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B—E SobolevZ|q]

A YR EEE N Sobolev [M I ZEAR BRI . 7RI LM LTH4EH, SobolevZs [A] L IE A 7E 43 #T
X ZPDEM A @ H A A . S5t b, R s A AT b IV 2R, R AT R MR
K ZIE . — AT RKIEIZ ) NIRRT B AR IE P E SRS IR R R R . [
U, AR B & AR VKA IPDER W AZ(E M A R e e e |, Bl Re = vk, &
5315 Fourier /T4, HEM e& Z 0 ATl A AT A E O Z i AR 19 AR B2, 59— 5T, SobolevZ[A]
WP B —A> 3 B R IX IR R HC 0] [R5 L8 1 s al BRI v R, T HolderdZE 45 bR 4002 1)
Cha R B i AT . Ak, FRATATCL “4fidE— e vttt BB Sl iR ", JF 8 7 Soboleva®
] LP Z=[aF CRe a2 A E B R R

TEAN2HSobolevZS (B 2 7, BATE Je/HRE ] CRe o ARG AT, eA1sLhs L
BRI R A ) CF B, FEAEMIAPDE R Schauder fii i1

NP R RINMK U € R 22— NI, #a € (0,1], FATHRE w2 abf HolderiZE 45
B, RFREEFE C > 0 1115

lu(x) —u(y)| <Clx—-y|* Vx,yeU.
IREHI, 24 o =10, HATFR u £ U F 2 LipschitzE4EH . B HIRATEI N6 Che anR
EX 1.01. 22— "MAREEZHH u: U >R, &ML

o —EULH: |lullog) = sup lu(x)|.

xeU
o alrHolder¥ T34 :

il oo sup D =¥

0,0 « - 1 -

o) Xy |x - yl“
x,yeU

b CCMI\HOIdCI’jEZ)%( ||u||C0-“(E) = ”u”C(ﬁ) + [u]co,a(ﬁ)-

o Holder® i Ck*(U) (k € N):

Cka(U) = Ju € CKU)||[ullera 1= D, 10%Ulle, + D, [0%Ulcoay < o0 -

lal<k |la|=k

ATLABGAIE, ZRPEZRICh«(U) IR T - ||Ck,a(5)7|§§&ﬁ7~%33nach/§l‘ﬂo
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1.1 555#F0SobolevZ|H]

A8 B TovE BRI L LSPDEM R8T Che, PN TREIEE SRS ENE. T ik
XFNAE, AT lSobolevaS (Al ML IE “HLKE " MRAVEFIESE, JFH “39%8” MRS
HEEH .

1.1.1 553#
AT —ADE R RG T IF4G: GE R RXIE U c R MK f e L2 (U), A% EPoisson )7

—Au=finU, u=0o0ndU.

FERIED f AT Re — AR AR R A, IX TS BLREAIE BAAAE I T I i SR X . — D5 T
Wik u e C*(U), M4 HGauss-Greens HFA 115 2]

J fodx :J Vu-Vedx, VopeCIU). (1.1.1)
U U

FEE, FRBRSSERMBEIARFE u e H(U), B Vu € LAU) A ulyy = 0. FLFATA LA

FiPoisson /T TR “TAMR” & SO RIS (1L11) 10 w. SXFMEEARAOAELEE AT LU Hilberts 7]

I Riesz e SEBAE I, T3 A0 Vo 9205 B2 u 9“8 9507, BOE BT LAU) TiA &2 CU).
% LRBITFRER, BATEIN “F9507 .

EXLLL Fuo € L (U),a = (@, -+, ag) & F A AMARoRubiab 33§48, tlFou = o,

RAET X

f ud*pdx = (—1)'“'] vpdx Vo e CX(U). (1.1.2)
U U

HRXAEG v REAE, NARMNAAFRusdaM 35160 55 14£.

AR 111 FiE2%, LERRA 52/ 5 W+ 5% F4% A RF (5 LFolland [8, Chapter 9]),

B A H&AEG 7 X ZKEFF KA — /N F¥ Lebesgue T R F$L, moyHhFHRELKET DWU) = (CWU)Y
18R —2 & BT ARk 4 (14 Dirac delta 8) o

i LL1 (B SEOME M), udaW 33348, R EE, NEME -ANAENEEZLTAE—,

SERR. ¥ vy,v, € L1 (U) Rl el gl S 4. 5 S, S
J (v, —V)pdx =0 Ve el
U

W2 it 251 SLED DA R 5P H . O



1.1 555% AN SOBOLEV™ [H] 3

51 1.1.2. Fw e L] (U)iHA[,wpdx = 034E&p € CX(U) Mz, Mw =0 £ U FILF A4

3|32 1.1.2 BUIERR. & (.o M C.2 e UM —REEAE, 2
neC=(BO,1), 0<n<1, Lnﬁﬂmwzéﬂg_

BAFERE € > 0, FATWA [o.n. =1. A

r

wx) = lmmm@—xMy=famw—wowm@—xMy+flmwm@—xMy
U

JU U

=0 by assumption

r

= (wx) — wy)n.(y —x)dy.

J UNB(x,¢)

HFRIHO0 < < 1A

1
weol < 5 |

B(x,e)

w6 - e dy <a@f  we) - wo)ldy,

B(x,e)

Hrha(d)ZRA B ERFATR, 1T £ R FAREE . 2 e —» 0 I, AumiiSE0E T JL-F
Wb Ab ) x € UL, 1XJELebesguefid 73 & B4 18 ]

BRK, BAHEWA I3 FEBBIT .

x 0<x<l1 1 O0<x<1
5 1.1.1. %d = 1,U = (0,2), £ EHH u(x) = 2L u(x) = . T &
1 1<x<2 0 1<x<?2

EAY = vEBFHELTREZ. HERe € CX(U), HA1EIEH

2

|

2

u(x)e'(x)dx = —J v(x)p(x)dx.

0
T, AT

2

|

1 2 1

¢'(x)dx = —J p(x)dx + (1) + ¢(2) — ¢(1)

0

x¢p'(x)dx + J

1

u(x)p'(x)dx = J
0

=-—.[ o)) dx,

XEEMAE T eC® = ¢(0)=¢(2) =0.



4 H$—& SOBOLEVZ A

0 -1<x<0
B11.12. % d=1U = (-1,1) A& u(x) = YU BB TR R REA, WAL
1 0<x<l1

EAEL e L (U) #HR

1

1
J u(x)e'(x)dx = —J v(X)p(x)dx Vo e CI(U).

-1
RGeS, BiAEEXNSvel, (U)#HA EEF X, # u b9 T2

1 1

u(x)p'(x)dx = J ¢ (x)dx = —p(0), Vo e C (-1,1).

0

1
—J v(x)p(x)dx = f

-1

N, ZRMER—7] {p,(xX)}CcC(-1,1) #HL 0L 9, <1,9,0) =1 A%Em > colf A, (x) >
O£ &x £ 0 Lo ¥ @ BieH ¢, 4 m—> oo, a&mﬁ@ | (R R 4DIsoe 2)
1 1
-1 = lim (—¢,,(0)) = — lim J v(x)p,,(x)dx = —J v(x) lim ¢,,(x)dx =0,
m—oo m—oo -1 -1 m-oo
FEIF G

A1 1.1.2. & &K u AR A HeavisideRy 2, R E&AMIH LI R L, B ul,o=0Ful =1
u WA F R OE AR B A 89 Dirac delta 6, € D', © A& BT ARH K.

1.1.2 SobolevZ[EWSP(U)

2 T kFRATT5] ASobolevZ [H] 1 € 3o
EX 1.1.2 (Sobolev#¥d]). # %k € Nf=1 < p < 00, Sobolev= HWkP(U) = LA

WE(U) 1= f € LP(U)| . 116%f I|powy < 0 ¢ -

el <k

LA BWEP(U)Z Tl 2R R “AE k W3 FHHMA LP(U) {7 R TREE f 1 U -
R#,‘gﬁio Jﬁ#ﬂﬁﬁj‘VXiﬁHﬂ(Wk’p(U),” . ||Wk,p(U))xEéBanach§ IET] ’ —ﬂ-?@éﬁii%

I llweowy = Do 10%Fllewys 1< p < 0.

lee|<k

FIC 113, BT LP e 1/p AR, H 1< p<oo B, &AMALERNFHNTEH (2
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LA TF)

|f||Wk,p(U>=[z j Ia"‘flpdx] |

lx|<k
% p=28, £A19T HYU) := WE(U).
EX 1.1.3. &{f o}, fBTFTWLU). ZMNARS, EWEP(U)FMEE f, RIELm - ol R Z||f,, —
Fllweoy = 0. AV, EW PO FACEEBNf, 23| [ — fllwioe, = OHHEEV € Uk o
EX 114, £MA WPU) 2757 COU) £ Whe(U) #89ie. Bit, fe W, (U) S8R5 %E
BdH f, € CO(U) 4F f,EWEP(U) PSR f. t—F, KMA

feWé{’p(U)@fEWk’p(U)ﬂ—a“f=Oon6U Via| < k—1.

A ELF, AARTALELIT.

51 1.1.3. 4U =B(0,1) C R4, u(x) = |x|™ (x # 0)o 4% d e N*#= p € [1,00), &KMA Z K32
a> 0145 uewhr(U).

R, WSEBRATANIE u AR B RS AN, AT LSRR I i A2 S8 du(x) = —=. %

|x|a+2

TRIATRAEX W E U g NIEREDE € > 0 JFRBUER ¢ € C°, JAT#EATI A

J ud;pdx = — J Jupdx + J ugv; ds,,
U\B(0,¢) U\B(0,¢) 8B(0,¢)

Hev = _|x7| 7& 0B(0,¢) LB E. R, N T RAE Gu t2 U H u W5 SE, JAITH
TR AL FIE € - 0 WL

J uev; ds,
0B(0,¢)

Ma+1<dsid o, XEREEERd> 2.
BETFREMNEE u e LP(U)LEEHROu € LP(U) (A < i < d). BTURBEEESHER
X, Fillu € LP(U)M AL Map < dor: R G8 | Vux)| = 2 xfx # ofar, A4

|x|a+1

B |Vulx)| € LP(U)H HA M (a+1)p < d. REFAEHELER: ue WhP(U)HHA Ma < d%pﬁiﬁo
R, FAEHEp > diffiu ¢ Whe(U). O

< Il Area(dB(0, €))e™* < Cae®' ¢

il 1.1.4. 54U = RY\B(0,1), L Eu(x) = |x|™@ (x # 0). %&xd € N*fep € [1,00), KM 2 Kk 2|
a> 015 uewhr(U).

R, ZER T BRIMARTE a+1 <d KFREH T du EFHTE, FNu AN x=0¢
U. EFAE, x|~ e LP(U) B3R (a+ Dp > d, B a > L2, Ti|x| € LP(U)EKap > d,
p
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Bla > d/p. WAL ERI1Fa > d/p. u

SR 1.1

SRR 1.1.1. % f € WPP(0,1), 1< p < +oo. iEFA:
(1) fILFRARE T —A%xtEgHH f* € LP(0,1).
2) % p>11, &NA 1FG)— fOI < 1x -y QL 1P e,
R 2B )= [CF0d, KR FRFE (0,1) 95555
SR 1.1.2. & X hen: £ U =B(0,1) CRY oy — A THMAETFE, B

Ka e R WIEREE ue WHU).
SRR 1.1.3. ¢ € CR(U) Bu € WhP(U). iEW: {u € WHP(U) B2 # Leibniz /> XA 2

*(Cu) = (g)aﬁg d«Py.
B<a
1.2 SoboleviR#H B iEBIEMERIEZER

IR AR SRR & SORKR 55 2, BAT2 KX FAEEROR EASED, T 2IATE B R H
Zxin): AR AT LA SE RO SR S R B (e ig sk £ JE T SoboleviR EL, A4S LIE MR ELY
“RUFMERT” 4k7KZ5Soboleviki B, Sz b, X PUEE M C.2 A HERE RS, A [ e
keN, 1<p<oo fIFFE U CRL Xfe >0, FMENL “4iKTEE” U, = {x € Uldist(x,0U) > ¢}.

1.2.1 BEPREEIR

F—NEHRBHIMEEL < p < o0, WE(U)BEE] LLEU W BOGTE R EGE T .
EIE 1.2.1 (FHEEERL). X feWP(U)(Q < p< o), £ U, PRLEM f.=n, % f. IRAXT
&> 08Af, € Cx(U,), H¥e— 08, f AW P(U)TIssl].

HERR. Yt TEE B C.2.1(1) THIERE, phAbESE . B2 R ORIERHIEUT R, B IR K
0“fo=n.%x0*finU, V]a|<k.

PR B, W EEC.2A(4) AT 30%f° — 8°F in LP XHER ol < KESRSL, X IERRATEL
L.



1.2 SOBOLEVH I 1 8 U fl A ia 5 /7

DEIED R IR . SHE ¢ > 0fx e U, THEW1G

5. — ) () dy = (1) J 8n.(x — y)f () dy.

U

ne(x — y)f (y)dy = J

U

55 (x) = 6% J

U

EE, MENEEN xe U, Rlin(x—y) (FNy FRED BT CU). 55 FHHIE LT3

J 35n.(x — ) f(y)dy = (D)™ J n.(x — ¥)35f(y)dy,
U U

8% f (x) = (—1)2 j Dk = ) dy = (0, % 3% ).
U

N————
=1

1.2.2 ZEiFxEER

WEEH 1.2.12 )5, AVBE SR £AREEEA XU FIEiT 25 % [)Sobolev R £, 11
AU EE T L? B Rek LB iR BTA 52 X ) B ZH 2 H e, I HIXFh
8T AT DLOE I A A o iR S I, (BERATTTR XS oU eig AR — PR ik
FIE 1.2.2 CEPOEIHET). Bk U ARE f e WP (U) MEAM 1< p < o0 i, MAE—FL

wkp(U)
#Af .} cCoU)nNWrkP(U) 147 f,, —— f.

WERR. X} i € N*& X U; = {x € Uldist (x,0U) > 1/i}, I4H U = U, BIHE U #—5HT4%E
i=1
U, 5. fEEH1.22, ATCEAETD U, FHE T u FOGHEELR, IAERN T 2K IX L8 R
S k. [ BHE T I N — S RO R TS PRIR AN, SRS 1S R AT BEAS O
e NEIGOEE M, RTEMELRAEBEERM: WEANEEH x e U, fEiZAK/NUET RE
AIRZAAEZF I, X 0] LUl I B i 1 AL 5 Rk S
HARKYE, WS ieN, RITEX V, := U \Uy, MW, := U \U;, ITFE.

RIGHI V, e U i3 U = GVl-. 2 {iene RMNBTITERRR V, —AGIE B4 fid, BT
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0S¢ <1H G eV
e ¢ =1inU.
i=0
P X H, MMEE—Rx e U, RAAFKRZA i 15 {(x) #0. 14, 218 113K, F1Mue
W P(U) H Spt(§if) C V.

SREXSf 1=, = GHNE R ViTHRDEIFIET. FES > 0, FATRKSHe ikl
FMER || fF = $if llweewy < %EEI [FI AT Spe f1 € W FERGI AR W, R b2 1),
Koy 5GBS “HER” SERBAISE NV, “BIK” 2 w).

BUER P = X f1. HBHARIE, KA AHRE A EE, FTblF e c=U).

i=0

—HERAVEE f = 3 & f, RUAHER V e UK
i=0

IF = fllweoay < D= S llweowy = Do 110, % ) = Sif llwkay < D, 27718 = 6.
i i i=0

A6 5 V HEBUR TR, ERERATBATE |F = flysw) < 8- H50IM, 48=1,2,7,
ATAT 2] —F10 2 Z K f .

2 RFATUE A Sobolev R EL N EA T IE T, X FEEAR WA T 0U /b & LipschitziE4E 1
EX 1.2.1. KMARZAF OU A Lipschitzif 445, ZAGHHA S x € 0U, H 4 r > 0 f=— A Lipschitzi%
Zgty RS R, 113 (LB Taedbfe 42 LR A

UnBx,r)={ylys > rO1, > Ye-)} N B, 7).

The boundary of U



1.2 SOBOLEVR UGS 8T 1Az 5 9

EIZ 1.2.3 (BUWBAEIIER). %A RFEU c RIAA Lipschitzil o X f € WEP(U) 3F A
1< p<oo i, MABEHEI{S,}CCoOMAS, —— F.
UERR. #EEH 1.2.2, ANEFAELFOUMITME frsigEn. ERUMAE RS S ToUM'E
M, B RoUmT UM BRZ N EE G, HICXEHFENV,, -, Vy. W& TR EIRE
mZh, BAMRATEH—NHEV, c U BHEF NN MVH rET e 2 #E1.2. 1 IR
7, HIERTEE U BT E SIS S IE T .

AEE x° e dU, fFEr>0 %HLipschitzﬁ?iglﬁ y . Rl & R 615

U nB(xO’r) = {xlxd > 7(x1, axd—l)} ﬁB(xO,r).

ﬁﬁﬁﬁV:UnMﬂé}

BEx eV, RIELTFBA X = x+ Aeey (e > 0). XEEHEH KK A >0 (HlnA >
Lip(y) +2), ATFIEZK B(x,¢) C U N B(x°,r) XHEEx € VIR /3/Me > 0L BTk
WAVE SGEIE, 4fi(x) 1= f(x), HESCEITRIMF =0, * [« BHEH F e V), i
AR WS
BiE. F¢ — f in WhP(V).

UEEHWT 200, AT T — N EAAR

L iZEEIEME. T Re I N ATFEGIN PR A x° RIS R A > 0?7 H
JREZ R — fix € V, IAerRedpi AR Ein it & A TE A X FE R x 1) /MR
BN EECRELS, A GI] Re ¥ KRS B(x, e)nU # 0. 55— J71H, WA K Lipschitzi%
BEMELRE TIURAS “EEIRY” (LipschitzZE 8 MRS T 10 B R B — I S50 — 2 L
5, UL RIRATIEE 2 > Lip(y) + 2, 4 K/INA O(e) H-FF2—ERELRIE B(x, ) C U,
M5 BE D GAZ ) A R B H R A% 1) 2 ]

2. At 4B S AL EIBLEIS? FHor b, FHWrsmorn, WA RTEH U 1E Al 58
B EE R . AR IERATEE E— 6 > 0. HTOUR, HATATLHRBIBREN A0 €
aUasigNﬂn>oﬁ%aUcﬂBupymoﬁvﬁ=UnBupym,%Zﬁ%%u

i=1



10 f—# SOBOLEV% ]
EAECTE R f, € Co(V)) 113
||fl _f”Wk'P(Vi) <98, 1<i<N.

fEMZ g, AT K EIFERY, € Uit

vclJve H  3foec>@y), 113 1fo— fllwe) < 6.

%J—H:’ ﬁz/ﬂ‘] az%*@i%jT#/l\HﬂVO, B(x(l)a rl/z)a ’B(xgj5 rN/z)éH}&EqﬁmﬁBEﬂ:%%° ‘I’E‘{gl {io
N

RNBTEANFEEN U —NER R, 34 F 1= Y ¢f € C°(U). RN DRI E
i=0

N
XE f=¢F FUSHET|a| < kAlit5E
i=0
N N
10 f = %F||owy < X 10%Ci(fi = Plleowy < C DS I1fi = Fllwkery < CAN + 1)3.
i=0 i=0

BEBRNMATIEHES. B2 F 2 f PR BB, FHRNMM 2% F - f 70N
Fe— fe fl fo— f Ryl z. MR, JATRIEHLA(U) 8, Whriisiiii sk A3 5. &
{REE]

E = flleeqry < NF€ = felloqry + 11FS = Fllzeey-

S IS B LP v A ) SRR M At D R UE B2 — T 0. HiE XA

P = ) =F ) — ) = 5 | )G+ Ay = w) = fx-+ dee) dw
B(0,¢)

w

==E=J n@)(f(x + Aeey — €z) — f(x + Aecey)) dz.
B(0,1)
ARG LY JasinT Lhd i A4 T Minkowski A 55 AR 3% i

||Fe — fE”LP(V) = ||F* — fs||L§(UmB(x0,§))

=||IIn@)(f (x + Aeey — €2) — f(x + Ace))lris0.))||

LY(UNB(x?,2))

(B4 Minkowski R R) < H I(@)(f (¢ + Aeey — e2) = Fx + Aeealgunan sy

Lz (B(0,1))

=J IFC + Aeeq — £2) — £+ Acea) |z, dz.
B(0,1)
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Mg — 0N, FELPVEENI TR ELLIE TSP R EL || (- + Aeeq — e2) — f(- + Agey))l| ) ILELFINO.
[ B Fe AT T

@IS+ Aeeq — ez) = f(- + Aeea))llewy < 21| f lleow) € Lz(B(O, 1)),

111 425 1) BR BN T 2o SR RCSIOE 2, A5 2

E—

hmj @IS + Aeeq — £2) — F(- + Acealszr, d2
B(0,1)

= @t + sy —e2) = £+ 2ceDlig dz =0
B(0,1) &=

1.2.3 SoboleveR # I E Kz E LN

F7imEL e 2 )5, A1 B NSobolev R i i 37 FE A 12 B
Rl 1.2.4 (SobolevER F iz HIENM]). %1 < p < .

(1) # f,g € WHP(U)NL™(U), N fg € WHP(U)NL*(U), K 6,(fg) = (0,/)g+f(0,g) *i=1,---,d
B U FILFRA R L.

(2) % f € W'P(U), F € C'(R), F' € L®(R), F(0) = 0, 1 F(f) € W'"»(U), B 0,(F(f)) =
F'(f)o,f*ti=1,---,dEU PILFRA R Z. HUALRYYP t9Lebesguet] & A &, NF(0) =0T
P 30N

(3) Ff e Wtr(U), M+, f~,1fl € WHP(U), #FHA

ot = of a.e.on{f >0}
0 ae.on{f <0}

r

0 a.e. on {f > 0}
—0f a.e.on{f <0},

of~ =3
of ae.on{f >0}
olfl=40 a.e. on {f =0}
—0f ae.on{f <O}

\

5, of =04 {f =0} LIL-FAL R,
MERR. FATHUER (1) A1 (3) s — . (2) BRI ESR ] .
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#(1), RATERe € CR(U)AKIFESpry € V € UMIFEV. Let f, 1= n, = f, IFEX
g =1 * g MABNTEA

f Fe(@)dx = f fg(al-qo>dx=hmf £.8.6:9) dx.
U v =0 )y
5 L VT B LRI E A S e B S50, S50 b, AT Eslder R ST 8

J £.8.61) dx — f fe@p)dx = f fi(g — )G dx + f (f. = f)gdsp dx
|4 |4 \4 |4

< llge = &llzeay 1 ellsy 19i 1l vy + l1gllzs1.fe = Flleoen [19ip Il oy = O as € = 0.
Se————

SIS llzeo )

XEIFER: X f,g e L> 2 EN, 1 f.,g KMt E s C2.145 1.
(3) MREMIR A REIME. 495E € > 0,3ATE L F(r) = (W2 + €2 — ) x50, WA LE SR
iEF, € CY(R) H F € L*(R) KT ¢ —HA . IAERNTN F, Q)RS0 I3 570153 2

J F(f)opdx = —J F(f)dfedx, Ve CrU).
U

U

BT f e W' HF.(f) — f*+. #4 ¢ — off, $EEmlisoe st

~lim f FI(f)3,fp dx = — J lim FI(/)3, /¢ dx = —J 5:f.

Un{f>0}

I EAS R o f+ BZRIET, WM f~ = (O A Ifl = £+ - BRHRE R, O

>R 1.2

J@1.2.1. R U,V &FE, VeU. it¥: A {eCU) M|y, =18 £ 0U MiLAX,
Ry RVeWeUFEBEE yyo
N
@122 BRUCRARBLUE€ Vo iE¥: KA €CU), i=1,---,N, 17

i=1

N
0<¢ <1, SptgCVy, D ¢ =1inU.

i=1

Bor: SEA D, RSIA 121 94k g, e C°U) HA ¢, =1 E W, W, eV, &
Sptp; CVie REL =01, =0, —9), . in =81 —@) (1 —py_y). EEETAE—
19
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SIER 1.2.3. iEH 4 1.2.4(2).
SIEE 1.2.4. G291 ||Vul2, ) < CllullowIV2ulliaw) SEAT u € CR(U) K. KB#H LIRS

2lue H(U)NnH*(U), X2 FMEZ U ARFHLIU LiF.
SRR 1.2.5. KHu e CPU), it FRATRE X,

1 1

(D) [IVullzowy < Cllell I V?ull; g, for 2 < p < o0,
@) 1Vl < Cllull eIVl for 1< p < oo,
®R: SFHEFEA (p,p, ﬁ) 1% B = T Holder 7~ % K.,
SRR 1.26. FUCRIREBFEL feWWPU) BEVF=04£2U PILFRAKREZ. iEA: f
LR H T —AAFIEL K.
B ABAREAE APoincaré RN E X R iEW, B Az 458 £ Poincaré N5 X 09 1E 90 ¥ £ A
B, AVEUTHFEf, =y xf, HEHAM AT e>0, f,=C £V FILFLALKRL. A

JEAE R 232 C2.1 Rk ||f.llp 2T e —&AR, B {CIE—BAR, #tn{f}e—1Frk
KB — N o

S 1.2.7. GEW: W P(RY) = WHPRY 3HER 1< p < o0 e

1.3 i EEFTEHREE

HueCU), MAIATATLLBARE X u fEILS OU EMZSBUE. ARIMIE u e whp(U) 1L
{2 —Soboleviri %, HAFMIATLME EAETME EHE. Feolth, HFUNd4ELebesgueill]
e, RUEEMNFEF R “485 7 Sobolev A B HIIAE . AFEAUEBE 1< p < oo.

EIR 1.3.1 (LEH). X1<p<oo,UCR? ZFFFE, HIU &LipschitziE 449, IR 4

(1) GEAREEET Tr : WP(U) - LP(OU; dS) #1342 0U L Tr f = f X5 FTA f € WHP(U)N
cU) sz, A

I Tr fllcewy < Cllf llwrean
sHHEA f e WHP(U) . EFFHKC>0MEHMT p,U. XE dS = H4 Y,y £ U L&Y
(d — 1) ZeHausdorff] & (RLAFFE A ¥ & ) &) .
2) (H5HFEH) HEE e CH(RY > RY) A= f e WHP(U), A
f fdiv ¢dx = —J Vf-¢dx+j (¢-N)Tr fdS,,
U U

oU
L N AT OU #E4ash kB,
SEIR 131, B3 Tef ARA f £ 0U Lehik, ©& H,y BEMEELTFRE—HR G, Tr B
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TIAAA f U Léy “hfh”, TR EC#H—FHL

r—

lim][ If(») = Tr f(x)|dy =0, H%lae xe€dU.
UNB(x,r)

K
3

Tr fx) = nm][ F)dy.
UNB(x,r)

r—

WERR. %, BAVBE f e CNU) HLHE p = 1 BN, BIIEW [, |fldSx < C [, |Vf]dx.
T 0U s2LipschitziEZ: (1), XEE x° € oU, WAMIATLUHLE] r > 0 F1—A Lipschitzi% 45 ik £
y iR S R, 1S (FE R s DL E T SRS

UNnB(x%r)={x|x; >y(xy, -, x5} N B0, 7).
1EB = B(x%,r) HEWHME & f £ U\B FI1ENZE, BIERATCIES/E U 1 B 4L M E “ &
7. BEEFOU HIHALANE R & N 2
1 S 1

> F41-a.e. on BN IAU.
\/1 + tan*(—ey, N) V1+Lipy)

—ey; - N = cos(—ey, N) =

BUEE 2 € > 0 I8 X B.(t) = Vi2 + €2 — . #Gauss-GreenBH, RATH

j B.)dS, = f &(f)deSCJ B )(—eq- N)dS,
U BNéU

BndU

BUOIVFGo)ldx < C J IV F| dx.

U

<-c| oeumarsc|

BNnU BNnU
K C > 0 2 (cey - N) (M= ER AL 3 ARITBAAT 18] < 1 %—F. BfES
o 0L 12.402)08

f |f|dsx<cj VF| dx. (13.1)
oU U

VR SER(S) — IfIMBIE R BER, BN f e C' IFARKE |f] AELTTHRE i
B.(F) T |1 1y I

B R ORBATEA (LI DM BUFLEUNBH AN RO BL. 3058 EFRATTAT LA 4 B 25 AN B
(ER BGO,r), i = 1, mAE 60U GEZOUREN), SRIFFIEH 1.2.3 iF Wb 1 8o hr 40 ok 52
B, MTiEE

J |f|de<CJ IVF] +|fldx, VfeCY(U). (1.3.2)
oU U
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AARRBE, X1 <i < mIATE B := B, r), EXC =1+ Lipy,)? IFicC = max{C}. &
V,By,-,B, EUE/J MNEWRIHE R, HBRALEN $o, ¢, - $n. BT EIRIE TS

r

J B.(ds, <CY | tbines was,

i=1 Y B;noU

r

= CZ | OB dx

=1Y B,nU

m e

—ey [ @omas f ¢, (B dx

=19Y B,nU B,nU

< f B+ IBNIVflde 3> 0.

WER e — 0 RT3 (1.3.2).
T RIA VG I B —KE p € (1, 0). WEEERDp > 1, FAE (1.3.2) HH|f|PE
| f|, [FIFAI1S

J |f|Pdsx<cj F17 + [VFILF1P .
oU U
1F Young N5 :ab < = + — p—1 + () =1%a = |Vf],b=|f|?" W13

f F1Pds, < C f FIP+ VfPdx  Vf e CiD),
aU U

HApXA ¢ > 0 K# p. PR BRAIC Trf 1= floy, BATEEKEBT pEEC > off
BITr flleewy < Cllf llwiwy XTEVE f € CYU) KoL, FFEFESRIE f € CYU) WS A
X Q)RKAL .

BFUEBXT f € WE(U) AMAMSE L. HEXFE—Af, e 1.230F TR f, €
C*(U) £ Whe(U) sk ®l fo a1

I Tr fi = Tr filleauy < Cllfx = fillwiew)

XKW {Tr f,} /& LP(OU) F I Cauchybll, MMAAEWIR Tr f € LP(AU), & X Alim Trf,. 1 H

n—oo

XARAKAL T f IR IR . BUEL E—A f € WH(U) N C(U), AT AT A 2
NIRRT IB IR E L Tr f = floy. HT WlP(U)nC(ﬁ) £ WhP(U) %, AT LB
T Tr GAMBL.T.EH) EH NN WEP(U) - LP(AU) A REME T . E TS AR,
FAIH AT DA FH 2050 ) HE AR G i B I e BESR SE GIE R, A A EE . O

BN RIANNEM] — AR TN T R BB ER . XA EE, EIEN RSy
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o, WA Al Dopkadt
I 1.3.2 (TR, X U CRY RARFE, U £Lipschitzit 449, £ f e WP(U). 1

feWw,P(U) 4 A% Trf =0ondU.

WEBR. U047 AW, Sehr B RRRIEIR I — A RS . A f e W PU),
wblP(U)

fE—% {f,} C C2U) 18 f, —— f. BT Trf, =0 H Tr : W'P(U) - LP(OU) A HLMH
F, WA EITe fEOU EIHNE.

Rz AR EAE. 45 f e W) B Trflay = 0, RATEERIE—F] {f,} ¢ C2(U) &
B 11f = Fllwkowy — 0. HEHESE C2 MOCHBEIE R, ks3] C® FEE LP(U) J630 Fiik—
ASobolevi B2 5 1. SRTTTIRA E 75 B (2 —Br SRS, 1B TFIET L BIAREEK
BB R MR B R R REAE N E. T R SRR SR S B
s, JRATATLAZER PR AN TE FORE B BLIEHES R0 C(E M RE B R IO, SRJR Ok
VT 5 1A I 5

AT HA EIFE, RAVEE [ € WPROEAELH, AT flpge = 0. X LUBIE A 6U
FERAL A ARIEREL y (IEURRSEBL, 3% ANB IR H 3 ROU A LipschitziE Se .

B—s. BERAIE. TA1E L ABEIE Y ¢ € COR,):

1 X4 € [O, 1],
$(xg) = § #IR, BET[0,1] x, €[1,2],
0 X4 (S [2, 00)

SRIEXT A m e N, Bfi1fEx € RV TE X ¢, (xy) 1= ¢((mxg) LUK
Wy (%) 1= f()(A = § ().

W2, w, RSO B, PR [, 00) LARMTFT A, IFEE RO x [2, 00) 115 FARS,
i HAZ%E H ||Jw, — flleew) = 0.
FL: —MSBEOEE. BRI RE TR

axdu-)m = axdf(l - gm(x)) - mf(x)g,(xd) and axiu-)m = axif(x)(l - gm(x)) 1 S i S d - 1.

PR ml 545

J |Vwm—Vf|de<CJ "
Rd

I%PWH“M+OMJ
Rd

0

J | f(X, xy)|P dx’ dx,. (1.3.3)
Rd-1

+ +
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FHE ¢, BYE SONERUSSOE L, B 5 A 2R — TR sk 310

J I$nlPIVSIPdx -0 asm — co. (1.3.4)
Rd

+

RKTH D, ERINERASE x4 € [0, %] WL T, FTUIRANIBZE f(X, xg) RN f
RIAFES O, f BRI Z M, BISEBLFRAR I A B R RIMIXBEATHAE f 52—
/Soboleveki i, AR 70 A 5 B R X AEXELL R BRI LERATTL A0 f 3G — > id 1 iE

d
wiP(RY)

e PINTE flope = 0, FTUMFAE—SIREL {w} € C¥(RY) i w, ——— f, M 132 sE B 45

LP(RI)

Truy = wyly,—o — 0. SN w, BATH w,(x, x4) = w (X, 0) + [ 0, wp (%', 1) deo FIL{ER

Xd p
lu (', 0)]? dx’ + f d (J 1-|6xduk(x’,t)|dx) dt,
Rd-1

0

J (', x)1P dx’ < f
Rd-1

Rd-1

Lp(Rd—l)

P —T0Y k — oo LSRN0, XRKA Truy = uylyco — 0. W TH I, FAVEHMA
s MinkowskiAN&E X ATHG der A~ 25 45 2|

Xd p
p
| (f 1-|axduk<x',r)|dx'> T [EN T
Rd-1 0

Li”(Rd—l)

1
p *d »
= J 1- f 10, (X', )P dx" | dt
L)lcd(o’xm) 0 Rd-l

YEH t IR AR

N

195,14l o

1P
1 1 P

Xd F Xd ;p
f 1P') : f (j |0, u (%, 0[P dx’) de
0 0 Rd-1

Xd
< ng‘lf J |V (', £)|P dx’ dt.
0 JRd-1

/N
-

Rk — oo, FATFR]— AR TRAR 2 2 A E B A T

Xd

J If(x!, x)|P dx’ < ng‘lf IVF(x',0)|Pdx’ dt, a.e. x; > 0. (1.3.5)
Rd-1 0

Rd-1
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DAEHRS (1.3.5) AN (1.3.3) 28 i 15 21

&y

Xd
< CmP J xb 7 dx, |- sup J j |VF(x',0)|P dx’ dt
0 xde[O,% 0 JRd-1

. ez
F O x)IP d dxg < Cm? f xg—l(J J IVf(x’,t)Ipdx’dt> dx,
0 0 Rd-1

d-1

Eel

RN

N}
3

—CmP- nfjp L’_" IRd_l|Vf(x’,t)|de’dt=CpJ0 JRd-1|Vf(x’,t)|de’dt. (1.3.6)
S o ool AAEI0, FFB(L3.3) BRSO, B Vi, —s Vf. SORETRATHIEY

whP(RY)
Twy,—— f

F=: HENELRBHIEL. |77 {wm}THf WLP(RY) U FIEIT f, {HIX LR H0] e
AET CR®RY). RS w, £ R € o, ] NS, BRI IRATA 28 RS (A1 Xy 77T B
YA Wy FEBIEH FLEI AT AR, XT?"EEI’J ke N*, BB RIFE DT
F Wy, 9

I, = Fllwines < 7

?mﬁt/\kﬁaﬂﬂuxﬁxwmk =0 Wy Hrby ZEPOEHE T HANAE wy, BXTR x
[ (1- —) o) H. e HE 1.2, 17%[1, XA € N*BRATH A KR n; CGEIEE] 00) {75

n; 1
”wmk - wmk”Wl,p(RdJr) < j
HIEA o i=wp € CERY), BATHRAFEN| Sy — Fllwis@ey = O. =

A TLASobolev il i E HESTRATNT . ERISEIRIRE H M, (EIEMHORM M E % R, b
TAFRBARET RS ke N, AW R RIRIEANR . R HATT A 81 4518 4 ISR

I 1.3.3 (Sobolevil#iEH). X 1< p < oo, UCRI ZARFE, HIOU € CF-M (k € N¥).
KGCR ZRFFAHR U € G, MABLERMT d,k,U,GHFH C > 0ARA F &M B it
E : WhP(U) - WEP(RY), 43 AEHMT f e WRP(U), A

(1) Ef = fae.inU.
(2) SptEf €G.
) IEfllweey < ClIf llwerw)-



1.4 SOBOLEVHR N E B 19

S)n 1.3
SJRE1.3.1. 32U c RY& A A Lipschitzi2 F 09 A R A% iE%: RAERFE&RET Tr 1 LP(U) >
LP(AU) 143 Tr f = flap*t 48 f € C(U) N LP(U)#R A 2o
R MEF IS5 RN f mllow) = 0, RELRIULEBAT f, = 1.
SIRR 1.3.2. & f, € H(RY)#H A Tr f_ = Tr fL AR x {x; = 0} Lk 2. %L f € LA(R)A

f+ xd>0

f= )
fo x3<0

i f e H(RY).
SRR 1.3.3. #f € HHRONHXRY). E¥: ME&1<i<d -1, h$H0, fELETH(RD.

1.4 SobolevEr N\ EIE

AT SobolevZ 8] 5 H WL o H (B M & KR &, JUHATT IR L2 WA Co 2 0H]. i,
TATFEHZEWEL(U)RIRN, Bk > 2, AT AT K IH A9k L 2 IR N 258

1.4.1 Gagliardo-Nirenberg-Sobolev A1\
F—FMEN L < p < do AT A AT UL R I G 11
ERAFEC > 0, q 2 U1 fllamey < ClIVfllewey, VS € CE(RY)?

RPELZ AL T EANHEBCARNARK RS> Fr ABATRT BLGZANZE U RGBS TS (scaling invari-
ance) iR RF . MR WATS € CORY),A > 0, FATE MG fE IR ESf,(x) = f(ax).
X f AR A B EWERUNAENX, HAFXNERCTRBMERRA. BHTHS

J FaGOl dx = J FO) dx = 472 f SOl dy
Rd Rd

Rd
DLk
j V£ ]P dx = 22 j V(AP dx = Ap-df V1P dy.
Rd Rd

Rd
AR fAER TS
1-d(+—>)
”f”Lq(Rd) <CL v oa ||Vf||LP(Rd)-
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b

ﬁb?ﬁﬂ‘]%‘éﬁ?l - d(l — l) = 0, HMAL - 0ot XRFNT G XA EhTqIH L ; =
Blg = IJ”T%MI]IE b7’7

SO

1
p

EI2 1.4.1 (Gagliardo-Nirenberg-Sobolev N5 30). X 1< p <d, W AEIRHp,d8F HC > 0f&
#
I f 1l ey < CIIVFlloway, VS € WLP(RY).

MERR. 4 E 12,1, ATAG K f € CHRY) (FIE R 2B H 2 C AR 44K Spe f IR/, T
TR S R S TR SBEER 8 5, A2 */\E%E’J*ﬁfiﬁ')nmﬂﬁmﬁ oy IEAE H K
BfON TR, BATEHEp = 10O, T = —

d-1

Vi:l,"'ads f(x)zj ax,—f(xl""stis""xd)dti’

+00
|f(x)| <J |Vf|(x1’""ti""’xd)dti'
WIEH

1

d 1 d too d-1
If@l= = (f@Ha <] (J A7 [CSPRIEN PRI ’xd)dti> :

i=1

FERRAF IS § AT X BUEXT x; B 1521
+00
J IfI dx,

+00 a1 +oo d +oo d-1
S(JV |vf|(t1sx2"'sxd)dt1) J H(J Ivfl(xb'"atia""xd)dti> dxl'

—00 =2

H(d — 1)t Holder A% 0] 15

+00
J |1 dxy
—00
1 €

+c0 a1 d ptoo ptoo d-
<(J |Vf|(r1,x2---,xd>dt1) HJ f 19 F1Ges, oo by oo ) oy dy |

i=2



1.4 SOBOLEVHR N E B

Bk, X x, B 348 FH Holder AN 55 2045 21

+00 ptoo
J f IV dxy dx,

+00 ptoo ﬁ +00 htoo ﬁ
<(j j |Vf|<x1,r2,---,xd)dxldtz) x(f f |Vf|(t1,x2,---,xd>dr1dxz)
—o0 J—0 —o0 J —0 1
d +00 pto0 ptoo a1
xH(f j j |Vf|<x1,---,ti,---,xd>dx1dx2dti) .
=3 —00 —00 —00

1

d 4+ + 00 =
Rd ; o

XIER p =1 B IGNSAZE
If Nl ey < NIV Flln@ey-

MNF1<p<d FMMg=fIr & f, Hby>145E. WHERAED]

W\
(J Ifld?dx) syj FIUV S dx
Rd Rd

1

I
1 b
LYVl we (f |f1 Dp) , p=——.
Rd

N BRI RS, RATER y AR L

d —1 d-1 ~1
rd _ )p:y=m ), rd _-Dp
d—-1~ p-1 d—p ~d-1

XAEEFANTAG 2] 1 & B 458

d-1 1

d Il
(J Iflp*dx> <C||Vf||LP(Rd)<J Iflp*) = Ifllee ey < ClIV llzeqre)-
Rd Rd

EIE 1.4.2 (Sobolevitk NEEE). % U c RY & B A Lipschitzil 7694 FF%&, H1<p<d.
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(1) =&f € WH(U) #4&TF LP*(U), FHEH |fllrw) < Clifllwerwy, & F FHC > 0U4R
#hd, p, U

Q) E&f € WPUFH AT fllw) < CIVS oy 24kg € [1, p* ]k, #+%HKC> 0%
&#id, p,q, U

AR AL, 75 U BRI, WYPU) ERTEE Yl ST 1f lww.

HUERA. BT 0U #&Lipschitzff], ATATLUK f € WhP(U) A f € WHP(RY), EilLf = f1E
U LA R, Spe f &K, UEAZENX || fllwegs < Cllfllwieq). BT fR30 HfEfE—

B fu, ) C Co(RY) (75 u, S £y sm 141, RA1/EE

e — | ey < ClIViy — V|| pogay =y, — f in L2 (RY).

£ lze ey < CIV fllzpay.

KL T (DIIER . XH(2), FATAT AR £ 72 RONUIEZ S, FRIFHUKA SR HG der's
SERIED (| 1Law) < eranpllf e @y FH é = % + - O

.

Eid 1.4.1. %5 p #9A LA RAET T d B, Sobolev 3454 p* T — +oo. KAVHZ Wi 4

BT L®, 125 d>2 X Rk, R Z2WHdg N 5] —A BMO Aoz, WA 1.4.10.
EH 1.4.2Q2) Mg wRE: SMEE 1< p < oo, WO’ PRI /2 U1 N Poincaré a5

#iL 1.43. RUCR!AREL1ILKp<L oo, MNELETSHC>0EF

1 llzewy < ClIV e

MATH f € WP (U) Ao

1.4.2 Z#\A

FAN1CAF 2 GNS AFEXFHX 1< p<d M p* L S WLP(U) < LP'(U). %
A S R §5- 78 CH S R 2 551080 . EKH@H@I&@I FATHAT ZER RN WSS
EBRHET . ATRIEY]: 1< g < p*i, RECER WHU) EHAZE] LYU) P
EX 1.4.1 (EHAN). X X,Y £FA Banach ® 1], H#HZ X CY. &M X % # A 2| (compactly
embedded into) Y ¥, 12HhH X S Y, RABEAHL T 4
o (ARM) BEFHC>01EF |flly <C|fllxHEZES € X
o (RM)X FHIHENARFINEY PRAMES, BEY FRA KT,
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EIE 1.4.4 (Rellich-Kondrachov). ix U c R¢ 2 L% Lipschitz # % U 89 F X%, £1< p<d,
N3tk 1< g < prA WH(U) s Li(U).

WERR. KA KR GNS A L4(U) < oo fRIE, HTFUEEME. &{f,JE WP(U) FH—3H
9, Eljsup||fm||W1p(U) M. eI AT TR E R iE —ANE LIU) PSR T R {f,,, ) T A5G 5

7 E/Jg/l\ﬁj%k_1é%ﬁﬁ Arzeld-Ascoli 512, BFRHY U G Fn, —80A 5 HEEIESLN R
FIFE Le(U) G R BAWSHT 5. BT L4U) < oo I L2(U) C LYU), TAVIEARE LIU)
TSRS

F—5: K. FANTFTFEEES A BeffH Arzela-Ascoli 5| 2. & Sobolev fE#iEH (EE
1.3.3), FATATLMEK £, € WHP(RY) 2B TEAGAITEV c R, Hosup||fullwre) <
0.

SUEE € > 0FFE X f5 = n, # fr. BATHEUEH ||F5 — Fullaay = 0 KT m—BHpoL.,
b, S, & CHI, AR TIAR 7 HE A E BAT

o = ful < f DO = ) = fr0)] dy
B(0,¢)
<[ nw J i) ay
-JB(O,S) o dt
1
< H 9] - 191 - 1V finl — £)] dy dt.
0 Y B(0,¢)

LN (V) BRI Tonelli 512, A4 3

1

1% = Fullien < f

0

f 9] 191 IV fne = Wl dy di
B(0,¢)

< ||me||L1(V)f )1 191y = €IV fllire

B(0,¢)
LUl IV Fmlleeerny = CellV fullirgny < CME.

FIReHEr GEFE 1.2.D), EA%ELXR f, € WWP(RY) tHEkor. BERNTE LI(V) Bl
1

LAV), I8 6 €(0,1) Wik ° + lpi = 2, Wit Holder A4 50H
”fm fm”Lq(V) =X ”fm fm”Ll(V)”fm fm|114pe(v) < C(ME)QHfm fm|Lp (V)
< CMEP (I fslle vy + 1 fmllze o) < C'€°,

SRR T HGNS TSR sup | f ol < oo. PLIKATEAERE 6> 0, X e~ 0, R
W45 CET m B NS — Flliey < 6.
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Esh: HFEEM >0, EHRSL Y CEF m—B, BF%XFe—B) HRM X e
T HBIder 122 SRR BUEHHEY & R

| fm()] <J 10X = MNP AY < el 1 f |2y

B(x,e)
< Ce Y fllar) < C'e7? < o0,

$=5: MERE: > OUERBFE BRGNS, K E U 5
IV Ol < IVl Fnllirry < Ce™47 < oo,
TLZEHE Arzeli-Ascoli 3132, XHGMEE e > OMAEE TH1 {f5,} 76 Lo(V) Y0¥ FIket, Btk

limsup || fy, = fimllzaery < limsup || fr, = fin llzs=@lUlzaery = O

k,l—>o00 k,l—o00

EMS: REFIMBME. DIERNIFEL 005 {5} USRI ) 19—k
YOF, ATBRARERA AR S5 & > 0 MR K kL e N, AT

W fm, = Fllaoy < W me = Frallaory + 1o, — Fonllaory + 1f o, — o lliaor
<26 + |[frm, — frnllLag-

FEBANTEEEX 6 » 0 0 limsup FIATBURIR, XEEAE=SHFIIHENTLEREE: >
OBVEMIZE W ZE L. BIFEIL 51 8, = 1/n, WIXHERLAE S,, WAEAE—A &, (AU €, \O), 1#
BAEREBEmMEAE |5 = Fullio) < 6, FHIFIEMIE 5. B4 n =1, #5850 5157
TS e, € U 1R LAV) hsiiesh, JEmiReLa(v) shrRT i1l

B n =2, BB LB T RIS EIK &, RHR{7 ), HE =D RFEET

ml({l) k=1"
ROl im2Ye, c im R, ﬁ%{fz@};f:l C {f;z(l)};il 16 LIV RIS, T RLIOV) AT
. BRI iR AHERIERA n > 2, BT UEN — 210 T AR Im{ ) ik
TR fmP e, S04 {7, Y, R LAV R 25
SAE TR AT, XTESERE, RATES g = f0, WRERE FHEDH
FENTLER. EWL: MMERETWIEREYN, ¢ > NI, mgf) c {ml(cN)}zll’ ST L e,
{Foio ke A LIV RIRITSL. SERERATi 351

lgr — 8kllLagy < 265 + ||fEN<e> - fSN(k)”Lq(V) <36y =3/N.
mg mk

SERPOAERLE S > ORIFAENTER 3/N < 6, KWt T {g 172, = {f 0}, /2 LAV) Ik
5, AT E R T4, O
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Eid 1.4.2. ©f¢% p > d A p* = ddTp — 400, TAEMPMZ Y U AREFEWLP(U) s LP(U)

SR 1< p<co o FHR EH p >pd B, JEBE & Morrey /3 X A= Arzeld-Ascoli 5132, #&
MHHE PG4T A 1.4.1, TFEE, BPRARTA Lipschitz 49, W,P(U) S LA(U) A s
A2 1.4.3 (U A FE). BEFHAEEU GFFHBRAME TR, FURALR, Bl U £
— /KRR RT X (—g,6) C R, d > 2, RAMNTURFEMNLZH f e WPU) 2L f,(x) =
f(x +me,), HELTVUHEE LP F ALK f, = 0, 128 LI BHERET ||f||.. B PiERIE
F U OF REABGET R LUU) < oo BHKo RARFE B — AR RO LR X IRAE1F %
X3RN 89 B HFNAD R, 123X F B3 RIS R A Ssh &K, #1551 Adams-Fournier 893
4£ [1, Chapter 6].

1.4.3 Poincaré/ZEF

A TIAE LA Poincaré AT X1 >k 1 BA Gn o] A FH S 14 0E BB AN &5 X
BE141L 22 f 1 U > R, % LYU) < o B, RMNZABHFY (f)y = f,fdy =
w5 Ju f»dy.

DL R, MHFRME Poincaré AR, WMy AN AP REEG R —. EHEEEFY
{ELFY) Sobolev BRIHL I T H 045 il PR AN & o
EIH 1.4.5 (Poincarée NEN). X U C RY R—NA R EBAE B LA Lipschitz 47 U. & 1 <
p<oo, WHEAERHM A, p,U 8% %% C>0, 117

IS = PNulleewy < CUIVfllowy,  Vf € WHU). (1.4.1)

WERR. FRATH ROEVEIEiZASE R HZAEXNASL, WX ke N+, F-ATAT DA 2R 2L
fr € Whe(U) 45
fe = (Fullewy > KNIV fielleew)-

BN RBAE LP(U) T3 fi — (fiou BEATEFIH—1k, E X

_ =G
e = Foollrw

i 217 141, TAVHBEW P (U) < LP(U), » FTLMEET I (g} FRT LP(U) Mk g, fif5
18k, = 8llewy = 0- Higi 152 X4 (&)y = 0, ||gllrew) = 1. B — 71, FATATLLIER Vg = 0JLT-
WAL RRAT, A G URGER AN 2] @1.2.6 ] FNgfEU LA S5 T — N3, AR BME(g)y =
X MNHEH AR R R, Mg =ofEUT LT, X 5||g||ew) = 17 &

R T HFTRAE Vg = 0 £ U LTy, F TR ¢ € C2(U), BATH

1
= (&Ju =0, lIgkllewy = 1= [IV8&kllrw) < T

8k -

J gopdx = hmJ 8k, 0ipdx = — l_imf 08k, dx = 0,
U JmeJy J=edy
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Pttt Vg = 0 £ U H LT AL AT O

JEiC 1.4.4. ZPoincaré N5 X523 142 POATAE . XEXRMAFTAREH flsp = 0,
BLRERXU FR (FNEHBATHAZ). Tue Wé’p(U) i, F X |ullpw) < ClIVullpw
(Bl & VA Poincaré 4w.%) E—RARERFMAREL (FRREFRZU AT LAR, Plioir
KRR R X (=1,1))

1.4.4 MorreyBx N EIE

Sobolev X NEFLLAH T4 p < d I WLP(U) o] IR N BB T mal #vER La(U) &), H
thg < p* := fTP; 123 51.4.9%, WATEHEE WHRD) n LI(RY) #AF]—A BMO #%sji], 4

p>d H U FHH, ﬁiﬂ”@ﬁﬁ%%ﬁwl’p(U) H1 1) Sobolev Bi#L f JL T4 ib % F—A> CO(U)-
Holder 4%, Hba=1-2. 4 p = oo B, C%* ¥ Lipschitz ELEVERAR. Ht—IPHL, 545
5ESobolevif %ﬁfﬂ;?ﬁkkm;‘mHOlder HELERBALE fr(x) = hm(f)xr Zaty, XARIERREL f 1Y
FEYHRR (precise representative), 1X 1] Bl 28 %] 1% 4L @Q/\ﬁﬁ%

ﬁﬂ'l‘]ﬁ%iﬁﬁl\/{orreyx%ﬁ
T 1.4.6. Zd<p<oo, doa:=1-2 WHEARMT p,d 8953 C > 04277
p

1fllcosmaey < Cllfllwioay,  Vf € Co(RY).
JUERR. AR BRI A AE R

1fC0) = fFDI < Clx =y fllwre@ey,  1FCOI < ClIf o).

BAVGIEHE —DIAER, FoADRAEAR B, FEx,yeRLIEr i=|x—y MW =
B(x,r)nB(y,r), WFAIHE

FG) = )] = J[ FG) = FO)l dz < ]f FO) = f()] dz+ ][ £ — f(2)] dz.

BE. BRA-EHEANER (JRLLD, AHLAXEZER “Ry-F3H77
iz € B(x,r), FrLABATAI AR — RS P EREE # z = x +tw, P w e dB(0,1) A
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0<t<r, TRHF

L4YB(x,r)) 1
Ld(W)  Ld(B(x,r))
«— < |
L4(B(x,r)) ) B(x,r)

- r - d-1
~ L4(B(x,1)) L LB(O,D |f(x) — f(x + tw)|td1 dS,, dt

][ F ) = f()] dz = J F ) - f(2)] dz

|f(x) - f(2)| dz

t4-1ds,, dt.

f if(x+sw)ds
o d

S
L4(B(x,r)) ), 4B(0,1)

SRIEBATR ¢ OO r FFH 2R w BRI 3] 2 1= x + sw 153

c 7 VG4 sw)l i
][W 560~ J@d2 < o j (LB(O’D [ Bl asas, et a

0
' \Y
<LJJ | f(z3| dz 41 dt
LABx,1)) Jo Jpiep 1% — 2[4

_ cre f V() d
dLA(B(x,1)) J gy 1% — 2|01

V()
< CIJ —d—l dz < C,”Vf”LP(B(x,r))
B 1% — 2l

e — 11|

LY (B(x,r))

B — AT LIS I AR A AR BT 5

1

~ r ~ 1 p/
H|x — ! dHLp/(B(xJ)) = <Jo -[33(0,1) pd lp(d——l)p’ ds dp)

AR RARECE B (d - D(p' = 1) < 1, TXFH T p>d. 2 p>d i, A%k

d

s O R TR x Bl y RS, IR AT

f |f(x) - f(y)l dz < C”rl_%”Vf”Lp(Rd).
w

Rk, BATHER | f(x)] ATt

FG)l = ][

B(x,1)

f)ldy < C ( f (0 — f@)] dz + f

B(x,1)

|f (=) dZ) .

(1)
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B E U7 S B AR E -

IV/(»)l
o =l dz < Cl|V fl| o).
x,1

f ) - f@)dz < C f
B(x,1) B
F Holder 7528 sBITT U1 48— 2 A A

f F @1 dz < el e < Cl e

B(x,1)
it Ekfhiih, A5 3] Morrey AFEIM &R, O

FAIIAAESE W TN EH,
EIE 1.4.7 Morreyfk A HL). X U C RY & —AEAH Lipschitz Z 89 A FF %, Rd<p< oo
HfewU), W fEU FILFALFTFEAHE@mEAT fi(x) := lim(f)y,, FH f* e Cco(U),

P ag=1-2,
p

SERR. 45T 1.3.3 (Sobolev i), WATHTLMER f € WhPRY) HEY. fT d < p < o
TATAT AR Bl — SR AL {f,} C Co(RY) M7 £, —— £ FIF] Morrey AR IRATHIE (£} th
72 CO%(RY) H [ Cauchy 5. HUILFIEREL f € CO(RY) 115
fm—F  inCO%RY).

{1 o 5E S TRAVABEBIRBE 2 U s LTALAL S £ A% FIRERS f,, il Morrey A%2036
H&*&BE m— o m‘ff%laflj f_ e CO,a(Rd) u&

| fllcoamay < CIIf lwroma-

B, AN fAME U b SRR FISE, S LR

1 1 -
P =tim gy ), S0y s | foay
BT [ 8, HE Lebesgue BUNERATAN £ = [ 46 U oh i AL 0

1.4.5 Lipschitzi& £ A AT M

b e FRSERR X p = oo WEAL, HIEMITVEIFAME, X2RN Ce fE L hARE . A
TERATEN f 178 U FJRE Lipschitz 4 (A—2E AR HHY f e WIIOSO(U)
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ZEIE 1.4.8 (LipschitziELEME 5W™). B UCR? AF %, f:U >R %%, N

f#& U ¥ /& Lipschitz 4 FARE  feW ).
X2 fAEUT B Lipschitz £ 4 £ 4% fAUMEAT R T & L Lipschitz #£ 4

WERR. FRATE CUE LB, & f /£ U F R Lipschitz #4E, HWATEIEHXN G i € 1,---,d,
fH556, - FHEAAFMEHELE U E’JEH%%%J:)_L¥5L5L7§% MEBEVeWeU, HIERO0<h<
dist (V,0W) 7873 /N E LT

f(x+ he;) — f(x)
h

Vx eV, DI(f)x) :=

FERIES sup ID;7"(F)I < Lip(flw) < oo, $EILIFLHS “L° MEWMETHEREL 1< p< )’

h>0

—H, WAVRTEAETF by — 0 FIREL v; € L2 (U) #4534~ 58U ar

—n, Ly ()
Di J(f)_\vi ST B A /—\EE/J1<p<oo

RIEEATF L v, € L2 (U) AR L -59USII BRAER, T2 T DOdE ) Lo(W) Ja8ui e
(W e U) MIDMO||ewy FEFpHI—BBFMRKIEH. BAME, ¢ L 1= Lip(fly), FHX
FEETEM e>0EXA ={xeW :v(x)>L+ek. BT 1, € L2(W), Hyglsin#

fp;hf(f)dxzf Di_hj(f)lAdx—>J‘ v; dx.
A w

A
K 4||D, f(f)||Lw(W) < L, AUEAEF] [, D, M(fydx < L- L4A). 5T, v, > L+e(E Ak
% [yvidx > (L+e)- LUA), Xiaff Ld(A) =0, Wi v, <L E W F LA RS . S5,

BATEM v; > =L £ W LA AT . IR0 EIE TXHERZR W e U B v, € LY(W).
MAETRATUEBHIXAS v; B2 0,-55 54 (EH p € C2(V), ATH

[ oo ot
U

dx = —J D" (x)p(x) dx.
h g

4 h=h; BRI j > oo, AT
J faigodxz—J v;pdx.
U U
B R RAEM . 48 f e Woo(U) Fil g > 0, &ﬂﬂ%ﬁiﬂﬁﬁ%% VeweUd

B/ fe Wlw(W)ﬂdlst(W oU),dist (V,0W) > g,. SH—LBEN f, X f. = f = n, HF
0<e<eg.
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BiE. AT HRER I
o He- 08, {f} AV T B0k,
o Wk KK A F, N F &V ¥ Lipschitz # %2,
o EHEMARVeU ¥, F=fILFRARL (AF £ f &FmiT).
WS HAEHA & “SE T+, ZRERNGHEEIIE L® PANA . fEIX— AT FE
KSR I B R BRI AT 4, BRI FRATT N 1Z ZSUEB f, 42 Lo(V) H11) Cauchy ). X} €,6 € (0,¢,)

sl =g | a(Y)re-pay-g | o(F)re-na

_ f n(f(x —€y) — f(x = 8y)) dy
B(0,1)

< f NS G — ey) — F(x — 63)] dy.
B(0,1)

T B RAVRE BRI 5 fy, 38 SRR L™ BT AR LT AL . 9205

LRAINZFH f e W1°°(W) CWW2(W) 1< p<ooiliz) HELIEE f* € COW) W H
5 f VPR, XFERRATHE T UAER % f Sl f.

o0 = (0] <J POIF*Ce — €3) — f*(x = 8y)] dy.

B(0,1)

PIEBAN TR SOE 2 GEHIREBO 20O f ||z 155

lim sup |£.(x) — f5(0)| < f lim sup n(y)|f*Cx — £) — f*(x — )| dy = 0.
£,0—0 B(0,1) ¢&06—0

WHIRERECA F(x). HTEV B —ZSL f, = F, BATFIE F € C(V). BAEREIEE W
Lipschitz £, FHL FXIMERE x,yeV Hx#y, &AMTA

[F(x) = F)| < [F(x) = f(O] + [fe(x) = f ] + |f(¥) = F(¥)|.

BUE R FAEH S Ae > 0, A% fEVH LipschitzZE%:, HLipschitz i 806 N #e L. 34T
eIt T

1

|fe(x) = f(¥)| = J Vi(tx+ 1 —-0y) - (x —y)dt| < ||V fellroe|x — ¥l
0

HT NV llisy < MellpllVE e = IVfllps> FAGE f /£ V' Lipschitz 4%, HIL Lipschitz
WA ¢ LRI ER. HHERE x,y eV, BITHES |F(x) - F(y)| < ||Vf||Loo(V)|x y|.
JEHIESMERTRITE V B F = f*3% SpRAL. O
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Fig 145, FixE, AMNARE S “f e WoU) S BIRY f 5 U ¥ 8—/ Lipschitz i 4 5
HEF7 . B U AR, “RIT —EL R A, ABIARLIA 1410, FEEWU) = C*(U)
SHAEAT B (quasi-convex) X% U s, BIEER S a,be U ATH—5KEES A M|la—Db| 49
Mk y i, AP M>05qb L%,

SRR 1.4

S 1.4.1. iEAEE 1S p< oo, WHP(U) B4 N2 LP(U) Fo

SR 1.4.2. % d>2. iE u(x) :=Inln(1 + ﬁ) BT WH(B), £+ B AHE{zR, B/ u K
AT

SR 1.4.3. iU CRYEARARRES, HFue HWU) #HL: Glrace (0,D)ERELSZ ={x€
Ulu(x) = 0} # 2 LYZ) > aLd(U). iE¥: HAEBEM T d,a, U 89% K C >0, 1£/F

Juzdx<CJ |[Vul? dx.
U U

R £AUNZF, HFuBA u—Wwy+ wy)* #3F (u—(uw)y)? &M Poincaré 73F Ko (u);,
AR E R F RO AL RN, XRARA U\Z 690 EZ# 0T U G0 E. ZRF X THA
THEH De Giorgi % E 22 (€#2.7.7),

SR 1.44. X d>3Hr>0,B, :=B(0,r). % ueH(B,), iEH: ll € L*(B,)H i % A&+t

x|

2 2

u u

f 2 _dx < CJ IVul? + = dx.
5, [XI? B, r2

R BAAM V(x| = —@ Hp3Ae, REAR rfy, urdS = [, V- (xu?)dx k454l
H3RARG A O
S18R 1.4.5. iEW 4 FH X80 Hardy 75 X
(1) ZueC®RY), F:R! - RIZ—AHEH, LERNOZECH, LH

J u*div Fdx = —2J Vu - (uF) dx.
Rd Rd

(2) % d>3, Fo) == B f € H'(RY. Y]

x|?

-2 2 2
@-2 J / dx<J IVF|? dx.

4 Rd |x|2 Rd
S8 1.4.6. £ Q:=(x,y) ER0O<x <1,0<y<x* ERAHHK f(x,y) =+ BT H(Q) 127G T
L3(Q). iX 5 Sobolev # N T L2 E T JE?
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SR 1.4.7. LU CRIZRAFABOAF XK. iE8: H>(U) $#HNE H(U), BxXEE e > 04
AEFHC,>01E4F
IVulli2wy < ellullmew) + Cellullizw), Yu € H*(U).

148 H1<p<oo, BR fel (RY, X (N i= fyyp fo ER: AEEMT d,p &Y
FHC >0, EANEZER B, r) CRY F= f € WHP(B(x, 1) A 4o F 45 Xk L

If = (Dxrllr@ary < CrliVulleeer)-
R A IR LR, F—MAK, FE oy = f(x+ry), £+ yeB(,1).
SRR 1.4.9. & f € WH(RYD) N LY(RY). i f € BMO(RY), Hi% & A&t
]f 1 = (Pl dy < ClI Vg
B(x,r)

H+ BMO(R?) & K353k % = 1] (bounded mean oscillation), & T F T& 4k

[lgaroge = Sup ][ 1 =(Pesldy < .
B(x,r)

B(x,r)

SI8F 1.4.10. % U = B0, D\{(x,) € (0,1)|x > 0, y = 0} & R2 ;8 x £ ¥ b 5] FF — £ 4 4 FF [
#o &L ulx,y) = (max{0, x})* max{sgn y,0}. iEBlu € Wh>(U), 12 & U F & Lipschitz & £ 49,

SRR 1.4.11. % u e HA(R?), iE¥: AEARESLAERL T T MR R HHa € Cy(R?), &4

a.e.

u = u.

io)R% 1.4

B 1.4.1. 52U C R RAFAFH AR KB, FHB e U. e € (0,1)Ku A4 T 7ALE XIF

—Au, + e u,— f)lz=0 inU,
u, =0 on dU,

(1.4.2)

L*(B)

A¥ feHU) REZGHE. iER: ||[Vullpep X T e —&HARK, Lu —> f.

Rk 1.4.2. %X 1< p < o0, U C RY Z R Lipschitz 898 F X3k, S Cc U ARG TE, H
AAEH (d — 1)-4%HausdorfM & . iEH: ZARMT p,S,U %% C > 0, {EFXTHHHL
Truls =08 ue WU), A |lullw) < ClIVullLew)-
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iB]& 1.4.3. # )& p-Laplace 7 A2 &9 4F LE{AL 7] AL

—div (|Vu|P2Vu) = Hu|P?u xe€U
u=20 x €dU.

EF 1<p<oo, leERE—NHEH, UCRIZARREKR, it¥: FZHTHATEARGHFu, N
p
St AL R R T E X A > CLYU) ¢, P H 4 C >0 R p,d.
BT pAHAFREAEFENp<d,p2d>22Fp>d=1.
[B]7% 1.4.4 (Straussfla] 51 ). 3&d > 2, u € H' (RY) (Ffu € H'(RHAZ@HH, u(x)BAARR
#ir i= |x]). ARTEHINCS(RY) £ H! (RY) FRAMEG), stm R T ALEN CO 28 & HAEH
(1) A RS A AR B Fu(oo) = 0IEH: |u(r)> < 2r=d [T [u(s)||u'(s)|s4 ! ds.
(2) EH: ()| < Cr@ D222 (Va2 .
®’: M(1)% L8945 A Cauchy-Schwarz R % X, B ARG M AIRETA S ufo Vu 89 L?
ﬂﬁlAﬁﬁ%ﬁ%MMﬁﬂﬂﬁgﬁA)%w>2J<q<2P:£%ﬁﬂWIQJWU%L%WU%
KRN
R: f2|x| = RRAEEBT, %|x| > R AStrauss @ 5132, % |x| S RECEH %M,

1.5 —f%B9SobolevAZET,

B AN H— Whp(U) (k € N*) KSobolev A%, HIFMi 456w 1.4.1 e
1.4.6 IRIETT iR AL k MRS,  BEALAS AR .

185 151 FxeREX [x] ADPTFT x IR KEHK, {x} :=x—[x] AL DEH.
I 1.5.1 (— % IE 1 Sobolev A%5ER). 14U c RY &4 R Lipschitz 897 X &, R f € Whr(U).

_§<%w%,q:‘igomwﬁﬁ%ﬁnmmm<

() Fk< M feLiw), k= L

p
C(d’ k’ b, U)“f”Wk'P(U)'
@ Fk>%, M fEUFLFRREFT K@ [, L[ e @, g

S Ean

(0, 1) A9 A& R &

1
p

tez,
p
d
- /.

B TR NS it ) < €I P DI lwocw:

@
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FERQM— ML R HU) CL=U), k> 5 HHA %R

1f =@y < Cllf lrew)- (1.5.1)

AR R SN B TR E MR, BATSAES LRI R A48, RN 2SI 1.5.1,

&R 1.5

5180 1.5.1. 34U C RY & K Lipschitz 494 RF %, EHHk > g. B BARBT k,d U %%
#C>0, EFNEES, g€ HU)RZ T ARF X

If &l < Cllf e llgllaw)- (1.5.2)

FIE 151, A F - keNF f,g e H(U)NL®(U), KANFEFREH Moser B ARE KX, (LARA
“ I Leibniz &N ” % Kato-Ponce B RE X 9456 F L) :

1£8llxwy < C (W f i lIgllisw) + 1gllk o Lf ) - (1.5.3)

FE X (15.1)(1.5.3) £AEREHRKE RY Pk, Bk Ras A%, 1959 2 44K Fourier 4
A, RAVEFE S BFEH TR,



F_E ZMUHMEASIE

N0

AR FE AT R I 1) 7
Lu=finU, u=0o0ndU. (2.0.1)

KR UCR B—MERIE, u:U—->RERMEE. R f:U->RESEN, LE—NZ
w57, HARBERENX (R TIENAENE

d d
Lu=— Y 8;(a(x)0u) + ). b(x)du + c(x)u (2.0.2)
i=1

ij=1

AR R (2 TR E R ED

d d
Lu=- Y al(x)3,0;u+ ) bi(x)du + c(x)u (2.0.3)

i,j=1 i=1
Horp M al, b e (1< i, j < d) REEN, REUEFE[aV] ROFOTIE, B ol = ol 541
u =07 oU F#i# ADirichlet AR £
EX 2.0.1. HMAHRE2.0.2) K (2.03) R XLHMPHFT LA (—H) WMEM, RIEAEFHO>0
1243

d

Dl ai(x)EE > 01E]7 ae.x €U, VEER (2.0.4)

i,j=1

MR REREXNS TN x € U, 5 [aV(x)] RIEEN, HER/NMMFEERTERET 6. &
fE BB PR oV = 68U H bl = ¢ =0, fEXMIHEN NHETF LN —A; 1058EBARERMHEN—AT
e—A+cl (c > 0). NILERR, FAMEHZRYHERANZA E, BEEHIRIRERS eI, 5
1, (2.0.2)-(2.0.3) MAEELE

Lu = —9;(ad;u) + b'd;u + cu or Lu = —a"9,0;u + b'd,u + cu.

35



36 - S oy ]
2.1 MRS IZRIE5EEFNISobolevZE B H !

2.1.1 SSRRHIEX

HHRE(2.0.0) 1, AT T a¥,bl,c € L°(U) H. f € LA(U). [Ea5E—2 kAR, HRE
FYRTOGIE AR R, BRI AR S AR S . BRI RH, BITSCNESE
NTRMBTFE (2.0.1). Bk, 4 vec®U) H u &— M. By iRissas)

f a0ud;v + b'duv + cuvdx = f fudx. (2.1.1)
U

U

A IEIT, FATT AT LAUE [RIAF AE 5 SR v € Hy(U)WRAL. sk u € Hy(U),
MEZ iﬁﬁjmﬁ . BRIRATTAT LU B AE Hy(U) W 3400512 (2.0.1) B “557 fi#.

ENX 2.1.1. &A= X 5#E A o9 E £ 5 (2.0.2) 483t 569 & HEA B[, -] A
Blu,v] := J a0ud;v + b'duv + cuvdx, Vu,v € Hy(U). (2.1.2)
U

HAAF u € HI(U) £ (2.0.1) #9—53RE, 24
Blu,v] = (f,V)pwy Vv € HX(U), (2.1.3)

(£ LAU) R AR,

B, BALESBE f € HW(U) (B HXU) FIGHEA0ED B, X R 3AT1 R
¥ (2.1.3) AEMEEA (f,v), Hri () £ H(U) Al HY(U) KR

2.1.2 Sobolev Z[8 H~Y(U)
WAEFATFI N Sobolev Z=[H] H-Y(U).

EX 2.1.2. &M XL HY(U) A HY(U) #9xH1% =17, it 23 f € HY(U) &% & f A Hy(U) £
éﬁ%—ﬂ@z /lel /Eﬁilﬁxi]

1 -1y = sup {(f, wu € HW, ullwy <1}

M EE RN, BRATAME Hilbert 23 [8] ) Riesz K7 HAFERE Hy(U) 5 HXHE S H 55 F . 52
br EBATH
H,(U) c LX(U) c HY(U)

HIR U B AW, H— MG RAW U IRA B .
FATA LA Z0 i E 2



2.1 ERNEMRIRDTRER) 95 MSOBOLE V= [a]H™! 37
EE2.1.1 (H M%), & f e HY(U), MAE—BHF [, f1, ., f1 € L*(U) AT Xk

(f,v) = J £o + fidvdx Vo € HA(U). (2.1.4)

d
b R(2.14) Az, MR f =0 =3 0,f' sIEMNA

d E
I f |1y = inf U Z|fi|2dx] ’f e (2.1.4) ¢,

U i=0

HAM, e &M v e LA(U) AAE HY(U) v LE, ME&Ee ue H(U)A

(v, u)LZ(U) (v, u).

WERR. 58 f € HY(U), ATRMEHE (2.1.4) 19 O, fL, -, f4, XA L2 Riesz FnEH T
NH. HT f 2 Hé(U) R R R, H Hé(U) #& Hilbert 25[8], ATHIEFE u e Hé(U)
518 (1, 0y 0 = (f, 0) RHERENG v € HIU) 537 BUAE LB HA(U) 1P BLE SUA
(u,v) =f Vu - Vu +uvdx.
U
FIA O =u, fl=0u 1 <i<d) WARIFFELER.
BT RAEW fll gy BIFEANE L, FAMBRK g%, 8, -+, g% € LA(U) Wi 2
(f,v)y = J g% + g'd,v dx.
U
FEZ R E X Hy(U) AR 4 v =u, FASH]
f [Vul? + u?dx < f D lg'? dx,
U U
(Al 1k

Li P S g dr

i=0 U i=0

BURE ol < 1 T4 1(F, 0)] B2 B BUR — M2 /230 AT, SRR P 4 AR v e



38 FE RVERRIR DT RE

H(U) B b 545 2
1 < 3 [ 1P
i U

S5, Av = ——0f DMER 55 L. O

|u |H(1)(U)

Sl 2.1
SR 2.1.1. XA FFHRU C Rd—ﬂ-ﬁLipschitziﬁﬂo

(1) # o} € HO) B [onllgey < 1o EH: EETI {o,} 2 0 € HU) ®H o, -
Vllg-1wy = 0o
(2) # v € H(U), bl = 1o &9 v € H(U), AT ¢ > 04 £ —AMibe 85 i
C(e) > 0 173
IVllr2w) < €+ CE||V|| -1y

2.2 TFEMEIEL: Lax-Milgram I8

e X 2.1.1, € f € LA(U), TANEHAEME—T u € HY(U) {3 2.1.3) XMrf v €
H)(U) BL. X AT E Jo il F Lax-Milgram & R IE I fFE M
IR 2.2.1. %H AEH AR (). G| - || ARG EIBE BT () 4 Hilbert &M, &
B:HXH—>REZ—/ANWE&MMY, LEEFK a,p >0 1847

o (AFMW) HEF u,ve H A |Blu,v]| < alull||v],
o (3&#%IM) MEF ueHA |Blu,ul| = Blul

Wf H->RAHEHHEFEEZS, RALGEE— ueHERBlu,v]=(f,u) ¥ HveH

JERR. KEAIEEE. 1245185 Riesz Rn A LEAMMl. FHxL b, BT f &2 H EWERLMEZE®,
Riesz KN EHKPAE w e H f#15

(f,v) =(w,v) VYveEH.

A—THERANTATLLE XL — MR T A« H— H {§15 Blu,v] = (Au,v). HHEIEWH A . H > H £
XUR, ARG ER f, AT LUl E L u = A~ w RIS I .

15 EXME A A R EEE, BROVFEMEAE SN ue H, B v - Blu,v] &
H EWA ARG R IR Riesz Fn @ #H, fFEME—RIILER w € H 45 Blu,v] = (w,v)
SHET v e H L. TREMEX A:H->HNAu :=w, BIXf u,ve HA Blu,v] = (Au, v).



2.2 fRfEtEEH ] LAX-MILGRAME 39
E25: ARBREMET. BHEM A RLMN, HAFEWRET B[, | 196 F1k:

lAu|l? = (Au, Au) = Blu, Au] < alulll|Aul| = |Aull < allul] Vu € H.

E38: AN HaEmitkii, WATE
Bllull* < Blu, u] = (Au, u) < [|Aulll|ull = Bllull < [[Aul|.

FibA ZH4E, H R(A) (A MEE) 1€ H PR ZUEW RA) =H, RFTFRIE (RA)* = 0.
Fs b, WRAFEFEETEK w e RA) MLARAGEE Bllw|? < Blw, w] = (Aw, w) = 0. KK
fITIER T AREH LIRS

F 45 uFEENE. RMNUARBACHEIEH. 55%€ f € H, #& Riesz BnEH, {7
RN w e H R (f,u) = (w,v) MTE v € H %z, BERNMTLUELE L Au = w (5L
u = Aw) RMIEFTFR R u. IREHAVE 2

Blu,v] = (Au,v) = (w,v) =(f,v), YveEH.

ME— PRl T omBIPEMR A S e, BEALmS 5. O

PLAEFRATI A B84 Lax-Milgram & 3B THER 7R (2.0.1), AT LS LU R R Al I
EIE 2.2.2 (REEANT). S THE FZ42 (2.0.1) R A R ey & B®A (2.1.2), it Tt FE
WH a,f>0Ay > 0147

o |Blu,v]| < allullmw)llvllmw)-

 Bllull ) < Bl ul +ylull.

MERA. [E1E Blu, v] B EAATE

Blu,v] = J a’dud;v + b'duv + cuvdx, u,v € Hy(U).
U

T, JAE 2

|Blu,v]| < ”aij||L°°(U)”aiu”LZ(U)”ajU”LZ(U) + ”bi||L°°(U)||aiu||L2(U)||U||L2(U) + [lell @l zan IVl 2w
< C(l|ull 2wy + IVl 2wl 2wy + 1VOllwy) < allullmw)llollm w)-



40 g AR R
85 AR T DU AL 5 2

Blu, u] =J a0udu + b'duu + cu’dx
U

> Gf Vul? dx — [l 18l 2o el 2wy = llellze oyl
U
|

c,
U|Vude—snvm5mn—(;;+ra)mm;wy

X BEIAME A 7 — B NE R Young A5, B e = =, FATAI4SF: (F7EB > ORlly > offifs
B A

EE y = 0 WS LA (4 bi=C=OE/‘]rﬁfﬂ;)o O

AEIB 221 FRE, ZREPHRAEBITARES L —BAMENE (ATRABE{aV} 2K
AR, BELFHA L KD, LFIA2.2.2.

EE, Wk y >0, 4 B[, ] A—E Wi & Lax-Milgram & B 1515 . 43R4 H Lax-Milgram
€ FE 7 A2 (2.0.1) HUAFAEVERS, BRI 557 N it 0 — L8B4 M R 20 7R
EIE 2.2.3 (A E A A EH). ALy >0 (A2 222 ¥/F2), 3 THEZT >y A
fel*(U), mTFUARIRALE—IMH ue H)U).

Lu+puu=finU, u=0o0ndU. (2.2.1)
MERR. XA (2.2.1), FRATE MR G L, :=L+ul) N
B,[u,v] := Blu,v] + u(u, V)2y Yu,v € H;(U).

P& u >y FEE 2.2.2 AT40 B#[-, -] Wi /& Lax-Milgram &2 1R HE f e LAU), MK f
HFWE H_I(U)EPE/‘J*/[\fD%, IH_’. (f,v) g—%? lj\]ﬁ:l (f, U)Lz(U). TE Lax-Milgram %fi, ﬁ?’fj@#ﬁ‘]
u € HY(U) Wi /& B,[u,v] = (f,0) WFf veH)(U) KL, Wil (2.2.1) fME—55#E. O

I8 2.2.2. BT AEBGER T f € HYU), 54Lu+uu=f (BH Dirichlet 4 R &4) 33
W A, XREEEE (f,0) = [, fo + floodx A HYU) EoAREME S, HAe, %
BV IR & A M St

L,:=L+pul : HU)>HU) (uz7)

R—/F o



2.2 fRfEtEEH ] LAX-MILGRAME 41

SR 2.2

AHTRAMEK U ¢ R A FOGCIHIA FITE. RE aV, b', ¢ 261 I HI 2 — Bk 1 .
SRR 2.2.1. KLu = —0;(aVou) + cu. iEW: HBEFH u>0, EHFAZc(X) > —urUTERL,
A8 R By & A B+, -] #t i & Lax-Milgram & 32 6948 1% .

SR 2.2.2. HF ue H(U) AR F 7742

A’u=finU, uzaa—;:OonaU

A5, RAENET v e H(U)A [, Audvdx = [, fvdx Rz, %% f e LX(U), iERAHMRY A
JE M Faofe — P
SIRR 2.2.3. {U#E#E, S&AARHH ue H(U) 2L A Neumann A F 5149 Poisson 77 4% 69 55 fi#

—Au=finU, g—;\t]=00n6U

RAGEE Y € H(U)A [, Vu-Vodx = [, fodx sz, %= feL*(U), it¥: o LH 254
LAY [, fdx=0.
SR 2.2.4. # 5 £ A Robin A% #89 Poisson 7 42

—Au=finU, u+§—;\l[=00n5U.

HR XA EE ue H(U), it T4 % f e L2(U) i fge G aEFfaf—,

P AR GG 52 BT LAE B R LT 2 22 1.4.5 P Poincaré N5 XAEBH 69 H 375,
SRR 2.2.5. RU#EE, 1% 0U REANTAR R LD, T84 %, # &R A ’4 Dirichlet-Neumann
4449 Poisson 7 42

d
—Au=finU, u=0onTl}, %zOonfz.

HRLIZF AR u e H(U), Hitiext T4 2 felX(U) Wity G akfrg—i,
®r: A H :={veH'(U)Trvlp, =0} P &M X L5

3 2.2.6. Fue H(U) AU+ —0;,(a"u) =0 89— MA R, ¢ 1 R > RE-ANRFGD
B, A w=¢w). iEH: w A AP TM, B TAAT veH(U) Lv>0, A Blw,v] <0,



42 B MR A
Io]§ 2.2

B18R 2.2.1. A fat 5 A2(2.0.1) 89 B3R A At 2 h— AT e W, Rk L Ll (2.0.2) 4,
HAREb =c =0, f € LXU). &

I[w] :=J 1aijal-wajw — fwdx.
U 2

(1) & {u,} Cc HY)(U) & Hy)(U) ¥ 530k 2] u, €9 liminf I[u,] > I[u].

n—oo

(2) EH: BEFH a>0,8€REM Iw] > allw|?, — B A EEH w e H (U) AR Lo

() A mi= inf Iw]<oco, IENAAL 1€ HYU) i I[u] = m.
weH (U

(4) EFABNTF u € HY(U) 9 —to (R7R: 4R up,u, RHAARRBGHALT, 2% E
i = (u; +u,)/2 FEM I[a] < (I[uy] + Iu,])/2.)
(5) FEFAM T u PIF R 42(2.0.1) 849 55 /% .

BIRR 2.2.2. KAX) = [aY(X)] g 2 FE AT, B&al e L°U). XRELEFHK O0,c > 01£FF X

d
ef |Vo|* dx sj >, affaivajudxHJ lv]*dx, Yv e Cce(U). *)
U Ui, j=1 U

JERA: LT x e U, A(x) —601; RFIER T %, AATT VAME Fl 4o T 4538

. 4G : U — S & 53T AAG4E IR 4, L op S B o4k d xd F3HAR 7 A s b B4
# If [, GV’ (x)dx > 0 MHE & v € CX(U) Az, MATLFALE xnU, G(x) > 0 ZF EZ T
%,

R FJEH A wx)sin(kx - &) 89K HZH, AFPweC®U),xeU, EeRL ke N, R
Al Riemann-Lebesgue 5|32 (4 #1D.1.3(4)).

2.3 FHEMEIE2: Fredholm—#F—

UEE R 2.2.3 2 5, BATAREM: WIRQ.2.1) A pulil, A1/ 1538 BEIE W R 77 F2E 1
FAETE? BRZAHEN, EME—TERIR TR Lu = 0 (A4 Dirichlet I 726 F) REAA
EFAE . LA EATAT DAIER]: WERGFROTRE SR VRARZ AR, A S () b 0 AT R YERN),  HL4E 5
THARL B RS I 4R X E B A R HORARZ M TR Ax = b 3 B3R AE L.
X TAlE PDE, BATHEHE T Fredholm PRigRAEBHZE AR 4518 .
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231 EEFHIMR

TG ERAT Bl K B — e R AR
EM 2.3.1. %X, YBanach T, &MHE—NMARENBRET K X > Y ZEH T, 243 T4
HREBCX, KB)EY PRAMAEH (WKB)AY PREH), #it K € CX,Y).

oA, K 2RE U HACOMERA T {x,} c X, {Kx,} Y PHEREST]. #Eik
CIES
ARl 2.3.1. %X,Y,Z # Banach =],
(1) £KeCX,Y),x, = x £ X P5lsk, A2 Kx, > Kx &Y 7 (G&) HoL,
Q) TAREHEFK X >Y®K,: Y>> ZHAREHET, MLAELHEFK, 0K, : X > Z
RUP-I A
(3) #KeCX,Y), MAAFMETF K € CY',X), £+ X,Y A& X,Y 69345 = ],
HEE, 1) BFRAEEFETIeCX) ¥ EMRY dimX < .
AT KAl Fredholm —-#— (Fredholm Alternative) EF.
EIE 2.3.2 (Fredholm —#—). %X 4 Banach =], K € C(X). 1]
(1) dimN(I —K) < o0, £+ N(I —K) = {x € X|(I — K)x = 0}.
(2) RU-K) RN%,
(3) RU—K) = NI —K*)* BRI —K*) = "N -K).
(4) NO—K)={0} 3 B/12% RI-K) = X.
(5) dim N(I — K) = dim N(I — K*).
XEMNMcCX, FcX, &A1

M ={f eX'|(f,x)=0, Vx e M}, Ft:={xeX|(f,x)=0, Vf €X'}

AR D) TR R A R4 A = b. AR AL R x
B b TS AR A, 1= (ayy0or )7 MAMAE, Bb= 3 xA, KBHHT
j=1

zlbe Y alz;=0(@LA) Vj=1,,n
i=1
BRI FRAT T S0

e AEbeER", HTIEHAx =b A HACEMTE z€ekerAT H z L b.
o N BPFIEM:

1. A2 beR", HEHAAx=bFMH M x e R

2. Ax =0 HIEEf#, H dimker A = dimker A*.
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BES A=1-K, HP K e R TLFE—ITEREEH 2.3.203) —, F 414w 5eH
2.3.2(4)-(5) —%4.
AT Ja Ao KA i e EE

EN 2.3.2. %X #H Banach 1], A: X > X 22—/ MAREHET.

o A 89 TME % (resolvent set) € X A p(A) :={n € R|A — nl A4t}
o A By (spectrum)E XL A o(A) := R\p(A).

e neplA), EHNEBREEm (A—nD' X EHEFEABRHLT.

o BAIMRA € 0(A) & A B4R I N(A — nl) # {0} H-F AN SRS IE(AA R 09 B HAR
A A% & (point spctrum), TAF 0,(A).
o FARKBIMBAAALE w015 Aw =Aw, FLAEMNFw 2L ANE T 1 GFERE,
HAIIAEA
EIR 2.3.3 (Riesz-Schauder). %X # Banach £ L K € €(X), MA
e R3F dimX < 00, &M 0 € o(K).

o o(K)\{0} = o,(K)\{0}.
o 0, (K)WIRE (R AE) LAAEOQ.
2.3.2 Fredholm—#F—KEEMEPDE LRIN
EBE TR (2.0.2) NGRS 7 L 3% bt e CY(U), ATE XHAERE 7 L A
L*v := —0;(a"d;v) — b'd,v + (c — 9;b")v.

FERE R B @ HY(U) X HX(U) - R B SCH: X u,v € HX(U), B*[v,u] := Blu,v]. A1
v € Hy(U) /200 PRl 55 5%

Lv=finU, u=0ondU,

%TE‘X#{E%L\M (S Hé(U)%BﬁB*[U, u] = (f,u)Lz(U) EETL

EﬁziLﬁ%ﬁmﬁ%ﬂw%i%mﬁkﬁ%%&xaﬁﬁ%ﬁ%% BF (Lu,v) = (u,L*v).
EM T H X u, 0 2 AT HE, B L 6T XARN LM H 3475248015 3

(Lu, v) =J a’dud;v — 9;(b'v)u + cuvdx = —J 9,(a"d;v)u — 6;(b'v)u + cuv dx
U

U

=(u,—8,(ad;v) — b'd,v + (c — 9;b")v) =: (u,L*v).

e AV T 1 B* 09 B AR X
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AATRATH B 52 E#E 2.3.2 (Fredholm —#—) KiIEMIJIHE (2.0.1) S5MFHIAFEVEE L
I 2.3.4 (SR _AFETEE ). TRIAALZRH LA — k2

(A) AL f € LA(U), 7 42(2.0.1) A & E—69 53/,
(B) FkAz (B HAZQONES = 0891F) AAEIFEHM ue HI(U).
b E (B) Mz, WFkFAEMMER (GT/EN) £ HY(U) A RET =1, BdimN =dimN*.
KB N* RFKERTAE, BPHAEL*v =0in U, v|sy = 0 89# = 18],
®E, ZAE(2.0.1) A IS ARG FTHEMT ve N HA (f,v)pw =0.

MERR. IEW] > N5 B R

F15: BOERABE. RATEMZHLax-Milgram & HIES IS — AN CERE: A2
g € L*(U), UnrHFIAENIITRELu = gt Hy(U) TAME—55f#, HHL, :=L+yl, y2xH
223 hRE R N RATIC u =1 "g.

TR RJBATEZNTGE Lu = f. XTI, HAVME v e HY(U) Z2ERIIH 4 HANG
u€Hy(U) & Lu=f+yu K55/, &

B,[u,v] = (yu+ f,v) Vv e HyU),
Xt — DT
u=L"'yu+f)edT—-yLYu=L"f.

WAEAKu = yL'ull Seh = L' f, WA
usE (2.0.1) 13 o T -Ku=h.

225 EAK B LX(U) LHEEF. BT L, 2 Lax-Milgram & BBk, $E 5@ 1T
FUNRAFAE v € Hy(U) M g € L*(U) 15 L,v = g fESIESCNRAL, B B, [v, @] = (8, @)r2w) X HT
o e H(U) oL, M4

BlILI ) < Bylvsv] = (8, ) < N8l IVl < Igllwlvllmw:

N
1Kl = Vvl < Cligleey HTHA C> 0,

KIEK : L2(U) - HY(U) & — M RAEEHET. 75— TmddiIaEHRA H(U) >« LA(U), Hi
K EA—A L2(U) - L2(U) B REMEH T, £ L2(U) PR —NEHE T, X&md 2.3.12) 1Y
58

% 3 #: Fredholm —“¥HF—MINA. MAERINEEHE 2.3.2 HH X = L*(U), K = j/L}le 53
PR AT B
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o 1HM 1: N(I —K) = {0} ZIEN FAEEM h e L2(U), 5 I -Ku = h £ L*(U) TH M
—fiR. SRIEHIESE 15, XM uthht T (2.0.1) B— 55k,

o 1 2: N(I—K) # {0} ZIHN FRATLA y £ 0. #HEH 23.2HEF KR u—Ku=01E
L2(U) 1 HIEZEMH dimN(J — K) = dim NI — K*).

HEE, X—-DEnNsw—ER8TH(U), XK ¥h = L'f € Hy(U), #iMiKu = yL'u €
H)(U), Ftbhu=Ku+heH)U).

45 WIFMENEEE < (f,Lv)=0YveN*s 2 v U CGEEZEINER) HE Lv=0
(EEEMN L v — K*v = 0) HIFSfE. FATH

(h,v) =y UK f,0) = ¥, K 0)=—=7"(f, V).
FTA(I — K)u = h ff# < W v € N* 1= NI —K*) 3L (h,v) =0 & (f,v) = 0. O

WAERAE 2 I N AEAEVEE .

Eﬁzsﬂﬁf“*ﬁﬁiﬁﬂ)ﬁ&fAin%%%A2cR 1% 1%4e F B AA B A 3 FHEA
ety f e l?(U) A"E—33M L BIRE 1¢ 3

Lu=Au+finU, u=0o0ndU.

%2%*4%&%,%Z&ﬂ@kN%*AiﬁIﬁﬁﬂ A — +oo.
BARZ NHETF L (52) . ke BRI E ) &

Lu=AuinU, u=0o0ndU.

HAPFTF N w20 ZHXH A € Z, EXRFEL N A BFONL RYFHIEE, 1 w SRR xRN %5
{EERH. B 2.3.5 Y] L FRFE(E L 2 — BT +oo BIANF .

JERH. &y NP 2.2.3 HHIE BRI A > —y, AR—BEHEARE ¥ > 0. #5 Fredholm —F—,
T AH 7] @
Lu=Au+finU, u=0o0ndU

MEANEER f e L2(U) AAEME— 3588, = B AT 55 @ A A F
Lu=AuinU, u=0ondU.
X AF A RS M HAY w = 0 2 00 R 7 FE A I — 55 i
Lu+yu=@A+yuinU, u=0ondU.

B — N IEBIE u=L"(y + Yu = %Ku RS, Ho Ku t= yLy'u, FATHIES u =0 2
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ME— 558, 4 yﬁ A K WRHIE(E . BRI AT L G0 SR yﬁ e K WRHIEE, B4 et
A ME—fi#

Lu=Au+finU, u=0o0ondU
FAK € C(L2(U)), #mert 2.3.3, FATHIE K WFRHMEEE A &2 —MERE, ZExa2—MET 0
PIFH]. XM T U IHER LS 2 M E A, —» +oo, FNy > 024G EMH AU IAE yﬁ
o B O

(U]

SJRR 2.

SR 2.3.1. ATRLO SR IEEM R b, DR EH A ¢S B f € LA(U), & ueH)(U)
A 4e T 77 A2 04 55 %

&

Lu=Au+finU, u=0o0ndU.

iJEHH: /r%"é—'—r'%é‘#ﬂ C >0 'fi’?%j‘ ||u||L2(U) < C”f”LZ(U) (’}%ﬁ: }iiilfo)

2.4 ZMEEEFHVHFIEECIRR
AT IRATZE R [ 551 R RFAE AR 1) R
Lw=AwinU, w=0o0ndlU. 2.4.1)

XH U cRUZERAIGIEILT oU A X (REREEEYE) . Jy 1AL, FATRHEEXS
PRIAIE SO tE o0, BB

Lu = —0;(aVdu), a’=a’, a’e Cc>(U). (2.4.2)

ERLEE A L Y XU B R PR IR . 0 TARAT w, v € HY(U)ALB[u, v] = Blv, u].

2.4.1 FFEREAMIEI M

BN e HRLE Y 1 BRI BT IR AEL AR AIE s B W) D 4 18
EIB 2.4.1 (FRIRIRAI B FIRHEE). L 895 NI R 4, #H— T3, FERAVRBEENFIE
ey (AR EHZT A3 E, KRNA 2= {Lhen, EF

0<11</‘12<"', llm/‘tk=+w.

k— o0

W, A LAU) 8—8mgEERE {whey, £F w, € H(U) A3 EFHA k € N* 694542/4
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A A IE T 3
ka = lkwk in U, Wy = 0 on 0U.

JEIC 2.4.1. 4B259 P A E N I, aVR9AFEMRT UEHw, € CU), FELERER w, €
C(U) (X&K U LA C® #),

FEAER XA E B2 [T, AR BATT IR ZE R — R X AR T A B i

MFRREFRIEIEIL

W H#2& 5 Hilbert = [f]

EX2.41. ZENHHEREHEET A H-> HRSFHRE, REITH x,y € HA (Ax,y) = (x, Ay).
X2 (,)RHWAR. BHAH AZFHGY HRXE A=A%
el 242, %A H > HA—NMAREWET. 2 ARG EERENTHET x e H A
(Ax,x) € R. IF LT H&M#E—F A

(1) c(A)CR, AxtfE&Ety xeH,A€C, ImA#0 A |J(A — A) x| < lI”"”M.

(2) 4H, CHRH®—AAXREHATER, N A, £ H ELR3$4HR,

(G) FTHETALN €0,(A) LA£A, H NAI—A) LNQAI - A).

@ Al = HSLHIP |(Ax, x).

x||=1
£ Hilbert Z¥[0] L,  XFFR S 5 (138 A0 25 74 5 R P 25 1] Hh S0 PR A ) A A AL AN 25 A4 5 AHARL

RERHE,  FRATT RN AT AT SRS RR T FE AR v A AL, HOG A e Ia G R AR, 31Xt 10 B SRR
@H’J%{EWEQA&T&E& S —IERR (H—AL 5 NARHEIESS ) 5 Beah — R B A IE FE 2
FRAEAE o« X e 5 XF T Hilbert %5 8] b HX R S8 R oT .

W 2.4.3. XA € C(H) AxAREY, NAELx,€H, |xll =1, %%

l = |(Ax0, xO)l = Sup |(Ax, x)l, AxO = AXO'
lIx|I=1

W 2.4.4. KA € C(H) A3, F2AEE—NESTHOERI han, HE—THROE
B (e RAE) 20, HIF A BAFR A GBI, MG H 8 —mink L34 o) £17

X = Z(x e e, Ax= lek(x e )ey.

k=1

Rl 2.4.5 (Couranttl /MK ZIH). XA € C(H) A3 #Rey, BAMMEEA 227> 20> >
A2 A0 R4
Ar 1nf sup (Ax, x) A, = sup inf (Ax, x)
Enaxepl (X, x) E,_ xeEl (x,x)

X#O x;éO
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X2 E, | TR H GEAT (n—1) %HF 7% .,
PATIAEUE B 2 2 2.4.1.

EIE2.4.189IERR. WS = L' : L2(U) - L*(U). fEZWMETIHRINELIEH T S € CLA(D)),
R FBIGIUE S 7E L2(U) FRNRRE . Fse b, EHXf g€ LX(U) 3% u :=Sf,v:=8g, Mu,ve
H)(U) 73 7l5& Lu = f M1 Lv = g (A Dirichlet J1 51 564F) HIgS#E. B ATA

Sf, g)LZ(U) (u, g)L2(U)—B[U u] = Blu,v] = (f, U)L2(U) f, Sg)LZ(U)

B2, XFAET f e L2(U), BATE (Sf,f) =, f) = Blu,u] > 0. @ 2.4.4 7[5, S
FREE A VIESSE, HAMNMFHER BRI 7 L2(U) 1— AR S . X S TR IE(E (LVL
HNn>0, WERMNTHEANO0£we HWU) A Sw =nw, WEXEHNT Lw =Aw, Hf 1=y

[l

WAL AE H, R [R B&FAF AR AE ) 20 A AL BR B AT NI AR P R, &4
EFZ RERFI ., EUERTTEH, H. WeylEH T — B E S AL
RHIE R X U c R¢ EP (—AETE U F CEBESEME) BIRFEE R 2

A2 eny
Jim = ~ Zd(D)a(d)

FAVGAET — b gath L B/ INRFIEE A, FIZIEE R . A, > 0 A N EFFIEE.

2.4.2 MNHHEE FHEFEET S RE

ASHIE WX R B 5 T VAT A (1078 43 JEL R
IR 2.4.6 (EAFAEAA S EH). %4, > 0 % A A Dirichlet Bl 1A 89 4 AAE A HF L (o (2.4.1)-
(2.4.2) Fre ) # £ 4IEMA,

(1) ZREEH T Lo %3
Ay = min{B[u, u]|lu € Hy(U), ||ull2@) = 1} (2.4.3)

(2) LA MEAUR R UR—/ MR T 608 & w, /AR, Zw, &5 IEE R A F

Lw, =A4w;inU, w; =00ndU.
(3) ®E, FueHU) T FALE—55 /%

Lu=AuinU, u=0o0ndU,
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L u & w, 8% S KR LRSI, Bk, RANA0<[d << <

MERA. e AN L HRFIE A GEAE{w, ) MR LA(U) B —AbriEIEASE:, BRI (wy, w) e =
8- BEANE R
Blwy, w;] = 4 (wy, w)) = A48y k,l € N*,

ERY {wt MWRT Hy(U) B— IR TR GERBUESCN ¢ pe) = Bl Do MR IEY
{wd g 7 Hy(U) B— 4IRS .

BE. {w/VAtMART H(U) 8 —airk Bk,

ERZWT S, WRFIEHATTEER k € N*, Blwy,u] = 0 BeHfEH u = 0. WXl LA B E
X E#HEGE
B[wk, u] == dk/‘l,k(wk,wk)LZ(U) = 0 = dk = 0 Vk (S N*

TG [l = 1. FRENVES T d2 =1, 5l FRE HIU) ik
j=1

uzidj\/zj%,

LIS IRA Syt X TR Bid Hy(U) ITA u, ATH
Blu,u] = Zdz/lj > Zdz

RS R LAY = w,. (1)IEEE.
Q) (TEBIRBER A BT GEHE 2.6.6) . B RRAIE L I R 5
BiS. #ue HA(U) #2 |[ullpo =1, Mutde FHAELRALN 50 S LS Blu,u] = A,

Lu=AuinU, u=0o0ndU.
WS ROUERR. W & R EEVEER 7t AR, HIBlu, v] € CHLREIE o BT RIEM Fe 701, Hu e

Hé(U) ﬁﬁ/@ ”u”LZ(U) =1H B[M, M] = /11, %B/Z%ﬁ'ﬂ\]ﬂ qu‘ u @ﬂ:y‘j i dkwk’ /\E'j dk = (u wk)LZ(U)
k=1
H Y, d} =1 HERAHE Blu, ul:

A ) d2 =2, = Blu, Zdlek=>2(/1k—/1)d2_0

k=1 k=1
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EARYIIAWL A4 >4, B kDA d, =0, 1A, WEHAR, #f

m
FEmeN*, u= Z(u,wk)LZ(U)wk, Lw, =ALw, Vi<k<m.
k=1

XYW Lu = 4 u EF5E SCTEGL, WrF ik, O

UL 5, AT CLIERR(2). IR 1% u A2 a0 FRHIEE ) @ — AN e 558
Lu=AuinU, u=00ndU,

FATEAEAE U & Au > OfERAL, FEau < OEMAL. AWK ||ullpe) =1, %
a ::f (u)*dx, B ::J (u)*dx
U U

Hrput i=max{0,u} H u~ :=max{0,-u} Wi u=u*—u" M |u| =u* +u". B4 [u*dx =1
BRE a+ B =1. il 1.2.4, FANFE v R T H(U), H

ou a.e. on{u > 0} 0 a.e. on {u > 0}
ou* = ou =
0 a.e. on{u <0}, —0u a.e. on {u < 0},

AL

Blut,u™] = J aijaiu+aju— dx =0 (R out,du- B —MNAE).
U

PLAE HH W 5 LAKBI-, - [ P ] A
A, =Blu,u] =Blut —u~,ut —u"| =Blut,u*| + Blu~,u"| > La+ 4, =1,.

KB e D AFXRL AR T (DERMut € Hy(U). BUE LA Poa 555 mMor, B
Blu*,ut] = Ay|[ut|, ) WEHTER, wtl RLEERAEEL, M REHER S . Fal € Co(U)LIL
MR IE MR B (LS 2.5 9D, BATAER ut € Cx(U). IIUEAHE U 1 Lut = Lu* > 0.
(BUEIRE—A 2, AOZFIMD BT UEE, HEtRERE el 2.6.0) H

B ut>04E U HEROL, A ut =018 U PIERAL.
P& RIAT I 3 183X A

(a) HIEU F ut >0, MALWRUE, K Aut > ofEor B A Hu > OfE L.
(b) HE U Hut =0, ML U TH u<OfEMAL. 1FHL(b)H X5 APIFIA R O
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(b-1) #E U PHAZA u < 0, WAL WAHE.

(b-2) HAFLE x, € U 1153 u(xy) = 0, WAXMEWRE u- £ U FABIHE/ME. T u B
FEAFAER B, BAVE U A Lu~ = Au > OEROL. BT LABLZE B — oAl K s R
AR u- DA —NER, HIXMNERLICNE (B u(x) = u(xy) = 0. 1M
BENZG W NETIR Rut = ofEROL, S EWINREARu = oftiédfiiu = ofEmL, X
5||“||L2(U) =1F/)&-

R AT (3). W05 u, & #0240 F AR A o @ 9E 2 95

Lu=AuinU, u=0o0ndU.
WAHER)RH [, adx #0, HAFEHEL C e R {E13

J u—Ciidx =0.
U

B u—Cu thRXNT A, FUFMERE, B eAMENE, THEQMEEXEAAES, SHmsAR
ATRENZE, FTCAFRATIER Tu — Ci = OTEUHE AL . R, > 0 402 — AN B IEAE O

IR 2.4.2. (1) #9250 T A B &

2, = rgi?U) B[uz, ul '
”Euéo llellZ2 0y

AR B FRATN G AR R 27 (0 EREE MR, IEWIg 2. ) oV, bl c € C(U),
Hrb U 2O FOUEMARXE, [aV] AR HEE U H c>0.
IR 2.4.7 CEXSFRIAIE ST 1) FRHEME). € X Lu = —aY9,0;u + b'du +cu, R+ a’,b',c it L
H &M W

(1) #F L (iFDirichleti#l & 54F) BA—ANFHIEME L, LHL: R 1 e CAEMAIIE
&, 32K Re(d) > A,.

Q) AE—ANMERFIEHHK w, CEU AREH,

(3) #iEfA A, & F4F4AE{E

SRR 2.4

SRk 2.4.1 (Courant $i/NMEKJEEE). & Lu = —aj(aijaiu) A ST ARG R HF o XL R R HA4) 8
A 0< A, <A, < ik HFHEZFkeN, K

Ay = max min Blu,u],
SeEXr_; uesSt
Il 2y=1
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AP 5, AT H)(U) 24k (k—1) T = MM R 0G£S,
SR 2.4.2. &Lu = —9;(a0u) + b'Ou +cu A—BAMAHL T, ERAFFHTLIHFEMEA A,.
FE B de T AR K AR R B R, L

. . Lu(x
A, = sup inf )
uec>(T@) *€U u(x)
u>0in U
u=0 on 0U

R FESHGEMET L 69 Z4F4E1A 4, 6948485 % wy, T 2 R2 2247,
SIFR 243, FE—HRARAFTOARRIBRUG) CRY, CABREM TS 1eR. METHE
., dU(t) LWH/NEVRE v BF. S TEHEA T, ZAMFEEH

—Aw = Aw in U(T), LU|5U(T) =0

R SAAFIE A = A(r) Ao 2 694 AR B w = w(x;7), HFIRF] ||wllpgey =1 R4 w & 7,x #)
KimHE . HEA:

‘|

dr 8U(2)

HPv-NZRARF U(r) 895w

s EORELH AT = [y, [Vw@)?dx, REHHV(0), #ITF&HZIER [ 0| Vwx;1)|* =
2@, FFEAM Wl =1 RIER w40 =0
ST 2.4.3. KA A YIMA KK U 5 K, (—A) B EBEMEAT ],

a—w(x; )| (v-N)dS,

ON

jo)’R 2.4

B 2.4.1. 4 th 232 2.4.6 (1) B9—/NEHEH . 7Lt d
Iw] = J aVdwi;wdx, we A :={we HU)|||w|p:w =1in Ul
U

(1) #8537 {u,} Cc A5 I[u,] > m = L%)relﬁll[w]. B BT {u, VEH (U) T 3504065 2
FAu, HIu] < m.

(2) W u €A, B u RTRGM T LHL I[u] = mo (BT: AKHA H(U) o>
LX(U).)

(3) B veH)U)F&Rw e H(U)EF[,uwdx #0. £EH jr,0) 1= [,(u+tv+ow)* dx—1
LA B B CH(R)HAPOD) =0, Bt FHEZL> I 1| A j(r, (1)) =0.

IR )G IR 1E | :
uv dx
U

¢'(0) =

_fUuwdx'

4) () =1+ p(Dw, REXMF LA, 1|14 i(t) :=I[u+n(t)]. A AI'(0) = 0IEA F4£
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1 € R ARV € HY(U)AA
J aVdud;vdx = lf uv dx.
U U

(5) EH (4) FHI AT A A, B U P EADirichlee X8 F H0F L #9 4F4EE

2.5 HEEIENS EIE

&ﬂ]iﬁ'ﬁﬂén‘m?ﬁz Lu = f 15 U FRISEME u 275 “LBIEN” XN H#E. & f e L2(U),
HT Lag— Nl H1, BRATIAEM u R SO & vl . SRMERA M98 0 Ak £
—REER R ;5& S SR SCHLX Fh Mol i . HSL EIRATTA

e feL*(U)=>ueH* ).
e feCU)» ueCXU), R¥IES% >/ 2.5.2.
o Xfa €(0,1), HALf € C¥*(U) = u € C>*(U).

A EATHEE (2.0.1) WHL(O)-S5MRIENME, HALKE Xn2.0.2)frik. Hf € L2 (U),
H R EERu I I R = B . L b, IRIRATFEIE RO BRI —Au = f, Bk u 2
— IR H Y x| = ool P F0, NAE

Rd Rd Rd Rd

=J (0,0;u)? =J |VZu|? dx.
Rd Rd

B, HfeH™, W u WL “NM2Hy” B2, Bl faal DUES: R f AL 3 REH
& COH), MATTRERIFutb FC RN, XEFIRHH(U) 390K~ (59 SBAFEER T
— B AISobolev ek A B MRS P ORIE, MIEFIREEE R, X 53R e B 3 B AR I 2
e 2575 FEAIE B 72 1 38 A AEVE RO AENE 2 2R B

2.5.1 SoboleviRZRIERS
TEMAR S o, MIRATAE R — N RS f(x) BT 0, SHON, N T Ieir 2 R AEE, B
o SO+ he) — f(x)

h—0 h

XtF Sobolev PREL, BAVEZAE 1% 71545 BIRPAN S5, (HIZSRMRER A7 72 V2 18 1 594t
ARZBRSGRE . Wf : U - RZ2U THRETHRKES, HLVeU.

FHE.
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EX 25.1. 2x €V, he€ RESIMMEFFO < |h| < dist (V,0U), EMEXZKfFEFiD=E LRE

A htg £
DI f(x) := f(x+hi;)_f(x), 1<i<d.

it D"f :=(D!f,---, D).
Rl 2.5.1 (EH 555 FH). =T AL R L.
(1) L1<p<co B feWP(U), RLHEEFHKC >MEFHEEV eU URHEZ 0 < |h| <
%dist (V,8U) %A
ID" fllery < CIV f o)

(2) Zl1<p<oo, fELNV), BAEEFTHC>01E1F

1
ID" fllsry < €, YO < || < Sdist (V. U).

AR A
fewhr(v), IV fllron < C.

EE, R RNEEMESETEGLEE, AV EU 2546,

HERA. (1) BT p < 00, FATAWIEE [ 2R (HNFRNEAEEEL . A iEx eV,
1<i<dblKk o< |hl < %dist (vV,aU), FAH

1

|f(x + he;) — f(x)] < |h|J |Vf(x + the))| dt.

0
TRH

1

1

d
|Vf(x + the)|Pdtdx =C ),

J |V f(x + the;)|P dxdt.
|4

EALBIHER ID” flleoery < ClIVf ey
X (2), Wf € LP(U), FATATERBILLT “0#f00"7 A= FZRBLL (ks FiX A 2
BEBHAILER)
J f(Dlp)dx = —J D "fedx  VoeCP(V), 1<i<d. (2.5.1)
%4 %4

HE (D" f || Lo K Th—ECA R UKL < p < cofill, FELETH by — 0 Fl v, € LP(V) 45

D f —~uv  fELP(V) HE8IREL.
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HEEIXE 1 < p<oco £WER, BN LP AR E KK, B TEIERSI5TIE R HARR “ 7
R N AGFRARIR by — 0, FRAIE

J faigodxzf fdiqodxz—limj Di_hquodxz—f viqodxz—f v;p dx.
U % =0 Jy %

U

o W8 1T 2 FI10,-59 S8, WV S € LE(V), f € WR2(V). u

2.5.2 HEAEN M E

AL B B AV 152 73 R 0 A L U4 s
/:HEEE 25.2 (W%ﬁfﬁﬁﬁ)ﬂ\ﬂﬁ) ‘ii aij (S Cl(U), bi,C S LOO(U) H f (= L2(U) X«Lyf'; ue Hl(U) 7%7:77]2;_
Lu=f#UY8—A5M. R2ueH, (U), LHEEFEV eU, &MNA KT

[l 20y < CUf 2wy + 1l 2wy)s (2.5.2)

b C>0URH V, U AR L 8 FHo
HEREAFIENVES u KA FETCR, BIATER R u e H(U). AT ue H (U), K
II8EPR FAEMR T Lu = fEEUTR LA AL . RItuse s EAEU LT AR A T 7 RE IS S
WX f AL RETRN G AT 9N, A G UEH LUR AR, IER RS 2.
HEL 2.5.3 (B BRI A EEE ). % m e N, al,bl,c e C™Y(U) & f € H™U). X% u € H'(U)
RIAELu=fEU VH—ABM. R2aueH™U), LAEETFEV eU, &MAEH

[l ey < CULS Ny + Nullr2)s (2.5.3)

HEF C>0MURH m,V,U AR L 897 H,
HEIL 2.5.4 (C WHIRI P EBEMITE). % a¥,bl,c, f € C®(U), RZueHWU) R Lu=f £ U ¥vi)—
AN35RE, W u e Ce(U).

EIE 2.5.2 BNIERR. AGID' = c =0, SN TiREEAN . fiu e H)(U)SSMEE LT3
f a’oud;vdx = j fudx, Yv € Hy(U). (2.5.4)
U U

SATIUE B ATER v (7
o JEMI(EA VR IR) S 1l D (V) ) LX(U) S8
o 0 FEIS LN, WA R BRI AU I B AT <R BRI oU [T .
AL AV BRI, HA AR, RIS v Pl ARSI RS s —
ATFFRV € USHEI Wi, W, (58 V € W, € W, € U. BRI LI F & Hi iR
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W ER 24 ¢
¢=1inV, ¢=0inR\W, 0<¢<1

ORI E SR T R BB 0U KI5 R E .

2 |h| > 0 I /IMERIMER X € W Hx+he, € Wy, X1 <k <diEX v :=-D"(¢*Dw),
TATEH

f adud;vdx = — J a'd,ud;(D;"(¢*Diu)) dx = —J a'id,uD;"(8,(¢*Du)) dx
U U U

FIFH (2.5.1) = ﬂ D/(a'd,u)8,({*Du) dx

|JW1

SCTwW, 3T w,

r

=| aY(x + he,) (Dou)S*(Dydju) dx + A,
Jw,

y
|

A = J a'(x + hey) 8;(&?) (Dro;u)(Diu) + (Dfa)d,u(¢*Drdu + 8;(¢?) Dlu) dx.
w

1

T L2 SR, HATH

J a'(x + hey) (DI3u)¢* (DG u) dx > QJ' ¢?|DpVul* dx.
w

1 Wl

KO T RRAVEIER DI Villaar, . A, ELBERHII T s X TAERTE 2N € > 08

ij h h h h
|A;| < Cllav|crw, (||§Dk Vu||L2(W1)||D;<“||L2(W1) + ||§Dkvu||L2(W1)||V“||L2(W2) + ||Dk”||L2(W1)||Vu||L2(W2))

Cl
h h
< el DEVull gy, + = (IDFUlE gy + 1VE )

fﬂﬁ?ﬂl‘liﬁﬁlse(0,2)1i?%'as||§D’,gVu||2 AT LA O11¢ DIV, | WL

L2(Wy) L2(W)

Lx(U) XUy

J aiidud,vdx > gHgD{;wnz —C||Vu]? (2.5.5)
w

1

A7, A

DM ED W, < IVEDIWIR, ) < C ( j |2V Dl ul dx + f

Wy Wi

|V<§2>||D:;u|2dx)

<C (VU + IKDEVWIE, ).
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P H el Young A&\ AT 15 2]

JW Fodx < ellol g+ I gy < Ce (VI ) + DLV gy)) + CI

2

B € € (0, ), BATH 32

jw Fodx < QDI +C (VI + 1 Ergr,) (25.6)

2

454(2.5.4), (2.5.5) LLf (2.5.6) FI 13

f |D£Vu|2dx<J
%4 W

EHEANEN T Vu e H. (UM Lu € H (U), HAEMT

$2DEVul? dx < CJ If 12+ |Vu|? dx.

1 W,
ull 2oy < CUIf N2y + el )

E_X‘}: //TE)EH ”u”LZ(U) %f’:ﬁ% ”u”Hl(W) ﬂ:‘IzTJ:f (2 5. 4) ':F' vV Ii=17 uﬁ’}ﬁ’fﬁ@%fﬂ‘i”éﬂﬁlb’ :/H\:EPEQ
Wreki#n € C(U) Hyly, = 1. B0 LR DA LLERS

lulliny < CAUS ) + 1llrw))-

R, PG H 458
[l < CUS 2w + 1ullrw))-

2.5.3 *HEEE

PRAE FRAT 1A AR [52 1 JUP i a f 380 A IXCdl AIE B 55 (K A IR U . AS TS UEBH DL 4518

EIE 2.5.5 (M FIENME). ZU £ —/AEH C2 AR U 89 RFE. & a¥ e CY(U), bi,c €
Lo(U) B f € LAU), %% u € H\(U) & (2.0.1) 435/

Lu=finU, u=0o0n0U.
M4 ue H>(U), BLiHL

[ullzzwy < CAf 2wy + lullzw)- (2.5.7)
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XEZFHC>0MRM U A= L 89 28
A8 25.1. R ueHy(U) £ (2.0.1) ®9°E— 35/, ARA4ETA 2.3.1, EARBHTARLA

lullizw) < Cllfllzw)- (2.5.8)

FIFEM, WORXE f A0 L RE R Bk AT 99N, SR S bW BN MR

HEIL 2.5.6 (M HHEIEEAR IE ). % m e N, a¥,bl,c € C"N(U), f € H"(U) A dU e C™*2,
i —H Rk u € HI(U) Ao F #4246 5511

Lu=finU, u=0o0n0dU.
A4 ue H™(U), BA R+
lullzmewy < CULf lamw) + 1llzawy), (2.5.9)
AFHFRC>0MRM mUALOEK. wRueH(U) RE—055/, LMt TRLA
llull sy < CISf lamew)- (2.5.10)
IR 2.5.7 (C*™ WK EMITE). % a¥,bl,c, f € C®(U) B 0U € C®, Xk u € HY(U) R4=T 7%

A2 69 55 %
Lu=finU, u=0ondU.

Mu e C*(U).

EIE 2.5.5 BUIERA. EOL R EMIME CGEM 25.2) £ Lu = f £ U H ae. HIL, A
G N AL, ez B 252 HIREAT: SHMEZEe € CX(U)ESA Blu,e] = (f, @), Hit
(Lu— f, @)y =0, FHGIHE 1.1.2 BIf3Lu — f = O7EUH L P AL BT

g x° e dU, BAVHIBFEr >0 M C2 FK¥y : R - R f#5

UNBX%r)={x €Bx%r)|x; >y, -, Xq_1)}
PEAMEER D IR @ A2/ s > 0 €15 y = &(x) LK
U’ :=B(0,s)n{y,; > 0} c ®(U n B(x%r)).
BT UG, TATAT AR Z AT ERE 145 oU, Il Fd iy R R T2

i A B FON IR W, AT U = B(0,1) n R ZEMT 8y, -+, 04, &VIMFHL,
MO) A IR C 283 2 e BE 2.5.2 (45, P AR T REZHEW R 6, ik SHh it
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4 U =B(0,1)nR4, vV = B(0, %) NRL. EHEBKEL ¢ e C=(U) 157

¢ = 1in B(O, %), Spt¢ C B(0,1), 0<¢ <1,
WAE u &2 (2.0.1) B—A590F, e XFRA115 3]

J adud;vdx = f(f —b'du—cu)vdx  VYveH) ). (2.5.11)
U
T 1<k<d—1, 1£ (2.5.11) FH v = —D}(¢*Diu), A E# 2.5.2 UEW AT 43

JlDﬁVulzdx<CJ 11>+ |ul*+ |Vul?dx Vi<k<d-1. (2.5.12)
|4

U

X SEBR g HE R R 2 I (1 i S
16:6ull2., < C (1122 + 1ulPsy + IVUIPs) ), Vit j < 2d. (2.5.13)

L2(v) L2(U) L2(U) L2(U)

AT N TR RIAE R FHA2u, M BTN 8 E AR S8R, 7 + hey T REHL KN X
o SKBR b, WJTERA S AT DA I SRS T LA A 0.0, G4 j < 2d, EIED
BV SHD DS R Ok, TS DA (2.5.13) 831 TR, Ak, K
AL = f 76 U LT RSE (i K — 3 BB, B

a¥diu = — Z d;(a"d,u) + b'du + cu — f — d,ud a’.
i+j<2d

BB S PR 0% > 0, A

1822112, < € (11220 + 141200 ) - (2.5.14)
B R 2,52 AE R IORLE — 2, AT B RS R A0 T

1822112,y < € (112 + 4l2)) (2.5.15)
B (2.5.13) Bt T ROV ERM

1l < € (1B gy + al2er)) - (2.5.16)

O
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SR 2.5

SRR 2.5.1. fu € HY(RY) EA % %%, AR R P854 —Au+cu) = f 99— 5. X2
feL*(RY), AiFHHc: R >R IHZL c(0)=0 AKX >0.9E%: u € HA(RY),

R BT AIEN MR IR, 2R E ZEANRE RS L.

SRR 2.5.2. it x = (x,x,), B(0,r)=B(0,R) CR?> # &K R< 1. % E 4L

_X§—xf( 4 1

= + -
2P \V=Tnlxl  2(—1n |x:
Yo R BNV B AL A A SR EAL R A0, WE A B(O,r) ¥ A &L, IEE L

u(x) :=+v-In|x|(x; — x2).

TE A

(1) u € C(B(0,r)) N C*(B(0,r\{0}) & B(0,r)\{0} + it T Lk 42, HAFHMHFHulspe, =
V—InR(x} — x3).

(2) lim du = o0, XHLH u & C*(B(O,r)).

|x|—0

SRR 2.5.3. e —A f € LMU) 89 R P), 5T THEZO < || < idist (V,8U0) A |ID"f|lwy <
CmxZ, 18 f & Wh(V).

SR 2.5.4. A£G AEANEYS U #B0O,1)NRE B2 255 695E9 . deif P FriE, % x° €
oU, HAr>04C? Hiy : R > R EHF

UNnB(x%r)={xeBx%r)|x; >y(x, -, X4}
WIN G M FIE ® An L ey s> 0EF y=0(x) = —(x°),x;, — 7)) (R x=¥(y)) B
U’ :=B(0,s)n{y,; > 0} c ®(U n B(x°r)).
Bl i 4L3e V' = B(O0, 2) Nn{y,; > 0}.

(1) 3£ |det(VO)| = 1.
(2) LU (y) :=u(¥(y)), iR u' € Hy(U") R4 F 7 #2869 55

L' =f"inU, u' =0o0ndU.
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ZZ fl(y) = f¥QY), AFLZ LT,
Lu = -3, (a8, u) + b8, u' + c(F(y)u' (P(y))

A R—BMEE), LRAEN

KL ok P! koo Lok
@ = A EO) G OGO, B = BN F(HO)):
(3) B Q) A= 22 2.5.5 49iE 9] 75 x4 H
11y < € (1122 + l2sg) - (2.5.17)

2.6 WMKERE

AT AR PDE W 70 H e B2 T B 2 ——— A ORME I 3 (Maximum Principles). % K {H
JRPREE T — AN RIE: Wk u e C* I U i) — R x, € U IB BN Hig KME, 4

Vu(x) =0, Vu(x,) < 0.

FEMLIRATIE DB R BT VEAN B2 BT LT I FE S T L2 a B o i “Re k. Siha b, BT
WORAE SR BRAS B AR R 228 T R SR, PIRA T AUE R AR T ¢ GEIL .

NTHER ERIfEE, WAVEART RS E T AAIEsEE (2.0.3), HEAES R A
fiTrTReib 2 al . XHTHEIE PDE MI556#, Fralie 4 RECABA B Pk s R R, &
PLIE AR R S 1t ? BE2HEN, HIEHME RS TATEART B ETT SN A KA
[Flo fE58 2.7 Wi, FADEAND3E 21 De Giorgi-Moser %X, '& 4 T BA MK R PDE
ST L Akt

2.6.1 SREIRIE
QO Cc RYEHFIFE CRMBER),
EIE 2.6.1 (WM F R, %u e CH(Q)NC(Q), ¢ = 0.
o FLu<0EQAEMRZ, Mmaxu = n;gx u. LB Fru2 T #& (subsolution).
Q

e HLu>0£QAREMR L, Mminu = rralgzn u. it fruZ L& (supersolution).
o

A, FLu=0£QREKRZ, Mmax |u| = max lul.
Q

IERR. EATRHBNE.
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Bi=. FLu<0£QAEAZ, Mmaxu = maxu.
Q Q

S Be = O RAE I (1), BRI BER A Lu < 0, FrABA T Xt ulf/Ms), & Xus(x) =
u(x) + e, Hrho <e < 1,1 > 02— MRS KM E R . BEFEEAGE: Luf— PR TAn=
R, IRIUAR BN

Lu® = Lu + eL(e™) < 0 + ge™1(—=A%a™ + Ab') < ee?1(—2%6 + A||b||=(q)-

Fr LA AT 53 RIS, B8 Lu® < OFEQWNIE R AL . W7 5 Kimax u = max ue. e > 0, prLL
Q

max u < max(u + ee*) = max u® = max u° < max u + max ee*.
a a a 30 30 30

% e - 0., WANBRIZHEMN 25 B max u = max u.
Q

Q
FRRAEEYIM S . KBk HHAENRX, € QfEfFu(x,) = maxu. BAH
Q

Ou(x)) =0 (1 <i<d), Hessian/7FEV2u(x,) <0 CEFE) = *u(x,) <0, 1 <i<d.
Ha A ARE, MIRAICEUESBEZER S0 BN TS &al > 6133 Lu(x,) = —a'd’u >
0, MifiLu > OFEQWIERRSL, SWrE MR T E. —BRIEW T, BT {aVH& M™% IE e S #R 5
W, I ABAFAEIESZTTREO = {o, MiifH
0AOQ" = A, A =diag (4;,--,4y), A, =6,1<i<d.

I, BRATHEAERTRLROAE BBty = x0 + OCx — x,) 131

O, u = Z 00y, U, dxidxju = Z 0ki(9y, 5, )0y
k Kkl
FrbAEx Ab, FRATEAS
d
Lu(x,) = —a"fdxidxju = —(0;a'0;;)d,, 0, u = — Z 405 u >0,
k=1

XN 5 W5 B O
FLIRBEH B > 0, AR AT UE R &5, k5 H2.6.158 4 —F, AR 2,
EI 2.6.2 (c > OMFIM A JE ). &u € C2(Q)NC(Q), ¢ > 0EQH B A .,
o FLu<0EQAERZ, Mmaxu < max ut. BPudddE i  KAAE R B 3],
Q

*
FLu> 0EQAE AR L, Mminu > —rr;ax u-. BPudgdF B MAA AR X F],
Q Q
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A, FLu=0EQRERZ, N Amax|u| = max lul.
o

2.6.2 RAHEEHIT: BernsteinfIh

PAAEZE 20 R oy 5 R, AT DAR R~ 3348 S5 BRAIE B 8 A0 bR B R B A 1o {E2 24 Laplace
TR B 4 i — M S SO 5 S (9 dn A IO B 5 B (2.0.3)) B, B R PR 25 A 4 e B =2 T I
SEYE SR FE AN AL . B N ERATIERE R ) L Bk R G W SR B A Hopf 51 ¥ 7 AL Akt
|Vu| FiZ s8¢, Rk A Vul?) REAER, R85 HSSIEEERIRT (X B 2% BRI I7 2 KN
EERESIUFE); MR EIEABEE R AT CREBREATD, AT ZHE N A3 130T e85,
DL FEAGTHRR 7 U BI— DN R F N % EFRAE Bernstein $I5.

WA S FLUN(2.0.3)58 3, AL R HA A > offifF 1|£1? < aV&E; < AlE)> TR
& e R T,
EIE 2.6.3 (WEREAG). %u € C3WU)NCYU) 2 Lu = finU, £F f € L°U),dV €
CY(U),b,c € L®(U), L4514 )3 2.0 € U, N3 FKB(0O,R) € U, m LA F A&+

sup |Vu| < C(% sup |u| + sup |f|>.
B(0,R/2) B(O.R) B(O.R)

NTEEAREB TR, AL = A, f =0, R = 1 ABREH AR R NEEEMA T, HIERA]
ANASE FH - P54 JiR 2 8 A AT 3 R B B0 AT AR Ao

EIR 2.6.4 CFM KRB NEEEAETT). &u € C3(B(0,1)) N CY(B(0,1))2 #4123 B(0, 1) & 8 F= &
o MRFHEREIEN: AAEFKC >0, £Fmax |[Vu| <C max |u|)?5<‘,L

B(0,5)

MEPR. %, HAEUHENS

d d
A(Vul?) =2 ) 0,0;u) + 2D, 0udi(Au) = 2|V2ul? + 2Vu - V(Auw). (2.6.1)

ij=1 i=1

ZAFEEBSchner 3. AU = 0N X5 —TUNE, FIk A(|Vul?) > 0, #E1 |Vu| £i4
SRR KAE . (HARBEIRATTE B ASTHRHI7E B(0,1/2) W, [R5 Z 4 N & 3E AT e
.

SHE B ARG BT R e € C2(B(0, 1)), F AR A5

AlplVul®) = (A@)|Vul? + 4(Ve) (V2u)(Vu) + 20| V2ul?.
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1M #%Cauchy-Schwarz N EE A1 4|(Vo) (V) (Vu)| < 20| V2ul> +(2/¢)| Vo |? | Vul?. KRIHEIRATES 2]

2|Vol|?
Al VuP) > (Aqo— 'f' >|Vu|2.

EIAER, |Vel?/o AT EENE, PN FHZERREIER @ KX MEL. S ¢ =
n?, HR AR TR € CX(B(0,1)) £ B(0, ;) SRR N AW/ w1

Am*|Vul®) 2 2nAn — 6] V|| Vul* > =C|Vu/?,
HrrC > 03 Wfin, d. XA i FRA T 75 ZEA N — TR AME2 A I 700, 177 L Py i )
A(u?) = 2|Vul? + 2uAu = 2|Vu|?,
L AG? | Vul® + (C/2)u?) > 0. 555 K AE IR HEAS

Sup (72 Vul? +(C/2u?) = sup (I Vul? +(C/2u?) = S sup w2

B(0,1) 8B(0,1) 3B(0,1)

M= sup n?|Vul?, HRSEIEER. O

B(0,1)

2.6.3 Hopf5[3BAIERERIE

HEHZRHOT, SRKERE L LG 1ERATEHIE PDE fIf# (B0 T KZE S F
APFEATEY: £ EBITEAR CF) MBERAEZEE, SUARENTERIE ED &K
fH, AR RNSR 7 AR RAE B BRI 4518 1 E AR BT X AN 1) S 5 a”E BFK AL
HES I

3138 2.6.5 (Hopf?| B). tu € C*(Q) N C(Q), ¢ = 0. Hiik
e Lu<0EQABMRL;
o BAEIANF EXY € 00 Fu(x) > u(x)M EFEx € Q& = ;
o QX4 N EEAF (interior ball condition), BP B £ 3B C Q¥ 3x° € B.

P“]a (x°) >0, A PNAKBEAF EXO 9250k qE. Bc >0, W HAwFHux®) >0, R
VABRAE B B 69 4538 AR 52 o

Hopf5| 245 7] DL H oA A i 2
I 2.6.6 (I REL). %0 c RIZAR KB, u € CA(Q)NC(Q), ¢ =0.
(1) #EQFPEALu <0, LAEN Ex, € QO Fu(x,) = maxu Wu QR b2

AR
Q) HEQFEALU >0, LA EN Ex, € QEFu(x,) = mlnu Mu e QR ok % 2 2o
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He > oif, FATHAE LRI R
EH 2.6.7 (c > OIHEM ME L E). 4Q C RIAFRER, u € C2(Q)NC(Q), c>0.

(1) Z£QF ALY <0, LAAN SX, € UEFulix /it B3 f & KA, Nut QR 2% K.
Q) #EQFEALU >0, LAEEN X, € QEFufrx 2 ik 2 4F E & ME, Mukt QR 2% Ko

T SeRAAE Hopf 513 B FIE OL N UE BHBERE R (¢ = 0)
MERR. WE U A Lu <0, JHiE M :=maxu H C :={x € Ulu(x) = M}. fIRiEi%: BEES
U

V i={x € Ulu(x) < M} # ¢. BUEEI—4N# 2 dist (p,C) < dist (y,0U) 5 y eV, I B A
KT v o B yrEcRER . IBAGFE x° e € (SE2Br b2 “PIA7) #78 x° € 6B.

S E R UM LB E I, B M dise (vV, CYRREP R IE, MTix® € CRIRER{FE. IEY
WL R AR, fiHopf 517 Z(x%) > 0, LN RIBISH R AR . X FEFE: u f x,
URTEEN A, A T Vu() = 0, T (x%) = N(xo) - Vu(x?) = 0. 0

e T Hopf| BA &, 4RI AR, 10Ttk DRI T iy A BIRKAH, WAEQPY
WA (M0, ML B 308 A A ISk R ) (S M AT R ik B K
), SR AL KA 1 B o) T AR S . AT BT 2% e PR B, 77 2
HEAETER SIS BRI ¢ > 0 Mt LS R SuG) > 0),
fiic = 0 M5 RERu(e) > 0) 7 LUHFRER 7 E).
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Hopf5|¥BRVIUERR. v 1 77 (8 W \hi& i B ek, AW EkBNB(0, r). HHopf5| B X (2), FAl
Ay AL A B R B0 AR AT 7 40 /N0 < £ << 1AL
i. u(xy) = u(x) + ev(x) X x € 4B(0,r) U OB(0,r/2)Kr.

ii. L(u + ev) < OTERTEIXHRA = B(0, r)\B(O, r /2)/% 7.

iii. Ulspo, = 0, Vlanoy/2) = 0, :—;(xo) <0.
I 5 BE A H XA 1 pR o, U 55 0O R BE RT AR u(x) + ev(x) — u(x,) < OfEAHEELAL, DA
Ku(xy) + ev(xy) — u(x,) = 0. FTLAREEu + ev — u(x)TEx AL B 4ME ) S8 52 /& A Y,
I () 2 —e22(x,) > 0.

TXRE R4 B B8 B0 7T LLIE BN (x) = e P — e~ [, Hdix € B(0,r), 1 > 0 — M 5E

P79 KB NG B HE 1S

Lv = — a8,0;v + b'dv + cv = e (all(—422x;x; + 2461) — 2Ab'x; + c(1 — e~A0*¥))
< e (—4622|x|? + 22 )] a't + 24|b]|x| + ¢).
i

FEMIE X IRA T AT AT

Lv < e (=022 + 21 )] a' + 2|b|r + )

1

wx € A, FRATEL > SFEA KR L O, T HL T P 5% th 1T LA B I O

2r2

2.6.4 HarnackP™FER: WEEBEMIT

WK R BREE W T A B 7 AR AR B B ABLAS T, 3 T ORIRATAR 1t — D il A A PRI . A% 759 4iE B
Harnack AN R B AR A R XA, Lu = OfIE 57U I B /ME A OB 2 o] AR
EIE 2.6.8 (Harnack AR, %0 < u € C2(QAFA2Lu = 0EQA WG, AP H-FLEA
X(2.0.3). %V € Q& EBTHE, NAELETHC > O(PURBV ALty 2 H)E1F 40 T AF Xk =

supu < Cinf u.
174 14

50 R A Harnack AU EE, RATIEA A -FME X —H B, A “RER
7AW O S m i TR A ZER T ORBATNZIE W Harnack N5 1 — 072
F##6 E {1+ (logarithmic gradient estimates).

R RIAIAYHERBu > 0, HMH RN E—NEE DB+ > 0. BEV € Q, JATHEIE
HIAFELE C > 0 18 u(x) < Cu(p)MHEEX, y € VEOL. TIX MAEREN T lngl < CI XA
FHC > 0L, IUAEFIR B Lg() <= Inu(tx + (1 — )y) FIBER S A E BRI BE SR A3 2R 5K
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(R EIRLGE 2 H D

1 1

gdt=(x-y) f Vinu(tx + (1 —t)y)dt,

0

u(x)
In —=2

! u(y)

FIT DA 1) @3t 3 A NAIE B AEFE S C” > offifSsup |Vinu| < C”. XU T WA A RATK % T k2
v
FEBLHIE B ik 2o “ X A 17 .

HANWEEN . A A TRATAEE S Harnack AN 535 2 IE B F2 A0 5 ek B4t 11 We 2 55K
IRATAT DL R — N L, BRI R B Harnack A2 R . BufEAER S, Mo ;= In uihil
JE—Av = |Vu]?, 4w = |Vu]PR[BAw + 2Vw - Vo = 2|V20|2. Ft PA ] B gk 4y stolE R se oG
T, TR LR 21 812,630 VAR SERGIE R, XS0 IR 58 AN R -~T- 28 R FE Y .

N T HEADERIRG, T REANMRED = ¢ = 0, u > ORIUEHHarnack N5, 7EIEH A
KEE, AT LA R B Harnack ANSEXOAB, R 0 AR RS 5 B bR B0 B 7 1

=mmw—mww=ﬂn—gm=f

0

WERR. &bl =c=0,u> 0. 2v =Inu, N EZEITHTE
u=-e’, du=edv, 0;0;v=e"(0;v9;v+3,0,0),

KN Lu = 0 152a(8,0;v + ,v9;v) = OFEQPT L. IAESw = aVdvdv , W EXEZHw =
—ag,0v. & N RIAME LT 5

s, 4 bk 1= —2akov. N

il

2
—akd,0,w + b 3, w < —%levl2 + C|Vu|% (2.6.2)

W B AL S EE R TCITH S, AT N ek Bk E T W S OL R REHE R AT 4

AIEROEIE B R € CR(QWR0 < ¢ < 1, ¢y = 1, I il iz = SCwBwEUE S
PRAEV BLET . Rz7EHRE mix, € QIR ENME, MIMTXL < k < df18,z(x,) = 0, MM

0= 5kZ = §'4akw + 4§3w5k§ = gakw + 4(5k§)w =0,
LA
5kalz = §4akalw + 4{3al§'akw + 12{261§'6k§w + 4§3akal§w + 4{38k§61w.

BT RS

— aklakalz + bkakz

=¢4 (—ak9,0,w + b* o, w) — 12ak(¢29,¢0,.w — 8ak!(¢39,¢)d,w — 4ak¢30,9,¢ w + 4b*¢30,¢ w
=¢* (—aM9, 9w + b o, w) + 0 (3| Vw| + LPw + |Vu|$Pw)
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Horp e — I i | Vol 2 ASER |bY| < C|Vu| 4.
1Ex, € Q&t, Tz =0, —a"9,8,z > 0 (I NHessian i [ V22 - 11 5E 1), Fr LATS 2]

0 < ¢4 (=dMo 0w + b o,w) + C' (&3 Vw| + 2 w| + |Vu|&3|w]). (2.6.3)

#5(2.6.2), (2.6.3) LA L — Bl %A%, 133
0 < ¢TIVl + CIVOP) + € (1Yl + Ll + V0l at %,
T w = —aa8y0, RAIS:HF LA
Chw < C7 (VP + IVl + Cw+ Vo), acx, 2.64)
TR B RS0 4534

o O3|Vulw = (2| Vu])¢w < ewd*| Vo> +wC.n? < §4w2+C(s)w§2. AL RATTH T 7 e Young A
2, BLEGIVU)? S w, B Hw = ad,vd, v{:filJ

o {HVw|. EHZEATE G w + 40, ¢w = 0, XM Vw| < Clw|, NTME3 | Vw| < C$2w.

2
o EVOPP < VP < %w

RN (2.6.4), B EFAEHELC,, Cy > 0, € > 0, S EX AL AT C*w? < Cretw? + C,¢%w.
A ikle < %, 53
Cw? €2C,¢8%w = z = $fw < 2C,¢% < 2C,, at x,.

H Tz = SwlEx ik 2w K LLKS |y = 1, 46w > 6| Vo RIEIEC, > 0ii 2| Vul <
FEN R AR 5 L. Bt A1
dw = 8,a"(d,v4;v) + 2a'4,0,v v, 0,.0,w = 2a"9,0,09,0;v + 2a"9,0,0,v0;v + R

HAR 1= 6,0,a" ;0,0 + 28,a"8,6,v 8;v + 26,.a"/8,0,vd;v, HiFi£: Xfe > 0, MILIR| < C(|Vv|* +
|Vv||v2v|) E|V21)|2+C(E)|Vv|2. IJH:IJ”fﬁ»@J

—a¥8, 8w = —R — 2a"a(8,6,v)(8;0,v) — 2a*'a'8,8,0,v d,v. (2.6.5)

U S — T n] DA — S06 [3 2& 45, DR R B PRl b2 P A% 1E 8 I SEXS AR O B, BUeAE T
MePfifS{a} = PTP, A aa’(8,0,0)(8;0,v) = (Vv - P)- (Vv -P)T > 8%|V20|%. (2.6.5) T K25 —
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DUEE T =M s, BATT BRI Hw = a6, 0,u¥ HFEHT
—aai4,8,6,v9;v = — a'’d,;va'6,6,0v = —a'id;v (6 (a¥3,0,v) — 3;a'3,0,v)
= —a'4;v(8w — 9,a'*,9v) = Eb‘aiw + a8,a'*d,;v4,9v.
TAHE EIRPIIAN(2.6.5), FE45E R TH, #iAS3)

— a8, 0w + b*d,w < |R| — 6%|Vv|? + |a¥8,a"8;v8,0,v|
< |R| — 6?|V?u)? + C|Vu]||V?v] £ €| V?0]? + C(e)| Vu|? — 62| V?v|?

<- 7|V20|2 +C(e)|Vu]?,

HrpRATH 2 1 wref) Young M55, -l € (0, —)TEFH&EI’JIW&LI&% W 5 UL O

JEIE 2.6.1 GBI B S wIMIE EY). 35 ik 2 R A A B K B mel 6 RR R4, WA
1% A B AE T ARAE B2 3 AR FK? X ALF T UM IAFe R i Harnack R 5 X 69iE 8] 2@ 4 &
%o, AMARXL = —A, U = B(0,1), V = B(0, ;), AR ABBRE S HeHL0L o <1, 0|y =1, &A1
T HA(pw) 7 2|

A(pw) +2Vv - V(pw) = 2¢|V?v|? + 2(Vep) - (V20) - (VU)T + 2wV - Vu + (Ap)w

4|Vo|?
> oIV20[? — 2| Ve ||Vol + (Aqo _4 f' ) Vol2.

d 4 2
FERp = (PHFEEIRFX V)P > )60 > é(Av)2 = % = % M) =T VASE B A(pw) + 2Vw -

V(pw) A M TR (BATRS — T EAEAE A Vol Bk, AAEAEHA EHD
/}\571?15\‘, éi"‘/ﬁﬁ']:ﬁ)

AGHw) + 2V - V(Ew) > ZEVOl = 81V Vol +47CAS = 13[9¢) Vo

=ivol 1,
_— w +_
2dgv

o7~ 8IVEIL +4¢A¢ — 13|V ) > ~C' VL ER.

&ﬂ‘liﬁ&&ﬂ%m ;4 21X IR F A mA BN BT wey R KB, BRIXRwaE R &x, € B(0,1)H
3| KA, ﬂﬁZﬁV(g“w) = 0L R AL w) < 0EX R R £, #miFE fwi(x,) < 2C'd. EAC L
AR T 2 S d Ao AR BT B 2L %w(xo) 1, W fw(xy) < 2C'd; & W &ANA Crw(x,) < CHx,). BT EA
T ke AT AR B A2 PARM e 269 7 $C > oﬁ F¢4w < CABO, )P e & Zo
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Jm R &N e = C4HEm L2, N4 HH

A*w) +2Vw - V(§Pw) > éé”ZIVvl4 — 4LIVE| VO] + 20AL|Vo|* 16| VE|?| Vo2,

:‘iﬁ?é’ai’é FPARREXEARRBERY = {|Vo|#9 AKX (BHHATHFFTRKGA), #EdmR
RARIE RS X & A A RARB0E T RAx 71

SJER 2.6

FREFRIREAZ N, AT IEBEBRIZU c RIZDFA LB E R X,
SIEE 2.6.1. uR H42—alid,0u = 0EU N LB, Fial e C D). iEW:

max |Vu| < C(max [Vu| + max [ul).

R v =|Vul?+ W, RS KGUEFLL S OEU P B &L,

SRR 2.6.2. RuR T A2—a"0,0u = finU, ulso = 08I REM, HPfARK. BRxX® € oU, AN
FRC? ) Frw A x4k 69 7] & 4 (barrier function)Z 45wk &4 T £ 4F:

Lw>1inU, wx% =0, w>0o0ndU.

EH: ZwRXOR e — AT R, M B EEHC > 043 | Vu(x®)| < C|a—“’(x0)|.

SRR 2.6.3. XLu = —a9,0;u+ b'du+cu, LAE Ve C}(U)N C(U) 4% Lv > 042 U ¥ m =,
EZULEBHL > O. uEHfJ Fu e C(U)NnCU)EUF#HALu < Oﬂ_ulaU <0, MureUF M~ 3E
Eay, (RT7: Aw=- ﬂ-%‘fé Lw = —a"8,0;w + dw(b’ — ad;v - —) )
SIER 2.6.4 (AR iﬁzﬁ’ﬂ%% ). &kuf £SHEKB(0,R) 1= B(0,R)\{0} C R? (d > 2)A &9 iAF= K
-#C, _E'_/ﬂﬁ/i

o(|x[*>) d>3

X) = as |x| = 0.

o(In|x|) d=2,
JER: ufex = O A & X, BPufe#B(0,R) M 2 AF= 4,
SIRR 2.6. 5 (AR R E P KelvinZ #). sFx € RI\{0} (d > 2), &m%x@%%ﬁﬁfﬁ@ 0 BUIE &

Hx* = _l B2 Lk Fu(x)dKelvinZ 4 4 (Ku)(x) = u(x)|x*|97? = u( wE )| x| 2C. «ﬁcﬂgﬁﬂ?‘
2 Sh: R ilﬂﬁ;‘z\ufi?—b-ﬁﬁl’\]é'ﬂf‘]ﬁ‘?il*i W) Fou 2 A% 3R I3 6 I8 Ao £
() HEFL <6, <d, ER: L = l‘;’ —~ 2|x XEH ST =1ifi=j, 67 =0ifi # j. ik

A Vx* (Vx*)T |x|~*1,, ;i‘i’ I, #dxd #1427 %,
2) A()ERA: Ax*) =22 - d)—

|4
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(3) Y AKu(x) = Al = 0.
S8 2.6.6. i%Q = RI\B(0,1), u € CQ) N C(Q)# £
Au=0inQ, u =0 on 6B(0,1).

(1) #d=2, .ELlllim u(x)/In|x| =0, iE¥: uEQAREHE,
(2) &d>3, _El_lllim u(x) =0, iE#A: ukQREHE,

(3) #&d >3, @R%Fiis’illlim u(x)/In|x| =0, ®HuEQRNEGLEHF TR? EAMRGLER,
X[— 00

R R 2.6.4 A0 2.6.5(3) %k,

Io)R 2.6

)RR 2.6.1. iEBA: 3] RE2.5.2% &9 AL %K & T CA(B(0,r))t & H1E,

BT Rk, HHAXHGERM € C2(B0,r)), WHEEw = u—v, ZPuth g L3
25201 . T RwARF K4k, BAEFZSHABO,r)\{0} LA R, AR 2.6.4% HLE4sH %
AR EaGiAFe R %, AT B TC3(B(0,r)). X5 325200 8 F fF.

BIRR 2.6.2. KU C RIZRARFABIIAFRKIK, 4, > 0&(—A)H F(#Dirichletil {8) 9 E 4§ 4E4E,
w, € CO(U)AM BN W IEL . EH: E4g € CYU)HBikgl,y =0, LAHELETHRAB, &
1FAW, (%) < g(x) < Bw,(x)3E&Ex € Uk 2o

[B]8R 2.6.3 (Carlemanfliit). &U c RIZARABHHRF XK, RELH @ € CH(U) £EHME
(BF Hess ¢ A E2) ik AIFBILEM |Vo| > 0in U. 5% 84T & %IE9 Carleman f&t: 4
EFHHC>0,7,> 0, EFHEZEN 121y o u € CPU), REZFHF X

T3J 62T¢|u|2dx+fj e2T¢|Vu|2dx<CJ e?™| Au|? dx.
U U U

(1) & w=e™u, P,w :=e®Ale"w). iE#: P,w = Sw + Aw, L+
Sw := Aw + 7%|Vo|*w, Aw 1= -2tVp - Vw — 7(Ap)w.
(2) 1EBH:

j 2| Voltw Aw dx = zﬁf (Vo) (Vi) (Ve w2 dx,
U

U

J Aw Aw dx = 2TJ (Vw)"(VZp)(Vw) dx + TJ w(VAgp - Vw) dx.
U U

U
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(3) iEB: AR HE|Pw|2,, BHQRNER: Brhs ki, HEFHC > A
T3f |w|2dx+fj |[Vw|*dx < C||P,wl|?,.
U U

(4) ¥ w #= u AF 5 Carleman f7t.

E: X PRI |Vo| FBELAZBEARLERRA O HEHIEH |Vo|* WK, wRIRHXK,
MATFEILE 3 UEREF, ABMIRE; FIPERHK @ &Mk %M G ¥ (strongly pseudo-
convex), X ZHAMA “FHL” EIANLREHERBE, 3T LA Hessian 7 [F 69 E 2 1 F 78
=R TR 7w 84 | Vw2
Fi2 2.6.2. e R ARAMNEI @ = |x — x,|?, IR A Carleman &+ T AFAE L? B A6 Hopf 5132, &
1¢iE B Hopf 513285, &AA 2] A(e?) = 22|V |2e™ +A(AY)e™, REZAZ S K, AL H—R#h & £
Fo Hopf5| LA F 692 AARIE T $430 H A T AA L2, #tdm~T A RE; ™ Hopf 5132
OGIEAF FJERA K3 (LR RIZEELFZ r/2 9K —F) NAA TR T HEHKGIEF 227,
PRIEF M RAGIEH A “H 897, Hopf 5313 &AW, e R[HB AL F— LB KR KA, &
R F” NI, SN FELMIER, @ Carleman F 4 — ARG EREE RS X, L
W FEAEEA CRARMIE R mARAFIER, BPIER L® R BT AAE R SALMEGE— B do
RIREF RO —AFRENE, W4T EEAET R EHAE,

L b Carleman fili tHE R B Ak ) W L2 v DA E B HINES L2 Judh, BARE W3
() “RERLPEANSE T .

B 2.6.4 (FEMPEAEL (observability inequality)). #%U C RYZAFABHA KK, x, €
RANU. & 3L
Ih:={xe€dU:(x—x,) -N(x)>0} Iy :=0U\I,.

R ueHU)NHL(U) ik At T 7742
—Au=finU  ul|sgy =0, f € L*(U).

Wi LA @ BUR |x —x,|> RIEA: BAEFH C >0 (BURE U, T, x,) %

ou
lullso) < € (I lr + 15l )

ERELARN ue COU) EREY. ARG u FiFmit AR L= A IERT,

FiE 2.6.3. AMESHALRBRAKESIF X, XARAL: REAMNPENRZETHE, AF
AT& “ ) d” A5 Ty MM, LAk T2 HEMHEH EANARRAFEE, XNEE AL PDE 6
B F1 A2 (Inverse Problems) P M A T &, Hlde “IRM == P X B @3 M8 R a9 0= g A
HAFZRWEE, BEAEARZEN, OTFARLREMAL, £OTF AL HETAX
o MLEFLMBE—F A Carleman 45313 F “=Z 3232”7, VAGRF R ™ A 308 369 53R A3
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o AP B HIIE RS B RO SRR M, EARE T AMANSE Y (eE AN T 2
B, M agmER E LS FRAI S AR K mE,
B 2.6.5 (Modica-Mortola £t i1). &= M 4dd > 2, HHu € C3(RY)AZAllen-Cahn 77 #2
B A R

Au = W'(w), W@%z%ﬂ—#ﬁ P@p:%wmwv—wmu»

(1) 3£ |ulx)] < 1B L.
(2) iE#: AP = |V2ul?> — (u® —u)’.
2(u’ —u)

O)&%%ﬂvmwhﬂniﬁb:=—REF—W@ﬂ%:AP—bVP}O
(4) iE¥: PLOBRZ, HLREAH Modica-Mortola#h B &+,

R (1) F R HH u(x) 1= ulx) —e|x|?, £¢ 8| KL ELEA) R FAE>Hudd AL (4)
BAXP& & KAEM > 0, B{x, MEFP(x,) = M, AEFJE u,(x) := u(x + x,) FiEA %L 7| 69 R
MRl % uy, * 69 P 2R EAIE R KL (CTIABKINIZ MR K 28 TCHA LAy E N M, P A&IE
B & & WP &4t #eSchauder?2£); REFE U = {P, > m/2}, #AE U L Vu, ZHIRA
EMRmT AR RAG) PR RE X, FRABBARZIEACOLSREGEE) T ANE, UiEH
P.=M, @|VulAE#ETR, X5ufRFAE.
7Ei2 2.6.4. Modica-Mortola /&3t (VAR 48X 69 Modica-Mortola & F2) A2k T 48 % 3216 69 H 52 4F
%, AR KXT Allen-Cahn ZAZFH ) H @I BGEEKR R, AT HAERFTNRERAK (e
BT mANAe) A 55 %, Van der Waals #2/5 % 89 Cahn & Hilliard 2 & 7 ¥ #UF @42
A, Lie=zzd GEF AN Ginzburg-Landau #& = & Cahn-Hilliard f2 =) # X4 F

3

€ 1
<&hd:J;<?VuP+EWKw>dx

EFu RAESE (PleBFRERKE), u=+1 REAANLD: Wh) £RBHR, Blde W) =
(1—u?)?; >0 2] f"%’( REFBEEGR . ENRZOSHMASEF: M lW(u) WAE u
REBAE +1, ¥ |Vu|2 &35 u é’JE'Jﬂ;fwco B g RER ), F %/\%/ﬁxkﬁ MuxlRX
BAKkhou~ -1 l:i’x W AE 0 2 Z B — AN O(e) 89 &

19774, Modica #= Mortola X & 7 ;E;% P8 L "Un esempio di [-convergenza". #A1IER 4
£ — 08, EMF&%@H%&LE@me%Pmm_u)ﬁ SR AL P AR € — 0

RIRT, AR @ 2N B ) o AR E, 69 % (PP Euler-Lagrange 742 —eAu +
SW'(u) = 0 WAR) WYHLAT AN, f/\aééﬁlﬂ%'iﬂ-; )'ﬂ’%& mzm»rséa MR 2 A0 — 2
T BT, RRTEEHLRENY (BPModicath EE1HEFEmz); —ARLEHKNZ |Vu|2

e W), HrETMAER MWL 5T N AT R — YR, EzIj u(x) ~ g(x -v). BHAREL

* Luciano Modica, Stefano Mortola. Un esempio di I'-convergenza. Boll. Un. Mat. Ital. B (5)
14(1) (1977), 285-299.

e Luciano Modica. The gradient theory of phase transitions and the minimal interface criterion.
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Arch. Rational Mech. Anal. 98(2)123-142, 1987.
¢ Luciano Modica. A gradient bound and a Liouville theorem for nonlinear Poisson equations.

Commun. Pure Appl. Math., 38(5), 679-684, 1985.

#t— 4 #, Modica#h & 15+ & De Giorgi 15 8 691E8 ¥ A2 2| X 44 Al . De Giorgi 47 2887 5 :
A2 Au=uP—u £ R EOHRM, e RiBZ O, u>0, WEKFELARALZFE (B u R
MTF—AF®)e BATd=2,3,4,5WKFACEMKE, dd2INFLELERY, BARTAL:

e (2%%) Nassif Ghoussoub, Changfeng Gui. On a conjecture of De Giorgi and some related prob-
lems. Math. Ann., 311(3), 481-491, 1998.

e (3%4) Luigi Ambrosio, Xavier Cabré. Entire solution of semilinear elliptic equations in R* and a
conjecture of De Giorgi. J. Amer. Math. Soc., 13(4), 725-739, 2000.

e (4, 5%) Ovidiu Savin. Regularity of flat level sets in phase transitions. Ann. Math., 169(1),
41-79, 2009.

e (d > 9 A #)) Manuel del Pino, Mike Kowalczyk, Juncheng Wei. On De Giorgi’s conjecture in
dimension N > 9. Ann. Math., 174(3), 1485-1569, 2011.

2.7 *De Giorgi-Nash-Moserix{X

ARERNTCEUE T I9ME AR, T 5 T 1 1 AR R AR R )2 ) 2 BUAR R N IR A 3R
I1BETE XT 59/ ELFAE H L R 4d 11We 2 iX 5t /2 De Giorgi-Nash-Moser 4045 H 2516, F5L b,
MAT= N A TAEIR 77, AR ERATEZE AN H Moser 44 tH FILPTRRIERIE, RGN 4H
De Giorgi X fi#f] CO« BELEVEAE U] . AT I 5 1 0] @2.7. 19, FRATTE Y De Giorgi H42
HFERI R T, BARAT 2 Wb . RO5 TR ZAE [9, 245,

BATHE I T A X U c R _F (18 B[R 7 7

Lu :=-V-(Ax)Vu) =0, xe€U (2.7.1)
Horh RBUGEFE A(x) = (aV(x)) i — B FAF: FE0< A< A< oo, HfFVEER,x € U:
1817 < Z aij(x)gigj < A€
i,j
i a¥ € L*, ue HY(U) N¥ff. XBIBATE Jep BT RE R E 1) GNS A5

5|3 2.7.1. % d > 3, Sobolev ¥ RAGH A y = é >1(Fd=2, TRIEERE y). it &
v € H)(B(O,r), A:

1/x
( J v|2 dx) <cd,r) f |Vu|? dx. 2.7.2)
B(0,r) B(0,r)

FERENUEMZ AT, BATEZ S BESS M. 59 @M.
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EX 2.7.1. &A1 #ru € HY(U)AZ(2.7.1)49 55 T #% (weak subsolution)/33 L f## (weak supersolution),
RAGIMEFAE R} BN KB @ € Hy(U) #-A

J adud;p < (>)0.
U

2.7.1 CaccioppolifnZE=

PATE SiE B Caccioppolifh &, HEAH — AU “KEW” BI4518: R TFERIES T @
FHCAT LA KA o HAS B A5

EIE 2.7.2 (CaccioppolifniE:). &k u A5 42(2.7.1)893F % 35 F ##, W *+4£% B(0,r) C B(O,R) € U

, A
16A2

|Vul? dx < —J u? dx. (2.7.3)
J B(0,r) AR —r)? B(0,R)\B(0,r)

MERR. BB R 2 n € CO(B(O,R)), W2 0<n <1, nigon =1 H|Vy| < R% P oy £
e = n*u, RATE X5

J AVu - V(n*u)dx = f n?AVu - Vudx + J 2nuAVu - Vndx <0
U

U U

HMAIRETE A1€1> < AE - & MG FHE |AE - 9] < Al€]Inl:

AJ 7?|Vul|?dx < ZAJ nu|Vu||Vy| dx.
U

U

I Young N5 X 15
A’ 2 A 2 2 2 ’ 2 2
2A(M|Vul)m|Vn]) < 2A( —n*|Vul|* + ¢ V7| 77 2| Vul|?> + —u?|Vy|
4A\ 2 A
ATIR SRS )
&J n2|Vu|2dx<%J u?|Vn|? dx,
2 U /1 U
FRLL 2 FHR V7| (SRR 0

2.7.2 MoserifX: LPHITREIIERSBRIL>fHiT

IAEFRATUERH Moser £85I 1SS BE 4518 -
EH 2.7.3 (BMRINREA L), % u e H'(B(0,1)) A 75 TM, M ueL(B0,1) LAELF
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#HC=CdAANEFFTO<r<R<L1MRITFA:

sup u < (2.7.4)

C
B(0,r) (R —r)d/2 ”u”LZ(B(O’R)) .

HUERR. HGRER AL @ = nuf (B 2 1), HAEWRE n 5 Caccioppoli A% ik B A (1)1 HUAR [A]
THEA Vo = fn?uf~'Vu + 2nufVy.

b BIERTER. KA [, AVU - Vo dx = 07

5J n*uP1AVu - Vudx = —ZJ nufAVu - Vydx = 0.
B(0,1) B(0.1)

ARG P, BA175 2

lﬁj n2u5‘1|Vu|2dx<2AJ nuf|Vul|Vy| dx.
B(0,1) B

0.1

i H8 Caccioppoli NIRRT, FRATTE A7 12 BB A bR B 7 1 :
20T |Val) - 5 (VD) < A fe (2 V) + 1 @1 vP)

BUEIEHEe = AB/QA)TEII/IN, 1645 Ae TTH] AP, 152

A
lﬁj n*uf | Vu|? dx < —ﬁj n*uf~ | Vul|? dx + %J uf*1|Vn|? dx.
B(0.1) 2 o B(0.1)

)
ﬁm@w%u%,%ﬂ%%um%%ﬁﬁz

4N?
2232

J n*uf | Vu|? dx < J uf*1|Vn|? dx. (2.7.5)
B(0,1) B(0,1)

WMEL w = u, nm | Vw|? = (%)Zu‘HIVuIZ. RN ERIFFEEE| V| AAT1S w kTt

(B +1)2A2
o

J n?|Vw|? dx < f w?|Vn|?dx < ¢ Zf w?dx,
B(0,1) B(0,1) (R—r) B(O,R)

HrpCfUkHA, A, BLEEXT nw I GNS A2 (2.7.2) 153

1/x 1/x
(J w2 dx) < (J (nw)** dx) < CJ [V(yw)|*dx < ¢ . J w?dx.
B(0,r) B(0,1) B(0,1) (R—r) B(O,R)
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L p=p+1>2, 8 wHFl u, WLHFpXKITER

C 1/p
||u||LpX(B(0’r)) < (m) ||u||Lp(B(0’R)) . (2.7.6)
FZH: ERBILTEH. w T
o FBEUFHI: p=2x"
o FARTHI: Ry :7"+%, )I_\“JR():R,ROO =Tr.
o [HFH: Ry — Ry, = f—
E(276)EP’ ﬁ/ﬂ‘]é\ D = Dk, R = Rk, r= RI<+1?T_EJ!:EIJ
C- 4k+1 E
||u||LPk+1(BRk+1) < (m) ”u”LPk(BRk) )
X k=0,1,2,--- FEATEACRR:
= 4 \iF | L
[l om0, S [H ((R - r)2> (@ )k] 14ll 2 p0,8 -
k=0
RERY, = = 2= < o0, LUK 3, % < o0, FIUESTBULY A IH R BEAHH)
k=0 - k=0
C
s < =y Mo
]

FI 2.7.1. R T A3 A T2, MoserS: Fr LG 4EBA T 55 /%% 2 Harnack A% X, 12483
2 E % A 2|BMO = 18] &9 John-Nirenberg ~ % X, WEMANEFLPE T@ah., EhaPT4aL
$HE. RFEGEFE]9, 447

2.7.3 De GiorgiicfX: Co* ZELL M

TERESL R A FE(L™) 2 5, De GiorgiF) Fl 7k 2 88 B B Sk H RO IRIE, Bk A
“THRNT COELERIME. RARKUL, ATEIEMMZLIT .
EIB 2.7.4 (De Giorgi ®H). %uZ Lu =0 /& B(0,1) T &935f/%, AR AN A

A

[u(x) — u(y)|
sup lu(x)| + sup ——————<C (d, I) el z2(80.1)- (2.7.7)
B(O,%) x,yeB(o,%) |x - yl
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¥ o =ald, %) € (0,1).

UERIX AN E B A% O AR . BRI RE R A TR, HAE K X BUEEDN, A BRI R
HIRIEA TR R B TRATN PR 5
53 2.7.5. L @ e Cpi(R) A dhFi. MA:

(1) FuRATHELY >0, A&k v=>d(u)i#HZveH (B0,1), R AveR2TM#,
) #uALBE P <0, REv=0w HLveH (BO,1), 7 Lot Tk,

A H, BFuL T, Ntk e RAwm—k)* := max{0,u — k} L2 T &,

WERA. BATHAUEM(L), BEGSFER. Bl @ € ¢ (R). A @'(s) > 0,2"(s) > 0. X%
¢ € CY(B(0,1)) H ¢ > 0. BHEHEH:

J ao,vd;p dx = J' a'9;ud (®'(u)p) dx — J (a"0;ud u)pd” (u) dx < 0,
B(0,1) B(0,1)

B(0,1)
Hr @'(u)p € Hy(B(0,1)) JE5. —HIEUHOHERDGH T{n WEGBUEITEI AT . O

TG EE S4B, FRATA IR,
g3 2.7.6. %e > 0, u € H'(B(0,1)) i# 2 |{x € B(0,1);u = 0}| > ¢|B(0,1)], MAELFH C =

C(e,d), 1£#F
J u’ < CJ [Vul? (2.7.8)
B(0,1) B(0,1)

EIR 2.7.7 CEEEM). & u>02B(0,2) Py LM, BHi#HL |{x € B(0,1) : u>1} > ¢|B(0,1)].
W] G AR T d A= AJA 8% % C, 4% inf u > C.

B(O,%)

HERR. AT MR u =6 >0, AL 6 - 0,. #5112 2.7.5%00 = (logu)™ & M#, HEA LH
logs~'. {5 H12.7.31%

1

supv < C (J |v|2> . (2.7.9)
B(0,) B(0,1)

HE |{x € B(0,1);v =0} = |{x € B(0,1);u > 1}| > ¢|B(0,1)|, #3513 2.7.6 A]#5

supv<C (J |Vv|2) . (2.7.10)
B(0,1)

B(0,5)

RATEWIAAT S RIS o = £, ¢ € CX(B,). RNTF 4

3 &2 a'dud;u $aoud ;¢
0<J aoud; | = dxz—f 2 dx+2] —dx.
\Nu u2 u
B(0,2) B(0,2) B(0,2)




80 FE RVERRIR DT RE

LI, FRERRIVIogu = (Vu)/u, FH— U E 24 F1 Young AN 55 A5 2]
J ¢V logu|? dx < ﬂKWHoth%MODY+CJ1 V¢ dx.
B(0,2) B(0,2)

S > 07873 /MER LI LA, ZAEBATIFE] [54,, $?IVIogul® < C [y, IVEIP. BT
SEM ¢ € CLBy), ¢Clpon =1, WATH

J |[Vlogul?> < C. (2.7.11)

B(0,1)

ity (2.7.9) B3 2] sup v = sup (logu)~ < C. frbh inf u>e™€ > 0. O

BO2)  BO,;) B(0.3)
R RIBATTIE SR .

Eﬂlfﬂ%@%ﬂ)ﬁu%iu=@éﬂ&@*%ﬁﬁ%,Mﬁ&y=ﬂ¢9€®&”@%
0SC U < ¥ O0SC U. (2.7.12)
B(0,5) B(0,2)

HUERA. JREA A O /e e BE2.7. 3915 0E. IAEFRAN TS a = sup u, B, = Bi(rolfz)u. 7 87 R 1A u_—il
B(0,2) , M =P
u&“l ﬁ&ﬁﬁmTﬁm%§

OCl—u

N

[\)|P—‘

1 1
u>§%+&)¢: u<§%+60¢:

B 1. A 1B DI HATE BO,1) i 1 > 0 e,
A RIEAE C > 1 {75 inf 2 , MR R inf u> g+ C7ay — B)

1
m@wﬁ c B(o.})

{x € B(0,1); 25 > 1}

ar—= 1

15 2. HF

{xemonsz H |MOD|HLTstu — C (et — ).

1F B(O)

PAEL a, = sup u, B, = 1nf u. VEER B, = By UK a, < ap. LU EWRFHE I RGL, FAT]

B(O ) B(O -

IR CE
a, —f, < <1 - é) (ct; —B1)=> 0SC U < (1 - %) 0SC U. (2.7.13)

B(0, ) B(0,2)

[]

MDe Giorgi EH (EH2.7.4) AR FEHHES .
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EIE2.7.4H9UERR. EFE2.7 A IF AN RN A 1L 5 — T W sup lu| DAL RHA A e E GEHE2.7.3)

B(0, )
BT, AT R FE S 0, R sup %L:;y”a@fmn
x,yeB(O,%) *

B12: fRiBANEK. IR CHEAERFELL v = y(d, A) € (0,1), fEEXT B(0,1) FHAEFER
B(xy,R) C B(0,1), RETREAEIZIRAAE X, AT R RIBSER AT R G HOR A

osc u<y OsC u. (2.7.14)
B(xo.R/4) B(x0.R)

T RIATHATIEN. Blla = —log,y € (0,1), RJ5Ex, € B(0, ) ARy = -, MER

2

B(xy,R,) C B(0,1). % 12T R, = R, /4%, HhkeN. REFH (2.7. 14) X, BAEEH

osc u<y osc u<y* osc u.
B(x0,Rx) B(x9,Rk—1) B(x9,R)

Ty = 4B R = 4Ry, FFLL 7 = @0 = @7 = (2], st

R (o4
0sC us(—k) 0sC U. (2.7.15)

B(x0,Ry) B(x0,Ro)

%255 (EEIK EAIRIBMIT. ASEI 0 < r < Ry, WA k € N /3 Ryyy < 7 < Ry T
B(xo,r) C B(xo, Ry), AR 0 6 0

R a
osc u< osc u< (—k) osc u (M 2.7.15)

B(xo.r) B(xo.Ry) Ry/ B(xo.Ro)
4R, 1 \" F\®
= ( k“) osc u < 4% (—) osc u = Cr< (2.7.16)
R, B(x0,Ro) Ry/ Bxg.Ry)

Hr ¢ =4°R;* osc u. FA u REAR CGERL2.7.3), TATTLUA ||ull 200 FEHl osc u.

B(x,Ry) B(x,Ro)

%345 Holder ZEHYITH]. 1LH x,y € B(0, ) Lr=|x—y|. &r>1/8 WHEHRDTEGR
P58 BRRDTT 45 8] Holder ZRFH0354]. SFE r o 1/8 WItEDL, BERly € B(x,2r), A

lu(x) —u(y)| < sup u(z)— inf wu(z)= osc u. (2.7.17)

zZEB(x,2r) ZEB(x,2r) B(x,2r)
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ﬁ@l%ﬁﬂ@%%xeﬂ&?,Er<U8ﬁ%B@JﬂcBmJD

jueo) —u)| _

() — u(@)| < CErY* = C'lx =yl = == < C (2.7.18)

XHE T u e Co(B(0, %)). O

Fid 2.7.2. L—/ I EMAEILT De Giorgi W5 L™ 3] CO #9iEA2, FTif De Giorgi
MEIRKFEG T EEZTEZRATIER LA RMR S, RMNBFLEZ2IEIN AR 271 XKL
%, BRmATALSF. wFLeEF (9, £ 24.1].

SEI8 2.7.3. mutyinFE AR, AT TP NashiZA . FIR 4oy Tk i T Ieds 7 420E
B T ARG A sE B, RSB WA S ALMR R Holder # %M . Nash KA 86 AR, £
T VAR 4 T Lk

¢ John Nash. Continuity of solutions of parabolic and elliptic equations. Amer. J. Math., 80(4),

931-954, 1958.

e E. B. Fabes, D. W. Stroock. A new proof of Moser’s parabolic Harnack inequality using the old
ideas of Nash. Arch. Rational Mech. Anal., 96(4), 327-344, 1986.

jo)RR 2.7

ia]&% 2.7.1 (De Giorgi UE B /i A A g 2E). ku € HY(B(0,1)) A A Q2.7.1)89E % 35 T . 3tk €
R, @ X KFHEA, :={x €B(0,1) : u(x) >k} AREI LA u, := W —k)*.

(1) &h > k, #] Al Caccioppoli 7~% X F= Sobolev # N\ € 3 #]

C

Vul?dx < ——
L' P S G T

h

| Ay |4 J |Vul? dx.
A

k
2) &Rk, =MQA-27"), £+ M>0AFLHFHK, 4 U,=[, |Vul*dx. i£%:
Vn>=3, U, <—U, ".
(3) KAERKF{Y,} HR Y, < Ceb"Y,™, H¥ Cy>0,b>1,e>0. iE: A4£S5>0 (UK

#i Co b,e), EBREY, <8, A Y, - 0.
(4) HIAEIMAEFu < MILFRLA R Z, #tmiFoue L*(B(0,1)).
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2.8 Derrick-Pohozaev|BZT\
WS MGERd > 3, U ¢ RGEFFIXIL, AT EUNT 2428 P 5 5 F2 1) 1048 ) /8
—Au = |u|P"'uin U, ulyy = 0. (2.8.1)

F 1L % 5] P (Mountain-Pass) %48 4 T HAHEH M1 < p < glﬁ’ TR AT U u 2 0. ATIE
W, #p> o, HURXK T S 248 (star-shaped domain), NJ7HE(2.8.1) A5 £k -

d-2 g
EN 281 (B, xEEMxeU, & Ux : 0<AS I AET U b, WARKRU £A%TF
J7 B8 2T B
B, AR AR ELE R TR SRR, B2 A6, BESAAWNHR
5138 2.8.1 (BEIIIEL). X U e C, EARRB U X TREGEM IR, ALFHEE x €
OU #H x-N(x) > 0. X N(x) 7 x € 0U &ty ¥ 4{a9 k@&,

JEER. RH dU e €Y, % x €8U, NIXHMFZ e > 0 #fEAE 6 >0, 113 |y—x| < 6. HHyeU 7]
HEH N - 22 <e Bldh, 2 y=Ax(O0<i<1). HF U REWK, WyeU, #Hiif

ly—x|

A—1- [Ax — x|

N(x)- = =
| x|
O

BN RIATER: WREHRXE U ZERE, MTF@EImAEK, 7EQ8.)RAEEM. XN
UEAZE T — AN AR (R IEWIA R IR LA x - Vu XM TR T, AR E AW iR 7. 1X
AT SEPR ERFER T CGEPES.3.1) MR 4E AR ENAS 20, EATR BN
fEH: x - VustPr R BT HmEE N 55 NE R TT
I 2.8.2 (AP M URIATEEN). XA REBUALFC 2R3 (£ FRE), Hikue CX(U)
R HA2Q8.1)WMR, Hp > % Mu = 0EU ¥ BA& .

UERR. FREWIAER SR UL x - Vu IF7E U ERVy, 153
J (=Auw)(x - Vu)dx = J |ulP~tu(x - Vu) dx. (2.8.2)
U
A IERA, BB ANB. 10534315 2
d

d
A=) f (B,u)d;(x;0;u)dx — Y J (BN x;(0;u)dS, =: A, + A,.

i,j=1YU i,j=1vY9dU
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RIETHEA, BEEFE SR

d

A = Z JU(aiu)[éii(dju) + x;(0;0;u)] dx = J
i,j=1

d 2
|Vu|2dx+ZJ (qul )xjdx
U -1

d |Vul?
(1N \vura +j (N(x) - %) dS,.
( 2>JU| ul * ou 2 o

BUAEFRARAEFED AT, KN ulyy =0, FTbAVx € 0U, BE & Vu(x) W& P Tikm =
Nx) (M ulgy = 0 288 u fEIAAR EWUIRSECAE) . HIt Vulx) = +|Vu@x)|N(x). ¥ HAR
ANA 3

A, =— f |VulA(N(x) - x)dS,. (2.8.3)
oUu

ARA AR, FAFBIARAL A

A:uf |Vu|2dx—%J |Vu>(N(x) - x) dS,.
U

ou

BN RBATEHEB, 0 AR 15 2]

B‘—Zd: |ulP~" ux;(d u)dx—zd: o) <|“|p+1>x dx = — d [P dx
N ™ - Ujp+1j _P+1U -

j=1 U j=1

MA =B, FrbiIESR I MEZR, (FR{EDerrick-PohozaevIBZER,)

(d ; Z)JU |Vul|?dx + %LU |[Vul>(N(x) - x)dS, = —p:i-l JU lulP*! dx. (2.8.4)
Fo1#2.8.1, FAFRNAEX
d—2 d .
(5F2)] wurax< 555 | wpnar 28.5)

A BATEL R R TRR A E . TR sRuE 7 5 7, BA TR LU

J [Vul?dx = | |u|P™dx.
U U

AN (2.8.5), FAR 2

d—2
- - - p+1 <
( > p+1 J |lu|P**dx < 0.

ORI u A, WA T~ =<0, B p< 2 BT 0
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B a AR EH UL — R e Fx - VulfRIE. HIERY ERH45 A #Af (dilation group), HIZ
Hr € RERN T, 1 x v e'x. %t = OB ZIESEA., ME/EHA L R Eu ErlE U
Su(x) = u(e'x). HIF/NMERIT (infinitesimal generator) & XUNZEEEH KTt = 0b T
5

d
Au = T IZOStu(x).

NS, & X143
%u(e x) = Vu(e'x) - (e'x) = Au(x) = x - Vu(x).
A W - V2 B ARG AR B x(8) 1= efxg RTRLP) AN ESg, B — AN NG RUA Ah K H AR ) ) &
Y.

MAEPDEM S, Ruftd R EWELEA (scaling dimension), AFRAE I PZH 25 #4443 1l
HREE A FATHE

VA >0, u;(x) = Aku(/lx)

ek (8,u)(x) = eFu(e'x).

Bt AR TN

—|  (eMu(e'x)) = ku(x) + x - Vu(x).
de|,_,

EI#XF@%?%W%E@H’JW%qu %18.3. 2545 i T B T RE IG5, TARSE 5 (x, £) — (Ax, At),
Uur-— /1 2 u(/lx At) PRAE T2 HY JuEU AR

BRI BN FRATA T W I 2 VEMA R 77 F2(2.8.1), W REFRATTEE T 3R B A 4 A S (scaling in-
variance), BUATIRFE wy(x) = A%u(Ax) F45: WRuEfE, W, HAM. RATEIFES

—Awy) = —A"(Aw)(Ax),  |[wlP7uy = A%P(JulP T uw)(Ax).

PR T H M, WBGiHa+2 = ap, 13 a = 2/(p — 1). H—HHEN TR wE G IR AR,
W REETEEL [, |Vul? dx WG, HEH a=(d - am,ﬂﬁﬁﬁﬂ%ﬁﬁp—i-

45K, PohozaeviH S5 AR I & s i 3 (E$E83 1) BIFIE AR R OEERI, T
T x-Vu {’Eﬁﬁﬁﬁ&ﬂfa‘é?@rﬂ “UNRFATARILM — A, BEEREARY” XM BAT 18
15, ZAp KT IGFFabanS, &I FHRAaLY “hrfih” Eﬁ?mmkzﬁﬁlﬁaﬁ “IREE”, UL AR
uﬁﬁﬂnﬁmﬁﬁﬁﬁﬁééﬁm

>)En 2.8

SRR 2.8.1. R &9 5 & 16 R Schrodinger 7 4289 2 % (ground state) QA& i#h & 4 T F & M A | 77 A2
B EE B, BALFTZARARIE

—AQ+Q—1]QliQ=0, xeRd
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4

(1) B4y % 322.8.289 7 thif 9 ||Q||2;54 = 2| Q2. e

L7 d(Rd)

(2) &424= T Galiargo-Nirenberg #5187~ % X &

2+(4/d) 4/d
Il 230 <l V2

WY QTRAIZAFARF T, I 5 HILHE 6 REF HCX TQ|], gy R E Ko

S)5% 2.8.2 (Rellich-PohozaeviEZER). AU c RIBIAFAFHAH R XK, V e CL(U)~RL ZH{z %
HE, 2> 02&(—A+ V(x))H T (W Dirichlee R 18) 49 — MFAEME, u € H*(U) N Hy(U)A2A3 2 &)

AFAER 2, BP
—Au+V(x)u=Auin U, ulzy = 0.

TERA

AL 12 dx = % LU(x NX)) (s—;) ds, + f VG +x WV Gluldx

E: X Fe) 24369450 R AREEY,

o) 2.8

)8 2.8.1 (GNSAZER AT H). GNSAE X (2 #1.4.1)4, *f € H(R?), mEzr% X
||f||L6(R3) < C||Vf||L2(R3)- Z’&fi@?j"l/ﬁﬁ’fiﬁ%i]ﬂ%, )&?J'L)%')IIUT/iufl(ﬁﬁ:’f/FRaylelgh%]_)é’J*&‘J"ﬁi

feH R, f#0.

[ IVfPdx
=0 feaor

(1) AEEIER J[u] R ITF BRI BE) HE —Au = uu®, ¥ u %Ko
(2) AR eI T u(r) 2B mHE, Hi#HZ u(0) = 1,u(+oo) = 0. 7+ H LTI LF 89
kK RVABGNSTIF X A4 F HCHy BEARIUE, %M 5 R L4 A-4YE Talenti bubble.
E: (Q)WRIRE & A B3 ARE HE R L FePolya-Szego N F X, CAM AFAIIRTEH, FF
L, —Au=puuw H EfEAE— (AL AXTE— RGEZEHH) X A1989F & Caffarelli-
Gidas-Spruck A ##-F @ik (W Evans [6, % /LF]) BB, THARL
e Luis A. Caffarelli, Basilis Gidas, Joel Spruck. Asymptotic symmetry and local behavior of semilin-
ear elliptic equations with critical sobolev growth. Commun. Pure Appl. Math., 42(3), 271-297,
1989.
B—7 @, TalentiUEMAM LKA LG FRRHKZHE-Fa LEGHT.

)R 2.8.2 (REMAMEAERM L), AART M 1= 2(x — x,) - Vu + (d — 1)u #= Pohozaev &
FROIE T, TIHERARALF KX (942.6.4) .



E=F ZMMmYILE

ABERNEABRERU ¢ RUEHFHE, HXT > 0w XA (parabolic cylinder)U; :=
(0, T] x U. A &0 NI {E 4]

ou+Lu=f inUrp,
u=20 on [0,T] X dU, (3.0.1)
u=g on{t=0}xU.

XEf:U >RMg:U—-REBAEMEE, u: Uy > RERMEE u=u(t,x). L& K
WMoarET, BEAWNTNERR:

Z 8,(ali(t,x)du) + Z bi(t, x)3;u + c(t, x)u (3.0.2)
i,j=1
HEIEMERR
d d
Lu=— Y a(t,x)3,0;u + ), bi(t,x)0u + c(t, x)u (3.0.3)
i,j=1 i=1

HA R aV,bl,c (1<, j<d) NEEREL
EX 3.0.1. RMNARM ;Ei%at + L (& (3.02) & (3.03) 2 X) & (—&)Whth, RIEELTH
0> 0 FMEEN (t,x) U A E ERIHYA T XKL

d

D, aIEE; > BIE. (3.0.4)

ij=1

AR, SFFTHEANABRZGte[0,T], HF LA -BMHEAW,

— ARG TR oV = 89 H b = ¢ = 0, EIHRTFE. BITEER — KMy
Bt oy T FE AR AE VT 2 05 TH 5 A TTREMI MR ALL . X T — R0 I B i o 77 72, B I
ad(t, x)0;0;u i 7B (diffusion), —BN I b'd,u iR T HiiE (transport), TIEMIII cu ik 1

87
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FEA B4R #E (creation or depletion) .

HATC A2 1Al (GEZtt) R e #2441, %140 Navier-Stokes 771 Keller-Segel 77
##. Fokker-Planck J7##. Black-Scholes 77 #% (—2KIf[A1E M 788> 55, BRI 2 R H TR
I AR BB SRR 2 U

3.1 B¥Z=SobolevZE|g]

TEAN BRI TR 2 8/, AT BTS2 & A A2 & 1) Sobolev &8 [A] I A BEE . 47
i, ST (6,x) € [0,T] x U W53 u(t,x) € R FIgk¥ u : [0,T]XU - R, HATTLLE u 5—
NEVE T BanachZS [B] YRR G < I R -

u:l0,T]-X

[u(®)](x) :=u(t,x), x€ U, 0<t<T.

XH (X, |- ]]) 215 Banach % (A, #AJTHHL, FATKEITREu(, 2)BE RN ¢ BEEA (HRT
x MR B)) Banach 75 8] X HIBLSE we X AT LLEFRATTSE J5 (5 5 SO R J7 R A 55 i -

3.1.1 BanachZT|E{ERJR

BATE L0 S Banach = FEMAEL. 4 (X, || - D725 Banach &=, ¢ f @ [0,T] - X &—
A Banach #¥[H[{E A%, Hrf T > 0.
EX 3.1.1. AMIMAK Lebesgue M A& F 49 — B & 5] Banach = MR £,

o (MERHHK) wRxTte(0,T], A s()= %){Ei(t)ui Mz, WARs :[0,T] = X A& EH

# (simple function). X A 8 u, € X, .ELlﬁ_ﬁ}i]‘ &) E; #8AZ [0,T] 49 Lebesgue =T M| F %,

o (BBITMBE) WP AAE—FIHELK s, : [0,T] > X, B3 FILFLLG te[0,T]H
s (t) = f(t) A=, WA f:]0,T] > X Z3%T & (strongly measurable)ty.

o (B TMFHK) do X3 FTAAT u* € X/ (X &93HBZ M), B4t — (u*, f(t)) #1 2 Lebesgue
STaley, AR f:[0,T] - X & 55T M (weakly measurable)dd.

o R HAE—ANEMEN C[0,T], 15 {fO)|t € [0,TI\N} £T 44, WA f :[0,T] - X
&9 BUAE 2 JL-F 7T %89 (almost separable valued).

EIR 3.1.1 (Pettis’ lemma). f : [0,T] - X Z5& TNy LAY f 2 557 A 6 LBAAAIL-F T o
19,

B ok, FATE X Banach 2% [AE BRE A ) o
EX 3.1.2.
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m
o &s(t) = 3 ap(OuA—AFESHK, W)
i=1

T m

J s()dt 1= ) LYE)u,.
0 i=1

o W RAHLE—DNEFEHH {5} T

T

J lIsi(£) = f(0)|| dt — 0.
0
W) AR5Z =T M HEK f : [0,T] — X & Bbdchner T 4249,
e 4o f :[0,T] -» X & Bochner A4S, W& 3L
T T

J J(@)dt !=;im‘[ s (1) dt.

EIE 3.1.2 (Bochner5| #). s&TM K4 f : [0,T] - X 2 Béchner T A8 Y HAX L B st
IFOIl 4 [0,T] £=& Lebesgue T #2649, X AF 1% 5L TF &AAH

T T
J Fode] < f IOl d,
0 0

B FHEEMuw eX, A

T

(w. f Far) = f e, e

0

3.1.2 EHEEZ=/ISobolevZE|g]
BUAEFRATT AT LABI N3 BB 18] 25 ) Sobolev 4518 BE(X, || - ||) #& 5% Banach %¥[f].
EM 3.1.3. &T > 00— 42K,
o HAVE L LP(0,T; X) AFTH #Adn T FAZETAHE u: [0,T] > X M agES:

p
||u(t)||Pdt) <o  1<p<oo,

T

lallLrorx) = (J
0

[lallzerx) 1= esssup |[u(t)]| < co.
0<t<T

VAR
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far ==

BoE R
o HME XL CUO0,T;X) A A BRI T HFHNEL LK u: [0,T] > X MR EAL:

u v = max |[[a(?)|| < oo.
I ”C([O,T],X) 0<t<T|| D]l < o

EX 3.1.4. KT >0A%LZFH

(33%%) 4uell0,T;X). R AL velL(0,T;X) 1843

T T

f¢mmmmz—J¢@wom
0 0

SHEFEE) @ € CX(0,T) #ik 2, MARvV A utyds (&) %, etk u =v.

(Sobolev = 18]) H&ATE X WLP(0,T;X) A FTA iwh X T L4895 3 u € LP(0,T; X) H a9
Eh: A55 (i) FH#H o FELET LPO,T;X). HEH XA

UT @IP + [ @Pd)? 1< p < oo,
esssup([u(®)] + WO  p = co.

0<t<T

[allwreorx) =

WP, T X ) HH ) eR Eis 2 AR 7 (1) — BB A I
AEH

iRl 3.1.3 (i Sobolev A EAIZH). 4 ue WHP(0,T;X), £+ 1< p< oo, N:

(1) CGTRaeEXENEMNE LEH2LE) ue C([0,T];X);
Q) MEEW 0K s<tLT, F ult) =uls)+ [ w'(r)ds;
(3) e TFAEIH R =
gg&’% [la|l < Cllallwreorx),

R FHC > 0 URMT.

PATT S5 VR AEIE B 2 At 9 7 7 55 fff A7 7E PR L DU PR I SRR A
il 3.1.4. U c R RAFF %, K uel*0,T;H)(U)) B €L*0,T;H(U)).
() CTRAEANRMNE EEH 2 LE) ue C(0,T];L*(U)).

(2) WAt e (a7, A ELE, BLFARLG 0<I<TH

Ol ) = 200),u(o).

(3) 4= it Az

I

b FHEC > OIURMT.

max la(O|2@w) < C (||“||L2(0,T;H;(U)) + ”u/”LZ(O,T;H—l(U)))’
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Rl 3.1.5. AU CRIZAEARBFBARF U WA RFE, R meN. Xuel?0,T;H"?*(U)) A
e L20,T; H™(U)).

o (TRAEANEMNE EEFIHZLE) ue C([0,T];H™(U)).
o Ju T4t

u

ma)é la(®)||gmy < C (||u||L2(0,T;Hm+2(U)) + ||u,||L2(0,T;Hm(U))) )

AL

b FHEC > OURMT.

Sl 3.1
SIER 3.1.1. X RAVC A 4o F 55088k ik i

u, —u in L*(0, T; Hy(U)),
u —v in L2(0, T; H~Y(U)).

e v =u'.
3@ 3.1.2. XH A5 Hilbert 218, &% L*(0,T;H) F A 350k u = uo X Lo BAEFHK
C > 045 T Xk =

esssup |[u, ()| < C, VkeN*

0<t<T

TEB ;
esssup |[u(t)|| < C.

0<t<T

3.2 SPSREAEMEIE: GalerkiniBif

RSB 10 R IAGE, MR8 W0 F RATIRAR g (0 IENIPE RS ITRT , B 89 5
WAL IR E TS . A TR GO.DTIH T L iEHIEER (3.02), JF%E
H.Dirichleti1 18 ] /8

ou+Lu=f inUp,
u=20 on [0,T] X dU,
u=g on{t=0}xU,

®

d d
Lu=— ) 8;(aV(t,x)du) + Y, bi(t, x)0u + c(t, x)u
i=1

ij=1



92 FoE MR
YHEE ¢ € [0,T] AXFRAE—FMEP. JEI f € LA(Uy), VifHg € L2(U), F% aV,bi,c €
Le(Up)HIC4E

3.2.1 SEMERIE X
A BRE u(t,x) 2 (3.0.1) WOLIgfE, FRATE w 540w g NGk
u:lo,T] - Hé(U), t —— u(t)
FE SN Tu()](x) 1= u(t,x). HA)iEY, 768 LGN, AT u BIERZM ¢ F500 H)(U)
FIRL w. RRHIRATEL [FOIx) = ft,x) E X f [0,T] — L*(U). FubFRATan 5 [E 2
v e H)(U), Mamha] LA v LI I5 1832047 70 5 0, 155
(u’, U)LZ(U) + B[u, U, t] = (f, U)LZ(U)’ VOLtLT.

IX B 2R 2 e SN

Blu,v;t] := J a(t,x)d;ud;v + bi(t,x)duv + c(t,x)uvdx, u,v € Hy(U), a.e. 0<t <T.

U

PABEEHE S 0 SH o' B TR ECesm. Sseb, AYiEARS, WATH

d
du = (f — b'du —cu)+d;(a’du) = g° + 0,8,
N—_—— j=1
=:g0 =:g/

Hprf g/ (0<j<d) &' T LAU). BRI a5k 6,u(t, -) J& T H-Y(U) IFmi et

2

< Clullmw) + I z2wn)-

d

184l 1wy < [Z 1871120,

Jj=0

S Al THR G5 ) 240w’ X T LA AL £ € [0, T T E R 4IE T HH(U), B (o), )y N4
By (o' v), HA () £ HY(U) 5 HY(U) WA BUAE, ATRTLE X (3.0.0) IS T
EX 3.2.1(55f#). Huel*0,T;Hy(U)) Bu' € L*0,T; H'(U)) %A AT &4F, WAKLA (3.0.1)
(£+ L& (3.02) L) 69— 35/%:

o TR ve H)(U) Ao/LFa At €[0,T], AW, v)+Blu,v;t] =(f,0)pw) &L

e u(0) =
?ﬁ?%‘sméﬁfﬁ, FEo A 3.1.4(1) THu e C([0,T]; L2(U)), Arriu(0) = g A M4 u : [0,T] = LA2(U)
89182 EAEA T VAZ L8,
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3.22 il nETEE
AT A — F A FTRARIK 18] (0, ) I BT Dirichler 154 P —4E T2, BIFRATH et
I R R ) LA
d,u —du = f(t,x) t>0,0<x<m
u(0, x) = g(x) 0<x<rm (3.2.1)
u(t,0) =0, u(t,7)=0 t>0,

Horp f, g RASIEN . 207 Rl % A6 7 AR EA SR . B e AT f = 0 Hou(t, x) = T()X(x),
SRIGEATATEL O TR KB

A, =n? X,(t) =sinnx, T,(t) = A,cosnt + B, sinnt = u(t,x) = Z T,(t)X,(x),
n=1
Hrr 24 A, B, HVIIEEAE g(x) #E. —BAEOLT, 24 f £0 0y, FATHFESE {sinnx} TRIT
u,f:

u(t,x) = i T,(t)sinnx, f(t,x)= i fn(t)sinnx,

n=1
3R M ODE T(t) + nT,(t) = f,(t) K T,(t)- ﬁj‘%ﬂ?%&%)ﬁﬂ‘])ﬁ?&% {sinnx} 1B IFAEH T
L*((0, 7)) B IERTHE . [EIEFFRATH A I {sin nx} 15452 (0,7) I —A = —% (A A % Dirichlet 11 7+
%A B IERR B, R TR n.
N IR AR T BB, AT DMEI N S =

o U UAZAHI, XRUET L Ak 20 E B

o WATAIAE (HFELLX FRIE S T HRHE R B RS KD FRUEIERR I {w,} T EIFWRAIE I .
SR ERATIAE FE T Z — DR8N WIEFYEIESRPBRE K i 7 e . FRATTL AR . 8id
R AR RN AR BRI TS 5T A SEALE L2(0, T; Hy(U)) Wi s, HIL I (] S 407E L2(0, T; H(U))
Hh, RIS S R R GHAT “H IR R EFRR, XFOTVERFRA “Galerkin i&1T 7,

3.2.3 Galerkini@if: =FEMFMME—4E

Beiwy} 7& L2(U) WMbsdE RS, W Hi(U) MIEse3E, HEA w, RGH K. FlandATar el
I {wy} N Hy(U) F1 —A BJH— AL . Galerkin (&I K AZ AT -

1. MEERYEEE. X me N, BT RIJER ML v, : [0,T] - Hy(U):

u,(t) := f} d* (Hw, (3.2.2)
k=1
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A7 S s R dE () f8i45

dn(0) = (g, wy), (3.2.3)
(@, W2y + Blwy, wis t] = (f, w2y (3.2.4)

WM1<k<mMOLt T . XKW u, AT LUEIT u 7E {wih e PTIKECIF23H 1)
o
2. BIEFS ((Fmhiy) —HeeEhit. HIWIRATELEY: ] Eberlein-Smulian & FARIE, &
A7 B AR PR gk A2 P 75 PR 55 A
3. IUESSARPRIAGF S ME—BOSSRR. FRATIH 2108 3.1.1 Y510 RIS UE I 7] 340w, B S5 P15 17
2wy B SSIRBR A ] 54

B BIARRFYIRMAE

SR E T AR B A
FHE 321 HTFHEIMSmeN, G-t LA eTHX0LH u,:

u,,(t) =) di(Ow, (3.2.5)
k=1
Hi R
dp(0) = (g, wy), (3.2.6)
(u;’n’ wk)Lz(U) + B[um, Wy t] = (f, wk)LZ(U)’ 0 < t < Ty 1 < k < m. (327)

MERR. dEIEACHE, BATTAT DUR BT 2

(), (), wy) = %d’;(t), Blu,,, wy;t] = f}ekl(t)din(t)

=1

b ek(t) = Blw,, wy, t]. % w,, BAER Y dbOwy, 5O 1= (FE), wy). ARG 20T L1
k=1
By TR

d m
ad,’;(r) + l; e)dl (1) = ), 1<k <m, (3.2.8)
HYMEN di0) = (g, w). BT R M) RUEIEN, HEHY TR USR] 5T

JUTAb AL 0 <t < T, FAEME—I4aXtiE SR %L d,,,(t) = (dL,(0), -+, d(t)) I R HMEAIZ Loy
FREH . XFENTE, EEANETE X u, BRI R SR O
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$25: BIABFIIN—H ST
T 3.22. BEMURM T U T A LR TH C>0, #FFTFHEASAMEN, A

SUD 10O, + 10 g+ 85 o € € (Mo * 181y) - (329)

FEIFIRUEM 2 /T, AT 2R 1. EALREREIZ R E(t) BT R AP e 07 Gronwall
RIAZE

Eit)sC (E(O) + J E(7) d‘L')
0
IXIE SR E'(¢) < AE() S 1R .

UERR. 5 m e N, A& H (ujn,wk)LZ(U) + Blu,,, wy; t] = (f, w)pw) M 1 <k <m AL J7
FEW A RIS LA df (¢) FEX) 1 < k < m SRFITHE]

(u;rn um)LZ(U) +B[ums W5 t] = (f’ um)LZ(U)' (3210)

2
L 12,

KBk B AERTTRE du — Au = f WAL u JHAE U BRI IX—BIR. BUERAS 2

SOl + | a0,y = (o) - |
U

U

bd,u,, u,, dx — J cu? dx.

U

FIH Holder A% 30 L —ZURE A Young A5, XHMER 6 > 0

1d
2 il + 81V, < I il + IVl DBl

el g )

<Ol g+ O+ 0l ) (3.2.11)

I 6 € (0,0/2) Feor/IN, AT ||V, |17, P RAMEACTIIRIL. FATHITEAAAE C > 0 15 T AUpar

(nu Ol + fnwm(r)nLZ(U)) C(If B + bl ) (3.2.12)
0

M f(t,-) € LA(U) =452, #Gronwall AN, FATH DOEHAFE— MK T, U, L 18 %
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Cr > 0 filifg

lan O+ | ||Vum<r>||L2(U)\cT<||u Ol + jnf(t M d )
0

T
0

PLTE IR ﬁﬁﬁhﬂbmﬁ“m mwﬂy—§d0m47%ﬁudo—§xdﬂmw’WEE?
span{w; -+, w,,}. MEEFKA [ E e € [o, T]}JFZ@EXUH K € Hl(U), /\/’Pﬁ/@ ||§0||H1(U) L T=f

<u;m §0> = <u£n’ §0m> = B[um’ P> t] + (.f’ qom)
< ClIValleanIVemllzwy + AVl + 1 2| @m 2w
< C(If ez + Va2

Hmma—2H T ||§0m||H1(U) < ||§0||H1(U) = 1 M Poincaré AZE . BN 245 2 ||§0||H1(U) < 1
o B ERT, 5 H-W(U) J6EE X5

(O gy < C (12 + 11V ) (3.2.14)
AR i (3.2.13) 773
T
||um(r)||L2(OTHI(U»scT(ngn;w) Jllf(t Mgy d ) (3.2.15)
HebwH cr > 0 BUKH T T, U, L. =

B=H: PMATFEMRMgE—

B RAMMER 3.2.2 I HEEREAM TSRS RIR . AR MR 52 T (3.0.1)
ME— E’Jﬁﬁﬁ%

EIE 3.2.3. 74L (3.0.1) A AE—8 55/,
MERR. ¥ HE3.2.2700 45 31— SR R AL TF DU T3 LR L AAE TS, ) C {u,} 5115

7E L2(0,T;:Hy(U)) H5uiesk , 16 L2(0,T;HH(U)) 538 ,
u, u, u/,

Uy,

P 3. 1.5 153 u € C1([0,T]; Hy(U)). #% FRIATRAERX A u ERARNTEZI9M. BE
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N e N JREIEA I PR % v e c1([0, T]; HX(U)):
N
v(t) = ) d¥ (.
k=1

SRIGBAVER m > N, 1£(3.2.7) PIL[RIS e LAd (1) FFx) ¢ RER 1T

T T
f (u,,v)+ Blu,,v;t]dt = f (f,v)dt, (3.2.16)
0 0
2 m = my FFEUES IR IRAS 2]
T T
f (W,v)+ Blu,v;t]dt = f (f,v)dt, Vv e L*0,T;H}(U)), (3.2.17)
0 0

XEBATHEIEA Y, dX(wy, BIRREHEZ T A R %X — k. BEEHRA15 3
(w',v) + Blu,v;t] = (f,v), Yo e H)(U), a.e. t € [0,T]. (3.2.18)

FHM 3.1.3, #tiEfSu e C(0,T]; L*(U))

N HEa A 2 g. 73 AR 73 I (8] A2 & 7] 45

T T

J v, u) + Blw,v;t]dt = J (f,v)dt + (u(0),v(0)), Vv € C1(0,T; HX(U)) with v(T) =
’ 0 (3.2.19)
LA K
T T

J (v’,u,,) + B[u,,,v;t]dt = J (f,v)dt + (u,,(0),v(0)), Vv € L*(0, T;Hé(U)). (3.2.20)
0 0

B m = my MR . BT L2(U) F u,(0) — g H v(0) ZE=M, AR u0) = g 440
AT . XRABNTR B R R, UERHME—MEmt R FEAEY f = g =0 i (3.0.1) KIME—55/# N
T, £ (3.2.17) F4 v Hukxs, FTA1E3

EE” O}, + Blw,u;t] = (u’, u) + Blu,u; 1] = 0. (3.2.21)
T X ECAAEAE Cp, C, > 0 1145

Blu,wit] > ol ) = Callulls g, > —Colul g,
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FT LA Gronwall A& ORI H |[u)l 20y =0, Hu=0. 0

SRR 3.2

SJER 3.2.1 (Poisson 5 FE I GalerkiniEiT). X f € L2(U) , u, = ., d5w, # &
k=1

j Vum-Vwkdx:J fw,dx, Vi<k<m,
U U

HEF {w} & H(U) 894nk Bk, B {u,} #EF7E H(U) F 35448 T Poisson 7 42 —Au =
f>0,x€U),ul|;y =0 8935/ u.

S/ 3.2.2. & g e L2(U) 1% u A4 PIAZ & X F

ou—Au=0 in Uy,
u=0 on [0,T] X dU, (3.2.22)
u=g on{t =0}xU.

JEE]: SHEE R > 0H
ut, 2wy < e Mgllw)-

X ¥ A >0 AR XK Dirichlet FF4H69 —A £ U L6 44,

3.3 #4PIEN M EE

ARSI 715 (3.0.1) S9fAFAEME—1E 2 )5, RATE RS R M — DRy . XA
e i SN 7 R IR ? O TR XA, BATAT U e i BT I IR A T (a
priori estimate).
du—Au=f in[0,T]xRH,

33.1
u(0,x) = g(x) onf{t=0}xRY, ( )

Horp X BIRATEMER S u &2 |x| — oo FIRGEIERE] 0 MGHE . fEEB 3.2.2 , TATISERR
FAREIT LPL2 0 L2HL Je%fliit

T

sup J u(t, x)? dx+J' J |[Vu(t,x)|?> dx dt < C(J g(x)? dx+J'
Rd 0 JRd Rd

0<t<T 0

T

J (f(t,x))*dx dt) .
Rd
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SR A TT FEH I Laplacian TEE S8, [T, ) € LU, BITARESN: ueBHE A
H? IENME? (Rlusg S7ELPE SC R 2 Mol fn 2> s b, 3RATATPAICE 598 )G 7 A 70 45 2]

J f?dx =J (u, — Au)’*dx = J (6,u)? — 28,ulu + (Au)*dx
Rd Rd Rd

=J (B,u)* +28,Vu - Vu + (Au)*dx
Rd
HimAE

d J |Vu(t,x)|?> dx + 4[ B,u)* + (Au)*dx = J f?dx. (3.3.2)
de Rd Rd Rd

XTI (AR e AR 4y, 153
T T

sup J |Vu|2dx+f (J B,u)* + (Au)? dx) dt < C(J |Vg|2dx+J J f(t,x)? dxdt).
0<t<T J Rd 0 Rd Rd 0JU
(3.3.3)

XERNUWIRYIE g € Hy HIFEW f € LILL, Wf# we L’H; NLPH, Hw' € L2L;. TR 1482
— X EI A EOR M A H? 5T (AR L2 B o XA LB, (HZRYIE g AR
o f BAE SRR e ERAT O 9, 152

8u—Adu=20,f in (0,T] xR%, 3,u(0,-) = f(0,-) + Ag().

532135 LAG, u 73 HRAR 73 W 45

d1l
3| roupars [ vourax <loluaolontien
Rd Rd

P& Gronwall A 25 2015 3]

T

T
supJ |6tu|2dx+JJ |V6[u|2dxdt<C<JJ (6tf)2dxdt+f |V2g|2+f(0,-)2dx).
0<t<T J Rd 0 JRd 0 JRd Rd

(3.3.4)

SRR 3.1.4 ROUE IR IR s S A 2 B, 3R

Sup (1M < € (I 1o myey + 10 o pyn)- (3.3.5)

0<t<T
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X T d,u WIENME . X5 T w B9 L Hy IEMME, JRAE ARG =01 e 3 GE Bl 2.5.2, A b
M) Au RAETT R ILR GRS 153

f |V2u|?dx < Cj f?+ (6,u)*dx. (3.3.6)
Rd

R4

R FRATIAS th &5

T

sup J |0,ul? + |V2ul|*dx + J
Rd

0<t<T 0

T
<c(JJ (atf)2+f2dxdt+J |v2g|2dx). (3.3.7)
0 JRd Rd

J |V3,ul? dx dt
Rd

MR a0 AR UE R RE R o b, BATIIRE XI5 R (3.0.1) WA R IEMIVESS R . o8 1 HOR
ERIREE, FAMRKU ¢ RGZDFOLITHAE X, {w} c Hy(U) £ (—A) H5 (i Dirichlecd 7
SAP) R AE R R (A B T U B S B A {wy} € C2(U)), IR RS oV, bl c #E U
BHE t K,

EIZ 3.3.1 (W IENE). #u € LX0,T; Hy(U)), w' € L0, T; H-Y(U)) A (3.0.1) #955/%, #ih
g € HX(U), &M f € LX0,T;L2(U)). AF LM% u LIx ik

u € L*0,T; HX(U)) N L=(0, T; Hy(U)), w’ € L*(0,T;L*(U)),
H A 4= T A

ess sup MO, )+ 1918y *+ 19 oy < € (I * 18y ) 3:39)

0<t<T

HEPHEHC>0RB U,T A= L 9 7 #o
BLIR, de B AL HARIR g € HXU) A f € L0, T;L*(U)), A4 u ki
ueL>0,T;H*(U)), v’ € L*(0,T;L*(U)) n L*(0, T;Hé(U)), u’ € L0, T; H1(U))
H A e T A&
2 ! 2 1112 1112
ess sup (IO, + 1 O ) + 100 )+ 1

<€ (”f”ill(o,T;Lz(U)) + ”g”iﬂ(U))' (3.3.9)

MERR. BB A AR AR T R PIA RN SR UL ' AR5 0 AR . AR H BT ERAIAFIER T A o' €
L*(0,T; L2(U)), FrAFRATE SeRZRt (3.2.5) € &L P A1 {w),} OXAFEE A Zud & o 4
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R (3.2.7) BELAI L dX(6) F6%t 1 < k < m KA, 153
(u,,u),) + Blu,,,u,,] = (f,u),), ae. t €[0,T].

PRI IUAE 7 205 Blu,, wy, | RANF T L AAIER, HA1G 2

Blu,,.u)] = f

a’ou,, d,uy, dx + J b'é,u,, u), + cu,u, dx.
U

U
BT oV = o/t HRBGHEITER, FATKIL gt 7 — 1t Eaf
y ) 1d [
a¥ou,, duw,dx=-—| a’ou,d;u, dx.
U / 2de ), g
G H Young A%, XEE § > 0ff

< O lwy |17

LZ(U) ||um||H1(U)

i !/ !/
f b'ou, u;,, + cu,u, dx| <
U

LAL
(s w)l < Sl o) + ||f||L2(U)
TR RAHE S A ANEE

1d

151+ 5 o J 10,0yt v < 28+ 5 (I + 0l ).
U

fmﬁﬁﬂlée(o,i)%%d\ A5 ST AS S A R icdst, 28 P oxt I [ A2 A 7 vl 45
T

J Wl l72 dE + supJ a’ou,, d,u,, dx
0 U

0<t<T

S C (J aijaium ajum o J ”f”Lz(U) + ”um”Hl(U) )
U =

<C (I * I8l ) (3.3.10)

BG, LI SEYEE [, didu,, du,, dx > 0||Va,|P, . XEEHEE

Uy’

T

L 0 0+ 500 1V, < € (I oy + 1) (3.3.11)

0<t<T
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ERGAAKIET m, FHIRATTELS m = m; —» oo IR RS 2
u e L>(0,T;H)(U)), u € L*0,T;L*U))

S T OF313.12)
T
J I+ 5P IV g, < € (WA + ) (3:3.12)

MAERT LIE wH LIHZ 7. 5 EIAERN OS5 2]
(', 9) + Blu,p] = (f,9) Vo € H)(U), a.e. t €[0,T],

N TR
Blu,¢] = (h,9) ,h := f —u’ € L*(0, T; L*(U)).

PR ERUME . GE3E 2.5.5) AT A JLTAEALHY ¢ € [0, TIH u(t) € H(U) UK
Py < CAMBIZ, g, + ) < CUS o) + 1012, + 012 0

REZ AR TS Sates b 7T ERATEREM AT, R (3.3.8) FFilk.

B ORIANMERE g € HX(U)NHY(U) #1 f € HY(0,T; LA(U)) ﬂéiEHHE‘HE’HM%IEWJ M (3.3.9).
FEIREHL, FRATECHEIE HHE (3.2.7) (ARIETHE) REHE S5, XK AT H fridEa i#
(FERFTE] B Bm it BER

(uj,, wy) + Blu),, w] = (f,, W),
WL R LL dE' () F3) 1< k < m RRIEF)
(up, wl,) + Bluj, w, ] = (f ).

WL — G R TE A Gronwall A2, FRATTHEH

T
sup W, (Ol + | Il A < CUAROE ) + 1F 120 120200
) H(U) %)) ( )
o<t<T 0
< CUNm Oy + I 0 12200 (3.3.13)

fﬁ'f&ﬂw\/ﬁ%&jm (0|2, HOFER . BUERERLA—E R FRBEIE T, Frh AT vF
I || AW, (0)]| 2y KRAEH] [0, 0)|| 2y o TR AFFAEH AT LUEIE K w,, EFRHEIESS S {w,} HAERE
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TPRSEI . L b, JatiEENMER (LKL u,lp =00, JATH

10, ()2 gy < CUBAOIE, g7, + AT O, )

B 1,(0) = 3, d5(0)wy(x) LI —Au,,(0) = 3 d5 (0w (o) (RS wy 2 (—A) MRS B D), B
k=1 k=1
SR E AN E IR
[ (O)|[2y = 2 (A (0))? < 472 D (A (004, = 472 [|Aw,, (0)][7,
k=1

k=1

M
1, (02, < €+ A7) A0, O],

Hrh A, > 02 B4 Dirichlet F A MFH (—A) FIERFIEE. 2 TR, FA10 5 I+ A
W, |0 = Au, oy = 0 133 GXEHE T RAE R HUR & 2 8 T (U)1)

(O] ) < C(11,(0), A2, (0)).
EE? Azum(o) € Span{wla T wm} w‘& (um(o)a wk) = (g’ wk)’ ﬁ/ﬂ‘]ﬁ

1
0Oy < CCAZ, A, (0)) < 58O + CllglEsg

MITAEAEC > O3 |[ 0Ol 220y < Clglliwy Lo BRLERAA Blw, (19— Ffl i

T
’ 2 r 2 ’ 2 ’112
sup [[w), (DI, ) + J 10512 7y 48 < Ay + 1 0 70000

o<t<T
< CUIgN ) + I o iy (3.3.14)
PAEFRA TR 7 FERAE ] Lo HZ IEW . FHZ&RAT1EA
Blu,, w] =(f —wp,w), 1<k <m.
ZAPUIELN A, dl(0) ot 1 < k < m RRG1HE]
Blu,,, —Au,,] = (f -}, —Au,), t € [0,T].

i A, |5y = 0, FTLA Blu,,, —Au,,] = (Lu,,, —Au,,). #& 1] f% 3.3.1 %1

Py < CAF Iy + I8l + 10l o) (3.3.15)
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45w, — BT, FRAIG R

T
OsupT(num(t)anw) + [0 (Ol + J 113 07y 4 < CAMON ey + I s o 12200 B-3-16)
NAS
L m=m — oo, BLFH T ufraE it

R TIEEAEY] w” € L0, T; H™'(U)). ATHIE H-'(U) & HY(U) BRHEE], Bl 3-ATiE
EX p € HI(U) #E‘;R;H:ﬁﬁ/@ ”gD”Hl(U) <1 )I%‘:/H\:¢ = ¢y + goﬂ,}’ ;H\:EP Pm € Span{wl""awm})
@ € Span{W,,1, Wyya» -} FEIESEH

Wnllinwy = sup Kup, @)l = sup [(f',@m) = Blw), s t]]

ol <1 lell1 <1

/ /
< sup (”f |2 llPmllr2wy + ”u;n”Hé(U)Hgom”Hé(U)) < llexqwy + ”u;n”Hé(U)'

Il <t

HTFRATCEUEN T u), B—3b50, AL m = m FEARR g2 P45 3] w” € L0, T; H1(U))
FIET A (3.3.9). g

ILXT Sobolev A TR Rk FIVAZ, FATIE w] DAL B S m B R4 IR U PR 2R, RS 25 .

EIE 3.3.2 (M ENIT). 42 % m e N s F#ds42 (3.0.1), &% g € H™'(U) &
k

FFo<k<m*A % € L*(0,T; H*™*(U))o FIEBRIXMIE g %L AE| m et E M54

(compatibiliy conditions up to m-th order), B

]1f

= 3@ —Lg €HYL), 1<) <

g =g€H,U), g :
Msto<k<m+1% ‘Lk—t‘: € L*(0,T; H*™272K(U)), H Mzt T 43t

1 2
d“u

m dkf2
drk dek

drk + IIgllipmH(U)) : (3.3.17)

<C
L2(0,T;H2m+2-2k(U)) k=0

L2(0,T;H2m=2k(U))

HPFEHC >0 R m, U, T VARL 89 F 3.
JEIC 3.3.1. MBEMREHRLEE, CHRIET 2K g, 81, .8y BAF U LOGZARAR, N T
ALFRG I 8] SR AMEA L R R, BPMAE AR R,

EIE 3.3.3 (C MM IENIE). sty 42 (3.0.1), &k ge ), feC>(U,), Amhg#HAx
% UregAR S0 4, B

di- 1f

dei—1

g =8€H,U), g := (0)—Lg;, € H(U), j=1,2,-
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AR 24 (3.0.1) BHE—8M u e C°(Uy).

jo)&k 3.3

B)RR 3.3.1. L ueC®(U) #H 2 u|y;y = Aul;y =0. iE¥H: HAEL >0,y > 0fE4F

B'lu”?p((]) < (Lu’ _Au)LZ(U) + }/”u”iz(u)-

AP Lu :=—-0;(a"0;u) + bdu + cu A —HM A&, HikZLal =al.

Er B R T A ER MG IER . A T BAIERARAL T MRIR b' =c = 0.
i) 3.3.2. 3 L =-0;(aVou) (Bp L R3TARMEHT) o, KA dh3gag ER 4 (3.3.9) &9 # LIk
o

Rr: FAREERA {w ) &AL A& H(U) F8OFIEHR AR (-A) 4FIEH R AR AL
THEERA? PHOLRET,

3.4 IIRKERIE

RS M A H T AR OE IR Harnack AN%530, X ERAVBAEH T L A8
FER A8

Lu=—a"3,0;u+b'du+cu, a’b,ce C(U;), a = alt.

AT SRR Uy i= (0, T] X U AL R Ty = U \Uy, Hib U ¢ RY DR TG
BHRIFE . AR ERAMAE A 59 R FE,  5m A% K AE B R E B 75 B34 Harnack A%,
siia

3.4.1 SHEIRIE
X T C R AT U CRY, BATEX CTUXU) :={u : IXU - R : u,0,u,0,0, u,0,u €
CUxU)V1<i,j<d}, i Etel,x e U AFRAIMRB U 2H AR

EIE 3.4.1 (FWKMERHE). HueCX(U)NCUy), BAEU A c=00 Zdu+Lu<0 (£
e, >0) £ Up ¥z, WA maxu = maxu (X3, minu = minu). L u BARA T #E

Ur Tr Ur Iz
(Ef).
VERR. EWI R B 2.6.1 AR AL AT SR du + Lu < 0 78 Up HIEMSL, JF
[BBAFLE (to,X0) € Up 43 u(to, o) = maxu. 4 0 <ty < T» WA (to,%0) £ Up IR, P
Ur
Bty Xo) = 0. Iy, FATATLUBLY B 2.6.1 MERE B HILE (60, X0) A Lu > 0. PHILLE
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(s Xo) oA Qu+Lu >0, XE5ME ou+Lu<0F)&. #5ty=T, IAVIRE du(ty,x,) > 0,
X R FELE (ty,x,) A& 0,u+ Lu > 0.

PAEBRA AR O, u+Lu < OFEU AL BEEFERATSI SN us(t, x) = u(t, x)—et (HFe>0
e—MNINEHD . HEEEHEAE Ouf+Luf = d,u+Lu—e < 0 fEU, FHEKAL, B max u® = max ut.

Ur I'r
MAERR IR € — 0, FAT173 2]

max u = lim max(u — €t) = lim max(u — €t) < max u.
UT =0 U, e=0 I I'r

ifif B [ AN S 2 21 55 WA, R Ty € Uy O

NET LR TRE c > 0 I, FRATAT AR BH R BL 25

EIE 3.4.2 (c > OMIFSM KL RHE). K ue CHU)NCUy) BAE U $H ¢ 200 % u+Lu<0
£ U PEARZ (03, >0), N maxu < maxut (£f#, minu > minu™). #H5x, &

Ur I'r Ur Ir
du+Lu=04% Uy Pz, WA max|u| = max |ul.
UT 1_‘T

3.4.2 BRERIE

TIE BI04 75 P2 I i A KA D 2 75 222 FH 20904 Harnack %65
TEIE 3.4.3 (M) Harnack A%30). RE R HHK ue CH(Up) £ Up PHRL du+Lu=0.2VeU
REBTFE, WIRZEEZH 0<t, <, KT, BEFHC>0, 1£1F

sup u(tb ) < inf u(t29 )
V V

HPFRCIURM V, t,t, Fo L 89 25

SEPE 3.4.3 MUE B 75 EH B BB B Al 1T 5%, BARS WL Evans [6, 39170 € # 7.1.10], A TH
£ R —/NFIH Li-Yau S EATFAHL = (—A)YBHAAER . SERNH Y Harnack A% 20A!
47 55 40 A 5 REAE BH 70 5 % A DR B

EIE 3.4.4 GRMCKMEEHD). A RFE U A&y, K u e CA(U)nCUy) LA U T H
c=0. %% Ur F18FH du +Lu <O (EMH, >0) Lu b (t,x,) € Up RAF L E U, L#
R (K, |AME), RAu U, FRAFME CGEEAR UL,
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Ro

Parabolic strong maximum principle

SEHE 3.4.3 AR T FERA “ TIRAEHREL”

MERR. WAE Up B du+ Lu <0 H u 7E (t), %) € Up WB IR AME. GBEA LA I T4
WeU, 15 x, e W. R % &I

v+ Lv=0 in Wy, v=u onA; i= Wi \Wr.

PEIIRE TR, ATMEu<v<M = max u, FETE (ty,x,) 0FH v =M. BUERAT T EHIEH
w:i=M-—v=0EWHEKY, FREIETE 17%15, SRR AE R B LA, XEAF RN W e U 2&
fERIEE .

HT c=0, FAVFIEL Wy FF d,w + Lw =0 LA w > 0. I Harnack A5, XL
BWE x, eVHITHEVeWMo<t<t, #HA

sup w(t,-) < Cinf w(t, -).
V V

)7, inf w(ty, -) < Wk, Xo) = 0 B w fE {x V _EER O X HIE AR t € (0,t,) #

AL TV eW Mt e (0,t) #RALER, FAVMIELL W, T0A w=01EKL, HILE vE

W, THENHEMEM. 1o =uff Ar EROL, BATHEY T4 [0, 6] x oW Eu=MIEXK L. O
Xfe>0, WATHARBMLER.

EFE 3.4.5 (c > ORI R HE). XA K% U &y, K ue C(U)nCUy) BE U F

Hce20. FEU ¥B2A u+Lu<o0 (%{wﬂa, >0) Hu ek (ty,x) eUpy RZBHE U,

adE R KL (e, FERKMA), B2 u U FERAFME CEERA U,
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3.4.3 *#h4IHarnack A~ BYUERA
AR EATKRIEH € #3.4.3. A 7R THE, BAMRKL = —A, BIZ5 EARERTTFER Harnack
ANELR, HARNAF HBEZ P BARRE AT, DORE— A —ERIE

4 Harngck B SEUEFE” . RAVCHBREATT AR THEE & € RY, HEK(E,x) =
Lo BB A KRR, SR (%), (%) € (0, 00) X RY, AT

(4rt)d/ 2

d/2 et e
K(t11x1) — <t_2) / el 24t2§|2_| 14t1§|2
K(tzaxz) tl

H Young NS AT, XMEE ¢, >t > 0,

2 2
x X, — e X — b X
§|\|2 +|1 gl,%%ﬁkiéﬁ,flé'f:Zl 12‘
t2 t2_tl tl t2_t1
(A,

6\ (X

Vx,x, € R4, t, > 1, >0, K(t,x;) < ( ) exp K(t,,x,),
L At~ ty)

HL2Y4 & b RO 5 B RO

AT R Y], AR Harnack AR AA “WAL” BHE: EARLE R 20U
e HLAERY R I 2B R TR A SRR TR WA w(ty, ,) < Cuty, x,) HIS5H6, T4 % C
R 6/t 1%, — %] AR (£, — 1) > 0.

ﬁ@%rmﬁmmm.Hmm¢x£ﬁﬁ£@ﬁf“§,XﬁﬁzF% VRS u(ty, x)—0(t, X,),
R IRAT B AR BTG v, B Vol BLEIRATT T RN IE A 8RR A 15 5. 7 1 T 0 S A gt o
AE =0, BT

_ _lx2 _ d |x|2
K(t,x) = (4m:)d/2e => vu(t,x)=logK(t,x) = 10g(47rt) T
R A .
__a X __x N 2
o,v = T + TR Vu TR = 0,v > + | Vvl

ILAEXS T FE AT R B, FRATTUERR 40 R B4 5> Harnack A5
TP 3.4.6 (Li-YauX E6 2. X u € CPN(0,T] x RY) #7742 u, — Au = 0 8 EfE. IR A
v=logu HA&

3,0 + % > |Vu]? in (0,T] x R

FOZLE WAL, M A 4y B AT #E S Y Harnack A~%5 30,
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HEiL 3.4.7 AT FEMIHarnack N5 30). % u € C21((0, T] X RY) & u, = Au £ (0, T] x R? ¥ &9 E &,
W 3 AE B (8, %), (E5,%,) € (0, T] X R4 F= t, > £, > 0 B 24 F R F KX

u(ty,x;) ) 42 |x, — x;]°

u(t,, x,) S (a) exp§ 4ty — t;) }
HERA. 4v =logu, 1EHx, Flx, 1% x = x(t) (t € [t,,t,]) W2 x(t,) = x;,i = 1,2. #liEH 3.4.6,
®ATEH

iv(t x(t))=v,+Vu-x'(t) > |Vv|*+ Vv - x’(t)—it>——| (¢ )|2—i

21
xR 1 3

15

1
v(t, %) < U(ty, x,) + %(log t, —logt;) + ZJ |x'(¢)|* dt.

BT oRFHR “EtEmir” 5 R — MR . RATESRIBERARTH 2 x/(f) = 0. RIHIRAT
AT LAE x(t) = at + b. X[AA x; = at; + b,i = 1,2, FrAFRATHL

W [ @ de = 220 g e g 5

d 1]x, —x|?
v(ty, %) < v(ty, x,) + =(logt, —logt;) + 1% = x| ,
2 4 -4

2 HE, B AHarnack AN

u(ty, ) _ (r_z)d/z exp | 21l
u(ty,x;) ~ \4 4(t; — ty)

SRS T AOIERR. 2 FORIRATIE W @3 .4.6. IATHSE |Vu|? — v, FFITEMESH ER. H4E

BAHER: | Vo2 — v, W R — MBI FE . (A7 AHRI B3R, %05 FE R I SR Le TG vt 2 1

FEU&M%I)\’%%I a € (0,1) HFMHERE o|Vu|? — v,. E&ﬂ]r‘ﬁﬁ*&ﬁ)ﬁ@ﬁ Lo > 101154
o NHEHANEAEERANEEFHREAIERz—, MRERAEEPMAETFT, REZXZERA
REREED.

EI3.4.689IERR. AW u BHE {t = 0} #ELL, B [6,T] x RY EFEEZEHA ¢ — ol
Al



110 e AV iR
F—: HESHBHEMNSE. RIMTEEHERT L v=1ogu MSFHNTE. HEIETE
v, = Av + |Vl

4w =Av, WH w, = Av, = A(Av + |Vu|?) = Aw + A|Vu|2 B A|Vu|? = 2| V20> + 2V - V(AV) =
2|V +2Vu - Vw, FA1EF

— Aw —2Vv - Vw = 2|V3v|2. (3.4.1)

HEE Vo & s, HAENRBHEIETRE 3.4.1) b FrURMTFEWRS Vo et aTr
&, 4 w=|Vu|?, HEFEIHEE

w, = 2Vv - Vu, = 2Vu - V(Av + |Vu]?) = 2V - V(AV) + 2Vu - Vi
= A|Vv|?> = 2|V?v|* + 2V - Vb = AW + 2V - Vi — 2| V202,

RIS 2w = | Vo Xl 2 B # 5 12

— AW —2Vv - Vo = =2|V?v|2. (3.4.2)
HH Cauchy A5 45
2
d 1[ 1
|V2u|? = IJZDI vxx z valxl ] [IZ; xlle = E(Av)2.
K A(3.4.1) 7] DAHE H
Aw —2Vv - Vw %wz

FTTH: HSHIEENHE BIERNEIEHE B Z /i, BT Vo2 — o, B R,
W HEEH o« € (0,1) 4 f :=a|Vu|> —v,. BN

f=a|lVu|> —Av—|Vv|*=-Av— (1 - a)|Vv|* = —w — (1 — a)w.

#5(3.4.1)-(3.4.2)n] H H
fi—Af —2Vv - Vf = =2a|V?v|*%
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B RRIATH f kA5 V202 EER

V0] > 2(80) = (Vo] = 0" = 2((1 = @I Vol + /)’

= 2P 420 - @IVORS + (1~ @FIVol) > Z(7 + 20~ @)|Vol ),
P A5 20 5 2 W R R ASE R
Fi—Af—2V0-Vf < —%x(fz+2(1—oc)|Vv|2f). (3.4.3)

REFERH, Aimi) |Vo|? f£RHEEEZEM, RN EZE R K = 1.

F=2: 1EHHE. WAEINEWERE o € CP(RY), H >0, 4 g=rtof. IAMES g i# L
2T REEAE AT RFE:

=of +tof,, Vg=toVf+tfVep, Ag=tpAf+2tVep- -Vf +tfAp.

M2,
g Vo
lpfe=8—7 19V/=Ve- "8
Vco( Vco) Ag Vo Vol  Ag
toAf = Ag—2— . (Vg— —g|-—g=Ag—2—L"-V -2
@fggoggoggogggoggozqog

£ (3.4.3) PR t2o?, 1 ERFEXMNIS f, VAL, FAE 2

Vol|? 4cr(1 —
t¢(gt—Ag)+2t(V¢—¢Vv)~Vg<gg¢—%agH(ZI ;ol —Ap — a(d a)¢|Vv|2—2V¢'Vv)}-

RNTHEELAWR Vo, BATY &EWBHATEC T . GXEIATTFE a < 10 BTk 45 v i
—2Vep - Vo) IR E g e, A

2a |Vol? d |Vegl?
tp(g, — Ag) +2t(Vp — pVv) - Vg < gl — —g + 1|2 —Ap + :
p(g — Ag) +2t(Vp — pVv) g\gzqo 78 ( 2 e R

XHEVER, AT g USEREARIE. Sl o =92 Hipe PR Hn>0. xR
g RATHAT

2a d
(g, — Ag) + 2t(2nVn —1*Vv) - Vg < gznz — g8+t <6|V77|2 — At o IVn|2>}-
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LAE I R 2L 1, € C(B(0, 1)), H£37E B(0,1) H 0 < ny <1, HTE B(0,1/2) H o = 1. 1%
R > 1, AT n(x) = ny(x/R) 5153

1 d x
2 2 A vn. 2 (=
(6|577| —2nAn + V7] )(x) <6|5770| 2n0An, + 2(1 oc)l 7ol >(R>

d
a(l —a)
BRI IRATTASRILE (0, T) x B(O,R) 1, %FAE flgmiarin T AN ZE

2a C, t)

tn*(g, — Ag) + 2t(2nVn —n*Vv) - Vg < g (1 T8t =

XEMHEEC, > 0 DUKHL a Al no. TATEIEH, ML T Vo, HEL I Vg FIREL il
7 ) TS P 55 B0 115 B ) I i SR AR AR 3

FMP: FHSRESHEL. WAEHO TS
Bi=. 7(0,T] x B(O,R) F &4 F 1% X

- > e
1- =g+ >0. (3.4.4)

RAEE: SR h =1— —“ + = 1E (19, %) € (0, T] x B(0,R) AHUG SA Ry BR /ME . SXFEIRAT]

h(to,xo) < O, h[ < 0, Vh = O, Ah > 0 at (to, xo).

PEhi) e XT3 g(ty, x,) > 0. T g = tnf 7E (0,T) x B(0,R) Wit L6 NZE, FTLh (ty, x,) A
T RETETESIN T b TR heR S, 135 h, = —%ag[ + % LAJ Vh = —%“Vg, PR it 75 5

g =0, Vg=0, Ag<0 at(f,x)

ZFELE (L, %) A, BAEEIT

2 Cut
0 < tn’(g, — Ag) + 2t(2nVn —n*Vu) - Vg < g <1 - Fag + R ) <0.

Rl = B, (3.4.4) 1E (0,T) X B(0,R) T 7. FrbAFAi 153

1-— 2Ftnz(oclel2 —-v,)+ C};; >0 1in(0,T]x B(0,R). (3.4.5)
BAEXHMER R E K (¢, x) € (0, T] xR, FATIEEL R > |x|. FRANEWEE 7y = no(-/R) H4 R - o0,
A EGE 5
1-— Foct(ochl2 —v,) = 0.
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2 a — 1 RS2 f kTt O

HATA A (3.4.5) THLR = 1 HLAess B4 XN AT FE AR R0 RO A -

EIE 3.4.8 (A Li-Yau BHEAETT). % u € C>1((0,1] X B(0,1)) & u, — Au = 0 8 EM, WIHEE
a €(0,1), v=Ilogu i#H 2

v, —a|Vu|* + 2%“+C>O #£ (0,1] x B(0,1/2) *F,

HF C >0 ARH d A= a 89% HK

AR AT T 45 2 F Fi X 3 _E O FE T Harnack AN 35 A
HEIL 3.4.9. % u € C>'((0,1] x B(0,1)) & u, — Au = 0 &93F QL fE, WAHEE (t,x)),(t,,x,) €
(0,1] X B(0,1/2) VAR t, > t; Az Harnack 7~ 3 X

u(tb xl) < Cu(t21 x2)7

Hd C>0RIEM d, t,/t; F= (8, — t)7" 89 F Ko

SJER 3.4

I8 341 HuARFTALOu—Au+cu=0£R, xU POIXFM, £{t=0xU Lu=g, #
REMAE[0,00)X0U Lu=0, XZ g(x),ct,x) 4% LK,

1) ZHEFHRyEFcz2y >0, iEW: BEFH A>0EFTEZY (6,x) € (0,T]XU, ¥
A lult,x)| < Ae.
(2) B g>0HcAHRE, £ u AR89,
SRR 3.4.2. iR R 3,42, BRI UALF E I 2.6.2 9iEH,
SRn 3.4.3. e 23 3.4.5. (BT FEOGu+L'u, XF L'u:=Lu—cu.)

Io)RR 3.4

)8R 3.4.1. £JA 322 %, WwEAMBLgeC(U), iEW: BEFHC>0BFTEE >0 #
A sup |u(t,x)| < Ce ™!,

xeU
R R AERI T (—A)HF (7 DirichletiZL - 54 08) 69 4 AE1E A, 89 4ER 3L w,, AR
SR TGALEYRERAT 27 ARG RFIRL2.6.209 458,
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3.5 HKRME

AT RATEINHE ML (vanishing viscosity method) (HFK N TCARPR (inviscid limit)) K
R — B e At B T ALK SR R AE I . s b, JORG R BRAE Xl <7 FEAR A it 70 v e 4 B 2
YER, IRIRAE TV 2 R BRERTER R & . 207 50 AR BV I — AN A /D R 2L ¢ BIRGMEIT
eAu LISRAG—A “IENAL” KRG, RIGREZIMY RS, &5 HBIKRKR ¢ > 0 ISR JH
B H AN . AT RAMBRE X U = R, JREEFE . WUERXEE LT, 075 REA
EH, XERANGAHEErT R “9ARE” (boundary layer). I 407E X} 1714 X 3k H 1) Navier-
Stokes J7 1% (FEIRAGTEFAKRIZS)) BUICKEA R, 40 RN-ST7RE A & 7 47 o 18 3)) (non-slip) i1 5 5%
i, amhos BRI T B TR AL, B PRI AT 58 75 24 SAA AT Bk B el — e P4
[11Gevrey BREZR L % 5& (0] LABRAR N C® B Schwartz BREES AN D), 12884 VF 2 K ik
) ) R

BT — B o TR

d
du+ Y Bou= in (0, 0) X RY,
[ ng o=t (3.5.1)

u=g on {t = 0} x R4,

XHu=!, ,um :[0,00) xR > R™ ZARKFE, B;:[0,00) xR > M™™, (1< j<d)E
REUGERE, VEI f @ [0,00) X RY —» R™ FIYE g : R > R™ J£455E KR EL.

ENX 3.5.1 CWlitE)., FxH4E& x,y € RE A=t > 0, mir 7 E B(t,x;y) #AAT 3 ALeg, WAk
(3.5.1) 2 dy 4248 (hyperbolic system). iX Z B(t,x;y) 692 X A

d
B(t,x;y) i= ), yB;(t,x) (x €R%1>0).

j=1
Yo REFA B; #ARRISAREY, AR A BAHL (3.5.1) A3 AR (symmetric hyperbolic)#y. i, &
TR 69 x,y,t, 7% B(t,x;y) #8 m A4 E{A

Bt g e HFIE@ = {r (6, x; )} W R™ 69— 3, WAR (3.5.1) sy A2, st—F, HA
8 < AR F X < Bk, A KMNB (3.5.1) £ A&RE (strictly hyperbolic)dd .

JEIE 3.5.1 (WUHPEE XHIZIHL). A T R, RMNAGBREENB; AFAHANEL f=0. F)ELA
ut,x) =v(y-x—ot) % X6 (3.5.1) 8- F@mA M, LAFv:R->R" ZBAF. HEARAN(3.5.1),
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HA1F 5

d

j=1
H v R4EME B(y) 69454040 o ST ay4Fiim 2. WHHEHERX T EN ML EN y e RY, FA&
mANTE-FEmE G, BTXRLE:

- x-24r(y) A<k<m), 1,(y) < <4,(»).

3T ||y|| = 1 #94FHEARBP A R
BUAERA TE ST T AT B 4L (3.5.1) S8 AR (E M

d
du+ Y Bdu= in (0, 00) X RY,
at LBom=S (3.5.2)

u=g on {t = 0} x R4,

HRAEH u: [0,00) xR > R™, X 1<j<d, REHFE B; € C2([0, T] x RY M™™) H#2 %
PRIk, B2

sup |B;| +|V,,B;| + |V B;| < o0 1<j<d. (3.5.3)
[0,T]xR4

¥)ME g € H(RY = R™), JEI f € H'((0,T) x R = R™) 44 5% .
BETORBATE TFEA (3.5.1) HIF5ER

ENX 352 42 uveHRI >R A2 0<t < T, &XLNEHER

d
Blu,v;t] :=J Z(Bj(t, )du) - vdx.

Rd j=1
i VAT A 09 ) Foadd AR 3T AR iy R GeAn R 9] AR 49 55
e ueL¥0,T; H'(R? - R™)) B u’ € L0, T; LA(R¢ — R™));
o EE v e HY(RY - R™) Ao JL-F AL t €[0,T], sz (W,v)+Blu,v;t] =(f,v);
e u(0)=g.
EEEMELZA ue C([0,T;LA(RY - R™)), B u(0) =g T AR E M Lo
A T4 T RAE W
EIHE 3.5.1. (3.5.2) HAEE—M55M,
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3.5.1 PENILHEIRANFEN

MAERATTIN e IEMALTTFEH, Kb o<e<1,g° i1=n, x g.

d
d,uf — eAu® + _lejajuf =f in(0,00)xRY,
]:

3.5.4
ut =g°* on {t = 0} x R4, ( :

THRREPERH AR e E R € > 0 KAE e- I IE M RE, SRR IEM iz E kT e
HHREEM T, HaBURIR ¢ — 0 320 TREA (e =0) (3.5.2) HIfif.

AT B Xt [ 2 1 € > 0 SRARMY ENE T HE

EIE 352 AEE e > 0, (3.54) BAEE—M u HL uw € LX0,T;H} R - R™), u €
L0, T; H'(R? — R™)).

SRAEIIE WAL T FE R RHELE T e- IR AL TS B I, DAL BRA TR A — BN 13 B0, u” 41
TERT. X EETRH o, u’ () 53 B BN R IE N Ge 3.3.2) MEESR. #
FJTEUE,  BATTUE R (3.5.4) M I AFAEVE IR B, 24 328 HURL AR 1) R K2 1]

WMAISHRAE R TIE?

el TR FRAE AR R B (R R AFAE? B IEUTREA (3.5.4) 2T, BATAYIE — FAITIE
du—cAu=f inR, xR4, u(0) = g € H(R%) on {t = 0} x R4

$EDuhamel 7 HE, TATH u@) = e“Ag+fé e<t=DA f(7) dr, Hirr ethg 1= (e7<lEP (&)Y 7] LA Fourierd?
g o IXFEXTs >0, FATAE

28 lprsmay = lle™ 87 GEXEN 12 < CUEENEVIIzz = Cllgllas-

JEAh, S =fetg, WATATEH 7€) = e ((et) 3n)* < Cet) . B4 g € HI(RY) B,
HAVALE e'2g € L*(0, T; HY(RY)).

Ix12 o . -
SHHEFF UGSy, 4 (1, %) 1= ——e w ARFHERNTE (e = 1) WREAM, W

(4mt)2

t t
J e0=A (1) dr =J Be(t — 7),) # f(7, ) dr.
0 0
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MRS Minkowski A5 XAMAER Young A%, ATH

JCD(E(t—T),')*f(T,-) < j I0Ge(t = 7)) = £zl dr
0 2 0

L

t t T||f||Lf°L§
< | e =), Il 1f @ )z de < | @ llde < o
0 0 T2 fllgar2

=1

FAlth, FArTar LAUEW

¢ t
ij d(e(t —1),-) * f(7,-)dt j Vo(e(t —1),-) = f(r,-)dr
0 0

L2 L2

t
< [ Ivetett = 09l e lis e < o
0

<C(e(t —T))_%

HFIEI f € H'((0, T)xRY), ATHIESMEBRLAENT < 0o, F f € L*(0,T; L>(RY))NL3((0, T)x
RY). FHIRAT “FM 7. MNAZLE L*(0, T; HY(R?)) HiEH] e-1IENAL T FRLE (3.5.4) )R 3ARAE 1

EIH3.5.2841FBR
BATHIE L8 bt R FEE R (3.5.4) fERIAAAEME. £ X 1= L*(0,T; HY(RY - R™)) 5 X

t d
T . w - eflhg +J et—0A (f(r, D) - Z B(t,-)3;w(z,-) | dr. (3.5.5)
0 =1

PATTESIE B 8K

o T X B X HEMBS, B RUT)CX.
o T RX EMEAEmE, ENfEAERE C e (0,1) [HEN TR w,v € X #5H ||TW — TV||x <
Cllw = v|lx ML
A REUE BIX Y fUOL, TR A RAa e IR B R B 7 £ X P REAME—RIAS R, RIERBATTT
() e-SpE Mk 27 FR4H (3.5.4) BIf#.
MR T L E W ES], MIEweX f

[1TWllx < Cllgllm + CT2([|fllorz + [[VWI[1op2) < 0.

XULEIR(T) C X. B FRBATIE 7 2 X ERE4EmSt. (4% w,v e X, BATHE

d o
Tw—TJv = ZJ e"DAB;8,(w — v)(7) dr.

j=1Y0
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FRUCRI T B i 3] 17w — Ty < CT3 W — vily. 23EIFEA NG T, > 0 43 C.T7 < 0.5,
BATHUEA T 7 /& L0, Ty; HY) LR, FIAE X = Lo, T,; HY) HAFLEME— IS
Gdl u®), e HEA (3.5.4) BIff. SRJGIRAE [Ty, 2T,], [2T,, 3T, ], --- FEEIHIGIE, M
3 R, x RY HRIAAIENE . X B EFE: R4 JF8A B R AAER K T, AMRET £, g,
BNXA “EH” SRR

BERATEME ue 32 ENE ve e L2(0, T; H3(RY » R™)), v’ € L*0,T; H'(RY - R™)). &
s: b, Xfae t €[0,T], JEI f—Y B;0,u® € LA(R? —» R™), b iEmtEe sl GE#L3.3.0 nfg
u® € L*(0,T; HA(R? —» R™), u®’ € L0, T; H'(R* —» R™)), #ifi f — Y, B;3;,u° € L*(0, T; H'(R? —
R™)). #& € #3.3.2, A1t € L2(0, T; H3(RY — R™)).

3.5.2 —HEIT5ERER
A E L — N B 4 THRT €0 T B R B PR 7 0 -0 L6 U (T P24 (3.5.4)
BT R R AL e I—BUfE T

EIE 3.5.3 (T ¢ —FMIAERALIT). i us AR 352 FK1F65 (3.5.4) 9. MNABLEFHC>0
(RERH ), £31EEMN e € (0,1)F A

sup (DI, + 1o OI2) < € (1912, + 11 pary + IF [agmsn)) - (3.5.6)

0<I<T
MERR. AT BEE AL T

d
ilf |u5|2dxzf us-atufdx:f uE-(sAuE)dx+f uf-fdx—Zf u® - (B;0;u’)dx.
dt 2 Rd Rd Rd Rd j=1 Rd

X35 — T AR 13 B [ uf-(eAu®) dx = —¢ [, |VO©|* dx. 58 I ] DAELREAZE A | fa v - fdx. <
(e[| || fll 2. R =T, FATATLUAHA B; BFIRARIERE R ¢ LR 3% 6, 2ERDE

f uE-(BjdjuE)dxz—f (Bjajuf)-ugdx—f
Rd Rd

|ug|2(aij) dx,
Rd

yeidll]

< CllwellZ,.

N =

| mereBar
Rd

J u’ - (B;0;u’)dx
Rd

=T, BAMF 2> AT

d1l
S|t = e [ vriar + COIE, + 1A < ORI, + IS,
Rd Rd
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Wi Gronwall N EE R AT 15 r
sup I, < C(lg2, + f IFOIZ o),
0

0<i<T

XEBATHE 7 BRI TR (9% < gl
FAH, Ve B w1 SOk TR LB o % I I AT R SR e S R 6, A1 6, SRS A
BRUERIEN] . FATAEBRERE, X H 4R

sup [V ()|l < CUIVGIIZ. + I1F117 0.7

ot<T

sup [[u’ (DI, < CUIVIE + AN, + IFON. + 1F 12 0mmy + 1F 20,722

0<t<T

< CAVGIZ + NG + 1Py + 1 oo rany):

X HEFATHE T EROEHE T 5 [|Age||. < Ce7Y[Vgll BAENFOIZ < CUFI om0 +
||f’||i2(o,T;L2)). R Agt RMEN, KA u YIHER f - Y B;6,9° + eAge. O

fus} —ECE TS H TN (=8IRS .
IR 3.5.1 AUIERR. 55 b —BREEAN TR )R 3.1.1 WIAN, AETE TS {g ) 145
u* = u in L300, T;HY), u* —u’ in L0, T;L?).

RN ATFRUETIRIR v 1552 (3.5.2) HrfE—59F . ARG % o € C'([0, T, HY), FATIHE]
3 O eAu® I3 ERAR 1)

T

J (uE',qo)+sVuE : Vo + B[us, g t] dt J (f,e)dt.
0
Le=¢g — 0, ®ANEH

T T

J (W) + Blu, ;] di J (f.@)dt, Yo CX([0,T]; HY),
0 0

BRI AT G510 % T LTALAR ¢ € [0,T] R4t o € C1((0, T HY), 4 (0, )+Blu, g5 ] =
(f, @) L. A IEMQIERR(T) = 0, SRIGTE (0, @) TAF MBS 1] 4 8, 1533

T

|

=g — 0, RG] fO (u,¢) + Blu, ¢; t] dt = foT(f,qo)dt + (9,9(0). H—1H, £ (a,¢)
A 410,45 2 fo (u,¢’) + Blu, p; t]dt fo (f, @) dt + (u(0),9(0)). HT @(0) A1, FrLh

T
—(us, @) +eVu® : Ve + B[us, p;t]dt = J (f,e)dt + (g,v(0)).
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u(0) = g. HTFRHAMLNE, Me=u, f=g=0mFHME—1t. O

I8 3.5.2. ARG, EMBARALAEGETRAERNTMAMERA, BA e-ENALFE G
ARFMATRE BRI ZHRATRE, £ZARFHORZLTRAR, X AR EFEIRIKEZ
#169 Navier-Stokes 7 A2 2| 3 i& kb HARIZ 57 69 Euler 77 #4269 #1734 1A 9] %757]“\57}&[‘% A9 & 5P L Hy B
2o ATH T A% Z LiF 3 (non-slip) &4 u = 0, Rﬁ/é%‘%‘i«%ﬁy(shp) ~fFua-N =0, ZIALF5E
PRI BRI LR T B &M SARAEME, AFXEAKMAELR L, ﬁﬂﬁ%fgﬁﬂ'ﬁ%‘%
MAZ T 0 mAZT 0.

KT EA AR IR — 3t Aty 2B 2 IR, THAEUATLRPH:

e Peter D. Lax, Phillips, R. S. Local boundary conditions for dissipative symmetric linear differential
operators. Commun. Pure. Appl. Math., 13(3), 427-455, 1960.

e Rauch, J. Symmetric Positive Systems with Boundary Characteristic of Constant Multiplicity.
Trans. Amer. Math. Soc., 291(1), 167-187, 1985.

e Meétivier, G. Small viscosity and boundary layer methods: Theory, stability analysis, and applica-
tions. Springer Science &’ Business Media, 2004.

jo)j% 3.5

BIEE3.5.1. 2 Q =R, xR CR?, %#ARA IQ = {x, = 0} HAEH b= (b, b,) € W([0,T] X
Q;RY). AE %% e € (0,1], H BAbYEat iz 7 A2 A0 Ak o] A -

out+b(t,x) - Vut —eAu* =0 te€(0,T),x € Q,
01uf|3q =0 t€[0,T],x € 9Q, (P,)
us(0,x) = g(x) € H¥}(Q) x€Q.

ChdtiEE >0, (P)HLELDLEOFE U
(1) % by|3q = 0. FEBA: mmmwmm%%sf&ﬁﬁ,#%mﬂﬁ&%ﬂﬁL%aﬂHmm

te[o,T
¥ 55-05 4 B u € L(0, T HY(Q)), B u LA EH 742 d,u +b(t,x) - Vu =0 49 55/%, #1{4
579 g A= Bt dulyo RE—EAR?
(2) M sup [[uf —ul|faq) < Cy/e.

te[0,T]

(3) &b =(Q,by), sup [l KT ¢ £EF—BAHARK? sup |[upq KT e RE—KAR?
]

tel0,T telo,T]

TEBF 4548 2R H M) R Ao
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4.1 LMENHTIERSIZA

4.2 JEARIEERT. FHGUKFNECK MR

4.3 AELMEEARL: FHRF

4.4 AELEMEEAR . [EHTHE
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FE SobolevZ 8B FourierZl E

Jdiy
-

5

BANEE —FAN A 7 BEHrSobolev [A] . R, W1 RALfE H B £ SobolevaX 8], ¥ Z A1t
fESoboleviftr FH AR AR . MAME RY ERHES M GO A S TR 7t , Fourier 7y
Mg — R J1p) TR, FRATAT BLd it 74t iR i Fourier 2 # (AN [R] 4528 SR 3R A5 BRSO Al 11
AT REZ ], T s e R A Qc RY, ZAATLLUE AR B Sobolev 1] WHP(Q)?

XA ) /R 2 S HOE 1), RN TANFEI X I Q 7T e R ZLH AR 7 Aok e SO M. 4
Q =RIBF, HA M T R ZFourier B, K AfiFourier  # ] ¥ S A0 2 Tl 13+
24 X A sy, Horp—FpdfE g FRN “Sobolev-SlobodeckiiZs [q] 7, E%@ﬁ%%(diﬂerentialquo—
tients) K & X .

AP, AT Q = RY H p = 2 B1EN, BINHAH & Z FSobolevZ ] HY(RY)
S H GO R 2E 8] HS(RY) o X — WP [a], 5 2 %] M ¥ Soboleviik A iE B 55 45 10 35 75 2444
Littlewood-Paley 73Kk R, HAKZ W4T B HEZ M BT 1 5 35 [16] HIFE KA.

5.1 JFEEH [ SobolevZE B H3(RY)

e £ e RY, TANE () := 1+ €12, EXNMNT V1 — A [HFourierde 1. MELTE s € R,
FATA] LR F Fourier 42 5K 58 L HS(RY).
E X 5.1.1 (AEFF K Soboleva[f]). 47 s € R, #AM1Z LsHSobolev s ]

HY(RY) = fu € $(RY) : (£)a(€) € LARY}. (5.1.1)

H5(RY) & —AHilbert i, 53 ||ullpsga) = [K€)0l 8 AR (U, 0y 1= [o(E)Pa@)0(E) dE
HE,
SEIR5.1.1. i E, % s A A%, (&P e LARY FAARERE u A4 (BIRTRE) .
B—7 @, §T%E5HGFourier RN AL IE A, RIKMNARBIZAEIE S H w2 L?
5 # k 2 LUFUrSobolev® 18] o

M s e N, FideE 5% —&8d % XK EH Soboleva 7] — 2, 1X\] P HPlancherel{H %%
R A Fourier?s [l Fe A M R IEBA .

£~ Bn

iRl 5.1.1. 2% ¥rSobolev= 18] HS(R?) i & VAT PR :

123
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(1) C2(RY) A= S(RY) £ HS(R?) P # A% 49 o
(2) 3 seNH, H(RY) 5#H—FF 2308 WH2(RY) AFMY,
BATHABF5 K Sobolev T [i] HI(RY), ‘BAE 7L “2 s r 8”7 RTINS0
N LA(RY) BRI 0 A
EX 5.1.2 (55 Soboleva[H]). 4% s € R, H&A1=2 L s YrFkSobolevs 9]

PRY) :={u € §/PRY) : |E]aE) € LARD)}. (5.1.2)

XEPREZRAANESL,

A8 5.1.2. AEE §/P FIR LR TAE “FourterX e % F & = 0 489”7 BIEHH (453,
HATIER S AIRATET S /P)e FEE, AEAT X T3 BG4 38 A b IR R % B AL 69 Dirac delta &
EEFHGARZMEES, HtHEFourieri? T MAF L —NS AKX, #a)iEd, FREKRMNA

S/P=s, ={ue8 R : (PEaE)0)=0, PeP}.

2% SP3BT IHAE S BT R,
N1 RS, AT 5 NI 3 23k JyFourier e 1.
EMX5.1.3. % feSFseR, #Ail@idFourierE#E L P(V)f:

P(V)f(§) := PGS &), PA—AZAL.
R, 2% —A B TR EAELH m, £ Fourier & F 7 LA
m(V/Df (&) 1= m@)f .
FAlH, MK (V)f F= |V|f A
VIF©) = @&f@.  VIFE = IE1f ).
TEMRET, RATE
feEHRY) & (Vyf e XRY;  feH(RY) s VLS € LX(RY).

Rl 5.1.2. FkSobolev= 18] HY(R?) i# £ VAT Mo
(1) E*(R?) & Hilbert id] % A% s < g
) %s<§w, £45

So(RY) :=1{u € S(RY) : u(¢) & £ = 0 Wit H E}
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R H WAET &,
(3) H5(R?) #9348 = 18] & H-S(RY).

JERR. X EIRATHAE (1) Q). % (1), % s< g B, FRATE AR

(u, V)gs 3=J |§1%0(&)o(E) dé.
Rd

R T 5
W {u,} € H(RY) s&Cauchy¥l|, WHEE XN |€56,(E) & L2(RY) ¥ Cauchysll. H L? 5%

PERTRL, 177E f € LARY) [543 |£16,(6) = f. AT f = |EPg, TATILEN g R4 A .
b, XALELE g(€) MRN gE)xina M gE)x e B XHTARIE S, BATH

f Iﬂmﬁfj |ﬁ@@MﬁM<MﬂmmmU |ﬂ“®Y<w
B(0,1) B(0,1)

B(0,1) N
=||fll 2 <00

<oco M HANY 2s<d

B (€)1 1) e NEAEH. T EHI, FIE > 1, FToh (€] = (&), P

Iﬂ“m@Wd§<CJ

R

f <aﬂaawu<cf FEPdx < oo,
[€]>1 d

1€1>1

5 J5 FA 1 X Cauchy FIFINRR u A u = F71(g). LR HERM u, , u H ueH".
M5>S, BATHRIEEEY: (PR, | - [l0) AT, B AEm T .

H{ﬁ% (Eﬁl‘iﬁ 514). % S Z g EH-, N : ur- ||12||L1(B(0,1)) + ||u||Hs 7% Hs(Rd) _J:ﬁ’]-*‘/]\fi_’; 9 H
(H(RY),N) &Banach= 9],

FZWr S oL, HURIR T || - || 0 HS(RY) AT EE, A || - | DA STEE N £
By (ECATEEN Bl || - || 78D, XFEFECH AL T

12 L1 ao,1y) < Cllullgs-

AT TR RIPRIEBEA SR WA = < €] < SPRBMRAH AR, 52
AN2A = 0. BIFRAE L v, I

n 2(s+§)k

~

v, .= Z K Xo—kng-

k=1
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HiEitHA

Rtk n Z(S_g)k
|Vnllzr 0.1y = CZ K 27k = CZ T o, (2 n — oo ),
k=1

EFNCATHEH FAL T E:

n

o 2k(s+2 1

”M@=ZJ EWkQ“WﬁsCZE<w.
k=1 2-kA k=1

(a%s<ym1%%~4H%m§®oR%ﬁwzm%ueﬂw%é

Vo € 8o, (t, Q)rsuay = f E12(E)@(E) dE =0, ] u = 0.
Rd

R B, L, D e 05 WIHERN ¢ € S # (@ = 0, AL S 1
5E AT = 0 78 RA\{0} L% 7. FIHPlanchereltE5& R AT HEH u = 0. O

3@t 5.1
SRR 5.1.1. iE9 HY(RY) 69 % &
S 512 EAGHS5L2 (). HpL, R |s| <5, £
(1) M&MZH

B:8;x8,—C
$.9) — J $(0)p(x) dx
Rd
AR RN HS X HY Lo S AR B 28,
(2) 4R L & H® Loy itz g, WNHEAEE—WEESH ue HS 1£13 (L, ¢) = Blu, p] *F AT
;é— ¢ € HS E&A‘i7 ﬂ ||L||(Hs)x = ||u||H—so

SRR 5.1.3. & sy < s <5, EH: HY(RY N HY(RY C H(RY), BHE s = (1 —0)s, + Osy, N
oty < Ul o [l g 75578 55 5 £ 24 3 4 Sobolev 2 1 34

S5 5.1.4. §s>§a¢, R (PR, N) R 2 &6, LPRHEN ZLH

Nt u == [|a]|poay + Ul
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SIEE5.1.5. % 0<s<1,ueH®RY). EA: uell (R Lkt

_ 2
J f lu(x + y) — u(x)| dxdy < oo,
rd J pa |y[d+2s

X4 T 7k Sobolevit 2% 5 Sobolev-Slobodeckiiie #% 2 18] 49 S 14 .
R K aomR {|€ <1} H5F{€] > 1} 9. KRB ESobolev-Slobodeckiiiw ¥ F #F x &
¥ M Plancherel & % X,

5.2 Sobolevitk N EIERIFourier 5%

AFTEHSobolevZ s 1] HS(RY) A1 HY(RY) FIHR N EHL, BIZRMIT 2P 1.5.1 IR

5.2.1 RIeFEMIGEFSobolevii N\ EIE

B, BWATER “RIGF” Gagliargo-Nirenberg-Sobolev A5,
EIE 5.2.1 (K A Sobolevik N). X 0< s < g W HY(RY) < LI(RY) #F 2K g <2 := dz_d L,
BATHF K| flliawey < CCs, @ DI f s (re)-

WERR. HFEXHTA f € SRY IEMIL AR . 4 f e SRY), BATHE f=(). HF2<qg< o0,
H4HEER 1 < q <2 ?EHausdorff—YoungI%ﬁ%ﬂ

1l = 1Y Ize < ClF e
BAVRIT N F(&) = ()€ f(&), TilHHolder 520153
1 Nl = IKEYSUEY FEDIe < IKEY I IE Flle = IKEY Sl 1 f s

ol R R FRE () e < 000 THKEMNT sr> d. L FFRATH T MHolder A% e 5 Hir

r_r i1 1_1 1. 1 1 1 1_5
qg r 2 r q 2 2 gq 2 22 d
X T AT EZRAE L sr > d. O

T 5.2.1. B g FHNTIERAGAR 2, 2l F RGN, LRFAMARR SN, FEE
BAVT ARG B s —ARB), % e H®RY A |[fllye =1, X f,(0) = f(x+ney), 2%
n— oo Bt, f, BT O, 194 L9 e RBEHE [ ASMF. BHREA {f,} EAEMRAN T
B3,
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Y0 < s < g I, RN HY(RY) — L¥(RY) (Hir 2* := %) SEFR 2 F Ay Hardy-
Littlewood-Sobolev N5 50 (B # C.3.4) WIHEWR AL . NFRIFRAL L, FRATX 5K Sobolev i) H¥(RY)
WEBA g it
EHE 5.2.2 (Il Soboleviit \). H 0<s < % B, 2 HY(RY) #4H A2 L7 (RY) P, P2 =
2d
d—2s”

TERR. PR £ € STEBRITT. % g 1= (€147 ), W f = 618, I [ = (€147 » g.
H >R D.2.4%0 (|€]747)Y = Caylx|77 [Al t Hardy-Littlewood-SobolevA~ %5 7 3 A

+

QU=

1 1

Ifllze = Caplll - 177 * gllLamay < ClIgllLomay, 1+ q = p
TAHE EXh 4 p = 2,5 =d — y I FHPlancherelfE&E 0, 4L A

gl = 18llz2 = NEI Flle = 1 Nlger = 11 ]zzs-

B g tagr Sl Ftats 20 — 2

d
5.2.2 Morreyfx NEIEMIEF =B H >

KR s > g i H(RY) ffiSobolevik N iEH., ¥l —MELE B BLELEE, HYZH
HIER: Y5> g B, H'(RY) 22— MBanach{ 3 B#AE Lo(RY) .
EIE 5.2.3 (Banach{UHH(RY) (s > g)). & s> g OF
(1) H¥(RY) & LoRY), HAHEEW f € H A ||f|pore < Cllf -
Q) #it#E f,g € H(RY) H ||fgllms < CIIf sl -
HUERA. [FIFE R 755X Schwartz B H0IE B X AN A5
() FA s> g FTbA (&)~ € LA(RY), XFEmiHE
1G] = (V)| = (27) 2

j o€ f(£) dé| < j F6)] d
Rd Rd

_c J & S(EY @) dE < CUE S lE) Fllze < CILF Lo
Rd

SRIFH x € RY BRI FARH £ € L B ||f|liecey < ClUF llascray-
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@ #t fges, BAH Fa=Qu)(f+g), TR

1 lliscaer = K€Y TR = Q)3 KEK( * Dl
J (& 7€ — g dy
Rd

2
L

ORI =
Wis. A EneRI Fos>0, ML

(P <CUE - + (), Cy=max{2?2"}.

WARIXA WS ROL, E=MAEN, BATA

=C +

2
Ls]

J (0 (€ — g dn
Rd

J & — ) f(E - g
Rd

J (& 1€ — gl dn
Rd

2
L

2
L

= C(IICCY 1) * 8lle + 1KY * flIr2)
G Young M50 CGEHE C.3.6), FATH

IR * &lle < IEY Flli gl < s IKEY i IKEY &l < ClLF lraslIgllss

XEFERART s> g PMRIE (€)1 < o0. XHHfe f, g [HIFEATEE ||((-)*8) f]|,-.
55 HEEW RS . ST p>o0, ®ATE

(1 + |€12)P <1 +2[€ — > +2[92)P < 2P + |€ — 9> + 1+ [n]?)?
<max{2?, 2271} (A + 1€ — 9|)P + A + |91»)P).

4 p =s/2 B3,

Rk, FATUEHMorreytk N\ & BRI ZELLE R .
T 5.2.4 Morreyii \). %X s > g Hs— g € Z. M H(RY) € CR*(RY) +, ¥ k=[s—2] 1
p=1{s— g}. st &6 f e FP(RY), HAA

sup sup [0% f(x) — 0% f(p)

< Ts e
la|=k x#y |x — y|p = Cd,s”f”H

UERR. FATOUEY] s — S MBEGHA Y O MR s > 5, FRATEL0ER5.2.3()IUEN] T4
f eL', HHHE Riemann-Lebesgue 51 ELA f f&—ME FIESL R H
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DLAEFRAT T f SRS S 4y . [BSE A > 0 (F5E) FEHOLE R 6 e 8 f#i15
becCPRY), 0<6<1 HEEE=0MHL 8 =1. BTFREAE X

frat=(0CF) s funi=F=fou

BAJTEDL, o a0 SEbR BRI E & REE |§] = A BHE. I foa AR, I

W5 H s s AT
10 AG) = Foa)| < ||V a0 12— 1.

F| i Fourier [z ji# /A s Cauchy-Schwarz AN G5, FA115 2]

d¢

Vseal <] telfea@|ag=c| -

’ C
<C<J Iflz‘zsdf) 1 1l < TATP fllgs H o =s—d/2.
§1<cA (1-p)>

XHRIRER Y fra, BATAT ERAEHZ RE, OV B R Ab (€] 2 L2 AT,

Wmhsfy&@ﬂ@<0 |ﬂ“®YWm<2Aﬂwm
Rd P2

XA R 2

|€1=A

£ G0 = FOI < ||V e 126 = ¥1+ 2| fra], < Cs (1% = PIAT2 + AP ||l

PAERA = |x — y|T S EBIEAE LA, BAMETE R T 2 BLE . O

BIGERAEIE s = S iofEi. S 142 DEEY HY? RBATREARR T L. BEFFXA R (1)
RO L ARk A, &K HBMOZ AL H
EX 5.2.1. ARX-FHIk% (bounded mean oscillation) = 18] BMO(R?) £ By 4R & T K69 53R
Rk f MR A

P 0 1
anOF}BBJﬁf.&mx< AP faim uﬂffu

BAEFRAT TR Sobolevik N & #
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Eﬂ&z&éﬁu@mﬂnH%wU@@%Bmewé,ﬂé&c>o&ﬁ

1fllzmo < CIISI 2

N

HA f e Ll (RY N HERY K,

SERR. RATHE G5 5.2.4 TORERE I EHRAME £ = fop+ frae SHEREER B, 301 Cauchy-
Schwarz AN 15 3]

2
T
IBI2

LX(B) "

[ 1= ral g < [rea= e,

LZ(B

W R ANEK B K212, BATAE

[Fea= el 2, <RIl cr | i at
< CRA|If]] «.
FEA 43 I P LA
ol = |Feall, < |7 160370 < A5 0080 Foalle
A 1
JB £ = fiol 1 < CRAII 2 + CCaRY™ ( f - Ifldlf(f)lzdf)z .

BJEIEI A = R IE B ek EFEI AT SE il O

Xt FAEFF K Soboleva* 8] HY/2(R?), FATH FTil fiMoser-Trudinger N5 3, BSZhr B4AH T
| Orlicz 4 23 8] RN
EIH 5.2.6. HEAMURMT d 89F K c,C >0, EHFATRFXNEE f € HARY) e

2
lfGY |
de exp(c(”f||Hd/2> J ldx < C.
5.2.3 B&A. IFEE
HT RYER, i 0<s< M 2<q< 2t BRIEFRIN H(RY) o LIRY) #ALEH, H

RAWIREME 51 H GEF ¢ <) BB, TR, ORI — MR 4 A s 40
HYR, B AR R AR B BAT RS
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EHES5.2.7. Wt <s, BAA SRY Hi (RALEHIH) & H(RY) 3| H(RY) 895 HF .

ERR. ¥ @ € S IATTFEIEW]: AMEEWL sup ||fullgs < 1 HIFA {f,} ¢ HS(RY), 1E4ET5

{fn} €73 f,, 7E H'(R?) omiltsl.
B4, Eberlein-Smulian5E FEARIE 1 751 {0 (BraE) 5B A f e H(RY), H
Wl < 1o BATRGHEZ FIUSRICAE {f,} 2 g0 = [ — fo BEFHEY sup |lpg,|lm < C.
IATLE |€] = R WEWIIRA R & 3Tt

Ge (&) dt

| erpmela-| @ el | @
Rd

I€I<R |éI=R
2 C n 2s
<| @l 19T
|€I<R (1+R?)
I tpg,) 16 HA(RY) th—S0h 5t MO € > 0, ABHLR TR —C o, < &
B
| erpmera-o
I§I<R
R

oT(E) = (27 J o(& — )g,() dn

Rd

= (Zﬂ)‘gj (0 (€ — 1) gun) dn = (277 (o ()20 — NV,
Rd —_—
eS(RA) XFFA~ EeRd

DS g, o 0, FflTAIE Eik B AL USR] 0. BRI ATHLAE RHEA
£ € R HEW] T 32 SRR 2g,.(¢) — .

BN RBAINT S — 50 Atk
Bi=. sup [9g,(£)] < co.

|€I<R
neN

USRI 5 RO, A B 4 AT S Bl 45 B BATTELE I B A T

im | el =] imer el a=o
I§I<R

n—co lE1<R n—oo
DETEI T =, AT

128,57 = @)~ (g, ()& — -))V); < 18allZ )7 @& = I
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Xt b E — gk SRy, 15

(1 — pPdy+ J (21 — )2 dn,

[9|>2R

f (18 — I dn < j

[9|<2R

J (2P —nPdn < C f () da,
|17|<2R

[n|<2R

MRS ik, JATULAIH ¢ € 8 & H E =R IR FLUEHE . HT ¢ € S(RY), #ff
EHE C >0 HE J
B¢ — )| <K C(E —n~No HAp N, = 7+ sl + 1.

WATIRAER 1€ —nl = |nl/2 GEE €] <R, |9l = 2R) MR KA Fik

- ody<c| @y <o

|n|=2R

f (16 — ) dn < Cy, f
[n[Z2R

[n|>2R

BERAINHil e, ©# 1.3.1 Elﬂi%@% WEP(U) R HAE T LLE LN LP(QU) PR
U = R R0, BAKERHE s > 5 (REERESs = §>, HY(RY) p iﬁzﬁﬁﬂ;&lﬁiﬁ

H™3(RAL) (AT
EIE 5.2.8 GEER). & s>1/2. & XLIRF WS y o F

S(RY) — S(R4-1)
fr—v(f) (e, x0) F= $(0, X5, -+, Xg)

Ry T SHIE R H HY(RY) - H2 (RO 4938 4.
fgdits, BMTE BRI E. s> 0, RATE XL

HS(RY) := {u € LA(RY) : (¢'yakaE  x,) e IARY), r+k<s, k20, ke z}.
1X B Fourier B2 MM & x' = (xq, -+, x4_1) & X

?’Eu’;\ 5.29 (BA%ER). ks> 1/2 B f € HY(RY), £+ RE ZEF=H {x; >0} W Trf €
H':(ORY) A3 Tr f] oty S Ol ety

HEW 5.2.9 WIIERHAER & 5y, A Lt “IESkRA” 435887 ) Gauss-Green s 2o
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EI 5.2.9 WIERR. AWk f € C*(RY), A5 HEWHEHTF T

AR, = f &V 0P g
oRd

H"2(0RY)

— _2Re J °° JR (€7 %)) (Y13, 7€ x)a ax,

-2 ) | rrogwyyarax,
0 JRa1

< 2||f||zs(Ri)-
HA A S =47 H T Fourier B (I EEARTE R [0 f(0)g(x) dx = [, f(£)E(E) dé. O

IR 5.2.8 BYUERA. FRATGIEM y MAAAEYE, EDSRATELERIAFAE R 2 C > 0 1617

vies, lyDI 1 <Cliflls.

H

AL, AT Fourier s 4t 8 5 E 51

FO.x) = @m) /2 f eiv6eit f(,, £ dE, df’

Rd

=@n T JW_I o€ (\/%_ﬂ J ) f(6.8) d§1> a¢’

A 1
R EfRf(el,f) .

#i Cauchy-Schwarz N353, FATH

Lo ([ ) o) ([ vorera),

HApE—AF R As > %U\ﬁ‘ﬁ%ﬁlﬁﬁﬁo Fril, 78R Bt dE' BN S, FRATHES H lyOIF
H 2
Cillf11Zs IXTERR T HEE — o U
PUERAEN “IR—AF T (EbR EERBFEFRATD FFEMN. &y € C2(R)H2E x(0) =
1. FAi1w X

(NE&)

/N

T e o) dE

Rd-1

Ru(x) :=(27)"
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X SEFR F 2 )((xl(f’))l?(f’) 1E R4 s Fourieri¥fi 28 #: . 7E RY " {EFouriers #1753

Ru(é) = VL_ J g N (§) dr =€) '2 (%) o(¢)

27 YR
2\s gl 2
IRVI, gy = f L+ &+ &Py ((ﬂ) 6(&")[> d&

=JU<1 <§1>2) o 2<<?>>

HT 7 es FAVFENER N, FEFH Cy 15 |20)] < Cyt™, T2753

gf )s - A( gl >|2 X < gf )S—ZN
1+ L) (&) L) gg < | (14 1de,.
J( &y avs f &y

XERATEA T (&) < 1. IR KE N 13 s — 2N < ==, RATEGE FRBU =S
PR, R ||Ro|)? WA ﬁélﬂznﬁ”ﬁﬂ

B HS(R?) i g

dsﬁ] (€1 1oEhHr) ag'.

HS(R4)
1RO < Clol sy
wJE, K& yRu = v REBOLH, EEE. O

EI0 5.2.2. iEAaH ST R 9 E TR — ). HAlH, EER5298FET, &% ge HY/2(9RY),
KA d (EH G, RXH —AG =0 (x €RY) B Glope = g) HRARFERFX: ||Gllgey <

Clligll -3 omd)’ iX 9] A8 it 4 #7Poisson AR 5 (%;lﬁlq’ﬁﬁlﬁﬁﬂ}»%TMxi&ﬂ'ﬁ—) RiEH, £ %
Xﬂ'ﬁﬁﬁs>0’%‘l§ﬁkio
SRR 5.2

SR 5.2.1. i HEEEpeRI Fes e R, R IRF X

A+1EP) A+ 1) <28 (1+ 1€ —9)".

522 Hoe CRY) HAE |x| - oo B p(x) > 0, H @ #HZ [(6)p(€)dé < oo. EMA:
Is| < aff, Bt M, (f) := of & H(RY) LOHRHET. I eRIMRER @ € 8, iEH: i
EsER, M, & HRY) LayHRHEF. (RF7: AI4E52.1)

SI80 5.2.3. iE W ExEEs € REA f € HS(RY), N f e Cc®(RY).
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SRR 5.2.4. % HY(RY) € Cy(RY), R Cy A TALT A MBI K94 K4, iEH s> d/2.
R7: A RBZIRIERNQASMS H < C, RiELN, HMM |af <k, d°6 € H.

SRR 5.2.5. % ¢ € CX(RY) REEAE, HiE&RY #8957 {a,} #H 2 |a,| - 0. TX ¢,(x) :=
p(x —a,). EH: HEEs € R, {p,JEH T —F AR, 1B3EAT ¢, ZFF7E H F A XA KT
7,

SJER 5.2.6. X 1< p<2 iEH: LP(RY) H L% AT HI(RY) F, H E = i_ 1T R

p
1&F2 15 - Sobolev#i Ao )

jo)&i 5.2

BIEE 5.2.1. #% meN*, L P@) = Y c,0° £ ¢, € R LAEMY % Eishta 7% ¢, #0. &
lal<m

e Ltk B P() 49 £ £ 4E (principal symbol) P,,

Pm(f) = Z cafa'

lac|=m

HAAR PO) A m MAEE G, RIGHEZE £ #0 %A P, (&) #0. 5Bi% PO) & m i H-F.

(1) iE#A: P(3) RAKEA 5 AL B4 C,R> 014331 |£] > R & |PE)| = C|&|™.
(2) # u € HY(RY) B P(0)u € HY(R?), iE#: u € H"(R).

Fid 5.2.3. I RMEEN M ERGE), FRLEE PO) FAMEFETE, £ M TR
B zo 12H42 PO = f MAREV & LH(Q) PATHG. ZRATHIEA2EERS, M
ol 5 H7 #E 89 Fourier X & . 1% 45 AR/ Malgrange-Ehrenpreis € ¥, % 1. Muscalu-Schlag [12,
10.4%1.

[Bl@E 5.2.2. W AAERIE 522 3 0<s < g FE2 T AF X NSl wey < Cllflls@aye A ik
TVAKFIE ¥ X —ZBH TFTECARRIALM., FEE, 27 peSHXELHL ¢ € CO(RY), &£ME
L p.(x) = €= @(x). FEH: ||l FAH €, 12 |||l 8O A OE).

[E]8% 5.2.3 (FFkBesovE il B,). K 6eS#HROeC®, 0<6<1HEE=0MiLA6=1. 3
fes Faog>0, &MEX

BJo(RY) 1= {”f”l?;‘fw t=sup A||0(A") * fl|p < oo

A>0
d
. . . . . L 5—=
T A IE(BI (RY), || - llg=s_(ray) ZBanach= ], IUABIX s < g, A H® E4%ANE B L, BA

PN
C

= ”f”HS’ Vf € HS’
;—S

TR
Boo,oo
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HF C AR d F= Spt 0.
B8R 5.2.4 (£ Besovil B HIANZNE). AR 5.2.2 42 5.2.3 948X F, HHXIX0<o<d. iL¥
HEZ >0, |lolps, < Ce.

RT: B Ae>1 L2 N, 4 Ac <10, FIH (—ied))de™/c = e/e F 4520 d Ko
BlER 5.2.5 (MAARAS I Im SR A). R0 <5 < g. Y BAPRIT d A0 %K C, %47

C -= =

* *

Il € ——=IFI % NAIIG,-
2

(2 —2)> Bl

£ % @1 & 1 Bahouri-Chemin-Danchin [2, Remark 1.44].

R AGRBIXFKBesovie KA 1, HARG I 524 HEAFD f = foua+ foar TA
{f1 >a} S{lfeul >a/28U{|fral > a/2}. #] ABesovit & a2 LT AA i, & HEMATIERFH —
MNESBNE R T, ReFI R 2R C1.8 1‘]’5‘4”]””%; , 7t p=2 A3 C.1.6 F 4 Chebyshev
B18R 5.2.6 (IN4HARTA FIF 25 MESIE). 2 s < g (% < g), . CR(RIN{OD) £ H'(RY (&
‘W®6)¢%%o%wg,MCﬂRNNMEW@%#%W@%%T%Q

{u € HY(RY) : 6%u(0) = 0 Vit & |a| < s — %éﬁ z@am}.

Br: Ku = (E)P0)Y. FEEL o € CP(RN{OD) A (u,,¢). =0, W Sptu, = {0} KB
BRAzED.2.7.
BIRR 5.2.7. AR FAFMPETFL, &MNiueD H LHEKM 2L Lu=20 E5H & LT
Zo K RY ¥Laplace T L, = —A Fe k7 L, =9, — A 89 X K&

%% Stein [15, %3.27].

Rk I R T ER YR AN E ] 1= 87 — A MFEASR . BRI R

(67 —AE, =6(t,x), t>0,x€e€RY

(5.2.1)
SptE, C{(t,x) € R*? : ¢ > 0}

[B)&R 5.2.8. #) A B+ = Fourier X # R 2t = 18] & £ x#9Fourier X 4%, KMAKY M T a9 4L KiE,
(1) T d=1n, ERALLMBH:
1
E (t,x) = EH(t - |x|),

HE ¥ H(.) A Heaviside M #6584 o

Q) Bd=308, CaEiphtthk®m 9N & do, 4% M Fourierk # % do,(§) = 4m““|<;'f“o




138 $ '  SOBOLEVZ[HIFIFOURIERZ H

TERA .
E+(t,X) = Eé(t — |x|)

(3) Hx=(x,%,x;) ER?, TX M@ EAX =(x,x,). Td =20, FE gLk A4, Fi
A G B ZARAR x, TR =GP M, 8T M4 ke

_ /
Ey(t,x') =f Es(t,x', x3)dx; = 1 H(E— X))

R 27\ =P

)RR 5.2.9. AAF E—MERKGENE T, CTHREGSAEHE, X E(,x) H d RN FTHE

A K. LorFourierE #89 Rk X Ey(1,8) = sinl(éllfl).

(1) GE B £ 7 - a
1
Ey,(t,x) = Z_MEEd(t’x)'

() iEW: % d >3 HHHE, SptE; C{(t,x) it = |x|} ¥ d H&Hm, SptE, = {(t,x) : t >
|x|}. FHABRIERF A 2B PR A TAETRHL “RE IR,

5.3 *SobolevZ[g]AYLittlewood-PaleyZliE|

VFZ AR 4 J8 77 R AT DL i K AR Y R ARAR . mh 30RT vy A3 1] B 9% 3% AR B A FH R 4
Bro BRAESRZR 73 M P, AT Z A A TH, %52 Fourier &4t . SR (X Fourier®?
B IEAREIX 7 A FEIRBLAT N, X EAT AL I S VI SEBR FARR B2, Bk —> R
LR AR B — N EE R (bR B B f), IX 2 FriB I Littlewood-Paley E
.

W Q&) N—NSEEARFNFRE C2 KA, SCTER{1E] < 2 W, HAERR {|&] < 13 BE5TL
X gt R BAARRIA AT E R, X RIATH 1,2 mA AR E 78 B oy 1282 — 5t
H(dyadic numbers). ILEFRATE X Littlewood-Paley 5 -

EX 531 kHotelrEl, NeZ fe8 KMEX P& = o) —p2f), B3 j € Z =X
@i (&) = p(&/27),9;(&) = P(€/27). k)5 #ANE L Littlewood-Paley ¥ % 4= T :

Pyf 1= @@FE). Porf 1= @n@F@). Ponf := (A - en@)f (@) .

BAJTEUL, Py B f JRABACEIIBL |E] ~ 2N Bi. BSUEHNITE E£0H 3 vy =1. H

Nez

WFAEWHE |IN-M| =220 N,Me Z, TATH Spty N Sptpy, = @. Fk{py} SEbr LA H T 40
AR {)— N AL 5
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5.3.1 BernsteinB!F~ZFER

WAETRA T4 Bernstein A ZER, B %5 H Littlewood-Paley 552 [ 3% A i

Rk 5.3.1 BernsteinAZER). A NeZ, s>0H1<p<g< oo NER $FH

IPsnflle < C(p, s, 27|V I* P flILe, (5.3.1)
IP<nIVIEflle < C(p, s, d)2Y||Pey £l (5.3.2)
IPx VI flle = C(p,s, d)ZiNSIIPNfIILp (5.3.3)

IPenSfllze < C(p,q,d)2 G ||P<Nf||LP (5.3.4)

1Py fllze < C(p, g, d)2™ "% s ||PNf Il (5.3.5)

IERR. X EEALE LA E G Young A5 GERE C.3.6) HIE#EHER, FELLIRATAIEN] (3) M
5.

X (3), BATH Pyf = Py(Pyf), e Py 1= Py, + Py + -+ + Pyyp. GEE oy, + -+ +
Yo = 176 Spripy LT, ) FTLABRATALE Py(|VIEf) = Py(IVI=Pyf) = @n(©)IEFPf &)Y =
WnEIEP)Y * f. #EHE Young AT 15

1PN 1= Plze < IGNOIEE I 1Py f
BRI 51
CNGIHbECORe J PN EIE dg==LC2N j e 2 ()2 9] dn = C2VP(2Vx),
TR
IGN@IE i < C2Y PN = C2%Pl < €2,

FFEREIE R T V|5 f.
Xt (5), FATH XM A Pyf = Py(Pyf) 153

1
IPN Sl = 1@y + -+ + Pni2)” # Pafllze < CllPll P Slle, 14— =
q

S| =
<=

WRIEMA

51 = 1@C/2Y) N = 29BN = 2% 2|,



140 $ '  SOBOLEVZ[HIFIFOURIERZ H

Hh1-1=

1
r p

— 1, WE
q

Nd(2-1)
IPNflle < C(p,q,d)2 > <||PyfllLo-

[]

FAIEA LP 7718 ] Littlewood-Paley ZI| I . 45 BN 73 i () Ry BB AT BR 1, FRATTAT LA HAn H &5
w7 —A “JLTIER M (almost orthogonality)” FIZIE], & A5 b & — AN AL T/2) e e B 1)
510 . SR HAE I HOM T Hormander-Mikhlin3fe 7€ B, X2 A Hr h i 4iie, Br AIRATE I
EI 5.3.2 (Littlewood-Paley - H R EEHE). HEZ 1< p< oo, HEFH C=C(p,d) > 014

vies, CH Sl <ISUle < ClIf e

H ¥ S(f) £ f 4 Littlewood-Paley-F 7 K £, =X A

S(f) := (Z |PNf|2> = |Pxflex2)-

5.3.2 SobolevZ[g]AILittlewood-PaleyZlE|

A T Littlewood-Paley#% 52, ATHL AT LA ST ARBEE [ S RAE R LL L S (A B — R Al 11
BTAVBAE 240 )5 2E X SobolevZs [6] WHP(R®) Fil WP(RY).
ENX 532 6% seERA1<p<oo, HAVEXIEFKSobolevs id] WHP(RY) A

WHPRY) 1= {f € SRY) : || fllwsrway := KV fllromay < 0]
L FF Kk Sobolev s ] WSP(RY)
WHP(RY) :={f € 8 /PR : ||Ifllre@ey := IIVESlro@ay < o}

PiBernstein N E (A7 5.3.1(3)), FA 1A Sobolevin i [ Littlewood-Paley %! i

1

1 lwsemay = [IP<1f llLoway + (Z 22NS|PNf|2) : (5.3.6)
N=1

LP(R4)

H—AER 2 WHP(RY) [HiSobolevik NEH, BIAF RN p = 2 X — k50T .
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1 6s

EIE 5.3.3 (FEuf /5 Gagliardo-Nirenberg-Sobolev A 5ER). 1< p<g< cofes > 0L l= M
q p
EF 0<O0<1. MAEFHK C=C,p,q,5) >0 EFFEE f e WP(RY) A4 F A% XL

—0
1 ety < CUFIE IS 15y ey

JERR. AR HLittlewood-Paley 7 i f = Z Pyf. HiBernstein hEAXM =M AENX, TATH

N(E-9) s
1£lls <2 NIPNSlle < €, p, @) D327 7 1Py flle = D 2V Py S lzo-
N N

N

S5, Hadni 5.3.1(3) #1 Py (A S, RATA
IPxfllee < C(d, PISflles [P Sflle < C(d, p, )27V |IPy IV fllze < C(d, p, )27V I
R AN AT B TE, BATTRITEAAAEBEE K 673 T 3 UkaL

1flle CW, p,s) D 2¥%||fllpo + D) 2% - 27N |V £l o

N<K N>K

oKes HE+1E-D)s
C(d p,S) ||f||LP — - Os ||f||WSP 2(9 —1s

DIERAN BT B G &R K SRR e b LA AR LIRSS, AT DA H

2—Ks — I/l ' 1 — 26-Ds
fllwse 20-8)s —1°

AR IR R ASFER LI % KT, A SR AL

0
||fllwsp

,[1—200s\ " 1-6
LpP

BERS B S € BT 98 J& Hardy-Littlewood-Sobolev A &5 X HE L

EH 5.3.4 (3 5 Gagliardo-Nirenberg-Sobolev A 25 3). % 1< p<g<oco Ao s>0 L - =
N &EAEFHC=CU,p,q,5) >0 3 TEE f e WSP(RY), 1£iF4 T RHF w2

)
SRR
Ulw

1 lzaey < Cllf Mlrsp(ay-
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Hald, % 1>l 2w KA IEF K Sobolevs 1] 49 N B
q

Q|lw

1
p
1 laway < Cllf llwseray-

FATH TR PR 5.2.3 (1) HI2RPLLE B
EIE5.3.5. X1<p<co,s>0i#HLsp>d. N

1f lzsey < C(P, 8, DI llwse(way

5.3.3 JEEEH M Leibniz AN FnéE = EN]

TERNARTRIRRE, BFATRIUEHIEEEE G T2 ) Leibnizik WIANRE LN, DARE S URFE I St %
¥ Sobolev bR B L IE FAE N o BF 5T IR $eia BRI 2 b 21, [RJ9AR 22491 55 1) i) b 2
KGR SobolevAiti it
5 5.3.1 (3 E M LeibniziE ). & f,g h RY L&gRdk, T D* AENMK a>0 HEGRSHET
RIS HF. BN L, KMseid

o (B-1K/I-BAMEAER) kR f WMERFSHT g (Blde f = PyF, g = Py3G), R# g

CRAHEE” (BlhertERu, f=Vu,g=u), ML fgFBEAL fHaLGME, LRNHASF

D(fg) ~ (D“f)g A& Py(fg) =~ (Pnf)g.

o (B-m/IKMEANEAER) R f Ao g AR AL ME (Bt TERL F,G A f = PyF, g =

PyG), N4 fg iz BA L fARRARIZEL G MNFE, BRI DY(fg) S (D*f)g ~ f(D*g)

o (ZHWLeibnizik ) 5t f Fo g XA FIIIMEMIL, KNS
D*(fg) ~ f(D*g) +(D%f) g

51 5.3.2 AEEBEM AN, Zu A R Lo s, F:R-> R A “ELRF” 6955 (F)
do Fu) = [u|P™'u )o MAMEZTEH ENH a >0 895 H-TF D, RAVA JEEH Va9 5: Xk N

D*(F(u)) ~ F'(u)D*u
A% Littlewood-Paley %! &
P n(F(w) = F(P.yu), Py(Fw) = F'(Pyu)Pyu.

HATHE R DRk (kKVEHD M55, BRI bk 2 i L st g e 41k
B (RIZRSAERT f,g,u ) < k—1 B8 m0 . HL b, EIRPA R 5 — i J5 0 i1 S 4
51 5.3.3 (BB Iy 32 (0 SR ).
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o LABFHIT, TFIEFERMA FRELFLAHHK LT,
o WwREN[RWAFEAF, TFRABRIA FHRELERAALE (RRSME) AR5 £
L&y,

XPIX L T D)7 1R 56 4 i AL B TR S B 04 1A (paradifferential calculus), iX CU48HE H
TARYE R HIRTEE . FRATIMAEUEY D = 0 X — & 415 00 N I AE BB LeibniziE W], S 4518
A EMoserBI A FER .

T 5.3.6 MoserIANZETR). & s> 0, WAEZEW f,g € H(RY)NL®(RY), #HRZRE X

1/ &llrsray < CCS, DI ey lIg ey + 1 e 1]l

AN, s> d)2, FsbREY R 52.302).

b FEIX B 22 2R ME AN TH B SR A T v 2 A Fl Lictlewood-Paley /i S6 I\ T ZAZ 2 F I (H
TARREISEA BEAERD, R )5 A BernsteinflHolder NG Ad tHEANEI & 0 &, &R, —
R UL FRATT 1% 22 7E R AT BB B F Bernstein N353,  [RUNIX S H T e ROl v 1 78 e it
BT, 752 H Cauchy-Schwarz A5 2k 58 R A

JERR. 1&s > 0. #5SobolevyBEL - 7 BR £z (vt 5.3.1), FATH

1/2
I/ &llms S Cls, DIIP(fl12 + (2 22 IIPN(fg)H;) :

N>1

AT G — T, By — I LS A P, 89 L2 A FPEANI Cauchy-Schwarz A 55 30 H #:4%
o BAIXS f AR ARSI

IPN(f @Iz < C||PN((Pan=3 /)12 + Z IPn((Prr S8l 12

M>N-3

X —I1, FRAIMFourier X4 (B # Littlewood-Paley 52 7€ X ) w3, {E1X i B [ 38471
EIU\H% PN_3<.<N+3g %E;lq:g% g: ﬁEHﬂHolderx%ﬁ@f

IPN((Pcn=3/)&I12 € Cl|(Pan—3S)PN-3<.<n+3&ll2 < C||fllreIPn—3<.<n+38ll12-

RIS _E a7 R )R TR C(s, )| e 1€ e
XTI BATEBIER N

2, PPN <C D5 1IPugll < Cliglle 23 27 1Py Iz

M>N-3 M>N-3 M>N-3
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It LA o Cauchy-Schwarz AN 55 2t 15 2

28 N |[P(Pu /RN < Cligle D) 2205 py, f2,.

M>N-3 M>N-3
B Ja Xt N ORAT OFRMESE s > 00, AT LI S otik2 CGs, d)(|f llmsllgllze ), UEE

O
JEIE 5.3.1. 4w b 2GE A2 B B 69 5 AR 77 ik R IR ERLRPI5.3.1 2 @ ATk 69 B4, k-3, &
Fnft, €I LA RF AT F L 49 Bonyts #245 # (Bony’s paraproduct decomposition), iX
T AR JE B R Leibniz HF N2 F 9 T L, AR KAFGRSBG T XINERT, £FAR
% 7T A% Bahouri-Chemin-Danchin [2, $2F].
ENX 5.3.3 Bony il fif). F RARSg, 4o F Hi#k 77 XARARNEAT AR5 B

fg = ng + Tgf + R(f’ g)’ (537)

Kb

T,g .= Z P )Png), Tof = Z (Pon—sf)PnS), R(f,8) 1= Z Z (Pnf)(Pr8)-

NezZ Nez Nez MeZ
IM—N|<3

T (), Tg(-)#ﬁiﬁﬁ:’flﬁ’fff%’&h\ﬁ-% (paradifferential operator). T L, ||T;gllys (fAKIR, g@3R) 49 A7
TARBP A || fllzollglzss T NT o f s (IR, f @ 3R) &9 AR 5T 4KBP A ||g]| oo || f | 1> 2532 R(Sf, 8) 97X
BRAL T AR A A ERZ Az 4T,

IR 5.3.7 (Schauder B4l 11 /fi &Pt 4L (paralinearization)). X V &4 % £RE &M ZNH], s > 0,
B f € HRY > V)NL®R? - V). Rk AKT s 4R DER, #RFeC (V->V)HA
F(0)=0. M F(f) e H}(RY - V) #upk =, HA 4= T H X e97

IE sy < € (F, |1 llogays Vo5, @) | f 1l srey-

WERR. UEBI A T RS e ARG, REA T AME. g, RATH Taylor /&
TR F(F) Hrorh— Mg R iRz CRHBSAG T A—E 3o R S8UE B,
S8 J5 fd % W Holder, Bernstein, 1 Cauchy-Schwarz%% 1 H KAk v H BT

A = |fls. BT F eCf, F0) =0, #HBIEAERRFE |F(f) < CF,AV)IfI.
XELUE Ts = 0f1E M. #iBernsteinNEE (Ay /@ 5.3.1), AT EEH

1/2
(Z 22NS||PNF(f)||§2) <SCE AV, )|l Vs> o.

N>1

RATEGTE PyF(f) T F() 10 “HUBE” 557, 5 Nos, IEHEIRA [ = Pogf + Poyf.
PERE, BiLittlewood-Paley BB E XU, fRIP o fHOHEC(V, d, AV, HULE F e Ck_, LY
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7R C(V,d, A) BBk F2&Lipschitzlf], #AF(f) = F(Pyf) + C(V,d, A, F)(|Psy f1). X5 3 H

IPNE(Ol2 < C(F, AV, d)|[PNF(P oy lle, + P8 S -

NTESE—D, H=AA%E A Cauchy-Schwarz YL 42 2|

223 |Py fI12, < C(s) D) 2N'52N||Py 12,
N'>N

X N SRAIEH HS {55 Littlewood-Paley %!l i (5.3.6) 7 15 b 1 7] LA ||f||i,s ezt IS = 2 e a1 e |

1/2
(Z 22NS||PNF(P<Nf)||1242) S CWE,A V) grs-

N>1

fiBernstein N3, FAFE] [|[PNFP oyl S C(d, 27N VEF(P oy Ol KAV EEATEN,  IF
EEEF WP SEHR RA A0, AR A2 S A T

|VkF(P<Nf)| SC(F’A,Vach) Sup |Vk1(P<Nf)| |Vkr(P<Nf)|

ky+---+k.=k
Hrebr =1, k, FERREK,, -, kI Lk, + - + k, = k. M TH Littlewood-Paley 7 fi# it — D 7

|VkF (P<Nf)| < C(F9A’ V!d’k) sup Z ’Vkl(Ple)| .Vkr(PNrf)

k1+--'+kr=k1 1<N,, -, N, <N

b

XERATKHB IS (BIHESF K Littlewood-Paley 73 i) : 24 N > 1 Bfid Py := Py, 1M P, :=
P FATATLA N, < N, --- < N,, Hrp BT ky, -k, PTRABURETG 2 ky + -+ + k, = k IAEHEE
. WAFEPEBernstein N, WATH

V4 Py )|, < Cd 2 | < C(d, K, A2Y, 1<i<r—1.

KA |[V5 By, f)

2 SCd, k)2V% || Py £l RIETATA

||ka(P<Nf) <C(F,A,V,d, k) sup > 2Niki .. Nk

ky+-- 4k =k 1<N, < <N, <N

Py f

L2 2’

XNy KA, SRJERE N KA Ja 0 N,y KA, L N’ := N, FAFE

< C(F’Aa V’ d1 k) Z 2N,k ||PN’f||LZ .

1<KN’<N

|[VEFP oy f)

12
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H Cauchy-Schwarz 55, FA145 H

2 I~ ~ 2
||PNF(P<Nf)||L2 SC(FaA’V5d’k) Z 2Nk2 Nk”PN’f”Lz'
1SN'<N

XF N RA, 4 HS i Littlewood-Paley Z i (5.3.6)%1, BLIHA LL#E || |7, #EHl, EEE. O

&R 5.3

SRR 5.3.1. ke A 5.3.1 694E8R
SEn 5.3.2. e 232 5.3.4. (37: M Hardy-Littlewood-Sobolev /% K., )
3@ 5.3.3. e 5.3.5. (R7: HMBernstein®~ ¥ XA= s >d/p.)

SJRk 5.3.4 (Gagliardo-Nirenbergffiff A5 0). &1 < 0,0< j<m. WAELEEHO e [i’ 1)
FEARpih & e
j m 1 J 1 m 1-—
16/ lle < CH"FISIAGS, 5 =5 = e(; -2+ =

o) 5.3

iB]8% 5.3.1 (Littlewood-Paley 5 I HCEBEZ ). 3% A & F & H R EGILR AR 5RO H R,
HiX feSHESptf CAA. iEH: BAEFHK c,C>0EFTEEISp<o RALA>0H

_ 2
e flle < Ce™ %I fIL-

[B) R 5.3.2 (FEBEZIE [P Bernstein T A ZET). X uy, € S A A 5.3.1 F f 49k & EF A4
TG AL Fu
ou—vAu =0, ul,_, = u;

VAR e T T AZEY R 0
J,v —vAv = f(t,x), U|,—o =0.

HPaEE >0, f(t,-) #HARIA 5.3.1 P f 898K L

—1+

o 29G-D)
lullpary < € Car) % mwm,WMw\CWﬁ) NSl

HHEMI<a<bhb<oo, 1<p<gs o0 ML

JEI8 5.3.2. Littlewood-Paley 4% % 69 #4 ¥ 2£ %] @ 7T At — F 3 )~ 2| L7k € X Fourier & #6974 A

€ RAREA KT A & Fourier X 347 F, 12 £ ) %5 it Bernstein ! N5 XX A 09 90 £ 5y < [WCQ'J 8,
BT RAREIAT R TARG N ) FITARLA TR,
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FERE Schrodinger /512

JE LM Schrodinger 7 FE(NLS) B I R, Hobi=+—1 REHAN, u: RxRY > C &
AREN R L
id,u + Au = F(u,du, ---).
e, 228 Schrodinger 2 (F = F(u)) FflZetESchrodinger /772 (F = F(u, du)) M FLIEALLTT
T2 (A2 Laplacian 87 5 267 4T ) Laplacian ) 7EVF 2 ) PR ih 32 B . AR5 fE A
A 2 AR M TR 2 4 1 Schrodinger 77 15

i0u+Au=+ulP'uin R, X RY, u==+1, u(0,x)=u,(x), x € R (6.0.1)

#ltn=d =1, p = 30, XANTEATHTZIEDCLAEER; 2 d=p=3K, XN TZHE
Bose-Einstein #t5 . MRTERZH| T, Au FA#E e pam AL A TE N (A + V(x))u.
Hu =11, FATFKNLS AL (defocusing); = u = =11}, FATFKNLS N R LK (focusing) -
FLRPENLS i0,u + Au = +|u|P~ u i & DL RSP
°(EE?EHH@W@MPM=Q

L =L o pmy d
-(%EwmhﬂwameWiijMumwmx:a

o EHEAF) SIm fo, u(t, )Vat, x) dx = 0.
ey E, JATTI IR

e Y p—1= 3 i, FATFENLS N FREIGF (mass-critical) [, X2 H THMER L2(RY) Y550
& IR AR

e ¥p-1= é (d > 3) i, FRATFEINLS K gEEIRFE (energy-critical) [, K NEEE E(t) H3E
LA T ) R U A& Sobolevitk N F I TR 5 o

A% T R R BATTREAE B ot 1 SEINLS ¥ /N B AR S PRSI NS e fi 51 (1 4] 1 22

i6,u+ Au = +luliuin R, x R, u(0,x) = uy(x), x € R, (6.0.2)
EHEEMZ BT, AT W LM Schrodinger 7 R ) ZE P AL TH AT 2545 1HE B A .

147
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6.1 ZMFIZ: TR{EITFIStrichartzfd it

Wu:[0,00) xR — C HEMEKE, FA1HELENESchrodinger /772
idu+Au=0in R, xR, u(0,x) = uy(x), x € R% (6.1.1)

I Fourier 4, 1R 5 RKiE1% 72

uew) =y, e =Y = —— | T oy 612
(dint) Jre
et T DL (S AAR I o O, S
1 k2
d(t,x) := —e 4, (6.1.3)
(4irt):

A AESchrodinger J7 12 B 41N ANAR

o (fH4EAALM:, scaling invariance) WIR u &2 (6.1.1) FIfif, NWIXHMER A > 0, lgu(/lzt,/lx) 2
(6.1.1) BIfE, HAMEN 2z2uy(Ax).

o (finF)mE A5 e N A A Galilean invariance) W u & (6.1.1) W, NIXHTE £, € R4,
e ol ei® Sy (r, x — 26 ) WA (6.1.1) IR, HAUEN e*Souy(x).

Xt AEFF R Schrodinger 77 72
idu+Au=FinR, XxR% u(0,x)=u,(x), x € R4, (6.1.4)

HH Duhamel Ji 3 7] DL B $2 5 H g 1RG5 20
u(t,x) = eu, — if elt—DAF(T) dr. (6.1.5)
0

T IEMINLSIITEAENE, A7 S MISchrodinger T ¢ FOZERAGTE (5T 1 B READ FIN
% (LPLLAD ik, JE# SBFRAE Strichartz fiiit .

AT Je e B A T
R 6.1.1 (e WIZERAL ). 1< p<2H feSRY, N

(

. dGG-+)
le“ f |l ey < Ct 2 27|| fllLora-
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HUEBA. & Tf = e f. HPlancherelfEZE XA | Tf2 = ||f |20 228)5 FHE I Young AN 55 A5 2]

d
ITflle = P * fllze < (Pllzellflle < CE2 Sl

$ERiesz-Thorin N fi @ # CEEL C.3.5), AVFIET 2 LP - LI WA RLMHE T, H1<p<2
FER/ I a

=D

1-6 1
3 g
I AF4 T RATHE IS, ket 0 = 2 - 1. 0

p

6 1-6
=—+—.
[6e)

dé
ITfllza < C'E 2 [ f]l1es 5

+

S

ORI HAEF U 1 2 il ik B2 FRATUE ChristKiselev| 2, HEH [ .- dr
BRI A o AT URSE N [ - dr BURIE Ao, 2E i S IR IE T B S5
3138 6.1.2 (*Christ-Kiselev 5| [4]). X X,Y & Banach &, K(t,s) : ¥ - X 2 H F&BEHT,
AXTe,siE%, X —0<a<b<goo, HFEXHFTABEMETWiT:

b t
Nﬂ@=JKm@ﬂ®m, wwmo=me®ﬂwm

T #H 2
T (|zacamyz < C Nz qapyy»

Mt 1<r<q< oo, With A8 R £ A 64 1%+t
W (acapyrx) € Corllfllerapyyy-

SERR. RATTED q < oo BTG e ARUT8E (| Flloqanp = L Bl £ REIELEI, 3 L2 SUBF I 3K

Fw:=fuﬂmwm

BT F : (a,b) = (0,1) B K, SMERIXE I = (c,d) C (0,1), HEBZF1UI) =F(c), F'(d))
WX, HHL:
FH(d)
1@y SO () = f If @I} ds = F(F7'(d)) = F(F~'(c)) =d —c = |1,
F=1(c)

WAEHELE (0,1) EFTE i FIXIAIMES {((k—1)27,k27) 1 1<k <2/,j=1,2,3,..}. 384l
FEIXEE HEX A EE LR R R~ 35 I = [T) BT 5 T AHIAE, (HEATH “AQX 8”7 AR,
WHERN T ~J. NS EANEER T, ELAE 3 AXE LT ~J.

& W EKRIEHTE (0,1) x (0,1) ] Whitney 73-f# (EPREAN T 1577 T IR /N5 R0 # 2k 1) B



150 $NE  SCHRODINGER T2

BIIELD) 1o WIS m(W) Al my(W)  (OralAEx Ay i #52 ) nTRUE X LF-Ab ik
(x,y) € (0,1) x (0,1) REEW Ex <y, MSFEME RN FXEXNSIox MIoy el ~J.
e x =F(s),y = F(t), WA LA AL oL

)({(s,t)e(a,b)x(a,b):s<t}(s, )= X{(x,y)e(O,l)x(O,l):x<y}(x7y) = Z x1i(x; () = Z XF—l(z)(S))(F—l(J)(t)-
I~J I~J

i BEBA AT LK T 5 S 4

b

W(f) = J XK ds = 3 oy OT )

I~J

HFXNAEMITIRAEERNIHET ~T, BXEEARE |J| =27, AR T BALZH, &
(NEER

1/q
Z )(F—l(J)(t)T(XF—l(I)f) < Z C[ Z ”T(XF1(I)f)||[[1,q((a’b);x))

W () loano < 2,
J

i=1 |||I|=24 [~J L) =L =27
. 1/q - 1/q -
< Z C Z ”XF—l(I)f”gr((a,b);y) = Z C |I|q/r = Z C2—j(1/r—1/q) <C
j=1  \1=2- j=1  \1=2- j=1
%E*iﬂ%?ﬁﬁ%ﬁﬁﬁ(ﬁﬁq>r:%—§>m,ﬂ$o O

PR ORIRAN T ZRHERS (p, @) M1 (P, @) A @RI EK, 13 T koL

J el=A f(T)dr
R

< 3
= C”f”Lf,Lz/

Lrrl

BT p,g>1, BATHMS I MinkowskiA 25245 3

< j e F(D) |0 d
R

J elt-A f(r)dr
R

pra p
L[ Lx L[

1h5e RY P4 Q, FFAEBII TR RIS & = {Qi}, THRLA T =AM

o SR PrA T REIFRIS I EaZITSE, B Q= U, Q.
o ARPIANANTE L5 O A #R BN AL w%j¢kﬁ,onok 0.
o K/NSEEESHILLE]: BIEIERAL cycy >0 (B %WQ—IQ—M (e

¢ dist(Qy, Q°) < diam(Qy) < ¢dist(Qy, Q°)

IR R BREE T S AL Ty DS BT S I SR ST T AR
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PERERAL T, RATE

<C

JHﬂHMﬂﬂMyk
R

—d-b
f 16— o f @l dr
R

p p
L[ L[

WA R BIAE R BFIER, #% Hardy-Littlewood-Sobolev A5, FRA 1A HE R 2 F I 5t

_d(l 1
H|- T Ol

< .
=X C”f”Lf,Lg’

Forp (T BR SR AR N 1% 2

1
0<y:=d5—é)<L 1+

XA AERATE TR “REVEX”
EX 6.1.1 (Admissible pair). &A1 (p,q) FNLS# X 42t (admissible pair for NLS) &£ 45 € i# &

2 1 1
L
p 2 q

FHd=18, X4 p<oo; d=20, £R2<p<oo; d=30, £K2<p< oo WIE

p>2, W (p,q) A E3% 5FH 3 (non-endpoint admissble pair); & p =2, WAk (2,9) & 3%
B H* (endpoint admissble pair).

BAEFRATT AT BLUE B Schrodinger - eA [#]Strichartzfdit.
Rl 6.1.3 (NLSHStrichartzftii1). % (p,q), (P, §) ANLS#I & #H5t,t > 0,f € 8, WA LT 4&1t

€™ fllzreg < ClIS llze- (6.1.6)
t
J e f(@)dr| < C|fll,p e (6.1.7)
0 L)Zc o
t
J elt=08 £(7) dr < Cllf”L{"LZ" (6.1.8)
0 Ll

Fig 6.1.1. 4o XA StrichartzfE+, REe=. 2T EWE, KNMAREEIHEH S AP
AN, RAMNFEHA RGN 2R FRR, 28 M A48 e AR TLEAETT, LRl &
ARE ERIRANFE 4 “H5K” . Strichartz TEHMEH NI ZTRHK K EZENNT, CHEEWLELRE
B, do R BHHARTE RS K, HLHRERI “TH7,

AT AR AR S AT A . i AE IS S % E 48

e Markus Keel, Terence Tao: Endpoint Strichartz Estimates. American Journal of Mathematics,
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120(5), 955-980, 1998.

FEim R FOLHE R 2 7 FTE I TT-J7 ik Al T RS as, mRg bt TT* KA1,
M JAB X NLSIE T ER Y, K2RARMOLRE 1 M ik

j ei(t—r)Af(T) dr
R

< Cllf Il (6.1.9)

Lfrl

HERA. H Christ-Kiselevs| 22, HFFIEH RxRY _EPflith. FATE JEIEM (6.1.7), BT L? ZHilbert =
|, JATE
2

= (J e ™A f(r)dr, J e A (D) dt)
Lfc R R

=f f (e f(x), e f (1)), drde = J (f(f), f e“f—f)Af(t)dt) dr
RIR * R R

L2

‘X

f e A f(r)dr
R

Lz

< .
A ||f||Ltp,L3l Li,

J ei(‘[—t)Af(t) dt
R

<ClIfI?,
LfL] L

RIG, (6.1.6) ATLUER) (6.1.7) 1 LP Ju MBI R (C.1.1) SRiE# .

e fllpig = s |[ [ epamplmaxar
R J R

llell pr g <1
74

= sup J (e"2f, @), dt| = sup (f,J e“Aqodt>
||¢||L[p,L)qr, <1 R * ||¢||L[p’Lqu’ <1 R Ler
< swp lfll| | empar| <cif
”qalle’Lq’ <1 R L2
t

X

HAp BAVEEECEE A AFEXFHE T (6.1.7).
Xt (6.1.8), FATEHXAIXHERZR1T 2

J ei(t—f)Af(T) dr = sup ‘[ J (ei(t—f)Af(T), §0(t, _))L2 dtdr

R Pl lell p o <TIIR IR *

= sup (J e A f(1)dr, J e ithp(t, ) dt) < sup J e™A f(r)dr J eBo(t) dt
lell pr o <L\ R R 2 lell pr o <L R 2 VR 12

< su b g <C 5 oq .
b ||¢||Lp,§,<1 L A
t tx

2 S B AIE W Serichartz i1, 252 EAT HLR A Christ-Kiselev 5| FEE &7 LK 5k, 2L [5, 513 1.10] tF i1 Gril-
lakis 1 Machedon #5 Hi FTHE A
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SIR% 6.1
SR 6.1.1. SEY: FHEE f € LRY, lim [ e f (%) dx = 0.

SRR 6.1.2. i%d =3, FEERAZFT(p,q) = (4,3). EFw)(t,x) = |ulu(t,x), EF =T i F4
#) Strichartz /& #t

J DA (u)(z, ) dr
R

<l ..
~ ” ”Lle‘S

x

L¥HL

INRER: FARHER?

PATTREAE T — 9 UE B BT 21 FENLS /NI B A4 0d € 1 5 BUR, (AR I 2 AT 3RAT 100 250 B 1 £
LR, W AAFER BT OEBOTELE (16, 3.295] S2br b, A HAFE K7 e X
“PER7, HENI “9R55” AR, LLTE Sobolev ZS[A] HL(RY) MM, % “SfE” g HE
e ZHfE (classical solution) & EM) H fi# (wellposed HS solution). 5 HS fif# (strong HS
solution). 59 HS fit (weak HS solution) 13 Afifi# (distributional solution). FAITKE I EL4 FHiE w2 fif
SN

PLAFE(6.0.1) 941, W RIRATEE m B Sobolev 2% 0] BLH SRR IX AN T FE, WA nl ik b o X}
Ju P~ u IXAE AR A BUR R Z B 40, T2 p BUNSX AT a5 A LE (BrdEp& IEw %0,
DRI BRATT— M 248 NLS #4043 77 R 3K A

t
u(t,x) = ey, — i,uJ A (u(r) P u(r)) dr. (6.1.10)
t

0

XS, u B NREAAETIHEA LPL Ry, XU FEMEERaL, LB JATRR
XA RN TTFER 5> T % (distributional solutions), B[ X 25 % iR 18] X [RIT AT 2 )l e 2 ¢ €
Ce(I x RY) pf o7 Tk

f f (—iu(t,x)0,¢(t,x) + u(t,x)A¢(t, x)) dx dt = ,uf j |u(t, x)|P~tu(t, x)p(t, x) dx dt.
I JRd I1JRd
M ou BBHE, XEMRSERME 8 B1E u HEEMB R T e A DUROL.
WATEE B RYME u, € HS(RY) IXFEH Sobolev 451 . 4 Fourier A8 #e (LT &1 u, € H'(R9)
AT ehuy € COHL(R x RY) N LEHL(R X RY). SZBbJE K, FRATHE 34 ff 40 N 2K
o (6.L1O)fEM[MIX AL ERISEAE, RfHET C)\ Ha( X RY) I Aififs
o (6.LIO){EM[AIXIAII ERISSHE, AEfR)ET Ly Hy(I X RY) H 50 Aifii .

Sltn, FAERF (6.0 )RR HER CXEERAHINRT, RASHES), BB & 8 S 87E M7 1
TE MR BRI A USRI, — AN SRR Bl ) 22 AL [16, >1/3.55].
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Fig6.1.2. iFiEE, X2 “5” SR ZFB R “BMR” A I—HF, BHE[16,3.27]
ﬁ’J&XZ—FéJ% “HMIET . TARE—ARARGEE: AFAXERIIN “BHM”? SHk
, “BRHSHR” R BAMVEBMENA RIF A AMFE— IR RTZOME: X THHM, &K
41] HRRPECAAENEMEAE—H, EXLFELT, ATiRARM (6.1.10) A F RiEAMA
MR AAR AR, 2B E R s AR T ARz GFrLLEZIFEERADL AT, Hldes>d/2
H pREFH). —ARBMMA Tk (42 Duhamel RIZ) M T = A£5%M; MmIFEMTH (Gl
KA %, Galerkini@ #£5%) £/ R4~ £ 355/ : 4% Banach-Alaoglu &ﬂl HAVA LI S & LOH;,
PRSI RIR, CALABX AT =T “OHM mEREARSEE (Pl fhit), 12d
THBRAFRAEE AN ESHRELENE, CHRLE “3% H @R é@’ﬁ/fh

XTToEfR, u(t) Febuy KT ¢ RIESARWE, KIh6.1.10)%0 21k ¢ € TEA B XL (AR

PN LA AL ¢, BORAE AT X T o R, SRARLE L IS S R W6 251 u(0) = u,. Ik
A, SRS RME LR IR 1A] P82 B ] S T a2 A g 1, IF BT DK B 3 S A X R AN s g P
BAE—. HREME O RS am g, AMRERPEREST, A A (6.1.10) ZUERI@RIPERT (4
SPAEAEME— ) WA RAR . AL IRATEAT ZERAEI uy —— w I — SN, — R
ARG HEPTIE [1)3E& E fi# (well-posed solution) .
EX 6.1.2 GEEM). R EEN ub € H'(RY), AARNET >0, UALE u 89 H(RY)-FF %
B, YR C’HY([-T,T]x RY) &—AF % X, 1433 B FoEE— A uy, X TAALE—GI5RH7
u it AR ﬁﬁ%lm)ﬂﬂuweumMB(%%HW%ﬂ)ﬁX(M%Cmﬂ[Tﬂxﬁ)
BA1) R LEMAY, AP 4 KAFAR (6.0.1) £ HL(RY) 2 FHiE 2 49 (locally wellposed) , ik A
3R u A6.0.)EMEN u, FE HS & 7.

do R EMRI X = CPHL([-T, TI X R?), HAVARIZE € M AL 5449 (unconditional); 4= &
T AR BAEE K8 T, HRAVARE 2 M & R4 (global).

it 6.1.3. X Baf “HARKE RN ERKLEKIT T = +oohl, BH KNI —HAERER
P (uniform global well-posedness), LB u(t,x) 89 HS e H t - oo WHRZFA T, mAIEKE
F e —MR, MBRETERF DMAGEARR TREL —RERE LR (Bl T —
L3 09 B = 16 R NLSHY /) A BEAR R A ) o

12 6.1.4. EXMELZRMEASEFEN . WwRWARBRE, NAECHBTHALZHRG; X
T o — iﬁmd&im&%% EitdfEF R %%Wﬁﬁh,&MTMmiﬁWﬁﬁkk,

A AR B A IR RARMME TR T A T A BB AE COHY XL THEMIR, FERETHAR
W &9 (canonical), BP'CH TRBUAF MGG N F 7] 69H B, b, @ RE SRR, £ 2M
BALHRZHRMBGNRLFTRBERBF X, ZEFALT, K T%tmﬁuﬁh\ﬁ%ﬁ#& b I
ENA; LB AERRAT AR MR TG AT, KMNE AR —RAZZHE R RIERANL, EFT
A2 04 UL OAFF A 9% AX A B 89 AR AR AT 318 1

A ANBRSE SE B A — B AR E 52 B T 52 i0,u + Au + V(x)u = 0 31 _E1EHL, 2 W Jean Bourgain. Growth of
Sobolev Norms in Linear Schrodinger Equations with Quasi-Periodic Potential. Commun. Math. Phys., 204(1), 207-247,
1999.
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6.2 REIRFIEZMESchrodinger51E
ATTRATE i & n S 1 JE 2R 1 Schrodinger /5 #£ (mass critical NLS).

io,u+ Au = ilulsu(z: F(u)), u(0,x) = uy(x). (6.2.1)

6.2.1 /NMEERBEFIEST

FATTUE B ot B 1l FENLS(6.2.1) /N AIME BE AR IE 5 PR AN EUR o A R, B A e MR AT HIUH &
BRE (6.2.1) A A AIESRITC I3 B A AR, Ht - +oo B, 1ZFFIE 261 Schrodinger /7 T2 A o
EX 6.2.1 (B8 (scattering)). &AVARNLS Y #F /2 B 18] iE ) #4t (time-forward scattering), & 4§ fig
fFtel0,00) LAEE, BEEZR u, 7 ul)—e"®u, - 0, t > +oo. NLS&Y R AL AR A £ 8¢ 8] 48] 1)
4t (time-backward scattering), R 4§ E (—00,0] LA L, BALE u_ 7 ult)—e™u_ -0, t -
—o00. P IS) AR GG REARAR A RAATEG, R AG% ) A EARE © B B8] OE 6 e B @ AR, Hou, Fe
u_ FTAME A E SR
I 6.2.1. MR d > 1, AEAN D (d) > 0 T ||Jupllpwey < &f, 742 (6.2.1) £

2(d+2)

L, (RxRY) ¥4k 2 & L2(RY) F#8H

FERR. IRATESAE . W d > 1, FONRIE LA DD = q. WH(p, @) 2 Vrst, MIme
Hop=q=222 BrLlA1% 0 T Banachs [H]

d

X :={u:RxRY= C: ||u]| 2 < Ceyp -
L% (RxR4)
et C JyH A HiSuricharcafliif, FEAEREL C(d) 161 |[e"up| s < Cs,
L, (RxR4)

HUEBRATE SRS

t

d(u)(t) = ey, — iJ el=DAF (u(1)) dr.

P u e X WREOW)E) = u(e), W (6.2.1) (M. HEABEFEM, SEY (6.2.1) 7 X di7z
fEME— i, DFEY oX) € X H ® & X EIEAWS . B p = g = =2 fSwicharezfi it
FIHolder NER, & ue XNWE

4

145 143
2+ S CIIF@| 2arn < Cllull g < (Cgp) 4.
L7 (RxRY) L™ (RXRA) L7 (RxRY)

tx

J e=DAF(u(7))dr
0

R BATT A ZE IR Bey 78 70/, ALRETS 21 (X)) C X.
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FNKIEM] © RIRgEm, Xt u,v e X, AN

|P(u) — P)|| 2w+ < C||F(u) — F(U)Il s
l,xd (RxR4) d+ (R Rd)
<0Wmd+w| =l

(Rde) L4 (RxRd)

t,x

KRR T [Jul“u — |v|*v] < A+ a)(ul|* + [v|9)|u —v|. EXN TN e, >0, H

1
||(I)(u) - QJ(U)” 2d+2) < EHM — U” 2d+2)
4 (RxR) L7 (RxRd)

tx tx

U] © B SRX L AR o l%ﬁf% lueX N @ AN, i EIRFNLS
(6.2.1) B ME— AN HIAE I SO AT DL RIAE A DR, I B 26
BOGRABE B B uy = uy — ify e Fu()dt, u_ = uy + i e F(u(t))dt.
Hi Strichartzfli T F1Christ-Kiselev 5| A1, u,,u_ € Li(RY) /&2 R,
H I SCE B A limy_, o, ||F(W)]] 22 = 0. BRI

L, T ([T,c0)xR4)

eTru, —u(T) -0

f DA (u(1))dt
T

L2 [Rd)
Ly(R9)

KR T XMER/ME [luoll . < &0 THE(6.2.0) A BARME, HAE LR [R7 FIHUS. UE B A
FE G [R]7 UM R 58 4 —FER,  AEIkms O

6.2.2 NLSH)Virial[EZER
Y ou= -1, BIXFRENLSINS
i0,u+ Au = plulP tu, u(0,x) =uy(x), u==+1, (6.2.2)

REE E@) := = Jna; 2| Vul? — |u|erl dx RERSFER), HERRER MR XME LT A TR LA

B 1EFR (V1r1a1 1dent1ty) M—EEU%F%E (PRI R A2 A B ESS TR o AT FRATTFE VR BA S &= I SR NLS Ky

#l, Rifip —1 = E' TER, XMERHAAE FAT AR N E RS e AT E
AT XL A1 (Virial potential) W17 F

V(t) :=J |x|2|u(t,x)|? dx. (6.2.3)
Rd

BHEH V() BARARN . T HBERATAT AEM X (6.2.2) FAEEM u, WREWH L xu e
LA(RY), W0 £58 /57
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8 6.2.2 (NLSHIVirialfi2530). % u £ (6.2.2) 4968 M®, H u, € H'(RD), |x|u, € L2(RY). WA

2
V"(t) =8 Vuzi4dJ (1——) u|P+ dx. 6.2.4
=3[ wupzad| (1-235)w (624)

R, mRJATS p-1= S, HEAHAR RN V'(¢) = 16E(t), LTI LT & .

EE6.23. %u:[0T,)xR! > CREE, AFWERNLS ((6.2.1) ¥ u=-1) #LiFM, H
u, € H'(RY), |x|u, € LA(RY). EATF & B2 —mZ, HL2H T, < o

(a) E(0) < 0; (b) E(0) =0, V'(0) <0; (c)E(0)>0, V'(0) <0, (V'(0))*> —32E(0)V(0) > 0.

Fi126.2.1. FEEINER AT EREE621F oy mEERETH, BAERZMHHE||ul. <
AT o VA() AP, &AVFE R _ET AIEF4 T Gagliardo-Nirenberg #18 ~ % K: AL Zu € H(RY)A
245 i 2
||u||L2+% < Cllull [ Vull;,

1%%&W¢mmﬁmT@I%i%ﬁ&%ﬁ%c;:%%%ﬁi%q%%&M,WE%%&%E
12

FAE —AQ = —Q + |Q|YIQ Wk — 12 EMR. HIET T kRN R AR MY LA REANE
DAL, T AT R e AR AZ, e T

* Michael Weinstein. Nonlinear Schrodinger equations and sharp interpolation estimates. Commun.

Math. Phys., 87(4), 567576, 1982.

4/
B Pohozaevia % X 894 5 7 & (5] A2.8.1)F RN ZE(W)F T AEFE®R) > %||Vu||i2 1-— (”g'll'”) ] .
L2

F % ||uoll < ||Q|lB, #AE@X) >0. X4 RE <0, Nty izt sd TASAE, 5
'J‘;f‘ﬂ'fﬁ;f’}%o

“frEl 6.2.2 > EIF 6.2.3” BNIERR. X REMEIGFNLS, HaeETHE, IIDEH V() = 16E() =
16E(0). SRIG XA IR, #AEE V() = V(0) + V'(0)t 4+ 8E(0)t?, IXR— kT t MH RE Ik
PRE. PR, RE (a)-(c) HAE— 0L, BATHSEEI 2t » oo B V() » —00, X5 V() H3E
FPET JE . FTLAIER (a)-(c) HAE—25 0, ERIAEERK T, BAUEFRRI. O

R REUELF1ESF I (6.2.4).

WER 6.2.2 BOIERR. F—%: HE V(). FE u LEMERE, FTLL [ul? = ua, |Vul? = Vu - Vu. 8
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FRFANTEA ] 2Re (z10) = z10 + Zw, Re (iz) = —Im (2) (z,w € C). XV (t)RF15 3

V'(t) = 2Re J

|x|?a8,u = 2Re f
Rd

i|x|?@Au dx + 2Re f ix|?|u|PH dx
Rd

Rd

=0

=—2Im J Ix|?(@Au + |Vul? )dx = —2Im f 1x|2V - (@Vu) dx
Rd N—— Rd
Im |Vu[2=0

=2Im J V(|x]?) -(aVu) dx = 4Im J (x-Vuudx.
RAd N—o——r Rd
=2x

L HE V(). BRI EHRT, FAF2

V"(t) = 4Im J

(x- V)uat_udx + 4Im J (x-V)o,uudx
Rd

Rd

=4ImJ (x~V)uc3t_udx—4Imj
Rd

diu(x - V)iidx — 4Im J (V-x)o,uudx
Rd

Rd

= — 8Im J d;u(x - V)iidx — 4dIm J o;utdx.
Rd Rd

}ﬂﬁiﬂ Jl = Im fle atu (x . V)ﬁ dx, JZ = Im f[Rd atuﬂdx. )I_\“Jﬁ V”(t) = _8J1 - 4d12. ﬁﬁ J2 E’Tﬁ
NI BRI AR &y i B

J, =—Re J i(id;u) dx = Re J
Rd

#Au F |u|Pt1dx = —Re J |Vul? + |u|P*! dx.
Rd Rd

Xt Ty BATHAANLS T FE 45 2

J;=Im J (iAu FilulP'u) (x - V)iidx = Re J
Rd

Au(x-V)idx FRe J |ulP~tu (x - V)i dx.
Rd

Rd

WAEIC K, :=Re JraAu(x - V)iadx, K, = Re S lulP~u(x - Viadx. WA J, = K, FK,. ¥ K,
TATE gx) = X7 RHERS Gx) : —x B AN

K, = %Re J (x - V)(Jul»g(u|?) dx = _%J
Re

d
. 2 - - p+1
Rd(V x)G(|u|*)dx ot 1J |u|P* dx.

Rd

Xt Ky, HATEE 0 #AR I 15E

K1=—ZReJ djud;j(x 0 it) dx = ZReJ aju5jkakﬁdx—ReJ du x;. 0.0t dx
Jk Jjik Rd Rd

=_J Vu|? dx — %J (x - V)(|Vul?) dx = _(1— g)J V| dox.
Rd Rd Rd
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R B Sk, A5 2

Jl=—<1——>f |Vu|2dxi—d J |u|P*! dx.
2/ Jga P+1 g

Yl

V() = -8, — 4dJ, = SJ |[Vul? + 4dJ (1 - L) |u|P+! dx.
Rd Rd p+ 1

S)@ 6.2
SRR 6.2.1. EPAFE & M Schrodinger 742 (6.2.2) 89 2. AR EhAE FIEHE.
© UREF12) < [ lult, x)P dx = 0.

P e I 2 * P+l dy —
o (RREF1B) dtng,2|V1,t(t,x)| +p+1|u(t,x)| dx = 0.

o (FIETFIE) ilm Sra u(t, x)Vu(t,x)dx = 0.
3@ 6.2.2 (Galilean boostAE T, & L HEF J(t) = x + 2itV. iEf4= T &
(1) J(t) 5 Schrodinger H-F 19, + A & 7T L #49,
(2) 4= X (19, + A)p = 0, W @ (t,x) := expfi[(v - x)/2 — |v|*t/4]ju(t,x — vi) &Li#H TR &M%
Schrodinger 42, H V@, (t,X)|y—o = (i/2)J(O)p(t, x).
(3) J(t)f = eltAxe A,
(4) 3HEFEs > d /28 KR ||f(E, lpmgey < CEPAFE llragay + VO lrsrey)-
S/ 6.2.3 (FiE I SANLSIILE e R 7). £ )8R 216 FNLS(6.2.1).
(1) ERAL T EZXE X TEEFE,
2

4ut
2+p

1
Bl = Lou - 2 s, p=ssa

(2) & pu=-1, pHARRKERN, FIA)F LA REFEIER: sup||J(Oult, )| pwy < .

teR

SR 6.2.4 (i ln FANLSH) — R ). 2QA2 I A2.8.1F ATk ey A &M, T >0, &L

1 X1
S(t,x) = (T — t)d/zo(Tit>eXp <l4(;c— t) * lT—t)

EW: CRRBAFIERNLSSM (B HA2(62.1)F Ry = 1), HikL B[S0 = 0, ISl =
1QIlz2 ARJFR AR F ||VS(2, x| > C(T — )7

IR 6.2.2. HME SR LB BET E it —F @ Q(x) RBHAMMR, F—F @R P
Ry =10 HA2(6.2.1)8982, W |t]-/2%(1/t, x/t) exp(i|x|?/4t) 42 77 42(6.2.1) 69 .
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o) R 6.2

BIRR 6.2.1. X HHK WX 1= {f € H(R?) : xf € L} (R?)}, HARZ L4 —2EHE R 215 FNLS(6.2.1)
(Bp 3] R06.2.3F Bty H Ay = 18915 0L) AR BX T AAE¥EKRG, IEAAFLu, € X1EF lim ||ut,)-
t—>+o0

eu |y = 0. A || fllx = [Ifllan + 1% e
EIEE 6.2.2 (Merle M EH). % /& =4 % 2B 05 RNLS, B i6u + Au = [ul’u (t € R,x € R?).
1

& E[f] 1= 2 |IVFIZ = 2l AR do R H AR BER |yl = |Qlla, Epe) = 0, W% A#

LA ) 6,24 Hyk 6 R AR SRR (40 £ F 45 Galilean T HA9HELTF).
(1) %= El[uoll> = |1Qll2, EE[uo] =0, iE#: AEFHK 1>0,6 € R AR x, € R2, 42 Fuy(x) =
1e°Q(Ax + x,).
(2) KRu(t,x) RiZFAZZLIEL € (—00,0) L89fE, &L v(s,y) = (1/s)u(=1/s,y/s) exp(i|y|*/4s) (s >
0) it LR # 742, B E[v](s) = E, [v](—1/5).
(3) EWE Uy B |[utg]l2 = Qe B E, [ul(t) = 0. iEH 42 M ha b5 X2 SLbvith AL

v(s, y) = A(8)ePOQUAS)Y + y,(5)), HA(S), y,(8)H F1E, 6(s) = A%s + 6,.

1K AL FANLS, B i0,u + Au = +u|*4u, BT Fi06.2. 15251 Weinstein U5 FLBIAN, 36
TR AN, Frank Merleilf W] T 415 5 i 77 LB W 46 5 B0 1258 36 25 it ELAR7E 45 PRI ) T
RARENE, I ATRTE A B S e OB, M 258 T i 40 T A e i O R R A
(AL 1) 6.2.2)

¢ Frank Merle. Determination of blow-up solutions with minimal mass for nonlinear Schrodinger

equations with critical power. Duke Math. J., 69(2), 427-454, 1993.

KPR LN WME, JE Weinstein IEH] | & JRFE, ERAETLT LR TR EEBOIHFAE
Gy o 1A I R 20 104FAR A A AR o

e (d > 3) Rowan Killip, Monica Visan, Xiaoyi Zhang. The mass-critical nonlinear Schrodinger
equation with radial data in dimensions three and higher. Anal. PDE, 1(2), 229-266, 2008.

¢ (d = 2) Rowan Killip, Terence Tao, Monica Visan. The cubic nonlinear Schrédinger equation in
two dimensions with radial data. ]J. Eur. Math. Soc., 11(6), 1203-1258 ,2009.

e (d = 1) Benjamin Dodson. Global well-posedness and scattering for the mass critical nonlinear
Schrodinger equation with mass below the mass of the ground state. Adv. Math., 285(5), 1589-
1618, 2015.

%%E%ﬁ%%ﬁﬁﬁ%ﬁﬁ%ﬁwmmww%meqmﬂﬁy%ﬁﬁ%l%ﬁ&Jg%§ﬁl

e Frank Merle, Pierre Raphael. On universality of blow-up profile for L? critical nonlinear Schrédinger
equation. Invent. Math., 156(3), 565-672, 2004.

e Frank Merle, Pierre Raphael. Blow-up dynamic and upper bound on the blow-up rate for critical
nonlinear Schrodinger equation. 161(1), 157-222, 2005.
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BRI Z 41, Bourgain-Wang fE19974F )it i — AR Z Ny (T — )~ IR, (HiX Kk
WG RPAER R AT E B RBYMEM R — D RYEB DN 1 HPDSEIE, — BEXWME RN
2, WFTRERL S XA, A ARy Log-Log MR, A NAEIRE .

¢ Jean Bourgain, Wensheng Wang. Construction of blowup solutions for the nonlinear Schrodinger

equation with critical nonlinearity. Ann. Scuola Norm. Sup. Pisa., Serie 4, 25(1)-(2), 197-215,
1997.

e Frank Merle, Pierre Raphaél and Jérémie Szeftel. The instability of Bourgain-Wang solutions for
the L? critical NLS. Amer. J. Math., 135(4), 967-1017, 2013.

T WA B S AR K, 60 AT BL oy A8 25 ) o AN [RI A7 B R 34, H a0 R A ki 1k i 45
R, BERENEEMERNE S, Vg — MR T .
HCFE A ot B I AW NILS A LA ELEAIEAS KA B AR A ATEYSS - HiBenjamin DodsonilE B .
e Benjamin Dodson. Global well-posedness and scattering for the defocusing, L?-critical, nonlinear
Schrodinger equation when d > 3. J. Amer. Math. Soc., 25(2), 429-463, 2012.
e Benjamin Dodson. Global well-posedness and scattering for the defocusing, L*-critical, nonlinear
Schrodinger equation when d = 2. Duke Math. J., 165(18), 3435-3516, 2016.

e Benjamin Dodson. Global well-posedness and scattering for the defocusing, L?-critical, nonlinear

Schrodinger equation when d = 1. Amer. ]. Math.; 138(2), 531-569, 2016.
[B]&% 6.2.3. 4% JEcubic NLSFE &M A o

id,u + Au = ulul*u in (0,T) X R3, u(0,x) = uy(x). (NLS)

H P wthiu, € HY(R?), u = +1.
(1) ARSI A6.1.269 259 % ||ug||mprsy < 18, FAE(NLS)A D AMAEAEM u € LX(R; HL(R»)N
LI(R; W, (R).
(2) MAEu = -1, WEEHZ|x|u, € LAR?). i%u : [0,T,) x R® > CR&LE(NLS)E[0,T,) X
R3 E&#E, & LREEW)AZA BV T

E@) :=J %qu(t,x)lz— %lu(t,x)l"’dx, 0, :=J I [2]u(t, x)|? dx.
R3 R3

JEH]: FE0) <0, WT, < +oc0. (3B T: QAEFHEZABFX, RBIEHAV(t) < 16E(t).)

PLREE Im A NLS B id,u + Au = ,ululﬁu, (x € RY, d > 3), AVEARP L H AU T/
WHEE AR M (A AL Strichartz AT BOZ BRI T o X RHMERIENL, B, Rl
FENLSATI A B fif HA 5T

¢ Jean Bourgain. Global well-posedness of defocusing critical nonlinear Schrodinger equation in the

radial case. J. Amer. Math. Soc., 12(1), 145-171, 1999.
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¢ James Colliander, Markus Keel, Gigiola Staffilani, Hideo Takaoka, Terence Tao. Global well-
posedness and scattering for the energy-critical Schrodinger equation in R*. Ann. Math. 167(3),
767-865, 2008.

{BRAENLSH KYMER A — &5 8RR, 10 786.2.350 2 —ANFI A7 /18 2 s i e . 3%
AT — RO B AL 1) AN [R5 — R (Type I blow-up, X#K ODE RUBEfD LA
Z R (Type I blow-up, X#FdE ODE BYRRAD o i #E — o2 AR VRN S B, —RNAR
5 NLS R A8 AR 25 Y E AU ) profile SR8 )5 FE KA E 0 2 I HE o> J7 12 . X BE& Im 7t NLS,
H#i AR A UE Type I blow-up 455K . X Type II blow-up, Kenig-Merle F| F 8 H & 77 1 AW 2
H, XFReEIE St NLS 2 m e 1 W RYMER Re EMHYEE AT “ B8, W BIRTE
EHABG; RZE kT, WAL A . 5K Duyckaerts, Merle 58 AXHEIFAL T “FE32S
fi” X —BUERYMEEAEH 702800 . R mgesu, FLMETTRER RSB A TAR, H
SR 2 W 2R AR DR ) S0 %

e Carlos Kenig, Frank Merle. Global well-posedness, scattering and blow-up for the energy-critical,
focusing, non-linear Schrodinger equation. Invent. Math., 166(3), 645-675, 2006.

¢ Thomas Duyckaerts, Frank Merle. Dynamic of Threshold Solutions for Energy-Critical NLS.
Geom. Funct. Anal. 18(6), 1787-1840 (2009).

e Dong Li, Xiaoyi Zhang. Dynamics for the energy-criticial nonlinear Schrodinger equation in high

dimensions. J. Funct. Anal., 256(6), 1928-1961, 2009.
T4 Merle-Raphaél-Rodnianski-Szeftel 58 i | AEE 4 IIm 5t NLS B AL R4 &

e Frank Merle, Pierre Raphaél, Igor Rodnianski, Jérémie Szeftel. On blow up for the energy super-
critical defocusing nonlinear Schrodinger equations. Invent. Math., 227(1), 247-413, 2022.

%45 B 58] R4 Euler /7 #2 1 Navier—Stokes /7 F2 H Bl BH 240 <

e Frank Merle, Pierre Raphaél, Igor Rodnianski, Jérémie Szeftel. On the implosion of a compress-
ible fluid I: Smooth self-similar inviscid profiles. Ann. Math., 196(2), 567-778, 2022.
e Frank Merle, Pierre Raphaél, Igor Rodnianski, Jérémie Szeftel. On the implosion of a compress-

ible fluid II: Singularity formation. Ann. Math., 196(2), 779-889, 2022.
TMXTNLSIHIEIAT Ay, —A “ZMAE8 7 BI 9 il BARAL F 53 ##IE 78 (soliton resolution conjec-
ture), RN ARAE A7 CE IS (] VG N 6 8 2 a5 867> (radiation, JRMATZEmED i A+
RAZRIISL T, Fm s, R

J iy() —x.(t
u(t’x) = Z ¢ d—2 Vj (x ﬂjzj)( )

) + uradiation(x) + OHl(l)'
=1 ()

1T P U AR AR, U5 2D — D bubblek E T REIMR, RIRE 2,() — 0, @k ERE
. XJ Schrodinger JTRE &, XA LA T KIAATFHPRES .
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FEARRHIR G 7R RAE S, ATE A T IR R SRS 8 14 726 AF I — 4R X ] L1
PRAER IR E R Ofu — Au = f BOHSLAR. B UL 2 B ) A R R A IR, X AR
ANHuygensf# . SRMAEVF 2 Y HBA G, PR AT ERBEZRZIFLENRIIITE,
Bln) SR 2% i 4% (Einstein J5F2) « AT R4 AA TP B0 (R E48 Euler J7 /8. 3
Ve B S (VE 2205 RE )« AT 5 & TR R OGS 3 (R] %8 MHD 58D LAURFZ
oAtz N ) BEAR A

AERANVEHIEEARELRBMMEEW s HE, WAL RT u : IXxR? - R £ R
W T R
0, (g¥0u)=F in(0,T)xRY,

7.0.1
(u,0,u) = (ug,u;) on{t =0}x R4, ( )

XEARAE o, B BUERM 0 B d, HAH 0 AN ERANEAZRE . F @ [0,TIXR? - R 2%
SE MR, T C R &M AR S BUE P FF IX H] . 7RI JF A TR A B 1 I 30 5 F2 10 JR 0 1E
S PEBRAR SR AN, AR B 7V SEBR bR H o 7 R B R 0 B PicardiE A5, X IR
W AR 2 ME AW T 0 J7 AR A AEPE B — M W7 e 45 G A se =57 1H, A TEREE KN
TR AR BN TR A NI ME AR o TTAEL e 08 30 7 R R A I R A2 AE AT AT S N A
FH F|Lorentz) LA ) —28 T B (U1 Christodoulou, Klainerman %5 A & W F =3 515 8-
Alinhac ghost weight% AR, AP SCEHAW K.

7.1 ZMKRBNEERIEN

Mt ATFEE M

AT HSRE, A SR B A A R R

7.1.1
(u,0,u) = (ug,u;)  onf{t =0} x R4, ( )

163



164 BLE EITE
PTATER g :=[gV] : I x RY —» R4 JESIXHRIEE 7 BE, FHBRAFTEHH0 <A < A < offifd
V(t,x) € (0,T)x R4, ze R4,  Alz|* < g'(t,x)z;z; < Alz|* (7.1.2)

HERMNBZVEEERIZE (FBELEXSEORRTHEE) . JFHIHRATEEX g @ I x
RY— R,F:IxRY - R,uy: R - R flu; : R —» R $HEH—2L MM

7.1.1 SR ARERIIEN

FEUEMI A e s T2 (7.1.1) BRI B AFAE @Zﬁu, AL AR 2R B M 3 5 RE ) RE Al
i, X AT AR IR NS 18 . FVER, XS5 RE AT RE AN AR e B U7 R AR AL BE S
{8, AEFATVIPR A LIRSS 2 5 ) “Ref” RA I SRt . BATESEIIAIL S

d
l6ul? 1= Gu) + > (B,u)” (7.1.3)

i=1

EE 711 (L2 BEEANT). ku A (7.1.1) 2, NAELEFHKC=CWA,T) > 0fEF4TF 411 m

o B

sup [|Qu(t, )I|;

te[0,T] LR

T

2
S C (”(u09 ul)”Hl(Rd)XLZ(Rd) + J ||F(t)||L2(Rd) ) eXp (CJ
0

ZZ -l = 10|l &7 FK Sobolev &4,

189, P, g, & ) (7.14)

WEBA. XA BEAUE B S Bn B S FRED S T R BUE IR L. AT T FEM LT L o,u R 15
F|
j d,ud’udx —J g76,0;ud,udx = J Fo,udx.
Rd Rd Rd

IR EAR O AT A

1d 2 L o)
¥ JRd(au) + g/d;udiudx = J

Rd

Fo,udx + % J 0,80 ud;u dx — J d,8"0,ud,u dx.
Rd Rd

BB 1= 1 [ (00 + 890 ubyu doe, F5(7.1L2ME() 19U, 2, s B T LRG3 K 1

L2(Rd)’
Pl SRR R i R 2t

E'(®) < IF(t, e ll0ult, laway + 1189, oIt D17 o (7.1.5)
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Xof B 8] A5 St AR 49 E%Youngzi%ﬁ?gf

t

E(r)<E<o>+J IF . iz |84, ey + 189 lzeollBu(, 2, g d7
0

t
< E(0) + 6 sup [I0,u(t, |7, qa) + J IF (T, I gy dT+J 189(7, s @allOu(T, I g, d7

telo,T]

t
< E(0) + SE() + cj IF (2, 2, g, AT +C f 189(T, ey ECD) dr.
0 0

(7.1.6)
HEHLS > 07053 /MEAFSE() B /2 a Wl . HIGronwall N5, Fixdr € [0, TIHL i 745
T
sg};]E(t)SC (E(0)+J IF O ga) 4 )eXP< J 1892, I} ey d )
B A K O

X KRB AN ITRE Oju — Au = 0, IRATREEMR u e —ME, B4 du M o, u i
fiteo PIMURAYME R BO6HE BAE |x| - oo BHETZE (B uy,u, € CR(RY) KITEHL . M4 u i
FrA = FEAE L2 RS 0. A 2 (7.1.1) MgIEARmRE el St 7.1.1) 1
fifp. AIFIRATEA 3 7.1.1 FUERA AT LL4% 6] u I BY Sobolev Y54, #EMfS 2L MHEW®, HiE
BREEZR ]
Wi 7.1.2. Zu R 71 WERMBE ke N RABEFHK C=C(d,k,T) > 0EFTREME
R 2

sup [|((), B U eserpecs

te[0,T]

2 . 7.1.7)
< | 1o )P + f R+ Y

|a|+18l<k—2

2 T

6709 90%|| | dt] exp (cf 139112 dt) .
0

L L EHERXMER ke R #xt (AIREFTZESI A M), L Sogge [13, 25— #3.1].

7.1.2 ZMRHBIENEFEMR

AT RATH Bt B+ 45 & Hahn-Banach EHKIEH (7.1.1) MBI B EAM . AR
W g MEFTAN SHAE [0, TI xR EHGEH A1 REIEIFE - [0,T] xR = Rl L: X T4AE
" k e N F e L*0,T; HY(R%)). & 5tFA1[F Bl Hahn-Banach & #.
EIE 7.1.3 (Hahn-Banach jEH). % X AW &M =0, FEHY C X HAMEZ y e Y #A
Ivlly = Vllx. & feY* RY LA R&EELE, WAL feX 4% fly = f A% ||fllx = Iflly-
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PATEFFELL T 5] 3
BIEE7.1.4. 4 L' 1= 0,(aP0,9) & Lu : = 0,(a*o,u) b (% X) ML T . Rk 9 € C((—c0, T)X
RY), Mt Emez, 54 C=Cm,T,g)>01£4F

T

|wa,mm@@<cj|mwu,mmnwﬂh

t

sHETA t € [0,T] 3k o

MERR. X IR Hm > 1, XEHER 7.1.2 WHER. AR m < 0 BB AT RN, BRikss
KX Fmy + 20FOLRAL (Hrimg R A VB ED , JA 14 AR A Em, 15 DU B RO B3R
I Fourier B #)E X ¥ = (1 — A7, BCHZEMHEE TR 1 - AW = ¢ FIfERE XY, T
FAEWHT mo, T, a M1 b FJHEEC > 0 {E15

L — (1 — ALY = LA - AP - Q- ALY < C Y, [099].

Ig]al<3

PR A5 )
I o < C (Il ymes + 12| prmo+2)

PR, BAISE

T T

WUWﬁWWW+WWﬁme)M<CJHﬁﬂﬁwwwdt

t

G ooy < € |

t

£ EREJa — AT EAMEM T Gronwall A5530, #5145 21

T

||¢(t’ ')”H"‘O < C”lp(t’ ')”H'"0+2 < CJ ||L*¢(T’ ')”Hmo—l dr.

t

IAEFRATTAT AR B (7. 1. 1) ) ) BB A7 AE A

IR 7.1.5 (Vs TR R EAEEM). Xk eN. &2 F e L2(0,T; H'(RY)), N 7m42 (7.1.1) %
FEE—0fRu, C#HZ (u,d,u) € C([0,T]; HY(RY)) x C([0, T]; H1(R?)).

MERR. AT (g, uy) = (0,0) IFE LU ARG LB 4 tH T (7.1.1) IME—VE. XHESE LY (Ce((—c0, T)X
RY) FHME—ITCER L, FATEL—DEF R KB

T

LY J

0

J YFdxdt =: (F,y),
Rd
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H LH(CP (=00, T) X RY)) FIR CE((—00,T) x RY) FEBRIT L* FIMER . TERIX B RE M,
RN REL Y = FAELEY(T, ) = ORfRIME—YE LA L2 St CGEFE 7.1.0) FiEmH 7. 5
W F ARG 3 7.1.4, BATE

T

T
<C (j [1E ] s dt) ( sup. ||¢||H—k+l) < CJ 1L ()] - dt.
0 0

tel0,T

T

ff YF dxdr
0 JRd

$% Hahn-Banach EH %1, FIERE u € (L1((—o0, T); HK(R?)))* = L*((—o0, T); HX(R)) 1EH
b TH e SR e, Ho AR ], = 0. B

(F,9)=(u,L*P), Vi€ CX((—00,T)XRY).

Rlitbu € L°(0, T; HY(RY) & 04 2 R HIf# . 2 FRIER (u, 0,u) € C([0, T]; HX(R4))xC([0, T]; H*"1(RY)).
BB YIRF & B A S SCERGIE R, 2 = 0,u, XS TN

0iu = 0,0 =F +g'8,0;u € L*(0,T; H**(R?)).

R EIfS0 = du € L0, T; H*2(R?)), Bl HtHadrdi3.1.3%1 o,u € C([0,T], H**(R?)),
B uw e CY([0, T H*(RY)), EFENATRAE T (u,0,w)ly—q = (0,0). IAEF NIE T FRA
BB, UGN UL K + 1,k + 2K IR E ik, 52w, 6,u) € C([0,T]; H¥(RY)) x
C([0,T]; H'(R)).

NG AT LR RN PR R . X — &M F € LY(0,T; H*), FATATHREILE {t < 0}
FHUE A RIS {F,} € C((—00,T) X RY) fH13 f) |F(t,) = Fo(t, |l dt — 0. XFEIIE,
tiu, € C([0,T; HY) n CY([0, T]; H*) i R HA FHWIMEK) Lu, = F,, FRATHUAT B IE e 245

T

18 — s < C f IEt, ) = Fy(t, Yl dt = 0.
0

B o AL T AL BAMEAF RGO, AWM, u, € CX(RY) (R NAIERE BB, L i 1i&
D, 2nt, x) = uy(x) + tuy(x), EIELFH CufIWHEFRMF . ZFERWEITFELY = F — Lyt 2 — >k
TR B RAFYMEMBEE TR, TRu :=v+pitsat 777 LD, HIERE W
ANZEATE S fige A [ o O

> 7.1

SIER 7.1.1. iESRHEE7.1.2,
SR 712 BV HTFTHEEFFERKDER, UTFHEESA—ALBRMR u e C=([0,TIxV). ZE
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UcCR! Z—AEAAFAFGXER, Ho,9peCU).

d’u+Déu—Au=0 in (0,T] x U,
u=g, ou=179Y on{t=0}xU,
u=0 on [0,T] X dU.

7.2 EEINHENEREBRRE

fEA%} PDE SREEH, ATCE IR TR 02u — c*Au = 0 B A A RAZFEE .
EIE7.2.1 (BIRERHEESE). T £ R XRY F i A #1E (ug, u,) € CX(RY) 895 50 7 42 0tu—c?Au =
0, R AL tH>0F x, € RUEF AUy, u, EES X ERY 1 |x —xo| Sclo} FPABRAER, A4
fi# u(t,x) £i3 42 X4 (past light cone) K(ty, xo) REH K, X E

K(tg,x) :={(t,x) € R, X R4 : 0 <t < by, |x —x,| < ety — 1)}

B(xp¢ltg-8)

GEEe 4y 2

Cone of dependence

BB T AR ARG /R T — NS B KA R B CRRRAE R “MHR” MR, X
— P SEBR B E T O PDE il 2 A K A8 TR B A AT REME:

BATERS W] XN T2 RZE B TR B IC R UE A IR R E AR ? B X2 HEM.
SE R (L, X0) € Ry X R, FATABEMIEIEMLL (15, x,) N “ZHOUHE” C, 450 R yE
fECn{t=0} FAE, aftuft C WRE.

PAERNZ: UER e 7.2.1 s AR RUEET  {(6, %) @ |x — x| < c(t, — )} LHIRER R
TSl FR R IR . PRI FRATT AT LA FHROE S IR q(x), (A5 AL IR B T4 2300k 5h 77
PR AT . #ERILYL, FRATAEIE] g(x), HREVIN K, :={x : q(x) < t, — t} ERFEADREE R
Ble(t) KTt #id. Fpnlih, XTARUER I HREIX g(x) & (x — x,)/co
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7.2.1 mfl: JLERE
Hag b, AR HER L ST DL A N A Hamilton-Jacobi /7 F2 1R p(t, x) HIKF4E, ok
FE PEEHE I S 3 Hamilton-Jacobi J5 R FRFAE il 28 4H ik o
WATE e Ry x RE A ARAEI Zh HFE 0%u — Au = 0 SRERX—FHSL. Xt > 0,x € R Al
>0, FMIFERAGIR us(t,x) := Us(t,x) - exp(ips(t,x)e?) B M. B RACNEB T E,
T332
= (82 — Auf —e (62U‘g + 2ie719,p¢ 0,U* — £72(8,p°)?U°* + ic 10 p°U?)
(AUE +2ie7'Vp® - VU® — e 2U*|Vpé|? + ie71U* Ap°).
B RS A SERR, AR I
U((8,p°)? — |Vp|?) = e2(82U° — AUF). 7.2.1)
e 0N, HEEMEXTRITERSL p° > p UL U - U #0, BB ERATH T3 2]

d,p+|Vp|=0 in R, x R4, (7.2.2)

P B EE, BATATLAES] p(t,x) = q(x) +t —ty, H g 7E R¥\{x,} i 2 |Vq|>=1, g>0 H
q(x,) =0, BEMFMNTATLUEL g(x) = |x — x,.
XFTAE R BTG O, AT AT DU H

o,p + (g0,pd;p)> =0 R, x RY. (7.2.3)

Iy B AR IR 2
p(t,x) =qx)+t—t, (7.2.4)
g70,q9, =1, q>07E R\{x}, q(x,)=0. (7.2.5)

FHL EIXAS q AAEH g HEMEZEE T x 2 x, (.

7.2.2 BREHEREHIERR
BATE XK :={(t,x) : p(t,x) <0} ={(t,x) : g(x) <ty —t}, X t>0FATxEX

K, ={x:qx)<t,—t}

T Vg # 0 fEIL B xo ALar, FRATFIEXT 0 <t <ty 0K, &GN (d — 1) 4EE Hhi .
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T 7.2.2 (BIRAEREERE). & u (7.1.1) AFEMR. Fu=0u=0EK, sz, R AuK¥a
A,

FEIR7.2.10 B RN FeiE, BuR HAL(7 1) EAE R (uy, uy)) G, B Zulty, x,) AR T uy 4=
u, £ K, a4,

JUERR. FATE X RE=

l\)lf—‘

e(t) : J (B,u)* + Z gioududx (0<t <ty
K

t i,j=1

NI e), BATMARIARAXWHER BIXERF A 52

d f
— dx | = o, f dx — ——dS,,.
de (\[th ) ‘[Kz tf \LK, |V |
KA
e'(1) =f 8,1 97U + gldud,du dx — = f ((B,u)? + gY8,u0,u) —— ds,. (7.2.6)
K 2 9K, |Vq|

t

X I, A1 FRRR O AN B T A3 2

J 0,ud}u + g¥d,ué,0;udx = J 0,u (87u — 9,(g"d,u)) dx + J gY8,uN; d,uds,
K K

t t aKt

= —J d,u(dud;g’)dx +J gY0uN; d,uds,
K

t 9K,

HA N =Ny, -, Ny) & 0K, FFAIANERE . ERTHE S8 — I Ce(t) 24

‘—J 0,u(0;u d;g")dx| < Ce(t).
K,

t

X ZI, BN EE RS o (6) T BRI I ARG . BATE
|gijaiuNj| < (8”51'7/‘5]“)E ((gijl\fil\fj)E
X" X Cauchy-Schwartz ANEXHER: X T IEEXFRIERE M = PPT MAE x,y, H

X" Myl = [(Px)"(PY)| < |Px||Py| = \/ (PxDPXN (PY)TPy = VX Mx\[ yTMy.
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RISRATEIZAE K, B q=1t,—t BWHEE 0K, I N = Ly, Hik

Vgl

876,99, 1
T Ivqlr Vgl

H Young A&, ATAI 15

f gY0;uN; d,uds,
oK,

< J (g70,ud;u)? (g/N;N;)* |6,ul dS,
0K,

< J (g”diudju)5 |Vq|~'|0,u| dS,
3K,

< %J (gijaiuaju +(B,u)?) Vgl dS, = —¢'(t) +J B,ud%u + g'18,u,0u dx.
3K, <

t

25 FIRAIE R (1) < Ce(t), T e(0) =0, #E Gronwall AERE e(t) = 0. u

SRR 7.2

SR 7.2.1. 2 F AL fu — g79,0;u = 0 ik (7.2.3).
SIRR 7.2.2. FJEF SR S 7 AZ A AL AL

u—Au+ f(u)=0 t >0, x € RY;

7.2.7
u(0,x) = uy(x), 9,u(0,x) =,(x) xe€R ( :

XY fAESHH, BBXuf |x| - o HAETFE,
(1) EW4 FE() % Fiin 2 FiE%
E(t) = JW %(|atu|2 +|Vul?) + F)dx,  Fu) := L F(s)ds.
(2) &%ty > 0F= x, € RY FF 52 Ui A TR (x,, t,) 8984 18] 48] 6 £ 4 (time-backward light cone) 4
K(xp,ty) :={(t,x) €[0,00) X R4 : 0 <t <1y, |Xx— x| <ty — 1}
K(xy, ty) AF895 35 A
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& A B8 A8 2 38 F (energy flux) #
e(t) :=J 1(|c9tu|2+ [Vul?) + Flu)dx 0 <t < t,.
B(xo,to—t)

TE A :
ii[ L |Gy = Vuul? + Fw) dS = e(0) (7.2.8)
T(xg,to)

V2

(3) X F >0, AA (2) iEBAH Rug, u, £B(x, L) P EAER, R2Aul LEK(x,,t,) NEHE,
(4) B (3) M F B M AL U — Au+ f(u,0u) = 0 BB u iz, £ LR
£(0,0) =0.
R (2) I &(0) HH R BRAIES KoY £ BT, LEBBEAK 1/V2 RTHa
9. (4) FIEEW® = [54 0-0 §(|atu|2 +|Vul?) +u? dx H i &2 GF AR T ||u, Oul|- 89F 3K C >0
43 | f(u,8u)| < C(lu| + |8u]) R .

7.3 MEMEEHIENEEER

FEVE 2 VB AY oh I Bl T B AR AR 2R PR ), JCH RN R E IR B 7 A%, a0 2 i o R i
IS SN )R] K46 Euler 7 F24L . %0 i 2525 g ) Einstein 7 FEZH 255, Frilih, e TR AELR 14 4R
[FE) A4 8 T A 281 BRI B e AR ) R
5 7.3.1 (W EZERRF T HE). %d =1,2,3,u : RXR? - RIZFKRZE, po,p: RXRY = Ry A&
ARG E AR, H¥ o> 0. 7T EY4IEBFARH L Euler 7 A2 41

p(0,+u-Vyu=-Vp
@G;+u-V)o+pV-u=0
p = plp) A= #EIE L[4, Blip(p) = Ap” — B.

5 —ANRF KB HRNGE AN XTFEFER S i — DR ) 42
p'(p)D}p — Ap = p(B;u;0,u;) + (010" (p) — 0" (P))D,p)* — p ' (P)IVPI>, D, :=6,+u-V.

B, CHREHCHLEAN AL, TERMNALAE LAY, Bu = VoI, H4h(p) =
2P/ /rdry¥s, MTH40,¢ — S|V — h =0, st = A A2 T AfL

n720;¢ — 207V - Vo,4 + (V)T (V2)(V) — A = 0.
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51 7.3.2 (AZZKFWHHTFE). &g, x)ZR LéylorentzE 2, BECHHE T A(— +,+,+). %
Einstein 77 A2 Bp A
Ric 9, = 0 (0L u,v<3).

S R A B AART AR RIT, WST AT 3
1 ap 32 1 aB 32 1 ap 52 1 af 52
0= 38 aaﬁgw — 38 0,v8ap + 38 Ocv8pu + 28 aﬁﬂgm’ + Fl(9,99).

A, WmRERAE =, FEFFEEURALREGE, RAZXKERT —ANMMEEEFH T424, H
BN AARRG R I FEAH . F—F @, de R AL IRAFIR K L AR S (wave coordinate
condition), BPARIX B ER A 470w X

[gx® 1= ! 9,.(g""\ —detgd,x%) = 0,
\—detg
W HIRAF = B2 RWRAATAERE S 4R —NFHA, A ZEinstein7 422 E R4
f(reduced) A F Einstein 7 42 Ric 9, =0 A
1 1

2% =5

1
/lcr = g#aa/.tgacr - Egaﬁaagcxﬁ'

Ricg, =Ricg,, — 0,1

u

TRRABMNTATE S AR ALIRTA=0. FHFATL, Ak L4RTF, AXEinstein 4% 2 M &M
BAN AL,
AT REEAG W TR ER 3 .

0;u — g/(u)d;0;u = F(u,8u) in (0,T) X R,

(7.3.1)
(u,d,u) = (uy, uy) on {t = 0} x R¢,
Hor ke N* £5E . HAMRMNTIEE K
o g, F XTHAREH M, F(0,0) = 0.
o [gY] g RSERFRIEE M, HhA(z), A(2)K T (2) € RiES: HEUE NIE,
VzeR, £ eRY, A2)IEI* < g(2)6¢; < M)z (7.3.2)

7.3.1 MEtERERNEIBEE S

W EEBCR, FATER RT3 )R R HE 2 1k -
EIR 7.3.1 (WP RN RAEE ). K s > d+2, #fi(uy,u,) € HS(RY) X HSH(ROAA
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R XE, MAEKFTOBILTHATLERRL.
(1) (/%%Fﬁ]{{:f]/] ﬁﬁ-'f&?ﬁﬂ"ﬁ"‘fﬁ) HBET >0 (’fi"?ﬁ”uo”Hs(Rd) Fa ”ul”HS—l(Rd))’ £ 1F 77 AL (731) ok
— It
(u,0,u) € L*(0, T; H(R%)) x L®(0, T; H* }(R?)).

. . . , . H"(RY) HY(RY)
(2) (Gt fEeyESARBME) X1 < r <s, WA u(()"),ugn) i 2 u(()n) — uy AR ugn) —_— u,,

W37 T > 0%

@™ = u, 8,(u™ — W)l 1w @ayxier-1RY) = 0, 1 = co.

EE u R (U, uy) AAMERIRE, w2 @, u) KAt ey it
EIR 7.3.1. REREAHGZERA (u,0,u) € L®0,T; H(RY)) x L®(0, T; HY(R?)), 125 & LT
IR (u,d,u) € C([0,T]; HS(RY)) x C([0, T]; H"Y(RY)), X R & FwiLiFILE Bk 948 & 69 g
fuct & C([0,T]; H*(RY)} ¥ 49 Cauchy 71BF ¥, W E1#47.3.1.
IR 7.3.2. AT A ESARM AP, r— R AR s, KRB TN AL R A A
FHHRMT BT R SH FH, #mASiT e @ATikey 2860 H L8, —2 2B u,uk
R &
SEIT 7.3.3. e Rk h A ALY A g R IR Biu, du, W B £ Ks >d+3, W Sogge[13, % —].
WERR. FATAGIELs = d + 20X AN EARIE N M o IR BH 1 77 925 2 o oy 77 72 Bt 2 et () Picar i AR,
o RN, BAIAUE RV Euy, u, € S(RYLLTERS . SHIEIEE T F{u™Iu T

e u® =0.

o Xfn > 2, AGIHE Lu U T G B 73 IR KM — i

aiu™ — gl 19,6, u" = F(u®, du") in (0,T) X RY, (7.3.3)
(u™,8,u™) = (ug, u;) € H*2(RY) x HH*I(R)  on {t = 0} x RY, o
WEZ, HEaNMEEMRE LB — DAMNREN” sl i RIAgE S, X 2 E
4377 12 BT F Picard & AIE B — Hr ODER 1) R # A7 AE 1 1 7 1
B2 SR T EHIE B P F
o JEITETHNuWHEREA R RN EA X Fn—BB LR
o IBITARF HI{u Y FA 2R B2 (8] Y Cauchy 41, X FE A IR BORT b — 2% FH 210160 o8 %502 )
AR R 25 SE AR P R 23 DD o
FeL b, BoARNERTEMRE — AR ONEBR R DU HO A AT AR
(i) L TH I BH s A S AR i AR BR D 5 i R R B N ARAIE, B U7 RE(7.3.3) R B UK PR i #5 21
TRITFE(7.3.1).
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BIFEFHN—HAERM. Xhr B2 HEie7. 1200800, AT A9y SIE B 458 . G IF %8
Hn>2, BATEXAEEZE

By(8) = [0, 8 O ynon = (17O sy * 84 Ol gy
RGN N 4 e
Rk 7.3.2. B ARG AMEA R AT AT > 0% $A > 0, 1£4F sup E,(t) < A.
te[0,T]

EL7.3.289ERR. Bt = 2, EEIEAEMEuY = u® = o, FTPA(7.3.3)2 W R FIRE
PR BN TR, iRt T R R mAh T BN 4 AR B VIE ) 28 A > ORI [RIT > 0 {115
E,(t) < A. FE N RGBIERE n > 3, AU E7.3.206 24K n — 1 IEBEURS, BT RIE
HHE, WA —FE b

e Sobolevit N SEFLLL K d + 2 — [E] >1+ [d+1 FAEHHC > offif5

> llesuth, M oy + > llegauth, N way S CEnma() < CA. (7.3.4)

d+1 d+1
la|<1+[—1] lal<[=-1

NEEHIE, (1), FATTHEATT(7.3.3)WLKk G0, Hd|a| < d+ 1. MO ETFTRERES, g, T4
T NIT, flg = T(fg) — f(Tg). XIFENTIERFIEEE N

0205u™ — gl(u"=)4,9,05u™ = O5F(u"V, du"~V) — [8%, g (u"1)18,0;u™. (7.3.5)

T M B Bl R R A S

AT [0%, gV )]0,0,u™ RAE ML LMEAE, B WHHE u 58u™ 1535
IR, Horb w8 u® PR FREGEIL (|af +3)/2 KR T 22 H 4. SEhr EIRRAFSLHE
T4 5 598 J5 HISobolevitk A g B HIKIW, VR [0%, Y™ )]0,6,u™ 2 N W& H &

a(u(n_l))ai_ll u(n_l) e a;fk u(n_l)azaiu(n),

HofJag |+ -+ + Mol + Iyl = lal H ly] < lal - 1.

o iyl = (lal=1)/25 W oy |+ +lete] < (lee|+1)/2. EFEXMERHT aj, B8 o] < (la|+1)/2.
o Filyl <(lal =1)/2, Moy |+ -+ |oge| < |a|. XFAE {ay, -, oy} PEZ NG NRIRIKE
> |al/2.
HT o) <d+1, ATH

o SHURZWAELL? )5 BB d + 2, BIA(a| +3)/2 <2+ (d/2) <2 +d.
o H B KM Ii4: XL J5 5 H Sobolevitk N & FEATI o] LI HA23u 8% (Ja|+1)/2+(d+1)/2 <
d+3<d+2.
2
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AR SR TR RS, AR T AEA R N) K5 5C, > ofiifs

1[6%, g (u™)]6,6,u™| < C4 Z (16P8u=Y| + |8F8u™|) + 1|.

|Bl<d+1
CR e VA 2 B 15 DA R BT 1 S5 5, FRATTE
[1[6%, g7 (u)19,0u™||,» < Ca(En(t) + 1). (7.3.6)

IRIE T, R VRN, FRATEESLF(uD, du") RAMRZ M LA S, &0 utY
AR, Hdhiid|al/2 + 1 SEOEE uD EETFEZH A b ERATAT AR H
O3 F(ut™V, 0u0) JE LR B I 2 M &

a(u(n_]-), au(n_l))aﬁlu(n_l) cee aﬁku(n_l)azl au(n_l) cee ag;lau(n_]-)

Hb 1B+ -+ 1Bl + Iyl + - + Il = lal. FUMIRE £ — A2 EIbRh, AR 18] < lal/2
R Iy, < lal/2. RIS AT, BA15)

b

|aaF(u(n—1)’ au(n—l))| < CA[ Z |aﬁu(n—1)| + 1] < CA( Z |aﬁu(n_1)| +1

|Bl<ec|+1 IBl<s+1

PR (7.3.4), W13
105F ™™, 0u V)| < Co(E,a () +1) < Cyp (7.3.7)

WAE, 7. 1100 A9 (7.3.4) (45 tHag i #t) ki
E,(t)<C (En(O) + CAJ (E,(0)+1) dr) eCot g (C1 + CZJ E, (1) dr) eCot,
0 0

Horp BB BRI WIME (B0 I A) R4 8. Gronwall N %0, FERET > 0,
RARESIE (B L A) M 4EEL, 15 sup E,(t) < A. 0

tel0,T]

BITRRF TR, 3T ORIRATHE BB AT 8 7 1 {u "V E B B (IR — L8 0 23 [ 2 9ISl .
BEFRATTZE &S SR n B AR S (n — DALEIEAREZ . C[u]™ 1= u®™ —u®D, il IT e

o [ul™ — g™ M)ul™® =R, in(0,T) xR,

7.3.8
[u]™ = 3,[u]™ =0 on {t = 0} x R4. ( )
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HAJEIR, & S
R, :=[g"(u®D) — gl (u"2)]8,0;u D + F(u®Y,duV) — F(u2,u"2).
P, JRATAA
IR, < C ([w] ™| + |[8u]|"=V) (1 + |dut~V)).
FATHIALE R L[] ™% LIRS BRZ BE]™(6)

[E)() 1= [u™()|

+ |6 U™ ()|’

H(R4) L2(R4)

9 e BH7 .1 10

t

Vnza[mxoscjfmmxﬂda

0
XFEAFEAN B R T > of 5Tt € [0, T'1A[E].() < 1[ El,_. (D), i&ﬁ'ﬁz E],(t) < .
TR i PH {u SR B AN R B, o3 R u € L0, T; HY(RY)), ,u € L*(0, T; LZ(Rd))

PR R BRI IE M. FRATTEUAE IE WA b T B2 B PR uih /e u € L2([0, T1, H42) n C%Y([0, T], H4+Y).
He b (7.3.4) IA1E

[, I <A

Hd+1 X

Had+2 + ||a u'(n 1)(t )”
It AR REAN [ E (4 ¢, JRATTATBAER A {u~V} K751 A58 {w V) 45

d+2( d) d+1(Rd)
u (¢, ) —— i, u"I(t, ) —— .

BT u® V() = u(t,-) £ H Hamiledl, H o,uV(t,-) — du(t,-) 7F L rhsmifedl, BATLIRSA
u(t,-) = o M d,ult,) = . YEFEETS T L 5

< A.

Hd+1 X

24t Ml < Hminf [0, e, <A, 18 Iy < liminf [0, ]I}

Hd+2 X

XtFEHu € L*(0,T; H*?), d,u € L*([0, T], H¢).

WAER PR R BUE MR, [FIFIRA AT DAUE B i AR T AR — FE R REE AN 11, B

2 2
”u(t’ ')”Hd“(Rd) + ||atu(ta ')||Hd+l([Rd) < A
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BUAE AT LAAIE 38 3 A SRR R 2R Bu 32 Y8 1 o HESobolevadi (B ANE (S #5.1.3) 71, SHMER
fre(l,d+2), #ATE

sup ||(u(”> u,0,u®™ — d,u)
te[0,T]

HrxH"-1

d+2 r

4 sup | —u,6,u®™ —4 u)

d+1

< C sup H(u(”) —u,d,u™ —d,u)

tel0,T] HIXLZ  cioT] Hd+2xHd+1
d+2 r
<C, sup ||(u(”) u, 0,u — d” .0
tel0,T]
C2([0,T]xR%)

T FSobolevik N @, FATEDATERIUW ————— u, Xk H R 8 Bubfi S22 RS
Jy

fRAOME—ME RN FME R GES R . FoATAE L AE I ME—VE,  BRS WIE 1R AR I ] DL AL
HOERH, SRAbEE . B u M a 2N 2 [u] i=u—da, o

o7[ul — g’(w)d0;[u] =R, [ul(0,-)=0, 4,[ul(0,")=0,

y
|

= [F(u,0u) — F(#,6)] + [g"(w) — g"(1)]6,9; 1.

TARIR| < C(|[u]l] + |8[u]]), HH C KT 00| WAL g A1 F S E . BLEFRIH &
F7.1.2, FHAIER

S 6Lt e < J IR, I dr<J S 6 [ul(e, | d.
0 0

le|<1 er|<1

H Gronwall AR, Y [16%[u]ll. = 0. Kk [u] =0, Bl u=a. O

|a|<1

Fid 7.34. FEE, 2E731% ﬂ?ﬂ'fﬁéﬁim'] P& T\T AR T, {22 ?‘2 Ecj‘ 9 18 Fa i
ML E, StBtagls MR & (U, u,) € H 2 ><H 2 T (d = 3) A (ug,uy) € Hit x Hi* (d=2),
IR T 3% 1B W PR FT AR — S i 2 A K A9 R R B 7 AR AR i i R i 8 R (AR R 3 A AR 6 i 4
AR, Bp A EBR 1 iE Aok KAg), TAHAR
e Hart F. Smith, Daniel Tataru: Sharp local well-posedness results for the nonlinear wave equation.
Ann. Math., 162(1), 291-366, 2005.
e Hans Lindblad: Counterexample to local existence for semilinear wave equations. Amer. J. Math.,
118(1), 1-16, 1996.
AR, 5 H M6 R F IR B R — AR At Ao x, B E WM, B R AR ILIZANTRE Z 69 A 5%
RERZATBREREA(LT T E—ANEF LK) %7 FEFHA THETELRIAGTA (B4
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B WL A AL G LEAR) B9 B PR B BT R ), AT R ST R SR TR AR T AR A AR E U A

* Ross Granowski. Asymptotic Stable Ill-posedness of Geometric Quasilinear Wave Equations. PhD
Thesis, Princeton University, 2018.

e Xinliang An, Haoyang Chen, Silu Yin. Low regularity ill-posedness for elastic waves driven by
shock formation, Amer. J, Math. 145(4), 1111-1181, 2023.

e Xinliang An, Haoyang Chen, Silu Yin. Low regularity ill-posedness and shock formation for 3D
ideal compressible MHD, arXiv:2110.10647, 82 pages, to appear in Mem. Amer. Math. Soc.

e Xinliang An, Haoyang Chen, Silu Yin. The Cauchy problems for the 2D compressible Euler
equations and ideal MHD system are ill-posed in H+(R?), arXiv:2206.14003, 35 pages, to appear
in Commun. Math. Phys.

FIAEH, UL 15 7T R 28 iR AR 77 AZ 04 By 3 AR A B AR E W P 89 2 R

¢ Marcelo Disconzi, Chenyun Luo, Giusy Mazzone, Jared Speck. Rough sound waves in 3D com-
pressible Euler flow with vorticity. Selecta Mathematica, 28(2), 41, 2022. 153 pages.

e Qian Wang. Rough solutions of the 3-D compressible Euler equations. Ann. Math., 195(2),
509-654, 2022.

R (g, u) O EN AT H: * x H T VM, 36T 6 B E Mk 5 522 Rk 2, Hlded =
30 u = u 89 B3R AT AT Al (ug, u,) € HOY x H'" " G 2. B0

e Hans Lindblad: A sharp counterexample to local existence of low-regularity solutions to nonlinear

wave equations. Duke Math. J., 72(2), 503-539, 1993.

EEH73.1%, BATEEMHIE TAEETLe0, T; HI2(R?)) x L0, T; HE (RY)) ) ME—fif . 1El
EE b, NTHEAEE D ENAAENE, R EUE —A “REFIEMTE” sk, B
HERATEN 7H(RY) x HHY(RODYMEREF=AL>(0, T; HA2(RY)) x L*(0, T; HA(R)) ) )%ﬁllﬁﬁp,
B2 B 5 =i Sobolev 1E U4 FIA) A XS B2 PR At BE D 458 6 (1) 10 DU 4

EIR 7.3.3 (EM R, 2% 742(7.3.1) 8 #1h(uy, u,) € HP(ROXH@(RY), 7 LBHH KA
A B} ] (maximal time of existence) T, A

T, :=sup{T >0 : (7.3.1)HFLE—FfFu € L*(0,T; H2(R?)) x L®(0, T; H*(R%))} > 0.

*

(1) #&Em > d + 2, Fup,u) € H*R?Y) x H™Y(R?), M*EET < T,, 7473088 ET
L0, T; H™(R9)) x L®(0, T; H™ (R%)).

(2) F(ug,uy) € N H™(RY) x H™H(RY), M F A2 MEA[0, T,) X R 2 KIF 49,

€ BRI 5 e 7. 129600, RATAE LR 2
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7.3.2 UMK T 20 T SRR ROE N
RS 2N T IR YR Z 7 (7.3 )RR, (% B AR Rl A2k S5 b e 3y
FRIAEAEIT K AT DAKARARRE o ARATIRAT Y e/ A MU -, ARG 28 AR M B 7 F2(7.3. 1)
PRV 5 YD
BATE ST — AT LR RIS, H A /NI AR ) F-
5 7.3.3 (BB BLM MBI ). £ B4 TH X9 &m ks 542, £Fe,9p e CORY).

8’u — Au = (B,u)® — |Vul? t>0,x €R3,

7.3.9
u(0,x) = ep(x),d,u(0,x) = ep(x) x € R3. ( )

HAVEF B0 < e < 10, HAL(7.3.9)89 LB T AE B = 00, BP /)AL EARRE
XA T4 B Klainerman [t 48 i 25 5L

¢ Sergiu Klainerman. Global existence for nonlinear wave equations, Commun. Pure Appl. Math.

33(1), 43-101, 1980.
SRTITAZE5 V8 BRAIE B SE B L iy B il 7 R T 2

HERR. 2u(t,x) = 1 — e 0%, HIETHEE,0 = e 0,u, 9d2v = e *(d%u—(0,u)?), a =1t,1,2,3.
A 670 — Av = e™#(8%u — (8,u)* — Au + |Vul?) = 0.
BAEL(E, x)i85 R R AE) = 4R 3 5 78

v —Av =0 t>0,x € R3,

(7.3.10)
v(0,x) =1 —e7® 3,0(0,x) = ee *WP(x) x € R3.

fiKirchhoff 22 A5 £ v(t, x) & AR 7L K LT

u(t,x) =

o | 094 Ve0.5) -2+ 13,000,935,
= Japx

MAERN T uMu = —log(1 — v)IEJFEH K, XHLERKu(t, x) < DHEE (6,x) € R, x R3#ELAL. K
I8 N RIUEM |v| < VIERRAL. 4 3% 30 5 F2 B 32 8 TH(EK irchhoff 22 XA 5) 15 411,

Ve >0, max|u(t, )| < Clmax [0(0, )] + max |Vo(0, )] +max 3,00, (L + )7}

< Ce(max |@| + max |Vo| + max [])(1 + ¢)7L.
R3 R3 R3

VERIXEHPERE T ZQ + O AR XEOEH T e > 00 /b, A u(t, x)| < 1XHME
Bt > 0,x € R¥EBAOL . BRIHIHER ¢ > 0, AT LAM u(t, x) = —log(1 — v(t, x)) & J7 e fr) %
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PRAE u(t, x). O

EIC 7.3.5. X EZAMiRd = 3REAA LA DA AE R FTAT.3.1)4Ed > 4001 H
WiE, MXELHT - NZERNELRF EERBGH T ZIERMERGH K8y “REH47
(null condition)#y —/N4FFRIF M. FTIB “EFEMH” AW HTA0iu — Au = F(u,0u)d kLA T
KF(u,8u) = ¢**0,udsu (0 < a, f < d), £ FqPitr

A& m“ﬁgagﬁ =0 (B¢ = (&, &, -, A XK= (null vector)), ﬁ/ﬁfﬁ—q“ﬁgafﬁ =0.

— AL LT PAS R B AL 89 ) B K u A fRF % H Christodoulou- Klamerman vin ﬁéﬁﬁi%f
ROk, BPA R 47K 69 62 % Rk #Sobolevik AT F K |u|re < Cllullys (s > ) ey sy iE 3
¥, ZEHETUAFZIRERXPETEHCHEEN f:%t |x| 69 2 AT, st LA ﬁ RREEY T 9
A EERTRBEN S G, K&iﬁmu+57déd 30 K FRATRE, BHLERF
RiE, mEA “REMHT 0, 1\/\ “REN T @ @O —NIFRARHE =, tdmFTAEELF X TtE
= ARG RRRFEFO(L +¢ _7)

TR, LRGN IERYMER/NME, Bride < LRAAEDR . B REAIMIEZ T
FEIRWIE A IR R AR B
5l 7.3.4 CRAYMEA BRI TR 161 1), & Ede T8 X693 & MK 3 7 42,

u—Au=0u)—|Vul*> t>0,xe R’

7.3.11
u(0,x) = 0,0,u(0,x) = P(x) x € R3. ( )

EAVEHN: SEFe >0, L HAEMEY € CO(RNEF FTAL(7.3.11)09 M £t = efit K £ oL,

WERR. BERWIRIRAIE B S AR R TC R, A AR T SR M TR () = W/ () #
Wity = e, WIS FEIE Nu(t) = —In(1 —e1e), BETMH & BoR . (HERATEZBIXAMVIMEIIEE T,
Fr LAFRATT 2% RE A A BT

[ ER > ¢, EHUEWI £y € CX(R3), (H18 x/EB(0, R)F1E N, HLP(x) = e yx(x).
WS, Z a4 B AL et = eZ AT K A 1Ak

W 5 O IE B 75 2 B PR AL #0845 e

AR 7.3.4 (R IEM S 7 A IR AR ). % 85 7420%u — Au = F(t,x,u,8u,8'u), (t >
0,x € RY). £F F(t,x,z, p,A) : RxRIXR xR x RO+’ R 2 X% H#%, AEEd t,x,A
#H F(t,x,0,0,A) =0 R Lo % E(t),x,) € R, x RY, & LT f£ A4

Crox, -=1,%) 10t <ty B |x —x0| <t —t}.

4o R B(xo,t)) EEA u=0u=0,Mu=0&C,, TIERL,
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LTS O, A AFRATE B B HEC, o — 4 “HER”
Q:={tx):0<t<¢g t+|x| <R}

I AuTEQP I HUE T2 A X ANHE S R IV IUE wlg—oppor TIE, HERYIED o). X3
EQH A u(t,x) = —In(1 — e 't) (FN'E BA LM, e X ZEQHME—RIfR), X MEE: = i)
RS O

B, o B ARAVCEA R P d9eHR] /e, 2RIBIREL = 1/el 2R, L 5H7.336 1
1R AT TG ?
B ol A 3RS BIRIE S B 1917.3.3 4 = 1049 KA {E A7 PR 19 B 4 49 1 1A 90 2
TATIAE A B 17,34, 2 FARIE B SEL B 5 15 2k R ) S 107, 2,295 o

fhEl7.3.4B0IERR. X 0 <t <ty FHIEREEREL
e(t) := J W? + |u,(t,x)|* + |Vu(t,x)|?) dx.
B(xg,ty—t)

XeRT, FABSXERP AN, 2R R RANESTRER

e'(t) =2f (uut+utun+Vu-Vut)dx—J (u? + |u,)* + |Vul?)dsS
B(xg,ty—t) 0

B(x,to—t)

= 2] u,(u + F(t,x,u,du, azu)) dx
B(xg,ty—t)

3
+2J m—ldS—J‘ W + |w,|? + |Vul?)ds,
8B (xg,tg—t) ON 0B(xg,to—t)

HAT N 52 0B(x,, t, — t) ML AME & . FIH Cauchy-Schwarz ANERE 2|u, Vu - N| < 2|u,||Vu| <
lu |? + |Vul>. AN G 15

eTOSZJ u,(u + F(t,x,u,du,d u)) dx.
B(x¢,to—t)

BT F(t,x,0,0,0%u) = 0, #EHAR A e HEATE

1

F(t,x,u,du, 82u) = F(t,x,u,du, azu) — F(t,x,0,0, azu) = J o,F(t,x,su, sdu, azu) ds
0

1

=J (6ZF(t,x, su, sou, azu)u + VPF(t,x, su, sau,azu) . au) ds
0
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XS 2

1 1

|8,F(t,x, su, sdu, 3 u)| ds + |dul J |V,F| ds.

0

(e, 1,0, 8°0)] < Jul f

0
/7“\ C = maX{Co, C1}7 ;H\:E':I
1 1

C, := max J |0,F(t,x, su,sdu,8u)|ds, C,:= max J|VPF| ds.
0 0

(t.%)EC ) x, (t.X)ECy x,
IANF(t, x,u, 8u, 8u)| < C(|u| + |dul). i

e’(t)<2(1+C)J lu,|(Ju| + |8ul)dx < 2(1 + C)E(¢).

B(xO’[O_t)

YA Fe(0) = 0, TMIAR R He() Rk THIHIEIL, el fge(t) =0, BILE C, ., Fu=0. O
15 7.3.5 (*Fritz John /N MEAT BRIS (R ERAI S 01). 5 08 Jo 7 1 X9 3F Kot i 3 77 A2

8u — Au = (B,u)® + |Vul? t>0,x €R3,
(7.3.12)
u(0,x) = ep(x),0,u(0,x) = ep(x) x € R3.
EMTEIEA: o, € CR(RHELHIIT, 0<e<1, ZANMNREKERTRITEIEE, B
fRey A ERKES A O(e/f) RA.

XA -4 H Fritz John 145 25 3L

e Fritz John. Blow-up for quasi-linear wave equations in three-space dimensions. Commun. Pure

Appl. Math., 34(1), 29-51, 1981.

JEAR BUE B SERBR BN Ou = (@), (B2 BIRAI4 ] 7L m E 2. FIRTEM R K dR
7%, BAEMSE MR RN IER]D 5

FEEERANERRETEFEAE R, Fuwd Mg, JANCE hul, ), Hdr = |x]. 2v =ru,
UNS K32 R NIE G

v 2

1 1 1 1
6ju — Au = ~(6} = 9 = 8 — 8fv = —(3,)* + — (aru - F) > ~(6,0)%

>0

FATWEE R RIE v AI4aIRN, PRI %vf MRZNIE, Ha AW S8 I RENBEMIED 2 >
CZ? XMEMR RN, PR Riccatd UMIRIE. il AT EERIELINZAZE AR5
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F—$: SIHFERESE. LKL (Outgoing): L = 9, + 3,64 W A (Incoming): L =
9, — 0, WL —4ER )5 T 97 — 92 = LL. IXFF5i15 3

L(Lv) > +(3,0)"

B8 BEBTEERS. 2 Z=Lv=0v-0v. ZNE Z HAEWHHKIJLTEXL: EXFMT Lo,
R 2 G HE T M B AR 3 . X SERR FIRIESN TR R E AR I T ), R AR 5 SR
. K Z RAAERR LZ > f(atv)Z. SAEEL sy € R, IFERHIELE ¢ — r = syfA 5315 3]

az 1

%Z(t, r() = @, +r'(1)8,)Z = 3, +3.)Z = LZ = —= >

ke r(t)(étv)z-

4z 1

MIAA Lv = 8,v + 8,r, AT AFRAT 152 Br 45 2] TR0

(Z + Lv)*.

B=H: ENEENVEEE “EM” . WRBNBEITED (Z + Lv)? > 22 ZFEAAELA,
ML BEHEATF EFRHRIE T HEFER: BIN2EH[ LW 20, K W 1= Lv =46,v+4,v, XK
BB IS ¢ +r = C XFEMFREL A0 CRIe3Ghn, ridiZy, W BIHUE 2 AT . BESR W

N C RS (RGN 2R, Ba w EEENZINE, —&KT5T e
CHRRT HME. XEERPNOLEN R R BRI Z] ¢ =0, TARF LML r = 0.

o Mt =0HEMNE. W(0,x) = 0,000,x) + 3,00, x) 554 HFATHIE MIFIME dez, ok 2
A TR A AL )
Y+ ')+ —pr) > 0,
Wa W AEHIIA ZItR A . AN, B Fa—ERRRER.
o Mr=0HRaE. T v, r) =ru(t,r), £ r=0%&AITE v,0) = 0. XEWERr=0
Hh, 0,0 = 0. NILAEJR S IER Wl,_o = 0,0+ 0,0 = 0+ 3,0 = u(t,0). XF T-FATI o A RBE
X GEEECHE r ~ ¢ > 1 BT Ham 8550, A TR DL i i B S8 3 5 s A K
BT IZA 1]
f)ﬁ!ﬁﬂ?’ﬂ% > 0, AT LARATTATIEHLZ (0, r(0) AR AT ZKk i AR B, IR FERTEFRATT AT 21 A %5 X
z _ 1 1,

—>—Z+Lv)P>—2Z
a a0

BUE: EHEMHIMERIccatiBUERE.  XTRBII ¢, WHHELRHE r() =t —s, ~ ¢ > 1. RER
ﬁ%%zmziﬁ@)ﬁﬁﬁﬁﬁﬁﬂ%

Z(t) >

1
! Il (i)
Z) 4\t
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TeHEr =1
FRIEZET  t—r = —s,

(fRiFAED)

VI A .
] 7.1 AER. T I G A Z T DU B, A SR W S (1 R T
L N7 ek, ORI (T IR E R0, Mk
R FRA VB EIEZ () = ¢, T2 T DRSS ¢ TS REii T, = o¥e. .

*—RRIERAERS IS, H A AR, FRATAT PALE —ANMER “ansatz”
u(t, x) ~ §U(s,f, ), (7.3.13)
Hrs=t—r,t =clnt, Mw € S*RALE. HNERINE

O~ —%(at +6)6,~0,), L=0,~6,~20, L=0,+3,~ 3,

yeialii] ,
T = (50,) 23,0) = zrizafasU. (7.3.14)
AR, 193]
@) + |Vul* ~ j—z(asU)z + j—z(aSU)z _ 2r—€22(aSU)2. (7.3.15)

IAES €2 /r IR MM, 185 —20.0,U = 20,U)* = 0.(3,U) + (3,U)* = 0. % H(s,7) = 0,U N
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EAIHEIREE . BATH RS E] Riccati 512
0.H = H?.

BET - HHLU A BRI TR A8

Fid 7.3.6. At HAE R MR FAZRMNET AR L, EHALGRAKLAPI733089F N,

% ansatz T2AF TE, ILZRMNMHEZH “BHLEH47 t9RRZ—,
IR 7.3.7. EAVERMHE—T A 2 XFE 77 A2 /36975 Ko
e 1/rt9XR MR ERGRETEMA KL, INBITRSORALITETEITHE k.

Wezh T e

(7.3.16)

]

UURow:3

o At A%XkiEzs=t—r? HBREMRE, REEZEFTERBNE, THRET EXRE r~
t— o0 BT, AMFR “THRE” 09, RAARAREFT A, mEE s LT R

AR TR 8y B AR

o A2 EINT=clnt? TRFAGZS, KMEZFBIFEEXBRTGERAN Ou)’ ~ (/r) ~
2/t LA r~t), IR ARINA A(t) = CA? ZHFEFTAZ, wRIL A~ 1/t KA#HE

R I flT %dt =InT.

SEIR 7.3.8 (AR ML ). S K L=0,-0, F L =0,+0, FH T, WHEL
TR, WETRUREM r— WHR TN BH AT RE, H8THDLEAERT IR

o BAMrildsde &R AR BRERL OV, mxAANRERBAEL F 9,

¢ (P 1a])
SeHEr =t
PRAE L 5 17 Ak 7 17
(TR Ne 3, +9, (L)
L =20;—9,
(Rt
r (Z%[a))

HH ATy

K 7.2: RRBILATRERE. WETECHENI. 57 L MRkGEIE, 1L i [ R AL

P AR

w (Flde L 77 @) 69 EEH O@~4H/2), b ILXAF £ A1 69 )5 B 355 7T vAE 31 2] €169 52 L,

ua%&ﬁﬁ%i&%%%iﬁuz?v_o%m,ﬁmﬁﬁﬁr

LF(r—t)=0, LF(r —t) = =2F'; L(r'F(r—1t)) ~O(r %), L(r'F(r —1t)) ~O@™").
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TAFBLEXRETE (r=1t) WEHBEATRLN, 4R Lu #0, K ERERETIELREGH
E. H LS ARSI ETHOGZE, CHARFEGERZ . 24 F L AERRE TR
R FHRF . ZHA L RBAERGI AT, MEREKRG. b RERREM, |Lul E2MEK
Ko

FEE, AT ABIAF L, L} § % 4 Minkowskilt 2 (R3,m) 402 a4 — 8 2 {L, L, e,, e5},
BRE ARG, AR AL E— 46 R, CHARME “EAFE” (null frame), 42 I
XPDEA # & 5 AL s TR —, B AR T A {5,,0,,0,,0,} XA “ FRBEBR K
R AR IR “EBRAEHB KRN BAAR. —E2RFL@8FHBERILRFHRGGES S, M
B ) AR P 69 R AE R MR Q(Ou, du) ok AR E VAT LA 4L A A Ak

Q(8u,du) = C,(Lu)(Lu) + C,(Lu)(Lu) + C;(Lu)(Lu) + -
——
X 8% 51 *FxAF

w735 T, R C K, AFasia RRE MRk, Bit, AT HE = EMEER T
A A EEARRR, AMEAINT PTifey “KEM7, T VAEH Q(Ou,du) X E K4S LR L €
(Lu)* ey R B AR ] 7.3.3 & d 60 KEFO MR ZAZF, JE R i XA
&, RARARSTUR A I X HENEN . ZRAGITLETHEA LT HF

e Jared Speck. Shock Formation in Small-Data Solutions to 3D Quasilinear Wave Equations. Math-
ematical Surveys and Monographs, Vol. 214, AMS.

JEIC 7.3.9 B T RE R BALE]). STk R s ZAE R, COOBAT oA K BATEK
(analytic blow-up)#= JUAT B 2K (geometric blow-up), AT#H A B1& XARODEMR 4L, 11694 2 L
RERE, TRWTAELE—F

e Serge Alinhac. Blowup for Nonlinear Hyperbolic Equations. Progress in Nonlinear Differential
Equations and Their Applications, Birkhiuser.

KB R, BATBRKGERRABEREBRARE FROBBBK, IHFLTHES LB
B, 14e Riccati 742 y' = y? & 69R A R 4otk (BTARMN XA Z HODERK) . Ak 3h 42
RV, KA, HIEXFRKERE, Plow A5 695]7.3.530 2 BATEAAGF] T .

JFIC 7.3.10 (FJUTHRER). JUATR ok 5 AT R £ AR E: ME U ALH#TALY, mAR
FH AU (BP&tE) BT ALY, XA THEERFIELRICK F K (Shock Wave)S &. ]dm
Burgers 7 A2 49 B R IR AKX ANILA], mZ) @4Fies /i by “CRAZE” W E &5 “* T EEE
18144 ” (inverse foliation density)iX & .

BEARR B, ST m AL Ogantt = F(u,0u), HANF JEAZ L T 42 (eikonal equation)
gaﬁ(u)aavaﬁv = 089 ffv, FRIVuAX TE = g 89 £ &= (null vector), ARA C, := {v(t,x) = const}
XANKFE R AR E A4 AEAZ B & (characteristic hypersurfaces), LA KA1ATIRE “ A"
CATFE IR LR RN K (null geodesics) HIak o T kKA E LA A AR (¢, x!, x2, x3) 2425 4
# (1,0,9%,9%) B9MHRIIE, HPr =Rt 2AR, vBP hde EAZR TAZG A, SIBF A A AR, X
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RATERFMEEART LT E, T8 E, ﬁh%%m:-y%w W A AR 94 B LA
R EEF L RAMEETOLAR: L8 =0, A =1,2. XE%REHALFLLERE (4
&) WAEHE,

BEARH AT, HFL=0,, WAAITLTEIRZY, “L” REAX t £468, HAYILTE
AR B T AR © a9 FETTH4EE P, AR EXMRIET ML “a R AL,
MERME Z—ANEZRMANDE R FAHIERE C, #7 Cypig, L6 “FBH” R “HHE”. EHHE
S, AR KRB Vo 2 A THIER. &A% X Inverse Foliation Density u A #6 A% K 8%

Bl (RAmX a9 EHEHF) ) )

|VgU| /_gaﬁaavaﬁv

2 EHs B8 R 69 2 LA F) R AR T 69 4K AT (Volume Form) SR AE T 475 KXo AU KA, u f
T VRMEREME R FORBALE. T u TR, HWARMEEBIT (FHHR); & u - 0, HALH
X EHEZE TR, mEFRHEUTFHOXEAR du~ u'd,u.
seif, @R FOu, AR FTAZ M E — 1L, £Meis L~ —C, ZIRAHEEE
EHEAEEE (1,0,9) = (T v, ) L Ft B FEBIHAETE: hm ,u(r v, 9%) = 0. &3 dpEat
= ) SF R 64 A T B R A lir%1.*||6u(t, N = ooﬂ_iiff“i’&?si)’i;&dﬂ HY u! %69, itfE s
={(t,x) : u(t,x) =0} MR T Z Py d, FEK&ESE ERAEID, A LIRD
’ff.il;l—.*Té'J;L*T}’EﬁT-ﬁ—ﬂ:—‘?%]’ (JacobianiB L) . X R XHILT O F 69 “HAR”, BEBAMARE
“)‘L{T&‘ﬁ:”o

M=

MG PLh Ok ) 2 B T HEET RS RAR T AR HOR AR, BART b FEEZ R L, FR
d B AR A 481238 Christodoulou 89 F4F, AARRERZ R &P RER9E K.

¢ Demetrios Christodoulou. The formation of shocks in 3-dimensional fluids, EMS Monographs in
Mathematics, European Mathematical Society (EMS), Ziirich, 2007.

¢ Demetrios Christodoulou, Shuang Miao. Compressible flow and Euler’s equations, Surveys of
Modern Mathematics, Vol. 9, International Press, Somerville, MA; Higher Education Press, Bei-
jing, 2014.

¢ Jonathan Luk, Jared Speck. Shock formation in solutions to the 2D compressible Euler equations

in the presence of non-zero vorticity, Invent. Math., 214(1), 1-169, 2018.

BRWAMITZ )5, BATRKIARLAE T 22 2 72 206 7 RE R O AFAE I KO R A e Ae . T
RS, W RN RS T RE(7.3.1), AR B TR AR (B SR D) HE AE T ?
XEFAFI T =25

EIB 7.3.5 (BB HEN (breakdown criteria)). %€ 77 42(7.3.1) 689 #1184 (uy, u,) € H?(RY) x HT(RY),
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BT, AR K G LT R ET, < oo, BP 7 AZ 69 fF K £ A TREF A2k, W F =% 2

111;1_1)]1}'1f ||(u, 6tu)(t, ')||Hd+2(Rd)de+1(Rd) = ©0. (7317)

limsup| > [10%u(t, lpo@ay + D, 118:05u(t, )|y | = oo (7.3.18)
T a2 k<l ¢

lim sup Z 18°u(t, )| ey = o0 (7.3.19)

t—-T, ler|<1

JEIE 7.3.11. A2 3 9T FAn{E E W) P #e s HS X HS71 (Vs > d + 2), 3T 69 253847 R R 2o

IR 7.3.12. 4o Bk B AL 69 7 S g R BHR M, du, W M B 69 A48 E M B 3% 4R B A HP(RY) x
HI2(RY), #(7.3.17)(7.3.19) b 1 % 7

ligr_lgnf [|(u, 0 u)(E, )| gassmayxma+amay = 0. (7.3.20)

limsup| > [10%u(t, Mips@e + 2, 18:05ult, |z | = 0. (7.3.21)
e IR lal<l 42

limsup ) 18" ut, )|l peqe) = . (7.3.22)

=T al<2

R Sogge [13, # —3].

b = AR RO 2, 34 TOTE N R AL, AR B = AR T I B A A
(Gagliardo-Nirenbergffi i AN 55 T0) . MSEHIMEMERE, 2B =20k M. AT T REHZIE
=K (7.3.19), T =K(7.3.18)2(7.3.19)4 £ Sobolevif A it L1 F 4k £

WERR. FETR. 5 T, < oo (HREMENIA SO, RMERAFAERE I K > 0, MEMERt €][0,T,),
i e B SR — HUE A

sup ), [8%u(e, ) K < . (7.3.23)

[E[O,T*) |C(|<1

ey

BCRERA u A1 du SR T L2([0,T.) x RY). B2 FARAATAFEIR 740K A5, Blts > &+ 1, Jrfe
RS SET, W 2R A I R R TR R G P B GEHE7.3.), BOAMIRIE ] LUAE f 45t
fLZ b NENT, 5T, B 76

BE) = |t I en, pons- TEERHOBH T B RS (397.1.2)

t
E(t) <C-I(t) - exp (CJ ||ag||Lw(Rd) dr) , (7.3.24)
0
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Horp 1) ARRAME L SIE TR A e 1 I DTk . MR EEGEN,  REI = 2E08:
dg(u) = ¢g'(u)du. (7.3.25)

FERXENEE—MSH u. PRI (7.3.23) FATH |lull. <K H |loull,. <K. #F g()
IR, HSHBEAAN, BIHAAEEBCK) > 0 15 (|0gw)||oms < ||g/@)||1||0u]|o <
C(K). XEME =TT R AR IX E [0,T,) L& —EH 7.

T,

exp (CJ 19gll; .. dr) L<exp(C-C(K)-T,) < 0.
0

ILAEAG T I(6) T AIAEZRIE T, XI5 T Moser N4 s R 15 (CH S BLAEAR & S AT LD

1F (u, 8170 < Clllellpoos 1180l )L + ([l + 18ul[0.0) < CAEDE(D).

Hd+ Hd+1 Hd+1

XTI, JA T AL ][0, g710,0ull, FeH|al = d + 1. %;&L, HEFF SRS
QERX B BATRAZBEE FHL AT E M Moser N5 K HAE R

116, 8710:8ull7, < CClIgllsar |Oull e + [10glzeo 14l av2)-

TESEBERH— R, A Al 22 XI5 vl {8 F Sobolevitk A E # . Holder A5 A1 Gagliardo-Nirenberg i

AR (TS 3. 8], Flan Eid 21 Hio* g - 2uf i, thif A 156 I Holder 4855 3015

@JHang 0%ull: < 11091 g || |10%u|| e, FoeH11/p+1/q = 1/2, %R 5 BRI Gagliardo-Nirenberg i {H
ST LLIE |07 o P S| O | oo, T BRI TTULE LE I 76 73 v BN P AR ||| g P25 1 o

XFERA A5 2
1168 18,8 ,ull7, < C(KIE().

HT (7.3.23) PRE T ||ullp- 1 ||0u|| FIA T, AT LIS B MR RE A 5
E(t) < C(K,T,) (E(O) +J E(r) dt) .

P Gronwall AEE 5,
sup E(t) < C(K,T,)E(0)eC® T+ < oo,
te[0,T,)
KA Sobolev FHTE T, MAIRRAL IRUER ML AR, AR LUEHRS) T, 2J5, X1
T, WA KM G . XPHIE T, < 0o, N—r-SEK) L JEEUL IR o O
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S 7.3

S 7.3.1. F AT RN SR A AL

0u — Au = +u?, (t,x) €[0,T) X R3,
u(0,x) = uy(x), d,u(0,x)=u;(x) xe€R3.
IEB: LB AR A N (7.3.19) 7T A Bt A lim sup ||u(t, )| peqey = 00. iE & AL F IR B (uy, u,) €
t—-T,
HSXH 7 'w#gs>d+2=5, FIREiz74E%ds > 13¥9F B3t (XEREFIERA),
SRR 7.3.2. &g : RXR?Y - S™ ¢ R™ i 4w T o B bt (wave map) 77 2

d
I:I¢ = ¢ (at¢T : at¢ - Z ai¢T : al¢) ’ (t,X) € (Oa T) X Rds
$(0,x) = ¢,(x), 9,4(0,x) = ¢, (x).

AEH g > =1, - ¢, =0, HBELAELE.

(1) LT iE E(t) RFTlE=E

d
B(t) =3 f [|a[¢<r,x>|2 +2 |ai¢<r,x>|2dx).
Rd i=1

Q) #&d=1,m =2, AHREALBWEFL: Ahye S EE ($,—y.¢,) € HA(R) x H(R). iE
B SCI L WA AL A R R 6 H AR AR, X T A BRI R SR N (7.3.19) B

RE: 2Lz 1AREE.

jo)&k 7.3

5187 7.3.1 (Bona-Smithi&iT). % 7 42(7.3.1)8 BAF = 0, W1 (ug, ;) € H*XH ™, 3 k > d+2.
RIS = f ABEREF (UM FC2), KB u,u) 1= T Ju,). R4 T LE#,

(D) |1, U gresxe = O /€), [|(uf — tg, uS — Uy)||pe-1spe—2 = 0(€) as € = 0.
(2) (uf,us) *F 289 ME u® i# 2 sup sup ||(us(t), 0,u(t)||grxpr < 0.

e>0 t€[0,T]
(3) limsup ||uf(t) — u®(t)||g = 0.
£,0—0
R (DFHRER o(e) EFRAE n AF0xAM; Q) BT gRMTM, FRELTRER
Moser 1<% X (€ 3 5.3.6) 49456, FIF LR RIERE k> 1+ (d/2) A3,
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7.4 gEEXIEFFEIEENGIE
AR R 2R LR R ARA I A ERE, b = 21,

8u — Au = plulP'u t>0,x € R,
7.4.1)
u(0,x) = uy(x),0,u(0,x) = u;(x) x € R4,

XEPATE LN ARG . FIER, x RUPREL NS T U — Au = plulP~ u.

o ZR¥u = 1R NEE (focusing)HIL, p = —1NFRZ NEEE (defocusing)F L .
o ZIMERA THEHIAEE

E(t) := %J

Rd

(—#)J
ou)?+ |Vul* + —= u|Pt dx.
Gu)* + |Vul ¥l d| |

AN 7 B B A a0 MR gg AV an Rut, x)Z 77 4. 1) B0, W

VA >0, u(t,x) = Aru(At, Ax) 42 FE(7.4.10) KR

2

2 d
LSVt = A2 | Vo, 5id > 36, ARRUNS = = +1 -2,

e
- #Hs >0, Hlp-1< ﬁ: VLI AR B T FE(7.4.1) 2 BE 2R IR (energy-subcritical) 1.
IS - 00, WA — co. ASTERNTE, X3 U S S AR s 4 2R /N RS 3t 75 22
“ToPRAeE”, MXWPMERIREESFE “25ik7.
- #Hs<0,Blp—1> ﬁ: LR RRIE B T FE(7.4.1) 2 BE = RBIE R (energy-supercritical) [,
AR, I RE ST IE R IR B (RIA > colX M) .
- #Hs=0,Rlp-1= é: ORI FRIE S T FE(7.4.1) 2 BEE IR (energy-critical) 1. LEATIE
LA AR PER I8 B PR . RERBEAEIIETR WA T RIEES, b R 2
R B 4
ATRATFERE = 3, p = 3X—FpkME O, B DLHBIEAR R EEM T, AL NI
1] Strichartz i1t »

u—Au=puu*(u=+1,1<p<5) t>0,x€R

7.4.2
u(0,x) = uy(x),d,u(0,x) = u,(x) x € R3. ( )

P AR © B A N E AR
T 7.4.1. % (up,uy) € H(RY) x H(RHANS D EBH R LE, W HAL(TA) G LK, Hik
R (u,0,u) € L*(0, 0o, H3(R?)) X L=(0, 0o, H*(R?)).
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FIE7.4.1. X2 BAVERAMAEH (R)XH (RY)A A T RE EFIEY 6 A& R L (R327.3.1),
EBRTATADAT FHN, HIERMRIRBOU, FIRERMNTRAEH XH (s> 1) 2@
A=A LAY B3 E 2, iEH A N Evans [6, € 3212.2.1].
A8 7.42. ARERBERIFNU(p = 5), DAEERBEGIEF T FE, & LR E LT Z4E A
Strichartz #&7, ¥ W Sogge [13, #3F]. st KAEF I, BN R 3h A AR 7T LA KA B4R
i, mATREFANE AR ESASRIAENXE, THALTLE
® Manoussos G. Grillakis. Regularity for the wave equation with a critical nonlinearity. Commun.

Pure Appl. Math., 45(6), 749-774, 1992.

e Jalal Shatah, Michael Struwe. Well-Posedness in the Energy Space for Semilinear Wave Equations
with Critical Growth. Internat. Math. Res. Notices (1994), no. 7, 303-3009.

e Carlos E. Kenig, Frank Merle. Global well-posedness, scattering and blow-up for the energy
critical focusing nonlinear wave equation. Acta Math., 201(2), 147-212, 2008.

7.4.1 RIGFHENFIERNVEE KR

UE /MBI G B AL T S IR M PR R 2 B (IRBa 8o 2 & R a8l 7 AR
PR PR BB AE T g A7 A2 I TR B Ve ke ) Kﬂ?ﬂiﬂ]ﬂ%)ﬁ%li&ﬁ‘]?&ﬁlﬁ/ﬂ (u =1,
e IR REE RO RIERY), MERRMIEAERS, BABEET.

WER 7.4.2 (EMHEALTE). ZuAt 5 42(7.4.2)4[0,T) x R3 Loy 42 /g L

M := sup ||0,u(t,-

0<t<T

+ [|Vu(t, -

< 00,

)”1242([}%3) )”iz(Rs)

N AABL G & P (B PEAF AR, BP3Ts > 2, (ug,uy) € HS X HS 1y

SUp [18,24(t, M2y + 10t M, < 0.
o<t<T

UERR. X BIRATLAs = 2ABNENZE B, 0 R MISTE I —FEf . EVERX RHE T p = 3:
o UpiR/NEF, ulPTlul AT Bls = 3, p < 2861, AT HRER =M S 2 52153
V (plulP~'Vu) = p(p — D[ulP~*u(Vu)* + plulP~" Au.

M1 < p < 2, Ptk REEIES Tkp = 26, F B 2sen(u), T u = 0
HANESE, WRER SIS I Dirac § KA.

o 343 < p < 5, AT EH s 5 FE ) Strichartz il 1180 = 4E 28437 5 #2108 20f% (Kirch-
hoft A ) KAEH], IX B4 HR0E 25 .
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B v = ou NAEEZRE I 8. XITRER AL TR

8’v — Av = 3uv (7.4.3)
R W Ey(6) = S(IVOllZ, + 10,0112,). RIS SH0 535 i
Ei(t) = J 3|ulPvd,vdx < C||u?v||2]|0,V]|;- (7.4.4)
R3

1M [10,0|z2 < V2B, (), FATHFAbTHIELMEDT. #Holder A5EAAT

vl < Mol Vullzs = [lullf ] Valle (7.4.5)

o EMIA: i Sobolev AN H' & L8 GEFES5.2.2), ||Vullis < C|V(VW||;2 < CVE (D).
o KM ZAH: HiSobolev H/\}\/_\Ef_ﬂi, lulls < Cllu||gn. XHEEAE p <3 p >3 4RI R A

PifE. P BB, —IREEA AT (lullm A5 W ull}, < CM).
IAMEIE §T£ﬁfﬁ \/ E,(t) < C(M)WE,(t). H Gronwall A& RIS 458 O
F& T SRAIE B A8 v )
id 7.4.3 (RIHEND). R T AZ(7.4.2)fF 69 MK A AR B AT, > 0 (2 X B 2 #7.3.3). &T, < oo, 1
lim sup ”atu(ta ')”iZ(RS) + ||VLL(I, ')”iZ(RS) = +o0.

t—-T,

SERR. D740, XHEMEHK > 0, NIRRT A2 MHIE o, w2 ol 2, + [, <
K, MAFER T, MR (55) MRTE[D, Tye] x REFFTE.
PUTEF AL, T, < cof BA5 AR, MIFFEHHK > offifs

sup ||0,u(t, <K.

te(0,T,)

+ || Vu(t,

')lliZ(R3) ')lliZ(R3)

AEt, =T, — TK, LA(u(t,, x), 0,u(t,, X)) N5 FE(7.4.2) R IE, R id 2 P45 18 4,
thﬁﬂ‘ﬁ%ﬁ’mﬁpzé/'ﬁuﬁ@é%uﬁﬂﬁﬂ, X 1 B 5 R (7.4.2) 78 LA (ug, uy ) WA, FrigrIfg 20
AL, + Ty =T, + TK>T el X 5T, B R JE O

T RBATER 2 2 7.4.1.

EIB7.4.109ERR. B IATE LRERIZ R

mmm=]

R3

Laurs Livupe—t 4)
<2|6tu| +2|Vu| 4|u| dx. (7.4.6)
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TR, BB EAEAAEESFE: B() = E(0) = B, TE%, MIEBEERET E >0
NEEH, ERIEH7.4.1.

BT, 9 Sobolev A HY(R®) & LYR?), fFAEHHLC > 054 |lul|p < C||Vaul|p. X BIA]
FAEI T AR (Ari7.3.4) 13 Hue, )t B B304, #AT BLUA Poincaré S48 A u| 1 85
A || V]| 2.

Sl A S 1 R A

1 1 1 1
SHOwlR. + S1Vul2, — Zlul, > 511 Vul, — AllVullt. (7.47)

2 () = ||[Vu(@®)||z = 0, &XEE f(y) = éyz — Ay*. TRBAEEI (D)) < E,.
ELRH f(y) = §y2 —AY*TE Yy >0 FHTER -
e f(0)=0.
o F) =y—4Ay>. & f(y) =0, MREME—IEZLEN y, = 1/V4A.
o Tt y, MIRBIMKIE (HE TR “BL” 5, WNH=fu,)>0 Hy>y, i,
B A 3 i T — oo,

PR RAME /N, 2 Ey < HULK||Vue|l: < y. (WHMELLT “HBE7) . FATW -
WS, E& € [0.1,), HA Vult, ) <y, LHRILMB—IIE BB 2@k Tk,

WS BUIERR. y(¢) = ||[Vu()||. AR TEFESL RS, /£t =08, y(0)<y,. HT fOy(®) <E,<H,
H f,) = H, XEKRE y@) KTZTIERE] y, XME, FHTLEFEHELBE G0, B CUFEE
“TH” ZEABE, B y() € [0,y,) SAFE t BT, ]

17 25 FRSLAR ] (| VauCe, e R B0 0. T B T AR
2118l = By~ SIVal, + Zlull, 7.4.8)

FILEE— A T (ARZRIETTH Sobolev BRAME Vu #58]), PIIL ||0,u(®)]. t7E—H0H 71,
AR 2 M, A1 X T ¢ € [0,T,),

IVudt, OII7, + 18:u, )lI7. < M < co. (7.4.9)

WAE, $EIBBAEN (Ardi7.4.3) FWRT, < +oo, ME5T.49)F7)E, FIHHKAELERTET, =
+oo. XUWIMEE/DAEH x L2 HEAKAEAE HA . A5 HHIENPEAERER S (7.4.2) A1,
Xts > 2, (ug,u;) € H x H LW F

SUP [18,14(t, Py gy + 1t M) <

0<t<T

PR 5 R A AR R AR 2 S O



196 R eI

7.42 W& ReFENHIEMRVEEKE
Mu = —-1,1< p < 5B, BIXF=4ERECEE R IG AL sh T BT &, RWIME B e 2 A AE 1)
Zliﬁ?jm'lwwk %5 tp = 3WEERIRIER . 2 p < 3 WATAE LN JulP~'u KPS EA G 1
I, HE R BELE HY x L* HIHCRAR: 43 < p < SBFFRZH RPN AL REAR S R A8
)EHStrlchartszlJr, ZLoAY HKirchhoff A {453 2| orgensfiith . J534 7] 2% Evans [6, 12.377].
BT
u—Au=-u*(1<p<3) t>0,x € R3,

7.4.10
u(0,x) = uy(x),d,u(0,x) = u,(x) x e R3. ( )

EIB 7.4.4 (BUERWMEBARME). % s > TARE LwME (uy,uy) € H(R?) x HSY(R3) (Bpéz i),
FAL (7.4.10) 5 A" — 9 BARAR (u, u,) € L0, 003 HS(IR?)) X L®(0, 00; H*1(R3)).

WERR. X ELEAIVIIR s = 28BS UEM o UEWI o NP s B S A TR TR RS — B RE R A B A
g S, RIEFH p = 3 MAEEET I R AT

B—5%: —HrEEERNBARRMATT. € REZH

Eﬁﬂ:f Gwmv+1wuv+hmﬂdx (7.4.11)
o \2 2 4
KEm: HTREBESTE, ksl dEf. HEEETE E () = E(0) =: E, 53]
—||Vu(t)||L2 <E, = ||Vull. < V2E, (7.4.12)
—Ilu(t)||L4 SEy = ||lulls < (4E0)4 (7.4.13)

AN, Hi Sobolev ik A HY(R?) & LS(R3) Al Poincaré N2, ATH:
lullze < ClIVullr: < CV2E, (7.4.14)
FIFHIder A2 [[ullye < [JullC,llul558, ATAIHER 4 < q <6, M0 L9 JEHCR—E0H 0.
ETH: ZIMeeERit. ATIEHMB—BEAE H P, € X ZHReE. %o = Vu:
30 — Av = —V(u®) = —3u (7.4.15)

RS Ey(8) = (Vo2 + 18,0112,). SRFFARN I R4 £

El(t) < J 3u?|v]|0,v] dx < 3||uv]|24/ 2E,(t)

R3
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ﬁ,ﬂ\]%gjfﬁ_ﬁ‘ ||u2v||L2 - ||u2vu||L20 ﬁ Holder K%ﬁﬁ

[Vl < [[?llslVulls < llullZ ) V2ull < C(Eoh/ Ex(D)-

E=F: HAREAFNX K LM REREE AL

EJ(6) < C - C(Ey) - Ex(t) - \ 2B:(0) = C(B)E(D). (7.4.16)

I Gronwall AR AG E,(t) < E,(0)eCE) iX FHIX TATEA RN ¢, —FracE Ey,(t) G RM.
Rl bbb I W AL 3G e 2 (A di7.4.2), EASTERRE AN H? I, R4 S i 2 34k
TELERT O

7.4.3 Bootstrap/3iL

AP SCEBNANT N IEA 2 H A —NH R ER I E M BRI > BARAEENE " 1) 58 B2 R
o, AR IRAT AR R 7 R I R M A 3 B A e o VB AR SO 1 o T2 AR () 30 7 FE Strichartz Al
it R TRERRREERTEROEY, H2 %885 4T 5K EERESRER. XA B
5& PDE 3 #Hr f EAEATER B4 T B——Bootstrap 755% (SIRAEEMHE), e — MRkt
A2 Gronwal AN 2
FEARZR VAR S T AR I FE e, JRATT A 238 B TX R ) I 5 -
1L A TUERIEANEE X (@) REFA T (BUR/DN), AR ZE SR Lepe Al it
2. HIREREMTHMEAE R AER X@) c2F T (IR KIRTHR N4 BERNAL.
KRIERL T —MEH: “BEEREARR, LMEREEER . fTHXMEANIZHE T 2 Boot-
strap, ‘B AJLAAEIRAIMEH B “FFUR®” 247 “Bshinee”, B <A FHRs” A5 5 R
SLI) CRPEAT R “HMERI D, XA FRAAE 2 F Gronwall A5 R SE I
FAVRAES B4 G Bootstrap[F
Rk 7.4.5 (3% Bootstrap JZFE [16, 251.371]). XIA R XA, HifiEEr € IRMA B %8 “R
%7 H(t)A= “25487 C(t). AMBILVAT W@ 5P R AR L.

(a) (“4RIL” = “L®7) BXEAr eI, “Bi” HOmz, W “4i” C(H)Em=L;

(b) (“#it” %T “URiL”) HEXEAL €I, “4it” Cl)kz, NEEHTFABROL), £1F
“BIx” H{')*HHEZY € In O@) R ;

() (“#it” RAMMN/E5M) £/, C DIKEEt € I, B EEn# A “4i8” C(t,) R
2, W “LE7 C(H)Em L

(d) (EARMEER) 2 BAE -t € EFRIX” HE) R o

R2ZRA “2Ei” C()MAEFEL € TR o
$i 9% Bootstrap 5 B FHIE M A [X ] FE38 e o 4 2
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WA, 2Q = {t € I : ZwcOr}. Md)+@FHQIFT . RIGbL)+)EFWQREITE, (oF
QAR WX [EILERE, TPl =1. O

EIE 7.4.3. AFERE RZRER, H(),C(t)8 LR —A& M AEF(b)-(d) & 5 Bk, Mm(a)iEELR
XKBEW TR, —AREEMNE AR A dE &R G922 M KIEH .. ZBootstrap/R I & &,
HTIEYR “HR(M Lt C1)7, REBHEDGLMELTRCEE, BE VA —NEIE SR
Z, XAER “Ht)=>CH)” #5825 % T . £ XPDEN, 4R KXMNMBILAMEEL € [0, T1A £
M EAETX(E) < Mz, &AMEL 4R HR)T AL “sHiEsr € [0,TIAX(t) < 2M”
BEARBHARFR, REARTARIEXERGEMRIEY] “EHOWORZHITRT, KM
HX(E) S M*MEEL € [0, T Z”

G
C(t)
(F11%)
T ¢ GEfH
%A ﬁf%T
( «j\%@z,l\i» ) = =
FUHENTEE Rk
H(t,) H(t)

BB H(t) 54518 C(t) ZIRIR AR E R ZXAHERIF ARG RILE,
DI AERE— DGR ARAIEIA T, BRATERY J& 1 A8 BB 2518 A 57 (1 I 1) 52
o MITEBS BT k1 IEAR— B B AR A R LN Ta)

Gronwall A5 A B 5l & Bootstrap R BRI —MEFE],  BLAR & A AR 161 5 TR 31k B
538 7.4.6 (Gronwall A5, L f R >R A—NERELRHK, g¢: R > R AR THRIEK,
EGLETHA > OFEFAEELr €0, T2

ﬂD<A+Jf®ﬂ®®. (7.4.17)
0

A2 RE e [0, TIHA t
f(t) < Aexp (I g(s) ds) . (7.4.18)
0

MERA. YRR e >0, FHELLT R

f() <A +e)Aexp ((1 + s)J g(s)ds) . (7.4.19)
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EXB 1= {t € [0,T] : %M (7.4.19) ¥HEE s € [0,¢] oL}, WATKUEM B Z23E 0 JH H I
¥y, MMifSt B =1[0,T].

o B RAEIREM, KN 0eB.

o 1 f HIESNER I, B WARZHI.

o ME—PNXERIES I ZUEM] B 2IT . | f BELSEE, RFIEMIE « € B, BAEATA

f(t) < Aexp ((1 + E)J g(s) ds) , (7.4.20)
0

HIf3 2] —NH (7.4.19) oA S AMIEREH t € B, WA

t t

fOOSKA+ J g(s)exp ((1 + s)J g(r) dr) ds

<A (1 + (exp ((1 + E)J g(s) ds) - 1)) = Aexp ((1 + s)J g(s) ds) .

Kt B=1[0,T], BP (7.4.19) X t €[0,T] #l e > 0 ilfinr. 4 € — ORNTR4518. O

f(s)g(s)ds <A+ (1 + E)AJ

0

—MAEH T, Gronwall NEFN 2N FA15ERL Bootstrap (BN IEARRL7.4.5F BIFR1%(a)) BY T
B, X EIRANTCAHRAZ AN 3 50 77 BN I A B A7 AE IS TR A, AEBRIA O AR Bl 77 5 S 9l 26
PTEL T, % A A Bootstrap JRIR IR o 31X tH 2 X R L M 07 F2 v SR 00 75 i 1) — ML 1 v
eSSt AR eIy ey I

(7.4.21)

CQu(t,x) = F(u,du), (t,x) € [0,T) x R4
u(0,x) = ep(x), 0,u(0,x) = ep(x).

Hrhg, 1 € CX(RY). &ML LWR

EIB 7.4.7 (LMW B 7 R I ME R FEAAAERTK). & d > 2, sSTwfiF A (7.4.21), ¢ >0,
BIFL 0<e<e i, ZRAMuBRKELERNT, > T, HLAT it

+00 d > 4 (BEIRAR);
T. =1 exp(c/e) d=3(L¥FEAKAME, almost global);
c/e? d=2.

H b e >0 B AR AEAAE &P L) 89 F Ao
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EX s e Rz R (s 7Bk, Bl s > d/2+1):

E,w)(®) 1= Y J (18,0%ul? + |Va*ul?) dx = ||du(t)] ..
Rd

|o|<s

HIRIME 26 A FIAFAE T HL Cy > 0 15/ Ej(u)(0) < Coe. UEWZEBHAT, FATAND Al IER .
Rl 7.4.8 (ReRfhiil). BEAFHKC, >0, EFALFBREAGEE N :

B0 < ClI8u(t, Miman ECOO. (7.422)

Rk 7.4.9 CGEWAL ). AR T 44 d Foidk s 89%F % C, >0, 1£4F:
C.
180, Mty < — e B0, (7.4.23)
CEIES
Bootstrap /3 &1t Elifespan. AT E L Bootstrap JRHIEH B . 1% T, N HRKAFAER 8]
F—4: BT Bootstrap %, MEBUHEH M > 1, FAVEEREXE [0,T] £ (HphT<T)

VESE BBV
 E () < MCye, Vi € [0,T]. (H)

AT HARZUEN]: EFREANRTEE N, (H) KECZERES R (Fam %Cos), LN}
4 bootstrap JEFRAI (H) 1R 1% 8] FE A — B AL
FEL: HAM. FIAER (H), AT LAEEH] (7.4.23) TR E D

C.
[18u(t, ll= <

(MCge).

d-1

A+1)2

4 K =C,C,MC,, ¥ LR L® FARN (7.4.22):

4 Jewo<a [ e } VE@O.

CEIIES

FIFH Gronwall R, HFARAWE R VE,@)(0) < Coe, FATEH]
B ()(t) < Cye exp (KEJ a+ r)‘d%ldr> . (7.4.24)
0

AR Bootstrap 5% (H) (VE, < MCoe) NEBIR, BATHBEA I/ T MCye, X%
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0Tk t [
exp (Kaf 1+ T)_%d‘[) <M = KEJ 1+ r)_$dr <InM.
0 0
B T, HBE. L 90 = [+ 1) 7 dr. RATRIBEE d 407 900) Tk,
o d> 4, HEEK - <=2 < -1 B —EH R

e

d-1
() < j 1+7) 2dr=:C4j< 0.
0

HER ¢ 7870/, 115 KeCy < InM, AERMER ¢ € [0, 00) BIEAL. Fr LUR AR A7 1E

o d =3I, BoEXEIEK: J(t) =1In(1 + ). KbE
In M nM c
Keln(l+t)<InM < In(1+1)< K—8=> t < exp(K—E>—1 Nexp<g).

Frbl d =3 0, fEMAAER KT AN T, > exp(e/e).
o d =20, BIOREZTMK: 700) =2[(1 + )2 - 1] ~ 2012 F11F3

In M (In M)
1/2 1/2

PRAZ d =2 1, MRIAFAER KRR RN T, > E%

SRR, T, BT (1 + 07T BB

o IR T ATAR, MIARLAE RN RA IR, 13 B A
o FHREARAT, MAEEFER B, —SekiSREBINNMIMERK, FHT, < .
[]

S)ER 7.4

S8R 7.4.1. iEAR 7 Ay = -1, p = 3 H L (# £, cubic) .
SI% 7.4.2. #Ede T =R E KGR F AL

Ou — Au = u’, (t,x) € [0,T) x R3,

u(0,x) = uy(x), d,u(0,x)=u;(x) xe€R>.

PR B EAMEUy, u, € CR(R3)iH L
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o MIERFEQO) 1= [, §(|Vu0|2+ luy|?) — iluol“dx > 0.
o X aYfRu(t, x)Et = 1R AR, BP lim [u(t, )| o@s) = +00.

R BATP7.3.4% JEODER G4, EP#E%RW%M&’J‘M’%, ZODE®MAMAA —/NFHK; R
xR Ty AR A B, u X E A FAERABRI B R ypop, LRELHR: K5 AA RALIEREIE
B oz — % R At R ODE K 28 fi%

o) 7.4
B8R 7.4.1 (Levine[VI14: J77%). 43K # B4 T B BRI SFk 742

du — Au = u’, (t,x) €]0,T) x R3,
u(0,x) = uy(x), J,u(0,x)=u;(x) xe€R>.

3 AUy, u; € CO(RY)HAEQ) = [, 1(|Vu0|2 + ) - l|u0|4dx <0

(1) iE9A: BAETH A>01EF |[Vuy|l > A, Bi#HL E0) <0 8948 e 2 4118,

) A1) := [ uldx, £ I"(t) > 6 [u(0,u)* dx —8E(0), AL t) 2 EFEEL 2 1)
H I'(t) > 0.

(3) A J(t) :=I()V2, iEW:J"(t) <0, ExHEZ >, AT () <0. BHBFHAET, < 0 1£1F
J(T,) =0, 87 I(T,) = +oo.

O] 7.4.2 (Strauss/zffl). # Ehe T =2k H 42, HFl<p<l+ \/E

8’u — Au = |ul?, (t,x) €[0,T) X R3,
U(O,x) = uO(x)’ atu(oa x) = ul(x)

A Fhuy, u, € CX(R) AL FBO,R)A, HithZ [, uydx >0, [ u; dx > 0.

(1) AI(0) = [ u(t, ) dx, EH: HE % KC > OEZL(1) > CI()P(1 + )~3FD,

(2) HvAGIY — Av = 07 A A8 B A1 (ug, u, ) 89 %, JE: A HC), C, > 0OfEAF [, v(t, x)dx =
C, + C,t.

(3) A ADuhamel/7 2 udf 5 AovFedE K305, RQ)IENA: FAEFHKC > OEFI(E) > CA +
t)*P.

4) Fe>0,u=(p—1>+¢e@—p), WHEkEe>0EFu e (0,2). ErFH: HLEFHKC >01EF
S0 2 CUEPA + D).

(5) B3), (4)FdF A, EZ FTAET T R A R AT M,
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BI\E THEEN

FEXTARMA IR S 1) ERF AR AR 0 SRR RUE I o, ARy AR e B R Rp AR ) L) f
AN NI A BRI R RME T . SR BRI AT LA N B MER BRI A E TR
T H AP E L R G TR . A EIRAT I EEA A R - B H 7R Gl MERT & JE D) S H
RN EARRERBRABEA 7R BINECARE, B AR TR S EE, 3
VA, RO ARZ MR B J7 RE IR OS2 F A E A

8.1 —MT4: BKA-RIIEEAH FTE

AT E R T TTHE Alu] = 0, A2 — PN EARLIE) M 51, u REN R AL
o, ﬁaﬂhﬁiﬁ?ﬁﬂ*ﬂ“ﬁﬂ’]ﬁ ORRMFAE LN E R T 1R o AER AR 7 i AR A R AT S0 — 348
I3 T R IR R (FRATTRRAE “AR 50 [l ), FRATAT DO 7 R I ARARAE JEAS “REEZ K7 I[-]HY
Il 7t i, BT [u] = 0, T AE R BRI 5 s AR AE PEAE AT AT DU I 2 R 73BT R 772 3K 45

AR BENA B0 — KIS, U c RUZDFIEHEWRIED)ITE, ATE OB
PREIL : RYx IR x U — RNHREIHE (Lagrangian), B AN

L=L(p,z,x) = L(py, -, Pg» Z, X1 -+ » Xg), peRY zeR, x e R4
Hrp, 2B B A BUR Vw(x), wx), X Bwlx) e —MrE R . ®I1TEE X Fids
=@y Ly ,8,,L), V,L =3,L, V,L=(Ly,,Ly).
A2 &I T Rz iR

I[w] :=J L(Vw(x), w(x),x)dx,
U

Hfw: U - RETHENENSE (admissible set), #l1 A 1= {w € C*U) : wlyy = gh, Hgfs
5E H R B

EIE 8.1.1. %A :={w e CU) : wlyy =g}, LA PgRLRHABHH, Fu e ARI[ R

203
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FEeRA£), B I[u] = minI[w], W ui# 2o T B 42-324& B B 7742 (Euler-Lagrange equation)

weA
d
— 70,8, L(Vu,u,x)) + 6,L(Vu,u,x) =0 in U. (8.1.1)
i=1
IERR. fEHlw e C2U), Al MiEu e A u+ev e A. %

j) :=I[u+ev], e €R.

H T uI[- [ ME T, BTl j(e)fEe = O EI & /ME, FrLLj’(0) = 0.
WAETTHEj'(0). P57
jle) = J L(Vu +eVvu,u + v, x)dx,
U

d
j'(e) = J Z 9, L(Vu +eVu,u +¢v,x)0,,v + 0,L(Vu + eVu,u + v, x)v dx.

Ui=1
% =0, FA11E 2
d
0=j(0)= J Z 0, L(Vu,u,x)d, v + d,L(Vu,u, x)v dx.
Uizt

BE, AR E TR EE S — A0, BB B, .

8.1.1 HFFZ=H: BMEXRLENFTH

5] 8.1.1 (Poisson 5#8). 42 K3 f : R > R, EX LR JHHAF(2) = fgf(y)dy. HANAAFE Bt
e
Iw] =J L\Vuwl? = Fw) dx.
;2

Wit. HL(p,z,x) = ilpl2 — F(z)%n,

6pl_L = p;, 0,L =—f(2).

JIr CABRKRz-hi 6 B H 772

—Au = f(u) in U.
— R, FEERRZ MAE, BlanF(z) = iﬁzp”, BN MR- A% B H T —Au =
+uP. #F = 0, NiX 5t /& Laplace /7 #£ ] Dirichlet i # . O
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JEIC 8.1.1. &M BT AL Z &P 3SR 2, B L Ex3 4 (1, x), #EVwikRO,w, Vw),
T T AEFHE S TAL, Blde, FIE
T

1 1
I[w] = —w}—|z|Vw|*+F dx dt,
wi= | Fu-(51vF + Fw)

¢ A A BR -4 4 B B 7 AR BP A R A 7 AR
u, — Au+ f(u) =0.
51 8.1.2 (M%/NHTHT (minimal surface)). # JE&PlateaulP] #: =4 F B F 442 —F A &, WA AHAR

&4 i & 649 & AR S MAAT B IR R ?

Surface area of graph = I [u]

y 3 g .
E |

—

u

A minimal surface
B 8.1: AR/IN i T 7= 1)
TR, v VR A LIR R, JRATE S R AR R ME RIS TRz ek R M T

Iw] = J V1+ |Vw|2dx.
U

e R B H #CAL(p, 2, x) = 1+ | pl?, fThe, L(p, z,x) = ﬁ, 9,L = 0. AW (p, z)Ht
WV, w), FATHAS B IMEFuidh £ 577 72

d ax'
V(V_) — Yo, (_) o
1+ [Vul2 i \W1+|Vul?

]
JEid 8.1.2. XX KXV ( vu )?‘:%L%:ﬁi‘{iuéﬁ BE%a9-F 3 i £49d1E, PTA L KAFE9M
V14 |Vul?

N E ey A EAR, IS, INFEAHEETL: RAGEBKA R ELT AR @GP
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£49.
5 8.1.3 (AN} (harmonic map)). KA ALFEFE HRwikRmEAEHHwW : U Cc RY - R™,
# Edn T % &
I[w] :=J Livwidx
2
EEFEA ={weCH U - R™ : wlyy =g |W| =1} L& IF, XFEEZ—ATUTF

B, BRI EiZF AR T A LR K2 B RGBS, RAVEAA D TFuid Lde FE K
R 77 A2 40

—Au = |Vu|*u inU

u=g on dU.

Q >

A harmonic map into a sphere

] 8.2: FIER I I AN BT

HERR. fEHv € C2(U - R™), HT|u| = 1, BATE LR/ EHu + ev| # 0, v, =

u+ev
|lu+ ev|

BAEFRATE S j(e) 1= I[v,], W j7Ee = OHX B/ IME, FTLLj’(0) = 0. HEEIHHA

j'(0) =f Vu : Vv/(0)dx,
U

ﬁ%%ﬁ%H=%A:B:Z&ﬁW
LJ
BRI

\'4 B (a+ev)-v)(u+ev)

! —
viE) = lu+ ev| lu+ev|?

=>v(0)=v—-(u-v)u
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K HARNJ O RIFRERX, 135

O=J Vu: Vv —-Vu: V((u-v)u)dx.

U

H T Ju? =1, AR S H %(aiuj)uj =0 WERL <i<d#AL, B (Va)'u = 0. #EILHEAS
j=1

Vu: V((u-vu) = ZZ 5i“j5i(2 w,viu))
i k

= |Vul*’(u-v) + ZZdiujuj 51'(2 w,v,) = |Vul?(u-v).
i k

—_——
=0

f Vu : Vvdx = f [Vu|?(u-v)dx Vv € C®(U — R™).
U U

2433 HMESF

54
J (=Au) -vdx = f |Vul?(u-v)dx Vv € C(U — R™).
U U

HvIEREMESR, HE —Au = |Vu|PuEUFE KA, O

8.1.2 Z“MEm: mfERix

iz BRI [w]Euis 2 ME, W jle) 1= Ifu + ev]ii £)'(0) = 0, MFE—LIATES j7(0) > 0.
DERANRE B P 2 HH{E B aeiikit 4. 12

Jje) = J L(Vu + eVv,u + ¢Vv, x) dx.
U

d
j" () :f Z 6piaij(Vu +¢eVo,u+ sv,x)axivdxjv
U i,j=1
d
+ ZZ 0,,9.L(Vu + Vv, u + ev, x)d,. vv

i=1

+ 02L(Vu + eV, u + gv, x)v? dx.
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% e =0, BB BN FAEX TR € CR(U)FBRAL:

d d
0< J Z 6Pi6ij(Vu, u,x)axivaxjv + 22 6pidzL(Vu, u,x)dxivv + 02L(Vu, u, x)v? dx.
U

i,j=1 i=1

X SEpR_ BT BLHE

D 0,0, LVu,u, )58, 20 E€RY, xeU. (8.1.2)

ij=1
ZAMBEFRAER S B H LA M FRI% . IEBH RS RE T LS W Evans [6] 56 )\F 55 —7, ILAbmE 241
e HREFEN: EBOB W A e Ho,

v(x) —Ep( g)n(x) xeU,

Hrfm e CRU), p @ R = RE—AELITH “4BHR H3E p(x) =

px+1)=p(x) x eR.
AT, PR (8. 1.2) B Y AR MEFAFAE M L B 5k 2 —, BRI 22 i[6, 558.2, 8.4715].

> 8.1
SIRR 8.1.1. Ko T8 2 e mIadass B B AL

¥ w(t,x) € C®([0,T] x RY), m > 0247 49 % 4.
S)Fn 8.1.2. =X

Hbwlt,x);sTrrkAd={we C°°([ ,T1 x R3) : w(t,-) € S(R? Vt € [0,T]}. KI[w]&EA LM
IMUTF U R AL, FERR
Lo v Liwyreele
JW 2(ut) + 2|Vu| + U dx

g -

T

4
TT

=2
2o
1.

3. FREAB A EL = L(p,2z,x), £F T4 -Au+Ve-Vu = finUZI[w] := [, L(Vw,w,x)dx

i 8.

\/
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PR AR AT-d A B B AL, (B FEFBIOCAWEABE =, )
SRR 8.1.4. %> 0,U; :=(0,T|x U. iE®: A AL B 2L(p,z,x,t) (p € R¥* x € RY), &
134 T AR B E WAL Botd 5 A

du—Au—ed’u=0

RAEZH [ [w] 1= [, LOw, Vw,w,t,x)dxdt 32Kz B 74, (R7: £ EFRK
ARG B 1At 89 55 A B B 2, )

SIEE 8.1.5. HL(p,x)AXB B, B pH®R—R MY, BAEED> 0IF

d
Y 0,0, LV, u, 0)EE; 2 062 (£ €RY, x €U).

ij=1

ERAIw] := [, L(Vu,x)dxEA 1= {w € C*U) : w|yy = gL T RE—1, HLdg:
U — RAL 69 HF R H
B Fuy, u, ABAANTRER LT, GEF2A[22] < Iu,] + I[w,], @ $ 5 F .

T2
SRR 8.1.6 (A2 S Hamilton HREZ). KA JA L 4 k% EAI2269 H ik, XA B 2L : RY X
RY - RAA LB HE, FHL =L(v,x). BZt>0,x,yeRY, 2 LER=H

I[w] := J L(w(s),w(s))ds, weA :={w()eC¥[0,t];RY) : w(0) =y, w(t)=x}.
0

AR Ex() € ARI[VEAL BT, PIx()] = inf I[w()]
we
(1) EH: UM T ()i R e A

—%[V,,L(X(s),x(s))] + V,L(X(s),x(s)) =0, Vse€]0,t].

(2) Ap(s) 1= V,L(X(s),x(5)) A 3 & T4z BEx(s)Aeik B x(s)8 ) L&, FRIEHEZEX, p € RY,
A2 p = V,L(v,x) A E— 8RB v = v(p, x). & 54548 B £ L4 X3 Hamilton 2 H A

H(p,x) := p - v(p,x) — L(v(p, x), x).
JEA: (x(4), p(+)) A2 4= T Hamilton 75 A2 &9 i
X(s) = V,H(p(s),x(s)), p(s) = =V H(p(s), x(s)), s €[0,¢].

Hs —— H(p(s), x(s)) 2 % 1884
SEIC 8.1.3. &AM, E4L(v,x) = imlvl2 — ¢(x),m > 0. W3 5 69 BL d5-F54& B B 77 A2 AmX(s) =
—Nﬂﬂm,Wﬁ%ﬁ%;iﬁ,i?fﬁﬁﬁﬁﬁﬁki%ﬁ%oﬁﬁ%H@J):%MpP+
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Px)BP A Rt E, LA B R AR, Y E.

S 8.1.7. ARFE ) A8.1.6F 854 By, REFEA = {w() € C¥[0,t];RY) : w(t) = x}.

(1) 80 3] A8.1.689 ()R mk 2, LAV ,L(%(0),x(0)) = 0.

(2) #x(-) € ARMEAZT[w] := fé L(w(s), w(s))ds + g(w(0))&g ML F, iEA: x(-) 2 KAz fz4&
BB AL R, A s = 04 AL F At

8.2 THAFEN: HERBRILZFE

BUERAT AR BB Dirichlec L E: WRFATHEIRA %A Fwl oy = gBl— MM AEX w > g
in U (g € C*(U) WP {ERERG R %0), RIFATE LB VFEN

A={weCc*U): w>=ginU, w|s =0},

HHEFIFFRERIZ RI[w] = [, %le|2 —wf dx. ZBEEZ RIEA LRI ME T A AEME— PR
FAEZ BT I RIESRS, B DOX AT H TR E AR . BA TR AR &G A
R BLIE R ). 281, BAT] = AR BB AR ME 5 AN B R AL 3505 RE A2 (B 1] R A M, 17 3 A2
Frig 5 AF 3 (variational inequality):

o WNFu “HEMT” FEIGY), B Mu(x) > gobt, AME A TE-Au = fROL;
o —fHh, N u>gMM—Au> fAEULHL.

EIE 8.2.1 (L A%ER). Ku e ARI[w]EALE—H LT, N

Yw € A, J

U

(Vu) - (V(w —u))dx > J f(w —u)dx.

U

GAEXINIERFFARAE, BATEAR N RKEHRS B, 5651 20 02 e 2 g iz A 5%
Ko HEGIHHET 0 :=fxeU :ux)>gx)}, C:={xeU: ukx) =gk
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free boundary

The free boundary for the obstacle problem
K] 8.3: FEASY) 1Al & 1 B LA

T u, g/ B8R 8, FrLLOZHEE, G2 L.

WS 1: —Au = fFAEOTIEM .
BT 1RIERR. (EHIUI R S € C(0), I TAEOT HuGe) > g(x), LA || 7550/, BAT054
wx) 1= ulx) + ev(x) > gx),HiMw € A. FBHAEX, BITH

&:J (Vu) - (Vv) — fvdx > 0.
O

T IZAE L TR NMe > 0fle < O#F AL, A ZAIIAE S A REENES T, X UiiHuib
AB—Au = fAEOFHEAL, O

WS 2: u > g Ml —Au > fEU BRSO
WS 280ERR. —IEOL T, FRATERvZAEfRNR K%L, He € (0,110~ S AZEX+ 2

A A
J (=Au— flvdx>0 Yoe C*U), v=0,
U
FTeA—Au > fAEU EAERLAL, 0

JEIC 8.2.1. £4F := 00 N U#MAr{E B 34X (free boundary), X 289 “ A&7 —i3 2 45 &5
T IR @ AR E AR, MR ZAZ9 A QAR P AERKEREA, TAHNFH
RH P EIRARIPI AL T S R IRAR A AR L,

FEANT R, FRATRIEI AR AN S .

TAARFNXNHIERR. FE w e A, WXMERE0 <e <1, HEFARNNE, RAITE

ut+ew—-—u)=0—-¢e)u+cw € A.
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FrCAn 4 je) = Iu + e(w — u)], =152 j(e) > jO)XHEEe € [0, 1]1E &L, X j'(0) > 0.
BAERATH FH0e 5 j(0). Xe € (0,1], FATA

j@©—-jo) 1 IVu +eV(w —uw)|* — |Vul?
€ T € U 2
\Y/ _ 2
+€| (wz u)|

—flu+ew—-—u)—u)dx
=J Vu-V(w —u) — f(w—u)dx.
U

e —0,, 4itj0) > 0F 15

J Vu-Vw—-u)— f(w—u)dx > 0.
U

> 8.2

S8R 8.2.1. iEAI[w] := fU§|Vw|2 —wfdxEEFEA={weC*U): w>ginU, w|y =0}
EORMLT RE—8, Hbg e CO(U)AL R MR,

SIR% 8.2.2. GEHA: RHEB2IFTHENTERELTEN —Au+Bu—g)d f, EFB() A4 T2 L
%A 3

0 z>0
B(z) :=1 (-,0] z=0.
@ z<0

SIER 8.2.3. € LA(U), Zui iz & I[w] := [, §|Vw|2 —wfdx E5HE A ={we C*U) :
IVw| £ 1in U, w|zy =0} a9 T . 29 u B RFE KX

J Vu-V(w—u)dx)J (w—u)fdx VYweA.
U

U

8.3 \HEHE

TATTIAE FERE B2 PR AR 3d 4 1) X 38/ SR R0 T ANV, FFE B AR B BRB-Fr s B H 7
FERIAR T LA B ShHE R Le il i A s e e 1, X2 A4 8 B (Noether’s theorem) fSEH N 45 . F
A, R HEREE, JRATA DGR — L “Sfey7, ERe T BhARA 14 T TR A S R ) —
tespfaE . IR,

AHTEAMKU € RORIFE, FFHidI[w] = [, LVw, w,x)dx, H w : U - R, L = L(p, z, x)#P
G R AL
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8.3.1 FEIEmMALASIERA

FERUR & BLZ F,  FRATT R EE 51 32 X 3AR 70 A1 ok #5038 70 R 2
185 8.3.1 (X148 (domain variation)). %% : RxXR — R4, ¥ = X(x, 1) & — AR A FLF T L
HAFE® TS, L EEx € RUERA X(x,0) = x. 30 D89 5 8r, Bedtx - X(x, 1) #ARE K 3K
% % (domain variation). B] Bt £&41C v(x) := X.(x,0), U(z) := X(U, 7).

185 8.3.2 (A% (function variation)). 4 2u : R - R, £MF EHFue)—4% L BT HHT
2 (function variation) w : R¢XR = R4, w = w(x,7) #H L w(x,0) = u(x) HEEx € R9KR L. &
132 m(x) := w.(x,0), H#Z A —AFF (multiplier).

EX 8.3.1. BMARLZHI[NVEXRBE» X IR ESWTEALRTR, R0 TEF A EZG D
HHrhfE &I E U C R #k 2:

J L(Vw(x, 1), w(x,7),x)dx :J L(Vw,w, x) dx. (8.3.1)
U

U(t)

PN RBAVBUR FFUE B Wy e B, AR W] RE R BRAE X338 70 A R 038 73 T IO AN AR IR AT RAALE
AT RS -FA% B H 5 R rh i U R AU fE S5 3K
EIE 8.3.1 (). RI[ A KBRE S XA E HHu)HER T w T EARLHE, M

1. e Fla%Hs X w2
V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) = m(V, - V,L(Vu,u,x) — 8,L(Vu,u,x)) .

2. 4 A3k, FuRI[ ]8R &, HFilhRRE-AENE F4E -V, - (V,L)+9,L =0, WA 4T
B K184 Kk 2

V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) = 0.
HERH. BATR FEEELE3. )X R T, AT =on], #Etk, 8315

f VpL-V,m+9,Lmdx :j L(v-N)dS,
U oU

FEILF— W #4535

J VPL-medxz—J mVx-VpL(Vu,u,x)dx+f mV,L - N dS,
U U

ou

P e, 155

J L(V-N)de—J mvpL-Nde=J V.- (Lv—mV,L) dx.
ou ou

U
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TR, 133

J m (V- V,L(Vu,u,x) — 6,L(Vu,u,x)) = J V, - (mV,L(Vu,u,x) — L(Vu,u,x)v).
U

U

T EXOMEREITRU € RYESRAL,  Fir LU AS P IR o il 52 b AR A 45 o O

8.3.2 JLA4

E S B o VR o2 BEAC IR e, FRATTAG L5 “ T Aok P ] i [ 4548 7 26 A0 B 5038 70w PASK A5
REEVZ bR B AR 70 AR, R AT DU AR /ME T udk s t RATAR L B3R m. A5 97 48 P A T B K
B, SRR T2 WA 7y, EATKZ 1L H Evans [6, 5i8.677].

il 8.3.1 CFREAZM). KL = L(p, 2) ~AMR#xE &, MI[w] 1= [, LVw,w)dxZ-FHREH. %
Tk efl,--,d}, = LE(x,7) :=x+71e, A2 w(x,7) = u(x +71ey). KRG EAMT A#E B X IRE 5 A F
R, SLHE

v=e, m=0,u.

B, do BuRI[]8—AIE R &, W% 528.3.1° 4

d
2,08, Lo, u—L&y) =0, k=1,-,d. (8.3.2)
i=1

KA. #ln, FA S8R 2 TiE L, % E

T

I[w] = J J Lo.wy = Livw + Faw) dx ar
o JRrd 2 2
& u WMETF . BRATZ AT B w i 2 22 M 5 7 FE
u—Au+ f(u)=0, f=F.

stz ek, AT p = G,w, 0w, -+, 0,w), x = (t,xy, -+, x,) HH k =0 (I a4z &), M| L(p,z) =
%pé — %(pf + 4 pA) + F(2), XN v = ep,m = ,u. FibFF e, HAGH

V, - (Vuu,)+9, (uf - %(uf — |Vul|?) + F(u)) = 0.

XEKHe 1= i(uf + |Vul®) + F(u) & e, — Vy - (W, Vu) = 0. FHumsrytiy, WA CAHEH GE &
g4 _
fﬁdt [ye(t,x)dx = 0.
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FK U Rk € N*(Wf N 25 [0 A8 &), Nv = e, m = d,u. Pt e A1 3

V- (Vu d,u— e, (%(uf — |Vul|?) - F(u))) + 98,(8,ud,u) = 0.

Xt iz B9, %Fﬁ%&giﬁﬂ%fw Sudu = OXMERL < k < dfOL, KRBT ENBIETE.
[]

1 8.3.2 (W sh T FRMMAE AR VE). BT Kbk 3h 5 A29%u — Au = 0% 54 F 3% Fy a9 AL F

1

T
I[w] = EJ f (B,w)?* — |Vw|*dx dt.
0 JRd

KN EIE, B HARLE T A% T #8(x,t) -— (Ax, AL, u —— Ad%u(/lx,/lt)']:—ﬂ—*l—zi T, &
FA> 0. MBI A = e 58 XA F RRE S H 3 E 5

(d-1)r
X(t,x,7) =(e't,e’x), w(t,x,7) :=e 2 u(e’t,e"x).

N 3% 2 SCAT VA
d—1

2
HigtseiE, 2XFROGAIHHE, SNTUARFREABFK I, p—-divg=0, L F

v=_(x), m=tu+x-Vu+

u.

p: %((c?tu)2 + |Vul?) + (x - Vu)d,u + uu,,

q:=<ng+x-Vu+ u)Vu+%Oﬁ—IVM5x

il % X P IEY] =4 R B 0s Tk oh A A6 AR RE A R AT B T XA a9 B, BAKGEY L Evans
[6, %12.4%].

> 8.3

SRR 8.3.1 (p-hr i hr B 7 i 4g A AL E). 42 p > 0, £ & Iw] = [, [Vw|P dx. iEH:
(1) I F (RIZ A 4) u i# & p-LaplacianF #2div (|Vu|P~2Vu) = 0.
(2) I[w]& % Bex o A%, u —— A 7 u(ix) (A > OV F BRI RE. A4 = e 3 Bt 4 7 2L 5]

V. [(x -Vu + pu)p|Vu|p‘2Vu — |VulPx| = 0. (8.3.3)

SIER 8.3.2 (FATEA ). &B(0, r)E A X IRU 5.
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(1) K12 X(8.3.3)E#B(0,r) L%, F F Gauss-Green/~ XIEH :

«1—p>J |Vuwdx=rj’ Vul? — p|VulP-2(3,u) dS,,
B(0,r) dB(0,r)

HE¥ou:= i| -Vu Ruty 2w 34,

|x

() IER: r = == [y, VulP dx % Frm.

o)A 8.3

iB]%% 8.3.1 (Almgren FLATEAR). HuA RBU C R EWAFHHK, Hi#HZB(O,R) C U,u(0)=0,
uz0.330<r <R, 2L

a(r) := %J‘ u*dS,, b(r):= %J u?dx.
r 3B(0,r) r

£ 48.3.289 UK P Bp = 2, TARE D'(r) = = [3p0,)6,u) dS,-
. 2 2
(1) E8: d'(r) = rd—_lfaB(o’r)uaru ds, = ;b.
(2) 1EA: b(r)* < ga(r)b’(r).
(3) XIAEHHKS =2, iEH Almgren ELEHA X f/(r) > 0 18k 5. (32757 A(1)E%#.)
(4) iE#: & )) <E #ma(r) >y EE0 < r <RARE. AR = % y = % T

T AR AR e S B R R R R R T R . (B ARG), FA)
E15F 8.3.2 (W AR ILTE

NN

e fliMorawetz{HEE (). & X 3y KK (hyperbolic inversion)4= T

\)

X t
- x -

(t,x) — (£, %) := ( ) V|x| # t. (8.3.4)

3Bt St Kelvin # Ku = @ A 4, %) 1= u@, D% - 2| .

(1) #E¥: #F0u—Au=0, M 870 — A = 0.
(2) % o T R HE 90 B 3K 5

X(t,x,7) 1= y(t +7(xP = 2,%), w(t,x,7) 1=y 7 ulx(t,x,0),

by = — P aNitAeA G TR TR (L )R RUR, KRG B ke, R

|2 (t+7(|x|2—12))2

BYEH BE . E: X A9k EviRR-TFmay A

v =(]x]?+1t32tx), m=(x|*>+t>)d,u+2tx-Vu+ (d — Dtu.
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(3) iE#AMorawetz8 ¥ X ¢, —divr =0, £ ¥

r = (|x]2+t3)d,u + 2tx - Vu + (d — )tu) Vu + t((0,u)? — |Vul?)x, (8.3.5)
@+ |x|)2< d—1 )2 (t — |x|)2( d—1 )2
¢ci=—7p ou+du+ x| ul) + 7] o,u—o,u 2| u (8.3.6)
2 2 _ _ 2 2
Mk <|Vu|2 — @)+ wuz) — (d - 1)div ('x| al ux).
2 4|x|2 |x|2

Evans [6, #8.677] /235 & “After a longish calculation, we derive Morawetz’s identity.”
B 8.3.3 (W T FEHI R EBRE R IEIK). RKu 4 T B B0 7 A2 69 X R
u—Au=0in(0,00) XU, u(t,x)=0o0n (0,00)x3U, (u,8,u)|,y = (Up,u;) € CX(U). (8.3.7)
#d U :=RNO,0CRIZARFE, BXATRERZAR,
Hie%d = 3,U = R3,0 = @8, ABEAFHFTAEGBEAOC MR MREE, LMY E A

FEUNARTRBAZEZOU )R BAE T, TR S H 426 B3R XM (local energy de-
cay). SMEIX O € B(O,R), #4%d = 3.

(1) iEFH: ®F#8.3.23)4 hdchrim L TX AR, £hvR00MEl2 N L\ E:

AR
— | cdx= r-vdS, <0.
dt U 30 ¥

(2) AR Aecty £ L X, E: EEL > 04 A

t 2 _ 2 _ 2 _
J ﬂ (atu +0u+ uu) + M <6tu —ou— d 1u>
B(0,R)\O 4 2|x| 4 2|x|

2

2 2
+ MTH(W”'Z —@uP)dx < C.

(3) iEBA: %t > 2Ru, HAEiT

J Vul? — Gu)? dx < <, (8.3.8)
B(O,R\O t2
_ _ 2
f OGP +6ur + L o u+ Y=Y gy < € (8.3.9)
BORNO |x| 4|x|? L2

(4) AAL0u = div (Gx) — T o ()80 5 AR F KiE s

2|x| 2 |x?

J @y +@urde< S, 132R
B(O,R\O t
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8.4 MHPMMLTFRIFEMSIENY CERBE)

8.5 ESIE (EHIEE)



iz A EHIES
R AR T AV U1 0T 5

Al ERTS

RY = d4ESERR )L RS R = R

R X AFRIE X = (X, -, X0).

BEEAU CRY, FANLOU = UMILAR, U = Uu U = UM HIH.

B(x,r) c R4 : Plx € RENERL, r > ONFEERHIFFER. B(x,r) =HFEKB(x, I, B(x,r) =
B(x,r)\{x} =lix € REUNERL . r > ORI 20 FFER.

$4-1 = 3B(0,1) = RA4F1)(d — 132&%@%@.

a(d) = REF AT BRI = . da(d) = S R TR

ra+d°
RY = (x e RY: x> 0} = L5 (FEILR) |
e, =(0,:--,0,1,---,0) = FiNFRAEAAIRIA E
W U,V ZRIFHHNFE, BRIV e URTKRYV cV c U HV RUNE T4, IR
MV ERETU.
Y55ET > OFIFFEEU c RY, FA1E XU RAESE VU, 1= Ux(0,T]. #¥maF AT, =
UT\UT'

A2 RFHEXENICS

M¥u © U - RXGFux) = ulx,-,xy) (x € U). HNFRuRLUNPICTHERE, =2
FRufEU N C T3 MriE £l il

Wu, vEMA R, A0y = v BulESE To. FATidu 1= v EE LR Bu 5o,
PR#u : U - REISZEICSE Sptu :={x € U : u(x) # 0}.

PRBu M IERS (Fi3) @3N ut 1= max{u,0} (u™ 1= —min{u,0}). WH u =ut —u- UK

219
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A ®WHLS

lu| = ut + u~ BROL. FF5 BRECE LA

1 x >0,
sgn(x) :=140 x=0
-1 x<0.

SHAEHEE u : U - R™, BA1C ux) = (%), -+, u,,(x)) (x € U).

T RAFI(d—D4ERE M, AL, f(x) dS ARRELFFES BT (d — 1) 4 il T 0l 1
9, HP xR X xB EERR 2, EPE PR ERATE W 2 (BRIERBLEZ AN E) .
wCRRMME, AN, fACARBfIFECH) CGE—1) &),

FIME: )
J:dex = Vol(D) L f(x)dx,

1
ds, ds..
][a fas A ea(dU) LUf(x) *
B AF ¢ RUGTFHERGAE oo =11 T
0 x&¢E

SN g TR E BRI # g0 E OB R (RIS
uwgmw=j f@—yB@ﬁw=f Fgx—y)dy.
Rd Rd

TAT x> x, M f = 0(g), RIGFAEFE C 5 |f(x)| < Clglx)| XHAERE TR/ FETx, 1)
mx L.
TATE4x — x TG f = o(g), 35 lim L =

x—»xo gl

A3 RFHEXENCS

WHEE u:U->R, xeU.

M S A2 o) = Tim S g IR o AT FE OO, B, . 6
foudts, FATTLLE SR S
R 5 5
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L Ba= (o, 0y REZEER, KEEXN|af =a; + -+ o, ML UuE LN

oFlu(x) _

a ‘= DR ad
o“u(x) := gl on 0y uU.
1 d

2. ARk, 0ok u(x) 1= {0%u(x) : |a| = kI Nulfi ek ki iw S E R ES, &
IS TR AT O  u(e) FAE R H g A, G300 5 A5 R BE S

|6ku| = [ > |6°‘u|2] .

lal=k

3. Fk =1, BATKOoutifFlaE, JERBEMFENILS

Vu 1= @, u,-,0,,u) = BAEHE.

4. u, := il - Vu 248 u KRS

|x

5. #k =2,

uxdxl ) uxdxd

d
FonulfHessianHiFfE. Au = ), Uy y, = Tr(V?u)s&Laplace H 7 1EH Eu L.
i=1
e Wu: R > R™EMEMEKE, HRFHE LT,

1. WaNZ EIEbr, NE Lo%a = (0%, -+, 0%,,). XU TE X o a F1 |okul.
axlul axdul
2. ZH k=1, Vu := TR B R

axl Uy - axdum

3. % m=d, TAE LAEE R u FEE N

d
divu :=V-u=TrVu=zaxiui.

i=1

4. % m=d =3, T A EER Bl e Acurlu 1=V X u = (9, us — 0,1y, 0y, Uy —
8y sy Uy — Oy tty). H5 m = d = 2, VLA B Bl HERE R AR B, 5 UV - =
—5x2u1 + axluz.
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A4 REZEICS

WU 2 R T4,

e C(U)={u: U — RluftiEL:m %}

o C(U)={ueCU) : ufEUMTMA R FHENH—BOES:).

e CKU)={u:U - R : 8“ufift, HAEU F2—FUELM, VO < |a| <k}

o CKU) ={u € CKU) : IufEURMEMH R TFHENH—BOESE, V0 < |a| < k.

o C°(U) ={u: U — RlufEU L2 TIHPES A} = ﬂ CkU). C=(U) = ﬁck(ﬁ)-

o C(U),CEU),CE(U) 43 HFoR CU), CHU), C=(U) EIJEJ@ BRI RR i&éﬁx

¢ CIUxU)={u:IXU >R :ud.uodd uduecCIxU),V1<ij<d. XHETCRE
(BFED XMH], UcR* Z2XEk TE—FKidhtel flxeU.

o LP(U) ={u : U - R|uZU - Lebesgue "] M K%L, ||ul|ppy < oo}

1/p
lullzowy == (J |u|? dx) , (1< p< o).
Q

o L¥(U) ={u : U - R|uZU LHLebesgue "] M &%, ||lul|pow) < oo} HH1
l|u|| oy = esssupu := inf{M € R|%EE {x|u(x) > M} [f]Lebesgueill & %}
U
o L (U)={u:U->RlueLl(V), VV €U}
° ”aku”LI’(U) = ”lakul”LP(U)-
o REAN C(U —» R™),LA(U - R™) Wxm 2 EEHE u: U - R", HENEBNTER
T 1 R BIONT L [P 0 B s ().
e Schwartz Z%[H]
SR :={u € C®(RY) : ||ul|no < o0 VN € N HZ HIEHF a}.

A A B A DUE X RAEa s b

[ullovey 2= sup( + [N [%u(x)].

xeRd

T (SR, || * lv.cp) /& Frécher s ).



Mk B ZTEMRITHERLN

IDE: ¥ Q c RUZERIFIFFE, HiAIQRCHH (HRHA VS RO W EE), QZQl
M. id N = Ny, -, Ny) =& dQINEAIAMER &, 1L V 1= (8y,+++,0,) APRER . A 1= 32 +
-+ + 05, = V-V NLaplace . % u,v,w : Q- R AMEERE, u,v,w: Q — REKHEHEFEL
B(x,r) c RY &Ll x € R AFEL, r>0CNPRERIdYETFER.

B.1 SEEDAR
AT AN N ESL o, WRIEERE.

5|78 B.1.1. #%u € C{(Q), WH

Jaxiudxzf uN;dS, 1<i<d.
Q

oQ

b5, WATIS SR
WEB.1.2. THE XK=
1. (B E =) ZAEBEHHK ue ClQ - RY), M

JV-udx:f u-Nds.
Q 0Q
2. (H3AH) BA HE u,v e CY(Q), M TFRA&Z

f@xiuvdx:j qul-dS—j uaxivdx, 1<i<gd.
Q aQ

Q

d
B2 Au :=div (Vu) = V- (Vu) = 3 07 u. SEEHRE R, FATAEM 41 FE S5 RAL.
i=1

ek B.1.3 (G -4 A X FHLHER). K u,ve CX(Q). WA Gauss-Green 2 X A9 4 T 7 X & 5.
L fodudx = [, 2 ds.

223
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2. fQVu-Vvdxz—fQuAvdx+faQu:—;dS.
3. fQuAv—vAudxzfaQua—U—va—udS.
4 Au=0in Q, FATHAR u £ Q P HJRM . XS AR AL, drl B.1.3 AT LA MR 4518
HEIL B.14. L ueC(QnCH(Q) £ Q ¥ aHEAH, 0
1. faQ dS 0.
2. fQ|Vu|2dx=faQua—udS.

B4R d =3, FAVE LN curl u := Vxu = (8,,u3—0,, Uy, 0, Uy —0, Us, 0y Upy—0, Uy).
A SV IR 2 il 2 7 A AR I, R HimAR 5. AR R T R

#ER B.1.5 (MEMHMEMESER). & u,v,w e CA(Q - R3), f € CH(Q), WA

1. VxX(Vf)=0, V-(Vxu)=0.

2. Vx(fu) = f(Vxu) + (V) xu 453#, VX (f(|x])x) =0 3F4E&E f € CY(R - R) #F Ak L.
(A, #9355 R %)

KQREEFBE X VXxu=0inQ, WHEAEHHHK ¢ £1F u= Ve.
V-(uxv)=(Vxu)-v—(VXv)-u
Vx@xv)=a(V-v)—v(V-u)+(v-V)u—(u-V)v

ux(Vxv)=(Vv)-u—u-(Vv).

VXx(Vxu)=V(V-u)-—Au

JoVXudx =—[,,(uxN)dS,.

Jou - (Vxv)dx = —[,,(uxv)-NdS, + [,(VXu)-vdx.

¥ ® N R

B.2 SRR T. BRIXE MRS

TR GIEUE 7 AN d4E s 8] AR B AL 9 AR AR B T I BRIETAR 70 AU A2 R 2y, IERH 2

Par'a i B » =¥

W.Stein S 43 HT[ 14155 75 % o
5138 B.2.1 (A0 AL 53R 7R). % u @ RY - R £RY L Lebesgue ™ #2489, M A

1. & Ex, € RY, MR
J udx = f (j u(x) de> dp.
Rd 0 dB(x,0)

2. WL EEH R > 0 A% x, € R, AR 2

R

J udx = J (J u(x) de> dp.
B(x¢,R) 0 9B(x9.,0)
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TR IR AR 7R SEBR B RN “RITNARAR” BRI, SR & BT )R AR A
RTINS ) — AR, R4 AS 2 W Evans-Gariepy [7] (5 =%
EHE B.2.2 (R AN). K u: RY > R &Lipschitzif 42 %%, BB IL-FLAELSr e R, K-F
Zix € RYu(x) = ri#r A LR 69(d — DEARH . XRILS : RY > RRZLebesgue ™ A%k, N

f I Vu(x)] dx = J (J f(x)de) ar
Rd —o00 {u=r}

513 B.2.1 A HEH B.2.2 FHL u(x) = |x — x,| EEAEA. EH B220EH I[7] B =%,
% TN REAN Bt # s X R AR ST, SFE—FRILFOEMXE Q@) ¢ RY,
By )i T2 %8t € R. % v 25t 0Q(t), NZIQE)WIBEALAMNEA &=,

EIEB.2.3. ik f = f(t,x) RAFHHK, WA

ij fdx:f f(v-N)de+f 3,f dx.
dt Q(t) aQ(t)

Q)

B.3 GronwallEEL

ALk Gronwall NER PN A FRCAS,  EATHE @37 K R R il 70 75 12 1 R B Al IR EE 2]
TEKEENEN.
EIE B.3.1 (Gronwall N E I RA). %y : [0,T] - RAEZIE R eG4t 5 R, HHLMsy
TF X /(1) < p(On(t) +P(t). FEF ¢(t) A= p(t) £ [0, T]-LFE % ¢9Lebesgue™ A4k, WA
7(t) < elo$(s)ds

7(0) +J Y(s)ds|, vVt € [0,T].

HAH, FAE[0, TI LRz < ¢nin(0) =0, Mnie[0,T] LA &K,
SERR. W AR, Bl
L (Ao 90%) = 0% (/(5) = $ls)(s) < e~ HEOTY(s)

Xt JLFALAL 0 < s < THOL . RIAHME R0 < ¢ < T, HRR 4 364 52 B

t

p(Oe- 140 < (0 + f

0

e~ B0 (5) ds < 1(0) + f $(s) ds.
0

S, FATHA RS TE AT Gronwal A&,
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EI2 B.3.2 (Gronwall N E XA TER). & E@)£]O, T]J:fJ’JLebesgue']—ﬁ"ir*i H A& &3AE R
Cy, C, HAFFILF R4 89t € [0, T]i# RARD R E X E(1) < C, [y E(s)ds + C,. WA

EB) < C,(1+Cyte™t), ae.t€[0,T].

A, E3LFRARE € [0, TIHER) < C, [y E(s)ds, MEA[0, T EILF A% FE,

TERR. 4 n(t) := [, E(s)ds, WA 7' < Cyp+Cy 4 JLFAL AL It € [0, TIOT . 4RI R A I Gronwal IS
ESw el
n(t) < S (n(0) + Cyt) = C,te“,

FRET
E) < Ot) +C, < C, (1 + Cyte).

]

1R B3 w EAARF X (RERE AN FATREZEATAR (LARIEAMETA) 69&
KRBT, 45, KAEEE— /rﬂbﬁﬁiﬁﬁ'—ﬁ’?iﬁﬂﬂﬁléﬁ‘iﬂt PERER-AE S0 =R |
B “IEILREN T, BPEMT CHAZHMAT, R LA SR T EY S EANZ AT, 2K
RFA R ARG BT, dLoh, mRP(t) X TH Bl EA R, W KRATLT A K Gronwall 15 X
HHER ARG FEw. EFRRE AR ESIEXREFANGG RN, LA RKMIERE T/ E4E
WA i@ T R — B AE T IR R, RAVAEEE B R — 4 XA Gronwall B R F X, Bp

t

E(t) < P(E(0)) + P(E(t))J P(E(s))ds= 3T > 0, #4F sup E(t) < P(E(0)),

0 te(0,T]

AP P(-) RAT—AXTHETAE» TN (BFAETRKN) FAKX, #FH 4 R[16, Chapter 2].



ik C LPERIEIRY ST 14 R

R F P A F AL A (B B S A SR ANANGE S, LP R B G T I A DA K LP 3 [] () 4 5 3

S 13 & Evans [6, Appendix B] Fl Folland [8, Chapter 6].

C.1 LPAFAREIEZTIE
WX, M, )M EZE], %1 < p < oo, FAMTE XLPX)UTF

LPX, M, p) i={f : X > C: farill, H ||f]l < oo},

)
|

1 llee 2= esssup f =inf{M : u{x : |f(x)| >M}=0} p=oco

X

FEZHAEDL T, FATRLP(X, M, S /ELP (w), LP(X)EELP. 241 < p < oofff, ZiE

TEAA || - |lx JEEU /& Banach ¥ [8], IE#HZ L Folland 8, & #16.6, 6.8].

C.1.1 LPFEPEERLFN

N A AR 2P B
o Holder 3530 || f gl < If1eollgllr, 3 pH + (P =1, 1< p, p’ <

* Minkowski N0 (LP A=A AR (1 + 8llee < Iflle + lIglle, 1< p < 00

LP2 Al 2 W N AL R AR
WEC.1.1. H1<p<q<r<oo, WA
(1) LPNnL"cLiICLP+L"
(2) #u(X) < o0, MLT € L2, BA ||flls < 1 oGO 73

Sy |17 dp)? 1<p<oo

[F] LP(X, M, 1)

(3) EHAF e, > 0EFinf{u(F) : FEM,F C X, u(F) >0} > ¢, >0, I LP C L9, # 54, £

NAEP(Z) C €U(Z).

227



228 Bz C  LP= el By A i

MERR. (1) A Holder N5, A4S Z

(O}

1

. 1-06
1 1lze < NS IS, =7 + .

r

<

XPLP N LT C L9, 3 FRUELY C LP + L™ AT25 f € LI, AT KA ENPR D f = fae+ X
KA E ={x: [fx)]> 1} TREZTEG

lfxel? = 1f1Pxe <|fl9%E=> fxe €LP, |19 2 |f xpel" = fxee €L

(2) #q = co, MR REF L. #q < oo, #aHOSIder N A
”f”fp = f |f|p -1du < |||f|p||LQ/p||1||Lq/(q—p> = ||f||lL)qlf‘(X)1_E-
X
Q) Al =1, ¢o = 1. WXHMEREe > 0, FATAH

wxex : |f(x)|>1+s}<(1+s)‘l’f [flIPdu<l=>puixeX : |f(x)|>1+¢€=
X

B ufx e X 1 [f(x)| >1=0, HMESFH [ |f19du < [ |fIPdu =1 O

HuX) < colif, LPXVEE AP — cofURSIRIL™(X)VEHL
il C.1.2. #uX) < oo, f € L¥(X). W f € LPXOMNHEZEp < colk 1, ﬂhm I lze = 11f 2

HUERR. AR BRI (A C.1.1(2)), Bllim sup || f|le < || llze. FAZERPIZH 4y, SHE

p—

e > 0, PELeVERLIE XH, FF1ES > 0fifs

pix D | fOl 2 Iflle — e} 2 6= J |17 dp = 8(]| fllze — €)P.

X

FA liminf |||l > || fllpe — XM e > 0. F)ade — ORIFFL5L. O
p—o

D C.11. W BAKS € LP NL® (&b & EC. LI f € LI &g > pAis), U uX) < oo
AN AR ¥T A F 4%

C.1.2 LPEHMBIFNEN: MBFRR

&p, p' R — X IEHIAR bR, HaHolder NERFEA K g € LP sebr g CTLPs (] il — ANk
i{‘Zl—lqsg(f) = fX fg, Eﬁ?{&iﬁfi T||g||p %*Lg —— ¢ga€1 “}‘L? =1E)) Lp’ i” (Lp)*E/\J_A/I\
E 3R A
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R C.1.3. i&kp, p' REHIAR, H1<p <oo. Hge Ll WA

memmﬂ}

%M B uAF A R (semi-finite) 891, NiZLE 3 p’ = cotL Rk o

lIgllze = [l = Supi

IERR. ASERHI> 2 Holder ASFRIEIEHER . X<y, Hp’ < cofff, FATTATEHEL

_ glPsgng
/1 *
lgll;

Mp’ = cofff, XA EMe > OBRATHIEE 1= {x : |gx)| > ||gllL= — &} MuE) > 0. I TFuPHIR
WEE, FrLAFAETFHEF c E Hil2 0 < w(F) < oo, BERFIER f = u(F) " xpsgn g BIRT . WERA4HAY
n] 2% Folland [8, Prop. 6.13]. O

RZ, #Hf v [ feLPZEN LI S ekikiz g, Mg e LP'7E “TUTRIE " B xt i,
Rk C.1.4 ([8, Theorem 6.14]). &% 4= F &R L
o wARFARM A
. gﬁXié’J'Tfﬁ"Jir*ﬂ': Hi#Rfge L' & L TAHMRMESE EaGREZHK [ RL;
* My(g) :=sup{l [ fgl : fAREHEK ||l =1} < co.
nAge L, HM,(g) =gl -
Pait, FRATTATAS 2 LP 2 8] (1) 048 2 0] 2 2

EIE C.1.5 ([8, Theorem 6.15], LPEAIFIXTEZ[E]). 1 < p < oo, WHEZP € (LP)*, # K
g € LP1E3¢(f) = [ fertEESf € LPi s, #tmLP fo(LP) Z A RS FERME. 473, LP(X)
Hl<p<oolAARZTNH., Fulc-AIEey, WREAFGLELITp =14 L,

RGN e, AT AR LP a3 A W N &Rk

WM=wpfmw (C.L.1)

geLl"
lgll, pr <1

YEbsE X, AT CLUE AR S Minkowski NEE T, (X FR “T X Minkowski N2 ”)

EIE C.1.6 (Fl9Minkowski N5, %X, M, w) #= (Y, N,v) 3 A o-A RGN E =N, f @ XX
Y - RAZ—ANM @ N)-=T | F 3%

LERATIHR I P a2 2K 45 TR ) (semi-finite) f2 15 : AR B L v(F) = oIESF € N, i T# K € N, K C Fif
20 < v(K) < 0.
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(1) Zf20H1<p<oo, WA

p 1/p
U (J f(x,y>dv<y>> du(x)

(2) #1<p< oo, f-,y) € LPWM LT L& My € Yikz, L&y — [|fC, )5 TL (),
M f(x,) € LM IL-FA L Mx € Xz, &fx — [, f(x,y)dv(y)/& TLP(u)Hi# 2

1/p
< f Y UX Foe )P du(x)] dv(y).

J fGy)dv(y)

< f 17l dv(p).
Lp Y

MERR. FRATHAEBI(1), (2)4 (1) A Fubini i B2 1) BB (f 5] f)).
Yp = 1, (DEtETonelliEF. M1 < p < oofff, Ep' Rpdtiitatr, Blg e L (u)iF
gl <1, M TonellisE ¥ AIHoIder A %53 ] 74

J (J f(x,y)dV(y)> |g(x)|du(x>=ﬂ £ 21800 du(x) dv()
X Y XXY

1/p
<||g||LP'J U fx,y)P du(x)] dv(y).
v|Jx

bR AR gl < 10 € LY (B LR, i h(CL RIS L5, 0

C.1.3 LPSeBMMIFNMEN: DR RR
AFUEN] s — A BR A LP VS E B AT DA 3 3R 31 R K M AR AR 730 XA
Jii I /& Lebesguelll £ 55 47 5E SCHIHES ™. — Rt i B9 FRAR A B HUf (A58 9 AE 7)) B Lebesguef 73 7]
DI TSR] o9 f ORI AN f R SCIR(BR 2 RT) R e S HERASIE, B f (X, M, p) L (1 T i o 2,
AT I 43 % oK B (distribution function) A i Ry = [0,00] K

Ap(@) i=u{x € X : [f(x)| > al.

BE C.1.7. 5% B2 e TR
OEEETEFTIEY S8
2) #f<g WA <A,
(3) % |fa] I HASLE] |f, WAL, BB 5 AL E] A,
@) = f=g+h, M A(a) < Aa/2) + 1,(a/2).
LPYEEI 70 Al PR AR 7 8 B AR W R
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EHEC.1.8. #0<p<oo, MA

o0

J |fIPdu=p f aP~'24(a) dar.
X

0

SRR PEEEIRATH ,(0) = [y Xoerpoope dits BITHHHER FA B B (R BB
HAEf . w7, BT PLEE Tonellig #EEI A] #257) ]

3J&e C.1
SJER C.1.1. X1 < p<r< oo, iEM:

(1) @PNL,|| |l + 1 - ||)Z&Banach = il
(2) (LP + L, || - ||ppsr )2 Banach = ], H&

W lleosrr 2= Inf{[[folle + I f1ller = f = fo+ f1. fo €LP, f1 €L}

SIS C.1.2. %1 < p < oo.

(1) ZNS, = fllie — 0, U f AN F AT [, i 75 4T P ILF A A A 51 51 |

2) £ fARNEASEf, Bhkg € LPRAIf,() < go)MiEEntmae. xhz, M|f, -

flle = 0.
() Ffu [ € LPHAf JLF RSN T, W fy = flle Z ERXE fulle = 1f llze-
a.e. p

SIEE C.1.3. &sup|[fllr < 005 fr s> f.AEH: E1< p<oco, Mf, = f. 3p=1, FHLELL

TR
tP(

SIH C.1.4. %1 < p < o0, EH: X, — x5 B Gsup ||, |0 < cofrx, & Folk sk T x B H A&
T,

S C.1.5. i8] : LP(RY) (4 A Lebesguell &) 1 < p < ol T 4569, 124 p = cobt 7T 4

RF: Sp < oo, HFEAMIEN CGhELIRANAEHK) FHHHGH R RAEAL,
L p=ocolt HERHHKS, 1= Xpor-

3] C.1.6 (Chebyshev/A%E3). iE9: & f € LP(0 < p < o0), W3t FiE&Fa > 04,

p
ux o [fO)l > ad) < [”];”p] :

S C.1.7. (X, M, w) A= (Y, N, ) & o-HRAGMEZE, f: XXY - RED Q@ N)-Til4s %
o BIRAALC > 0EFRS, IK(x, y)| du(x) < CHILFL LMy e YRz, [, K>, y)|dv(y) < CHx
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LR A x e X, B f € LP(v),1 < p< o0, EH

Tf(x) = J Kx, 3)f () dv(y)

Y

st LF A A dx € X & 4shils sy, BT € LP(w)ih 2 ||T flle < Cllf e
SRR C.1.8. %X, M, w) #= (Y,N,v) & o-A [RagMFE =0, K€ L (uxv). &f € L*(v), iE#¥:

Tfx) = f Kx, 3)f () dv(y)

Y

SHTILF AL Gx € X &R 3Plskty, BTf € LP(u)i# Z||T fl2 < K21 f |12+
S C.1.9. 1B T 458

(1) feLr S HMRY i 222 £(2F) < .
k=—o0

(2) & felLr, N lirré aPle(a) = lim aPAq(a) = 0.

io)&2 C.1

)R C.1.1 AEFFEHE). stX Lag=Ta &3 f, HIEFHA FHE (decreasing rearrangement) f* : (0, 0) —
[0, 0] X
fr®=inffa: 4@ <t} (H£F inf@=co)

JEB 4 T 4518

(1) frRmla. & F2(1) < oo, M A(F() < t: HEL (@) < oo, M [*(1,(@)) < a.

@) A, = A..

() Fip(@) < ¥ &thka > Omz, BlimA(a) = 0 (Emf*() < coXf &4kt > 0 L),
R PpA(0, 00) LT M K&, WA [, po|f|du = fgo pof*(t)dt. 4FAH, 30 < p < 0B ||fllr =
M-

(4) F0<p<oo, WfHEILPFERIH R[] 1= (supaPd (a))/P = sup t'/P f*(1).

a>0 t>0

G185 C.1.2 (Schur@ ). iE#: {x,} C £'(N)35Hcsk Fx € €\(N)% BAL % ||x, — x||,1 = O.

C.2 HR5NEK

AR 4% ADLPREf (AREEERIESYE. AT, QA S ARG — 6T i
Hf RIEILf . A IEAEB W A2 T AW 7T P T3 282 RIS
EX C2.1. BABME R ET @ LTT:
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e XU CRIRFE, £A54e>0, &MAU, :={x €U : dist (x,0U) > ¢}.
o & L&A FKHK (bump function) 7 € C®(R?) 4= F

1

x]2-1

Cexp( ) |x] <1

0 x| > 1

n(x) =

b

A HHC >0 RIERHME [ ndx = 1. LEZRAMNAR n AFRAEAFE T (standard mollifier).
o CLiET) MEARSH >0, RAEX
1 ox
n(x) := 21 (;)
FAR g, RHEA € > 0 IARBET. AT EHHAXTHERA [, n.dx = 1 YAASpty, C
B(0,¢).
58 f e LP(U), HH 1 < p < +oo, TATRIHBRADGE T I3 B —MOLEEL f.(x) 1=
(e * )(x)o WHEBILH T BFOGHEIEL A T8 H R .
FEC2106ETHMER). &Kf : U-> RE/FTREHK (BRAUNEE R T & L4 Lebesgue™
ey WA
1. f. € C®(U,). (EAUARTABAU! XA RAELEAG, Sptf.atkSpef “Bikd” —BE
B Aehy RIR, X7 A AR SUF H k)
2. f.— fae,ase > 0.
3. Hf e C(U), MAUMEE R TH L&A —BsL f, 3 f.
4. F1<p<oo B feLl (U), N f.— finL? (V).

WERR. ESGIEMDeTEE, Scbr BIX R EREN] P S EAEETE, B A ARG IE SRR T
HEIH] . BEER xe U i€l -, dy MATBHBGER/NISEE h, 15 x+he, e U,
KRIATHHEZR

flbethe) = fx) _ 1 f (o (Z=2) - (X22)) s ay

h T ed ) h € €
1 1 X+ he—Yy -y
—g—djvﬂn(—g )—77( . ))f(y)dy
XV eU. MIAERNAE W~ —Blk S e

1 X+ he —y xX—y 1 xX—Yy)\ .
E(’?(f)"?( p >>3Eaxin<T)an ash — 0.

«
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A TR UL, BATER — OFF BB AR B HONG, £.00), Hoil
6, f.(x) = f 8. 1. — 1) () dy.
U

REAEY T — B R BAEAEE, HAEW] T 0,f. = 6,(f * ) = (8:f) * 7.
BN RIEM] RS, SEEPDCTELT E L, BATTAT DRI S LA -

|fe(x) = f()] =

J n:(x = Y)(f(¥) — f(x)dy
B(x,e)

1 xX—-y
<z 2(FZH)rer-seia
SC:F lf(y)— f(x)|]dy -0 ae.x€eU.
B(x,e)

J:J\_Jiffﬁpﬁ/]ﬁi}: U #& H Lebesguefil 73 E B 2] (W.SteinSZr[14]5H =5=) . #t—20, WRf#2&
B, NWHEEETHEY e U, RATTLUEA—NITFEW [§5 vV e W e U. Jttﬂj‘ fftWixE
—ﬁl E4:(1),  H HLebesguesiii 7y i FLAS B USRS X x € VERAL, IXFEFIE KL 8(3).
WG UEI(4). A R BV EIEOTE V e W e U, HARZIEY f.e Ll (U A <p<
o). N, [HE x €V, AHolder A& AT 5 H

L1t
0] = < f n P02 1f )] dy
B(x,e)

J n(x—y)f(y)dy
B(x,e)

1

1
< ( f DX — ) dy) (j D — MIfDI? dy)
B(x,e) B(x,¢)

1

<1-<J ng(x—y)lf(y)lpdy> :
B(x,e)
BNk, WIAE piR 7 HAEV LRV AR

f 0P dx < f j ne(x = PP dydx
14 V Y B(x,e)

<f |f<y>|P(f m(x—y)dx> dy=f 1P < co.
w B(y.€) w

FELPIEEI(1 < p < oo0) T AW W] LLHNESE s Hu& /52, RI% 2 V, W a1 EARZE 6 > 0, A1)
HLMKE g € CW) 45 |If — glleewy < 6. W)

Ife = flleon < N fe — &lleoor + 118 — 8lleary + 1€ = fllzeary < 21 — &lleeaw) + 118 — &llLr -

FIH (3), BAE limsup || f. — [l < 26. O

e—0
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C.3 LPFEHEFIHEEEIE

ARATGE B LP 2 (B PN AR e B, AT TR A A A sl 7 R AT T . S
BB, M, WAIY, N, v)o- A BREGINEZ 2= 18], I < p,q < oo,

EX C3.1. KT : LP - LIR—AHF, &M 5] AT =L
o TRR & (sublinear)§T, RH[T(fo + f))| < [Tfo()| + |Tf1(x)] AR |TAf)x)| =
IANTf(x)| etk xeX A ieC hkx;
o TRR(p,QRHET, RICHELFHC,, > 04T |ITflle < Cpgllfllies
e TRHB(p,RHET, RBMAEAFHC,, > 057 Arp(@)t <Cpga™ ||l

A, R, QRHATLAB(p, QBEHFT, (00, c0)BH T T XA 3%(c0, 00)HH T

C.3.1 Marcinkiewicz N EIE

PTATHE SeiE B Marcinkiewicz N 4 %€ 3 (Marcinkiewicz’s interpolation theorem).

EIE C.3.1 (Marcinkiewicz NI € 2). %X, M, wHF=(Y, N, v)Z M E =18, 841 < Py, P1>90s @1 <
0ot A py < Qo P < @1 AR gy # q LA FEAEX R

1_1-6,60 .1 _ 120,09 swoco<1.

p bo b q 90 51

FTALP(u)+LP () B Y E7T 0 & 4% = ] 69 Rk R HF, BRI A 3(py, qo)#85(p1. q)8, MTA
%E(p, R HE T,

iIEEH ?ﬁﬂ‘]/ﬂ\ﬁmﬂﬁﬁ@E@Marcmklewmzlj‘]ﬁfi@’ E[:lp() = (o %ﬂ b1 = q Eﬁﬁﬁij%‘%ﬁ, —‘ﬁ&
TN TR %, HF73EAHE, W Folland [8, & #6.28].

éﬁﬁf c LPﬂE[]a >0, ﬁz1l‘]$ﬁf¢ﬁﬁj\ﬁfo + fl’ ﬁquo = f)({x:lf(x)|>ca}’ fl = fX{x:lf(x)lSca}’ /ﬁ\:qj
W S P E HIUE . TRIEMNFEf, € Lho(u), f, € L (w). #—2 A TH

ITfCOI < [Tfo(0)| + |Tf1(0)] = Arp(@) < Arp(a/2) + Aryp, (a/2)

BN R R PR E I
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R pr= oo, Hle=1/QA), HF A REASRTg]lw < Alllglle- BT Ay, (@/2) = 0. 4
53D Do) B, TRAVH Ary, (/2 < (2211foll, ) TRAT

ITFIE < p f =120 (24,)7 f FEOIP duda
0 x| f)|>ca}
[fCOl/c
_ p2Ay)” f FEol f ar 1o dard = L
X

0

o (2407 A" |If 115

WR2: py < oo BERMA Arp(@/2 < (22NA,) . =01
1 W 00 L IE 9 B T B s

[

|Hﬂ5<pf

0

=11 (24) f FOOIP du da
{x:f(x)|[>ca}

‘p f a-1-P (24,7 f FEOIP duda
0 {x:|f(x)|<ca}

Po b1
p2p0 A p2p1 A
= ( —+ 1£115-

p—pocp Po D1 pcP P1

Marcinkiewicz PN i & 2 1) — /™ B8 N /& UE B Hardy-Littlewood % K B £ I LPH 1

E X C.3.2 (Hardy-Littlewood i Kt %), #f € L) (RY), #1112 X HEHardy-Littlewood & K i 4
%

MF) 1= sup s

H 4 Hardy-Littlewood % K B HUR Vitali 8 o5 51 PR W.SteinSE /AT 14156 = &), FA1S 3
@l C.3.2 ([14, Chapter 3]). Hardy-Littlewood# kX 5 -F M- 35(1,1)&! #=5% (0o, 00) 2! 69 K & 1 H

o

f FO)) dy.
B(x,r)

dﬁ

P5 45 A Marcinkiewicz PN 4 i 21 B 18 Hardy-Littlewood % K B& B LP A Fi14:
I8 C.3.3. %1 < p < oo, N

IMfllzomay < C p—llf llo(ga)-

Hbw ’Lf(C T VA3 i3 A2 45 Marcinkiewicz N 4& & F &9 iE B T A2 AR H b &,

Hardy- L1ttlewood7l‘&j(l_1§&Lpﬁ% PEE RIS T R A — MR EZE N A, By IEE S
Sobolev 7= [A] [)IG SR A ERE, & & W N Hardy-Littlewood-Sobolev A S T — MR
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EI C.3.4 (Hardy-Littlewood-Sobolev AN %5 :). & f € LP(RY), E#p,qy #HZ0<y<d,1<p<

q<oo7Fv1+§=i+ 0] B AR p, q, A9 F HKC > 0, 4T RF Xm L

1177 fllragay < CllS lzoray-

HERA. FATX A 2 RIAR 431 18 24 F 4R W
f(x—y)lyl‘ydy+J fx=»lyl7dy=:1, +I,.

|- 177 f(x) =
|¥I<R

|yI>R
A A
L, TR UL E B Holder AN 2 2 s ]

HARRITI AR R > 0 IR T x,
KT FRATE RS BB A T A —

1
q

Q..

1
d

d
Y Cllfll-R 9.

I < ||lf e = )lee H| |7 XBeo.r) L
I, FATEILXTERB(0, R)TE — 3t 53 % (dyadic decomposition), F5R1TH#Ji& i Hardy-Littlewood #
RERE, SRIH BRI A 173 P

(o] (o]
J Y7 f(x = y)ldy < Z(Z‘UH)R)‘VJ
j=0Y 2-U+DRg|y|<27JR j=0 2-U+DRL|y|<27IR

|f(x —y)|dy

II,] <

< Z 2(j+1)7R—7(2—jR)d J M d
j=0 ek (27R)
<CyM f(x)

<D 2727 14RITM f(x) = CRETM f ().

XEE, AT 2 ]
L+, <C (”f”LPR_;‘ + Rd_ny(X)) '

AmR;:JTZﬁHLﬁ%mmmﬁM£ R, + I, < ClIfIL, (Mf). JF, #

FHardy-Littlewood # KR HILP A 7%, FRATF B A 4510

1-2 P
1y + Llle < ClIfll " 1M ) |lze < ClI fllze-
—_——

p
=Imfl,

”l TV % f“Lq(Rd)
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C.3.2 Riesz-Thorin AHEIE

Marcinkiewicz PJ4i € B H)— ok U2 LPA A S - ya o b B A SE T 5. 280, 4o
RBATA LA T “55(po, qo)B” BBV TR “3R(po, qo) L7, RIRT 33— SERG 1 ) PN 4
TR,

EIE C.3.5 (Riesz-Thorin N d g H). & (X, M, w)A=(Y, N, v)Z N E =8, F&+Rpy, p1»Go.q; € [1, 00].
xF 6 € [0,1], &A1 E XAEEAEIR pg,qo A

1 1-0 0 1 1-6 6
— = +—, —= + —.
Do Do D, 9o 9o 51

FEEHET T 2 LPo(u) + LW — Lo(v) + L9(v) B8R 3R(py, go) 3% (py, q) B &, BRi 2

ITflleae < Mill fllpe 1=0,1,

)
T flles < Mgl|fllzres Mo = My~°My.

(=g, = o0, MEEK v RFA RN E

1ZEIEEI’MEEU§£;<@E%_%%'§'Ifiﬂlﬁ SR AR R B R AR R R, b AREE 25, ERA4H 2 0L Folland
(8, iEH 6.27].

Riesz-Thorin PN 4 & E 11—~ W H 2 Uik B Fourier 2 #: [¥) 5: (p, p ) A F+ 11 < p < 2), HE B
£ Hausdorff-Young A% (2 D.1.10). 55— NEHENH U‘Jﬂz%ﬁj\ El’]YoungT _Q
EIE C.3.6 (B YounghER). K 1< p,gr <o A1 +; = ; + :. Kk felb,gel, MNA
fxgell ARk

IS * 8llea < [1fllzelI8]lr-

SERR. [ € L'HEE LTS 1= f + g. MBI Minkowski R SR (EF C.1.6), RATEHINT S, <
M| fllp. XHHSlder MEXF T || < M| fllpr- T5&, #ERiesz-Thorin AHHEHE, HL (po, qo) =
(1,7), (p1,q1) = (', 00), THEHFTAFRI A B4 L ik -

2@ C.3

SR C.3.1. £ Hardy-Littlewood# K #F 1~ & 5% (1,1) &L 49,

RT7: EFf £0, WHEER > 0124 fyop S| 2 &> 0. KBIEFAMS(x) > Ce|x|~4%F|x| > Rk
%, XAEEZFB(O,R) C B(x,2|x|).)
SIER C.3.2. EBRRIGAHFTMFE, iEW: [Mf < 2|B| + C fo|fllog" |f]. ¥ log't :=
max(logt,0).
Sk C.3.3. kit —#4i&ile s, EW: sup|@. * )| < [IllpMf(x).

e>0
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Mizg D Fourier TIN5 IE

S

D.1 FourierZT#t

hE f e LN(RY), & X fHFourierT e yun s 2 1E K%L

f@&) = 2 f f(x)e™*4 dx, (D.1.1)
(2m)> IR

Hrpi=4-1,e® :=cosO+isind, x-&=x& + -+ x5E4. £ = (&), -, £ WiFRAE “BiEARE"
FATFEEETPLE X f € LY (RY)FIFourieri# I
1

fx) = y J f(&)e™* dE. (D.1.2)
(2m)z Y Re

Fourier & #ft X H 1A ¥ (WMD) — B mpictEs A F-1.

N AFATTREAE (D.1.2) FifEFourier “i” ARHelg ? X2 BN IATE 11 H i A s
8 D.1.1 (Fourier UEAR). & f, f € LNRY), MALS, € Co(RY) (E 4, BAL7imiis
TER)4F f = foae RE fo=() ="

ZME AR B AR5 T Riemann-Lebesgue 5| FE A1 GausstZ B SHELT CRALIT T — W DL
@I, e RSO0 R BB bR RS /A B FE A0, X BRI Bt Bk IAMEEK .

MEX DADESL, fel RVEHET fel'. AMIIFERR—ANFEIF KR, Ayhd
NX, fH1SFourier T #edtt X HIM CEBU 2 X B, 1M HFourier B /e X Frlid, X
R B AR AFAE ), b —AMol 7y SchwartzeR 8 =S [8], HoE iR

SRY :={u € C®RY) : ||ullya < oo VN € N FIZ HIEFF . (D.1.3)
XL ]| v o VO EL, N

lullv.ey = sup(1 + [x)¥]0u(x)].

xeRd

ik, (SRY), | - ||(N,a))7‘EéFréChet§rE—lJ°

239
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FHEE G, Schwartz bR HUEGTE BRAL, I HEAE 13 8078 T 55 12 A I 38 I 2 LA R %2
A GERATR,  LC I IEZS oA i % HLTET Y e~ 32 — A Schwartz 6

@t D.1.2 (Folland [8, Prop. 8.3 and 8.17]). *tSchwartz:® 4k 18], MR Z4= T 454t

1. #feC® N fe8LHMY xPof EE S E454F a, B AR A K49, J HIAXY §*(xFf) 2t
ST o, fARF R, LB =X b
2. C® Ffa SHAELP (1 < p<oo0)faCy PHE,

b g URMEE i Fourier B H AN 7> T FEA A+ A K R AR, T RIATIEA Fourier &4
ReAl AN 1 BARL AL OR R H REZ M 2 77 FE AN S o B HAR AR AL, B AR 3
FUH B AL O A Fourier B4 3R 53 AR A BRIERD o NS AN T s f, g5 A
[FIREER, (HAA TATSC ERIfRIE, FRATFEUE B X S 2500 AR W i bR £ R /& Schwartz i 5, —
FECTE I HEAS T DA FH STE LP 2 [8] A fR B 255 1 AIEAS

W D.1.3. & f,g e L\(RY), NA

L (3% o RF)E feC,of el $iEE |a| <k i, B3f eC s a| <k-1
B, I AH (Q2)E) = (&) f(£). £, 3 x°f € L' sHE % |a| <k &z, M feck B
(=i)* FONE) = 07 f (&)

2. T AR! LWTHEMEH, HLS=(T)" AT EM#E, N foT = |detT| foS. 44
W, HMA

o (FB) (fx —h)N(E) = e ™4 f(§) EE h e RY &=,
o (1F28) (FAX)NE) = |AI7f(§/2) *HEZE L eR R 2.
o HHRME) 2 f,f €L, W f(&) = f(=&). #tmA F*4=Id.

3. (B o AR Fxgl) = (2mifE)gE). Z2 (f * ) = [ fx — ¥)g@)dy =
Joa FOE(x — Y)dy 27T f,g AR, ERZLFHRY XME—BRARE RS, gH—MRL
8, F—ARALT.

4. (Riemann-Lebesgue 5|32) s4£ & f € L'(RY), f € C(RY) B2 |f(£)] - 0as [§] - .

MERR. (1): N 7 RfE, FAVAX B 38 0« = 9, UER, Hr j e {1,---,d}, —BIEH AT LAURE
FIH—Mr 58000 45 R15 2. JiFourierZZ #1158 XA 3 EF 43 vl 153

CoT6) = |8, fesax
(27)2 IR
5 1 ix. . 1 .
2 f F(03,, (e7¢) dx = (18 )—— J e dx.
(2m)2 YR (277)> ¥ Rd
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(1) — AT B
1

(=ix; fF)NE) = - J (—ixj)f(x)e—ix.§ dx =
(2m)z IR

1

7T)2

(2): M Fourier i) & XML E B y = Tx, TATH

ﬁ(f) = ! - J f(Tx)e ¥*dx = | detT|™" 1 - f f(x)e—i§~T—1x dx
(2m)2 YR (27)7 YR
= | detT|—1 1 - J f(x)e—i(Sf).x dx = | detTI‘lf(S.f).
Rd

(27)>

(3): AW f,g € S(RY), T52& FHAEI ST IR o a2 isur, HrTblERE#F. —
FECHE LT A DL 12 FE U P i 45

Free)=— - J (J fx =gy dy) e~ dx
(27r)2 YRR
(f*g)(x)

- y J (J fx—-»gy) dy) e i -MEe—iys dx

(2m)2 IRE \JRd
= (\/E)d ) L d j : P J flx— y)e‘i(x‘y)'f dx g(y)e—iy’f dy

(2m)z TR\ (2mr)2 TR
@

= (V2 f(£)8(®).

(4): F-IX 12 Fourier 28 i 5 X f(€) = ;ded FOO)e % dx. Fif € LI(RY), TIAT L@t
(2m)2
RS E S

1 1

<

FE -1 - @I = dj FOOlle ™ — 1] dx.
Rd

(27)2

[ sty
(2m)z JRY

HT |e*P — 1] <2 BLK f € LY(RY), IBaxMESEx € RY, g f5— MR 75 HLTHI B AR oR Hi0mT B
2|f1 € LN(RY) (MK Aih) 32 izl fEismiiesioe 2, JAiTmT L)?&Tﬁ%}‘in& A fa BINBUFY AT IE AT %
o> AW B .

T IE W Lebesgue 1] #7 b ¥ ({1 Fourier 38 # E 45128 25 1) JE 55 3 AR . S AMIERAA — A~/
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FTh. RSP EE RS x =y + K—f RO y TREE, 153

f&= : 4 J f(y+ ﬂ—§> e_i(”ﬁ)"’t dy e:—_:;l 1 - J f(y+ 71_5) e dy.
(2m)3 Jme Ha (2m); Jre BE

P AR IS 2
Zf(f) = 1 - J (f(x) — f (x + T[_§>) e—ix'f dx,
(27)z IR €12

NI}

dx -0 as £ - oo.

. 1 1 &
<= _
@<z L@ &) f(x+ | §|2>

e a— PR R 2 7 LS PR S, RIXHMERS € Ll(Rd)ﬁllliir(l) Jra |f(x+h)— f(x)| dx =
0, MXHxE/|E? - 074 Thitjfat. O

SO, D 13(DE S I N R

HEIE D.1.4 (8, iR 8.23]). F Ao F L #p S L xum itz S A F .
T—ABIHEH: Fourier B Hlfis L2 A,

S D.1.5. &f,g€ L N [, f(x)g(x)dx = [, F(£)(E)dE.

MERA. HiFubiniE#, EREARNE HEAE

J fx)gx)dx = . dJ (J f(y)e‘i’"ydy)g(x)dx
Rd (2m)z YRY \JRd

Flilgriﬂj f(y)[ 1 dJ eix'yg(x)] dy=J f(y)g(y)dy-
Rd (2m)z JRI "

NIRRT EEE D.1.1, BlFourier R Ao {EHZ ATERAT TR E— M-S E 15 2.
Jx|2

5|3 D.1.6. 4 O(x) = ¢ 2, MH &E&) = D).

IERR. HGBRATEIE —4EMTELL, HROHIE A1

s e ] (Gt
2w IR o Jg dx \ i€
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o) = _ ] ‘”‘g(xe 2 )dx = —ELJ e~ (—ix®d(x)) dx.

Var dn i€ §\am
faamiD.1.3 (D&, EXALSET —5‘%&)(5). IXFEFRATARAF ) — A 0] LUR ARSI 30 77 12

d . X 1
—& o 0, ®(0) = —— b dx =1,
0 +£6) =0, 6(0) @f (x) dx

2

ERIREERKE &) = e = ®(&), XEOOVERITEHAEE H A,
AR d > 1, BATRIH |x? = X2+ - + x3 A—4ER 45 R 5

b

::]a

o) = LJ e e dx; —He_7 = ®(&).
R!

=1

2

DL IGERR. 4 O() = e 2. 47 t > 0, RATLIER (F) 1E5RD

— J e rKPelEx f(£) df = — f B(V2t)et* f(§) dé.
Rd Rd

(2m)> (2m)>

P R RALTI AL, Wi D.1.3 FI51 3 D.1.6, B3 () := e *e~¥ [{jFourier s i ] LL 5 i

N 1 xX-=Yy
o(y) = —— J eE V(1) dE = —— XY,
(27)2 Ire (\/_ 200 2t

PLAE, ATRMEA 512 D.1.5 32801 F s

1

| eressfere = — | i@
Rd Rd

(27)> (27)2
1 J . 1 1 xX—y
L[ smfordy= —— f o =2)f(y)dy
(2m): I @m): IRt (V2rd 2
= (03 * ),
W 7 1= —L00) € 8,0 1= Lo T 2018 o = 1, Wizl et
.

SUAERA AT C2AMMKMBLA (WL Folland [8, 51 8.25]) AT LLIEAF f % 05 — fin L,
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REMARE TP A LT AR f. 53—, B f e LY, BT DAIRATT A 2 il die Sl 34t ml 43 30 48
AR IR

lim —— f e P oI ¥ () df = —— f e f(£) dE = () ().
70 (am)z Iwe (27)2 R

X f = (f)Y ae. )5, Riemann-Lebesgued| P& ] — F#AEC %, EHE. [

2 D.1.7 (8, i 8.27]). EfeL' L f =0, f=0a.e.
#it D.1.8 (8, #Ei 8.28]). F £ S Laya R A%,
Pl 145 J5 APlancherel & B 45 RIX — /N1, &K B Fourier 8 4 & L2-55  [F] 4] .
EIE D.1.9 (Plancherel €F). & f e L'NL N f € L2 B F | T AR —3IE I H L2 LA H £ 56
B 44

SERR. 4% :={f € L'|f € L'}, 1F [ € L1 4% f e L=, FREMNMIH X c 12 UAH S C X, i
L RLELARARE . TUAE f.g € X, 4 h = § W HFourier R AT ) = g@), TS5

D15 A 5]
f fg-=f fﬁ=j fh=ffg*.
Rd Rd Rd

Rk, 7| REF T L2 WA 5Bk, &g = FEEIFRL2E SN, B . = |||l (Plancherel{H
EFR). REARXKH F(X) = X, HBLT.EH CHRLHEZ RINESLER T 1J5F |, oL
ME—SESH oy L2 ERPSEERFIA. &, FANRBAEHRXNERZ JaHE 75 F £ X & —FEH,
X—A25EH D.1.1 FEZRLL, b A FHEIR . O

PIE, FATX < p < 2iEMFourier B HALP — LP'H Fitk.
I8 D.1.10 (Hausdorff-Young A45 ). %1 < p <2, f € LP(RY), N A AR #i p, d89 # #C > 01
ﬁ"”f”LP’(Rd) < C”f”LP(Rd)-

ZAE B Riesz- Thorin N 46 @ R H 45w EEH C35F W p, = g0 = 2, M, = 1 il
p =1 q = o0, M; = 2m)~ 4 BG4

& D.1
SIEED.LL e : R~ CRTMEH, #HRpl = 14K +) = px)p()H 4 Ex, y € R
Zo EH: BAEE € RYEFp(x) = e*f,
SJRL D.1.2 (AR B E MR ). 4 B, &) € RT AREHK [ € S(RY), iE ¥4 T ik B 4
&R

2

( | |(x—xo>f<x>|2dx) (J |<£—§0>f<£>|2d£) > %(j If(x)lzdx) . D1y
Rd Rd Rd
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EINTRFE XA A S Aole BT REF I 45 R 093 B E Ao th & 0945 B &M LA 2 o

BT REIERE =x, =009 H AT, FNHEGX) = f(x+x,)e 5o 4] Al 4 #2D.1.3(2) %)
1 B3 — 47 Lo A B Plancherella 5 X 7T 1% |Ef(£))? = |W(§)|2, Z J& B M Plancherel g % X A=
Cauchy-Schwarz R KAEA £ > (fpa [(x - V) fldx)?, &ER(VAS = %V(fz), KRG 3R —
Ko

SIS D.1.3. iE¥: REX
||{an}||Lq < A”f”Lp, for all f eLp

RTHAEL/p+1/q < 189HATREZ, k¥a,=—= [ f(6)e™™ do& f#Fourier 4.
R ADy(0) = 3, oy €™ ADirichlet#, N — cobf, HMA|Dyll, » N-VPitp > 1k
%, VAR ||Dyll;, =~ logN.

3]k D.1.4. 4= T ZHausdorff-Young 1~ % X &9 fi] L.

(1) & A{p, LX) F 8947 53], FHRE&sup |p,(x)| < M. T a, = [ fe,du, ERA: ||a,|. <

MEP fllpey, 1< P<2,1/p+1/g=1.
d ) .
(2) &f € LP(TY), a, = 1) [ f(X)e ™ dx,n € Z%. iEH: 1{an} la(zey < WS llzecra)s 3
F1/9<1-1/p.
SR D.1.5. B9 BT HA > Oﬂ'if%"i*’g:.’éigli@%ﬁfﬁ&img‘i“]ﬁ”mmd) S A|fllpmay, HE
X%1/p+1/q=1.
Br: & f,(x) = fox),r >0, W f.(&)=f(&/rre.

S D.1.6. iEH: E—RORFRXRZG G — LB EMHR p<L2. FELE, REX

L FE)1dE < Allflls
€11

mZa T p<2.
B & fS(x) =59 s s=g+it,o >0, RE4s=1/2, t > .

D.2 HHmIEBLEN

oA COLRR “T7 e %) BRI EEA AR LB T “oF 7 eR e (el A9 2Pz ek il
PEESALEE “IR” MBER GG L BAVNBEN “4F7 MBS WHEABE T 2E MM
CEen oy # e SR LA % AFERSE), I HaX s FE BV 21 70 4 o
XAk 2 (1 AR 2 PR A ) AR B R

A I T A PRARY B oA BRSO FEARR, X KOS FRATH B BAUE B 1@ A i AT BAFE 23 A7
HOCTE XFourier 8 ffe. EERMEMZCLZET B HFRACT(RY) € S(RY) € C(RY), LA A#AT
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YE A Fréchet [A]A] LL5E AT 77 2R 8k
o fu o [ R [, f € COHARTEK L Um [0°(F, — Pllie = 0 WA E et n
3o
. f, 5 f 28 fo.f € 8 H lim sup(1 + |x])V[0%(f, — )| = 0 K4k L HIghra M=k i 5
n—=00 yeRd
ﬁNeN SR o
o fo s fRAE o f € C® A lim sup [8°(f, — f)| = 0 WAk L FEisbrafl EEHN € N5
n=0 |x|<N
BT

AREFIGREY, BANLED = CRIFMRZNMINEE, FREGI#HILTE (= C>. FAERANE XAl
AT FRI AT A 2 1]

D'(RY) :=(CXRY), SR := (SR, &'(RY) :=(C(RY))".
ey AR e B URARAT A I MRS R
g cscd.
SRR D, 8, & FHR T 5544, FOAEAIDHZE D = C>, 8§l Cef X i =*E], AP
e T, L T RAGT, T € D H(T,, f) > (T, YWERES € DT
e T, S AR T, TeS8 HAT,, f) = (T, YSHEESf € 8T,
e T, £ T Z¥6 T, Te& HAT,, )= (T, Y HMEES € EMAL,

1% B, -y fa o s AL (RIX B RS2 Mz o) 5 X e &R XS

X D.2.1. =D, S8, E F T E 5 AARE 5 F (distribution) X S~ X & # (generalized function).
% ¥ 57 (tempered distribution). % %X % 7 (compactly supported distribution).
2.

1. X2 AN —2F LF T,

%%Fl}ffq

5l D

o L HBAADH. (FRE, “HITR” LAPAL B LT LABAE — /070 fEALAE — /AN 4089
“RIKER”)

o RU C RUZF %, ULMENF 5 Radonl EH AN, BIAUMALE KT EREARA R
89 55 5 BorelMl & o HAVT AR I L5 HEF € D A(F, o) = [, p(x) du(x) 4513, EHEut
EREAIEAA L TR &GN E, MeEREe LT R EKDirac deltad,, BF(5,¢) =

(0). HEE, SAAKK, CARETE.

o Ll RgiHh T KBk > 0/ |g(x)| C(1 + |xDFsttEZEx € Rinz, WArgHh %3 HHK
(slowly increasing function). ¥ 5% L, 1238 K8 LR E IG5,

e log|x| €§.
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. i%ﬁﬁxh\P.V.(i)éﬁﬁuTéi%ﬁ/% T, By

e—0
e<|x|<1

(u,p) :=1lim J @dx.

D.2.1 #DHHEREER

A BN BUAT E LM JIREARZEE, Wt tHe MR E CRRATAT L “A5dE” 7
] DURIEH R — Rk T R0 . TH R SRR S AR 4 S L AR A
ENX D22 A0 RF. Kk (RALBRHH) . ERE LT,
o (PAFHK) KTf = 0%f, RAALCHRY)LE, F¢p € C(RY), L6y =
(=Dl [ f(0%@); TR AR XE, RAAFA. Ak, KMNTUMEEF € D'(RY)id T
T X2 L F#HI°F € D'(RY):

(aaF’ (0) = (_1)|a|<F’aa¢>.

A M, BT R RATT AR XA E AT RBHH A FH, PMECMNELEELT AT
W EASHELIINUBRKG LR R AL —. KA T L F@mETLE— &

o (RZGLEHH) R eCRY), RXTf =¢fo MT* =Tleowe), B TFF e D'(RY),
HAVT LB LT X2 LFAYF € D'(RY):

(YF, @) = (F, o).

Ik, Ep € CR(RY), AXMHEEp € C® (RY)A BEL, FHyYFe X AHRILEGHH .,

o (FB) %xy € RY, 4T = 1, (WHKMNEXT1,f(x) = f(x—y).) "aF[flx -
Vex)dx = [ fX)p(x + y)dx, EMAT* = 7_,|CP(RY). TA&, ¥TF € D'(RY), #AN
BT RXELFHSHT,FeD:

(TyF, @) = (F,T_yp).
Blde, 12Tyt 2 mE 47,8,
o (HAMBAEL) ARG —ANTELEMEHRS, &V =S YRYFATS = foS. NT*p =
| detS|lpoS™, E i TF € D'(RY), &A@k F X & LFoS € D'(STH(RY)):

(FoS,p) = | det S| X(F, poS~1).

M, SFFSx=—-x, BMAfoS=f, S'=S, H|detS| =1, BrAMNBI(F, @) :=
(F, )& I A TR EHRS, EPox) = p(—x).
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o (B, F—HM7ik) bRYpeCfeLl (RY), By

£ p) = Jf(x () dy = ff(y)zp(x _ydy= f f (P)
M—tx e RIFEL . AHHZLERNTF € D(RY): BARF « R\ T KR LB AL
F % (x) = (F, 7,9).

W Sx > XN - 1, PECTT RS, Fx pR—AESHH (R ERCTH) . Hlde,
WFAEEY € CF, AMA

8 # Ph(x) = (5, 7,) = 7,P(0) = P(x).

B o2 K AR e Rk E 45 T,
o (BR, FoMFiE) kP Pletr L. Ffell Hpecy, &MA

j(f ‘ P)p = ﬂ SO — )p(y) dydx = jf(qo v P).

LR, ETf =f ¢, WTHL BHIL, F. B TF e D'(RY), &MTRELTF
KHBF « e XAV L5 :
(Fx9,9) =(F,p*9)

Rbs, #MAS+p=y, BH
(6% 9.0) = (5.0 # B = ( % PY0) = f P(OY(x) dx = (. ).

X AT E L AFNEY, JEAT A F Stein [15, Prop. 3.1.1].
SR C2H AN A T BRI EIE R T7E, SEBR ERATA 0 HED H §5- U 8k 3 J5 s Ak B Dirac
deltaZ3 i 8,,.
&% D.2.1 ([8, Prop. 9.5]). tn FEFE m =
(1) DED + RAEW (554463 F LT ).
(2) &%F € D'URAMFC2F 2 X085 4.}, #An, « F =~ FAED PRI,
AL TR >4 (support) BIMER . # f— ML KA, HICHES € ORI 2 f(x) #
O BRI P . e —FPiitids, B2 fiifS FEH IR RIS R .
EXD.2.3. ST oHhF, EHEEMNRIKeeD, REAIHEOLEENFETHA(F, @) =
0, MWHFEZFEFTHL, Bk, RMEXPHAFOIEENEFH KGR KT EGHE, HiT
YESpt F.
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FiED.2.1. INE LR, BAFFE—%TFE{O}i e T E¥HL, WFAX EO=]0iL
ieJ

LiHK. FRE, BilpR—MNREHK, LIKXOGAEAREK CcOF. B TORZERK, #M
N
TUER—ANARTEE (ATREHFZAELSONTIFE) THK C | O M HA425 5

k=1

N
ENACT B R FE HEn, (1<kSN), #HROL <1, Spt(n) C Oy, BEEx €Ki n(x) =
k=1

N N
1. ARAF(p) =F(, on) = ), Flen) =0, BAFEHEANO, LHX. ARFAOLK X,
k=1 k=1
ERELLFRTOMCERNFBFESZ. 09FAlY - F (Hdyp e C°) KBNS EFR S %
Wi Dirac SeREL (NHFED HCERIE S &G, AFS5eMEAMEZN, S&HF(p)=0.
i D.2.2 (8, Prop. 9.3]). ATFFE Kz,
o AFRIZEHCHNH, pEeDAFTEHNC,. NFx YT EOAL T C,+C, :={x+y:x¢€
C,,y € C,l.
o ZXF AF, A% %%, WF, xF,=F,*F,. (AANSIF LA R ZHEN, KRMNELAF, *
F%F * F,o) % FDirac delta-% %5, AF+x§=8+«F =F.,
o XFAAR LK, NAEE S THtrah

Ox(F * Fy) = (0xF) * Fy = F (05 F)).

o HFFAF, WX RS AHCHC,, BCAEL, WNF+xF#ILROSEC+C, T

D.2.2 218457 K EFourier Tt
MHausdorff-Young A& (B HD. 1.10) &5 18 kG, TATEZTIEBLP(RY) (p > 2)H R 11
Fourier 58 X N— @K E . N T JEFourier B i & X, AT TR —REER 45340,
FRFEE B R — N E R, e tb, AT ERES MAED K€ X Fourier 4, K il &
HEED AW 2 F (D) C D

L D.2.3. BTN Fp € CORY), MPEIETEEFE LHTHE,
XA, AT

il D.2.4. XF € 8’ WAAEN € N*. 2 EH/IFaRFTHHC > 0, FNT A € SA(F,p) <
Cllellvg . Bit, 4REEF eS8, EnhFHELETS, LM HA 5 EHica, xX*FLETS.

e T oRIAT LRI 5347 I Fourier 2% #t
ENX D.2.4. iXF € 8’ & X HFourier T #F %

(F.p)=(F,¢), Vpes.
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WA R AT A2 X Fourieri® & #&F 4= T
(F,p)=(F,¢), VpeS.
Fourier RIEARp = (9)" = (") BIATHE £ S
((B)Y,9) = (F,9") = (F,(p")") = (F, ),

HET (F)Y = F, RBEAEFEY) = F. FitFourier B #2 8 FHIFM
iyl D.2.5. Schwartzi® # @9 Fourier T ¥ 09HE R T VAR AR B 23 L, BkdmE, Fe 84T
PR AR, 2

e @, F) =P, 7,F = b

o 39F = ((—ix)*F)", (8°F)" = (i&)*F.

o (FoT) = |detT|'Fo(T*)™" (T € GL(d,R)),

« Fxyp)=0@n):9F @eSs).

B, (RSN MEREM . A, EF e &, MAEAES —FhE XFR5R. S

b, (F,o)5Efe € Co#MA R L, HMARANMe(x) = e 4%, MEB|—ANLTERRE, B
A FRMFRANREE (). SEhr b, XPRlE SO

WE D.2.6. £F € &, WFAC#E¥ L%, LHFE) = 2n)” <F E %4, L PE:(x) =
ei§~x

PEMEFRAIWI S« AT 32T 5 5 B 43 A1 Wb & 1% S AE Dirac 8- RS H o0 AT S BRI A PR 28144
EIE D.2.7. AFA X TR EGHA, NFEA =T A RAbg X

F= ) a,%.
la|<N
o,
(F,p)= 2, (-Da, (339)(0), forp € D.

|a|<N
UER AT LA T I 5
WS, BF A DX TREGYH, HETEMHBZATRANF4H4:

(1) (Fr,o)| <clelwg, FHAeeD, N+ |a| <Mk
(2) (Fy,x%) =0, P |a| < ML,

MF, = 0.

BT BOIERR. MIERTIZIT . By € D, Wi MIx| > 1) = 0, HMlx| < 1/20p(x) =
1, FHidn.(x) = nix/e). HTFIHEE L, HFL.0) = (Fe). M4, FHE, HEflal <
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MA(F,n.x%) = (F;,x*) =0, K

(o)
(Fy,9) = <F1’77€ [qo(x) B Z : oc!(O)xa]>

|a|<M

= @ M2
Hrhe®(0) = 359(0). HR(xX) = p(x) — 3, ‘”—(O)x%‘e%lﬁ W418] < MEF, H|R)| < c|x|M+

lal<M
LK [85R(x)| < cglxM*1-1A1,
SR IRAE XA |97, (x)| < cpe Bl Hix| > e Hn.(x) = 0. HILHELeibnizi: M, *HT
Hlal + N S MADR| g < cer TEBDE i (F @) < o6 e — ONIEHHTH S =

I D.2.7 MR, BUFER A1 LRSI BB FF, = F -3, 0,05, JHM = N + [alft
AT 248 HILION Al 2, T i Ma, = SR, x%). #1036, %F) = (~D)¥al (Ha =

a

B B/MAE, T2F, =0, EHIEE. O

—ANEBEWELE, BN ERD R BT PRI NE S R A S e A .
Fourier 284 N I HEfit 7 — /N 8] B AR BH «
Rk D.2.8 (4347 1 R il 4 74 72 #[ 8, Prop. 9.14]).

(1) #F € &', MAHAEN € N, F#ce,(Ja| < N), A& L|x| - colZTFEf € C(RY), 1&
BF = ) c,0%f.

[et|<N
(2) #F e DAVR—=AMEFTHR (FVREER), WEAEL LFTEMN,c,, f, EHFEV EXRZF =
> ¢ 0%f.

lo|<N

2J&t D.2

& D.2.1. 4 H(x) = X0 7 Heaviside st %o E8 5 5 82 R 2 & 89 Dirac §- 4
@ D22 FFeD B—HoahFHEAK, BFOF=031<j<dmz. iEH: FAR? L#)
HAALH K, (R7: FIEF xn,.)
J@D.2.3. S 0<a<di, |x|™ & R ¥ #Fourier LA C,yl&|“
RT: BAARIEAIZDHE O Fourier T £ & = 0 XINF T — AR R, RBEA AP L%EFrst

Xt APk A 1% K
S D.2.4. RE LA FARABRR L GFRP)H (homogeneous of degree 1), = 1§*H/%
#r>0H FoS, =r'F, £ ¥ S.(x) =rx. iE¥d= T4,

(1) 6 RE(=d)FR &I

(2) & F AEAFRS A, N 0°F RE( - |a|)FR2>Ho

(3) 27 = (X9 logx) RAF AN, A% EE R0} LE—AK(-1) Tk S &
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jg)RR D.2

BIRE D.2.1. #E 4R RRNO}EE A (—d)8 TR HEBP frx) = rf(x) LAEEZRE L3
(EH T [, S =0), N f ARAMETRABHETRG (B3 f=0), 24 FAK

CvfLor=tim|  fweex pecs)

[x|>€¢

EXT =AM PV.(f), €AERNOIES fod, FFHASM D24 MELTRE(-D)F KRG,
R WAEE a>0, IBORERFT [, fOlpx)—0)]dx + [, fOp(x)dx, HiX
AR 43T AL 8K
5188 D.2.2 ([15, &5 3.2.5]). Rik 1> d, WHE x —— x| & RY 67 5 RAZBIRTIRE,
o TR LT A5G T ke
(1) FpeCP, 4PEAp £ x =040k Taylor5 AKX, 2 k>A—d—-1Fa>0, ZX

(Fsp) = J [p() — PE(x)] 2|~ dx + o(x)|x|* dx.

|x|<a |x|>a

MFE e D'(RY LA RIN{0} L5 x| b
Q) FA¢Z BHEMNBRk=[1—d] AT IN—d T KEH, EMNTUE Q) ¥4 a - « F
25 —A0HF, € RN\ L5 |x|™* —%:

(F, @) = j [p(x) — PE()] x| dx
(3) Ad=1H4k=[A] AT-KIT I EORKEHK. &

[(k=2A)---(1 =) (sgnx)¥|x|** ifA1>k

fx) = .
(=D (k — D! '(sgnx)¥log |x] ifdA=k

M f el ®), BaFFi fO £ R0} LS x| —5.
(4) #RELD.27, & (1)-(3) PHEGETHAD T LM £R 6 AL FHOKEEE, B2
AL 7

18187 D.2.3 ([15, &8 3.2.1]). iE¥: »HP.V.(1/x) 5F

d 1/ 1 1
i VA _
ax oglx] E‘z<x—io+x+io>’

H A5 & LT 89Fourier X #%& A —i\/ésgn &).
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sk E  ZMEZeR7Hh

AP S B B Jm — B o3 TSR 12 BRI 23 B r H IR — e SR AR SR e B A SC AR B AT BAAE
Biihler-Salamon [3, Chapter 2-4] 8% Evans [6, Appendix D] H14£ #1.

E.1 Banach F|g)

WX Rom— AL (A
EX EL1 S RBAt || || X = [0,00) i ZATF &4, WARELAEHK (norm):
o (ZARFRX)MITA u,veX,||lu+v| <|lull+|v|;
o MHTH ueX,AeR,|Aul| = |A|||u|;
o |ul|=03%HBXE u=0.
T, AMRK X & — MR TE L A .
EX EN1.2. e REFEEEZE (X, -]) L&, B X F 8954 Cauchy 7IH00k sk BAFRAR & T
X, MAR |- D # Banach = 1.
EX EL13, X X AETHAETE, WA X £ TH 8 (separable).
WX MY 5 Banach Z¥[H].
EX E14. B4 A : X - Y & KM HT (linear operator), L& u,v € X, 4, u € R i%
R A[Au + uv] = 1Au + uAv. A 8918353384 R(A) :={veY |v=Au ¥ TE AN ue X}, £ E=N
(#) e4E N(A) :=ker(A) = {u € X | Au = 0}. A 852 Uit 4E D(A).
HRAMHET A X > Y & AR (bounded) £ 45||A4|| := sup{||Aully | |lully <1} < 0. BHiE
ARGHEET A X ->Y ZEL, RZITAK.
EX E15. wREXFAu, > uLEYFTAAu, — v THFFAu = vz, WAREKHET A
X - Y A BHTF (closed operator). Fi#, . X HF A E%E GA) = {(u,v) € X XY |
x € D(A),v = Au} Z X XY B9 &EF =R, W A 6. £F=H DA c X ERETEHK
Allulla := llullx + [|Aully.
R X HENTTERE f TORLZY OFTE, NAKKEELT A X > Y A FFBRH (open

map).

253
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E.1.1 Banach Z[EAYJLIE
4, FATTE R 3 Banach &5 0] 2 PR 4E K 24 HAUCY NN A AL LA K. X LA F. Riesz
SIHAH.

5|32 E.1.1 (Riesz 51 ). & (X, ||+ |) ABMFEAREZR, Y C X A—AFRFT X 69 H KT = 4.
REHKO0<S<L MNALENE x € X EM|x] =1, in£||x —yll=1-34.
ye

WERA. Bl x, € X\Y. BT Y 2 M, M d 1= inf,ey Ixo — yIl > 0. 5% y, € Y 113 |x, — yoll < é
IJLIAE&X = ”x() - yoll_l (XO - yo), m\Uﬁ ||X|| =1 EX#?{E%E: y c Yﬁij—l:ﬁ

1o — Yo—Il X0 = YolI¥ll S d

1-6.
10 = ol o = ol ~

lx =l =

AL BN F 5 THZE T Banach %% 6] 1) J LA RrE.
EIE E.1.2 JFWh € 3#). X X,Y # Banach R, A : X - Y A A F#4t. W A & FF kst
FERLET 2 B ) — NS /2 A N BUR RRR R 100«
EIE E.1.3 QUG EF). X X,Y % Banach R, A : X - Y AA RS, M A 1Y - X &2
AR,
fiff 7t Banach 75 [H] X EMZRMEE 7N, How B S BT 2 X K4t 1230, f£X
ZHAEOLT, & IR et 75 ().
5 E.1.1. %X := C([0,1])RF—&3e4, D(A) = CY([0,1]), =X &HHEF A : DA) - X #
Af = f" (f € CY([0,1])). % Weierstrass &1 & 32, F = ] D(A) = C'([0,1]) &£ X = C([0,1]) P &
FERY. LI, T X2 Xy A 6B

G(A) :={(f,.8) XXX | feD(A),g=Af}

A XXX Q—ARE&ETZE. LA, X f, € CY([0,1]) B (f, Af,) £ X XX PILsLE]
(f,g), M f, —Bkk 3| f A fl —80lkékd| g, Ak f RESTHMYH [ =g.
EIE E1.4 (HEMGEH). XA Y # Banach 10, LA X > Y AE&MBETF. W ARARG L
BRI Z X XY 69 F] & %F = .

ARG EEW S, B ET A X - Y BESFYHEICY A BFHE1E.

Bk, AN H—80G TR B (— 80 LR B /L g 1),
EMX E1.6. B8 {flie (BF f, 1 X > Y, [HARES, LENBAETIKEX LT Y,)
WAR A # %A K (pointwise bounded)dy, =45

sup [Ifi(0lly, <o Vx€X.

iel
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EXEL7. BX,Y ABGEEAMZNE. X3 FHA u e X A Au = lim A,u, WAH FEXHEH

FHI A, : X - Y(neN) &Ik (converge strongly) T A &M H T t;ioo X Y.
— A R E R
EIE E.1.5 (Banach-Steinhaus 7EF). % X,Y # Banach ®H], L A, : X > Y,neN AFREH®HE
F R3] M AT SREN:
(1) FTFEAMuEX, B3] (A)en £ Y P AL
(2) sup|lA,|| < o0 A AEMAEFTE D C X 13 TEHNueD,{Auleny £ Y F 89 Cauchy 7.

neN
(3) sup||A,|| <o AALEBREMETF A X - Y 1£1F A, %I T A, B ||A|| < liminf ||A,]|.
neN n—oo

g Y A7 d, (1) e Q) MENMEMAKRZ. B X REE, (2) o 3) S MR R .

£ T RBAIN 44 Hahn-Banach E#, HH T FiBanach 5[0 X 11258 L 1A R L2 R,
FHR A IXAEZ BT 0] DU A X _ERA Sz . B X R — A sege B
TR A YO ) TR AR, %08 BEAR SR AT
EX E 18 (BFEH). A X A—AFEEXKEZH, wREFFHEEX,yeEX, 120, HHFH p: X >R
iwh R

p(x+y) < p(x) + p(y), p(Ax) = Ap(x),
W AR A WFEHK (quasi-seminorm). R ECA—PMFEK AN A x € X,1 € R #HE
p(Ax) = |A|p(x), MARKX A FEHK (seminorm). FTLHIIE 1A, HAMNTA x € X H 2p(x) =
p(x)+ p(=x) > p(0) = 0. A, FiafAatbieskim=s, RERHLIFRLNE, BPTRALEIFEREL
F xeX 4% px)=0.
EIE E.1.6 (Hahn-Banach ). % X AMFEEAMEZN, p: X > R AMFTEHK. LY c X ALK
FEB, Y >R ALBEZH EEFNAHE xeY HL p(x) < px). MAELELEEZH D X >R
1% 15
Qly =¢, P(x)<plx) VxeX.

TRATHEAE B S MR I 30 7 1% S 3 A7 AE 1 5 FH R A
HWILEL7. A X AR EMBEAHTH, Y CX AEBTFZR,¢: Y >R A&KMELZSH LE5E
c>0EFAFTHA xEY A |p(x)| <c|lx||. WAEEAFREELZSH O X > RAEMF

D, =¢, |PX)| <clx|| MTHA xeX.

MERA. 7£ Hahn-Banach EHE I p(x) = cl|x||, WAFELMEZ K & : X - RIHL Oy = ¢ HIT
HxeXHox) <clx|. HT ®&(=x) = —&(x), HILHESHATA xe X A |®(x)| <cllx]. O

XF TR L AE A ], ZRALA 45 R A AL
HEIL E1.8. XX A C LWREEABRTN, YCX AXHTE, ¢ :Y > CHELRKEZS LA
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e 0N THAXxEY A [P&)| <c||x]. WEEARLEALZSH Y X - C %17

Yly =9, [P <cllx]] MFAHH xeX.

E.1.2 554ég

P& Riesz 5|3, HAMAFGE R4 (Bolzzano-Weierstrass & H) AFELS H K. SR,
FATAT LA N 55UK &L (weak convergence) Fl1 §5-* ILE] (weak-* convergence) ML, 15 7E X Fh
“857 BOCT RN R ZE R GRS B 30 2. FEFA1H PDE Ri24, NEZES|INGSHRN. 18
&, BMREZFIGEWEL. A7 X 425 Banach ¥[H].
EMX E.1.9 (J3WE0). de R FHEAAREMZSH f € X* HA (f,u) — (f,u), BAFHBLFF)
{2, C X 35008 T u e X, 34k uy — u.
EX E.1.10 (55 W), 4o R THNS u € X A (fr,u) - (fou), ENELFF] {fily, c X
BT f e X®, it fi— f.

Gilk: 5 we — u, W e = uo FE EARATISIEEUT AR H . AR we = u, W|u|| <
liminf, . ||ugll.
EIE E.1.9 (Eberlein-Smulian). % X # & A Banach % 1], #{8% 5 7 fueb, € X A/ R0, N &
AT R w32, C {thdey 7 u € X AEIF wy, = u £ X PR

et iE Ui, H X Banach 7% (B H 4 A 41 72 55 TS 1R, e ) 3, Hilbere 25 (8] H (04 7 51 A
A G A AR RATT b R MEARGAL, TR 55 YRR
IR E.1.10 (Banach-Alaoglu). % X A KL= . 4B =] X* (F& L@ F HEFEHK) F69I
AT R FE-F JeA T A K89,

Mazur & BWr 5 X #0259 . thah, RATH
FI E.1.11 Mazur). & (X, || - |) AREEEZME, B {x}jcy CX BBBEETEANS x € X 09573
N ffed x; @A TR G AAM R AT {yden CX, BH XAy = 3 2%, 148y, — x #olcsk,

i<k
B ||y — x|l = 0.

E.2 Hilbert 2|8

Y, TR0 FTERAM R FEHIET L? ) Sobolev ¥ [] HX(Q). i Banach Z¥[R)ic BG
WAREE . 1 H NSEe k=3 ).
EX E2.1. 4ot (-,-) : HXH — R #HZ AT &4, NAREL R AR
e (u,v) = (v,u) XA u,v € H,
o BAtur— (u,0) FTHE AN vEH ZE&M,
e (u,u)=>0XA#A ueH,
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e (u,u)=0 % HAXH u=0.

B A ARE LKA |jull := (u,u)/? Hilbert =18 H £ T T 4= £ A A4 Banach Z 1. R H
A Z &R, N (u,0) = (v,u).
EXE22 XSARH®GFZMH, St ={ueceH|Wmv)=0,Yve S} A5 S EXHT =,

XtT Hilbert 5[] H, ] DU LU € BUR B2 0] H* 5 H SRR,
EIE E.2.1 Riesz ZREM). H* TUAMEHE H FF; ZAEFHHI, 3 THA u* € HY, HE%E
— 8% ue HAEF (u,v)=(u,v), Vo € H. B4 u* — u ZM H* 3] H 89 &% RF#.

MM, H* ¢ H A8 1 8 S5 i s !

E3 ZEETRIEER

ARLUEE T A R BRI S —REE T, ET AR MR E R BETIE X
EEDA LI W

SIIE E.3.1. X X # Y A Banach 8, K : X > Y AF FE&HEF. W AT &R FH:
o X (X)neny £ X FHAH T, WAEZ] (Kx,)pen B Cauchy T 4 71.
e R SCXAHRE, MNESLKS) :={Kx|xeS}EHEHE.
e A {Kx|xeX, x|y <1} RY 89ETE.
EXE31(BHT). XA Y H Banach T, A REAMEETFT K : X > Y #AR:
o BHT: wwRTHAL LA EGFN LM
o A I&#k (finite rank): 4R HAZ R Y 09 F FR4ET = ),

o 2% % (completely continuous): 4R X FHANFIE TP E K TO9BRAE Y 695EKI64+
NSk

Rk E.3.2 (Br4i&EsL). X X A=Y 5 Banach 1], MANEZHEFK : X > Y HALEL, 4o
RHIX AR, MWAREAHRETK : X >Y %095 ARG ©ALELN,
il E.3.3 (BE&5XHH). % X,Y #= Z 7 Banach = 18], W LA & Z:
(1) BRA: X>Y B YS>ZARAFEHET, BB RARALTHARABARN. NBA X >Z
A %hy.
() XK, X->Y AEHETHI, EEFTFTHRHMBIHTRETAREAKEETK X >Y. WK
A %hy.
B3) EK: X->Y AAFEHRETF K Y > X* HEMMBEF. MK LAY K £ %
a9,
W X N Banach Z[H], €(X) £/ X LArEEH FIHES. WIRATE
EIE E.3.4 (Fredholm —#—). 1% X # Banach =], K € C(X). 1
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(1) diimN({I — K) < o0, % N(I —K) = {x € X|(I — K)x = 0}.
(2) R —K) &2 A,

(3) RU—K) = NI —K*)* B R(I —K*) = "N - K).

(4) NO-K)={0} 3 B4X% RJI —K) = X.

(5) dim N(I — K) = dim(N(I — K*)).

ik, A F McX, FcX, &Ml
M i={feX'|(f,x)=0,VxeM}, Fl:={xeX|(f,x)=0,VfeX}

7¥i2 E.3.1. Fredholm —#— A TAE 7 u—Ku=f QO THE cxNE2TENfEX, F
FAu—Ku=f#HAE—M; ZLFAFTHu—Ku=04En NEABALXM £E—MIFLT, IF
FRITAZu—Ku=f RTMG, THRY fi#HELn NMEZEH f e NI-K)
TATHE T RN B R A5 2 2.
ENXE3.2. %X 5 Banach ], A : X - X RAREKHHET.
o AW MM (resolvent set) XA p(A) :={n € R|A—nl & 1-1 BLi#Ha4}.
o Ay 3 (spectrum) E LA o(A) := R\p(A).
hw n e p(A), HIEF BRI, &Nl (A—n)' £ X L&A R EHAET.
o X N(A—nl) # {0}, £A1HE 1 € 0(A) & A &) R IEMH (eigenvalue). PT A 4FIE(EEGE 51T A
a,(A), #HA “miE” .
e e R A RN EAFTFEMwWA0A Aw = Aw, MAMNEL w A A 5 1 XHEKH #iEd
¥ (eigenvector).
AT
EIE E.3.5 (Riesz-Schauder). % X 4 Banach = ], K € €(X). 1
(1) 0 € o(K), % 34F dimX < co.
(2) a(B)\{0} = o ,(K)\{0}.
(3) o,(K) B9k & (mRAEL) LA O.
W H JN5E Hilbert Z¥[H].
EX E3.3. wRZ5PTH x,y € H #HE (Ax,y) = (x,Ay), ZMHAEREHELT A H—-> H 2 3
#R89 (symmetric). tbit () R H AR, 2w H L, A R Y HXE A= A%,
Wl E3.6. 8 A H—> HAARKMET. W A AFHGGY AR Y FHET x € H#AA
(Ax,x) € R. ZXAMFALT, KM#E—F F -
(1) c(A)CR B F4EfTx € H, A€C GHZ ImA#0) , A ||(Al — A)'x|| < %
(2) % H CH R H® AXRZHFTZR, M Ay £ H, ELRITARE.
(3) M FHAT 2,1 €0,(A) A+, #41H NAL - A) LNQA'T - A).
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(4) |lA]l = sup |(Ax, x)|.

[Ix[I=1

DER S+ H — H Azt B WWET, IRl

m .= inf (Su,u),M := sup(Su,u)
Iﬁtﬁfl ||uﬁH1

Rl E3.7 (B L. ). &MA o(S) C [m,M] . m,M € o(S).

WERR. % > M. W (pu — Su,u) > (n — M)||ul|> (u € H). Kt Lax-Milgram EFLWI 5 nI — S /&
1-1 HigH, Hon € p(S). R, 5 n < m, W n e p(S). IXIEH T o(S) C [m, M].

BATEEIEH M € oS). BTEX [u,v] = (Mu — Su,v) X, X G ue HA
[u,u] > 0, Cauchy-Schwarz AERZE T |(Mu — Su,v)| < (Mu — Su,u)/>(Mv — Sv,v)V/? Xt E
u,v € H. R, - FRHEEH C, F |Mu — Su|| < C(Mu — Su,u)'/*> (u € H).

WAER fu 3, € H W2 [Jugll = 1k = 1,..) H (Suy,wy) - M. WMIATH ||Muy, — Su|| — 0.
LB M € p(S), N

w, = (MI — S)' (Mu, — Suy,) = 0

XA IE. Kk M e o(S), AP m € o(S). O

EIE E.3.8 (BXMEFIIHFHER &), % H A7 4% Hilbert 1, 7HBiX S : H - H 2 &R K
T AL S G HIER B RS H 6T HORR E A

WERR. % {n,} N S WAEZEAFREHEEFA. % n, = 0. it Hy = N(S),H, = N(S—n, D) (k = 1,...).
F¥% Fredholm —F—, F 0 < dimH, < co H 0 < dimH, < co.

W ue€Hg,ve H Hk#L W Su=n.u,Sv=nv, % nuv)=(u,v)=(u,Sv) =nu,v). H
T # my, BATHESH (u,v) = 0. BILIATE B 710 H, M H, 2 ESCH].

WAER H 28 Hy, Hy, ... 1 H /12500, Bt

m
I:I: Zakuk . mE{O,...},uk EHk,ak eR:.
k=0

AV TR A 762 H Pf%. B8 S(H) CH. it S(AY) c AY: F b, HueAt Hoved,
M) (Su,v) = (u, Sv) = 0.

WAEHET S = Slm & HXTHRI. 1EAh o(S) = {0}, R~ S AT IE AR R & S FIRHE
B, W51, X TrE ue AL, A (Su,u) =0. HIR u,v € AL,

2(Su,v) = (S(u +v),u +v) — (Su,u) — (Sv,v) =0

At S =o0. A W A+ ¢ N(S) c H, it H+ = {0}. K1tk H 7 H "%,
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N T8 Hi(k = 0,..) W HbsE IR, R h T H 20 701, Hy HA A EhriE
IEAZHE, FRATHIEIRAT 1 — AURFAE 1) 2 A o 1 AT . O

7 Hilbert 7% 8] b, 0§ R 58 5 (138 A1 45 44 5 BR ) L A5 205 1) Fp 0 S0 R R 55 AR AL, AR5 )
FRANT I JB A ART SRR B A2 w0 A A ), ELN A 26 1 B TG 2R IR 2 REAEAEL, 33Xt B DR S0 B B
RFAE Ml E2h T B LR AR SR IERR (Va5 R IES#ETE ) B, A, R Bl S8t 2
fiEAE. IX 26 B T Hilbert 25 (8] b (HFR 5 527 [RIFF AR 7.

@8 E.3.9. it A€ CH) Mk WHEE x, € H, ||x|| = 1, 1£7%

/‘l ‘= I(AXO’XO)I = Sup |(Ax3 x)la AxO = /‘lXO'

lIx[|=1

R E.3.10. % A € C(H) . MNAEZESTHYOFEHET e, BE—THRES (R
BAE) & 0,113 {4} E& A 94 4EE. o, AA H ik B {e )} 243

X = Z(x,ek)ek, Ax = Z/lk(x,ek)ek.
k

k>1

el E.3.11 (Courant f KHR/NZIiE). & A € C(H) MARLBEARIEE A 227> 20> - >
A7 2270

. AX, X AX,Xx
AF =inf sup !, A, = sup max ( ).
Enayept (X, X) E,, xeEL, (X, X)
x#0 x#0

it E,_; T AR H 894547 (n — 1) 47T 2 ).



S22 3CHR

[1] Adams, R. A., Fournier, ]. ]J. F. Sobolev spaces (2nd edition) Pure and Applied Mathematics Series,
Academic Press, Elsevier, 2003.

[2] Bahouri, H., Chemin J.-Y., Danchin, R. Fourier Analysis and Nonlinear Partial Differential Equa-
tions. Vol. 343, A Series of Comprehensive Studies in Mathematics, Springer.

[3] Biihler, T., Salamon, D. A. Functional Analysis. Graduate Studies in Mathematics, Vol. 191,
AMS.

[4] Christ, M., Kiselev, A. Maximal functions associated to filtrations. J. Funct. Anal., 179(2), 409-425.

[5] Dodson, B. Defocusing Nonlinear Schrodinger Equations. Cambridge Tracts in Mathematics, Vol.
217, Cambridge University Press.

[6] Evans, L. C. Partial Differential Equations, 2nd edition. Graduate Studies in Mathematics, Vol.
19, AMS, 2010.

[7] Evans, L. C., Gariepy, R. F. Measure Theory and Fine Properties of Functions, 2nd edition. CRC
press, 2015.

[8] Folland, G. B. Real analysis: Modern Techniques and Their Applications, 2nd edition. Pure and
Applied Mathematics: A Wiley Series of Texts, Monographs and Tracts, 1999.

[9] Han Qing (¥ 7), Lin Fanghua (#4875 4£). Elliptic Partial Differential Equations. Courant Lecture
Notes, no. 1, AMS & CIMS.

[10] AL L. BREWE. (MARG TRV, m5EEE st

[11] Luk, Jonathan (Luk Winghong FE#{) Introduction to Nonlinear Wave Equations. https:
//web.stanford.edu/~ jluk/NWnotes.pdf

[12] Muscalu, C., Schlag, W. Classical and Multilinear Harmonic Analysis, Vol. 1. Cambridge studies
in advanced mathematics 137, Cambridge University Press, 2013.

[13] Sogge, C. D. Lectures on Non-linear Wave Equations (2nd edition). International Press, 2008.

261


https://web.stanford.edu/~jluk/NWnotes.pdf
https://web.stanford.edu/~jluk/NWnotes.pdf

262 25 3CHk

[14] Stein, E. M., Shakarchi, R. Real Analysis: Measure Theory, Integration and Hilbert spaces. Prince-

ton Lectures in Analysis, Vol. 3. Princeton University Press.

[15] Stein, E. M., Shakarchi, R. Functional Analysis: Introduction to Further Topics in Analysis.

Princeton Lectures in Analysis, Vol. 4. Princeton University Press.

[16] Tao, T. Nonlinear Dispersive and Wave Equations: Local and Global Analysis. CBMS, No. 106,
AMS.



	Sobolev空间
	弱导数和Sobolev空间
	弱导数
	Sobolev空间Wk,p(U)

	Sobolev函数的光滑逼近和基本运算
	局部光滑逼近
	整体光滑逼近
	Sobolev函数的基本运算法则

	迹定理和延拓定理
	Sobolev嵌入定理
	Gagliardo-Nirenberg-Sobolev不等式
	紧嵌入
	Poincaré不等式
	Morrey嵌入定理
	Lipschitz连续性和可微性

	一般的Sobolev不等式

	线性椭圆方程
	线性椭圆方程的弱解和Sobolev空间H-1
	弱解的定义
	Sobolev 空间 H-1(U)

	存在性定理1: Lax-Milgram定理
	存在性定理2: Fredholm二择一
	紧算子的性质
	Fredholm二择一及其在椭圆PDE上的应用

	线性椭圆算子的特征值问题
	特征函数系的正交性
	对称椭圆算子的主特征值变分原理

	椭圆正则性定理
	Sobolev函数的差商
	椭圆内正则性定理
	*椭圆整体正则性定理

	极大值原理
	弱极值原理
	内梯度估计：Bernstein技巧
	Hopf引理和强极值原理
	Harnack不等式：对数梯度估计

	*De Giorgi–Nash–Moser迭代
	Caccioppoli不等式
	Moser迭代：Lp估计幂次迭代得到L估计
	De Giorgi迭代：C0, 连续性 

	Derrick-Pohozaev恒等式

	线性抛物方程
	时空Sobolev空间
	Banach空间值的函数
	含时间变量的Sobolev空间

	弱解存在性定理：Galerkin逼近
	弱解的定义
	动机：分离变量法
	Galerkin逼近：存在性和唯一性

	抛物正则性定理
	抛物极大值原理
	弱极值原理
	强极值原理
	*抛物Harnack不等式的证明

	消失粘性法
	抛物正则化方程组的存在性
	一致估计与无粘极限


	双曲守恒律简介（暂时鸽置）
	拟线性双曲守恒律方程组
	接触间断、稀疏波和激波阵面
	非线性基本波：经典解
	非线性基本波：间断解

	Sobolev空间的Fourier刻画
	非整数阶Sobolev空间Hs(Rd)
	Sobolev嵌入定理的Fourier方法
	次临界和临界Sobolev嵌入定理
	Morrey嵌入定理和临界空间d2
	紧嵌入、迹定理

	*Sobolev空间的Littlewood-Paley刻画
	Bernstein型不等式
	Sobolev空间的Littlewood-Paley刻画
	非整数阶Leibniz法则和链式法则


	Schrödinger方程
	线性方程：衰减估计和Strichartz估计
	质量临界非线性Schrödinger方程
	小初值整体解和散射
	NLS的Virial恒等式


	波动方程
	线性波动方程的正则性和存在性
	线性波动方程的正则性
	线性波动方程的存在性

	波动方程的有限传播速度
	动机：几何光学
	有限传播速度的证明

	拟线性波动方程的局部理论
	拟线性波动方程的局部适定性
	拟线性波动方程的若干实例和爆破准则

	能量次临界的半线性波动方程
	次临界波动方程的小初值整体解
	散焦、次临界波动方程的大初值整体解
	Bootstrap方法


	变分法简介
	一阶变分：欧拉-拉格朗日方程
	若干实例：各种基本方程的导出
	二阶变分：凸性假设

	变分不等式：椭圆自由边界问题
	诺特定理
	定理的叙述与证明
	几个实例

	极小化子的存在性与正则性（暂时鸽置）
	山路引理（暂时鸽置）

	常用记号
	常用符号
	函数相关的记号
	求导相关的记号
	函数空间的记号

	多变量微积分的常用公式
	分部积分公式
	积分的极坐标表示、移动区域上的积分
	Grönwall不等式

	Lp空间的分析性质
	Lp不等式及其对偶空间
	Lp空间的基本不等式
	Lp范数的等价定义：对偶表示
	Lp范数的等价定义：分布函数表示

	卷积与光滑化
	Lp空间的算子插值定理
	Marcinkiewicz 内插定理
	Riesz-Thorin 内插定理


	Fourier变换和分布理论简介
	Fourier变换
	分布理论简介
	分布的基本运算
	缓增分布及其Fourier变换


	线性泛函分析
	Banach 空间
	Banach 空间的几何
	弱收敛

	Hilbert 空间
	紧算子的谱理论


