)* + Z gioududx (0<t<ty).
K

¢ i,j=1

NTE e(), BATFIMAREMR AR (B3 XER T A 53

% (JKt fdx) = JK J.fdx — LKt lqu ds,.

t

s

e'(t) =J 0,ud;u + gY,ud,0,u + l(BIg"faiuaju dx — lj ((Bu)* + g¥d,udu) ——dS,. (7.2.6)
© 2 2 3K, |V |

t
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S AR A SR =T EARAE Ce(t) 426 XTRTMIN, A1 FRAR > IFAAN BN RS 21

J 0,ud}u + g/dué,0;udx = J o,u (6}u —38,(g"d,u)) dx + J g'8,uN; 6,uds,
K K OK,

t t

= —J d,u(G;ud;g’)dx +J gY0;uN; d,uds,
K B

t Kt

Forft N = (N, -, Ng) & OK, HOMAIANE VB, BB 5T 7355 — 00 Ce(r) 121

‘—J d,u(0;ud;g’)dx| < Ce(t).
K,

t

XA, BAA B EREE S o () BRI S I AHGH . JATH

gi0uN;| < (gY0,ud;u)* (8VN:N;)*

X&) X Cauchy-Schwartz AEFEXHHEL . X T IEEXMFREEFE M = PPT FiF & x,y, A
IxTMy| = [(Px)(Py)| < |Px||Py| = ) (Px)PxV(PY)TPy = VxTMx1/ y My.
RIEBATEIZAE K, P4 q=1t,—t EWHELE 0K, LA N = lZ—;EJZI R it

876,99, 1
T Ivglr Vgl

H Young A%, FATTAI13

J g"0,uN;d,uds,
oK,

< f (g76ud )’ (§'NN,)? [6,u] d,
oK,

<J (86,ud;u)? |Vq|~'|8,u| dS,
oK,

< % LK (g70,ud;u + (B,u)?) |Vq|™dS, = —e'(1) + L 0,ud;u + g'0,u,0;u dx.
2 FIRAE R () < Ce(t), 1M e(0) =0, #E Gronwall AEER e(r) = 0. O

M BGIE I 304 R BUR BN A i AEER S HEID FHE RN q(x) = to — ¢ BB ROV
MAFAELF LPGE IRE g-FE R HE I, WHEEIRLE, R A NLFINRAK,.

AT RT B UAAT B8 £ 58 R B 9 A A G I R, q(x) = ¢, — ¢ BT FRATMRBOGHERT
FERE AT, B MHEBUR A s = p(t,x) (L) Uy = (v, -+, ve) GEEVIID), T2
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T ={s =0} # FRIBAMELE B u(t,x) = (s, y), TREFEATATLLIEH
0 u = 8, pdsi + VIIA3HL, (0<a<d).
Fiok 115
Bu = (3,p)20%a + HEL AN, g13,0u = gI8,pd; pdZi + & %L A8, I,

Kk Oeu = [(8,p)* — 890,pd;p| 82u+ L — A HITL + fIKF T
BRI an 2R (,p)* — gY6;pd;p # 0, IR ATy Fe BL I A HH R 4035 A — B 4 a2, 2RI AT LA
Ra, o af#EMR Lo afh¥{E, HMATLARA Taylor RFFHES s = 0 MELHYRR:

820

2!

He52, A@G,p)* —gYopd;p #0, MIANWLIBEBILE = EMER (Bla, o ami#l{E) KEE
KEFEET=RFRNER. 577, WREO,p)* —go,pd;p =0, WimEmbraikmmiEg Lk, L
FIRFRETEREREET = AREAEK. XN 2 e .

BE FE—EEHTHEu—-0Cu=0, SZ={t=xl,s=t—x,r =t+x. WwRKME {s =0}
L4 u,r) = ¢(r),0,u0,r) = P((r), Ki#if D’Alembert A X3 KAV TG — 5 2 B8 T
{s = 0} 9 F LAz &

e, WERIATL g7 = 9, ® 9, — 876, ® 9, WIXSNFHARERETy g = dt* — gV dx; dx;,
M Z = {p = O} ;ZRFALE i i X 7 21X 5L gt 2 g“ﬁaapaﬁp =0, B dp &FNME (null vector)
o SEUTHL, & N = g%0spd, N dp THEFRIFERE, WE = {p = 0} 4Pl st 55 T
g(N,N) = 0. Wi X 2 = ivlE &, W dp(X) =0, X g(N,X) =0, ArLANSATE DR &EIE
A, TN E AR 2 XA KA, BT DARHIEE i ik &7 &, XS A BRA
Ji o

(0, )8 + -

(s, y) = u(0,y) + 0,10, y)s +

S&R 7.2

SR 7.2.1. 2 F AL Ofu — g79,0;u = 0 IiE (7.2.3).
SR 7.2.2. F R AN E) AR A AR R R

u—Au+ f(u) =0 t >0, x €RY

7.2.7
u(0,x) = uy(x), 9,u(0,x) =9,(x) xe€ R ( )

XY f RESHK, HBIXu k£ x| > oo FHAETE,
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(1) L4 TEOX THERZTEE

E(t):=J %(|6[u|2+|Vu|2)+F(u)dx, F(u):zJ F(s)ds.
Rd 0

(2) &ty > 0F= x, € RY FF 52 Ui A TR (x,, t,) 898 18] 48] 6 £ 4 (time-backward light cone) 4
K(xp,t,) :={(t,x) €[0,00) X R4 : 0 <t <ty |Xx— x| <ty — 1}
K(xy, ty) AR89 5 W35 A
[(xp, L) :={(t,x) €[0,00) X R4 : 0 <t <1y, |X— x| =1, — 1}
& A4 L6 RE Z 38 F (energy flux) #

1
e(t) := J =(|8;ul*+ |Vul|®) + Flu)dx 0 <t < t.
B(xO’tO_[) 2

TE A
L f L 1@ = Vuul? + Fw) dS = e(0) (7.2.8)
\/E T(xg,to) 2

Eobyi= 2

(3) L F >0, #AA (2) iE ¥4 Ruy, uy £B(xy, t)) FEEAE, IR AulE RHEK(x,,t,) NEHE,
(4) EB () M TFMEBE K FTAZ Pu — Au+ f(u,0u) = 0 B9 RFM u LRz, L fELEH
£(0,0) = 0.
R (2) A e/(f) FW L EAESE XM £ T b, LEETEAM 12 AdefTHA
o (4) F & EW) = [y 00 §(|atu|2 +|Vu|?) + utdx i & B A ERBT ||u, 8u||- 9% H C >0
1£4% | f (u,0u)| < C(Ju| + |du|) Ak .

7.3 MEMRHHGENRIBEL

FEVFZ VAR B sl 7 FE AR R AR RN, JUHR U sh 7 R, B a0 2 i Jo kG it
HIZ BN AT R 4FEuler 7 2 4H . Z B 75 25 il 1) Einstein /7 AR 2H 5555 . R, & AT A0 FR LR M T
7 IR AR 10 R 58w AR )2 2
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— f517.3.1 FIEZEERRIFTE
#%d=1,2,3,u: RxR¢ > RIZFKREZEE, p,p: RXR? > ROFZAKRGFEEARES, £
Fo > 0. 7T A4 LA RARH X Euler 7 42 40

p(0;+u-Vyu=-Vp
@, +u-V)p+pV-u=0
p = p(p) A= #1838 & %, Bl4p(p) = Ap” — B.

5 — AR F KB HRNG AN XTFRFER ) i R — NI ) 77 42
p'(p)Dfp — Ap = p(B;u;0;u;) + (071 0'(p) — 0" (P))D,p)* — ' (P)IVpP’>, D, :=0d,+u-V.

F—FdE, CWREFHLHLENTAE, LEXRMNALRFAAF, Bla = Veit, &
Ah(p) = [Fp'(r)/rdr#i ks, ﬂ'JT’Tﬁ—ﬂdath—%quﬁlz—h:O, BB 5 AN AR ST LA

N0 — 272V - Vo, + n (V) (V?@)(Ve) — Ag = 0.

— 517.3.2 Ez=ZRHHHERIE
Rg(t, x)ZRR"™? LéyLorentz & &, BPE#IF 5 H(—, +,+,+). A= Einstein Z A

Ric 9,=0 O< u,v<3).
o RAE Sy 3 ALAR T AR T, T 447 2]
0= —2gh32 Lg R 0+ 2g 02 g5, + g P g+ F, (9,8
- _Eg aﬁg/,w - Eg ,uvgocﬁ + Eg ocvgﬁ/,t + zg ﬁ#gav + ,uv(g’ g)

FA, WwREHZAF . F_REEWALRGE, NAZHERT —AAMEE L) T4,
HBRAMPARMGAE FHO DI, F—F @, 2= REAZIAFHR 9K LARE M (wave coor-
dinate condition), BFIRIX B3R A ATRH L

1
oA uval _ ay —
[y x ~—ﬁ§§?§%@'v det g6,x%) = 0,
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W B SRIAH =, H A F AT AERE S 0H — 548499, A ZFEinstein7 422 L m&
254t (reduced) & = Einstein 7 #2 Ric 9, =0, HP
1 1

20 =35

1
/lcr = g'uaa,ugacr - Egaﬁaagocﬁ'

Ricg, =Ricg,, — 9,4,

XARAEMNT A HEBEERLIFTA=0. FTAT L, £ ALART, A= Einstein % #22 W02,
P ) T AR .

AT BAE S RA W MR B BT

diu — g¥(u)d,0;u = F(u,du) in (0,T)x R,

(7.3.1)
(u,d,u) = (uy, uy) on {t = 0} x R4,
HAor ke N* 5. MANRATIEE K
e g, F RTHAEA I, F(0,0) = 0.
o [8V]axa RSEXFRIEE T, HrhaA(2), A2)% T(2) € RIESE HIUENTE .
VzeR, £eRY, A2 < gY(2)€¢; < Al2)lzl* (7.3.2)

7.3.1 HEMEAENEINEEMN

e LT, RATEW 72 (7.3. DI R 2 T
— EI7.3.1 MEMESHRENEIBEEM
Rszd+2, Wh(u,u) € HH R X HIRHAH K L&, WAKATHBIXT A 40T L0 K

Lo

(1) (}%%Fﬂgl"éﬁ ﬁﬁ‘f&%ﬂ"ﬁ"'ﬁ) ’r’?’/ﬁ T>0 (4ﬁ$ﬁi||u0||Hs(Rd) Fa ”ul”HS—l(Rd))a £ 45 77 A2 (731)
R — R it

(u,d,u) € L*(0, T; H(R%)) x L®(0, T; H* " }(R%)).

. . . . . H'(RY) HL(RY)
2) (MAfhay i mbe) 51 < r <s, A ul”, ul” # 2 ulY — uy AR U ——5 u,,
W3 75 4T > 0F

@™ —u, 8,(u™ — W)l o @®axi=rH-1RY) = 0, 1 = co.
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XE u R (ug,uy) AAEIE, uR A @, ul) KL 7

EIE 731 RERELHNEER (u,0,u) € L®0,T; H(R?Y)) x L*(0,T; H*"Y(R?)), 1252 k& L =T
VAIERA (u,d,u) € C([0,T]; H(RY)) x C([0,T]; HSY(RY)), X R E it F L) AL A48 & 69 g
{uf} £ C([0,T]; HS(RY)} # 49 Cauchy FIBP T, RI51#17.3.1.

IR 7.3.2. AT E SRR, r— R RAEIRE] s, XA TR TR AF
AEHRMTMELTRAA S, stm At 2 Eprkey 2860 H L3, —2 2 Hu® uk
R &=

IR 7.3.3. e RIE AL R g R AR Biu, 0u, M EEKs >d+3, N Sogge[13, H—F].

MERR. FATAGIELs = d + 28X A EARIE N . GIEBH (9 073202 F W O 72 BLk 220 i Picardi& AR
e PEAENE, FRATAGHEYME Y, u, € S(ROLLTTHR T . S MG il e 1 {u 0T -

e u® =0.

o Xfn > 2, HAIHE Lu Iy T &R B 5 IR M — A

Aiu™ — gi(u19,0,u™ = F(u™",8u™"V)  in(0,T)x R, (7.3.3)
(U™, 8,u™) = (uy,uy) € H*2(RY) x H*L(RY)  on {t = 0} x RY, o
HEZ, FEnNMELARR LU — DAY RE” LR sl FEIANE 3 X R R
73 77 7 FLTH F Picar di&ARAE B — B ODEf# i) J5 S A7 AE VR ) 7 V5

PN OR T EAE R

o BT HERN KB MAN ARG X TFn—EBIER.
o JEITARFF HI{uM L HEA B B 8] B Cauchy 41, IX AR AT UM _E— 2% v F 21 1) R H07 [)
SR [RI{EL B B S A PR R K22 1))

H b, B AREYREH R SRR VIR AT DUE O A FRATE e AR
(1) L THT 31F BH s S ARG AR PR ) s T IR 226 — SRR, W& IR 7 F2(7.3.3) R U 2k R ek 15 21
TIRITRE(7.3.1).

BIEBFIA—BAE RN, XL B2 HER7. 12080, AT TG R UET 2518 . X IR %
%ﬂ‘

Hin > 2, TAE XHERZ R

2 2 2

Hd+1(Rd) *

E (1) := || ™), 3u™(®)|

Hd+2x[d+1 |

u(”)(t)|

+ [0 @)

Hd+2(IRd)

SRR UER IR 2518
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8 7.3.2 PicardiBEFFI—HEEEHT
{ﬁ&ﬁfﬁﬁ?&ﬂfﬁﬁnéﬁﬁéﬁ HET > 0fe % A > 0, 1£43 sup E, () < A.

te[0,T]

RL7.3.2090ERR. B2t Yn = 28, PREIRMANIEu"Y = u® =0, FTBA(7.3.3)2 % R Tk
YR, IR R R B T B 18 UK WIE I EA > OFII T > 0 f3i3
E)(t) < A. BT RSGE I8 Hn > 3, WAURR a7 3.20 &< n — 1B RS, #:F KiE
BHE, A —FERI il 1T .

¥ i Sobolevitt N B LA K d + 2 — [%] > 1+ [LL], HEEHC > offifs

2

S BV gy + Y 180D ey < CE (D S CA. (7.3.4)

Leo(Rd)
Jal<14[ 5] <[]
RNEEHIE, (), BATHELTRET.3.3)MNILRFE, Hb|a| < d+ 1. SO EFTHRES, g, FAl
AT NIT, flg = T(fg) — f(Tg). XFEHTFER S G N

0205u™ — gl(u"=)4,8,05u™ = O5F(u"V, du"V) — [8%, g (u1)]8,0;u™. (7.3.5)

AT RS R A i T

T [0%, gV )]9,0,u™ RE ML LMA S, B—THHE u 8u™ K535
gt Hor w5 u®™ R S REGE (Jaf + 3)/2 IMHRF 226 4. b RiXAS S 2
TR 45 598 J5 FISobolevitk A g BLALHIK W, TR [0%, gV )]8,6,u™ 2 F W& &

a(u)asun ... a;‘ku(n—l)a;ajaku(n)’

Horb o | + -+ gl + 7] = la| H |y < |a] - 1.
o Flyl = (lal=1)/2, W |ay|+-+]eo ] < (o +1)/2. ZFEXER N «;, B #H ;] < (lal+1)/2.
o Flyl < (el =1)/2, Wey |+ -+ + || < |al|. EXFELE {ay, -+, o} FEZ R A —NMEBIKE
> |al/2.
HF o) <d+1, ®ATHE
o SEEZ I TEL G B EEd + 2, Ao +3)/2<2+(d/2) <2 +d.
HEARH B4 BLL> J5 £ H Soboleviik A & BRATT AT LA HO2Ju 4t (Jal+1)/2+(d+1)/2 <
d+3<d+2.
2

RFEHR SRR AR, AFAERI T AEAMK ) (1% 2 C, > oftifs

1162, g™ M)18,0,u®™| < Cu| D) (16°8u®V] +0fu™|) +1|.

|Bl<d+1
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R AR R B 8 DA R T o R 1 S B, el
I16%, g7 (" )]0:0,u ™[}, < Ca(Bp(t) +1). (7.3.6)

RIS, R SR, BATVAECF(uY, duV) EH R LM LEA G, &0 utD
SR, K al/2 + 1M SEIEE uY ERREFRZH—A. SChr EIRATATDUE
G2F (uD, gu=V) 2 L N AT et A

a(u®D, au(n-l))aflu(n—n afku(n—l)a)}zlau(n—l) .. Ny
HA 1B+ + 1Bl + Iyal + - + Iyl = lal. FUILREZ —ANZERRI, KRB 6] < lal/2
Ayl < el /2. PEIEES S TTRE, FAIF 2

|5°‘F(u(n_1), au(n—l))l < CA[ Z |aﬁu(n—1)| + 1] < CA( Z |aﬁu(n_1)| + 1] ’

1BI<o|+1 1Bl<s+1
IR (7.3.4), A4
10FF =, 0u" V)| < Co(Epy () +1) < Cy. (7.3.7)

WAE, P 7. 1100 39 15(7.3.4) (45 Hiag It 5 i
E,(t)<C (En(O) + CAJ (E,(0)+1) d‘[) eCot < (C1 + CZJ E, (1) dr) eCot,
0 0

Forp b s CH B 3 By R ARBIAIE (B B A) M YERL . FEGronwallNEERA, AAAERRIT > 0, &
RURE (B W A)MAER, 45 sup E,(1) < A. O

te[0,T]
BIRRRF RIS, T ORI TIE & T 7 51{u "V M B BB A — B 1) 2 () 2 B S .
WA S S n LR T AR AN 2 (n — DALEIEEZ . 1d[u]™ 1= u® — ™D, Bl 2 T

o [u]®™ — g™ M)u]™® =R, in(0,T)XR?,

7.3.8
[1]® = 3,[u]® = 0 on {t = 0} x RY. 7:38)

HARIAR, E XN

R, 1= [gYu"™V) — gV (u2)]8,0,u ™ + F(u"V, du""V) — F(u2,du"2).
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e EE R, JATTE

IR < € (I[u] ™1 + [[8u]|"~V) (A + |gu*~V)).
FATIAETE X [u] WX B BEEZ B[E] () )

[E)() := [u™()|

+ |6 U™ ()|’

H(R4) L2(R4) *

T e BH7 .1 150

t

Vi >3, [EL(O) < cj [E],(0) dr.

0
XFEAFEAMR IS I T T > offi 35T =t € [0, T'TH[E]®) < 1[ E],_.(D), iﬁﬁ‘ﬁz E],(t) < o.
ﬁ%ﬁﬁmmm&ﬂﬁ%A~iwgiﬁﬁueLWOTHmM»JueL%oTL%wm

PR R BRI IE M. FRATTEUAE IE WA b T B2 B PR uih /e u € L2([0, T1, H42) n C%'([0, T], H4+Y).
He b (7.3.4) IA1E
lu=1(t, |12

+ {10, u" D, [ < A

Hd+2 Hd+1 X

BT LSRR 8 1 ¢, FRATAT BAR R {u=DY (1741 CAgIE N w15

d+2( d) d+1(Rd)
u V() —— i, u"I(t, ) —— .

BT u D, ) - u(t,-) £ H F5aied, H o,u® (¢, -) — d,u(t,-) 7 L2 thasisedl, RATBRE
u(t,”) =@ M d,u(t, ) = w. #EIGEHIET TR A

< A

Hd+1 X

24t Mo < Hminf [0, e, <A, 10 Iy < liminf [[0,u70(, ]I}

Hd+2 X

XFtEHu € L*(0, T; H*?), d,u € L*([0, T], H¢*).

WAER PR R BUE MR, [FIFIRA AT LLUE B i AR T AR — RE R REE AN 11, B

2 2
”u(t’ ')”Hd“(Rd) + ||atu(ta ')||Hd+l([Rd) < A
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BUAE AT LAAIE 38 3 A SRR R 2R Bu 32 Y8 1 o HESobolevadi (B ANE (S #5.1.3) 71, SHMER
fre(l,d+2), #ATE

sup ||(u(”> u,0,u®™ — d,u)
te[0,T]

HrxH"-1

d+2 r

4 sup | —u,6,u®™ —4 u)

d+1

< C sup H(u(”) —u,d,u™ —d,u)

tel0,T] HIXLZ  cioT] Hd+2xHd+1
d+2 r
<C, sup ||(u(”) u, 0,u — d” .0
tel0,T]
C2([0,T]xR%)

T FSobolevik N @, FATEDATERIUW ————— u, Xk H R 8 Bubfi S22 RS
Jy

fRAOME—ME RN FME R GES R . FoATAE L AE I ME—VE,  BRS WIE 1R AR I ] DL AL
HOERH, SRAbEE . B u M a 2N 2 [u] i=u—da, o

o7[ul — g’(w)d0;[u] =R, [ul(0,-)=0, 4,[ul(0,")=0,

y
|

= [F(u,0u) — F(#,6)] + [g"(w) — g"(1)]6,9; 1.

TARIR| < C(|[u]l] + |8[u]]), HH C KT 00| WAL g A1 F S E . BLEFRIH &
F7.1.2, FHAIER

S 6Lt e < J IR, I dr<J S 6 [ul(e, | d.
0 0

le|<1 er|<1

H Gronwall AR, Y [16%[u]ll. = 0. Kk [u] =0, Bl u=a. O

|a|<1

Fid 7.34. FEE, 2E731% ﬂ?ﬂ'fﬁéﬁim'] P& T\T AR T, {22 ?‘2 Ecj‘ 9 18 Fa i
ML E, StBtagls MR & (U, u,) € H 2 ><H 2 T (d = 3) A (ug,uy) € Hit x Hi* (d=2),
IR T 3% 1B W PR FT AR — S i 2 A K A9 R R B 7 AR AR i i R i 8 R (AR R 3 A AR 6 i 4
AR, Bp A EBR 1 iE Aok KAg), TAHAR
e Hart F. Smith, Daniel Tataru: Sharp local well-posedness results for the nonlinear wave equation.
Ann. Math., 162(1), 291-366, 2005.
e Hans Lindblad: Counterexample to local existence for semilinear wave equations. Amer. J. Math.,
118(1), 1-16, 1996.
AR, 5 H M6 R F IR B R — AR At Ao x, B E WM, B R AR ILIZANTRE Z 69 A 5%
RERZATBREREA(LT T E—ANEF LK) %7 FEFHA THETELRIAGTA (B4
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B WL A AL G LEAR) B9 B PR B BT R ), AT R ST R SR TR AR T AR A AR E U A

* Ross Granowski. Asymptotic Stable Ill-posedness of Geometric Quasilinear Wave Equations. PhD
Thesis, Princeton University, 2018.

e Xinliang An, Haoyang Chen, Silu Yin. Low regularity ill-posedness for elastic waves driven by
shock formation, Amer. J, Math. 145(4), 1111-1181, 2023.

e Xinliang An, Haoyang Chen, Silu Yin. Low regularity ill-posedness and shock formation for 3D
ideal compressible MHD, arXiv:2110.10647, 82 pages, to appear in Mem. Amer. Math. Soc.

e Xinliang An, Haoyang Chen, Silu Yin. The Cauc7hy problems for the 2D compressible Euler
equations and ideal MHD system are ill-posed in H+(R?), arXiv:2206.14003, 35 pages, to appear
in Commun. Math. Phys.

R M, 5L K oT R 45 AR 7 A2 09 By 3R AR B E ) M9 2 R

® Marcelo Disconzi, Chenyun Luo, Giusy Mazzone, Jared Speck. Rough sound waves in 3D com-
pressible Euler flow with vorticity. Selecta Mathematica, 28(2), 41, 2022. 153 pages.

e Qian Wang. Rough solutions of the 3-D compressible Euler equations. Ann. Math., 195(2),
509-654, 2022.

HEZE S (up, uy) 89 EN] PASTFH S " X H T HJI HAEPT R QIR B AL E R, Flded =
38 [Ju = u?8y B3R =T AT A0 (ug, uy) € HOF¥ x H 1 e, B0

e Hans Lindblad: A sharp counterexample to local existence of low-regularity solutions to nonlinear

wave equations. Duke Math. J., 72(2), 503-539, 1993.

EEHE7.3.1%, BRAICEmE THAAETLe0,T; H2(RY)) x L®(0, T; HY(RY)) P rE—fiF . 1El
EYHE b, ANTEAEGBDCEMERAFENE, FUIIRA A IR —A “{REFIENE” 1458, B
HEIRATIE 7 H92(RY) x HAY(ROYMERE=EL®(0, T; H4H2(RY)) x L®(0, T; HAH(RY) ) )%'ﬁllﬁfp,
B2 BA 5 =M Sobolev IE U4 FIAAE XTI ) At B8 R 57 B 19 1 U 44
— EIE7.3.3 ENMRE
22 FrA2(7.3.1) 8918 (uy, uy) € H2(RY)XH(RY), = LR R K A 428 1] (maximal time
of existence) T, /9

T, :=sup{T >0 : (7.3.1)H A E—FfFu € L*(0,T; H*(R?)) x L®(0, T; H**(R%))} > 0.

(1) #&m > d + 2, E(uy,u,) € H™(R?) x H"™Y(RY), ML ET < T,, Z48(7.3.1) 69/ & T
L0, T; H™(R%)) x L*(0, T; H™(R%)).
(2) F(ug,uy) € N°_ H™(RY) x H™(RY), M F A28 A[0,T,) X R ¥ ZAF .

€ BRI 5 e 7. 129600, RATAE LR 2
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7.3.2 MR B IR RYE T SE B AIE AR E N

REBRNCEMIE TGN TR 7 3. D) R, A BA AR SEL I K3 sh 71,
AR AE RS RT UK RE o AT EATE SR AN 01, RG24 MM TR (7 .3.)f#
) B A 5 U

FATE S RE DA LB, AR NMEBARE RG] T
— 517.3.3 BEEEFHNMEMEENGTE

X TR XX EAN T, Lo, e CR(R3).

8u — Au = (B,u)* — |Vul? t>0,x € R3,

7.3.9
u(0,x) = ep(x),0,u(0,x) = ep(x) x € R3. ( )

FAVERA L0 < e < 1B, FAE(7.3.9)89 K iF M T VAR Bt = o, BRDAME AR

XM 14 3 Klainerman [ 28 #1455

e Sergiu Klainerman. Global existence for nonlinear wave equations, Commun. Pure Appl. Math.

33(1), 43-101, 1980.
SN2 45 18 FOAIE B SE B2y Um0 T RE N 25

HERR. 2u(t,x) =1 —e 09, HIEFHEI, v =e"0,u, 02v=e%0*u—-(0,u)), a=1t,1,2,3.
KA 070 — Av = e™(8%u — (8,u)* — Au + |Vu|?) = 0.
AL L(t, )T b UE I =4 8 T 72

v —Av =0 t>0,x € R3,

(7.3.10)
v(0,x) =1 —e7® 3,0(0,x) = ee *MP(x) x € R3.

#iKirchhoff 22 315 B i u(t, )72 BEARA7AE [ i

u(t,x) =

o | w094 Ve0.5) -2+ 13,000,935,
L= J ey

MAETN T uMu = —log(1 — v)IEJFEH K, XHERKu(t, x) < DHEER (6,x) € R, x R3#E L. K
I N RIUEM |v| < VIERRAL. 4 3% 30 5 F2 B 32 I8 TH(EK irchhoff 22 AR 5) 15 41,

Ve >0, max|u(t, )| < C(max [0(0, )] + max |Vo(0, )] +max [3,00, (L + )7}

< Ce(max |@| + max |Vo| + max [])(1 + ¢)7L.
R3 R3 R3
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FEEXEAERETFZQ + ) AR XEUE T Xe > 0/, F|u(t, x)| < IRHME
Bt > 0,x € R3FAL. FIEIHEE t > 0, AT LM u(t, x) = —log(1 — v(t, x)) iT R H e %
RIR u(t, x). O

EIE 7.3.5. X EZ&MNERD = 3REA AN LA DA IR ML) FAZ(7.3.1)— A k& 4£d > 40
T AR, MX R T AR UL B AR T ZAEAREIAH XL Rk
#” (null condition)®§ —ANHFFRF L. AR “REM” A48 5420 — Au = F(u, du) 89 R0 E A 7
AF(u,8u) = ¢*F0,udsu 0 < a,p<d), L¥g¥Hi

rE m“ﬁfafﬁ =0(Bré = (&, &, -, &) A XA @ = (null vector)), ?ftﬁq“ﬁfagﬁ =0.

— AL DU RN B B ARG )N K B ) ## F % B Christodoulou-Klainerman 7 X 89 %) 2 3% 7
R ARG, BPA R AR e E ) R B #Sobolevik AR F X ||[u| o < Clul]gs (s > %) ey si-E i 3
H, EHTARKFZRF X PHTHCHRAN 7“(3;11, |x| 89 =R E T, kT AEH RARRE68 T @
BALAEA T REN T E, RARENO(L+1D) 7). Yd <3HEEFIRATREG, Bk
i, mBH “REMHV Hﬂ',dili/l\ “REM TG E@G—ATABE L, AR STHEELAXTE
TR RARFO(L+1) 7).

TR, FRERDIERYMER/NME, Wi < VRATTER . 82 RBATEIE ZTT
FR R RAIE AT PR AT R AR il
— 151 7.3.4 K¥MEBRETEIEFHIF
& e T X G &R B T AR

u—Au=0uy—|Vul* t>0,xeR

7.3.11
u(0,x) = 0,8,u(0,x) = P(x) x € R3. ( )

BAVERR: HETe > 0, LHAMEY € CO(RINMEF HAL(7.3.11) 89 ARt = bt K A4k,

MERR. ERWIRIATE R S AR EIC RN, AR T R T () = W (@)
WHEY = b, WIT R Au(t) = — In(1 —e '), dE 2 2K . HIRNTFER R M YMEHIER S,
JIr LARATT 2 FEA A BT
[ ER > ¢, BT Ry € C(RY), (115 ¢ /EB(0, R)TE N, FF29(x) = e x(x).
WS, Z AR FL R EL = eZ AT K AR
W = IR W 75 5 F B PR AL #1852 () 451
el 7.3.4 MR ENEREEBRE
F 8 B A202u — Au = F(t,x,u,du, du), (t > 0,x € RY). £ F(t,x,z,p,A) : RxRY X
R x R*d x R+ o R 2 XB &K%, H4EE8 t,x,A #H Ft,x,0,0,A) = 0 i, %
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% (o, X,) € R, X RY, 5% Uit 42 .4

Clomy = 1(6,%) 1 0 U<ty B | = %] <t — 1

4R B(xp, t)) EBA u=0u=0,MNu=0&C,, FTHERL,

LTS AL, B AFRATE B CHEC, o I — 4 “HER”
Q:={t,x):0<t<eg t+|x| <R}L

B LulEQPN I EUE 56 A X ANHE G R H I BUE. uly—opsor T, WALRVIMEY|oR. Xt
EQW WA u(t,x) = —In(1 — e 1t) (BB EE M, e X2QHME—RIfE), TIXMEIED = i)
AR o O

BE . o R ANIEIA R deihm /e, 2 RIBIRAEL = 1/eit 2ok, X 5517.3.380 1
{8 AR T G 7

BE. dofTH F%& 2 REL D 517.3.34c = 15069 KAMEA (R AT 18] B 4% 4 7 L E 9 ?
FATHAERAUE B 17.3.4, & BUUE I B g L SE AT R R 2 #17.2.226 4.

N7 3.4R0IERR. X 0 <t <ty FHIBAEERE
e(t) 1= J W? + |u,(t,x)|* + |Vu(t,x)|?) dx.
B(x¢,to—1)
Xk T, FHBHXIEBR S A, 2R FERNES TS
e'(t) =2J (uut+u,u[t+Vu-Vut)dx—J (u? + |u,)* + |Vul?)dS
B(xg,ty—t) )

B(xo,to—t)

=2 J u,(u + F(t,x,u,du, azu)) dx
B(xo to t)

ou
+2J u,—ds — J W? + |u,|* + |Vul?) ds,
aB(xo,tO t) aN 8B(x0,t0—t)

HH N & 0B(x,, t,—t) WAL AMNER & . FHCauchy-Schwarz NERAE 2|u, Vu - N| < 2|u,||Vu| <
lu,)? + |Vu|2. NG5

e'(t) < ZJ u,(u + F(t,x,u,du, azu)) dx.
B(xg,tp—t)
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H1T F(t,x,0,0,0°u) = 0, &R HATE LA

1

F(t,x,u,du, azu) = F(t,x,u,du, azu) — F(t,x,0,0, azu) = J o,F(t,x, su, sdu, azu) ds
0
1

:J (GZF(t,x, su, sdu, azu)u + VPF(t,x, su, sou, azu) . au) ds.
0

SEQESIRE EL

1 1

18,F(t, x, su, sdu, 3 u)| ds + |3u| J |V,F| ds.

0

(%, 1,6, 3%u)| < |ul J

0
4 C = max{C,, C,}, HH
1 1

C, := max J|6ZF(t,x,su,Sau,62u)|ds, C, := max J|VPF| ds.
0 0

(t,x)eCtO X0 (t,x)eC,O,XO
4 |F(t, x,u, 0u, 8uw)| < C(lu| + |dul). Hi

e’(t)<2(1+C)f lu,|(Ju] + |8u]) dx < 2(1 + C)E(¢).

B(xq,to—1)

4P RIO(0) = 0, Tk 51 B e(t) 5 T P, BT R fibe(t) = 0, BHILZE €,y Fu=0. O

_ {51 7.3.5 *Fritz JohnB/N 1B 5 BRAT B4R A% & 11
% JE4e T A XA E &M Bh 7 AL,

8u — Au = (B,u)* + |Vul? t>0,x € R3,

7.3.12
u(0,x) = ep(x),d,u(0,x) = ep(x) x € R3. ( )

HAMNTEIEH: Hp,p € COP(R)ELHIME, 0<e <1, HAAWMUIAS K AR KT A
B, LB GEENKES A 0 RE.

IXANMGIF-4% H Fritz John )48 45 3

e Fritz John. Blow-up for quasi-linear wave equations in three-space dimensions. Commun. Pure

Appl. Math., 34(1), 29-51, 1981.

JEAR BUE B SE R ERX Ou = (@) i), (B X BRI I4 B 7L E 2. JRARTEWIAR K tAR
7%, BAERSE MR A N IERTD 5

ZEEBR N MERRIEBRRADEERR. Fuwt g, FATCE ul, ), Hir = |x]. 2v =ru,
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U=k A -AUEE!

v 2

2., _1 2 __ 132 2.y A2 _1 2 1 _ = l 2
63u— Au = ~(67 = 63 = dv drv—r(atv)+r<arv r) > ~(6,0)*.

20

HATHER]: RIE v BIARIR/DN, PRI %vf MRZONIE, Ha AW B8 I RBANBEMIED Z2' >
CZ? XM KRR, P Riccatd URIE . il FRATFHRENERIELINZAFEAR 7

F—%: SIHHEFRSH. LKL (Outgoing): L = 4, + 3,754k M (Incoming): L =
9, — 0, WL —4ER S5 T 97 — 92 = LL. IXFF5i15 2
1
L(Lv) > 7(5[0)2-
B4 BEBIEERS. 2 Z=Lv=0v-00. IN&E Z LAWHKIUTEXL: EXRT Lo,
BRI TV 2 I G TT M AR ZR . XS bR b sl T R i s R 1 7 1), R A 5 T BRI
Hoft . H Z ARSI LZ > ~(0,0)% AHAEIL s, € R, WAHHIELL ¢ — r = s, B35

4z 1

d o _ 4z ,
2T = @+ r'08)7 = G, +0)Z =12 = 37 >~ @)
YA Lv = 8,0 + 0,r, FF LA TRATTS2 1783 % > fm(z Lo,

F=H: ERNSEMNYEMEE “IEM” . RIS ETEW (Z + Lo)? > 22 EFEHAER,
AABEHRANG EARRRIL T . EEE: RNESG LW >0, B W :=Lv =0,v +9,v, X&
HIERATTVEE t +r = C XFERIRHELRF iy CRPesn, rigiZl, W BIEBUE R SRR . BESR W
IETHRMERERE (g 25 Rmm, e w EEENZINE, —E K TET el
CHR R BH. XN RS BLAEWIERZ] t =0, B0 r=0.

o Mt=0HEMILE. W(0,x) = 0,0(0,x) + 3,0(0,x) 584 HIRATMIE YIME P E, BT HE

PA 1 B f5 15 )
D) +¢'(r) + ~¢(r) 20,
WMo W IR ZIg 2 B . PR, e Ea—BRFFER.

o M r=0 W3RN, BT v(t,r) =ru(t,r), £ r=003AMTH v(t,0)=0. XEKRENr=0
i, 6,0 =0. KIIERESMIER W|,oo = 9,0+ 6,0 =0+ 3,0 = u(t,0). X FTIATFOr BRI
X3 GHEECHE r ~ t > 1 T H@E SRS, BATAT DOs kR 47 & 7 m FIWIE R
TE A% A 7]
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t
%%ﬁq’iﬁéﬂé T:it—r=-s,
(A5 y p
FILEO
K 7.1 43, A VEE B AR X Z B AMIE e, JE TR 5L W s A 6 1) i 2R R AIE

CRNWNET NN Suk ISEE 2 T NI (O T

IJFM_%X?\J% > 0, PrEABRATTAT IR ELZ (0, r(0) AE A E AR Z A AR B, XA AL AT A5 2 A S5 2(

dZ 1,

EME: ENHEMNIIAER ccac BRI, RIS ¢, WRAEEA r(t) =t — 5, = £ > 1. AR

MHNZ! (1) > L 22(0). S RE TS5

Z(t) 2

1
—Yn (L)
2t 4 \4

IR BAMRBAIEZ(t,) = €, AT LIS ¢ ARG T, = e/~

H

— AR SUAHERG AT, A7 B AR I, FATA DAUE —MEIN “ansatz”

u(t,x) ~ ;U(s,r, w),

(7.3.13)
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Hs=t—r,r=clnt, Mo € S*EMEE. HFEINE
O~ =10 +8)0,~0), L=0,-0,~ 20, L=5,+5,~ 0,

yeaal(]
2

e~ £ (50,) 28,0) = zriza,asu. (7.3.14)
HEAELMED, 193

Gu)* + |Vul* ~ é(6 U+ f(a U) = 2—82(6 U)? (7.3.15)
t ~ rz S rz N r2 N * e

WAES e /r* M RBHEE, 193] 20,0,U = 2(8,U)*. % H(s,7) = 0,U NIEH IR . FATHIRAS
#| Riccati 75%2 8. H = H?, #E1FHLUMIA PRI R ERAH . O

SFig 7.3.6. At HAEA B A FTAE RN LT UAE S, EHAAGRALAPFT7I30HFN, NE ik
% ansatz T 245 TE, TELRZEKMNMEZH “BLE47 Rz —,

EIR 7.3.7. BAVELAEE —T AT 2 ZH B FTALR T Ko

o 1/ri9 R MR E LN ETFTEMAKEY, XA kkﬁ“’\éﬁ#&J;#T%TEPT il

e AH2ZXizs=t—r? HEZHRE, AIZEPAERBRL, THRET ERE r »
t—> oo BT, HMFK “THRL” 9, RRAAAFENETHM, mWEEsFHAT K
&, A8 5 T AR 69 B3R K

o AL ZFINT=clnt? FTELE, Arat R®RA, KNA

2 2
Cu ~ %a,asU, @u) + |Vul? ~ Zriz(asU)Z.

H A T ik & fiiiﬁ“l’fﬁ “REL” GREKBERRZBROTRLE TR —#HAEH, &AM
oL IR AR AR K T g« Hﬂfﬂ” B iHE L =0,+0, ~ (g/r)d,, Mm% r ~tHXHEH
T 8, ~ (t/e)d,, PTVABRIFE 7 = clnt. #T X, LR “FJFRMHRAR T K" £
efis'ds=¢lnt, Bt ERFEXA KN RRAZARTE,

AR 7.3.8 (FUEBITRER “HHE LM ). e G L=0,-0, A4 L=09,+0, FFEL, A EH
FH, B2 THRMEEM r—t 9B T;, BEFT TS, #e T EALKREHTNRIE
o

BV d o AR T RERBEER OV, mEAANRERBANEL &, ERLET
/| (Blde L 78) B9RBREEH O~ <d+1>/2) ALK AY £ 7697 B E R L8 B e Aeg 2 X,
VAZ e M6 B39 XA u= —F(r—t) A, HEAVTHE AT

LF(r—t)=0, LF(r —t) = =2F'; L(r'F(r—1t)) ~O(r=%), L(r 'F(r —t)) ~O@r™").
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t (IR Ia])
/J‘JC%E r=t
BB i )i
@RI N o, + 6, (k)
L = a[ - ar
r (72 [0))

K 7.2: BB LARERE. METEOCHENIT. 57 L MHiRG B, 0 L e K 3Ek
R AVV T

TAFREEXRETE (r=1t) EBALRLE. R Lu #0, RHETHREKLET IFXRMBEGHE

Eo FE L #rZ 692 RS XEATHOAZE, LA KFRERBL. BHF L BERBE

B FHF . XHHA L RFEERGIT A @S, MEAERD. o RBRREM, |Lu| 2R K,
F5% E, AEMinkowskift ® (R, m) (m = diag(-1,1,1,1)) F, 4

L=9,+9, L=29,—-0, A AE £ A @ = (null vectors),
ARARE S? LAEE — 0 B E TR {Ba, Bp} C TS? 3R L ¢ 1= 2E,; (i = A,B), Motk 47
(r,0,9) F T AGRE (AR E ML)

1a 0 1
e, = =0, = )
AT 70 BT sing ¢

TFRAL L,ey,egt MR —28 “KARE” (null frame), HiHZ

o &M (null): m(L,L) =m(L,L) = 0.
o BN (transversality): m(L,L) = 2.
o JE M (orthogonality): m(L,e,) = m(L,e,) = 0, m(e,,eg) = 6 45.

SHO@ITH u~r'Fir—t,w) ms, LALEEGRENDG TR, £ “GFFH”; AL BEFH
He, HABEMRAINEMOBETL, & “RIFH7; MAQFHER “FFH.

CERARR” RIXKPDEM MAME N TRALGB S TAEZ —: BAKMNTREO,,0,,0,,0;}
X “RBEBKRAET IR HARER R “EBRAEM KRG ” BARE, — L8 FHRIBRZ R
Frk@ED G, AR ESTA T ZRIERMEA Q(Ou, du) w4 A W AT JUAT 4L A4 ik :

Q(8u,du) = C,(Lu)(Lu) + C,(Lu)(Lu) + C3(Lu)(Lu) + -+
N— —_—_—
X PRI HxAF
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w735 T, R C AR, Fasia RARE MR, Bit, ATHRE =AM T
A NAMEEARAE, AAIEAINT PTiBes “REM7, STRAHEH QOu,du) HARFH S AL CHy
(Lu)* e A B AR, metl7.3.3 SEaFREEMAGMEMRF TALT, FFRETEATiHLZA
FH, RARARSTAZEE XA HOEP, RRAGTRTHA LT EF

e Jared Speck. Shock Formation in Small-Data Solutions to 3D Quasilinear Wave Equations. Math-
ematical Surveys and Monographs, Vol. 214, AMS.

JEIC 7.3.9 (U TR RV RBEALE]D). MR S TAE R, CTOBRET AR EL: BB K
(analytic blow-up)#= JUSTHE X (geometric blow-up), #7# A B+H1& S ARODEM 8%, €149 = 4 2 3L
REHR, TR THAESF—F

e Serge Alinhac. Blowup for Nonlinear Hyperbolic Equations. Progress in Nonlinear Differential
Equations and Their Applications, Birkhiuser.

KB KRB, BB ER: BATENGE R (FRIRBFER) HEA K ETUAT L&A 5T X
W&, BFELBHRSAEA R AKIEXRERAES T AL F Ko #ld Riccati 7y =y* %
AR A Al (FTARAMN AR Z AODER ) o Tk #h AR BL, RAEMATHRAN, 4FIE%
FHREERE, P4 K5 091)7.3.530 2 MRATH AL 6915 F 6

I8 7.3.10 I UfTRAR). JUATHE A 5 AT R A £ 2R : MirteE U KL 28 TARY,
mARLFRIU (RFRfHE) TS, ExE THE ERFIEXICRFEEK (Shock Wave)HS 5% o
15]4e Burgers 7 #2 69 BR AL AL IR AKX ANALA], M &) @4 AE R /dh @ ey “CRAZRE” W E £33 “»t &

% KA #” (inverse foliation density)iX AN = o

BRI, AR A gvP (Y, ¥)9,0,¥ = F(u,du), HANE EAZE 42 (eikonal equa-
tion) g*#(¥,8¥)3,v9;v = 08I fifv, BIVURXTEE g Wk tmE, A C, :={(t,x) : v(t,x) =
const} ENK-FEH AT PESFIE (LX) BB @ (characteristic null hypersurfaces), LA
HAVTIRGY kA7, CMFEIR EH RN AL (null geodesics) H Ao E T k&N E LA L A AR
(¢, xt, x2,x3) BlA2H A AR (1,0,9%,9%) 9 RIE, bt =t ABFE IR, vBP A 4o LAZ K 54249
fE, SRLHIEEAMOATE, XRAT AR AR T LA TIZE, EIUTART, &
PR @ “FiAH” A {v=const}. REXGELAC K AERT &, 1FlA—RE, HHL

Lv=0, Lt=1, L8 =0(4=1,2).

TRL =0, ETUATRIRPHRZBRHFIEEAERN TG F—F &, RNBR—AMFAFIC, WEaE
X, HiHR
Xt=0, X8 =0, Xv=#0.

F X #HAWERFIENFIELEET C, 09 “WDIEBERFH”. THALJUTIERZA B & -F
LR AR SRS AT
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AR “rHEFREBEHRK” 0T, €FRFEdUTRLIRE 432 L4748 Jacobian RAMRTL K
pt = —g7i(dt, dv) = —g*3,tdv.
“ot R uE e RAEB T {t = const} W, AARKILHE C, 890 BALE

o Bu>cy> 00, 4FiErt ERIFBEY, JUAT R ARE] 4 3 AL AR 6 T 3047 2 By 3R B AR

o Ly — OB, MARKFIEE AN T F K AR, AAR Jacobian iR, X FekA 4F4Eet & T
_&é\ “iﬁﬁ,ﬂ\”o

o Lu=08, 3 AIREHE Jacobian B, AFAETUAT R AR %

EHMBITAXKEREMRMNEZEHOHBEBERHX = pX. BT HH ¥ A XY = u X9,
XU LT LART 2R “F0TA7, BIdE u— 0RELA T XV a9k, it Z23LR & XY
T2 BT A KB P TS %M*iuﬂly‘ﬁfiﬁd&i'l/\ AR 241 32 69 — I AR AR T 3 XV 9wt A e Al
HIELS S ={tx): ut,x) =0} MR TP d, FE&etdd EXERC, R4
P AARB AL R AR LR TR AR B R ESH (JacobianiB L), KB Z “BATHETENFELR
B XAXREITE FE “H3B7, BRERE “TUTERA,

"¢ 5Burgers 77 A2 69 $OE S RALH 2 T A -F 1789, F JE Burgers 742 d,w + wd,w =0, ML
HHHFIEEA x(t,a) = a+ twy(a), TAIx(t,a) =1+ tw)(a). F,x - OB 4FIEL L, W
W32 FHH R 0w = (0,w)/(0,x), FTARE dw RRHEX, A ow — co. LA

0. x MR, JUATF#0, *r X, HEFH0,x)10, *HE X

AR Ok T2 A THET RSB R TALGEOR M, BEART St TEFRBE L. AR
do B AR A 4815238 Christodoulou 89 F4F, AARIERERZ R 4P KAESR 09 E Ko

e Demetrios Christodoulou. The formation of shocks in 3-dimensional fluids, EMS Monographs in
Mathematics, European Mathematical Society (EMS), Ziirich, 2007.

¢ Demetrios Christodoulou, Shuang Miao. Compressible flow and Euler’s equations, Surveys of
Modern Mathematics, Vol. 9, International Press, Somerville, MA; Higher Education Press, Bei-
jing, 2014.

¢ Jonathan Luk, Jared Speck. Shock formation in solutions to the 2D compressible Euler equations

in the presence of non-zero vorticity, Invent. Math., 214(1), 1-169, 2018.
BRI T )5, TATRKIARSe M T 1) 22 i 2 22 200 77 R AR A7 AE I KA R i e . T

BRI, W AR B T RE(7.3.1), AT SR B sl TR RO R (ECRESR ) e HET ?
XEFAZIH T =5
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_ EIR7.3.5 IEREN (breakdown criteria)

2% FrA2(7.3.1) 8 A (U, uy) € HPA(RY) x HITU(RY), 34T, 2 MM K A LT, £T, < oo,
BP AL 69 AR K A A TR R AR, Mde T =&k 5

lll;r}]l}'lf ||(u, atu)(t, ')||Hd+2(Rd)de+1(Rd) = 0. (7.3.16)

limsup| D [10%u(t, lpomay + D, 118:0%u(t, )|y | = oo (7.3.17)
T | ar< 22 k<l ¢

limsup Y, [18"u(t, )|l Lo(me) = oo (7.3.18)
17T a1

EIE 7.3.11. AR 2 T A B ) P e s HS X HS71 (Vs > d + 2), 3R 69 45845 R 2o

FIR 7.3.12. de R ALY R KGR AR #u, Gu, W Sb B A9 AR E R M S %8R & A HOB(RY) X
H*(RY), #(7.3.16)-(7.3.18) b+ % A

llgr}%nf ||(u, atu)(t, ')||Hd+3(Rd)XHd+2(Rd) = 0. (7319)

limsup| > [10%u(t, Mlps@ay + 2, 118:05u(t, )|ioqaey | = o0 (7.3.20)
S IEREL jal<l 2

limsup Y [18"u(t, )|poqmay = oo (7.3.21)
7T |al<2

R, Sogge [13, % —F].

1 b AR T T 552 326 F VTR B S0, (LR 58 = 4% T T B0 R R R
(Gagliardo-Nirenbergffifa N5 0) . MSEHMEMERE, H =250 & RFHT] . AR T REEE
B S8 = 2(7.3.18), TI%H —4k(7.3.17)7(7.3.18) 45 A Soboleviik A & H 1 H L

MERR. R . #5 T, < oo (HIEBGENI AL, RMERAAEREE K > 0, MEMMER t €[0,T,),
file S E— B G SO AN

sup Y. |8 u(t, )|, iy SK < oo, (7.3.22)

tel0,T,.) lor|<1

XEME u M du HJET L([0,T,) x RY). £ T RILATR TAEWIXS 7870 K 1), Filans > % +1, Jitg
R HS BT N 28 TR X IR R d e e 2 CEPE7.3.1), XA T LAME e T
WD — /NI, 5T RIRKET & .
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LE®) = |, 0w} YA R B TR RE R AL T CEEL7.1.2)

Hd+2xHd+1*

t
E(t) <C-1() - exp (cj 1891 g dl') , (7.3.23)
0

Forp 1) ARRAME UL LIS TR A e 5 T o mik . 4B i, SR I 2 2 80
dg(u) = ¢g'(u)du. (7.3.24)

TR ENEE—MSE du. FIH LK (7.3.22) FATH |lull,. <K H [|0ull,. <K. HT g()
e, RS aEa i, HIEFEHEHCK) > 0 13 (|0g)lliore) < 19" @)l ll0ull- <
C(K). IXZERA Re AT 3R BN A R IXE [0,T,) L& S -

T*
exp (C J
0

PAEALTE I() TP AAEZMET . U F Moser N5 UAI 15 (HLSEEEARIE SR F AT LD

g« df) <exp(C-C(K)-T,) < co.

1F (u, 8170 < CllMellpoos 1180l )L + ([l + 18ul[0.,) < CEOE(D).

Hd+1 Hd+1

XTI, JA T EALTH||[0%, g710,0;ull., HH|al = d + 1. FHSL L, HEFESIHER
QERX BBADRAZ B 8L IFAT Z M Moser /553 L HAE1R)

116, 8718:8;ullf, < CClIgllsar 10ull e + [10glzeo 14l av2)-
JL

FESEBERH— R, A Al 22 XI5 vl {8 F Sobolevitk A E # . Holder A5 A1 Gagliardo-Nirenberg i

EAGER (5.3 )10, Bl BRIt g - 2 ulfyIiil. e 3 A758 FHHolder A~ 55 2015

Ed ||5d+lg 0%ul|: < 11091 g |10 |10%u|| e, FeH11/p+1/q = 1/2, %R )5 FFIH Gagliardo-Nirenberg fdi{H
S5 3R AT LASE |07 | Lo FSE] | O | oo, T A THUAE LE UL 76 73 g P 8 1T AR ||| s 4261

IXFERAT AT 2
1[0%, g18,0,ull?, < C(K)E(t).

HT (7.3.22) PRUE T ||ullp 7 ||Ou||- B T, AT LIS B2 MR Re = A S5
E(t) < C(K,T,) (E(O) +J E(r) d‘L’) .
0

i Gronwall AN ZE A,

sup E(t) < C(K,T,)E(0)e“® T+ < co.
telo,T,.)
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XEYIFEHr Sobolev VUL T, WZIA K. RAERAAAENER, MATLUIEREI T, 25, K5
T, KR & ZUBIAER T, < o, W —Fr FEH) L YUECL SRR O

i@ 7.3
SRR 7.3.1. F )B4 T 40006 Tk ) AR

0’u — Au = +u?, (t,x) €[0,T) X R3,
u(0,x) = uy(x), J,u(0,x)=u;(x) xe€R>.

SEBA: B 69 B A M (7.3.18) T AP 3 A lim sup [[ut, -)||peqre = 00. iE & AAE FAR L AME (U, uy) €
t—-T,

HSXHS 'YW s >d+2=5, FirbizuiEsts > 1394 B3 E (XEREFIENA),
s_l%j«_ 7.3.2. ‘Un\¢ :RxRY - §™ C Rm+1 n%/i’ﬁﬂ—F/}éi H#%%Tf(wave map)ﬁﬁi

C¢=¢ (MT -0 — % 4" - 51-¢) , (t,x) € (0,T) xR,
$(0,x) = ¢,(x), 9,4(0,x) = §,(x).

AEHR g > =1, - ¢, =0, HBELAELE.
(1) AL TiE E(l) £TlE=E

d
E(t) := %J [|at¢(t,x)|2 + Z |6i¢(t,x)|2dx].
Rd i=1

(2) #d =1,m =2, FREAFWEBL: Gy e S EF (P, — . ¢,) € H(R) x H'(R). iE
B BB OR B A  AR A AR 69 BARAE . X E T ABK IR AL A W] (7.3.18) Ak o

R EEH |G = 1ARER.

o)A 7.3

)&% 7.3.1 (Bona-SmithiEIT). X H#2(7.3.1)89 /RAF = 0, WA (uy, u,) € HEXHL, £ 4 k > d+2.
WIf =0« f ABKRETFT (WM RC2), RELWE U, u) 1= (Jug,Juy). IEEPd= T 2t

Z5T8 o

(1) [ICugs uD s e = O/ ), [|(ug — v, U7 — Uy pr-1xge2 = 0(€) as € — 0.
(2) (i, ul) 3R89 fF uf #H 2 sup sup ||(u(t), 0,u(t)||grxprr < 0.
e>0 tel0,T]

(3) limsup sup |[u(t) — ul(t)||g =0, #HmIEH (u,d,u) € C([0,T]; H* x H* ).

€,6—0 t€[0,T]
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i (DFPWRER oe) EEME np AFe9atirte; Q) T g RMTM, AHEETHES
Moser 7% X (%3 5.3.6) t945i6. i2: FFEAMLERNEE k> 1+ (d/2) #5t,

7.4 BEERIGFMFLEMIKENHE
BT RIS L 7R, Hoby = 1.

8u — Au = ululP'u t>0,x € R4,
(7.4.1)
u(0,x) = uy(x),0,u(0,x) = u;(x) x € R
X HEIRATE e H—RiE.
o A¥u = INFRZ NBE(focusing) [l I, u = -1 FRZ NELE (defocusing)FH M -
o ZITHERASFHEIIAEE
1

(=)
-_ 2 2 p+1
E(t) := > fRd(atu) + |Vul* + P N |u|P* dx.

AN 7 B B A a0 MR g ARV dn R, x) & 77 4. 1) 80, T

VA >0, w(t,x) = Ariu(At, Ax) 2 H87.4. 1) Hafi.

EBE AT 3| Vil = 4573 [ Vulla. 5 > 30, RTINS = = +1- 7.

- #Hs >0, Hlp-1< é: LEI AR 2 T FE(7.4.1) 2 e 2RI R (energy-subcritical) 1.
IR = 00, WA — co. ASTiERITE, X3 B U S S AR s 4 2R /N RS 3t 75 22
“TCIRAERE”, MR REESTE “AEIE7.

- #Hs<0,Blp—1> ﬁ: LR RRIE B T FE(7.4.1) 2 BE 2 RBIE T (energy-supercritical) [,
AR, I RE B ST IECE R IR R (RIA > colX NI .

- #Hs=0,Rlp—-1= é: LR AR B T HE(7.4.1) R BEEIRF (energy-critical) H. LEATE
CRPES AR AR B P AIAS" . AEREEAE T R B AETD , DA %
R B A

ATRATFE R = 3, p = 3X—FRME M, S DLHBIEARR G EEM L, AT LTINS T
] Strichartz i1t »
0u — Au = pu® (u = +1) t>0,x € R?,

7.4.2
u(0,x) = uy(x),0,u(0,x) = u;(x) x € R3. ( :

HAIA B e R AT N HME R A
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TEIE 7.4.1 R3 cubic NLW /NN{EZEE{KEE
E(up,u;) € H(R?) x HRHA > NEEA YR X F, NHGATADEEEKRMB, HiH
& (u,d,u) € L*(0, 0o, H(R3)) X L*=(0, co, H*(R?)).

Fic7.4.1. X EAMERAALEH(R)XHY (R AA T RS LTIENG HIE L ht (£27.3.1).
EER ST AT FEE, HAEXBERARMOu, FIFREXMNTUAEH XH (s > 1) 2@k

H A= A RAFEY BERE 2, IEAA R Evans [6, £ 3212.2.1].

EIC 7.4.2. AREREERFEN(p = 5), A E ARG IE R T 8 i 248 A Strichartz &7,
T W, Sogge [13, #3F]. sF KAMEIF I, #UE WG B 3 A2 R T AR F HARAE, Mt RERFL

N EZTemENREE S AR T AEENXE, THA L TFTLE

® Manoussos G. Grillakis. Regularity for the wave equation with a critical nonlinearity. Commun.
Pure Appl. Math., 45(6), 749-774, 1992.

e Jalal Shatah, Michael Struwe. Well-Posedness in the Energy Space for Semilinear Wave Equations
with Critical Growth. Internat. Math. Res. Notices (1994), no. 7, 303-309.

e Carlos E. Kenig, Frank Merle. Global well-posedness, scattering and blow-up for the energy
critical focusing nonlinear wave equation. Acta Math., 201(2), 147-212, 2008.

A=A R HEIL, IEAEAG TR EH T AREIS, RELWERXIMG TIEH MK AR
o BREBEFH, CHAMSZHBRAMME, ek, 2 EAS2E, BAREFAAIH#AL
BHME BB, BRRE, ARBERGES TAGBAMANE BT T AFRE, 4%k
PR BALE A T AL 258 TAW A T2016F1E90 7T —ANCB ARG a9 AL AR T AR £ A TR
BFIA R AL mat RN BRI S T AR, BATRAd > 409N, MR R B (B R
IR20178 3 %), FA L, FTEURA, LizERah4lh R F eyttt B4z 742 Ok AT
T IRARR) AR R EET X R,

e Terence Tao. Finite-time blowup for a supercritical defocusing nonlinear wave system. Analysis
& PDE, 9(8), 1999-2030, 2016.

e Feng Shao, Dongyi Wei, Zhifei Zhang. On blow-up for the supercritical defocusing nonlinear
wave equation. Forum of Mathematics Pi, Vol. 13, €15, 2025.

e Feng Shao, Dongyi Wei, Zhifei Zhang. Self-similar imploding solutions of the relativistic Euler
equations. arXiv:2403.11471, preprint.

L d=3RAFEFAGKE, ARG T AR, ZFABATLEA T AN,

7.4.1 RimF RN FIENERRARE

UE BN B AR R G B AL T S IR PEAR R 2 B (IRBrVa 8o 2 & R a8l 7 AR
SRR ) (A BRI AE I T A B E Bk 8D« AN AEZEERENREBR (v =1,
e IR REER VRN, MERRIIEAERS, RABEET.
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— WL 7.4.2 IENMEERE
BRuR FAL(7.4.2)4[0,T) X R® Ly ftfig B

M := sup ||0,u(t,

0<t<T

+ ”Vu(t’ ')”iz(Ra) <o

')”iz(Ra)
W] AAE A = T B R AT AR, BPSTs > 2, (ug,uy) € HS X HS by

SUp [18,24(t, M2y + 108 M) < 0.
0<t<T

JERR. X HIRATLAs = 2AHNEZ e B, XFE KMSIEH & —FER . HEERDERNUEED =
3, JHEEWT:

o MpIR/NEE, |ulPlul AT REARLF. Bls = 3, p < 2801, AT AR M52 5 o153
V (plulP~'Vu) = p(p — Dlu[P~3u(Vu)* + plu|P~Au.
M1 < p <20, |u|PPul K BRITETS s T4 p = 20, X —IUH I 2sgn(u), EE u =0
HMAES:, WK FH S I Dirac § BREL
o %43 < p < 5, AT EH s FE R Strichartz il 118 = 4E 2837 5 #2108 20f% (Kirch-
hoft A3 KUERH, 1X B 4= HRHg %
B v = du NATEZE— S5 XTSRS T FE:

87v — Av = 3u’v. (7.4.3)

LM Bx(0) = 21V, + 18,012, REFSH, 4B
E(t) = J 3|ulPvd,vdx < Cllu?v||2||8, V]l (7.4.4)
R3

1M [10,0|z2 < V2E,(t), FATHFALTHIELMEDT. #aHolder A5EAAT
vl < ]zl Ve = ull7 I Valle. (7.4.5)

o S I: H Sobolev IIFFHKA H! — L (EHE5.2.2), ||Vulls < C||IV(VW)||: < CVE, ().
o KM ZEH: HSobolev HRNEH, ||ullps < Cllullm. EXHEZH p <3 F p > 3 HIFHRIERE
PifE. P BB, —BREEA A (lullm A5 W ull}, < CM).

RIFl e EALE AT \/Ez(t C(MWE,(t). 11 Gronwall A% 0RI15 458 u
%Hﬁm@ﬁmmu
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_ ARl 7.4.3 IEREN
EFTAE(7 42RO M K G AR AT, >0 (ZXFE<#7.3.3). £T, < oo, N

lim sup ||0,u(t,
t—-T,

')”]242([}%3) + ||Vu(t’ ')”]%2([}@) = +oo0.

SERR. RURVEICT 4050, XHEREHK > 0, HE IR 7ADMHIE o, )2 |12, + [l |, <
K, MAFTER T 35 FE 1 (53) ARTE[D, Ty ] x ROTFTE.
LEF RAEY:, WISET, < cof B4E AR, WIAFHE MK > offifd

+ || Vu(t, )|I?

sup ”atu(t" 2 )”LZ(RS)

)”LZ(RS) < K.
te[o,T,)

AikEt, =T, — TK, PL(u(t,, x), 0,u(t,, X)) N7 FE(7 4.2 WIME, i REE e 218 5,
kaﬁﬁﬁ%%ﬁ‘]ﬁtrﬁ/'\_fuﬁ{;ﬁ%TKHTIETJ, XU 5 R (7.4 2)1E h(ug, u ) N VIERS, FriERIfg /b
W LAEfEL, + Tx =T, + %TK > T, W], 5T, KT E. O

BN RIRA TIE W E F7 4.1,
EIB7.4.109ERR. BB ATE LRERIZ R

1 1 1
Efd@® = | (216, + 21Vul? = 2u*) dx. 7.4.6
(1) hxg ul + 31Vl - lul*) dx 7.46)

ﬁ$%ﬁm,ﬁﬁﬁ%7ﬁ% ERSFH: E() = B(0) = Ey. ®AR, MIERRERET E >0

NEERY, FILERET 4.1

B2 K, % Sobolev i N HY(R?) & LY(R?), fF{EHEC > 01843 ||jullps < C||Vul|. X EHA]
M3 7 RALIREE (rdi7.3.4) 15 Hu(t, )W EAESEE, 217 L Poincaré NS5 2T ||u| B
BAE || Vul| L.

X R B A AR

1 1 1 1
SHOwlR. + SIVul2, — Zlul, > 511 Vul, — AllVullt. (7.47)

2 y() = ||[Vu(t)||;2 = 0, EX B fly) = 1 2 Ayt TREBAER (1)) < E,.

%%?l%liﬁf(yb —Ay*fEy > OLE’JHEE‘E
. £(0)=0.

o f/(3) =y —4Ay>. & f(y) =0, REME—IEELEN y, = 1/V4A.
o 1Ey, MIEBIMKME LT “BL” &), WNH=f)>0 Hy>y,,
B 356 Il T — oo,

IAEARRHIME R, Wi Ey < HULR||Vull. <y, (WHMELLT “HEE7D . AW S
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MiE. HEE L€ [0,T,), HA [Vult, e < y. it R — LA “HB7 L@k Rk,

WS BOIERR. y(0) = || Vu@)|| . AW A FES R Tt =08, y(0)<y,. HT f(y()) <E,<H,
H f(y,) = H, XEWE y(t) KIZTERS] y, XME, Kok Fd#230x 60, Bk
CHR” LEBPE, BT y(t) € [0,y,) FHERE t ROT. O

W= TR Y (| Vu(e, | 2B 5. fH R R E 2 2
1 1 1
Sleeullz, = Eo = S1IVull, + Zlully, (7.4.8)

FILBE— A T (ARZRIETTH Sobolev BRAML Vu £58H]),  PIIL ||0,u(t)]],. tE— B0 71
UCAAEHE B M, 54T t € [0,T,),

IVu(t, )2, + 16.u(t, )II2, < M < co. (7.4.9)

BUE, $RIBBEN (Arii7.4.3) FWET, < +oo, ME57.4.9)7)E, FIHKKAAERTET, =
+oo. XULHHME R /DIEH x L* HEARIEAE HA . R HHIEMMAARRR 40 (fril7.4.2) H1,
Sts = 2, (ug, uy) € HS x H UL

Sup 118, s gy + (1408, M < 0.
o<t<T

PR 5 FEAFAE HEAR 22 B AR O

7.4.2 HE. RIeFENHFIZMRVEEEKRE
Y =—-1,1 < p < b, BN =4 RIG SRS TN S, RYMEBAR M EAAER
AFEEANIA R A Hp = 3HIREEVEIEH. X4 p < 3 B AREH BT |ulP~u K& SECAGIE
), BRI R AEE HY x L2 HHSRME: 243 < p < SIFEEH BRI A S MR EAE
FStrichartzfdi 11, 41 FKirchhoff A 315 2|Jorgensflith. J53 7l 7% Evans [6, 12.377].
EIEW TR

u—Au=-u*(1<p<3) t>0,x € R3,

(7.4.10)
u(0,x) = uy(x),8,u(0,x) = u,(x) x € R3.

EIE 7.4.4 HUE cubic NLW K¥MEEE{R R
{ﬁ821u&%i@ﬁu@mﬂﬂW®%xm4m%(W%ﬁ@% G A2 (7.4.10) 7 27—t %

AR (u,u,) € L*(0, co; H¥(R?)) X L*(0, co; H"1(R?)).

IERR. X ELEAIVIIR s = 20BI SUEM . UER 7 NI B S TR TR RS B RE R A B A
SIS, RJEFH p =3 BIZRAFEET B aE R AL T
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B—%: —MrEEENRBAKRMATT. € REZN:

Ey(0) =J (1|atu|2 + Yvup 4 l|u|4) dx (7.4.11)
o \2 2 4
KB REETRE, FiRgELIEN . HEEETE E () = E(0) =: Ef3%|
1
SIVUOIE, < By = [IVull: <V2E, (7.4.12)
—IIM('?)IIL4 SEy = |Julls < (4Ep)+ (7.4.13)

B4, H1 Sobolev it A H'(R?) < LS(R3) Fl Poincaré N5, A 1A
lullzs < ClIVull: < CV2E, (7.4.14)
FI I H6Ider NER [Jullpe < |ulll,llull}% ATEIXER 4 < q <6, MR LT EHUE 80 FH1.
BTH: “HraeEft. A NIEUW—BEAE H* P, E X ZHEEE. ® o= Vu:
80 — Av = —V(ud) = —3uv (7.4.15)

52 E,(t) = %(lleH +[18,v]12,). RFIANTFE1FF

E(t) < J 3u?|v||8,v| dx < 3|[uv||2n/ 2E,(t)

R3
BATHTEAETE |Juo||2 = [|u*Vul. i Holder A5 0H

[Vl < [[?lloslVaullis < llull7 I V2ull: < C(Eoh/ Ex(D)-

B=H: HAREAFNX K LM HURREE AN

EJ(1) < C - C(By) -\ Ex(t) -/ 2B5(1) = CEDES(1). (7.4.16)

I Gronwall RZERE E, (1) < E(0)eCE! iX FNHTAREA MR R ¢, —IratE E,(¢) ZARK.
IRl 3 I AL 1 e 3 (A fli7.4.2), RASTEA R N2 JH2 IR, R g e AR
FAE O

SR 7.4
SRR 7.4.1. 2R 27 A EN = —1,p = 389U (# &, cubic) .
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SI% 7.4.2. HEe T =R E LG R R S F AL

0u — Au = u’, (t,x) €]0,T) X R3,

u(0,x) = uy(x), J,u(0,x)=u;(x) xe€R>.

PE . HAEM AU, u, € CP(R3)i#H 2
(1) - EEQ) := [, §(|Vu0|2 + |uy|?) - iluol“dx > 0.
t—>1-
RR: BEA5H7.3.4% EODEA sk, BiseB PR, ZODEMWEAE—ANE 4, KRB

5 . 77 AR A A g, 1, 3% A 8 AT AR ypon, HEIE % G9R: RG F A RAEIE £ AIE
9ok — % 2 i £ ODEM 44 .

o) 7.4

)R 7.4.1 (LevineMITE771%). 73R F &4 T R ERIE B H A2

0u — Au = u’, (t,x) €]0,T) x R3,

u(0,x) = uy(x), J,u(0,x)=u;(x) xe€R>.

H P AUy, u; € CO(RY)HAEQ) = [, §(|Vuo|2 + ) - iluol“dx <0
(1) iEB: BAEHA>O0RIF|Vugle > A, B E0) <0 6187 T & i,
(2) A I(t) := [putdx, iER: I"(t) > 6 [,(0,u)? dx—8E(0), #m AL > 0RFHEZ > 1
A I'(t) > 0.
(3) A J(@) :=1(t)™V2, EH:J"(t) <0, AstEZ 26 A T (1) <0. #IAFEAAT, < o 247
J(T,) =0, B I(T,) = +oo.

B18% 7.4.2 (Strauss/ ). # B F =tk sh 542, £F1<p<1+y2.

8’u — Au = |ul?, (t,x) € [0,T) x R3,
u(0,x) = uy(x), J,u(0,x) = uy(x).

A wfiug, u, € CO(R)E X FTB(O,R)A, it Z [ uydx > 0, [, u; dx > 0.
(1) AI(t) = [, u(t,x)dx, iEH: H A& F HC > 0RFL"(1) > CI()P(A + )P,
(2) HvAG}Y — Av = 07 H A48 B A1 (ug, u,)) 9%, JEBA: AL HC), C, > 07 [, v(t, x)dx =
C,+Cot, T2 [ udx &M K, L+ A :=B(0,t +R)\B(0,t —R).
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(3) #] ADuhamel/% 2 Fudf 4 AofedE TR 35, RQ)IEA: AEFHKC > 0EFI(E) > CA +
H)*P,

(4) EZe>0,u=(p—12+¢c4—p), WA Ee: > 0EFu € (0,2). BT H: HEFHKC > 01847
It > CA@)* A +t)*) 70 KAt Zo

(5) AQ3), ®)FHhFJE, ERZHALRT A A EAR KT

7.5 Bootstrapf7 ik

AU SCEBIAT A LA 25 B —AN H R BB 5E Y — B ARHE N > BARAFAENE " 1) 58 B8 T i
o, AEAFIRAT A R T RE ) Joy A A 2 B AR e o AN SRR 1 a1 52 2% () 3 J5 A Sericharez Al
it HH T EEARKRERORTEHGEY], (H2 2@ a1 5 0 A RMER k. XA B AR
& PDE 73 #HH EAEATE (132 5 T. ——Bootstrap J53% (FRAESEMEER), e — Ak
A5 5 e Gronwall AN & .
FEAFRAE WL T RE I FE R, BRAT T4 2 38 B TX A 12 48 PN 355«
1. N VIR A X () RFFA A (BURADN), FATTH ZIEB L G2l
2. HIRLEERE AT R AERE X C2f/ 7 (BUR/AND BIRTHR N4 BERGL.
KA T — DME: “BELERRERR, RIRRRERR - THIX A RZHE T HHE Boot-
strap, B A DAEIAMEL B “FFRE #H47T “Eshmeg”, #EmiEs f FHURBE” AR S a2 L
SR CBPEANER R “HUMERE 7D, AR 2 FH Gronwall AN AR
FATRAES B4 G Bootstrap R B

_ fRl 7.5.1 3% Bootstrap[RIE [16, F1.377]
PRI X ), H3fiE&r € IRMNA 269 “Bix” H()F= “2i” C(t). AAEBIEXATE
%‘Ti/ﬁ)&i:
(@) (“PBx” = “4w”) ExFEAtel, “Bix” H)mz, W “%Ze” C(t)m = ;
(b) (“£67 /T “UBX7) FEMEAr €I, “4#7 C(t)kz, NHEAHTFABROL), £
#F “Bik” HE)MEEY e In O@) k=% ;
(c) (“L” ARMW/E%M%) E/7t,} C Dkt € I, EEEn# Al “Zw”
C(t,) Rz, W “2#” C(t)Hmk L;
(d) (AKREER) 2V HE Nt € HEFEIR” HO)R Lo
AN “487 C(t)ESEL € TH R Lo

B Bootstrap i B R UE BH A2 [X [R) 322 188 P4 %) ] B 8 FH o

HEBR. 2Q = {t € I : ZwCcOWAL) M(d+R)FHQIEDE . RIGD)+()FHQREITE, (OF
HQZE M. X [EIE®E, bl =1. O
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JEIE 7.5.1. SRR Rz /RER, H(),C(t)8 R —A& M AEF(b)-(d) A 5 Bk, Mm(a)iEELR
XHEW TR, —RRAEMNE ZLSF R FTAEF I XA L4 RIEA . ZBootstrap/R & |,
A TIER “HR()H LR CH)”, REEHAEDL)MELTICEEE, LE YA/ SR
3z, XHIER “Ht)=> Ct)” wEH 5T . £ XPDER, X &MZrAstE&r € [0,T]A X
A EETX(E) < M E, HAMESH & “Bik” HOTURE “sHE&t € [0, TIAX() < 2M”
BN FR, REA R T ERERGEMRIEN “AHOMRZHTRT, &K
HX(E) S M3 EZL € [0, TIRZ” o

ik
C(t)
(M)
AR ¢ GEfR
- “Jtdet”
E—NITEE s
( “i@%#@‘@” )
FEHERS Y Rk
H(t,) H(t)

B H(t) 5458 C(t) 2R ARRE R XA I ARG RIL,
PRI E B — OERAEIA T, BRATHRY & 1 A8 BB AN £5 18 ST (1 I [ 52
o PR BT Ak 1 3k AX— A B AR DA o T I ) s

Gronwall AN 55 A B 5t & Bootstrap R EE ) — /MR, SR EH JEH T8 SR A 0 IE R
_ 5|38 7.5.2 Gronwall~fEFER

Kf RoRAIAIANFAELHH, g: R>RAVIFEATRIHM. XEETHA > OEFAT
&t € [0, T]is & t
fOOSKA+ J f(s)g(s)ds. (7.5.1)
0
A2 E t € [0, TIHA t
f(t) < Aexp (J g(s) ds). (7.5.2)
0

MERR. WHMEE e >0, HIBLUT A

f() <A +e)Aexp ((1 + s)J g(s)ds) . (7.5.3)
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ENB :={t €[0,T] : %M (7.5.3) $HEE s € [0, t] HOLY. FRATEIFEH B Z3E2 1. FF B,
M H B =10,T].

e B BARIESTN, KN 0eB.

o 1 f HIIELEMERTAN, B BARZ AN,

o ME—WRXERIES D AZUERH B AR H f iiESE, JAFIEHWR e B, BLARANTE

t

F(6) < Aexp <1+s>j

0

g(s) ds) : (7.5.4)

EIf3 38—/ b (7.5.3) ORI, NHIERRF t € B, WA

t t

fO)SA+ J f(s)g(s)ds< A+ (1 + E)AJ g(s)exp ((1 + s)J g(r) dr) ds

<A (1 + (exp ((1 + E)J g(s) ds) — 1)) = Aexp ((1 + E)J g(s) ds) .

Fik B=1[0,T], Bl (7.5.3) AT f5 t € [0,T] Fl e > 0 ] L. % ¢ — ORNFF451E. O

—MAEH T, Gronwall FNEFENZ2 MBI FEA15ER Bootstrap (BN IEARRL7.5. 19 BIER1%(a)) BY T
B, X EIRANTCAHEAZ AN 3 50 77 B2 INE I A B A7 AE IS TR A, AEBRIA O AR Bl 77 A S 9l 2
GO, 25 A Bootstrap JRERHUE A o X a2 X ARG 7 F2 T H AR 00 75 a1 — R 1 7 Vs

F RN RSN TR T

CJu(t, x) = F(u, du), (t,x) € [0,T) x R4

(7.5.5)
u(0,x) = ep(x), 0,u(0,x) = ep(x).

Hrg, 9 € C2(RY). REMLRINT

— EIE7.5.3 WMEG RN ER BN FERK
& d>2, MAEFIA (7.5.5), G >0, B35 0<e<eg i, ZEMu bR KEANI
T,>T. i#hRAT AT

+00 d > 4 (AR,
T. =1 exp(c/e) d=3(L¥%AKME, almost global);
c/e? d=2.

H e >0 A AIURBAEAE BT LEH) 697 4o
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FEX s Bragmiz el (s 8K, Bl s >d/2+1):

E,w)(®) 1= Y J (18,0%ul? + |Va*ul?) dx = ||du(t)] ..
Rd

|o|<s

HIRIME 26 A FIAFAE T HL Cy > 0 15/ Ej(u)(0) < Coe. UEWZEBHAT, FATAND Al IER .

G754 BB
BEEHC, >0, WIFEXBME LKA

% E(u)(t) < Cyl10u(t, )l Lo mayy/ Es(u)(®). (7.5.6)

_ W 7.5.5 TEREUEIT
BEARM T 44 d oM s 9% C, >0, £/F:

C
[10ut, )llomay < —\/ (). (7.5.7)

1+t)=

Bootstrap /3 &1t Elifespan. AT E L Bootstrap JRHEH E . & T, NI HRKAFAER 8]
F—4: BE Bootstrap 1%, HATERN A [X 8] [0, T] £ (HA T < T,) 1EALEARM:

\E () < 2Cye, VYt €[0,T]. (H)

AT HARZ U . EXEANRFEE A, () MR asiEe — ey (i ZCOE), NI
M4 bootstrap JEFRAI (H) 781 18] 38 A — BT
FTH: HEAMMGT. FIAEE H), AT LIER] (7.5.7) THREE I

C,
[18u(t, |z < (2C40).

d-1

A+07

4 K =2C,C.Co» ¥4 L3R L° FURAN (7.5.6):

< \E@o < [ = ]\/ Ew)0).

A+0=

I Gronwall A5, FHANYME R VE,m)0) < Coe, FoA1153

B ()(t) < Cye exp (Kgf a+ f)‘d%ldr> . (7.5.8)
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AR Bootstrap 1% (H) (VE, < 2Coe) NI, AT EA M4 /N T (3/2)Coe, X%
2K

t d-1 t d-1
exp (KEJ a+ T)_Tdr) < % = KEJ (1+7) 2dr<In3-1In2.
0 0

E=H: T, WIRE. 4 900 = [ +1) 7 dr. RAVRES d S0 90 1M .
o d 4, BB -2 <=2 < -1 B SE R

e

d-1
I(t) < J (1+7) 2dr=:C;j< 0.
0

HER e 7873/, 1815 KeCy < In3 —1n2, AEIXER t € [0, 00) BIOL. FrLU#EERAF

1E (T, = ).
o d =3I, BSEMNEIK: I¢) =1n(1 + ). KIEH

In3—1In2

Keln(l+t)<In3-In2 < In(1+1) < Ke

:tgam(%)—lzexp(g).

A d = 3 I, fRIAFAAERTK IR AN T, > exp(c/e).
o d =20, BEZIEUEK I = 2[00+ )2 - 1] ~ 2612 3T E]

_ 2
In3—-1n2 St (In2)

1/2 _ 1/2
Ke(2t'/*)<In3—-1In2 < t'* K Ke S g

FrEA d = 2 B, SRIIFEEERS KO RSN T, > =.

v A, T, BT R (1407 MR

o PR TR TR, AR AR B, AR

o EEOEEATR, AR AR, — Rk R A MR, SET, < co.
]

SRR 7.5

SR 7.5.1. &AF AR BRBEOBEARAEFXE () SCEWP, EO0) <%, £+ p>1,C>0,0<e <
1. & E(t) < 10e? AR R X[ [0,T,) Alem =z, £ T, 220D,

SR 7.5.2. HAERABRKE@OFHEALRFXNE (X)) KCA+1)CEQR)P, EO) <, EFo>0,p>
1,C > 0,0 <e<1. % E(l) <102 £t R A [0,T,) AlEkz, KT T, 9FR, 2HFR
c>1,0=1,0<0<1f#,

SR 7.5.3. RfALMAHK, IAERKE, c£0REFERK KMBEMS T /(1) = ict ™ f12f (¢t >
1), f(1) =1, FHFIEFHEREE R ERBE,



~ ‘/‘-
SR

J\

i
Xt

Al
Jdiy

FEXTARMA IR S 1) ERF AR AL 0 JR B RE B oh, A0k B AR e B R AR ) LR
SN NFAL A BEEZ MR AME T SRR AR W BUT N “ A MERI BRI 1A R H R
HET H &M EZ W W TR . AT RAE A G RR-Rok B 0 7R CR/MERT & JE D H &
N EARFERBRABES A 7 Wk g BECERE, BT LA TR S M E R, )
VAR, XX ARLE T T3 R BT SRS B AR

8.1 —MTy: BKK-htgEAHFIE

ST E RN TT 2 Alu] = 0, A2 — PN EARLIE) M BT, u REN R AL
W, FRATRAER 2] — MBI R AR LA TT R o (R AR AR B S R RAT: X —#B
35 T RE R REERATIPRAE “ AR5 @R ), FRATAT LU 7 AR R E A “BEEIZ R I
[, BII[u] = 0, T REEIZ bRl 5 R AR AE PEAT AT T LA I V2 2R 23 B R 7 V3R 45

AATHREN AN — BRI, KU c RUELIFOLEGRED)NITE, AT O6HE
BHL : RYx R X U — RNFIHEEAHE (Lagrangian), HH A

L=L(p,z,x) = L(py, -, Pg» Z, X1 -+ , X), pERY zeR, x € R4
Hor p, 2B BB Vw(x), wx), X Hwx) —MrEmd. JA1EE Lnhids
V,L=(0,L-,0,L), V,L=38,L, V,L=(L,,,Ly).

S BIANTN Z B

Iw] ::J L(Vw(x), w(x), x) dx,
U

Htw: U - RETHENEUE (admissible set), Hi A 1= {w e C*U) : w|yy = g}, Hhgs
5E BRI A

233
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_ 7F32 8.1.1 Euler-Lagrange ;512
BA ={weC®U) : wyy =g}, £ FgRLRHLT I, Fu e ARI[ [ DT (4o E
HBAE), BPI[u] = mi;llI[w], W uith # 4 T BK42-35 4 B B 77 42 (Euler-Lagrange equation)

we

d
— 70,8, L(Vu,u,x)) + 6,L(Vu,u,x) =0 in U. (8.1.1)

i=1

HERR. fTHv € C2(U), iMFiEue A= u+eve A. &

jl) :=1I[u+ev], € €R.

HTufeI[- [ /ME T, BTEL j(e)fEe = OB EIBR/IME, FirLLj’(0) = 0.
BAETHEj(0). 5

jle) = j L(Vu +¢Vvu,u + v, x)dx,
U

KT
d

j'(e) = J Z 9, L(Vu +eVu,u + sv,x)axiv + 0,L(Vu + eVv,u + ev, x)v dx.

Ui=1
=0, FA115 2

d
0=j'(0) = j 278, L(Vu,u, x)0, v + ,L(Vu, u, x)v dx.
U

i=1

e, FATHEE — T 38R — A0, BifS 2R E N 4518

8.1.1 HTXLH: BMEXFIENFH

— 151 8.1.1 Poisson 5%
BRHHS R >R, EXABRIHHMNF(2) = [ fy)dy. EMNILAEH Ed= T

?v‘c"?
bele
N\
B

I[w] = j %ww|2 _ F(w)dx.
U

Wig. HL(p.z.%) = ;|pI’ — F@)A,

apiL = Dis azL = —f(Z).
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Jit PRS- i B H 5 A

—Au = f(u) in U.
— kU, FEER R Z AN, HliF(z) = iﬁzl’“, BRI BRI H T RN —Au =
+uP. #F = 0, MIX 5 /& Laplace /7 #2 [ Dirichlet 5 2 O

EIR 8. 1.1, BRAMRALT AR 28 5l g &, BT ExA (L, x), A VwkA(O,w, Vw),
EAERLT A F B IE A TAL B, F)E

T

1 1
Mwl=| | 2w?—(2|VwP + Fw)) dxd,
wl= | | Jut=(31vur+Fw)

T X R B RR F-35 A48 B B HALRP A ok B AR
u, —Au+ f(u) =

_ 51 8.1.2 #%/NBHTE (minimal surface)
% J&PlateaulP| #L: = T M P A — S &, LAE ARG & ad & AR S MAT IR E ?

Surface area of graph = I [u]

A minimal surface

P 8.1: AR/ i 7 ]
FHE. N 7S EE R, B e S Hh i 0 T R e, BRI SR iZ eR BRI T

= J V1+|Vw|2dx.
U

T LS B H & NL(p, 2, x) = \/1+ | pl2, fiTBAd, L(p, z,X) =
BV, w), FATHAT BN Tl 2 10 5 72

d,L = 0. AW (p, )

w | |2’

" () =2 ()
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]
7Eid 8.1.2. %uiﬁV( vu )?:Riix%ﬁﬁféﬁiué@l“éliiéﬁ%i@‘#vﬁéﬁd%%, BT VA L & K AT 69
\V1+ |Vul?

DAyl AR, I, INZTEFEHEEL: RARNEA BRI R LT LR @GPk
=2

_ 5 8.1.3 {FFNERET (harmonic map)
EMALFEFE I wERGEEIHW : UCR? > R™. £ jEwT2H

I[w] :=‘[ 1|Vw|2dx
U2

EEFE A ={weCU->R":wly=g, w| =1} L&RIMF, THEELZ—AJUT
B AL, A2 R IR B E A A E AT LA B R A B ik B A 89S . BAVIERAM D Fuik Lde T
L MEAR B 77 AZ 28

—Au = |Vu|*u inU
u=g on dU.

A harmonic map into a sphere

P 8.2 FIBRTHI [ 1) A1 A B

HERA. fTlv € C*(U — R™), HF|ul = 1, HWATHE UefR/MIHu + ev| # 0, v, :=

u+ev
lu+ev]|

BUEBRATE Xje) :=1[v,], WjfEe = ORLEIHR/ME, PTELj’(0) = 0. H#EHHAS

j'(0) =J Vu : Vv/(0)dx,
U

MN N .- d. . -
JXEAE/‘J‘LB%‘ ! . — ;,A . B . — ZAljBlj'
LJ
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B RRITE

v (u+ev)-v)(u+ev)
lu+ ev| lu+ev|?

KRN OHREN, 52

v/(e) =

>v(0)=v—-(a-v)u

O=J Vu: Vv—=Vu: V((u-v)u)dx.
U
BT Juf? =1, 1R F35 %(a upu; = 0 FHEREL < i <d WAL, B (Vo) = 0. ks

Vu: V((u-v)u) = Zzaiujai(z w,viu))
i k

= |Vul*(u-v) + ZZaiuJ-uJ- ai(z w,v,) = |Vul?(u-v).
i k

———
=0

AR
J Vu : Vvdx = J [Vul?(u-v)dx Vv € CX(U — R™).
U
Loy R —Ik, AR EER
f (—Au) -vdx = J |Vul?(u-v)dx Vv € CX(U — R™).
U
VLR H, T —Au = |Vu|?ufE U E AL O

8.1.2 T LERIL

iz BRI [wEwE R ME, W j) = I[u + o]l £ j'(0) = 0, MHE—HHATER j”(0) >
MAERRATREE M SEE BRew k4. FIZ

je) = J L(Vu +¢eVu,u + eV, x) dx.
U
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R T HATE

d
j"(¢) :f Z dpiaij(Vu +eVo,u+ sv,x)axivaxjv

Ui,j=1
d
+ 22 0,,0.L(Vu + eVu,u + ev, x)d,. vv

i=1

+ 02L(Vu + eV, u + €v, x)v? dx.

= 0, AR RN FAEAIMERE v € CR(U)HP AL
d
0< f Z apiaij(Vu, u,x)axivaxjv + 22 apiazL(Vu, u,x)dxivv + 02L(Vu, u, x)v? dx.
U i,j=1 i=1
X SRR - A] PAHE
Z 0p,0p L(VU,u, )66, 20 §€R), x€U. (8.1.2)
i,j=1

AR RS M H ELA ORI . IEMIRE R T BAZ W Evans [6] %5 )\ &5 —15, LA 40
o HREUNERN: EBOEATT AT e £,

v(x) —sp( g)n(x) xeU,

0
Sl € CRU), p ¢ R — RE—AEUNFH “HHR” B3 o0 ={
2

px+1)=p(x) x eR.
AT, PR (8. 1.2) B Y AR MEFAFAE M L B 5k 2 —, BRI 2 1[6, 558.2, 8.4715].

> 8.1
SRR 8.1.1. Kde T2 Ko ik didads 9 B 7742

T 1 2

1 m
I[w] :=J J —w? — =|Vw|?> = —w?dxdt,
)22 2

2+ wt,x) e ([0, T] x RY), m > 0& 4= &9 % o
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SJR% 8.1.2. X

T
— 1 2 _ 1 2 l 6)

Iw] —L JRS S Wi (2|Vw| + cW dx dt,
Ehw(t,x) b TEFEA={we C(0,T] xR : w(t, ) € 8(R?) Vt € [0,T]} KI[w]EA LR
SMUFuiHh R TTAZ, FHIEA
Lo Lg,ee s
R32(ut) + 2|Vu| + U dx
AFEE,
SR 8.1.3. FREMANMAEL = L(p, z,x), RIFFTHE-Au+Ve-Vu = finUR I[w] := [, L(Vw, w,x)dx
SR ARRA5-15 A B B AR, (B FEFHRICNG AR E =, )

SRR 8.1.4. %> 0,U; :=(0,T] X U. iE®: A AP B EL(p,z,x,t) (p € R¥* x € RY), 1&
#F4e T A% B B W) AL 89 AE F T A2
du—Au—ed’u=0

Rz H L w] 1= [, LOw, Vw,w,t,x)dxdt 32Kz B A, (R £ EFRK
ARG B At 89 F5AS B B 2, )

SIER 8.1.5. X L(p,x)R A&, Bt p & R—H ey, BPAED> OfEFF

d
3 8,0, L(Vu,u, 0)EE; > 61617 (€ € RY, x € V).

ij=1

ERAIw] = [, L(Vu,x)dxEA 1= {w € C*U) : w|yy = gLOMIFRE—1, HLdg:
0U — RAL =6 HF HE

BT Bu, uyABRANTREGAMUT, GER2I[N2) < I[u,] + I[u,], # @ $ 5 F .

T2

SIER 8.1.6 (i S Hamilton 7 FE4H). KA A L 5k 2269 FiE. k5B EL  RY X
RY - REA 6B HEH, F2HL =L(v,x). B2t >0,x,yeRY, 2 LER=H

t

I[w] := J L(w(s), w(s))ds, weA :={w()eC¥0,t];RY) : w(0) =y, w(t)=x}

0

SR B x() € ARI[ | EA LT, BRI[X(-)] = ianq I[w(")].
we
(1) BB : LT 2 F My 7424

—%[VDL(X(S),X(S))] + V, L(x(s),x(s)) =0, Vse€][O0,t].

(2) A p(s) := V,LX(s),x(s)) A 3 & T4z BEx(s)Fek B x(s)8 ) X 32, FELNEZX, p € RY,
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72 p = V,L(v,x) B *E— 8 L F v = v(p,x). &5424 8 B LA X IK 49 Hamilton®e H A
H(p,x) := p-v(p,x) — L(v(p,x),x).

JEH: (x(4), p(+)) A& 4= T Hamilton 75 A2 &9 i

x(s) = V,H(p(s),x(s)), p(s) = -V, H(p(s), x(s)), s € [0,1].

Hs —— H(p(s), x(s)) 2 # 14T,
SEid 8.1.3. &5, EF45L(v,x) = imlvl2 — ¢(x),m > 0. N2t 7 4G B d5-454& B B 75 A2 A mX(s) =
—Vo(x(s)), BPAFME 2, AP LEHMAYRELTN A%, s RGH(p,x) = imlpl2 +
p(x)BP A Bk Z, A B AR, B £,
SIS 8.1.7. ARFE R A8 L6 ahke by, BAEHEA 1= fw() € C([0,¢];RY) : w(t) = x}.
(1) 3E8A 3] A8.1.689()VI R A £, VAR V,L(X(0),x(0)) = 0.

(2) #x(-) e ARMERA =T [w] := fé L(w(s), w(s)) ds + g(w(0)) 89 ML-F, JERA: x(-) R ERAz454&
BB AZAGRR, A Es = 0469 R St

8.2 THAFN: WHEEBHIAFRE-

BUERATE K BB Dirichlec B W RFATHEIR A %A Fw] oy = gB— DM AEX w > g
in U (g € C*(U) M ERISRED), BEATE LAEVFEN

A={weC*U): w>ginU, w|yy =0}

HE BRI R EZ RI[w] := [, %le|2 —wf dx. ZREREZ RIEA E IR IME T A ME— TR 7
TG FZ eR AT Y JEESS, P DA BLRAT] H BT R AFAE R o AR RE IR B AR D AR (XA
WA AT IR ). SR, FRATTS A I AE AR AR M 7 AN P 67 34 05 R TR 10) R ARy, T o ks A2
B 5 AF3K (variational inequality):

o Wy “HER T BEASY, BlMu(x) > gCoi, BAMWIEMATE-Au = fRAL;

o i, R u>gM —Au> fEEULERO.
— EIE8.2.1 THAER
Hu € ARI[w]EALOE—HMLT. W

Yw € A, J

U

(Vu) - (V(w —u))dx > J f(w —u)dx.

U
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GAERPUE AR M, BATEARNTREHS HEgE R 8 E 2002 W 3R A%
Ko HEIHILT O:={xeU:ux)>gx)} C:={xeU: ulx) =gx)

free boundary

The free boundary for the obstacle problem
8.3: FEHG4) In] R () H EHid At

H T u, g IESREL, PO ITEE, Cre(HHx) 4.

WS 1: —Au = fAEOFIERLA .
BT THOAERR. (LI € CR(0), HITHEO Hutx) > g(x), T DL X el 740/ it FA 1056
w(x) = ulx) + ev(x) > g(x),#iMw € A. T AZEX, BITE

EJ (Vu) - (Vv) — fvdx > 0.
(V]

H Tz AEFHME RN > 0fle < 0FB AL, B AL NIATE T RGeS T, XU Hull
JE—Au = fAEOFELAL O

WiE 2: u>g M —Au > fAEU BIERAL

WIS 200IERA. — BB OL T, BATIER R IR IR, He € (0,1]78 0/ RS AR )
I AVIIES

J (—Au— flvdx >0 Yoe CXWU), v =0,
U
Frbl—Au > fAEU RO, ]

7EIC 8.2.1. 24F =00 N UMARME B LR (free boundary), iX £ 89 “ A&7 —i5 248 &K A1H
TN Fail K AN @ 6 AR B AR, mARE 74269 A M XA EARKEREA, TAHNFH
b ERR E AL R S R IR A P AR AL

TEA/NTT IR G, BRATRIE AR 73 A5
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TOAFARIERR. BE w e A, MIHMER0 <e <1, HEGARNE, RATA
ut+ew—-—u)=0A-c)u+cw € A.

FrCAIn 4 je) = Iu + e(w — u)], =152 j(e) > jO)XHEEe € [0, 1]1E&L, X j'(0) > 0.
MAEFRATH FH0E 5 j'(0). Xte € (0,1], FATEH

OO zlj Vit eVw — )l = [Vul” —fu+ew-—u)—u)dx
U

€ € 2

\Vj _ 2
L V@ —w)

> — f(w—u)dx.

=J Vu-V(w —u)
U
% e —0,, 4i5j'(0) > 0] 1%

J Vu-V(w —u)— f(w—u)dx > 0.
U

> 8.2

SRR 8.2.1. iEAI[w] = J"U§|Vw|2 —wfdxEEFEA={weCU):w>ginU, w|y =0}
EMLT R, HPg e CO(U)RE R I,

SIEH 8.2.2. iEW: RILE2ATHEHNTREXLTEE —Au+Plu—g) 3 f, £FB()A 4w T =L
EZLRECE ¢

0 z>0
B(z) =4 (-0,0] z=0.
@ z<0

SEn 8.2.3. 42 f € L*(U), tu iz & I[w] := J‘Uilvwlz —wfdx EEVEA={we Cz(ﬁ) :
IVw| < 1in U, w|yy =0} LT B8 u HATF X

J Vu-V(w—u)dx}J (w—u)fdx VYweA.
U

U

8.3 \IFEE

PAVIAE T [E e T2 R AR 2 1) X388/ BR B3R A0 S AN 14, FFE BHAR B B BR bz -Hi s B H 5
FEMIMR T DL B ShHE H B B A s e e 8, Xt 2 W RF € . (Noether’s theorem) [FSEH N & . HF



83 htrE 243

B, FIFHERREEL, BATAT SR L ST, BREFHBIRANMES B A EP AR S WL B —
s E B, PRI

ARATEAUERU € RGRFFEE, HidI[w] = [, LVw, w,x)dx, X w : U > R,L = L(p, z, x) &b
FE I BRAL

8.3.1 EIERIFULSIERA

TERUR & BLZHT,  FRATTFREE 51 12F X 338 43 R oR #5038 73 IR 2
185 8.3.1 (X142 (domain variation)). %% : RIxR — R4, ¥ = X(x, 1) & — AR A 3L F T L
HAFEEY, LA EEx € RERA X(x,0) = x. SR8 5 8, Bedtx — X(x, 1) #ARE K 3%
% 4 (domain variation). B i+ #1172 v(x) := X.(x,0), U(z) := X(U, 7).
185 8.3.2 (BREUL /> (function variation)). % <Fu : R — R, &AMF ERHFKub) —% AT RHKET
2 (function variation) w : R¢XR = R4, w = w(x,7) #H L wx,0) = u(x) HEEx € R4KR L. &
12 m(x) := w.(x,0), H#ZH—/FF (multiplier).

— ENX 8.3.1 JZEREIATM
BAVRZ I JERBES XK EPWTEATSETR, R TEF A EEZG DA KA
IEEITHE U c R #Rpk 2:

J L(Vw(x, 1), w(x,7),x)dx :f L(Vw, w, x) dx. (8.3.1)
U

U(1)

PN RBANTBUR HFAUE B iy e B, HAR WY REEEIZ BRAE X IR 73 MR H0AZ 70 R AR 1 7T AL
AT RS -FA% B H 5 R rh e U R A e S5 5K
— I 8.3.1 iEHEE
RI[ERBESXF(Gt 2 HBut)HH T rwTEARTE, U
1. 4o T2 X

V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) = m(V, - V,L(Vu,u,x) — 6,L(Vu,u, x)).

2. AFAE, BuRILIEGER S, ik RS- 24D B T =V, (V,L) + 0.1 = 0, M Ak
T B K ey % Xk =

V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) = 0.

MERR. ATABAEEEFNX(S3.DFhxfkT, H4t=0Hm. ik, 535K

J VoL-Vim+9,Lmdx = J L(v-N)dS,
U ou
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J VPL-medx=—J mVx-VpL(Vu,u,x)dx+J mV,L - N dS,
U U 0

U

HHEEH, 53]

J L(v - N)dS, —f mV,L-NdS, = j V, - (Lv —mV,L) dx.
ou ou U

ZHWAL, 133

f m (V- V,L(Vu,u,x) — ,L(Vu,u,x)) = J V, - (mV,L(Vu,u,x) — L(Vu,u,x)v).
U U

T EXOHMERITEU € RYESRAL, P AZEAS P BB o il 52 Ab AR AH A5 O

8.3.2 JLA=4

T SEBR A FH VR 4 8 BRI i, FRATTFE 225 T s FART A X 38048 75 26 R R 308 43w DA SR 15

AE V2 BRI AR o AN AR, T ] DL AR IME FudRos B BRATRRE (e Fm. A5 N H AN 18] B 5K

i, FEAREIG] TS W) @A RSy, BEAITKZ & H Evans [6, 558.6717].

— 518.3.1 FBATMH
KL = L(p, z) ~MeAix T &, MIw] 1= [, LVw,w)dxAFBAREH. b2k e {l,,d}, &
XX(x,7) :=x+71e = wx,7) = u(x + 7e;). ARG KA A K IRE Aoy FE 509 2 X
H

vV=e, m=0,u

B, e RuAI[ |8 —ANIE R &, N 28.3. 15T A4 i

d
Z axi(apiL axku - Laik) =0, k = 1., d. (832)

i=1

KA. Bln, BRS8N 2Eh e L, % E
T

I[w] =J J l(5tw)2—1|Vw|2+F(w)dxdt
o JRd 2 2
FE u AMMET . BATZBTCEHE S u e B8 i

du—Au+ f(u)=0, f=F.
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Tz B, ATE p = Bw,d,w, -, 0,w), X = (¢, x,, -, x,) HH k =0 (I A]28&). W] L(p, z) =
ipé — i(pf + -+ P+ F(2), S v = e, m = d,u. FiFFEH, HAIEE

V.- (Vuu,) + 9, <ut2 - %(uf — |Vul?) + F(u)) = 0.
XEKHe 1= %(uf + |Vu|?) + F(uw) /2 e, — V. - (u,Vu) = 0. Fus i, WA CAHE H g8 & 5F
_d
‘fﬁd— Jye(t,x)dx =0.

t

K R Ik € N*(WRF [ A2 ), v = e, m = du. #ikHEE FIRA 113 2
v, - (Vu O,u — e (%(uf —|Vul?) — F(u))) + 0,(8,ud,u) = 0.

MAZABY, IFFIBOEE NS [, Qudu = OXFERIL < k < dMOL, KRBT RIS .
]

— 518.3.2 EENHERHEANTE
BT & ) T ALO U — Au = 0% 2 4w T 2k G L ML T

1 T

I[w] = Ej J (B,w)?* — |Vw|?*dx dt.
0 JRd

HAVT ML, WA T AL A T 4 T #(x,t) - Ax,At), u /1§u(/1x,/1t)’F—,El-7ﬁ7F§E
M, ZF1>0 ABE A= HE LT RBRES;FHHE D

d—-1)t

X(t,x,7) =(e"t,e'x), w(t,x,7) := e_Tu(eTt,eTx).
W] 4 = ST AH
d—1
2
it e, 2LF KOG THE, RMNTAKBBEARAEBFXIp—divgq=0, L+

v=_(x), m=tu,+x-Vu+ u.

t d—1
p :=§((atu)2 + |Vul|?) + (x - Vu)d,u + — U,

q :=(tut+x-Vu+

u) Vu + %(uf — |Vul]»)x.

ZRFAFIEAZ LR TG RN TAZGERM A EEALRT XEEOER, BKERARL
Evans [6, $12.477].
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> 8.3

SRR 8.3.1 (p-hi W h i HF I 4E AR ). 4 p > 0, £ & I[w] = [, [Vw|P dx. iE8:
(1) BT (RIXAAE) u # & p-Laplacian 7 #2div (|Vu|P~2Vu) = 0.
(2) I[w] % Hx — Ax, u - A 7 u(Ax) (1> O)F MR E. A4 = et 4 A 124 7 521 9]

V- [(x -Vu + pu)pru|P‘2Vu — |Vu|Px| = 0. (8.3.3)

SIR 8.3.2 (BTt AT, &B(0, r)E £ X IRU K 3.
(1) KEHF X(8.3.3)£HKB(0,r) L%, F HGauss-Green/> X E# :

d- p)J Vuul? dx = r f Vul? — pIVulP-2(@,u) dS,,
B(0,r) 8B(0,r)

A du =2 Vu Ruth B $4K.

||

() BER: r = == [y, VulP dx X Frr.

jo)RR 8.3

o] 2 8.3.1 (Almgren LA ). KuARBU C R4 L&yifF=R %, H#HZB(O,R) C U,u(0) =0,
u#0.30<r <R, 2L

1 1
a(r) := ﬂJ u*dS,, b(r):= EJ u®dx.
r 3B(0,r) r B(0,r)

£ 48.3. 289 FPMA K P Bp = 2, TARE D) = 5 [30,,(6,u)* Sy
. 2 2
(1) 1EBA: a'(r) = ,d__lfaB(o,r)uar“ ds, = ;b.
(2) 1E: b(r)* < ga(r)b’(r).
() EXMERHKS = S, JEB Almgren £ AB AKX f/(r) >0 Bmz. (BT A(1)8L£L.)
(4) iEH: ()) <E #ma(r) > yrfHEE0<r <RM . A B = % y =22 sk
T AR FAA AR BT S ML KR FT R, (Ra: LAG), &)
o] 8.3.2 (Wish TR AL IE fEE A Morawetz{EZ5E ). & X #y &% (hyperbolic inversion)%= T
p

x t
x> =27 |x|? — 2

(t,x) — (£, %) = ( ) Vx| # t. (8.3.4)

Pt B Kelvin 3 Ku = @ A at,x) := u(@, ©)||%]2 — B| 7.
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(1) #EP: #F02u— Au =0, 1 8’5 — A = 0.
(2) ZFEWTEBRESFHHRET S

X(6,x,7) 1= y(t + (X1 = 12),%),  w(t,x,7) 1= 75 ux(t,x,7),

by = P Atz s TR E ()RR, REF ke, &5

2= (t+7(|x|2—12))2

Al BR . ER: XG9I A VAR T ma Al A

v =(]x]?+t32tx), m=(x|*+t>)d,u+2tx - Vu + (d — Dtu.

(3) iE¥Morawetzf8 ¥ X ¢, —divr =0, L F

r:=(|x]2+t3)du + 2tx - Vu + (d — Dtu) Vu + t((0,u)?* — |Vul?)x, (8.3.5)
_(t+|x|)2< d—1 )2 (t—|x|)2( d—1 )2
= o,u+d,u+ —2| | ul) + 2 o,u—20,u 2] u (8.3.6)
2 2 _ 2 2
;e <|Vu|2 _@up+@=3d-D ) (d — 1)div ('xl +! ux).
2 4|x|? | x|

Evans [6, $8.67] & 1& 2 “ After a longish calculation, we derive Morawetz’s identity.”
[B1R 8.3.3 (A 77 A A BE R RE0RL). R u At T I 5 77 A2 69 78 i
u—Au=0in(0,00) XU, u(t,x)=0o0n (0,00)x3U, (u,8,u)|,o = (Up,u;) € CX(U). (8.3.7)

£¥ U:=RINO,0CRIAHRFE, HETREA LA,

Hie%d = 3,U = R0 = 00, KA HRGBEAOE )M R RE, KHBa)H G2
FAUNHRT EBAE OG0 RABMET, ZAARERSD 4269 B3 E XM (local energy de-
cay). 5~Bi% O € B(0,R), #4%kd = 3.

(1) #E9A: B FAE8.3.203) 4 htickri B T A, A PvRAI0MEE N kmE:

EJ cdxzf r-vdS, <0
e Jy 0

(2) AR Fectykx X, £ : SR > 0 A

5 _ 2 —
f (¢ + |x]) (o +au+d—u> +M<5tu_5ru_d u)
B(0,R)\O 4 2| | 4 2|x|

|x|2 + 12

2

(JVul?> = (6,u)*)dx < C.
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(3) EPA: %t > 2RET, A&t

Va2 — (B,u)? dx < <, (8.3.8)
B(0,R)\O t2
_ _ 2
Gy + G+ g u+ Y=Y i < € (8.3.9)
BORNO |x| 4|x|? t2
(4) AR L6, = div (;zlzx) _ %W fo (3) F =A% XL

J B,u)* + (B,u)*dx < gz, t>2R.
B(O.R)\O t

8.4 MNMELTFHIFEMESEN S

FESE2.47% T, BATE A A 7M1 FRA 8 557 1) P EAF AR el — A IME
g, FRAH 39 R EREOSEC T 51, SRR IR IR R eR S5 o8 R T VF SR IR B ME . IXRIE TS
IR A HAGRFALAR ) AR IR I 3 T AR ik e IR AME FAEE PR B AT, IR AR 3R
DIEREEGE. AU

Iw] ::J L(Vw,w,x)dx
U

R RG U HIX — 77, FFdE— B e ME T[] Euler-Lagrange J7#2 S HIENPE. fEAT H,
U C RUAKRFIREAIBIARMARIFE, 1<g<oo, HL:RIXRXU — R AHIHEHRE.
gEilfEg, AT

A:={wewW™{U) : Trw =g on dU}

KPR, YRR EA e a R, PRI [w ] BN E T (— o0, +0o | 1) SLSHAHIZ PR -

8.4.1 EFIMESSTHFESEM

BV LERAT IRYESR L R . — DA N A RELL R ECR B IA B T 5, Billner. 45
FORZBRHAE x| — ool T +oo, AT LUIEH/IMEFIIRBIEIEAN LN, IR ME . X
TIEBRYEZE [ Tz R, SRAL A AR S 1 -

FAA, RBAAAEHR o > ONB >0, 117

L(p,z,x) > a|pl?—f (8.4.1)
SEEp e RY. z € Rfilx € URAL, T2

I[LU] > a||Vw||gq(U) - ﬁlUl
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XUt RE A AT DGV L5aE . A # 0FFEcw, e A, NXERE we A #HH w—w, €
Wé’q(U)’ P Poincaré NEA 115

|wllLawy < [[w = wollLawy + [Wollraw) € ClIVw = Vwgl|rawy + [[WollLacw)-

I REEA AR BEAEWSHU)TE R . HT1 < q < oo, ZTRWYNU)LEHE KRN, Bt UUEA
IMEFNVEAFAE SIS T 51 6
SR, S9BMEAREIERE ., 45 u, — uin WH(U), BATBAGEW S1u,] - I[u]. F£ Lk
Vuy 1] e BRI R, DRI AN 2008 s IS, N TR MU S R RE R AR B AR, R
TG AR5 B 5
— ENX 8.4.1 FFRFZELEM
ARZHEWH(U) LR BT FELEL, R ETHL

u, —~u in WH(U)

8 57 A A I[u] < liin inf I[u,].

AR ZEFH —ATH I N8 BMEF ISR B H & 2 /DR A & L2
A, IR UL, XA EIEIFRE 159 R RS,

EIE 8.4.1 MFHZHRAITE NFIES

|74Fiiy’iL75%*‘Tﬁ, FHNEANBE Rz € Rfex € U, B4 p — L(p,z,x) £8HHE.

WIAEWY(U) LR 7155 F ¥4,

MERR. &
u, = u in WH(U),

Hid ¢ = lim inf I[u]. At = +oo, ZWRINNIL. WILATHIES <+l HHLT )5,
AP Iuy ] — €. SFWEER S {u EWHU)PAH T . i Rellich ZVEEH, RS T5)EH

u, — u in LY(U), u(x) — u(x) forae.xeU.

%e; 1= 27t Egorov FEEL, XMGAYj € NEMEERTAEE) € U, 643 [U\EY| < ¢; I Hu, —
J

WIEE b SOR. S E; = () B TR, u, — ulEE, LA RIHE,
m=1

Wi, JRH |U\E)| < |U\EY| <27 Fi%

F;:={x €U : |u(x)| + |Vux)| <27}, G, :=E;nF,

WA 4 BRI HE A, T LG, J LA 55 RU.
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HMTLASG— T, SLINE - DNERASEIEIER AR, MR L>0, T2

Iu ] > J L(Vuy, u,,x)dx > J

L(Vu,u,x)dx + J V,oL(Vu, uy, x) - (Vi — Vu) dx.
G; . .

G G

B Ja— P IE LR T piit .
MEj. £G, L, uMVuf i, Mu, — w&—Ss, BRLEDEHEES E L(Vu,u,x) —
L(Vu,u,x) f£G; b —3 L, M

J L(Vu,uk,x)dx—>J' L(Vu,u,x)dx.
G G

J J

AP, V,L(Vu,u, x) — V,L(Vu,u,x) f£G; E—BAL. K)o — MR I

I [V, L(Vu, uy, x) = V,L(Vu,u,x)| - (Vuy, — Vu) dx +J V,L(Vu,u,x) - (Vi — Vu) dx.
G, .

J G]
5 — I — B SV ELIR A G T % 5 0H
Vu, = Vu in LI(U;RY), 1g,V,L(Vu,u,x) € LY (U;R9),

WETE, 2L,
t ZJ L(Vu,u,x)dx.
G-

WG4 — 0o HHL > ORI A SIE 2,
> J L(Vu,u,x)dx = I[u].
U

XMLUER] 185 N S

U

i 8.4.1. LHRIEMFREZWN—FROGHIF VY, — VuZ R T RHA, 3G EbiFae
BRIVEMZ S, F—F@, BTFu - ultLi(U)F iRk, PAARE BBIEZLE Tz AL,
PUAERT LAEE AR IME FAEEPE I R A e BE
EIE 8.4.2 MMMELFRIGTEM
BAX Lk R 3% H M 5 H(8.4.1), JFHMENE R GzFex, B4 p — L(p,z,x) £ & FHHK.
EA+D, NWHEAEUE A, 113 I[u] = mifrlll[w].
we

HEBA. it m = inf,c  I[w]. #m = 400, NWMEH U € ARIT]. LLNi&Em < +oo, FHHUM/NE
Fws c A, 13 I[u] - m. LG WKL + BHALUBR/IMET, BT FERHIEFZ A %L = 0.
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T

) > a1y, = 5P [Vl < o
B Ew, € A. HTu —w, € Wé’q(U), PEPoincaré &5 1] 15
[kl oy < CINV e = wo)llzawy + 1Wollzawy < C (Ve lzawy + [1Wollwraw)) -
FrbMu EEWHU)A 7. HE M, TP E e e WHU), 115
u, —u in WH(U).

BT ui LA BT w —w, € WIU), MW, (U)REWS(U)K LM T8, b
RFIAR. HIk u—w, € WU), Mlu e A. HJEhEH8.4.143 I[u] < lim inf Iu,] = m. e

T, u€e AEWEIu] > m, Wu] =m. O

A BME—E, 7R M s A T A
— I 8.4.3 WMELFHIME—M
fEREA20BIRT, #—FMBik in:qu[w] < 400 BL = L(p,x) "M #z. ZEHEO >0, 1&

i

d
> Ly (P X)EE; > 01 (8.4.2)

i,j=1

SETA p, & € Rifex € Unk Lo WIEAF LT H—,

ERR. W, @ € ABNMET . BT RMIAI, WIS, 57, hi(34.2)%
4t Taylor A=\,
L(p.x) > L(0.%) + V,L(0.%)- p + S|pI* > I pl* ~ C.

X B T L0, x)FIV ,L(0, x){EU 1A FtE. ik Vu, Vi € LA(U;RY). FxH{T&p,q € RY#
HF—" Taylor A3, 153

0
L(p,x) > L(g,x) + V,L(g. %) - (P~ + 5|p - ql>.

S

v:”;ﬁeﬂ,ﬁiﬁ¢%m




252 HNE AR ERIS
R —/~qBl K p = VAT, BT MIE B, LPETA LG, A5

I[v] + ZJ |Vu — Vi dx < M
U

A S T IHEA LR B/ME, I[o] AN T /AME. Btk Vu = Vit ae. in U. XPhu -1 €
W, 9(U), #&Poincaré N&ER1G Hu = . 0

8.4.2 H#u/MMEFBY Euler-Lagrange 7572

FE 8 4.2 L IR HA I ME T JE T Wh(U), FEARIEE 2L M e B, ISR\ 1 At
ST BB A ) —Pir 32 7038 75 E24E Sobolev 5 A BLFTIGAIE . IR BAFAEHEC > 0, 15

|IL(p, z,x)| < C(|p|? + |z]9+ 1) (8.4.3)
PL &
V. L(p,z,x)| <C 14|zl +1),
IVpL(p,z. %) < C (1P| + |2 ) (8.4.4)
10,L(p,z,X)| < C(Ip|"" + [z]97" +1).
_ X 8.4.2 Euler-Lagrange ;712HY55%%
#fu € AA Euler-Lagrange 4 18 7] 21
d
—2 8, (8, L(Vu,u,x)) + 8,L(Vu,u,x) =0 in U,
i=1
u=g ondU
WB5IR, de RAEEL € WUU)ARA
J [V,L(Vu,u,x) - Vo + 8,L(Vu,u,x)v| dx = 0. (8.4.5)
U

H1(8.4.4) 1 Holder 555, (8.4.5) M AN FL - #A # 3L
EI2 8.4.4 tR/MELFi®HE Euler-Lagrange 5%
B Lith 38 K 514(8.4.3)-(8.4.4). Fu € AHRI[u] = mi;lll[w], MuR 2 L842F L T

we
EEY 1

JERR. [EEv € W;’q(U), % i(t) :=I[u+tv], 7 € R. H(8.4.3) ] Hli(r)X AN tH#A & L. Xt #0,
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ic
L(Vu+ tVv,u + tv,x) — L(Vu,u, x)
T
SR HIx, 2T — OB BOL R.(x) — V ,L(Vu, u, x) - Vo + 8,L(Vu, u, X)v.

5, PEAR A e e B AR 2

R.(x) :=

1
R.(x) = J [VPL(Vu + stVu,u + stv,x) - Vo + 0,L(Vu + stVu,u + srv,x)v] ds
0

M| < 18, H(8.4.4H)FHSEH Young AEER,
IR ()| < C(IVul? + [u|? + [Vu|? + [v]? +1).
HviJ& T LY(U). BRI flU Sioe 3 VR AITE R 705 WEUI R, 45 2

i'(0) = J [V,L(Vu,u,x) - Vo + 8,L(Vu,u,x)v] dx
U

T u + v € AHifET = OGBS HR/IME, i'(0) = 0. XWlZ(8.4.5). O

JEIC 8.4.2 (MWMEETE N INidri). —Ax 5, Euler-Lagrange 7 #21L 7T A A A & F 48/ ME 69
B, B EAX, BABS (p,2) » L(p,z,x) AN E K, WEABEAZMIMT, FELE
tEEw e A, A OHLH

L(Vw,w,x) > L(Vu,u,x) + V,L(Vu,u,x) - (Vw — Vu) + 3,L(Vu, u, x)(w — u).

WAy, FEBHTAFRU=w-—ue W, I(U), #FEI[w]>I[u].

8.4.3 H—SHIRESHFEEEBR/IMET

/N, EECE YRR, BN Euler-Lagrange 77 FEIARER & 4 Rt /ME T LA
KTEAEp™N, WX —ER—RAFRL. A, REEAE T T DR — R I 5 ST
B “tfEs” o, ﬁZﬂW}%TU\T X I BRI 1 X 38N IE B B BT TR S /M

BT c REGFZOMIFXE, H (x,2) — ulx, 1) 258 LTEU x T EFDGHE R R
[ MIA €T, BEu(, A)EEUHH 2 Euler-Lagrange /512

d
— Z 8, [0, L(Dyu(x, 1), u(x,2),x)| + 8,L(D,u(x, 1), u(x,1),x) = 0. (8.4.6)

i=1

X ED RN AN ER T . 1dux) 1= u(x,0).
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EIE 8.45 MMESHSHERR/E

BAEL% T pdh, H# Bu(x, )% 2 (8.4.6). X8 € CLU)BIATFI, B9 =00ndU. T w(x) :=
u(x,9(x)), Mw =u on dU, H# H I[w] > I[u].

WERR. HaE =15 2
3, w(x) = 8, u(x, 9(x)) + 3, u(x, 9(x))3, 3(x).
PLR AR, ufHSHIIE (x, 1) = (x,9(x)) MBUE. HL3T piifytt,
L(Vw, w,x) > L(Dyu, w,x) + 8;u V ,L(Dytt, w, X) - V. (8.4.7)

5 L AEYb = (bY, ..., b%), H

9(x)
bi(x) :=J 9,u(x, )0, L(Dyu(x, 1), u(x, 1), x) dA. (8.4.8)

0
Xt (8.4.8)=KEUE, FHATH(8.4.6), 133

S(x) d
dwb:dwuﬁﬁgaawuﬁxuxyvs+f >10,,0;u8, L +3d,ud, (8,L)] d1
0 i=1

3(x) d
= d,u(x,9)V ,L(Du(x,9),w,x) - V9 + J [Z 0,L8,0,u+0,Lou|dl

0 i=1

= J,u(x, 3)V L(Dyu(x, 8), w, x) - V4 + L(D,u(x, 8), w, x) — L(Vu(x), u(x), x).

AT, LA SEIIEDux, ), ulx, ), x)CBUE; e — D555 WA R LA
PR 73 A 2 B

K H(8.4.7) ] U5 NL(Vw, w, x) > L(Vu,u,x) + divb, BHEU L. HT9 = 0o0ndU,
€ N (8.4.8)iFHb = 0F0U. Gauss—Green’A R ZE% H

I[w] >I[u]+f b-NdS = I[u].

ou

]

ST 8.4.3. X B “ BT B AT T Hiowx) = ulx, 9(x)HW LM E. Eo,ulx,0£UL
—HIAR, NElfRH R, BMEREELTASELut)HRWA T B & A1 K. {5FE
B0, REZRZRweHRMAELU, FARERKVWEL VU,
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8.4.4 ML TFRIIEM M4

WAL & —DNEOVR IR B2 LU R EE BRI K

I[w] :=J [L(Vw) — fw] dx, f e L*U). (8.4.9)
U
ANHiELg =2, HRK
[V,L(p)l < C(1 + |pD), IV3L(p)| < C (8.4.10)
DL S —Eu 4 ,
> L,,(P)§§; = 01€1° (8.4.11)
ij=1

XA p, & € RUKAL, HETE8.4.4, W METFRITHE
d

— 2.0, (8, L(Vw) = f (8.4.12)
i=1

()55, P
J V,L(Vu) - Vudx = J fudx Yv € H)(U). (8.4.13)
U

U
— T 8.4.6 ML IEMHEN M
18.1%(8.4.10)-(8.4.11) sk =

(1) #u € H'(U)A(8.4.12)89 35/, N u e H (U), ARV € U, AAFHC >0, 1
7

||u||H2(V) <C (||f||L2(U) + ||u||H1(U))-

Q) Zi#t—Hue H(U)AIUETFC?, M ue HAU) E |[ullmw < Cllf ko

28 BRAUE B 5 55 — 5 A B 1 DU 1k e B AR, e A mE 25
TT v o L D0 A 5 T e R AR 5 5 R AT P AN TR NHE 4K 24 v L DU AP S A e ] B0 1 e 5250 40

loc
LMETTHER T, BEZUORF T EBRRBE &P AR 1% BN SR B A2 Jedli)T
FEH— B FHCE A A A T AT RN L ARG J7 82, B De Giorgi-Nash 5 BE3#F Holder 1

M, F4FR Schauder ! 11/E bootstrap.

NRHEBLM, U =0. FEELI<k<d 2 :=0,u,a/(x) 1= L,, (Vulx)). #E
#8.4.67%u € HZ (U). 1EF§ 2P RBUR -0, wiyiARE, HEREEL, "TLEE: WHME
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BV e UMw € H\(V),

d
J D, as, ud, wdx = 0.
|4

i,j=1
B2, WREMRERTE a
—Zdﬂﬂ%@inM/
i,j=1
g H1(8.4.10)M1(8.4.11), Z%aVH 5 H U, (HILRIEARERT 5 E11ES:.
De Giorgi-Nash E##i#: ff{Ey € (0,1), 18 7 € C&Z(U). KRN HZ S5, 153
u € Cl(U). ELRYGEBREL W al =L, , (Vu) € CpI(U). BT u € H2 (U), Sobolev Hx{id: Il 5t
PFRATE IR R AE LT A AL 78 SO 5 AR R T 3

d
— Y, al(x)3,0,u =0,

i,j=1

FLFHSE T EPB R Schauder PRI w € C2V(U), 3K BLIGHE R AR B2 00
A, XETE AR 2 3 Schauder T, FF 1m0 — B0l THBUIRBR o IXAEE AN 77 29 S5 i
Wuss 2 L

B Q¥ € C7(U), PRV Schauder (i (573 215 5 — B EIIHE . AILIEAFTE u € C5(U).

FERESIT S = 0. Fh, EREFOTROA A DAAH u e CYU). # f e
CIIE)Z(U) HLYtH, MIF— Schauder bootstrap 25 Hi u € Cllf)tz’y(U).

Fealh, f,L € CHn[fHu € C®°(U). FEfRH, WIRIIYILECY 11+ De Giorgi-Nash
€ B Schauder fiti TH 4% B #R 2 78 U AT HHAE IR R X AU EAT T iR A /ML T 1E
DU FETIE B B 2%

8.5 ZIRTHSILEKS[IE

FERLIR Ay R F, Fusrdiz BRI ME T, WA LRSS o5 8P ahu + tv. 5k
MU LR, u+ rol@ AR TAVEE, DIMLAUe X —90sh “Hbl” Q0. A5
e GXFLVRAL 73 07k L R0, s AR 2 B AT Mountain-Pass & B 5K fE 12 o AR
B St A BRIl E N T I R E 1S T RS

8.5.1 R/t SLagrangeIeF

WU Cc RYEAFIEEXI, LA, 4EG6 e C(R), it g =G, IHRFEREHC >0,
15
VZER [g(2)| <CA+z]) = [G(2)| <CO+ |z]?).
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7E X
w] := %j VwPdx,  J[w] :=f G(w) dx,
U U

ARV A i={w € H)(U) : J[w] = 0}

EIE 8.5.1 RN FHIEFEEM
Paiu £0, WHEEue A, % I[u] = min,., I[w].

MERA. id m = inf,c, I[w], FHFEURMEFS{u,} € Ao HiPoincaré NEE, {u, MEH (U)TH L,
ML FH5, u, » uin Hy(U). #E55 FFESNEAFE] ITu] < ”{giﬁl“[”n] = m. #EEIRNE
H, &0 MR u, —» uin L2(U).

1 E E B AT g I S H 1S |G (a) — G(b)| < Cla — bI(1 + |al + |b]), FITEA

] = ITull < cf 4y — 2l (L + [1ty] + Ju]) dx
U

< Cllu, — ull2y (|U|l/2 + w2y + ||“||L2(U)) — 0.

HTJu,] =0, FAFEI[u] =0, Hue A, HHWRMERE XEFI[u] = m. [

_ EIE 8.5.2 Lagrange¥eT
Hu € A A[u] = min,e, I[w]. WAEELER, #4F

J Vu-Vudx = AJ g(u)vdx Vv € Hy(U).
U U
B Heu R 4o T AE &P AF AL AE 9] 22 64 55 i -

—Au =1g(u) inU,
u=20 on AU.

MERR. Zefiikg(u) # 0. Elw € HY(U)MHE [, gw)wdx # 0. BE(EEv € Hy(U), & X j(z,0) :=
Ju+ v+ owl. N

j(0,0) =0, 0,j(0,0) = J g(w)wdx # 0.

U

Ba kB HZS e > 0fllg € C((—¢,¢)), 115 ¢(0) =0, j(r,¢(1)) =0, FiZEZEXRFIHSr =0,

Ju gwvdx

10 = [, gwwdx
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() i= 10+ ¢(Dw, Mu+n(r) € A. HBNESZ]

0= iI[u + 1(7)]

T . = JU Vu-V @+ ¢'(0)w) dx.

HNG'(0)FF5E X
J Vu-Vwdx
U

A=

b

J g(w)wdx
U

HIFCE 770

Fig(u) = OJLTPAbAbmisr, NSobolevik ik 45 HHV(G(w) = gw)Vu = 0. HTUZEIHE,
Gu)) LA N E % Bl [u] = Oz HEBNE . FUFRLELHGO) =0, #0 € A. FHu #0,
MIu] >0 =1[0], SWNEFE. Fitbu =0, ArFEESRE IR, O

JFiE 8.5.1 (5 ME2.4.11KR). RG(z) = 22 — ﬁ MJw] = 0¥ M F||w|| @) = 1. FHERE
#lw] = lfU a’owd;wdx, AAFIEIEL

2

J aVdud;vdx = AJ uvdx Vv e H}(U).
U U

X LY RHHAFHgu) = 2ubf F AT HREATRAKE KT P, FHFEHFGRTTAHL
X E A P AE2.4.169 KR .
FEIC 8.5.2. &AMMNAR AR A2.4.1H 53T, ELARGE SR, RAVEEAEMILF), BFH
& jr) = Iu+ o] (J7] < 1). B EAYHRT, ZMNAZFKIE ||lu+ vl = 1 HEZ DGR
AT R ) = 1| SR I(U) RAON L, R T8 GRET LA
CH—TF, AF L L@ ER R ML) 225X K 7k R A FREE R T AZ R R IE &L R Ay
W e [y +w)dx = 1. St AM S do = 69 B S AR A TEE K LA AF A2
R, R E R AP F AR e,

XPF| i owRA T KRB HH “B=” HRBIOSER. KNAERE—DAHZH 0, &
F fyuwdx #0. XHARIET Z ) w HL2 FRmAm A2, AAKE “dfi” DR@ek .
R FH j(r,0) = lu+tv+owl?,, —1 ARHEZREHLZIEIAN o (HIFL) 51 RMXZ

LX)

(AL L @AY (1)) , FTAKRMNBIn(T) i= v+ d(n)w HEEE “HRIFH” .

8.5.2 *LyusternikZ)5RZT 5 EIE

TR B v S BR _ESRUET Lyusternik 29 9AR 43 a) @ 1) AR, 958 /2 Banach S [8) 1 BU R 4%
BARTRFi%. WX, Y~&Banach®[H], O c X2HE, FeCY(O;Y), HEEX —NMLIRRE M =
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{x € O : F(x) =0} #H71{Ey € C((—¢,e); M)ii /&
y(0) =x,  7'(0)=h,

TWFRhFEMAEX AL VI &, B D) A A R T, M.

EIE 8.5.3 Lyusterniké@*ﬂgﬁ/?fﬂ
Ex, €M, F'(x,) : X - YRS, FBikker F'(x,)h MAh= ], BRAAMTF =X EX =
ker F'(x)®X,, MMAEX,MERC 4 RARA, BT, M =kerF'(x,) ={h € X : F'(x,)[h] = 0}.

Fi2 8.5.3. Mz he T MR R: AEa—FTE&ETRH M EOELTHEX Y : (—€,¢) -
M, #HZ y(0) = x, E y'(0) = h. Lyusternik & 32 894 -S 3t 2 F| F] 14 o) B € LA & 13X Kol 2% p(¢).
FIC 8.5.4 (WIFFTR: BE = YITERIIER4N). EXAA R4 2 —ARFH L F R, XA KRS
HRBHHF : R" - R, FHERAHRAT (Blde—/dd) AM ={x € R" | F(x) = 0} BiL4
Xy € M iR ENMHEMHVF(x,) # 0. &AM %iEMHE @ =E VF(x,) £ 28 THFMEH F(x) =0, X7t
AT 0 AR, B ARAST LUR 31 %2 18] 69 7 5L A& E A

MERA. 1CK :=ker F'(xy), TEK x X, HE XW(k,z) :=F(Xy + k + z), JIRFIBIF (x)lx, : X, =
Ye——m EaE RSy, RmEEERY. XA

W(0,0)=0,  D,¥(0,0) = F'(xo)ly,.
Y Banach 2 8] 1 ) K5 B& BOE BN, AFAEK R R — A RBI U X T R AU — SRR DL g
peC U Uy,  P(0) =0,
FEAFAEX I — T /NI A
F(x)=0 < x=xy+k+3(k) forsomek € U.

DRI VEAE xS S 58 AR 25 AR _ERICT EE, T /2 CH LI R I .

XF(xy + k + (k) = 0fFk = 04b3RF. SHTEh € K, HFEIF (x)[h + DY(0)[h]] = 0. H
TF'(xp)[h] = 0, HDP(O)[h] € X,, BREIBLESF (o)l x, I ES1E45 DY (0)[A] = 0, #HDp(0) =
0.

WAERZIE Y)W . #h =y'(0) € T, M, SFy@)) =0RFMHHIF (x))[h] =0, FLAT, M C
K. RZ, %5%Eh € K, 4t|ZR0/ME2y(t) 1= x, + th + p(th), X&HLwEeTm b, I
Hy'(0) = h + DY(0)[h] = h, FHILK c T, M, UEB5EHE. u

JEIE 8.5.5. FXAHilbertZ M, TAMX, = (ker F'(x))': FY AL, #atao b a3 mih
EH. BLH@GHNU) — REFEH AR, ¥ F—MBanach’® H, # & LA RDF 12
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O IL, HANE 0 S E O R AR A
#Ei£ 8.5.4 BanachZ[B]F A LagrangedeF
#RIZ8S5INMBIRT, &I € C(O;R), HxoRI|)® AL, NALENEY®, £FF

I'(xp[v] = (A F'(xp)[v])y-y YU EX.

WERR. HARMWAEMERSE] I'(x,)[h] = 0Vh € ker F'(x,). Xy € Y, HEUHEF (x)x = yfix,
TENA®Y) 1= T'(x)[x].

%23 1) AT M ARAIE S E X S x ik TE o . P g FLARE AR B x| < Cliylly» #IAGD)| <
CIIIx)lIx:Iyllys FTEAA € Y*, HI'(x,) = F'(xy)*As u

T R T AR A R T S R . AT RS BT AN R m R
LR AP 2N ? XA AN 2 X 7y AR A “ARERIETTRE” , A SEx etk I e
[ 2.

SMEREM =, ELMEARE T, FRATHRIE S PRI ) NI 4, = liﬁl:fl(Ax,x), [0S 2Nk
fEAE, U2 0T b — 1 MR BRHAE 22 18] (AR ST A AR i 25 18] 3D
A = grl?zf1 (Ax,x).

xe(V,ll @D-- .V}‘k—l )L

Xof A R PR ] B 1, FRATTAT DALUE I R 4518 (E AR Evans T b YF SCIE SO FEAE IESE
FJETH)

A= inf Iw], A ={weH)U) : wlp =1 ww):=0,1<j<k-1}

weA
ERZMZEIVER — MEKHRE : BT A, - 4, FIEFZRENTRER! O

Courant-Fischer min-max ZIiE| (ZJf#12.4.1). Richard Courant $&H 7@ RATEEARETE 5E A H
E wy, .., Wy AT ARIEOT, BEGH A, B— MG A2 N T SIXAN H R, Courant-
Fischer M/ JF P SEPR_EALE PR SEM MR IE 2, T SEABRYE (ZMERED =2 AL, W
B I E AR S5 7 . 16.

Max-Min 30 (BRHI4EECH kK — 1)

A= sup (inf I[w])

dim F=k—1 \WEE+NA

(FER: XEZPUET k-1 47708 E FIESZAN)
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Min-Max 3 (FRHI4EECH k) -

A, = inf (max I[w])

dim V=k \weVnA

WATE WS — T B4 NG AR E 0 4 H Min-MaxZ|H (Max-Minfe 3 . & V £~k
U720, BATEE 5HSEM k — 1 4EHE 72510 E* = span{w,, ..., w_,} MIERZH (B9 kA2
£ A dim(V 0 (E)Y) = dim(V) — dim(E*) = k — (k — 1) = 1, A VEE W E LA — 4 m &
w eVnEN NA BN w e E)H (AeS5E k—1 MHEREIER) |, WIHRIEL MR EZ
I, E RS E LR A FEIR: Tw*] > Ay FTLA

max I[w] > Iw*] > 4,
weVnA

WRBANEL XA KRB R T e/, ATR TIEFE V = V) = span{w,, ..., w,}, I max ITw]
A LT BT A AT BRI k 45773 [N 88 7 (inf), AR RERER 2, B

inf ( max I[w]) = A.

dimV=k \weVnA

DIRSEE A ) L, S Xt AR L VAR 57 R XS L PR AR 1 i, ) 220 1 e B R AR AEL 2 R 75 0
BRI, mPTREE A (k> 2) RN ARFE R AL, ELRRIE A B E AR IME R R
(Saddle Points) . fE#Z AL, Z B —Pr FHMANET (W) = 0O, EURAERJUANRFE T H
EIAE, feES T, AHART A BB, feR s BT A SR ME R S BAR I A, s
MWRBET IR “HE” , &FN A4 1 “BIR” .

%} Courant-Fischer 2T, 5 HAE T LRk oAl e by R 075 55 B, 9180 —Au = JulP-u %
# p-Laplacian J 25 ) /8. JLAS AT LAS| ALyusternik-SchnirelmannI®if, HIER#MF “LkM4F=(8)”7
fCERM , e2MRARBEESH “RIMER , EX—FEA/LMRMRKIRE, NME
EREAENIRMEZEPTRIE LS MR GFIEE) .

Lyusternik-SchnirelmannIBig IR KK E. HATERAH 2w € 4 © —w € A, L RI[w] =
I[—wXHEEw € AL, Lyusternik—Schnirelmann® i A 4% Courant-Fischer i i FH k4 1 2% 7]
KW1E] 25N “Krasnoselskii T 4% 7 (A2 BB “547) SkZ|H.
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_ ENX 8.5.1 KrasnoselskiiT1&
LT HAFPHARNGEXTRESHRGTE (FPAEE = A=A HAR) HRHGES
. 3 HEE A € 2, & L HKrasnoselskii 7 4%

¥(A) :=inf{k € N* | AE—NELZGFEAL © A - RE\ {0}.

o RN B AR AE A TR k, T y(A) = o0, FAE y(@) = 0.

y(A) IR TR S A B IR

o WIR A R—XXPRAL {u, —u}, A4 E R LA BRI 2 R\ {0} 1 {—1, 1}, BT LA y(A) = 1.
o W A R—JFELNMEHEE (FRT S |, N y(A) = 2.
o W AFMET A k—14im0Ekm S5, I H Borsuk-Ulam EH A y(A) = k.

PLTE 52 AR 2 NFTA Krasnoselskii 7 1 /08 k (S SOFR FHERIE S
T i={ACA| AR MK, H yA) >k}

_ EIE 8.5.5 Lyusternik-Schnirelmann#/ N\l K[RIE
Fde LR 2T, 2 & Iw] 895 k AN AL (Bpat g @2l F 698 k ANFAEE 4,) BT X =4

ik

Ay := inf maxI[w].
A€X, weA

12 8.5.6. AT EAPIMIX R KB4 T.

e TUAEMATEH241. L k=1, &2 THAZ) R 3R E {w, —w} 9 E4&. 2

B AIFAR BT A = {w, —w}, max I[u] = I[w]. PT¥A A, = inf maxI[w] = inf I[w].
ueA A€Z, weA weA

o FREEWMF. B k=20, KRMNARBEZ, PFK.Z, POHELS A TRAIRZA 23, €
FApIt LRV LR R—AEE B (SY) L RMNEEA “B7 ER&S A max,o, [[w] (B
AL — AR RS L) REHAEAN “B” FFRIANRS &G T AR inf.

ERRAZELSLARE A “B” (y(A) 2 28849 %) |, ENDRKFINF R2EE A, 69
NE (BEA—REREHASGOREH “B4£” 0L ML 8 O AFLZIN, RAER
AW, CATTRRIPSE N @ ey “IL”) |, Ammakiais G A% — N s b XA A,

o WA T AN IFAEALGY HAAPE. N T ARIE LR A, BA9R SAZGYIE VA, LS it K2 B
i % Palais—Smale B &M &4 (B TF—F) , XARA241F B AHQ)E R EH N T,
CHRIET L-S RIBIXENGG Ay bR AT —ANAFFAELEK w,. MAF HZR H(U) F s
HEEHERE, BIET k, £ S, EZ. LSHEAALELET 1, - +x.
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Lyusternik-Schnirelmann¥2if 5Courant-Fischer E¥BRI X FR. 7 CF JFEH, 5 k MFIEEZ
R PRAEL A 725 18] L i AT AR ISR R AR AT 21 -

AT = inf (max I[w]).
VCH(U) \wevnA
dim(V)=k

HER: VA GE A k 4E M2 (8 5 AL BRI AR, IXG I 2&— A k — 1 4ER9ERTI S*1. 1fE
L-S #igH, FRA1# FH K rasnoselskii 7 4% :

A2 = inf (maxI[w]).

AeX, \ weA

Hrbhz, BIFETHL y(A) > k FENIRTHE A c A KESIK.

HSIERAALS < ACF. (EHL—ANKAE TV, Ay 1= ANVIE—A k— 1 43K S50, DU

S, y(4)) = k. XEREMABEET TR HRERGRE A ARAET LS Zic v ey bk
%,

A B E IR, WBBIL-S BURRAE— AN RMVE B A ST H A, S A S <AST.

W 5 IR IR R H5E y(Ay) < KRR 5 1, Ry REE4RE)— M Ay BRI 3] RF \ {0}
E S 73 ST BI AT, AR YRy 2 X, CEAFAE H © S = Ay RZTFIIEMRE;, 54 T 30 mebs ml ik
ARER (SHIARE A U R \ {0} T4 .

PR RUEMHy (Ay) = k. UEE, B AROL, Wy (Ay) < k=1, Ui B0 8 FA 758 2L F AT LU g, ‘BRE
8 Ay BRI E] RI\{0} . IAEHE L& f = goH, FTLMIEW] f © ST — RFI\{0} & — &L AT Mt
{BiX FBorsuk-UlamEEZF B! EABorsuk-UlamEIBE LM ZIELTME f : S¢ - RH
EiF e E0! O

RLFRERMEIBIRRART, A1 = AT, LR 2.4 DA TR IXAN R, SR E T e 8, A5 —H
IESE BRHE BRI AT {w,, wy, oo, Wy oo 3. 2 Ej_q = span{wy, Wy, ..., W1 }. AT LS BLH T EES
A ez, (Bl y4a) = k), HAy(A) = k, 1 B, M4EEHE k — 1, #FEKrasnoselskii 7 4% 1A
SEHEIR, 4 ANEL | # 0, MFERENENEL w € AnEL . BT w' e BL, o, S
AIw] > AST, PN/ R EI T, =

H_Er] L, Lyusternik-Schnirelmann® i 75 EARGF I “XFHRAPE” |, A8 24 ) A AT XEHRR )
i 12 e Z1 1 2 RS A 7S S I NFTE A Bl e B /1 % e H . (Mountain-Pass Theorem) K fif
RiA |, iX 42 Ambrosetti-Rabinowitz 5|3 [f)—8& TH, 23 ATTH — 2512 1 ) @ .

* Antonio Ambrosetti, Paul H. Rabinowitz. Dual variational methods in critical point theory and
applications. Journal of Functional Analysis, 14(4), 349-381, 1973.
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8.5.3 LLIREIE
DL N W H & SEHilbert s 0]« & BiRieszR/n €, B ITEulb i Fréchet S 8 AN R &I [u] € H:
Iw] =Iu] + (I'[u], w — w)y + o(|lw — u|x).

_— ENX 8.5.2
LB T EC, Rl € C'(H;R), #AI' : H— HEAH/NMHF% ELipschitzi£ 4, 4 7c eR,
1WA, :={ueH:Iul<Lc}, K, :={u€eH : Iu]l=c, I'[u] =0}

_ ENX 8.5.3 Palais-Smale5H
HHEA R AIu, ) — A SRR ||I'[u,]||lg = 0 89571 E H b LA RIET 5, WART %2
Palais—Smale %% &4,

— 12 8.5.6 WMETEIE
%1 € Cith & Palais-SmaleF#, JFRIXK, =0, WIEZALH e >0, HFHEO<S<eAAn e
C([0,1] X H; H)£ 34 F MR A 2o 3Tn,(u) 1= n(t,u), N

(1) no(w) = u:

(2) &I[ul € [c—¢,c+e], Wn(u)=u;

(3) I[n,w)] < Iful;

(4) 7(Acs) C Acso
SIk, HAn AR H L6 R E,

MERR. B %G S A e, a € (0,1), fE1F||I'[ullly = aXf A Hidc — g < I[u] < ¢ + gfuliar. &
DA H e, 6 12 .
([up] =l < - I ]l <
P Palais-Smales&F 1] 15 250U S+ 41, HARIRETK., T
[ E0 < € < gy JHIEHSETRFO < S < ¢, 26 < a?, E L

S|

E,:={u:Iul <c—c¢c 8 Iu] >c+¢} E, :={u:c—06<Iul<c+6}

DA% 5 b %
) dist(u, E,)
wa:mﬂm&HAMWEJ
TG P4 AR AT, B bR K2 1-Lipschitzif) . ATV - BEE AN E F4E LHAE E R A, B0
HER R Fu, Pl Ka, € E,s b, € Eys 115 |lu, — ||y + ||, = bollg = 0. TH&{a,} (b, WIRE
StHlla, = bylly —» 0o HTITEE R E LHI, I{EH 4 ELipschitz, # |I[a,] —I[b,]| = 0, X
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SRR X A 2 (8] 2D AFe — 6 > 07 J& . by f£45 FH4E ELipschitz, Jiii 2

o0<y<1, X =0onkE,, X =1lonkE,.

h(s) :=

g B TN ELY (0) 1= —x@h(|'[ul|| DI [u], EFEA 54 ELipschitz, H|[V@W)|; < 1.
W Nu € HKRf#
St = Vinte,w),
7n(0,u) = u.

J i LipschitztE 45 HiME— 1%, A FERUEAEXN Tt € RIF(E. EELKHBIM4 Hin € C(R X H; H),
T R 24 i on, = id. BV = OFEE, -, 23R Q) &R, KRG,

%I [n.)] = '[nW], V. (w)u = —x O @)R(II [, @I 7,17 < 0.

XUEB TR (3)
Ballu € A.so FIAERER 262 I[n,w)] < c—&, MRS RN, (u) € A_s. BN

c—d<Ipwl<c+d (0O<tr<).

Wi x (W) = 1, B[]y > oo FHBELEARELL, W AN = 1713 = o &
BREETEECRT1, WA DN Z = 1|y = 1 > o FTbh

%I[n[(u)] <-a? = Inpw]<c+d—-a’?<c—34.

ML S5 (4) BT o O

FENORAE WL 2t e B
EIE 8.5.7 LUEEEIE(Mountain-Pass)

%I € Ci#h & Palais-Smale &#4= I[0] = 0 » FHBIXR B LKA E, LWRINF RS, A
Er,a > 0147,

lullg=r = Iu]>a,
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FEAEEVEHBHA|v||y>r, I[v] <0, &L

={y e C(0,1];H) : y(0) =0, y(1) = v}, ¢ .= inf max I[y(t)].

yeT 0<t<1

e >a, HHEU#0MEFRIu]l =c, I'[lu] =0.

HUERR. BE5ky € THEBL AN i BRTH | |u||; = 7 ﬁumaxl[ O] = a, Mific >

KWK, = B B0 < e < af2, EE)T;’}E%EH@JO < 8 < eflin. F&elm X, Tkl y € T ¥
15 maxI[y(t)] <c+6. HHTI0]=0<c—c¢, I[v] <0< c—e, AN, Kt

\[\

7() :=m(y(D) € T, AHRASGERIHEHT((0,1]) € Acsr FIAmMax I[7(0)] < ¢ — &, HelfiE L

0<t<1

J&. WK, #0. HTc>0=1I[0], XMIGEHSIEE. O
IR 8.5.7. W RIEAE| ||y > rAI[v] <0, w4 R T E L 553k
={y € C([0,1;H) : y(0) = 0, |ly(Vllz > r, I[y(1)] < 0}
HEXEBBENLAFIRG|ully=r, PHEXBERLARTLSE, BRI —EAEY

co .= inf max I[y(t)]

yerl, 0<t<1

A IENE AL XA R AL TR B 584 T Neharith MA.

8.5.4 }_‘_Fﬁ J\ iil%ﬁ?iﬂq%lu\

WAE XA —A R Ao #5174 B8 FH Lyusternik—Schnirelmann ¥ ¢, A Z0EH 11 Bg e EL 2 R
ERATAT R LM —Au = |ulP~'u, Allen-Cahn 52 —Au = u—u? 553 7] LLA] Lyusternik-
Schmrelmannfi R AR, AEZ A SR BRATXS TR I LI R A RIS, L-SERR 58 A=V FH 1. X “dE

PRAJHR” AE LB o) @ 2 Al FL LI, Bl A MR 2 F SR E SRR ERR: o &l It e
% 5 T REI LS Q (Townes soliton) Wi & J7 R A% [ T ()47 AE PRl AT LA 2R ALl i 51 BEIK 7
EUER o

xR TR Bl AR S i R0, u + Au = —|u|Yulf RS, W R R, x) =
eQ(x), ‘i MR TR

~AQ+Q=0QW¥d  inRY (8.5.1)

UF#d > 1, itp =2+ 2. Yid > 20, oA PKTE S Hilbert 3 H <= HL,(R% R) L5 SLIEHS
7 B
1

I[u] := EJ (JVu|* + u?)dx — %J (ut)P dx, ut := max{u,0}. (8.5.2)
Rd Rd
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— I 8.5.8 FREIRFANLSESHEEM
xd > 1. AEIFEEZRAHHEQ € H(RY#H Z(8.5.1), HQ(x)> 0lemz. Fw e HY(R%R)\
0} —Aw + w = |w|P 2w F 55, 2L

1

. 1 2
S[w] = 3wl ~

[wll7,
NS[Q] < S[w]. HTAZW B G EMER Lok—, d=1XTHFE My HALAEA L 12d > 268F
MR TEGL RN, XEF2EAF T Lk,

“M. K. Kwong, Uniqueness of positive solutions of Au — u + uP = 0 in R", Arch. Rational Mech. Anal. 105 (1989),
243-266.

SERR. JEALId =1, BHp =6, 4 Q,(x) :=3"4(cosh(2x)) . PLiEIE3H

QK
Q;(x) B

4

Qi’(X)zl_ 3 0.(x) = —3
Q,(x) cosh’(2x)’ ' cosh’(2x)’

— tanh(2x),

FTLAQ, & —QY +Q, = QJHIIEMME, HHQ, € H'(R). k2, Hw e HY(R;R)ZIFEFHME. Hilm
HREFIENEZ Hw € CHR), TM—4ESoboleviiBE LT imibaT%. 7S Kw” = w —w?,
W4 3R Lhw' 7]

1 1 1
E(w’)2 — sz + gwﬁ = const.

tHw, w' € L2(R), AT EAERx, — +ooffiffw(x,) — 0, w'(x,) » 0, FUHLXAHHAE,

W) = w? — %w@ (8.5.3)

Fw(xy) =0, N(8.5.3)z Hw (x,) =0, HHEMDTFEYIE R EME—MEFAw =0, KILIEZFH
AT SRS G MR Ew > 0. X Aw(x) - 04|x| = co, wiEH: mix BE ER KME. 1
Brw'(x,) = 0, fRAN(8.5.3)1F Fllw(x,) = 34 BREwS5Q,(- — xo)TExo Ak E A AHIF H & BUE S 5L,
T FAE in) 8 g — P B A w(x) = Qu(x — xo)» AT LA AEZ SAE H iR #1 FH Q, £ 1 " F2 Al i A 13F
S5, ENIEREME .. XEFEH Td = I RAAEME . FEAME DS AR e — 1 .

LR i&d > 2, FFA8 A ETH 2 AR 2 i HANZ BRI

F—F: WA, H2 < p < 2*FiSobolevitk N, I € C'(H;R), H

I'wle] = f

Rd

(Vu - Vo + up)dx — f (uhH)Plpdx.

Rd
FRHEK ] := I'@lul = [Jull?, — [lw*|[F,. b T O (I 46 54 FLipschitz, # €

C. 4,

1
Hul > Slullf, = Cllully, Kl > ull, — Cllully,
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Koup > 2, FrlARTEAEH e > 078730/, M5
0<|ullm <p = I[u] >0, K[u] > 0.

FEmlih, fAfEa > offifs
lull;m =p = I[u]l>a>0.

ERAFFAE AR AR Y € CO(RY), N

I[typ] = —|I¢|IH1—EII¢IILP—> —oo.

P Palais-SmaleszE. 24d > 25}, StraussfZn 5| ¥ 5 F#ERellich & PR H

(R%) € LI(R%) (2 <g<2).

rad
H b, FuIERAEFAE SR, W |w,(x)| < Clx|~9Y2)lu, ||, 2
J lu,|9 dx < CR=(@-D@-2)/2,
[x|>R
XA —BURM T, FSER EARellich B 45 A EIT .

I u,]l < C, [I' )|l — 0, ¥

1, 1 1 5 1.,
I[un] pI (un)[un] (2 p) ||u’n||H1 N p”I (un)”H ”un”H

23 1 1
<§ _ 5) lluallZ, < C + 0(D)] |t |-

H Young ANA5 AT A i ) 2 M TR W B0 2 0, B 0w JEEH oA S BT 2AL
u, =~ Q inH', u,— Q inLP = (uf)P"!— (Q*)P~' in LP/(P~D,

I (up)lg] — OHIURIR, BEI'(Q) = 0, MM IQIF, = IIQ*IIL,. XEAI'w)lu,] — 0, B
Chlwal2, = N lI7, = 0. FIRILPSRISAT 453 ||l = (IQUlp s Wlw, — QFEH RIS, XU TIE
T Palais—Smale 5514

=L IwFR MREFESEME. i©

Iy :={y € C([0,1; H) : y(0) = 0, [ly(Wl[zn > p, I[y(1)] <0}, ¢ 1= inf maxI[y(t)].

yeT, 0<t<1

S P TE T A A I |l > pFIIE] < 0, #AT,AEZ . SUR/NER Y I IERE, (EAT 51
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e B A S ERE LR oI ER AN . TR AT ff F HT i Mountain-PassTEAZ 18 1IE, 133]Q € Hii &
IQl=c>2a>0, TI'(Q)=0

FEAR IR A L. T IEIEAZRFO(d) N AL, PalaisXf BRIl 5% J5 2 3 Q1 2 B AH (R H
il 5 . AT HO(d) B — b Haar RS FEp, SHERe € HYEIEH T3

() 1= J o(Rx) du(R),
o)

HI'(Q)[e] = I'(Q)[p] = OB FEWIFIX — . It —AQ +Q = (Q*)P~! fE55 & U FEAL..

4Q™ 1= max{—Q,0}. LAQ MM EL, 5% 0=— [ (IVQ|?+(Q7)*) dx, FillQ~ =0,
MIQ > 0. i FFKpiLSobolevkilfi FHi. Hxif 14 LM Hboorstrap /a4 HHQ € L, I
HW2a4ftith . Sobolevitk A F1Schauderfi 1115 3]Q € C? . Harnack A% R BRI R FE I — D24 H
Q > 0 fHKI, Qi 2 (8.5.1).

S5 WLEHESFNeharith/IME. FIHSE 5 h5E UAK, 4N 1= {ue H\ {0} : K[u] =
0} 7EN _LEATH

Il = (5= 5 ) Il

HiSobolev NAF3 A [lully,, = llu*llL, < Cllullg» Frilinfuex [luflm > 0, Mfi m 2= inf I[u] > 0.

fEBly € Ty. HTy(0) = 0H|ly|m > o, BESERM|u|m = oM. St e Eia—Ik
I ZERE I Z], Wyl > e (t, < t < 1), MBS EKy(t)] > 0. 5— 7T,
Ily(1)] < 0255

loc®

I I8 > B IR, > I,

MK[y(D)] < 0. HESNE, 71, € (t, DFESEK[y(t)] = 0o HT|y)|m > pr, XM AIEE,
Rifiy(t,) € N. FrUlEk B A ENEE, Hific > m.
&Zi %u enN, I)_I\]J

tz 2 tP +|P
) = Fllul, = Il

it = VRS ME— R KME, FREeR o KRB A, T > 1780 K, fE15T|jullm > p, I[Tu] < 0,
H4y(s) = sTu. Wy e T,, H (r)r<1a<>§l[y(s)] = I[u], Frblc < I[u]. Au € NEUF#HR, 53

¢ =m = inf I[u].
ueN

FRL: ESMER. KAQ > 0, F)TLJ S[Q] = I[Q] = ¢c. Hw # O JE TR = 5,
Plw I T 43 (lwll?, = llwllf, = (Jw])* Alw|HISchwarz ¥ FR i Jk . T HEAR
FFL2AILPYE A, TMHEPSOlya-Szeg8 NS5 ﬁﬁéUﬁﬁ«ai&Ti‘ FE#Eid A = [|w*||?
A3 A < JJw|)?, = |lwll}, = B.

A\ /(P—2) ) I .

o B 1= w*lIE,
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M tow* € N'o H142 18] Neharitl/MERF 2|

o (11 11\,
ML AEAR 17 2 ) FR AR MR T B AR T 4 TR R AR 2 SR 95 A 1 2R SR I O

T 8.5.8 (—4EEE). 4d = 18, Z@EHRARBHH. 285K T 28 F e AH (R) <
LP(R) R % : AKX TR EXAREGE QAT B it @ +o0. F e & a9 121 Palais—Smale £ A
R Td > 2, m—REHNLRBIERATFRRFERN TR TAL, AR EF EHAEYTFHE
AR Y
EIE 8.5.9 ETSHIIEHZTR
%Q = Q(r) A —-AQ+Q = Q¥ RY Lty 218 EfE, a‘f—ﬂrlgg Q(r)=0, WAHEM,S > 0F=R, >
0, 147

Q(r) < Me™" Vr 2 R,.

TERB. WML ATQ € 7. i iFiy
2Q() = Q') + 2 = Q) (1= QUY) (854
I KIIR, B r > Ry # Q)Y <172, TRt
AQ() > 3Q0) (> Ry) (8.5.5)

2u(r) = Me™%", I
Av(r) = <52 - #5) u(r) < 6%u(r).

B = % M = Q(R,)eRV?, #itiAv < %u, V(R = Q(R,). EXW = Q —v, MW(R,) =
0, imW(r) = 0. HWLERELRIE, BLEFEAr, € (Ry, co) B IEMRKNME. KW (r,)

r—>o0

0, W"(r,) <0, MIAW(r,) <0. H—J5T,

AW () > 3Q0) = 300) = 3W () >0,
FlE. MW <0, BJ
Q(r) < QRy)eMN2e N2 (r » Ry).
]

JFIC 8.5.9. Hd > 28F, Strauss2® 31 & Q)| < Cr@=Y72)|Q||m, FrTAE T 8RILQ(r) —
Of L@t AR Az, ¥d =10, BXEZ&XXELHLHAQF) — 0.
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R AR T AV U1 0T 5

Al ERTS

RY = d4ESERR )L RS R = R

R X AFRIE X = (X, -, X0).

BEEAU CRY, FANLOU = UMILAR, U = Uu U = UM HIH.

B(x,r) c R4 : Plx € RENERL, r > ONFEERHIFFER. B(x,r) =HFEKB(x, I, B(x,r) =
B(x,r)\{x} =lix € REUNERL . r > ORI 20 FFER.

$4-1 = 3B(0,1) = RA4F1)(d — 132&%@%@.

a(d) = REF AT BRI = . da(d) = S R TR

ra+d°
RY = (x e RY: x> 0} = L5 (FEILR) |
e, =(0,:--,0,1,---,0) = FiNFRAEAAIRIA E
W U,V ZRIFHHNFE, BRIV e URTKRYV cV c U HV RUNE T4, IR
MV ERETU.
Y55ET > OFIFFEEU c RY, FA1E XU RAESE VU, 1= Ux(0,T]. #¥maF AT, =
UT\UT'

A2 RFHEXENICS

M¥u © U - RXGFux) = ulx,-,xy) (x € U). HNFRuRLUNPICTHERE, =2
FRufEU N C T3 MriE £l il

Wu, vEMA R, A0y = v BulESE To. FATidu 1= v EE LR Bu 5o,
PR#u : U - REISZEICSE Sptu :={x € U : u(x) # 0}.

PRBu M IERS (Fi3) @3N ut 1= max{u,0} (u™ 1= —min{u,0}). WH u =ut —u- UK

271
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A ®WHLS

lu| = ut + u~ BROL. FF5 BRECE LA

1 x >0,
sgn(x) :=140 x=0
-1 x<0.

SHAEHEE u : U - R™, BA1C ux) = (%), -+, u,,(x)) (x € U).

T RAFI(d—D4ERE M, AL, f(x) dS ARRELFFES BT (d — 1) 4 il T 0l 1
9, HP xR X xB EERR 2, EPE PR ERATE W 2 (BRIERBLEZ AN E) .
wCRRMME, AN, fACARBfIFECH) CGE—1) &),

FIME: )
J:dex = Vol(D) L f(x)dx,

1
ds, ds..
][a fas A ea(dU) LUf(x) *
B AF ¢ RUGTFHERGAE oo =11 T
0 x&¢E

SN g TR E BRI # g0 E OB R (RIS
uwgmw=j f@—yB@ﬁw=f Fgx—y)dy.
Rd Rd

TAT x> x, M f = 0(g), RIGFAEFE C 5 |f(x)| < Clglx)| XHAERE TR/ FETx, 1)
mx L.
TATE4x — x TG f = o(g), 35 lim L =

x—»xo gl

A3 RFHEXENCS

WHEE u:U->R, xeU.

M S A2 o) = Tim S g IR o AT FE OO, B, . 6
foudts, FATTLLE SR S
R 5 5
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L Wa=(a, -,y £ZEER, KEEX Ao =a, + - +a, WHRESFEuE LA

oFlu(x) _

a ‘= DR ad
o“u(x) := gl on 0y uU.
1 d

2. ARk, idoku(x) 1= {0%u(x) : |a| = kEAulI kI i FE NS, [
it AT O MAER S i) i, FLF R AR B Ay

|6%u| = [ > |6“u|2] .

la|=k
3. Hk =1, BATKOuERE, JFABEEIE idS

Vu :=(0,u, - ,0,,u) = BhERE.

N

4. u, 1= |x_| - Vu /45 u K42 S
5. #ik =2,
X1X71 e X1Xd

Vu :=

Uyx, 7 Uxyxy

d
FnulfiHessianHi %, Au = ), Uy, = Tr(V*u)s&Laplace S F1EFH fEu L.
i=1
o Wu: R R™ZREMERE, HiwFHEXWT.
1. BahZEiERR, Mg Xo*a = 0%y, ---,0%u,,). UFATE XLo*u Al |oFul.
Oy ty -+ Oy Uy
2. ZHk=1,FMC Vu := alrd BRI,

Oy Up =+ Ox,Up

3. % m=d, BAE AEERE u (Y

d
divu :=V-u=TrVu=deiui.

i=1

4. % m=d =3, TN LA EER Bl e Acurlu 1=V Xu = (9, us — 0,1y, 0y, Uy —
O updotty — Oy uy). Fim = d = 2, B RSl N R AR R, LAV - u =
—5x2u1 + axluz.
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A4 REZEICS

WU 2 R T4,

e C(U)={u: U — RluftiEL:m %}

o C(U)={ueCU) : ufEUMTMA R FHENH—BOES:).

e CKU)={u:U - R : 8“ufift, HAEU F2—FUELM, VO < |a| <k}

o CKU) ={u € CKU) : IufEURMEMH R TFHENH—BOESE, V0 < |a| < k.

o C°(U) ={u: U — RlufEU L2 TIHPES A} = ﬂ CkU). C=(U) = ﬁck(ﬁ)-

o C(U),CEU),CE(U) 43 HFoR CU), CHU), C=(U) EIJEJ@ BRI RR i&éﬁx

¢ CIUxU)={u:IXU >R :ud.uodd uduecCIxU),V1<ij<d. XHETCRE
(BFED XMH], UcR* Z2XEk TE—FKidhtel flxeU.

o LP(U) ={u : U - R|uZU - Lebesgue "] M K%L, ||ul|ppy < oo}

1/p
lullzowy == (J |u|? dx) , (1< p< o).
Q

o L¥(U) ={u : U - R|uZU LHLebesgue "] M &%, ||lul|pow) < oo} HH1
l|u|| oy = esssupu := inf{M € R|%EE {x|u(x) > M} [f]Lebesgueill & %}
U
o L (U)={u:U->RlueLl(V), VV €U}
° ”aku”LI’(U) = ”lakul”LP(U)-
o REAN C(U —» R™),LA(U - R™) Wxm 2 EEHE u: U - R", HENEBNTER
T 1 R BIONT L [P 0 B s ().
e Schwartz Z%[H]
SR :={u € C®(RY) : ||ul|no < o0 VN € N HZ HIEHF a}.

A A B A DUE X RAEa s b

[ullovey 2= sup( + [N [%u(x)].

xeRd

T (SR, || * lv.cp) /& Frécher s ).



N

it B ZT=MRITHERALN

IS % U c REERIPHIIFE, HiBFOURLCH (HIEHT SR EEEE), ULUK
M. it N = (Ny,---,Ny) & OUKJRALINERE. 1L V i= (8y,-++,0,) NEBEHET. A 1=06; +
-+ aﬁd =V.V ﬁLaplaeeﬁ%. W u,o,w : U > R NFrE R, VvV, W . U — R4y a8 %L
B(x,r) c RY 2L x € R AFELL, r> 0ORFEFMAYETFER.

B.1 SEESAR
AR AN N FHSE AL, W UE SR

5|3E B.1.1
%u e Ccl(U), WA

faxiudxzf uN;dS, 1<i<d.
U oU

P g 2, FRATATAS I T A58

_ énEd B.1.2
TR HF m L

1. (ERE)ZAOEALHK ue C(U - RY, N

J V-udx=J u-NdS.
U oU

2. (AR A HFK u,v e CY(U), MTXR=

deiuvdxzj quidS—f uaxivdx, 1<i<d.
U oU U

d
[FMZ Au = div (Vu) = V- (Vu) = Y, 3 u. Sa U e, JATAEN 0 M ESE AL
i=1

275
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— @il B.1.3 SE-EHR AR EHER
% u,v € CX(U). MA Gauss-Green /2 X 940 TF 5 Xk .
L [y Audx = f,, = ds.
2. [ Vu-Vvdx = —fUuAvaZix +faUu§—; ds.

ou
3. [,uAv —vAudx = fauua - vadS.

# Au=0in U, AT u & U PR R E. SRR E, 8 B.1.3 v LLSH R4S
_ £ B.1.4
FueCU)NCYU) 2 U +&iff B4, N
ou
1. faU 5 dS = O ;
2. [, |VulPdx = f,, u— ds.

M RGEH d = 3, BATESUREA curl u 1= Vxu = (8, u3—0,, Uy, 0, Uy =0, Us, 0, Uy —0, uy).
ARV IR 2 Wi A AR RS I, JRER SRR . BRI TR .
— @l B.1.5 [REFRAHIRDEFR
K u,v,we (U - R, feC'(U), WH

1. VxX(Vf)=0, V-(Vxu)=0.

2. Vx(fu) = f(Vxu)+ (V) xu &FA3, VX (f(|x])x) =0 3EE f € CH(R - R) # &
. (A, HephRLr)

KU AELEBE,. ZEVXu=0inU, WNGHEEYHKHK ¢ £/Fu=Vo.
V-uxv)=(Vxu)-v—(VXV)-u
Vxaxv)=a(V-v)—v(V-u)+(v-V)u—(u-V)v
ux(Vxv)=(Vv)-u—u-(Vv).

VX (Vxu)=V(V-u)-—Au

Jy VXxudx = —[,,(uxN)dS,.
Jpu-(Vxv)dx = —[,,(uxv) -NdS, + [,(Vxu)-vdx.

o ® NN

B.2 FTEVikA R BEXE BRI

TIRGIE YT e dgE 2SR AR o B A A AL bR R BIER TN AR 2> AL AR AR 2, UIEBH S
JLSteinSE /3 HT[ 1456 /5% o
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— 5I¥E B.2.1 FROHIRLIRRT
Zu: R - R AR EZ Lebesgue™ A4, M A

1. MHEE Ex, € RY, A 2
J udx = J (J u(x) de) dpe.
Rd 0 dB(x,0)

2. MAEZBEH R >0 A% x, € RY, A%

R

J udx = J (J u(x) de> dpe.
B(x¢,R) 0 0B(xg,p)

A7 IR AR R R e Bt T “ R A7 BRG], R0 BT IR A AR m AR A At
FAR U B — AR5, J54R AN S W Evans-Gariepy [7] 55 =%

— I B.2.2 FEHALR
% u @ RY > R AZLipschitzi# 48 5 8, HARRILFLLr e R, K-FE{x € RYu(x) = ri
ARFEA - 1D EA T, LBRIXS : RY - R2ZLebesgue ™ AR 3, 1)

| @IV dx = | : ( | e dsx) dr.

513 B.2.1 AT 1R B.2.2 L u(x) = |x — x| EHEEA. EE B.2.200EWI 7] I3 =5,

B FORBATA AR B X E R AR . A8 RO X U@ c RY,
LG )BT B8 € R. 8 v SLUH U, NALSUMEIH LA

— T B.2.3 BIHXEREAR

R f = f(t,x) RAFHK, WA

E‘[ fdx=4[ f(v-N)de+J d.f dx.
d u() au(t) U(t)

B.3 GronwallNEEL

ALK Gronwall NEX DA R, CATE R R Wi 77 R R RE B Al T I S 21
T EREERE.
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_ T B.3.1 Gronwall NERBIR AR A
&y 1 [0,T] » RAJE Qs s, FHHLMHSTE X /() < p(On() + (). EF o)
Fo () £ [0, T]L3E 7 9 Lebesgue™ #R Rk, N A

N(t) < s

n(0) +j zp(s)ds] , vt €[0,T].
0

AR, FE[0,T|EiZn < ¢nHn(0) =0, Wnk[o, T|LEAH R,

SRR MR RS, Rl
£ (101 408) = B0 (5(5) — $lsIm(s)) < e HOUY(s)

X LFARAE 0 < s < THOZ. BIITAE R0 < ¢ < T, HIAR 7 A B AN

t

t
n(0)e~fo 0 < 1(0) +J e~ Jo$™dry(s) ds < 7(0) +j ¥(s) ds.
0

0

S, FATWAE TR A Gronwall AN,

_ FIE B.3.2 Gronwall PERPIRSER

k&) AN, T]J:é’JLebesgueTf"il*i HAEIE R F R C,Cy M F3F L&A 69t € [0, T]# 2
BAYREX EW) S Cy [ E(s)ds + Cy. MA

E(t) S Cy (1 +Cytet), ae. t€[0,T]

F A, ZAILFAA L € [0, TIAER) < C, [ E(s)ds, MEA[O, T] L /LF 44 % F &,

TERR. 4 n(t) := [, E(s)ds, WA 7' < Cyp+C, W JLFAL ALt € [0, TIROT. 45 IR A I Gronwal IS
2K () < A (1(0) + Cyt) = Cote®t, TRAFE] E(t) < C(t) + C, < C, (1 + Cytet) . 0

FIEB3.1. w EAANATRFXT A TREZELTAGEREZAT, 00, KRNAEF EIERKE
AR KT A AW, AENHFAEET “IBAEN: HAZGBEAT, BT R IT A 4% 4 ?541(4
TESAREEANZTET HZMARFFA . I RP(O)X TrEA TR, WAL A Gronwall <
FRATHENTRMBOF G, AFRFE AR IFEREREA, LERKBIEXE TG IL PGS
R — B AE T AR IR B, KAVEEE & L — M Gronwall B R F X, Bp

t

E(t) < P(E(0)) + P(E(t))J P(E(s))ds = 3T > 0, 1&4F sup E(t) < P(E(0)),
0 telo,T]

HEF P(-)ATXTHITALSHS =0 (BAIERZH8) X, #1955 1L[16, Chapter 2].



ik C LPZEIRI ST IERR

AT B S T SR AR LP A (8] R AR BRI ANSE 20, LP ek ) D 1 & a0 DA R LP 7 18] ) A A E B
22 13 & Evans [6, Appendix B] #l Folland [8, Chapter 6].

C.1 LPAFRKEIEZIE
WM, )M EE], X1 < p < oo, FWATE XLP(X)WTH
LP(X, M, p) :={f : X - C: falill, H||f|l, < oo},

Hrp 1
(S 117 du)? 1<p <o
esssup f =inf{M : u{x : |[f(x)|>M}=0} p=oco

X

fllee =

EZENEN T, ATKELP(X, M, w)EICAELP (1), LP(X)BRFALP. 241 < p < oofff, ZRMEZS[H] LP(X, M, 1)
TEHA || - ||x JEE f&Banach % [H], UERAZ L Folland [8, 6.6, 6.8].

C.1.1 LPEEIEKRAEFR
IR FA R R 2 2 3

o Holder A% 3% [|fgll < IS loligllr, 3 p~ + (0N =1, 1< p.p' <
o Minkowski A4 (LPZE I =AAER): 1f + gllor < I1F o + 1I8lor- l<p <o

LPAE[A) R I AL B R R e
— @ C.1.1 LPEIMEE XA
K1<p<g<r<oo, WA
(1) LPNnL"CcLiCLP+L,

(2) FuX) < oo, MLI C LP, BA ||flle < [ fllLapn@)P 45
(3) E BT Hcy > 0EFinf{u(F) : FEM,F C X,u(F) >0} >c¢, >0, W LP C L9. 473

279



280 Bz C  LP= el By A i

EMAEP(Z) C £9(2).

HERA. (1) FIFHolder A %620, A4 2

1 6 1-6
0 -0 _
I le S IFISIAUES, =2+ ——

XUHHLP NL" C LY. 2 FRIGUELY € LP+ L™ AT45 f € L9, A TE LA AW S f= fxe+ fxee
HA E={x:|fx)|>1}. TREETHETE

\fael” =111 xe < f1%xe= fxe € LP, |f1%%pe 2 |f Xpel" = fap €L
() % = oo, WA BT I, £5q < oo, HiHolder R K47
IFIE, = L 1P - 1dat < 11l o = LGS
3) Il = 1, o = 1. WAHT e > 0, TTH

uxeXx . |f(x)|>1+s}<(1+s)‘PJ [fIPdu<l=>puixeX : |f(x)|>1+¢=
X

B ufx € X 1 [f(x)| >1=0, HMESHF [ |f19du < [ |fIPdu =1 O

Hu(X) < oo, LP(X)VEEETED — coTUSHEIL® (X)Vu L
E C.1.2
|71*“(X) < 0o, f € L¥(X). M f € LP(X)MHERp < ook L, flhm Ifllze = [1f1lze-

IERR. AR II<ES & BRI (AR C.1.12)), Bllimsup || f|r < [|f||pe. W AZERIIZHESY, WHAE
p—
e > 0, WELOVEERE X H, F1ES > offifs

pix | fQOl 2 If e — €} > 6 ;*'j |f17 du = 8(|| fllre — ).

BA Hminf |||l > [1f]le — eXERe > ORI, HtJade — ORIFELE, 0
p—o

FIE CLL. RIS e lPnL® (EmEeAC.LIN%f € LI Zqg > pRz), W uX) < oo
IASF A oT LA HE
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C.1.2 LPEHMBIFNEN: MBFRR

®p, p' R — X LHidRIR, HEHolder NG AR Hg € LY 9Ebr g LT LP7[A) L — /N4
‘f@/il%lqﬁg(f) L= fX fg> Eﬁ??ﬁiﬁmﬁﬁllgﬂp, %%J:g - ¢gaé}t “ILFA” LY 2| (Lp)*ﬂ/‘:]—‘/l\
I
— @l C.1.3  LPSEHAIXERR
Xp, p' REMIGHR, H1<p <oco. HgeLl, NA

fog‘ 1 flr = 11.

&M % F A MR (semi-finite) 899, W]iZ 453+ p’ = co LAk o

l1gllee = [l = Supz

CATFRD B w2 A BR 1 (semi-finite) 2 : AT E v(F) = oIEEEF € NV, fA/ETH K € IV, K C Fifii
J£0 < v(K) < 0.

MEPR. ASEIUHI> 72 Holder ANSEA I EEZAER . X<, Hp’ < cofif, FATAIZEHL

_ lsl"'seng
2l
Hp' = colff, X4 TE e > 0OFRAMTFIEE 1= {x : |gx)| > ||gllr~ — e} Wu(E) > 0. BT wEFHR
WEE, FrLAFAETHEF c E Hi 2 0 < w(F) < oo, BERFIER f = u(F) " xpsgn g BIAT . UERA4HAY
7] 2% Folland [8, Prop. 6.13]. O
RZ, #f v [ feRLPAEN LA Rtz g, Nge LY “IJUTHIE” BuE st i,

_ fipRR C.1.4 [8, Theorem 6.14]
B A% J T F A AR

o uRFH RN ;

o gAX &M, HiFR fge LIMEZEXL THMRMEE L&GH L RHHK f L,

* My(g) :=sup{| [ fgl : f RAFHE,|f]l = 1} < 0.
mlj ﬁg € LP,’ ﬂMp’(g) = ||g||LP,‘

ek, AR5 HLP A [R] )6 2% 6] 8 P
EIE C.1.5 [8, Theorem 6.15], LPZ (BRI X B3 8]
%1 < p < cofit, siEEP € (LP), #H A Lg € LP1EFP(f) = [fertiE&f € LPrv =z, #t
L Fe(LPY Z 1A R %R M 69, A, LP(X) A1 < p < coft R AR F . ZEuio-H Ik
4, MR HAS Lt p = 1ALk 5,
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PR e e, AT PAHER LP Vil A W FEMmRER

1flle = sup f fedu. (C.11)

geLP,
lgll, p <1

Pt S AR LIE B A4 Minkowski AR (FR “T7 X Minkowski 55507 )
— FH C.1.6 F9MinkowskifZER
FX, M, u) A= (Y, N,v) 38R o- ARG E =R, f:XXY - RE=AOM Q N)-7T M &
(1) % f>0H1<p<oo, NA
1/p 1/p

[JX (L fx,y) dv(J’)>p du(x)| < L JX Fx, ¥)P du(x)

(2) #1 < p < oo, f,y) € LPOMILF &4y € Yz, BLfky — [|fC, )bk
TL'(v), M f(x,-) € L'WMILFLLNx € Xm=z, HEx - [, f(x,y)dv(»)k
T LP(u) i %

dv(y).

J FGy)dv(y)
Y

< f £l dv(p).
LP Y

SERA. FRATHGESI(L), (2)&(1) M Fubini & HL EEHEG (FHURIf).
Yp = 18, (DFiETonelliEH. M1 < p < cofif, &p' ZpILiitatr, g e LY ()i
J|lgllr < 1, W TonellifE B ATHGIder /N2 3 AT 13

J (J f(x,y)dv<y>> 160)] dux) = ﬂ £, Y)1g()] dux) dv(y)
X Y XXY
1/p
<||g||Lp/f U fx, )P dﬂ(x)] dv(p).
RIS AR gl < 10g € LP (B EF S, i ih(C.LD IR0, 0

C.1.3 LPeHmFNEN: NhEHRT

ARAE: —ANERERILPYEE N AT DL MR R N 3TZ R BUK T E M E/EMRFR 7. XA
5 b & Lebesgueill B 254 & CHIHES: — P8 I B AR 2 R 3L (W B A HE 7)) I Lebesgue 43 AT
DL R oy f BB SR AS 2 f 18 SRS M) K Lo #ERHLTL, B f 22X, M, w) B R il ek 4L,
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AT H 5% e # (distribution function) A i Ry — [0, 00] A

Ap(a) = ufx e X @ |f(X)] > al

— @l C.1.7 SRR
o0 By Rt R e T PR
(1) A, 2% 988 89 7 i 4 5 3
Q) #f<g M A <A,
(3) 3 || A AALE] | f], WA, A3 BB 2,
4) & f=g+h, W A(a) < A(a/2) + A,(a/2).

LPYEEL ) A R ER S e B AR I R
EIE C.1.8 LPSe¥nmREER
KO< p<oco, MA

o0

J fIPdu=p f a2, (a) da.
X

0

MERR. VERBIATE 2:(0) = [y X 1posay I SR RAFIE T A7 T8 AOAR 730 52 B IR P (R 9 AR R
RS, mrl, BB TonellisE BERI AT 4 %) O

3@ C.1
S C1.1. B1<p<r<oo, iEA:

() @l |l + || - |l-)&Banach = ],
(2) (LP +L", || - |lppsrr) ZBanach® ], #H

W llzosrr 2= inf{[| follce + [|f1llr = f = fo + f1.fo € LP, f1 €L}

3@ C.1.2. 21 < p < 0.
N #F\fn— flle = 0, M f R E AR f, St B ETIVLTFRLLLE S
(2) & fRME NP f, BHAkg € LPEF|f,(x)| < gx)MHE&Enfrae. xR L, W fn —
Sl = 0.
() Ffu [ € LPHAf JUFARANMEETf, W fy — fllee Z ERZ fulle = I1f llzo-

a.e. LP , .
SRR C.1.3. &sup||foullee < 0, fn—> f. BBl Fl<p<oo, Uf, — f.3p=1, FHLZLL

FIEAREL?
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. . tP(2) . .
SRR C.1.4. %1 < p < o0, EBA: x, — xZ BHAXGsup ||x,||,» < cofex, & E sk T x B B Ak

o

S8 C.1.5. iEY: LP(RY) (% A LebesgueM &) £1 < p < cobf AT 44, 124p = cobf 7T 4
R Bp < off, KRALAES (GHELIRAHAER) FHHKOHLRHELAL,

o p= ooﬂ']’%f?,lﬂvﬁ}%ifr = XBO,r):

SIEH C.1.6 (Chebyshev N4 R). i£9): #f € LP(0 < p < oo0), M3 F1£&a > 0%,

||f||pr

a

plx 2 [0l > a) < [

SRR C.1L7. X, M, p) F= (Y, N,v) & o-A ke E =0, f:XXY > REM Q N)-7T M 49 %
o BIRAALC > 0EFRS, IK(x, y)| du(x) < CHILFL LMy e Yz, [, K>, y)|dv(y) < CHx
JLFR At x e Xz, Hf € LP(v),1 < p < o0, iEH

Tfx) := f K(x, 3)f () dv(y)

Y

STILF A A o x € XA 43Tl #y, ATf e LP(W)i# 2| Tfl < ClIf |-
SRR C.1.8. & (X, M, w) #= (Y, N,v) & o-A FRagMZE =W, K€ L (uxv). &f € L*(v), iE#¥:

Tf(x) = J Kx, 3)f () dv(y)

Y

ST ILF A A tx € XA teatiliskty, BT € LP(W)ith 2| Tf |l < Kl f -
S8 C.1.9. iEde F L%
(1) feLlr SHMRY Y 22,(2F) < 0.

k=—c0

(2) # feLr, N i{iil’é aPly(a) = 011_)1'1.}0 aPAs(a) = 0.

io)&2 C.1

)R C.1.1 AEA-EHE). sFX Lag=Ta &3 f, HIEFH FHE (decreasing rearrangement) f* : (0, 0) —
[0, c0] LA
) =infl{a: (@) <t} (FF inf@ =)
IEBl e F 48
(1) f*i‘l)alﬁ/ﬁ&‘o = f*(t) < 00, | /‘tf(f*(t)) <t ﬂ.fg‘lf(o() < o0, m| f*(/lf(oc)) <a.
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(3) FAp(@) < oo atka > 0z, HlimAy(a) = 0 (ERSf() < coX &4kt > 0 E).
& PA(0,00) LAY Zd, WA [, pol|f|du = [, of*(t)dt. H A, 30 < p < coH||f]|L =

-
(4) F0<p<oo, N fH35LPTERHZ[f]L 1= (supaPd (a))/P = sup /P f*(1).

a>0 t>0

B)28 C.1.2 (SchuriB ). iE#: {x,} C £1(N)53AL4L Fx € €1 (N) % ELAL % |x, — x|, — O.

C.2 HR5NEK

AP 45 —ALPeEf (OAEIEEREESME. AR, e R B B RIS — 6T R
B f SRAEIT f . MG AE AR B2 77 BT T ATS AR 2 B
_ EX C.2.1 HiETF (mollifier)
BARMNE 25| TEHX LTS
e RU CRIRFEHE, £H5He>0, &MU, :={x €U : dist (x,3U) > ¢}.
o & X [%A & H (bump function) n € C®(RY) 4= F

1
n(x) = CeXP(IxIZ—l) el <1

0 x| > 1

b

FFHEHC > 0 RIERHME [ ndx = 1. X2 EAMAF 9 HHRAEXATF (standard molli-
fier).
o (RET)MENESHK >0, KAEL

ne(x) 1= Eldn (%)

FAR g, REKA >0 FT. AR EZHBNXTHER [, 1, dx =1 YAASpty, C
B(0,¢).

5E f e LP(U), Kt 1 < p < +oo, FATHHBRHDGHE T 5 #EE K —FOLREIER f(x) :=
(1 = F)x). WIHEHEILS 7 BRI IET )T 5 .
— EIEC.2.1 KBFHIMER
WU REBHTREH (PAUMNEEETE LA ELebesgueTiRE) . WA
1. f. € C®(U,). (EANUATABMRU! XA R AEEE, SptfatkSptf “Bikd” —
B3 Aehy KR, X7 Al AT UF H k)
2. f.— fae,ase > 0.
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3. Hf e CU), MAUMEE R TR L&A —BOSK f. 3 f.
4. F1<p<oo B feLl (U), M f.— finL? (V).

WERR. ESGIEMDETEE, Sebr EIX R EREN P SRR, SRR NRIS HERE R
HEF . EER xe U i€l -, d)y WATBHGER/NISEE h, 15 x+he, e U, EH

RN TS
a0 (5w

-5 F0 () () e

KBV eU. MMAERNA W —BUEmdie:

he. — _ _
1( <M>_n(x y)):;%%:q(x y)inV ash — 0.

=
™

E 7 3 3 €

X R ZE B AR BRI, BATIEh — o R AR IR s HC e, f.(x), FHasi

%ﬂ@ﬁ{j%m@—yU@My

U
KEAEY T — B R BAEAEE, HAEW] T 0,f. = 6,(f * ) = (8:f) * 7.
PN RIEM RS, REPOCIEL E L, BATTAT A T AL A -

1 xX—-y
<z| 2(FP)o-see

J n:(x = Y)(f(¥) - f(x)dy
B(x,e)

|fe(x) = f(2)| =

<Cf lf(y)— f(x)|dy -0 ae.x€eU.
B(x,e)

EE R S — P g HLebesguefi 7y i€ BAGH] (WSteinSL {14156 =F) . #t—, AR f=2
ELRE, MIHMERETHEY e U, BATTLEEA—MIFEW #183 V e W e U. It fIEW LE
—SELEN,  H.FHLebesguesfil 7y & FAG N SR B Ax € VERROL, IXFERIE KL 1R03).

B UER(4). VORI LR m BT E v e w e U, HAZIEY f.e L (U)(1<p<
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o). AL, [ x € vV, FHolder N5 H H

1 1

)] = < f "0l 1F )l dy
B(x,e)

J n(x—y)f(y)dy
B(x,e)

1

< ( j Rk — ) dy) p (J n(x = PGP dy)p
B(x,e) B(x,e)

1

<1-(J m(x—y)lf(y)lpdy)p-
B(x,e)
SRR, PHAI YO Y LR i

f F0)1P dx < J J nx = PGP dydx
%4 V J B(x,e)

< JW|f(y>|P(L(mns<x—y)dx) J 1P < co.

TELPIEE(1 < p < oo) NS AT LA &S R HUER S 3], HIGE V, W W EFARZE 6 > 0, F4T]
TU\:‘HZAEIJ gc C(W) /fiTﬁ“‘ ||f g”Lp(W) <. JH\J

Ife = flleony < N fe — &elliooy + 118 — 8lley + 1€ — Flleery < 2I1F — &lleaw) + 118 — &llLe -

FIF (3), #4114 limsup ||f. — £l < 26. 0

e—0

C.3 LrxEpEFREEHE

AT HLP [ WA E IR EEHE, SN 2 H TR I fm i o T fE st k. 4
BB, M, W FIY, N, v) oA PRI EE 28], FEE < p,q < oo.
— EX C.3.1
KT : LP > LIZ—/NETF, &AMFI AT 2L
o TRR & M(sublinear) 5, RHIT(fo+ f1)X)| < Tfo(x)|+ITf1(x)] AR TAf)(x)| =
IATfx)| etk xeX =1 eC R;
o TRZE(p,QRH T, RIBAELEFHC,, >0 EF ||Tf|l < Cpgllflles

e TRB(p,QRH T, RIMALETHC,, > 04T Arp(a)r < Cppa ||l
B, %(p, Q)R HE T LA (p, )R H T, 55(c0, 00)B H T % LA 7%(c0, c0)B HF
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C.3.1 Marcinkiewicz NifiEIE

PTATE ek B Marcinkiewicz N 4 %€ 3 (Marcinkiewicz’s interpolation theorem).
_ FIE C.3.1 Marcinkiewicz[Nifi EIE

HX, M, A=Y, N, v)ZM =08, AR < pe,P1,90,¢1 < 0t Zpy, < Qo p1 < q AR
Qo # ¢y LA AKX AR

l=1_9+37ﬁu1=1_9+3, EP0<0<1.
p bo b q 9o 51

ZETALP(u) + LP(u)EY BT H 42 A ey Rk KT, BR R RZ3(py,q)%5(p1,q)%,
TR 5%(p, B H T o

JERR. FRAT AR X A B ) Marcinkiewicz N i 2 B, Bl p, = q, M1 p; = q; R RSZE N, — K
TEOAN AT EEE 4%, HI775EMHIA, W Folland [8, & #6.28].

e f € LPHa >0, WAHESIRD N+ f1o HFfo = fxarwsen f1 = FXxro1<ea T
RO e B e HUE. TRIRIIERIf, € LP(w), fi € LP1(w). E—THATH

ITfCO <|Tfo(X)| +|Tf1(x)| = Arp(e) < Agyp,(a/2) + App (a/2)

BN R EPTAN G

B51: py = co. Hle =1/(4), K A REAEX ||Tg|l, < Allglle. LT /1Tf1(05/2) =0. ¥
$3(po, pITERL, A Ay, (/D) < (22 NIfoll, ) FRAT

oo

|Wﬂb<pf

0

=100 (24,)7" f £GP du da
{xIfx)|>cat
[fCOl/c
— P24y J |f<x>|Pof ar1om dard =
X

0

p o —Po
- (A" CAD T IIfIIb.

BR2: py <o, RN Ar(@/2) < (250,)" . =01
5 BRI 50 1 UE B R AT 55 H 4508

[eo]

ITfIIp < pJ

0

ab~17P (24,)" j |fCo)|P duda
el ()l>ead

+p J ab=1P1 (24,)" f f (1P dudar
0 {x:1f()]<ca}

Po P1
p2p0 A p2P1 A
= ( — + 1£115-

p—pocPP " py—pcPp
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Marcinkiewicz PN i & 2 (1) — ™ B4 N & UE B Hardy - Littlewood i K BRI LP A 44
_ ZEX C.3.2 Hardy-Littlewood ) X ER %
st fe Llloc(IRd) , &A% L HE Hardy-Littlewood % X & 3% A

M) = Sup e

f F)ldy.
B(x,r)

R4 Hardy-Littlewood % K B8 B VitaliZg 75 51 #E (W SteinSL 4 HT[ 14136 = 5), FASH
Rl C.3.2 [14, $£3F]
|7 Hardy-Littlewood# X HF M 55 (1,1) & F=23% (00, 00) A 69 K &M H T o

P& 1 45 A Marcinkiewicz PN i 72 21 B 13 Hardy - Littlewood A K BRI LP A Sk

_ ¥ CJ33
%1 < p < oo, M

P
1M lleeey < Cp 77 1 leoey-

HPw é%’(c T VA8 i A% 45 Marcinkiewicz N 46 & F &9 iE B i A2 AR H &,

Hardy-Littlewood i K p& LY A7 FAEAER 70 J7 R A — MO B ZERI N, BRI ARy
Sobolev ZF[H] Il SR AN B, &2 @1 T Hardy-Littlewood—Sobolev A% 2 11— AMRE3

_ I C.3.4 Hardy-Littlewood-Sobolev/AZE R

i f e LP(RY), E#p,qy #f 0<y<d l<p<g<ooArl+4-=
q
#p,q,doFERC >0, EF4TARF IR

+ 2 0] G 244K

1
p

11775 fllagay S CNF llea)-

MERR. AT B R E SRR 1R 38 4 A

Iwﬁ*fu0=J1 ‘ﬂx—ynﬂ”dy+J1 Jfx=»yl7dy=: L +1I,.
[yI>R

|yI<R

E¢ﬁmm¥%R>oT“w%$x,bmmﬁgﬂﬁi
X, WA= ﬂmﬂm#TUﬁﬁ—=E—— , T2l A PLE B I HG der AN ZE 3% il

rq

d
= C||f|l-R .

L < [f(e = lle Hl ’ |_YXB(0,R)" v
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W, FATIEIL X ERB(O, R)IE — 13t 43 i (dyadic decomposition), Ff5E4T#)i&E H Hardy-Littlewood
U ONE RO QTR 1 S ks

|u<zj wwuw—wMy<Z@ﬂmMﬂf FGx =yl dy
j=0v2 U+DR<|y|<2-/R j=0 2-U+DRg|y|<27/R
o , |f(x— I
<), 2UtrRr(27JR)? f ———dy
JZ::'J wi<e-ir (27R)?
<CaM f(x)

<D, 2727/ RITM f(x) = CRITM f(x).
Jj=0

XK, AT R )
L+, <C (IIfIleR_E + Rd_ny(x)) ‘

P

Au R = e g RGNS, KRR, + 1, < ClIFIL, (Mf)s. BE, F

Mf x)d

FHardy- thtlewoodﬂéj( HHILPA Tk, BTGB H & 450

1-2

P
1775 fllpagay < I+ Dollee < CIFl " 1M ]la < Cllf e

N—————
p
=IMfl

C.3.2 Riesz-Thorin AHEIE

Marcinkiewicz PN 5€ BE ] — Mk U2 LPA FHE T E T iu g/ B AU AR 5. R,
RBATR LA FTAE “55(po, qo)B” BBV TR “3R(po, qo) L7, RIRT 4G 3 — AN SERG 0 () N 45
EHE
— I C.3.5 Riesz-Thorin ¥ EIE

X, M, A=Y, N, v) AWM E =8, 8Py, Pr>do» @1 € [1,00]. 3 6 € [0,1], & A1E LEIEAE
R o, qe A

1 1-6 ] 1 1-6 2]
— = +—, —= +—.
Do Do D de Qo 51
FHEMHET T o LPo(u) + LPW — Lo(v) + L2 (v) R B & 3%(py, q) A 5%(py, q) B8, BPith 2

ITflleae < Mill fllpe 1=0,1,
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m
T fllLee < Mgl|f|lLre, Mg := Mé_er.

Bqo=q, = o0, ML K v &FH RN E

2 5E BEICIE B 32 SRR — 28 5| BN 25 #r o () e K ABE R B, I A 25, GIEBH 40715 2 W, Folland
(8, EHE 6.27].

Riesz-Thorin N4 i€ 2R — 4 M. A2 1IE B Fourier 4 (1) 558 (p, p" ) A 7+ 1EQ < p < 2), HE5RHR
{E Hausdorff-Young A%5 3, (22 D.1.10). F— A>3 R N2 SR H Young A~ 45 :EQ

EIE C.3.6 EfYoung L FR

<pgr<coil+-=24+- % fell,gel, MNA frgell Uk
q p r

1 * &llze < I llzollgllr-

1EEA. %g € Lrﬂ‘fF%XTf =fxg. mﬂﬂﬂ%ﬂﬁj\Minkowskim%ﬁ(%fﬁ C.1.6), &1]]?%§U||Tf||y <
M| £l X HHSIder NEAXAFHIT f|e < M| fllpr. T2, HiRiesz—Thorin HfiEH, 1 (po, go) =
(1,7), (p1, 1) = (", o0), L HLFTA R AR L 45 i 0

3@ C.3

S)n C 3.1. iE¥Hardy-Littlewood R X #F 1~ 2 3%(1,1) A &9,
Rx: Ef 20, MWAHEER > OEIF[pop [fl > e >0 ABIERAMS(x) > Ce|x|~3F|x| > RA%
sz, KR EEZFBO,R) C B(x,2|x|).)

SIER C.3.2. EBRRIGAHFTMFE, iEH: [ Mf < 2|B| + C fp|fllog" |f]. ¥ log't :=
max(logt, 0).

SRR C.3.3. ikt —ki& e, W sup () * )] < [llMf(x).

e>0
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iR D FourierZT A5 HIE

&>
o3
>

S

D.1 FourierZ

255E f € LN(RY), & X fHFourierZEH#a4n ~ B1H B4

F@) = — f f(x)e™4 dx, (D.1.1)
(2m)> IR

Hrpi=4—1,e® :=cosO+isind, x-&=x& 4+ x4E4. £ = (&, -, £ WiFRAE “BiEARE"
FATEFERT LLE X f € LY(RY ) Fourierifi I #k

foo 1= —— f F(E)ex¢ de. (D.12)
(2m)2 Y Re
Fourier &4 J i Ap e (fERBE D — M mpictEs 1 71
A FRATEETE (D.1.2) #R{EFourier “100” AF4lg ? 1XZ R NIRATE W R i A
8l D.1.1 Fourier B ;BZAR,

|7iif, feLMRY, MALS, € CRY) (R&HH, BALFBAATE) ®IF f=f ae HUA

fo=Y ="

ZNE BT FUE B T Riemann-Lebesgue 7| BE A GausstZ FIMESRELT, 5 1H F o

MEX DADEL, fel' RVWEET fell. MK S —AEHH s, Ay
NX, fiif3Fourier @il X BRI TR BN 2 X B ICE, 1M HFourier W HAEX F A, XFE
(BRI BCT (AR AFAER), Hotp—M 74 SchwartzeR 8z (8], HoE T

SR :={u € C®RY) : ||ullya < oo VN € N F1£ HEIEFF a. (D.1.3)
X B || v o T & SN

lullvey 1= sup sup(1 + [xV[6Pu(x)],

B<a xeRd

293
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H g<a BB <o WA 1<i<d iz, #itk, (SRY,|| - |lv.w)EFréchet* (Al
FHmE UL, SchwartzbR HUE IR 2L, IFH e M e S BT S E AR = RIER LR £
TR FERHS R, et IE A0 A s A% BT A e~ 5t je — AN Schwartz R %
_ @3 D.1.2  Folland [8, Prop. 8.3 and 8.17]
tSchwartz i 2 = 18], A 24 T 4548
1. HfeCe, N fe8%HIRY xPo*f sEE S T84T a, B AR RA R8Y, L HIXG 0%(xF f)
SAEE S FAAT o, fAAA R, L ExF 1= xP 1
2.CO o SARELP (1< p<o0)Ho Cy FHAF

b XARMEE H Fourier B MmN 73 TTREE A K FR . SR, 4T RIATUEH Fourier 4% #:
REAU SIS T TLAHFE AL ORf BT S BRI AR 7 77 A 7 77 R TR AL, BRI ofe
FUHEEAL O FHFourier B H R IR RAEBREZD o NP &AM EF o0 sk # f, g A
[F] SR, (BN 74T C BRI fEIE,  FRATHE R W] X Le S5 1 IR B T A7 R B & Schwartz bR AL, —
F 1 1 2 A AT DA STE LP 25 (1] o A 2 R 7S
_ @l D.1.3  Fourier THAIE A MR

X f,g € LY(RY), mA

L (3o RF)EfecCof el HEFE |a| <k hz, B%f€CyER |a| <k-—1
M, IR BEf)E) = (1) f(&). M, & xf € L' 12 E |a| < k A&z, M f e ck
B ((=ix)* fONE) = 65 f(£).

2. HTAR! EWTHEENTH, B S=(T)" RTH4# EiE, N fol = |detT|foS.
A, KRMNA

o (FB)(fx—h)N(E) =e™if(§) sHEE he R M.
o (h25) (fFO)(E) = |AI7f(§/2) & 2 e R &=
o (ZHARME) Z f,f €L, M f(&) = f(=&). #tmA F*=Id.

3. (BR o RR) Fxg@) = V2 8@ ZZ (f * 9) = fp fx — y)g)dy =
Joa fMg(x — y)dy &7 f,g AR, BREL TRy XM — AT LS, gh—N
L' &, B —/RL®M.

4. (Riemann-Lebesgue 3132) 3£ #& f € LY(RY), f € C(RY) Ei#H 2 |f(€)| = 0as |£] - .

MERR. (1): N 7 RIfE, FAVAX B 38 0« = 9; UERI, Hr j e {1,---,d}, —BIEH AT LAURE
FIH—Mr 5800045 R15 2. JiFourierZ2 #1158 X AN 43 38 F 43 vl 153

CoT6) = |3, fGexsax
(27 I
9 1 ix , 1 —ixe
2o peoay e nar =) [ feie
(27 I (27 I
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(1) — AT B
1

(=ix; fF)NE) = - J (—ixj)f(x)e—ix.§ dx =
(2m)z IR

1

(2n): J W7 ()35, () dx = 8, f(£).
)2

(2): M Fourier i) & XML E B y = Tx, TATH

ﬁ(f) = ! - J f(Tx)e ¥*dx = | detT|™" 1 - f f(x)e—i§~T—1x dx
(2m)2 YR (27)7 YR
= | detT|—1 1 - J f(x)e—i(Sf).x dx = | detTI‘lf(S.f).
Rd

(27)>

(3): AW f,g € S(RY), T52& FHAEI ST IR o a2 isur, HrTblERE#F. —
FECHE LT A DL 12 FE U P i 45

Free)=— - J (J fx =gy dy) e~ dx
(27r)2 YRR
(f*g)(x)

- y J (J fx—-»gy) dy) e i -MEe—iys dx

(2m)2 IRE \JRd
= (\/E)d ) L d j : P J flx— y)e‘i(x‘y)'f dx g(y)e—iy’f dy

(2m)z TR\ (2mr)2 TR
@

= (V2 f(£)8(®).

(4): FRKEZ Fourier BH (K5 s f(€) = —7 foa fX)e™™ dx. % f € LY(RY), /T LA L 4
(2m)2
TS A L

1 1

<

FE -1 - @I = dj FOOlle ™ — 1] dx.
Rd

(27)2

| st - nax
(27)> Y Re

HT |e*P — 1] <2 BLK f € LY(RY), IBaxMESEx € RY, g f5— MR 75 HLTHI B AR oR Hi0mT B
2|f1 € LN(RY) (MK Aih) 32 izl fEismiiesioe 2, JAiTmT L)?&Tﬁ%}‘in& A fa BINBUFY AT IE AT %
o> AW B .

N THIIE B Lebesgue AT A7 bF £ Y Fourier 28 e £E 4 28 4% [A] g 55 I AR WS B 2 o IXAMIEHTA — A7)
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I fEMESCPEE RS x = y+ 2, O y BRES, 55

1§12
7 = 1 dJ f(y+ ﬂ_g) e—i(y+%).§ dy eir=1 1 dj f<y+ 71'_5) i€ dy,
(2m): Y Rd €12 (27)z R HE
P AH A 21
Zf(f) = 1 - J (f(x) —f(x+ ﬂ_f)) e x¢ dx,
(27)z IR €12
NI[]
|f(§)|<% 1‘1J f(x)—f<x+ﬂ—i> dx -0 as & - oo.
(27)z IR €1
o — R IR 20 T LG EN PR Lk, RIXHMERSf € Ll(Rd)ﬁllliir(l)fRd |f(x+h)— f(x)|dx =
0, MXHxE/|E? - 074 Thitjfat. O
SO, D L3(D)ZES I 4
#it D.1.4 [8, #Eif 8.23]
(?%?4%%8E%%%%ﬁSQ%O
TG LM Fourier B #{riF L2 WA,
5|32 D.1.5
|7%f,g e LY, M [, f)g(x)dx = [, f(E)§(E)dE.
MERA. HHFubiniyE B, EEARNE XIHHET5E
J fr)g(e) dx =— 3 J (J fe™™ dy) g(x)dx
Rd (27)2 Y re \JRe

FubiniE# J f(.)’)[ 1 - J e—ix~yg(x)] dy = J f(.)’)g(.)’) dy
TR (YO ER LY “

NHKIEM EPE D.1.1, BlFourier X Ao EMZ ATHATTHE—DTHHEANE B 5B
53 D.1.6

|7[?\ q)(x) - e_¥, D]'] i]— (i)(f) = (I)(f)
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IERR. ESEIATEIE —4ERIIE AL, OHIE LT 13

&) = LJ’ e80T dx = LJ d (L_e‘”‘f) e 7 du.
V2 Ir \V2r IR dx \ —i§
IR —IR, 153

be) = - | Lt Ty = 1L | emixt g
O(¢) = \/Z_ﬂj i§ (xe” )dx g\/_z_ﬂj e (—ix®d(x)) dx.

EARED.3 (D5, ERABET —g—licia(g). XRETRATRAE B — AN 0] LR AR DI 3 18 7 72

—@+§M@ 0, @m:-ii[¢@mx=L
§ 27

2

ERIRE KR &(8) = T = (&), aziqxoﬂaﬂﬁﬁﬁm%@% HOH.
AR d > 1, BATFA |x? = X2 + - + x3 A4 45 155

Q
[N)

a1

o) = H—J e ¥t dx; = He_7 = (¢).
j=1

BN

27

x|2

EIED.LAMGERR. 4 ®(x) = e 2. 45 t > 0, RATHIEX ()Y (EBBOLIEER

1

: J el i x £(£) dE = 1 df (V21&)e* (&) dE.
Rd R¢

(27)> (27)>

e N RALTE i, il D.1.3 A5 E D.1.6, R (&) = ei§*e~tIE1" {1 Fourier W 1T LLE F

. 1 x y
o) = —— J N O(2LE) A = )
(2m): I (\/_ )d \/Z_t

PiAE, AIRMEA S D.1.5 5300 R ERR

1

: f eI el x f(£) d = — L f o(6)f ()
(2m)> IR (2r)z IR

1 J . 1 1 xX—y
L[ ooy =—1 f o(*=2)f(y)dy
(2m)z IR @m): Jrt (V2rd 2t

= (15 * )0,
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Ul

ZH () =
i

SUFEFRA T EH C.2.1(4) KM (L Folland [8, 318 8.25]) WTLLES f # 15 — f in LY,
REMAELE TP LT AU S B . 53— 751, B f € LY, B CAFRATT % il Uie Sl gt v 45 3148,
TR PR

L o() €8, 7.() ——77() M2 2.0 /W fpam = 1, MTin it — RAEEEIE

(271)2

lim —— f e eit (£) df = —— J e f(§)dE = (/)“(x).
70 (am)z Iwe (27)2 R
X f = (f)Y ae. )5, Riemann-Lebesgued| B & W] —H # L C R EL, 1FEE. O

_ IS D17 [8, #Ei 8.27]
Ffel'Lf=00 f=0ae.

_ HE D.1.8 [8, #Eit 8.28]
F RSt aRIE,

A5 5 UAPlancherel iE FE A5 W IX — /NS, Bl R B Fourier A8 e f& L2425 BR [A] 44
EIE D.1.9 Plancherel EIE
(%ernL{erL%ﬂ?hW}Wuﬁ*%ﬁ%%ﬁiﬁﬁ%ﬁﬁﬁo

. 2% :={fel'|fel'}. T fel 4% fel>, TRRAFE X c L2 XFN Sc X,
DL XFEL2PRFAE . AT f.g € X, % h = §. W ihFourier RIHA RSN A(E) = g(&), T3

D.1.55 152
Jfg-=j fﬁ=j fh=jfg*.
Rd Rd Rd

R, F | RFF T L2 AR 4550, 4g = FlERIF RN, W)Al: = |If|l: (Plancherel{H
Z£R). RIEANEH F(X) = ¥, HBLT.EH (HALMWEZRIESIERER) H5F|, AL
ME—HbIES N L2 BTSSR R, e, AR EEH XA S JFE 75 F £ X =& —FE,
X— g D11 FUERSEL, AR O

BIE, AN < p < 2iEMFourier B HALP — LP 4 Fitk.
I D.1.10 Hausdorff-Young N
{¥m<p<zfeL%WLMﬁ&ﬁﬁﬁgd%%ﬁc>mwwﬂmmq<qmmwy

%A% & Riesz- Thorin N i /€ BRI B 18 EEBC35HE py = ¢o = 2, My = 1 M
pr=1, q; = 00, My = 2m)~/* B 45 1L
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& D.1

SRR D.1.1. &p : RY - CRTMEHZHK, HE|p| = 1ARp(x +y) = p(x)p(¥)H1EFEx,y € RIK
Fo B BAEE € RUEFp(x) = e*é,

SRR D.1.2 AR AT E M JE ). 4 Bxg, £, € RY UBHEK [ € S(RY), iEH 4= T & KRR H
el V82 0

( | |<x—xo>f<x>|2dx) (J |<§—50>f<§>|2d§) > %(j If(x)lzdx) . D14

BARFXEAAN AL ERTRF T AL RN EE Foth 0942 B E M B .

Bz REIERE =x, = 00HART, FNFHEGX) = f(x+x,)e 5o 4] Al 4 A2D.1.3(2) %)
1B — 47 Lo A FPlancherella % X 7T 1% |Ef(£))? = |§\f(§)|2, Z_J& F M Plancherel g % X A=
Cauchy-Schwarz 3 RAEA L8> ([ |(x - VI dx)?, &EB RS = %V(fz), RIG AR —
Ko

S)E D13, JE: REF X
I{a. e < Allflle, forall f€LP

PTREL/p+1/q < 189HFRXTRZ, H£Fa,= ifgﬂ f(@)e_me d6 & f a9 Fourier # # .
27
R ADyO) = X,y ¢ ADirichlet#, RN — coff, HAMVA|Dyll, ~ N'7/P3Ep > 15
3z, VAR ||Dyll;, =~ logN.
SR D.1.4. 4= T R Hausdorfl-Young/~ % K 6% & £ 4 1
(1) AP RLAX, ) ¥ 8947 5], FABRsup |p,(x)| S M. R a, = [ fo,du, EH: [|a,ll, <
M@ fllppxyy 1 < p<2,1/p+1/g=1.
d ) .
2) &f € LI(TY, a, = m) 2 [, fX)e ™ dx,n € 7% ER: |[{a,} @y < Iflloea, 3
T1/9<1-1/p.
SIFR D.1.5. BB B AT HA > Oﬂ'if%"iﬂ”f:{:%ﬁilﬁlﬁifﬁ&ix\%inﬂhq(m) < A|fllpmay, HFE
XE%1/p+1/q=1.
e & f,x0) = forx),r>0, M f&)=fE/rr.
SR D.1.6. i E—MORFRARLET —LE5HR pL2. FELE, REKX

L FE)1dE < Allflls
€11

Rz ET p<2
Br: & fS(x) =5 M s=g+it,0 >0, RE4s=1/2, t > .
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D.2 SHmIBigEN

A CRR “T™ XRE”) B EAREAE L. MEERT “iF7 s a2tz him s
b E AN “IR” REERGEZL, BAIBER “U” REEAST WHRARZE T 25 i
Ctean sy SRS L —IE R EBRS), ¢ Hixeeiz Ba st sHE ) 2045 .
Xk Wb i) AR 5 9 R WG oy 7 RE R B R
AR R UFHRRE E AR I EE AR FE, X 2R NERATH B AN A2 158 AT B 7] DATE 20 AF
=R E X Fourier B, HARMNEMIZEA T EERACO(RY) c S(RY) ¢ C®(RY), PLIAhA]
1E NFréchet = (8] 7] LLsg X an T 77 ATk
o« fo fRIEffECT BARTEK H lim [|0%(f, = fllzs = 0 A &L B ifbro &
oo
e f, 5 f 348 fof € 8 H lim sup(1 + |xDV|0%(f, — )| = 0 K41k £ BEIGFRafE /i 5
=00 xeRd
N € N ROT .
o fo—> f R4 £, f €C™ B lim sup |0%(f, — f)| = 0 fH4:fh % FiRhRaFIERHN € N5
n=00 |x|<N
JRAT o
REBEFR R, BANCD = COIRZNMRRE, LS #ic5E = C°. MR E Al
AT X A = ]
D'RY) :=(CXRY)*, SRY :=(SRY))*, &ER?) 1= (C(RY))*.
ey DUARE e SRR TR i M &R &R
g cscop.
YBR[ D, S, EEBIR T 55- 4 4h, BEUAEA100E D i=Ce, 8 Ffl CIXHE=*a], AP

e T, 2, T Z&¥ T, TeD HAT,, )= (T, YHEES € DAL,
o« T, TR T, T €S BT, f) — (T, HRHERS € ST
« T, 5T R T, T €& HAT,, f) — (T, fYRMERESf € ERT.
X B, YR TR HE 2 X (RPX B AR MEZ BR) S5 X TR e R ECR

EX D21 9
|7§ D S8, & ey TE DA 5 F (distribution) & )™ L K ¥k (generalized function). % 3%

%7 (tempered distribution). % % %% (compactly supported distribution).
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— 5 D.2.1
X E R — e e F

o Ll BEARS T, (FEE, BITR LA R LT UM — A AN —
Fny “RAKERT)

e XU C RIZAFE, ULMHESE FTRadon EAZ DA, BPAUNEZ R F5 ERME
#A TR 55 Borel M K o AATT AR NI L& HF € D' A(F,p) = [, p(x) du(x). 45 5l
X, ZuLBREATEAALEL TR 26N E, NeEiFLEe LT R &L 6 Dirac deltad,,
BR{(S,p) = ¢(0). iFix &, SAR LK, CRETE.

o TR giHE: Bk >0EF|g(x)| <CA+ |x])aiEREx € ROk, NARgH 138 HHK
(slowly increasing function). ¥ 5% £, 38 KR L LLEIEH T,

e log|x| €S

-iﬁﬁ%mm?%%T&%é%g,W

e—0
e<|x|<1

(u,p) :=lim J' @dx.

D.2.1 SHHEKREE
AT RATIN B g Xam) J IR AREHE, Wil T e bz ORI L “B2E” 4
AT AR IEF R B —FER T iAo TS BURME S AR e S S AR A
_ENX D22 HHNEARESEHE
SR KF. FE RALFRH) . ERZLT.
o (HHFH) KTSf =0%f, TXLCHRY L, o e CX(RY), 2N LE [(0%f)p =
(=D [ f(0%); TR AR R XE, RAARA, B, &MNTUNEEF € D'(RY):dE
AT X2 L F#HIF € D'(RY):

<aaF’ §0> = (_1)|a|<F’aaq0>'

FAld, @i EFRMNTAZ X EZ /I TRHKLGFH, PRECNEZEELT
Tk XA ERZTUARRKY TR R EAZ— RAFAET L ZFmibifitix— b
o (RUABHE) %2y € C°(RY), ZXTf = ¢Pfo MT* = Tleogay, B TF €

D'(RY), £ANT AB T T X2 LRAYF € D'(RY):

(YF, ) = (F,}g).

o (F#) %y e R, AT =1, (BHKMEXLT1,f(x) = f(x—y).) BT[f(x-
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5% D FOURIERASHAN AT EL i i A

Wex)dx = [ f(x)px + y)dx, H#MNAT* =1_,|CXRYD). T, ¥ TF e DR, &
BT XELFA5Fr,FeD:

(tyF, @) = (F,7_y9).

Blde, 12Ty EREAT,6.

(B MBRAHGES) ARG —ATELXNETHRS, 4V = STIRHFATS =
foS. MT*p = |detS|'poS~!, EHIFTF € D'(RY), #HA1i@idTFXNE LFoS €
D'(S~H(RY)):

(FoS,p) = | detS|™X(F, poS~1).
AR, FFSx = —x, KMAfoS = f, S =S, H|detS| = 1, BHKRAM:E
iF(F, @) :=(F, @) X5 A FREGES, LFo(x) = p(—x).
(B, H—M7&) &Ry e COMf el (R, Ry

£ o p(x) = jf(x () dy = Jf(y)zp(x _ydy= f £ (:P)

st—ix € RIAE L. AHFWEXLERNTF € D'(RY): HME x pAH T N2 L9 L
#:

F % (x) = (F, 7,).

BT Ex - XM, > 1, PACC T ML, FxpR—NEZHH (LR LERCM). H)
do, S TFHEEY eC®, KMNA

§ # P(x) = (8,7, %) = 7,P(0) = P(x).

B o2 B AR ik E 42T,
(BAr, FoM7k) Jp, P br L. £fell ApecC®, &MA

[ w0 = [| 0w - porayax = 1o+,

LHRM, ETf = f 9, WTHL BHIL Fo BN TF e DRY), &KATAE
HTFREF « P2 LAV LG

(F %, 0) = (F,p = ).
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FAH, fMNAS«yp=9, BA

<5*w¢w:w@*iwzw*imn=f¢@wumuzwm¢»

XA E LAFNEY, JET A F Stein [15, Prop. 3.1.1].

btk C.2rh AN A T EBEROGIEEIT K 7%, b IR {n HED 85I 83 7 AL HI Dirac
delta734ii 8,,.

_ @Rl D.2.1 [8, Prop. 9.5]
o FFR A

(1) DED b RAEFE (55-5461FE XL T ),
Q) #RF € DAAMFC2F 2 Xy @ s eF%n.}, AN, xF = FED ¥ )L,

FATHE TR 1R 73 A1 5% (support) HIMES . A fo2— DES R A, HSREEE UM f(x) #
O AR Hoe—MhifiiE, ERMERR FAEH EIH R HAITERIAME.
EX D23 oH%E
T HF, ExEEMNREHe € D, ARAZBFEZOSAZANATFEFHA(F, ) = 0,
MARFEZTEFH K. B, BMNEXSHFOXIEEAEFERGR KT EG4ME, FT
1ESpt F.

FIE D21 AR LALEAN, BALFE—%RFE{O} e TLHHR, WFELFEO=]0OiL
ied
WiHEK. FRLE, BikpR—MURXZHK, ALFOLAEAREK COF. HTORZR KK, &M
N
TUARBR—ANARTEE (ETREFEAESONTIRE) TAK C | O 25T R
k=1
N
EMAT AR R Ry, (1<kSN), HROLS <1, Spt(n,) C Oy, AEx €Kit n(x) =

k=1

N N
1. ARAF(p) =F(, on) = ), Flen) =0, BAFEHEANO, LHX. ARFAOLK X,
k=1 k=1

EREL I RTOAMALER R B 9FHyY - F (Hry e C*) W EEMN SRR iE4E
H1; Dirac SEREL (RHFED HXERIE S &5, UFS5eM &AM, SHF(p)=0.
_ @Rl D.2.2  [8, Prop. 9.3]
AT FFE R
o RFRFIBEHCHINDH, pEDHTENC,. WFx YW EOAET C,+C, ={x+y:
xe(C,yecC,l
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. %Fﬂt‘ﬂszE]:ﬁ'%i%, DJIJF1 * Fy = F, % Fio (ﬁtﬁﬂ_j—%{xFlﬁﬁ%iﬁﬂ-j‘, SA
R F, %« F&F % Fyo) % FDirac delta-f#6, AF+«8§=6*F =F.
o HFEHELE, NWHIEE S EAiTal

OX(F % F,) = (95F)  F, = F * (3%F,).

o LFFF M9 X KA HCHC,, BCRAREE, WNF+«F RO SEC+C T,

D.2.2 Z£1845% L HEFourierZT#t

MHausdorfl-Young A5 X (EHID.1.10) L5 K E, RATEETIEHLA(RY (p > 2) T ERHLf 1
Fourier 28458 X A— @ K. A T EFourier L)€ X, ATUINTFHL —RE&EW 4740,
HRFEME EE— AN FM. F5 b, BATKIERES M AED K& L Fourier B, Kyl b
BEDAWAF (D) C D,

Rt D.2.3
(?éiﬁ'ﬁﬁiéﬁqo € CX(RY), MepafEATIEEFE EHRAE,

X1t oA, w] LLIGE
il D.2.4

KF €S WAEN N, $EHIFaRkFHC >0, AT He € SANF, @) < Cllollwae
Ak, bREEFeS, EohFHELETS, BXMH % E4fa, x"FLETS.

e T oRIAT LI 53 A1 If Fourier % 4t
_ ENX D.2.4 ZEi#S57H Fourier R
XF €8, %X HEFourier T #F %

(F,p)=(F.¢), Vpes.

E A HBA T VA Z X Fourieri® L #F4e T

(F.p)=(F.¢), Vpes.

Fourier X Ao = (@)Y = (goV)A RITTHE 28
((F), @) = (F, ") = (F,(¢")") = (F, ),

peagliil (ﬁ)v = F, F¥EHFY) = F. Kt Fourier B &8 F R FE .



D.2  spAn PR fafr 305

_ #5ER D.2.5
Schwartz® # Fourier X #69 M i eT kR B £ 30 L, BHRkdm s, MFe S THAMRL
. (TyF) =e#VF, r,F= em=F,
o 39F = ((—=ix)*F)", (0%F)" = (i¢)*F.
o (FoT)" = |detT|'Fo(T*)™" (T € GL(d,R)),
o Fx) =Qn):pF @ eS).

BRI, AT RSN BN WA, HBF € &, WIAEES — R XFI . 5t
b, (F,o)E e € CoHA =, HIMRENMe(x) = e &>, NGB —DXTEMRE, E5
A VRO RELE (). T2Br I, X PR T SO

E D.2.6 ZXX97H) Fourier T2
|77?§Fe8’ N FARC® 61838 5% f_LdEJF(f)—(Zn)"(F E_gytbii, H ¥ E;(x) = e,

P ATIWT 5 ATAT ST 5 R 0 AT 92 % 5 A Dirac 6-88 80 S H AT S E A IRZME A 5

— FED.27 XTFERELSSHHZIE
RFA X TR G, WFEAH T A RibayH X

F= ) a,0%.
lal<N
Bp,
(F,py= ), (-1)"a, (859)(0), forep € D.

|a|<N

UEBIKUT LU 5
WS, WA —ANLTREGH)H, GEFHMiHZATHN M

(1) [(Fr,o)| <cllellng, *HiFpeD, N+ |a| <M.
(2) (F;,x*) =0, P |a| < ML,

WF, = 0.

TS BUIERA. NIEEHIZWT S, By € D, WAL H|x| = 18nkx) = 0, HH4|x| < 1/28n(x)
1, Jidn.(x) = n(x/e). HTF XHEER S, AFLn.9) = (F,e). BbAh, [, XTHrA|al
MA(F,n.x%) = (F;,x*) =0, Kk

()
<F1,¢>=<F1,m[<p(x)— > qoa—!(o)x“]>

N
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- @ M2
Hrhg@(0) = 05p(0). #R() = p(x) = 3 xR, MMIG) < MBF, HIR@)| < clx

lx|l<M

LR [85R(x)| < cglx[M*1-1A1,

SRTTTIRTE XA |857.(x)| < cpe Bl Hlx| > e B (x) = 0. HILHELeibnizi: M, %HT
Rlal +N < MADR| ) < cer MEBOEHF) )| < e, Le— OMHFIT L. 0

EIE D.2.7 BERA. ILERA TR LRSI BN TF, = F - 3 o, @056, HHM = N + |af2
D 2.4 HBLONA ) 2 F1, TTa it Ra, = S0, x%). #1T(088,0F) = (~D)¥lal (Ha =

a

B FNAT, FIRF, =0, EHIEE, -

—ANEEWLERRE, B0 ED R LR RIS SR B AT S B AL A
Fourier A2t Y L 4R I 17— i) B (L P -

AEH

_ il D.2.8 7 HBERREIIEE [8, Prop. 9.14]

(1) EF €&, MHEAEN e N, FH#c,(Jla| KN), AR L |x| > bt TR f € C(RY), 1%
#F = Y c,0%f.

la|<N
(2) ZFFe D AVA—AMEFTE (VAR R), WAL LATEWNN, ., f, E/EV LK
ZF = ) ¢, 0%f.
loc|<N

3J& D.2

3@ D.2.1. 4 H(x) = X0y 7 Heaviside s %o JEB 57 5 8L R 24 89 Dirac 6- 4K
@ D22 FEFeD A—UohFHEAER, HOF=0x1<j<d R, Y FAR? Edy
HAEHH . (R7x: FEF xn,.)
J@D.2.3. iEAE 0<a<di, |x|™ & R?Y ¥ &Fourier LA C,yl&|“ .
R BRIEFAIZDHE O Fourier LA & = 0 IINF T — AR R, REF AP L% Fr st

xR € 1% B
S D.2.4. R4 L&9—AN5H F ARAHEA A2 89F K57 (homogeneous of degree 1), £ 453H4E
Fr>0H FoS, =r*F, £ % S,(x)=rx. iE#= T £k,

(1) 6 RE(=A)FRE95

(2) & F REAFRDH, W O°F REMA — |al)FHRo .
(3) »H i()((o,m)(x) logx) REF RS, RECHE R\{0} LE—NE(-1) FR B S

(4) :{-%/kéy\%ﬁ-"f{%gii%ﬁh\jﬁ°
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jg)RR D.2

BIRE D.2.1. #E 4R RRNO}EE A (—d)8 TR HEBP frx) = rf(x) LAEEZRE L3
(EH T [, S =0), N f ARAMETRABHETRG (B3 f=0), 24 FAK

CvfLor=tim|  fweex pecs)

[x|>€¢

RXT —A5H PV.(f), €& RNO}EEfhs, HEHADAAD.24MHELTRE(-D)FAY.
R WAEE a>0, IBORERFT [, fOlpx)—0)]dx + [, fOp(x)dx, HiX
AR 43T AL 8K
B]88 D.2.2 ([15, EH 3.2.5]). Bk A>d, MHHK x —— |x|™ £ R 498 LML T A BT,
o TR LT A5G T ke
(1) FpeCP, 4PEAp £ x =040k Taylor5 AKX, 2 k>A—d—-1Fa>0, ZX

(Fsp) = J [p() — PE(x)] 2|~ dx + o(x)|x|* dx.

|x|<a |x|>a

MFE e D'(RY LA RIN{0} L5 x| b
Q) FA¢Z BHEMNBRk=[1—d] AT IN—d T KEH, EMNTUE Q) ¥4 a - « F
25 —A0HF, € RN\ L5 |x|™* —%:

(F, @) = j [p(x) — PE()] x| dx
(3) Ad=1H4k=[A] AT-KIT I EORKEHK. &

[(k=2A)---(1 =) (sgnx)¥|x|** ifA1>k

PO Capnte - DI sgnx)log|x|  fd=k

M f el ®), BaFFi fO £ R0} LS x| —5.
(4) #RELD.27, & (1)-(3) PHEGETHAD T LM £R 6 AL FHOKEEE, B2
AL 7

18187 D.2.3 ([15, &8 3.2.1]). iE¥: »HP.V.(1/x) 5F

d 1/ 1 1
i VA _
ax oglx] E‘z<x—io+x+io>’

H A5 & LT 89Fourier X #%& A —i\/ésgn &).
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MisK E  ZMEZ R Hh

ARSI B G — BB 010 3 12 B 2 B A B ) — LU A R FH s B A SC IRAIE B AT BAAE
Biihler-Salamon [3, Chapter 2-4] 8% Evans [6, Appendix D] H1 4K 1.

E.1 Banach F|g)

W X TR — SR (A
~ EXE11 EH
RS || || 1 X — [0, 00) #HRVAT &4, WARKL A FEHK (norm):
o (ZATRFR) MR u,v€X, |lu+vll < llull + lvll;
« HHH ueX,AeR, || = A|ul:
e |lul|=0FHAXL u=0.

aCH, BA MR X AR e A (],
— EX E.1.2 BanachZ|g]
Jo RIRE R E W] (X,|| - |) RE A4, B X P8 Cauchy 740K LALIRA B F X, W] A
X, |- 1) # Banach = Ia].

— EXE.13 Aot
R X BETHAETE, WA X & 7T 56 (separable).

B X 'Y N5 Banach %¥[H).
— EX E14 BREZMET
Bedt A 1 X - Y 2 &MBH T (linear operator), L 53 EF u,v € X, 4, u € R #HZA[Alu+uv] =
AAu + uAv. A 9ERIRE RA) ;=veY |v=Au S FTEA Aue X}, £E=R (B) etk
N(A) :=ker(A) ={u € X | Au = 0}. A 2 X3RiTAE D(A).
REMET A X > Y & B R (bounded)ZA5||A|| = sup {||Aully | ||ullx <1} < 0. HIiEH
REBRET A X >Y RELWN, RZ TR,

309
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— EXE15 HEF
W REXF AU > uBLEYF HAu, > v TTF2Au = vz, WAREAHRET A X > Y
A B HF (closed operator). M3, X HE T A EM%K GA) = {(w,v) € X XY | x €
D(A),v = Au} £ X XY 89 &MBETZHE, M A 2. £FT=2H DA) Cc X LETEHK
Zllulla 1= llullx + [ Aully-

R X ENTTRE f THORAY 8977 F5%K, WAKKHE T A X >Y A Fruest (open
map).

E.1.1 Banach ZE8YJLA

4, ATTE R B Banach 58] & F PR 4E R 2 HAUY N E FL LA L KK, X B PR F. Riesz
g 25 .
|3 E.1.1 Riesz 5|38
BTG AREEABEZE, Y CX R—ANMTRFTXWREARTZR. BE2FH0<5<1. 1
HEME x € X 1£F|x]| =1, irel£||x —y|=>1-6.

JERA. B x, € X\Y. T Y M, M d :=inf oy |Ixo — ¥l > 0. 3 y, € Y 1545 1x0 — yoll < %,
IMAEBEx = Ix _y0||_1 (xo — ¥o), WA ||x|| =1 HX TAER y € YROL 3

||x0—y0— ||xo_J’0||J’|| S d

= >1-29.
|10 = Yoll |10 — Yoll

lx =l =

B I FNAE J7 H Z) i | Banach 2% 8] B J LA 4R
EIEE.1.2 FFERGEIE
|7i9n\X,Y A Banach ], A : X - Y AR K4 W A 27 B4t

FF LS e H — MR A U RFR 1S O«
TIEE.1.3 JSBRETEIR
|7iy’iX,Y # Banach R0, A : X > Y AR RG] A7 1Y > X LEH R,

WHFT Banach % (8] X _EREAER T, HOE SOSAEAE AR BA 2 E T2 X M2tk 72308, £k
ZHRAEDL N, R s L1 A3 ),
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— I E.1.1
%X = C([0, 1)K T —E e ¥, D(A) := CY([0,1]), = L &M HE T A : D(A) - X A Af :
' (f € C1(]0,1])). 4% Weierstrass 2L & 32, T = 4] D(A) = C([0,1]) £ X = C([0,1]) ‘:PiUfF]
oy, I, T X2 Ly A 9B IR

G(A) :={(f,.8) XXX | feD(A),g=Af}

XXX W— A EETFER, LR, 4R f, € C0,1]) HBE (f, Af,) £ X XX Filsk
2 (f,g), M f, —B&skE| f B fl —HIKk B g, A f RELTHMAYE f' =g.

— EE E.1.4 HEGERE
XX A Y A Banach T, L A : X - Y A&MBEHET. W A ZAFE LY Ca B2
X XY &9 &MT = .

MG e, &HEHT A X > Y 2ESM YA A B HER.
LR, AN H—80H FREH (—20F TR/ 2 5.

_ EMXE.1.6

Bedtik {fitier (¥ fi 1 X - Y, INARES, SRS RATBIEAKE 21 Y,) #ARA
# & A R (pointwise bounded)#y, 24§

sup [|fi(0)lly, <o Vx €X.

iel

— EX E.1.7 B

XY AREEAEZRE, iR TFHA u € X #A Au = lim A,u, WHRAFERELT T 7

t—o0

A, 1 X > Y(n €N) 3%l 8k (converge strongly) THRE&MBRET A X > Y.

—HE R ERR IR
_ FIE FE.1.5 Banach-Steinhaus EIE

% X,Y 5 Banach ZH], LA, : X > Y, neNAFREEETFI. MAT&ERAFH:

() FFHEAuEX, 3] (AWhen £ Y FAEL.
(2) sup||A,ll < 0 A EAETE D C X EF3TFTHA ue D, {Aul,eny £ Y F 4 Cauchy

neN

7.
() sup||lA,|| < 0o EAEHAREHEET A © X - Y 1213 A, AT A, B 4] <

neN

liminf ||A4,]|.
n—»oo

BPiEY RE4, (1) o 3) 95 MMEANARmR L. Bt X TS24, (2) © (3) BF MR & L.
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1 oRFA N4 Hahn-Banach & #, HH T8 5t Banach Z%[8] X )7 2510 LA S8 1472 bR,
FER AL NNZ BRAERTT DUIE PR B X B Rz k. Bfl X g — A seee b2 e HA
TR IE B 1 AT AR, 120 BAK AR BT
_ ENXE.1.8 #ETEH
FEXA—NFEHEZR, R FTFTEE X, yeX, 120, H p: X >R HL

p(x+y) < px)+ p(y), plx)=2Ap(x),

W AREL A WAFEH (quasi-seminorm). R EC A —NMWMFEHK BN E x € X,1 € R #
X p(Ax) = |A|p(x), MAREH FEHK (seminorm). FEKBRIE G, BAMNA x € X A
2p(x) = p(x) + p(—x) = p(0) = 0. A, FuAabCHmzE, AARHLIERLME, BT
HREIEETLE x € X 1£1F p(x) = 0.

_ FIEFE.1.6 Hahn-Banach FEIE
BX ABEEAEZN, p : X >R AMFTLEHK. XY CX AXBRTEE,¢: Y >R AEXBEZ
&, A x €Y HE p(x) < p(x). MELEZKEZSH O X - R £

Dly =¢, P(x)<plx) VxeX.

TRATTHEUE I B i 5 77 12 S BB A AE A I A5 FH )
— L E.L7
BXAREHBREEMEN, Y CX AEXRTEM, ¢ Y >R ALMESH, AAEEc>04%
B TR xeY A |¢p(x)| <c||x||. MWAEEAFEMEZEH O X > RMEF

D, =¢, |PX)| <clx|| MTFHA xeX.

UERA. £ Hahn-Banach e ¥ p(x) = cllx||, WAFELKIEZ K @ : X — RIfiL @y = ¢ HXH
HxeXHox) <clx|. HT ®&(=x) = —®(x), HILHESHMTA xe X A |®(x)| <cllx]. O

st AT L2 1, 2500 f 45 S BT
_ i E.1.8
XA C EOREEABREN, Y CX ARBTEM, 1Y > CHAGMEESH, BAECc>0
RIFHFHA x €Y A [P0 < cl|x||. MAEARLENLEH W : X - C 1243

Yy =9, [P <cllxl]] MHFHH xeX.
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E.1.2 55Ué&

#5 Riesz 513, A FMEAFALARYETE 0L (Bolzzano-Weierstrass & 2D JBFEZE H B 1%, JATM,
AT LA N §5UK &L (weak convergence) F1 §5-* ILE] (weak-* convergence) ML, [ 15 751X Fh
“857 BOUT RN R 2 ARG EE H 3hi 2. AR PDE RTE2H, NEZES|IAGEH. 18
&, BNTRFEFFIGFE. AT X &5 Banach 73]

— EX E.1.9 55Usg
o R FHEANHEREMLE [ e X HH (fu) - (f,u), BARBLFI {u, 12, C X 50T
u € X, itk u, — u.

_ EME.1.10 §5-* iég
e R FHEANue X HA (fr,u) = (f,u), ZMHEILF I {fi )2, C X* 55-F M T feX*, i
% fi— f.

SAlE: & w — u, W oy, — u. FH2 AR IFREUT I EEH . AN w, — u, W||u|| <

lim infk—)oo ||uk||

EIE E.1.9 FEberlein-Smulian
% X # 8 &R Banach = 18], # B X5 7 {uk},‘:’:l CX AR, WEHELT T {ukj};il - {uk};il
Aru€X BAFu, ~u kX PR

HA) U, B Banach (8] HIAT 57 812 55 UK ). Rl Hilbere 25 8] (14 5 412
AT AL ORI E B E Sk B, BT A 53 sk

EIE E.1.10 Banach-Alaoglu
WX A IER T, RSB ] Xt CR& LB T H T8 T PRz 64T R E 4.

Mazur EHWKF X 0905250, LA, BATAE
TEIE E.1.11 Mazur
|7i’91 X, |- 1) 7 R GE &k R ] H{x}en CX AT ENSNxeX TP N ELEE X; 89 A &

&6 R I idien © X, AH KAy = 2 A70x;, Ay — x BRI, B Iy, — x| > .

j<k

E.2 Hilbert =5|8]

EH S, 2N RN AT ER AT L? 11 Sobolev 25 0] H*(Q). MAfBanach Z¥ [t B A
PWRREE R, 1B H sEgk i =S,
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— X E.2.1 HilbertZ|d]
doE w4t ()t HXH — R#HAAT &4, NARE A AR:

e (u,v) = (v,u) XA u,v € H,

o BAtur— (u,0) HTHENvEH AN,

o (u,u) >0 FH ueH,

e (u,u)=0YHMRY u=0.
B AR LA TERA ||u|| 1= (u, w)/?. Hilbert = ] H KT T 4= £ X 4249 Banach = ], 4= %
H & Z &=, 0 (u,0) = (v,u).

— EX E.2.2
ESAHWFEME, St ={ueH|Wmv)=0YveS} AL S EX&-FT =,

X1 Hilbert 25 [8] H, A] LA AR € B HOWR 2 /] H* 5 H S5 [FIEK.
I E.2.1 Hilbert Z[8]fY Riesz TR < EIE
H* TG H R ZRMEHN, 3 TEHENS u € H, FEE—WLFH u € HER
(u*,v) = (u,v), Yo € H. B4t u* —— u AR H* 2| H 89 &M B A,

PR, H* 2 H JF AN 2 38 1 18 S b Sl g !

E.3 ZEHETRNZEL

AARUEHEE TR REENMEZ 2 RE T, ETUNER P AE RS BETHE X
A LR A7 5
— 5| E.3.1
XX A2Y A Banach 8, K : X - Y AAFEMEET. AT ERAFMN:
o X (X )neny £ X FHIA TN, WA F] (KXx)pen B Cauchy T 4 71.
e R SCXAARE, MNELKS) :={Kx|xeS} LR LA,
e o {Kx|xeX,|x|x <1 AY WETE.

— EX E3.1 EHEF
XX A2Y % Banach . AFRENBREF K : X > Y #ArA:
o BHT: R CHR LKA EGFMN I
o A I&# (finite rank): 4R HAZ R Y 09H FRET = ),
o £3% % (completely continuous): % X FAHANASF I E K TR £ Y 897844
A op ofiosk.
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_ W E.3.2 RrEELE

X X A2 Y 4 Banach 1], WHARHEFK : X > Y #HALELW. W Rsb X 28R40, N
AREBETFTK X ->Y LY ARECRAELY,

_ R E.3.3 E&5XHE
1% X,Y #2 Z 3 Banach = 8], W VAT sk L:
(1)#%FA:X>YH B :Y > ZAFREKRET, LBRIEX A RZGR B £ %6, 0
BA : X » Z &%,
Q) KK, - X >Y ARHEFTH, AELFEHMIBITHETAREAHEETK : X > Y. N

K 2 %4,
B) BK: X>Y AAREHETF K Y > X* ARLBETF. W K REME ALY K*
2%,

W X N Banach %=[1], €(X) X8 X LA BEFHES. WIERANTE
_ EIEE.3.4 Fredholm —#—
1% X 3 Banach £ 1], K € G(X). |

(1) dimN(I —K) < o0, £+ N(I —K) ={x € X|(I — K)x = 0}.
(2) RUI —K) & A,

(3) RI—K) = NI —K*)* BRI —K*) = "N -K).

(4) NU-K)={0} 3 B{x% RI-K) =X.

(5) dim NI — K) = dim(N(I — K*)).

i, AF McX, FcX, &M

M i={feX'|{f,x)=0,VxeM}, Fl:={xeX|(f,x)=0,VfeX}

7£12 E.3.1. Fredholm —#F— A TA®E 57 u—Ku=f & THME. cERNELANTEANfEX, F
fFBu—Ku=f#ARE—M; BAFRITARAu—Ku=048En MRELLMK. £B—FFAT, Ik
FRIAEu—Ku=f RTME, LERY fHELn AMAEXEH f € NT-KH)* .
TATHE TR HEE 13 2.
— EX E3.2 FEEMiLE
% X A Banach T, A : X - X F F&HHET.

o A MRS (resolvent set) € XA p(A) :={n € R|A —nI & 1-1 Ei% a9}
o A &y i (spectrum) & LA g(A4) := R\p(A).

% ne p(A), #&"J‘%]ﬂ @4%5{32’ :}’k'ﬁ]é&p;ﬁ (A — nl)—l 2 X —téﬁﬁ}ﬁié&ﬁ]‘i;@;%
o JuX N(A—nl) # {0}, &M1HL 1 € 0(A) £ A &9 H4EME (eigenvalue). PTA SFAE(E GG & &
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A g (A), A “EIET .
o R AA—NHIEAENTEMNWA0H Aw = Aw, WEAH w £ A 5 1 XK 44
= (eigenvector).

HATIAES
— FEIE E.3.5 Riesz-Schauder
1% X 4 Banach ], K € C(X). 1|
(1) 0 € o(K), M dF dim X < oo.

(2) a(K)\{0} = g,(K)\{0}.
(3) 0, (K) B & (o RAE) LA O,

W H N5 Hilbert %5 [H].
_ EMX E33 WH&EMETF

e RIHA x,y € H A (Ax,y) = (x,Ay), BMHAAFEXEHET A H - H & 348
(symmetric). tbik (,-) R H@AR. EmH L, A ZFAHE BRXE A=A"

— Wl E3.6 BARLMENHRETFRE
WA H->HARREELET. W ARG Y BAG S TAEMT x € H A A (Ax,x) €R. £
EAFRAT, &MNtE—F A

(1) s(A)CRAMFHEMxeH, 1€C GHELImA#0) , A || - A) x| < %
(2) % H, CH & H # A-RERT 20, W Ay £ H, L2334k,

() M TFHEMT AN €0,(A) B A+, BMH NAI - A) L NQ'T - A).

4) ||A|l = sup |(Ax, x)|.

llxll=1

PFER S+ H — H Azt A WWET, IRl

m .= inf (Su,u),M := sup(Su,u)
Iﬁtﬁfl ||uﬁH1

@l E3.7 gL TF
|7«’&A'l‘]7ﬁ a(S) c [m,M] B m,M € o(S).

WEBR. & > M. W (pu — Su,u) = (n — M)||ul|>* (u € H). Kt Lax-Milgram EELWi 5 nI — S 52
1-1 HigH, #n € o(S). FFL, & n < m, W n e p(S). XIEWH T o(S) C [m, M].

FATEEIUEH M € o(S). TR [u,v] := Mu — Su,v) X6, BXG ue HA
[u,u] > 0, Cauchy-Schwarz AR E |(Mu — Su,v)| < (Mu — Su,u)/>(Mv — Sv,v)V/2 AT
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u,v € H. Fpplh, XFILEHE C, f ||Mu — Su|| < C(Mu — Su,u)/? (u € H).
MIER (w32, € H R |lull = 1k = 1,...) H (Sug, wp) — M. WRATE ||Muy, — Suy|| — 0.
AT M € p(S), NI
w, = (MI — S)™' (Mu, — Suy,) - 0

XA E. Kk M e o(S), A m € o(S). O
EIE E.3.8 EXMRETFHIFIERIE

X H AT % Hilbert ® 1], JHBX S : H > H ZREMNAET. NAAEE S 98I w2 M)
H & TR AR E A,

WEBA. % {9} N S MEHEFAFRFHEETF S, W ny = 0. 2 Hy = N(S),H, = N(S —n ) (k = 1,...).
¥ Fredholm —#—, H 0 < dimH, < o0 H 0 <dimH, < co.

W ueHg,veH, Hk#L W Su=n.u,Sv=nv, ¥ nuv)=u,v)=(u,Sv) =nu,v). H
T e # n, BRAHERHE (w,v) = 0. BIILIRATE 2+ 26 H, A H, 2 IEZ K.

WA H 28 & Hy,Hy, ... 1 H 12500, Kt

m
FI= Zakuk . mE{O,...},uk EHk,ak (S R .
k=0

A T oRUE A 75 H hi%. B S(A) C H. WA S(AY) c AY: F b, Hue A HoveH,
M (Su,v) = (u, Sv) = 0.

MR T S = Slm S B HATFRIF). At o(S) = {0}, K S WA AEZAFAE(E o /& S HFFE
fH. WRPE51 2, X THrE ue BY, B (Su,u) =0. HUR u,v € AL,

2(Su,v) = (S(u +v),u +v) — (Su,u) — (Sv,v) =0

Rk § = 0. HLE W B ¢ N(S) ¢ H, i H+ = {0}. Kt A 7F H %%,

NEAT20 H(k = 0,..) &5 — A bsiE IEAS3E, R B R T H &0 551, Hy BA ke
IEACEE, BATHBIRAE T — LU AE 1) B b v I AT 3. O

E Hilbert 7% (8] I, X6 AR 57 115 A0 45 F4 5 0 TL 5L 79 2 1) H 14 SIS R e e Sl ARABL. 4R 531 3,
FRATT I AT i S0} R B2 TTX A A, ELG AR 2 b ) 0 38 IE R R AIEAE, 3t SR A SN AR P
FRRRAE ) B 25 T B LS 2 R IE RS (RIVEAL JE R IEAS R JE. bk, — IR (il S 2 4
AEAH. X2 5 T Hilbert 2% (8] b X FR S &1 [FIAE AL
— @l E.3.9

K A€ CH) . M AE x, €H, x| =1, 4%

A 1= |(Axy, X,)| = sup |(Ax,x)|, Ax, = 1x,.
lIx|I=1
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— #ER E.3.10
A€ GCH) M. WNELEE S TRAESFI Aren, BB TREE (WBAEE) 20,
145 {1} E& A G94E4E4A. I, B H 094k EXK {e ) 117

X = Z(x,ek)ek, Ax = lek(x,ek)ek.

k=1 k

_ i E.3.11 Courant A /NZIiE
RAECH) MMELEFRHIEMBMA 247 220> 2] 247 1

. Ax,x Ax, x
Ay =inf sup ( ), A, = sup max ( ).
En-1 xeg!l | (x,x) E,, x€E-, (X,X)
x#0 x#0

A E,  TTAR H 894E4T (n — 1) 4213 -F = .
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