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BRI R A ) CF B, FEAEMIAPDE R Schauder fii i1

NP R RINMK U € R 22— NI, #a € (0,1], FATHRE w2 abf HolderiZE 45
B, RFREEFE C > 0 1115

lu(x) —u(y)| <Clx—-y|* Vx,yeU.
IREHI, 24 o =10, HATFR u £ U F 2 LipschitzE4EH . B HIRATEI N6 Che anR
EX 1.01. 22— "MAREEZHH u: U >R, &ML

o —EULH: |lullog) = sup lu(x)|.

xeU
o alrHolder¥ T34 :

il oo sup D =¥

0,0 « - 1 -

o) Xy |x - yl“
x,yeU

b CCMI\HOIdCI’jEZ)%( ||u||C0-“(E) = ”u”C(ﬁ) + [u]co,a(ﬁ)-

o Holder® i Ck*(U) (k € N):

Cka(U) = Ju € CKU)||[ullera 1= D, 10%Ulle, + D, [0%Ulcoay < o0 -
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1.1 555#F0SobolevZ|H]

A8 B TovE BRI L LSPDEM R8T Che, PN TREIEE SRS ENE. T ik
XFNAE, AT lSobolevaS (Al ML IE “HLKE " MRAVEFIESE, JFH “39%8” MRS
HEEH .

1.1.1 553#
AT —ADE R RG T IF4G: GE R RXIE U c R MK f e L2 (U), A% EPoisson )7

—Au=finU, u=0o0ndU.

FERIED f AT Re — AR AR R A, IX TS BLREAIE BAAAE I T I i SR X . — D5 T
Wik u e C*(U), M4 HGauss-Greens HFA 115 2]

J fodx :J Vu-Vedx, VopeCIU). (1.1.1)
U U

FEE, FRBRSSERMBEIARFE u e H(U), B Vu € LAU) A ulyy = 0. FLFATA LA

FiPoisson /T TR “TAMR” & SO RIS (1L11) 10 w. SXFMEEARAOAELEE AT LU Hilberts 7]

I Riesz e SEBAE I, T3 A0 Vo 9205 B2 u 9“8 9507, BOE BT LAU) TiA &2 CU).
% LRBITFRER, BATEIN “F9507 .

EXLLL Fuo € L (U),a = (@, -+, ag) & F A AMARoRubiab 33§48, tlFou = o,

RAET X

f ud*pdx = (—1)'“'] vpdx Vo e CX(U). (1.1.2)
U U

LEXAFG v NAAE, W RMNEAuGaN 35hF R EE.

AR 111 FiE2%, LERRA 52/ 5 W+ 5% F4% A RF (5 LFolland [8, Chapter 9]),

B Ay HAT6 2 L E K 3G F 82 —A B3 Lebesgue TR L K, Moy HhFHAEKET D(U) 1= (C2(U)) 12
R—2 2 BT R FH . (Flde, Dirac delta §) o

W 111 (P —1E). ubiah B S, e R AL, M E— AR E LT AR,
SERR. ¥ vy,v, € L1 (U) Rl el gl S 4. 5 S, S
J (v, —V)pdx =0 Ve el
U

W2 it 251 SLED DA R 5P H . O
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51 1.1.2. Fw e L] (U)iHA[,wpdx = 034E&p € CX(U) Mz, Mw =0 £ U FILF A4

3|32 1.1.2 BUIERR. & (.o M C.2 e UM —REEAE, 2
neC=(BO,1), 0<n<1, Lnﬁﬂmwzéﬂg_

BAFERE € > 0, FATWA [o.n. =1. A

r

wx) = lmmm@—xMy=famw—wowm@—xMy+flmwm@—xMy
U

JU U

=0 by assumption

r

= (wx) — wy)n.(y —x)dy.

J UNB(x,¢)

HFRIHO0 < < 1A

1
weol < 5 |

B(x,e)

w6 - e dy <a@f  we) - wo)ldy,

B(x,e)

Hrha(d)ZRA B ERFATR, 1T £ R FAREE . 2 e —» 0 I, AumiiSE0E T JL-F
Wb Ab ) x € UL, 1XJELebesguefid 73 & B4 18 ]

BRK, BAHEWA I3 FEBBIT .

x 0<x<£1 | 1 0<x<1
5 1.1.1. %d = 1,U = (0,2), £ EHH u(x) = 2L u(x) = . T &
1 1<x<2 0 1<x<?2

EAY = vEBFHELTREZ. HERe € CX(U), HA1EIEH

2

|

2

u(x)e'(x)dx = —J v(x)p(x)dx.

0
T, AT

2

|

1 2 1

¢'(x)dx = —J p(x)dx + (1) — 9(0) + 9(2) — ¢(1)

0

xp'(x)dx + J

1

u(x)p'(x)dx = J
0

=—JU@W@ML

XEEMAE T eC® = ¢(0)=9¢(2) =0.
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0 -1<x<0 .
B11.1.2. % d=1,U = (=1,1) YA u(x) = ESY AnMB T B SR RAEE, BRE
1 0<x<l1

EAEL e L (U) #HR

1

1
J u(x)e'(x)dx = —J v(X)p(x)dx Vo e CI(U).

-1
RGeS, BiAEEXNSvel, (U)#HA EEF X, # u b9 T2

1 1

u(x)p'(x)dx = J ¢ (x)dx = —p(0), Vo e C (-1,1).

0

1
—J v(x)p(x)dx = f

-1

N, ZRMER—7] {p,(xX)}CcC(-1,1) #HL 0L 9, <1,9,0) =1 A%Em > colf A, (x) >
O£ &x £ 0 Lo ¥ @ BieH ¢, 4 m—> oo, a&mﬁ@ | (R R 4DIsoe 2)
1 1
-1 = lim (—¢,,(0)) = — lim J v(x)p,,(x)dx = —J v(x) lim ¢,,(x)dx =0,
m—oo m—oo -1 -1 m-oo
FEIF G

A1 1.1.2. & &K u AR A HeavisideRy 3, R E&AMIH LI R L, B ul,,, =0Ful, =1
u WA F R OE AR B A 89 Dirac delta 6, € D', © A& BT ARH K.

1.1.2 SobolevZ[EWSP(U)

2 T kFRATT5] ASobolevZ [H] 1 € 3o
EX 1.1.2 (Sobolev#¥d]). # %k € Nf=1 < p < 00, Sobolev= HWkP(U) = LA

WE(U) 1= f € LP(U)| . 116%f I|powy < 0 ¢ -

el <k

LA BWEP(U)Z Tl 2R R “AE k W3 FHHMA LP(U) {7 R TREE f 1 U -
R#,‘gﬁio Jﬁ#ﬂﬁﬁj‘VXiﬁHﬂ(Wk’p(U),” . ||Wk,p(U))xEéBanach§ IET] ’ —ﬂ-?@éﬁii%

I llweowy = Do 10%Fllewys 1< p < 0.

lee|<k

FIC 113, BT LP e 1/p AR, H 1< p<oo B, &AMALERNFHNTEH (2
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LA TF)

|f||Wk,p<U>=[z f Ia"‘flpdx] |

| <k
% p=208, &A1 HYU) := W(U).
EX 1.1.3. &{f .}, fBTW(U). MRS, AWRP(U)F AR f, R Em > cofF | f,, —
Fllweny = 0. FAVAR S, W LU PALEREf, RAB|| f o = fllweo) — OHEE V € Uk o

EX 1.1.4. £MA WPU) &7 C2(U) £ WrP(U) F 86, Bk, fe W, (U) 3 LRS4A
BEHH [, € COU) E4F [, EWEP(U) ¥ 4682 f. #t—F, KRMNA

feEWP(U) & f e WHP(U) B 0%f =0o0n dU V|a| < k- 1.

ARmLEAFIEHE, BARTALELIN,
51 1.1.3. AU =B(0,1) cR% u(x) = |x|™® (x #0). 42 de N F2pe[l,0), &HMAZIKE
a>01£%F ue whe(U).

FhRBEANGE u T FHRELRT, B TUAEERGOXLTHELZEFH dulx) = —

xa+2-

BT REMNPBIEZELE U FOBFH. ARER c>0F2BEE p e CP¥, &MFtfTLTiHHE

J ud,pdx = — J Jupdx + J ugv; ds,,
U\B(0.¢) U\B(0,¢) 3B(0,¢)

APy = —ﬁ & 0B(0,e) L E Iz NERE. KRB, ATRIEJu LR U ¥ uthiisH, &MNE

ERHEAN AL - 0MIHEHK

J ugv; ds,
9B(0,¢)

La+1l<diFils® o, XA EE2Ld>2.

BTREMER u € LPU)ARALWROU € LP(U) (1 € i £ d). HTURGAREGH K
R, Fiviu € LP(U)% B Sap < dks; FKFE|Vux)| = lx';'ﬂﬁx £ 0k, ® &A%
i |Vux)| € LM S AR S(a+1)p <d. B AAMNFELE: ue WPU)S AR %a < 22K,
B, HMEEp > dHAu ¢ W), !

5l 1.1.4. 4U = RO\B(0,1), A Ru(x) = |x|™* (x # 0). 42d € N*Fop € [1,0), KM 2 X 3]
a>01£/F ue WhP(U).

BHEATEMNAEEZ a+1<d RARZEFHOu LRABIH, BAHJuthFix=0¢
U. 2TTHKE, |x|7V elP(U) 2K (a@+1)p>d, Fa> dip; x|~ € LP(U)%& Kap > d,
Bla>d/p. R E BB {Fa > d/p.

< |lo||L-Area(dB(0,€))e™® < Cyed™70
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SR 1.1

SIRE 1.1.1. % f € W'P(0,1), 1< p < +oo. iEF:

(1) fILFRAF T —AextEs i f* e LP(0,1).

@) % p>18, &NA F) - FO < Ix—yI' (L IF @I do)r.
Rm: FB )= f(t)de, X2 f R f £ 0,1) P55,

SRR 1.1.2. & {x hen: £ U =B(0,1) CRY P& — AN THMAETE, B

[oo)

1
u(x) = Z ?lx—xkl‘a.
k=1

KaeR GEEMER ue WHP(U).
SIRE 1.1.3. #¢ € C2(U) B u e WEP(U). iE9]: {u € WHP(U) B2 # Leibniz/ Xk 2

(u) = (g)aﬁg 3Py,
B<a
1.2 SobolevERH RN BIBILFAMEREZR

ISR AR EEAR Y 2 SRR 55 54, AT RIXH B AR AR FAHSED . T 2IANE B 2R/ H
20 e a] DU U B sk (B w6 ig s I8k SoboleviRi £, FF GIE bR EUT)
CRUFPER” 4k K %5 SoboleviRi £, FEL b, XA PLEIE YR C.2 AR BRI, A e
keN, 1<p< oo MIFEU R Xfe>0, BAEX “4i/KTE” U, ={x € Uldist(x,0U) > ¢}.

1.2.1 BEPREEIR

F— N EHEPMNEEL < p < 0o, WERP(U)BRETT LALEU W HHE 6 R BOE I .

I 1.2.1 (FEOLHER). X f e WRP(U)(1< p< o), £ U, PELER fo =0« f. s
H&E > 0HAf, € Cx(U,), H¥e— 08, f AW P(U)FIs].

HERR. YO E e B C.2.1(1) THIERE, phAbESIE . B2 R ORIERHIEUT R, B IR I
0“fo=n.%x0*finU, V]a|<k.

PR B, W EEC.2A(4) AT 30%f° — 6°F in LP XHER|al < KEORSL, & IERRATEL
L.



1.2 SOBOLEVH I 1 8 U fl A ia 5 /7

DEIED R IR . SHE ¢ > 0fx e U, THEW1G

5. — ) () dy = (1) J 8n.(x — y)f () dy.

U

55 f (x) = f ne(x — y)f (y)dy = J
U

U

EE, MEMEER xe U, Biin.(x—y) (UERN y BIRED BT C2U).J559 FE 0 2 15

J aing(x—y)f(y)dy=(—1)'“'J n.(x — ¥)35f(y)dy,
U

8% f (x) = (—1)2 j Dk = ) dy = (0, % 3% ).
U

N————
=1

1.2.2 BiFEEE IR

WEEE 1.2.12 )5, AU E RIS W] & EEIEBA XU LiE T4 € FSobolevir £, 1M
AMULREETEL? 2B GIE B ERBA A ? XA @SR 2T Em, HHXH
@ﬁTuuﬂiﬁH$u SRS, (HIRATTHREX oU Elﬁy‘mﬂrMEﬁE R .

EIE 1.2.2 BEAOLIEEL). BX U AREL feWP(U) S EA 1< p < oo sz, NHEE—FH

H{f,} C C(U) N WEAU) 1275 £, ) ¢,

MEBA. X i e N*%E XU, = x € Uldist (x,0U) > 1/i, MBLH U = U U;, BIJFEE U #—310F T4

U, 5. {EE1.2.2, BINTCEERGAD U, HHE T u WGHIET, PEIRANT E0K X i T iR
iiﬁz CRIAT B A EUE TR BN — B ui&frﬁ%ﬁﬁ;kiﬁu, X%DZFFM?IZI%ZT AN
e NEtREIEYE, AT TLRAEF/EERN, MEANEER x e U, fEiZA/NEH RA
BIRZAEFI. X 0] LU Bris i BAL o R S .

BRI, A e N, BATEXV, :=U,\U,, MW, :=U,,\U,, WKE.

L {Chien MNETIFEIR V; A6l AL, B
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e 0< <1 H G eV
e ¢ =1inU.
P A, MMER—rx e U, RAFREZA i 13 i(x) #0. sbah, 38 1.1.3KH, BN u e
Wkr(U) H. Spt (¢, f) C V..
SEXSf =1, * (g”f)jjff CHE” VARRDEEEE. FES > 0, RATESE ¢ kS
T MERR | fF = if lwrow) < 21,524 [F I FATH Spt fi C W, FERESINXFER W, 2L ER, K
RNEBIZMER e R BRI E NV, K7 Bl w).
MAEE X F = Zfio H R A R, RAMXFREERZAIEZD, UL F e c*U). 5

— T IHFAVE f = Zg’ f, IRV e UF

IF = fllwesary < 2T = Sif llweowy = D10, * Gf) = Sif llwkawy < D, 2716 = 6.
i i i=1

B85V HREUR M, BRERAREE |F — flywe < 8. HilHL, 4 6=1,
TS 2 — 3100 2 Z R AT f o

B RIATUE A Sobolev R FL N EAGIFIE T, X FEEAR WAL T 0U &/ & LipschitziE 4L 1
ENX 1.2.1. FMARAR U A Lipschitzi# 469, £ EHNExedU, H4Er>0 fﬂ"/]\LipschitZi%
Zuity : RIS R, #F (LE Tt Td e L LRH) B

UnBx,r)={ylya > rO1, > Ye-)} N B, 7).

The boundary of U



1.2 SOBOLEVR UGS 8T 1Az 5 9

EIZ 1.2.3 (BUWBAEIIER). %A RFEU c RIAA Lipschitzil o X f € WEP(U) 3F A
1< p<oo i, MABEHEI{S,}CCoOMAS, —— F.
UERR. #EEH 1.2.2, ANEFAELFOUMITME frsigEn. ERUMAE RS S ToUM'E
M, B RoUmT UM BRZ N EE G, HICXEHFENV,, -, Vy. W& TR EIRE
mZh, BAMRATEH—NHEV, c U BHEF NN MVH rET e 2 #E1.2. 1 IR
7, HIERTEE U BT E SIS S IE T .

AEE x° e dU, fFEr>0 %HLipschitzﬁ?iglﬁ y . Rl & R 615

U nB(xO’r) = {xlxd > 7(x1, axd—l)} ﬁB(xO,r).

ﬁﬁﬁﬁV:UnMﬂé}

BEx eV, RIELTFBA X = x+ Aeey (e > 0). XEEHEH KK A >0 (HlnA >
Lip(y) +2), ATFIEZK B(x,¢) C U N B(x°,r) XHEEx € VIR /3/Me > 0L BTk
WAVE SGEIE, 4fi(x) 1= f(x), HESCEITRIMF =0, * [« BHEH F e V), i
AR WS
BiE. F¢ — f in WhP(V).

UEEHWT 200, AT T — N EAAR

L iZEEIEME. T Re I N ATFEGIN PR A x° RIS R A > 0?7 H
JREZ R — fix € V, IAerRedpi AR Ein it & A TE A X FE R x 1) /MR
BN EECRELS, A GI] Re ¥ KRS B(x, e)nU # 0. 55— J71H, WA K Lipschitzi%
BEMELRE TIURAS “EEIRY” (LipschitzZE 8 MRS T 10 B R B — I S50 — 2 L
5, UL RIRATIEE 2 > Lip(y) + 2, 4 K/INA O(e) H-FF2—ERELRIE B(x, ) C U,
M5 BE D GAZ ) A R B H R A% 1) 2 ]

2. At 4B S AL EIBLEIS? FHor b, FHWrsmorn, WA RTEH U 1E Al 58
B EE R . AR IERATEE E— 6 > 0. HTOUR, HATATLHRBIBREN A0 €
aUasigNﬂn>oﬁ%aUcﬂBupymoﬁvﬁ=UnBupym,%Zﬁ%%u

i=1



10 f—# SOBOLEV% ]
EAECTE R f, € Co(V)) 113
||fl _f”Wk'P(Vi) <98, 1<i<N.

fEMZ g, AT K EIFERY, € Uit

vclJve H  3foec>@y), 113 1fo— fllwe) < 6.

%J—H:’ ﬁz/ﬂ‘] az%*@i%jT#/l\HﬂVO, B(x(l)a rl/z)a ’B(xgj5 rN/z)éH}&EqﬁmﬁBEﬂ:%%° ‘I’E‘{gl {io
N

RNBTEANFEEN U —NER R, 34 F 1= Y ¢f € C°(U). RN DRI E
i=0

N
XE f=¢F FUSHET|a| < kAlit5E
i=0
N N
10 f = %F||owy < X 10%Ci(fi = Plleowy < C DS I1fi = Fllwkery < CAN + 1)3.
i=0 i=0

BEBRNMATIEHES. B2 F 2 f PR BB, FHRNMM 2% F - f 70N
Fe— fe fl fo— f Ryl z. MR, JATRIEHLA(U) 8, Whriisiiii sk A3 5. &
{REE]

E = flleeqry < NF€ = felloqry + 11FS = Fllzeey-

S IS B LP v A ) SRR M At D R UE B2 — T 0. HiE XA

P = ) =F ) — ) = 5 | )G+ Ay = w) = fx-+ dee) dw
B(0,¢)

w

==E=J n@)(f(x + Aeey — €z) — f(x + Aecey)) dz.
B(0,1)
ARG LY JasinT Lhd i A4 T Minkowski A 55 AR 3% i

||Fe — fE”LP(V) = ||F* — fs||L§(UmB(x0,§))

=||IIn@)(f (x + Aeey — €2) — f(x + Ace))lris0.))||

LY(UNB(x?,2))

(B4 Minkowski R R) < H I(@)(f (¢ + Aeey — e2) = Fx + Aeealgunan sy

Lz (B(0,1))

=J IFC + Aeeq — £2) — £+ Acea) |z, dz.
B(0,1)



1.2 SOBOLEVHH R G E T M Az H 11

Mg — 0N, FELPVEENI TR ELLIE TSP R EL || (- + Aeeq — e2) — f(- + Agey))l| ) ILELFINO.
[ B Fe AT T

@IS+ Aeeq — ez) = f(- + Aeea))llewy < 21| f lleow) € Lz(B(O, 1)),

111 425 1) BR BN T 2o SR RCSIOE 2, A5 2

E—

hmj @IS + Aeeq — £2) — F(- + Acealszr, d2
B(0,1)

= @t + sy —e2) = £+ 2ceDlig dz =0
B(0,1) &=

1.2.3 SoboleveR # I E Kz E LN

F7imEL e 2 )5, A1 B NSobolev R i i 37 FE A 12 B
Rl 1.2.4 (SobolevER F iz HIENM]). %1 < p < .

(1) # f,g € WHP(U)NL™(U), N fg € WHP(U)NL*(U), K 6,(fg) = (0,/)g+f(0,g) *i=1,---,d
B U FILFRA R L.

(2) % f € W'P(U), F € C'(R), F' € L®(R), F(0) = 0, 1 F(f) € W'"»(U), B 0,(F(f)) =
F'(f)o,f*ti=1,---,dEU PILFRA R Z. HUALRYYP t9Lebesguet] & A &, NF(0) =0T
P 30N

(3) Ff e Wtr(U), M+, f~,1fl € WHP(U), #FHA

ot = of a.e.on{f >0}
0 ae.on{f <0}

r

0 a.e. on {f > 0}
—0f a.e.on{f <0},

of~ =3
of ae.on{f >0}
olfl=40 a.e. on {f =0}
—0f ae.on{f <O}

\

5, of =04 {f =0} LIL-FAL R,
MERR. FATHUER (1) A1 (3) s — . (2) BRI ESR ] .
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#(1), RATERe € CR(U)AKIFESpry € V € UMIFEV. Let f, 1= n, = f, IFEX
g =1 * g MABNTEA

f Fe(@)dx = f fg(al-qo>dx=hmf £.8.6:9) dx.
U v =0 )y
5 L VT Bl BB S A TS e B S5, S50 Ly AT ESlder R 5

f fsgg(algo) dx — f
%4

14

fe@p)dx = f Fulg. — 8)(6ip) dx + j (f. — f)gdsp dx
%4 |4

< llge = &llzeay 1 el 19illLr vy + 118l 1fe = Flleoan19ipllLr vy

N ——
< fllzeoqvy

—> 0ase — 0.

XEIEFER: B f,ge L>® 0B, H f.,g UM &EH C214 K.
(3) ME AR ST 07 € > 0,RATE XL F.(r) = Wr2 + &2 — €)y5, WATLLEL
iEF, € CY(R) H Fl € L®(R) £ ¢ L —8F 7. WAERNE 2) MHTXEE F, H2 5 R 0152

j F.(f)5ypdx = f FI(f)5,fedx, Vg € CRU).
U

U

BT few HF.(f)— f*. #4 e > o, $EPslisce sy

_lim J ()6, dx = — f lim F1()3,f o dx = —j 5:fp.
e—0 U U e—0

Un{f>0}

PRI RATIRR] o f* IRIE, RJEMH f~ = (=N FIf] = f* + [~ "JEHRER, O

SR 1.2

S 1.2.1. R UV RFE, VeU. it¥: AELeCU) 1EF ¢, =1 B¢ £ 90U ML AHE,
%;E"’:ﬁ:: EXV@W@U%@}éXWo

N
SJER 1.2.2. B3X U C R¢ ﬁﬂﬂ-U@UVio WERH . B & ec>U), i=1,---,N, 1%
i=1
N
0<¢ <1, SptgCVy, D¢ =1inU.

i=1

Bg: dEAN D, ORI 121 4 liE g e CU) B g, =1 W, W, eV, L
Spte; C Vio RG% 1 =01, &= —¢p), -+, {n = on(1 — 1) - (1 = py_y). EEENAE—
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i
SRR 1.2.3. 29 1.2.4(2).
SIEE 124, GE9: |[Vall, < Cllull 10l #4E6T u € CR(U) Ao ABH 3250431

u€e H(U)NH*U), REFMEZ U ARFHLIU LiF.
SRR 1.2.5. HuecCc®U), it TANTRE K.

1 1

(D) [IVullzowy < Cllull; 10212, gy for 2 € p < 0.
@) IVullgnwy < Cllullz o102, for 1< p < 0.
B SFHEA (p,p, ﬁ) 1% B = T Holder 7~ % K.,
SRR 1.26. FUCRIREBFEL feWWP(U) BEVF=04£U FPILFRAKREZ. iEA: f
JUF A A5 T —ANF AL R 3
R KA AEAE A Poincaré % XREH, B 4% A4 % £ Poincaré N F X 9L P 2
N, AVeEeUTHFEf, i=n.*f, HEAFE, N e>0, f,=C. £V FILFRALR L. &

JEAE R 232 C2.1 Rk ||f. |l &£ ¢ E—&AR, B {C}E—BAR, #tn{f}ew—2Frlk
KB — N o

1.3 T EEFEHREE

HueCU), MAIATATLLBARE X u fEILSA 0U EMZSHUE. SRR u e whe(U) 1L
{2 —Soboleviri %, HAFMIATLME EAETME EHE. Feolth, HFUNd4ELebesgueill]
e, RUEEMNFEF R “485 7 Sobolev A B HIIAE . AFEAUEBE 1< p < oo.

EIR 1.3.1 (LEH). X1<p<oo,UCR? ZFFFE, HIU &LipschitziE 449, IR 4

(1) GEAREEET Tr : WP(U) - LP(OU; dS) #1342 0U L Tr f = f X5 FTA f € WHP(U)N
cU) sz, A

I Tr fllcewy < Cllf llwrean
sHHEA f e WHP(U) . EFFHKC>0MEHMT p,U. XE dS = H4 Y,y £ U L&Y
(d — 1) ZeHausdorff] & (RLAFFE A ¥ & ) &) .
2) (H5HFEH) HEE e CH(RY > RY) A= f e WHP(U), A
f fdiv ¢dx = —J Vf-¢dx+j (¢-N)Tr fdS,,
U U

oU
L N AT OU #E4ash kB,
SEIR 131, B3 Tef ARA f £ 0U Lehik, ©& H,y BEMEELTFRE—HR G, Tr B
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TIAAA f U Léy “hfh”, TR EC#H—FHL

r—

lim][ If(») = Tr f(x)|dy =0, H%lae xe€dU.
UNB(x,r)

K
3

Tr fx) = nm][ F)dy.
UNB(x,r)

r—

WERR. %, BAVBE f e CNU) HLHE p = 1 BN, BIIEW [, |fldSx < C [, |Vf]dx.
T 0U s2LipschitziEZ: (1), XEE x° € oU, WAMIATLUHLE] r > 0 F1—A Lipschitzi% 45 ik £
y iR S R, 1S (FE R s DL E T SRS

UNnB(x%r)={x|x; >y(xy, -, x5} N B0, 7).
1EB = B(x%,r) HEWHME & f £ U\B FI1ENZE, BIERATCIES/E U 1 B 4L M E “ &
7. BEEFOU HIHALANE R & N 2
1 S 1

> F41-a.e. on BN IAU.
\/1 + tan*(—ey, N) V1+Lipy)

—ey; - N = cos(—ey, N) =

BUEE 2 € > 0 I8 X B.(t) = Vi2 + €2 — . #Gauss-GreenBH, RATH

j B.)dS, = f &(f)deSCJ B )(—eq- N)dS,
U BNéU

BndU

BUOIVFGo)ldx < C J IV F| dx.

U

<-c| oeumarsc|

BNnU BNnU
K C > 0 2 (cey - N) (M= ER AL 3 ARITBAAT 18] < 1 %—F. BfES
o 0L 12.402)08

f |f|dsx<cj VF| dx. (13.1)
oU U

VR SER(S) — IfIMBIE R BER, BN f e C' IFARKE |f] AELTTHRE i
B.(F) T |1 1y I

B R ORBATEA (LI DM BUFLEUNBH AN RO BL. 3058 EFRATTAT LA 4 B 25 AN B
(ER BGO,r), i = 1, mAE 60U GEZOUREN), SRIFFIEH 1.2.3 iF Wb 1 8o hr 40 ok 52
B, MTiEE

J |f|de<CJ IVF] +|fldx, VfeCY(U). (1.3.2)
oU U
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AARRBE, X1 <i < mIATE B := B, r), EXC =1+ Lipy,)? IFicC = max{C}. &
V,By,-,B, EUE/J MNEWRIHE R, HBRALEN $o, ¢, - $n. BT EIRIE TS

r

J B.(ds, <CY | tbines was,

i=1 Y B;noU

r

= CZ | OB dx

=1Y B,nU

m e

—ey [ @omas f ¢, (B dx

=19Y B,nU B,nU

< f B+ IBNIVflde 3> 0.

WER e — 0 RT3 (1.3.2).
T RIA VG I B —KE p € (1, 0). WEEERDp > 1, FAE (1.3.2) HH|f|PE
| f|, [FIFAI1S

J |f|Pdsx<cj F17 + [VFILF1P .
oU U
1F Young N5 :ab < = + — p—1 + () =1%a = |Vf],b=|f|?" W13

f F1Pds, < C f FIP+ VfPdx  Vf e CiD),
aU U

HApXA ¢ > 0 # p. REIIRFEATC Trf = floU, BAGFELEKBTpHEHC > off
B Tr FILP(OU) < C|flwwwy FEW f € CHU) WL, FFEEGRAE £ € CY(U) B 435 A 50
()AL,

BEUEX f € WEP(U) AMEIMG . fEXfE—Af, e 1.235F/ERE f, €
C®(U) £ Whp(U) s ® f. ARG

I Tr fi = Tr filleauy < Cllfx = fillwiew)

XKW {Tr f,} /& LP(OU) F I Cauchybll, MMAAEWIR Tr f € LP(AU), & X Alim Trf,. 1 H

n—oo

XARAKAL T f IR IR . BUEL E—A f € WH(U) N C(U), AT AT A 2
NIRRT IB IR E L Tr f = floy. HT WlP(U)nC(ﬁ) £ WhP(U) %, AT LB
T Tr GAMBL.T.EH) EH NN WEP(U) - LP(AU) A REME T . E TS AR,
FAIH AT DA FH 2050 ) HE AR G i B I e BESR SE GIE R, A A EE . O

BN RIANNEM] — AR TN T R BB ER . XA EE, EIEN RSy
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9, W) A ABI .
EIE1.3.2 (FHEH). R U CRY ZRARIE, 0U ALipschitzi£ 49, H f e WHP(U). W

feWw,P(U) 4 A% Trf =0ondU.

WEBR. U047 AW, Sehr B RRRIEIR I — A RS . A f e W PU),
wblP(U)

fE—% {f,} C C2U) 18 f, —— f. BT Trf, =0 H Tr : W'P(U) - LP(OU) A HLMH
F, WA EITe fEOU EIHNE.

Rz AR EAE. 45 f e W) B Trflay = 0, RATEERIE—F] {f,} ¢ C2(U) &
B 11f = Fllwkowy — 0. HEHESE C2 MOCHBEIE R, ks3] C® FEE LP(U) J630 Fiik—
ASobolevi B2 5 1. SRTTTIRA E 75 B (2 —Br SRS, 1B TFIET L BIAREEK
BB R MR B R R REAE N E. T R SRR SR S B
s, JRATATLAZER PR AN TE FORE B BLIEHES R0 C(E M RE B R IO, SRJR Ok
VT 5 1A I 5

AT HA EIFE, RAVEE [ € WPROEAELH, AT flpge = 0. X LUBIE A 6U
FERAL A ARIEREL y (IEURRSEBL, 3% ANB IR H 3 ROU A LipschitziE Se .

B—s. BERAIE. TA1E L ABEIE Y ¢ € COR,):

1 X4 € [O, 1],
$(xg) = § #IR, BET[0,1] x, €[1,2],
0 X4 (S [2, 00)

RIEMEEA me N, TeflTfEx € R SE X ¢, () = C(mxg) B
Wy, (x) 1= f()(1 = {,(x)).
BB 2, w R fTERI X [, 00) LI, JFE R X [, 00) L5 FARSE, 1M 25

lw,, — f“LP(U) - 0.

FIH: —MFHEVEE. B R
axdu-)m = axdf(l - gm(x)) - mf(x)g,(xd) and axiu-)m = axif(x)(l - gm(x)) 1<ig d-1.

PR ml 545

J |Vwm—Vf|de<CJ "
Rd

I%PWH“M+OMJ
Rd

0

J | f(X, xy)|P dx’ dx,. (1.3.3)
Rd-1

+ +



1.3 7 HAES E BE 17
FHE ¢, BYE SONERUSSOE L, B 5 A 2R — TR sk 310

J I$nlPIVSIPdx -0 asm — co. (1.3.4)
Rd

+

RKTH D, ERINERASE x4 € [0, %] WL T, FTUIRANIBZE f(X, xg) RN f
RIAFES O, f BRI Z M, BISEBLFRAR I A B R RIMIXBEATHAE f 52—
/Soboleveki i, AR 70 A 5 B R X AEXELL R BRI LERATTL A0 f 3G — > id 1 iE

d
wiP(RY)

e PINTE flope = 0, FTUMFAE—SIREL {w} € C¥(RY) i w, ——— f, M 132 sE B 45

LP(RI)

Truy = wyly,—o — 0. SN w, BATH w,(x, x4) = w (X, 0) + [ 0, wp (%', 1) deo FIL{ER

Xd p
lu (', 0)]? dx’ + f d (J 1-|6xduk(x’,t)|dx) dt,
Rd-1

0

J (', x)1P dx’ < f
Rd-1

Rd-1

Lp(Rd—l)

P —T0Y k — oo LSRN0, XRKA Truy = uylyco — 0. W TH I, FAVEHMA
s MinkowskiAN&E X ATHG der A~ 25 45 2|

Xd p
p
| (f 1-|axduk<x',r)|dx'> T [EN T
Rd-1 0

Li”(Rd—l)

1
p *d »
= J 1- f 10, (X', )P dx" | dt
L)lcd(o’xm) 0 Rd-l

YEH t IR AR

N

195,14l o

1P
1 1 P

Xd F Xd ;p
f 1P') : f (j |0, u (%, 0[P dx’) de
0 0 Rd-1

Xd
< ng‘lf J |V (', £)|P dx’ dt.
0 JRd-1

/N
-

Rk — oo, FATFR]— AR TRAR 2 2 A E B A T

Xd

J If(x!, x)|P dx’ < ng‘lf IVF(x',0)|Pdx’ dt, a.e. x; > 0. (1.3.5)
Rd-1 0

Rd-1
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DAEHRS (1.3.5) AN (1.3.3) 28 i 15 21

Jd f |Vf(x’,t)|de’dt> dx,

0 JRa-

2 X
<CmP[J xdp_ldxd . sup J J VX', 0P dx’ dt
Rd-1

0 xde[O,% 0
—cmp . 2 J'"J |Vf(x’,t)|de’dt=Cpfmf IV F(', £)]P dx’ dt. (1.3.6)
mpp 0 Rd—l 0 Rd—l
T o ol ATIAUSHEIO, FTLL(13.3) HIATIAIELEI0, B Vo, —— V. SCREIR AT

WhP(RY)
Jw, —— f

E=H: BEERRBMEL. T {w,} TTUAE WEPRY) JEMCTIELT f, [HIX SR HT g
RET CO®RY). IERTERE] w, € R € [0, ~] FHEA%, FUCHATE L5500 =ML xq J7 8
HEA w,, FHEIIH LTI TI. BARB, MEEMN ke N, BB RAEE AT
B w,, 2

1
lWn, = fllwrew) < %
TRASARATTUE Swp, 1= 7w wy, SHibn(eg) i x5 RIEBVEHT . RAVE
wp, FXFRII X [2(1— 1), co)ifte T 12005, AHEEA] € N HATHT LIRS n, Gt
o) i1 1

”wmk - wmk”leP([Ri) < ;

Bk, 2 fi = wy € CR(RY), FAF R N Ukshss

Ifx = fllwismey > 0 ask — oo.

]

FATTLASoboleviE#i € BEAE RATT . B A IRIRA 2 B, (HEPAEIARM M E . Felth, *f
TAER A TR k € N*, iEE R R R IE A F . BRI IRATT R 21 i 4510 I 4 &R EH
EIH 1.3.3 (SoboleviE#EH). X1 < p < o0, UC R ZARFE, B IU € C* (k € N*).
G CRIRFERLFHRR U € G, MABEKRBT d,k,U,GHF % C > 0OAR A &4
E : WkP(U) - WEP(RY), {£4F34E4T f € WhP(U), A

(1) Ef = fae. inU.
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(2) SptEf €G.
(3) ESf llweey < CIlf llwrr)-

S 1.3
SJR&E1.3.1. 32U c RY& A A Lipschitzid F 09 A R % iE9: RAERFERET Tr 1 LP(U) >
LP(OU) %43 Tr f = flsu ¥ 24k f € C(U) N LP(U)#R A o
B MR ISR ol = 0, BEAROULEAT:f,, =1.
SRR 1.3.2. & f, e HRYHZTr f_ = Tr fLER X {x, = 0} Lk 2. ZXLf € LX(R)H

fi x4>0

f= .
f_ xd<0

BB f € HY(RY).
S/ 1.3.3. & f € HRY)NHX(RY). iE8: EF1<i<d -1, h$3#0, fLETHI(RD).

1.4 SobolevEr N\ EIE

ATV Sobolev ] 5 ¥ WL o B (M B & K &, JUHATTIR L2 RN Coo 28], 5,
FATEZZBWELU)IRN, B RK > 2, FATHURTXS K IH AR 1k 21 A NS 1]

1.4.1 Gagliardo-Nirenberg-Sobolev A3\
BMIENLRL < p <d. FAVERGZE AT F it
FETAAEC > 0, q 2 VR fllawey < CIVflleway, VS € CE(R?)?

R AOAE T 3XAN T BLCA RO 2R Hw, B LARATT AT PAMGZAN S LR AE AR T4 (scaling invari-
ance)lH R KHE. R NAES € CPRY,A > 0, AT XMYEGEHEESL(x) = f(Ax).
X fr AR AEEEWHLERUNAER, EAFRHNERCARBBRBERTA. HEHER

J FaGOl dx = j FA) dx = 24 J FOIedy
Rd Rd

Rd
DLk
J V£ 1P dx = 22 J V(AP dx = WJ V1P dy.
Rd Rd

Rd
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HEEARIE AR 15 -
£ llzsey < CA 52|V [l uogay-
PR A Rk — d(i _ é) = 0, HNAL - 0ot SHEITFE. XM EIRgH L q =

quijEﬁmﬁE%

1-d(-

>

Ul

1
p

... _9p
p'i= o >
EI2 1.4.1 (Gagliardo-Nirenberg-Sobolev A %53). X 1< p <d, WAEMIRHp, d69F HC > 0%
&

11l ey < CIV flleway,  Vf € WHP(RY).

MERR. 4 E 12,1, ATAG K f € CHRY) (FIE R 2 ML H 2 C AR SR Spe f IR/, T
TR S R S TR SBEER 8 5, A2 */\Sﬁﬁﬁﬁ*ﬁfﬂ')ﬂmﬂﬁﬁM* oy IEAE H K
BfON TR, BATEHEp = 10O, T = —

d-1

Vi:l,"'ads f(x)zJ' ax,—f(xl""stis""xd)dti’

+00
|f(x)| <J |Vf|(x1’""ti""’xd)dti'
WIEH

1

d 1 d too d-1
If@l= = (f@Ha <] (J A7 [CSPRIEN PRI ’xd)dti> :

i=1

FERRAF IS § AT X BUEXT x; B 1521
+00
f IfI dx,

+00 a1 +oo d +o0 d-1
S(JV |Vf|(t1ax2"'sxd)dti') J H(J Ivfl(xl""atia"'axd)dti> dxl'

—00 =2

H(d — 1)t Holder A% 0] 15

+0o0
J |FIY dxy
—00
1 €

+c0 a1 d ptoo ptoo d-
<(J IVthn@-~,&0d&> IIJ’ J’ 19 F1Ges, oty oo ) o dy |

i=2
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Bk, X x, B 348 FH Holder AN 55 2045 21

+00 ptoo
J f IV dxy dx,

+00 ptoo ﬁ +00 htoo ﬁ
<(j j |Vf|<x1,r2,---,xd)dxldtz) x(f f |Vf|(t1,x2,---,xd>dr1dxz)
—o0 J—0 —o0 J —0 1
d +00 pto0 ptoo a1
xH(f j j |Vf|<x1,---,ti,---,xd>dx1dx2dti) .
=3 —00 —00 —00

1

d 4+ + 00 =
Rd ; o

XIER p =1 B IGNSAZE
If Nl ey < NIV Flln@ey-

MNF1<p<d FMMg=fIr & f, Hby>145E. WHERAED]

W\
(J Ifld?dx) syj FIUV S dx
Rd Rd

1

I
1 b
LYVl we (f |f1 Dp) , p=——.
Rd

N BRI RS, RATER y AR L

d —1 d-1 ~1
rd _ )p:y=m ), rd _-Dp
d—-1~ p-1 d—p ~d-1

XAEEFANTAG 2] 1 & B 458

d-1 1

d Il
(J Iflp*dx> <C||Vf||LP(Rd)<J Iflp*) = Ifllee ey < ClIV llzeqre)-
Rd Rd

EIE 1.4.2 (Sobolevitk NEEE). % U c RY & B A Lipschitzil 7694 FF%&, H1<p<d.
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(1) =&f € WH(U) #4&TF LP*(U), FHEH |fllrw) < Clifllwerwy, & F FHC > 0U4R
#hd, p, U

Q) E&f € WPUFH AT fllw) < CIVS oy 24kg € [1, p* ]k, #+%HKC> 0%
&#id, p,q, U

RARSE M, 78 U BRI, WPU) BRIV llew) Z0T 1 lww)-

HUERA. BT 0U #&Lipschitzff], ATATLUK f € WhP(U) A f € WHP(RY), EilLf = f1E
U LA R, Spe f &K, UEAZENX || fllwegs < Cllfllwieq). BT fR30 HfEfE—

B fu, ) C Co(RY) (75 u, S £y sm 141, RA1/EE

e — | ey < ClIViy — V|| pogay =y, — f in L2 (RY).

£ lze ey < CIV fllzpay.

KL T (DIIER . XH(2), FATAT AR £ 72 RONUIEZ S, FRIFHUKA SR HG der's
SERIED (| 1Law) < eranpllf e @y FH é = % + - O

e

Eid 1.4.1. %5 p #9A LA RAET T d B, Sobolev 3454 p* T — +oo. KAVHZ Wi 4

BT L®, 2% d>2 X R, R ARZ AW g N3] —A~ BMO Alzia, W) A% 1.4.10.
EH 1.4.2Q2) Mg wRE: SMEE 1< p < oo, 0’ PRI /2 U1 N Poincaré a5

#iL 1.43. RUCR!AREL1ILKp<L oo, MNELETSHC>0EF

1 llzewy < ClIV e

MATH f € WP (U) Ao

1.4.2 Z#\A

FA1CAF 2 GNS AFEXFHX 1< p<d M p* L S WLP(U) < LP'(U). %
A S R §5- 78 CH S R 2 551080 . EKH@H@I&@I FATHAT ZER RN WSS
EBRHET . ATRIEY]: 1< g < p*i, RECER WHU) EHAZE] LYU) P
EX 1.4.1 (EHAN). X X,Y £FA Banach ® 1], H#HZ X CY. &M X % # A 2| (compactly
embedded into) Y ¥, 12HhH X S Y, RABEAHL T 4
o (ARM) BEFHC>0MF |fly SCIfIxNEESf € XML
o (BM)X FHHENARFINEY FRMEN, WAY FEA MKs&T3.
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EIE 1.4.4 (Rellich-Kondrachov). ix U c R¢ 2 L% Lipschitz # % U 89 F X%, £1< p<d,
N3tk 1< g < prA WH(U) s Li(U).

HERR. A KR GNS AEAM L4U) < oo FRIE, RFTUEHEM. W{f,HE WPU) H—EH
U Epsup||fm||wlp(m M. B AT TR E s —ANE LIU) PUEUT A {f,,, ) T A5G 5

P E"J*’l‘ﬁ%béﬁ:ﬁﬁ Arzela-Ascoli 513, BRWY U A AN, —HAF HEEES MR
FIFE Lo(U) G R AW T 5. BT L4U) < oo I L2(U) C LYU), TAVHEARE LIU)
TSRS

F—5: K. BAOVTFTFEEGS,, A BefiH Arzela-Ascoli 5| L. #& Sobolev #E#iEH (EH
1.3.3), JAT LM £, € WHP(RY) HAEREANHFIHE V c R hAAKSCE. FRRAMER B
Slrlnp fmllwrrry < o0.

SUSE € > 03 f% = 1, % o TMNAHIER 15 = Fullisy — 0 K Fm—Eis . %
b, S, & CHI, A TIAR 7 LA E BAT

o= fl < f DO = ¥) = Fn()] dy
B(0,¢)
< F € JJ i m —t d
Jyos 7:(y) ) dtf (x —ty)| dy
1
< f J )] - 191 - 1V finlx — ty)] dy dt.
0 Y B(0,¢)

LN (V) BRI Tonelli 512, A4 3

1

1% = Fullien < f

0

f 9] 191 IV fne = Wl dy di
B(0,¢)

< ||me||L1(V)f )1 191y = €IV fllire

B(0,¢)
LUl IV Fmlleeerny = CellV fullirgny < CME.

FIReHEr GEFE 1.2.D), EA%ELXR f, € WWP(RY) tHEkor. BERNTE LI(V) Bl
Li(V), ¥ 6 e (0,1) /2 § + lp—e = ; I Holder 25504

”fm fm”Lq(V) =X ”fm fm”Ll(V)”fm fm|114pe(v) < C(ME)QHfm fm|Lp (V)
< CMEP (I fslle vy + 1 fmllze o) < C'€°,

SRR T HGNS TSR sup | f ol < oo. PLIKATEAERE 6> 0, X e~ 0, R
W45 CET m B NS — Flliey < 6.
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BH: MTEEW ¢ >0, MERR{f;} BY (KT m —H, BFRXT —H!) FFM. XWH
& i Holder N5 AAE ARG LI & SGIES

| fm()] <J 10X = MmN Y < el 1 f |2y

B(x,e)
< Ce Y fllar) < C'e7? < o0,

FE=%: MNEER: > OUERR{f; JIFEES M. HIHE X5 2

IV GOl <NVl fmll) < Ce™d7! < oo

IAEYE Arzela-Ascoli 5|3, XT8N EN € > 0FAF/E— DT 75 it 1E L>(V) J550 RIS,
A
limsup ||, = fonllzaqy < Umsup || f5, — o llz=@)l|Lllze) = 0.

k,l> o0 k,l— 00

B BRTIRI. PRI BSOS — A (5} AR (f .} 19—l
YCTH), AT RRAE A FRIESE R, 405E 8 > 0 M4 K k1 e N, RATH

WS, = FollLaory S Wfme = Frallaon + 1 m, = Folliaory + 1oy = Fillzaor)

FEREBINIABEES § - 0 ﬂlhmsup A I O BR, X ZBASE =S FHIRIR BT gEfEE: >
oEMEE’JﬂJCFfﬁﬂJc At ﬁafl]ﬁvﬁﬁﬁ%ﬁﬁﬁﬂﬁa%& Bk, B S, =1, HFE B
AENIATAT LR B — AN € > 0 MI—AT 8 {f,, )} 673

V0 <e<egy, 11msup||fE f;z,,(n”Lq(V) =0,
k,l— o0

T2
limsup || f, 1y = Frmllzaon < 2.

k,l—> 00

BEFORTNG, = 1, RATATHEe, € (0,6) WE THIITI 0} € Um0} 17

V0 <eg<g,, limsup ||fE f,gnl’(z)”L‘l(V) = 0= limsup ||y, o) — fm.@ oy < 1.
k-0 k,l-> 0

g S A B AR, X n e NERS, = =, MIA#HEe, € (0,60m1) UL {fm, o} C {fmnon} HEAH T
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JRAT.

VO <e<g, limsupllf] . —=f o) =0=Hmsup||fom m = Fmmlle) <

k,l— o0 k,l->

n—-1"°

i, MEE ke N*, g, 1= fin w0 NBABHEMIER T IS k 35 3152

Hm sup gy, — & llusry = HMSUP L, o = £, sy = O

k, |-

[l
Ei2 1.4.2. =it p - d WA p* T — +c0, TRAMMESL U AFHWP(U) > LP(U)
STPFA 1< p<oo Mo FE LY p> d B, iE8E & Morrey 3 XA= Arzeld-Ascoli 5132, #&

K- B ‘%74/}5 A 1.4.1, TFIEE, BEA A Lipschitz 49, Wép(U) S LP(U) Lk 2o
EIE 1.4.3 (U A FE). RERFAEEU WARRBRRME TR, FURALR, Pl U R
— /N E R RS X (—g,6) C RY, d > 2, RMNTUFEMNLEH f e WPU) X f,(x) =
f(x +me,), FETVLERE LP b A 48K f, =0, 1B LI EHERFT ||f|l.. FMTE2E
B U 89 BB T R L49U) < oo BKo RRMAE G a— KB RO AR K BAEFZ
X35 P69 B AN IR 2, 123X F 23 RIRAIH KA 5190 2K, #1154 Adams-Fournier 89 %
1€ [1, Chapter 6].

1.4.3 PoincaréfZE,

PATTILAE LLPoincaré A5 MK 1 B fnfa] 1) FH "85 P B BT I AN 35
iE',":"? 141. %2 f 1 U > R, ¥ £YU) < 0o B, EMEZXBRSFH (f)y = §,fdy =
— [, f(y)dy.

AN ER, MARME Poincaré ANFEIN, 2 TRV AAH iR EL R —. ElrE AAEFY
fELH Sobolev bR %5 3 Bl 47 il bR 24 5
EIE 1.4.5 (Poincaré’s inequality). X U C R? £ —/A R &£&F K B LA Lipschitz 25 9U. &
1< p< oo, MAEAEMEN d,p,U 89F 4 C >0, %1%

Ed(U)

If = (Dulleay < CIV e Vf e whr(U). (1.4.1)

WERR. FRATH ROEVEIEiZASE R HZAEFERNAL, WX ke N+, F-ATAT PAK 2R 2L
fr € Whe(U) 45
fe = (Fullew) > KNIV fielleew)-
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BN RBAE LP(U) TR fr = (fioy EATEFIH—1k, E X

Ji = (fdu
1fie = (Fdulleew)

i 218 1.4.1, BATREWP(U) > LPU), » FIUAFE TS {g } FlET LP(U) HkEL g, 45
18k, = &llLowy = 0. #gi HIE AT (Qy = 0, ||glleow) = 1. B —J7H, FATATLLEM Vg = 0)LF
RERERRSL, PR E UM MR 2] 12,6 0] AgEUH LA S5 T — AN E L R 391E(g)y =
OMEXAHHARER T, Hlg = 0EUF LT, X 5(gllnw) = 17JE

R T RFRAE Vg =0 7£ U L PR KA. S EXHER o € CR(U), ATH

1
g i= = (v =0, 18llrwy = 1= IV&llLew) < 7 k

J goipdx = hmJ 8, 0ipdx = — hmf 08k, p dx =0,
U J=o0 )y j= )y
EHAE Ve = 0 76 U LA Ab T -

7Ei8 1.4.4. ZPoincaré R ¥ X522 142 PR TAB . XERMAFTAREHN flow = 0,
BLRELUHR (FMESARETZ) . S ue W, (U)H, 7% X |jul|LPU) < C||Vullpw
(B A VA Poincaré 4w.%) HE—RARERFMAREL (FRRERZU AT LAR, Plioir
KR R X (=1,1)) 0

1.4.4 MorreyBx N EIE

Sobolev X NEERZTH T4 p < d I WHP(U) AJ LR A B H A S my a] BRMER L9(U) =50, H
g < p* := d‘% fE21/51.4.10%, FATHE 2] wHRY) n LY(RY) #k A E|— BMO B7 A, 24
p>d H U f 5, ?ﬂaﬂ]hfﬂw%ﬁw”’(m H1[#) Sobolev L f JLFALLZE T —A CO%(U)-
Holder Y404, Ha=1-2. % p=oco I, CO% Lipschitz BZEVERU. #E—H, 54
5 Sobolev iR i fﬂﬁ:ﬁkk*ﬁ£ﬁﬁHolder ESREULH f1(x) 1= hm( Per 1, EXWAEREL f 1
B3R~ (precise representative), X AJ fif B4 %] i 42 TTQ/\ﬁlﬁE@

PATHE SSUEH Morrey AN 55 24
EIE 1.46. Zd<p<oo, bai=1-— ﬂ W % AR T p,d 6% 4 C > 0847

1 fllcoeimay < Cllf llwiemey,  Vf € Ce(RY.
MERR. FATT T ZAE I P ASE R

1fG0) = FOI < Clx = YIS llwogaey
1F@] < CIlS lwrrcany-
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BATLIEHE —NIAER, BN FEAR FR0. Bex,ye R, idr = |x—y| MW :=
B(x,r)nB(y,r), WEATH

If(x)—f(y)|=][ If(x)—f(y)le<][ If(x)—f(Z)IdZ+][ |f(x) = f(2)] dz.
w w w

Mz € B(x,r), FrCAFATOTUAEE — MRS FIELESH 2 = x + tw, HH w € B(0,1) H
0<t<r, TRHEF

L4YB(x,1)) 1
Ld(W)  Ld(B(x,r))

][ F) - f@) dz = f F() - f@)] dz
W B(x,r)

C
< ZiBx.) L(x’r) If(x)— f(z)|dz
C

= TAd(B(x ) - d-1
_“@mﬂﬁng”“)f@+mw'd%m

t4-1ds,, dt.

C ’ ‘d
= —Ld(B(X, ) L faB(o,l) L af(x + sw)ds

SRR TN TR ¢ TBOROy r R w B3] z i = x + sw 135

IVi(x +sw)| , | .
]fW If(x)—f(z)ldz\m f LB«)D J BT W] - gsas, Jeo-t
f I
Ld(B(x N J, Beer) |x — z|d-1

B Crd J V() dz
T dLABx, 1)) )y X — 2|9

dz t4-1dt

IVf(2)]
< dz < C'||V ;
JB(x,r) -zt < IV ey

|x__|1—d|

LF' (B(x,r))

B — AT LIS I AR A AR BT 5

_ ' 1
Hlx — dHLP/(B(x,r)) = (L LB(OJ) ot lp(d = ds dp)

ﬁTf—rﬁELEﬁIﬂaiﬁzéﬂué d-1)(p -1) <1, MEXENT p>d Hp>dif, A504
i T Cyr =, AR RS x B y BT RRATA

p/

J[ £ = FOdz < CFH IV fllge
w
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Rk, BAHES | f(x0)] Ffhiths

FG)l = ][

B(x,1)

|f(x)dy < C(J If(x)—f(z)ldz+f

B(x,1)

|f (=) dz) :

(1)

SR R D7 3 B AR
V)

_zld—l

J If(®) - f@)dz < C J dz < ClIV S Lo ae.
B(x,1) B

@ X

A Holder ANZEXEN AT H H 2 - ANMAZEREH AT
j £ @)1 dz < Ul lerseery < CILF s
B(x,1)

gih EiRfhh, A2 Morrey AR A48 O

HATHAERS A N R E

EIE 1.4.7 Morreytk NEHE). X U ¢ RY 2 —AE A Lipschitz Z R4 A FF%E. Hd<p<oo
Hfewhr(U), W f U FLFRRETFTEHE@mEAT f*(x) := lim(f)y,, HFH f* e Co(U),
fyag=1-2

p

MERR. #E5E 2 1.3.3 (Sobolev ZE#E B), ?ﬂdl]—ﬁ)ﬁﬂx fewtr@®) HEZ. 1T d < p < o,

ﬁéﬂ]TUx&@J FIREL {fn} C CO(RY) 415 £, e f. FIH Morrey ANEXFATFIE {f,,} 1B
& CO(RY) #1 ] Cauchy ¥, FIHAF{EREL f € CO(RY) fii15

fm—=f inC*RY).

1 o 07X, RAVAUEAIRESL [ 76 U LTRSS f RS, FIRERE fo i Morrey RA5 % JF
BUAPR m — oo FJ 153 f‘ € CO%(RY) DL K

||f_||coya(Rd) < C”f”Wl,p(Rd).
SR, A f S U i SRR £ 309 LA

1

1 _
=lim ——— d li dy.
Fe=tim gty ), SOy in s | oy

BT f &S, P& Lebesgue Tl @RI A1 f* = f 1E U " SOz O



1.4 SOBOLEVHR N E B 29

1.4.5 LipschitzZ & AR %
W g BSEPR X p = oo WAL, (HUEBITEEFFAME, X2RF RN C2 7E L RARE . &
TEHRATIER f 175 U FJRE0 Lipschitz 14 (A—E AR HHY f e W1’°°(U).
EIE 1.4.8 (LipschitziZZ: M 5WEe)., R UCRY AFE, f:U->R %<, N

f& U F B3 Lipschitz £4 ¥ HERE  feWw ().

loc

X EfAEUY B3k Lipschitz £ 4 & 46 fAUMAEST % F % L Lipschitz # 4,

MERR. FATE JiE BB, W f £E U H)5#8 Lipschitz #4E, WATEAEHXNSEA i € 1,--,d,
FHI590,-FHAAAE HAE U MAEME TEELPRAE R WERV eW eU, EANER 0 <h <
dist (V,0W) 7870 /N RE L Z

f(x+ he;) — f(x)

vx eV, D)) := z

HEREIEA sup |D7"(F)] < Lip(fly) < oo, HEILIFLEE “L™ RSB TAEE LPloc (1< p < 0)”

h>0

—Hg, RATRIEAALET I h; — 0 MEE v, € LR (U) (815340 554siusar

—h;, o Lia®)
D, '(f)—uv 1<p<oo.

REEATF IR v, € L2 (U) AR L -S9USI BELREAER, T2 al LOsE ) Lo(W) Ja8ui e
X (W e U MDDy ZEFpHI—BBFMERKIEH. BAME, & L 1= Lip(fly), FHX
FEEFEN e>0EXA :=xeW :v(x)>L+e HT 1, € LA(W), HFISATE

J D, "(f)dx = f D, ()1 dx — f v; dx.

isnDl.‘hf(f)uLm(W) < L, AVEREF] [, Dl._h’(f) dx < L-LYA). B—HH, v; > L+eft APFEK

& [ udx = (L+e)- £L9A), Xiaff £4A) =0, M2 v, <L TE W PR R . 25,

BATAERA v; > —L £ W o LT A a7 . R FRATTSERR LIEB TXHMER W e U B v, € LY(W).
IAEFRATUE BHIXAS v; B2 6,-59 % 8. (El ¢ € CX(V), FATH

[ oo ot

dx = —J D" (x)p(x) dx.
h _

A h=h; B j - oo, FRATHES

f foipdx = —J v;pdx.
U U
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BRRIEAR M. S8 f e W) fl g > 0, &‘ﬂ]TU&’k@Jﬁﬁ?% VeWweUIE
2 f € wte(W) H dist (W,8U),dist (V,dW) > ¢,. H—PREN f, €L f. :=f *n, HH
0<e<eg.

BiE. AT HRER I,

e He— 00, {f} &V ¥ B,
o WWHMIREZHKA F, W F &£V + Lipschitz #£ 4,
o BHEMARVEU W, F=fILPaimz (ALF Z fWmET),
ZWT S BEIA S B T, R EDGIFIEIEAE L TS FERX — B RATA FITE — L
WSRO PR R BB A 4, B IRATRGIZ B UEW] f, 42 L°(V) HH) Cauchy 4. Xf €,6 € (0,g)
Mxev, BATAE

_ |1 1 I rx -
reo-son= g | a(Y)se-pay-g | o(F)re-nay

_ f N (x — ) — fx — 8y)dy
B(O,l)

< J NS G — ey) — F(x — 63)] dy.
B(0,1)

P B RAVRREELEAS lim 5 [, 38 ORI L BBTREA LT ARAELER) . SEBR

ERATNZAA f e Whe(W) c Wh(W) (1< p<oo ME) HELAELE f* € COYW) £ W
5 fLPARAESE, ZXFERRATET AER 3 T f Bl f.

o) = £50) <J NI (x — £9) — £ — 8y)| dy.

B(0,1)

PAERATFI FERICSGE R BRI AC 20 flloeary) B3

lim sup | £.(¥) — f5(0)] < f lim sup ()| f*(x — €y) — f*Cx — 83)| dy = 0.
£,0—0 B(0,1) ¢&06—0

WHIRERECA F(x). HTEV BE—2SL f, = F, BATFIE F € C(V). BAERIEE W
Lipschitz &M, FHL FXMERE x,yeV Hx#y, BITA

[F(x) = F)| < [F(x) = f.(0)] + [fe(x) = fe ] + |f(¥) = F(¥)|.

WAE A FUEX R Ne > 0, B3N fEVH Lipschitzi® 4, HLipschitz i 306 MK iie ) B 5. AT
PETHE T

1

.0 = f.(0)] = f VFutx 4+ (L= 03) - (6 = YAt < IV ullimrol = Y.
0
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BT NV elliowy < IMellllV fllze = IV fllze> FATFFE] f. £ V o Lipschitz 4L, HI Lipschitz
WHAYE e LRI LR PILER x,y eV, AR E] |[F(x) — F)| < ||V fllie|x — ¥I. &
JEHIESEVERHIAE V B F = 1B 507, O

Fig 145, Fi28, KA E “f £ U F Lipschitz 4 % HAXY f 5 U P8 —A> Lipschitz
EERFAF", BPIEU AR, “RBI —BELRREEF. REIA LA 1.4.100 F5ELEWERU) =
COYU) HHEAT I (quasi-convex) X 3% U mz, BIEZER & a,b € U AHATH—F5KEEEL A
Mla—b| 8% y £, X¥ M>05a,b L%,

SRR 1.4

SR 1.4.1. iEHMEEZE 1< p< oo, WH(U) B8 N2 LP(U) .
SR 1.4.2. % d>2. iE ulx) :=1Inln(1 + ﬁ) & T WLW(B), £+ B H¥E{zk, 2k /u 2R
AT

SRR 1.4.3. LU CRI RAFREBE, H#H ue HU) #HL: Hlraec (0,)EFELSZ ={x€
Ulu(x) = 0} i# & LUZ) > aLd(U). iE¥: HGAERB T d,a %3 C >0, £/

Juzdxscj |[Vul? dx.
U U

®w: £AUNZF, HFu>BA u—Wwy+ wy)* #3F (u—(w)y)* 2R Poincaré 7%F Ko (u)g,
A TURRIE AL AT N F X AL B, XARA U\Z M E=#0T U QM E. %% X T4 R
TiE8] De Giorgi % K22 (€32.7.7).

St 1.44. xd>3Hr>0, B, :=B(0,r). X ue€H(B,), 1EH: = € L*(B,) t it = A&+t

x|

2 2

u u

—dx<C| |Vul*+ —=dx.
s, |%I? B, r?

®’: BAAA V(x| = —ﬁ FadArg, REAR [ w?dS = [ V- (xu®)dx Riz#]
ARG AL

SRR 1.4.5. iE#4e T A5 X869 Hardy 15 Ko

(1) HuecClRY), F:RI >R Z—AmEY, AARNOIRC#., EH

J u’div Fdx = —ZJ Vu - (uF)dx.
Rd Rd
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(2) % d >3, F(x)= ﬁ H f e HY(RY). iE 9
—7)2 2
@-2 J / dx<J |V f|?dx.
4 Rd |x|2 Rd

S8 1.4.6. £ Q:=(x,y) ER0O<x <1,0<y<x* ERAHHK f(x,y) =+ BT H(Q) 127G T
L3(Q). iX 5 Sobolev # N T L2 E T E?
SRR 1.4.7. LU CRY RIAFEFOAH R XK. iE¥: HX(U) E# N2 H(U), BxEE e > 04

EFHC,>01E4F
IVulli2wy < ellullmew) + Cellullizw), Yu € H*(U).

S 1.48. H1<p<oo, AR feLl (R, X (N 1= foup fo EW: HERMT d,p
FHC >0, A EZER B(x,r) c R F= f € WIP(B(x, r) A A 42 F N5 Xk 2

I/ = (Dxrllir@ery S CrliiVulleeso)-
R M FLEHIEP LR, MK, FE () = f(x+ry), £+ yeB0,1).
SRR 1.4.9. % f € WH(RYD N LY(RY). i f € BMO(RY), Hik &4t

][ 1 = (Derl dy < ClIVUlllagrs
B(x,r)

£+ BMO(RY) & F-F353k% = 14 (bounded mean oscillation), & T ¥ T4k

B(x,r)

(lgaroe = Sup Jf 1 = (Pesldy < co.
B(x,r)

SI8F 1.4.10. % U = B0, D\{(x,y) € (0,1)|x > 0, y = 0} & R2 J 58 x £ ¥ by 5] FF — £ 4 4 FF [
#o &L ulx,y) = (max{0, x})* max{sgn y,0}. iEBlu € Wh>(U), 12 & U F & Lipschitz & £ 49,

jo)&% 1.4

i) 1.4.1. AU CRY RAFABFHH R KB, FFHB e U. de € (0,1)Ru R4 T 7 AL8 L iF R

—Au, +e'(u,— f)lz =0 inU,
€ ( € f) B mn (142)
u, =0 on dU,
. . . L*(B)
P f EH&(U) REZWHE R |[Vul 2w XTe—&%AR, Hu —f.
B 1.4.2. %1 < p < o0, U C RY & R Lipschitz 89 A XX ¥, S Cc U RAFa9F%&, H
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AR EH (d - 1)-%Hausdorffll & . 1E: AAEKRMT p,S,U FHK C > 0, EFXHAHHL
TruIS = O é/J ue ‘4/1 p(U), ﬁ ||u||Lp(U) I C”Vu”Lp(U).

io]@k 1.4.3. # )& p-Laplace 7 A2 89 4% AEAH o] AL

—div (|[Vu|P~2Vu) = A|u|P?u xeU
u=0 x e odU.

AP 1<p<oo,A€RR—ASH, UCRRARKSR. iH: FRHRARRATNMu, N
3 2 49 R ATAEAH R R F X A > CLAUU) 4, itﬂP T C > 0 URH p,d.
Ry AR EMHFEALp<d,pz2d=22Fp>d=1.
B2 1.4.4 (Straussfz 7] 5 B, i%d > 2, u € Hrlad(IRd) (Bfu € HY(RHAZ Z & &40, u(x)BAL 2R
#ir o= |x|). ARTHINCO(RY) £ H! (RY) P RAEFR, smiR T ALEN CX FwodRIEH .
(1) Al RAMARS K AR B ou(oo) = 0IEH: |u(r)|> < 2r=d [T [u(s)||u'(s)|s?! ds.
(2) FED: [u(r)] < Crr DR 2 Va2,
R (1) &4 6985 B Cauchy-Schwarz R 5 X, B RARS;GRLITFE TR S u e Vu b9 L2
[B]7R 1.4.5 ({2 [FISobolevZ MK A). #d >2,2<q<2" := dz—_dz iEH: H (RY) < LIRY) £
IIKE"‘
#T: fE|x| = REEARET, %|x| > Rif A Strauss26 5132, %|x| < RIS ZH %K

1.5 —f%HYSobolevA AR

B AN E— K Wwhr(U) (k € N*) ffJSobolevAZER, HAiF B 5t & T 1.4.1 e
1.4.6 FWRIE 71 AT k VAGNENTS, LA AR FAGR

BE 151 ¥ xeREL[x] ANTFEFF x R AEH, x:=x—[x] HEDHIH
I 1.5.1 (—IE 1 Sobolev A%5ER). 12U ¢ RY &4 R Lipschitz 897 X &, K f € Whr(U).
() Fhk<S M feLiU), kF-=-—7 (Fi, g= 2200 AFEAEH ||flluw <
C(d,k, p, U)”f”Wk’P(U)'
@ Fk>2 0 fEUPLFRAFT R mET 1, L e T@), g

S Ean

(0,1) " 894 & 52 4

=

d
p
d

¢ Z,
€
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F B EAVA S T A ||f*||ck-I%1—1,a(ﬁ) < Cld, k, p, o, U)||f lwrerw)-

TR AR HU) CL2U), k>3, HAR%R

I ey < ClIf Naew)- (1.5.1)

AR RSN PR E MR, BATSAER LI ER AR LEe, RS 1.5.1,

SJ&k 1.5

SIER 1.5.1. 2U c RY &34 FLipschitz 89 A X F %, E¥¥Hk > %. JER . BAERMT k,d,U 89%
#C>0, 3RS, g€ H(U)RZ4 T RF X

&l < Cllf v I8l w)- (1.5.2)

FEIB 151 A F—Fa ke N f,g € H(U)NL®U), HRAMNFEFRLER Moser B RF KX (LLARA
“# Y Leibniz M7 ¥ Kato-Ponce & RF X 09457015 L)

1£8llixw) < € (If e lIgllzscwy + gl llf L)) - (1.5.3)

THF X (1.5.1)-(1.53) ARRESES R Pk, Bk RLR2EHK, 1282 2R Fourier %
W, FAVKE S BFEA LR,



F_E ZMUHMEASIE

N0

AR FE AT R I 1) 7
Lu=finU, u=0o0ndU. (2.0.1)

KR UCR B—MERIE, u:U—->RERMEE. R f:U->RESEN, LE—NZ
w57, HARBERENX (R TIENAENE

d d
Lu=— Y 8;(a(x)0u) + ). b(x)du + c(x)u (2.0.2)
i=1

ij=1

AR R (2 TR E R ED

d d
Lu=- Y al(x)3,0;u+ ) bi(x)du + c(x)u (2.0.3)

i,j=1 i=1
Horp M al, b e (1< i, j < d) REEN, REUEFE[aV] ROFOTIE, B ol = ol 541
u =07 oU F#i# ADirichlet AR £
EX 2.0.1. HMAHRE2.0.2) K (2.03) R XLHMPHFT LA (—H) WMEM, RIEAEFHO>0
1243

d

Dl ai(x)EE > 01E]7 ae.x €U, VEER (2.0.4)

i,j=1

MR REREXNS TN x € U, 5 [aV(x)] RIEEN, HER/NMMFEERTERET 6. &
fE BB PR oV = 68U H bl = ¢ =0, fEXMIHEN NHETF LN —A; 1058EBARERMHEN—AT
e—A+cl (c > 0). NILERR, FAMEHZRYHERANZA E, BEEHIRIRERS eI, 5
1, (2.0.2)-(2.0.3) MAEELE

Lu = —9;(ad;u) + b'd;u + cu or Lu = —a"9,0;u + b'd,u + cu.

35
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2.1 MRS IZRIE5EEFNISobolevZE B H !

2.1.1 SSRRHIEX

HHRE(2.0.0) 1, AT T a¥,bl,c € L°(U) H. f € LA(U). [Ea5E—2 kAR, HRE
FYRTOGIE AR R, BRI AR S AR S . BRI RH, BITSCNESE
NTRMBTFE (2.0.1). Bk, 4 vec®U) H u &— M. By iRissas)

f a0ud;v + b'duv + cuvdx = f fudx. (2.1.1)
U

U

A IEIT, FATT AT LAUE [RIAF AE 5 SR v € Hy(U)WRAL. sk u € Hy(U),
MEZ iﬁﬁjmﬁ . BRIRATTAT LU B AE Hy(U) W 3400512 (2.0.1) B “557 fi#.

ENX 2.1.1. &A= X 5#E A o9 E £ 5 (2.0.2) 483t 569 & HEA B[, -] A
Blu,v] := J a0ud;v + b'duv + cuvdx, Vu,v € Hy(U). (2.1.2)
U

HAAF u € HI(U) £ (2.0.1) #9—53RE, 24
Blu,v] = (f,V)pwy Vv € HX(U), (2.1.3)

(£ LAU) R AR,

B, BALESBE f € HW(U) (B HXU) FIGHEA0ED B, X R 3AT1 R
¥ (2.1.3) AEMEEA (f,v), Hri () £ H(U) Al HY(U) KR

2.1.2 Sobolev Z[8 H~Y(U)
WAEFATFI N Sobolev Z=[H] H-Y(U).

EX 2.1.2. &M XL HY(U) A HY(U) #9xH1% =17, it 23 f € HY(U) &% & f A Hy(U) £
éﬁ%—ﬂ@z /lel /Eﬁilﬁxi]

1 -1y = sup {(f, wu € HW, ullwy <1}

M EE RN, BRATAME Hilbert 23 [8] ) Riesz K7 HAFERE Hy(U) 5 HXHE S H 55 F . 52
br EBATH
H,(U) c LX(U) c HY(U)

HIR U B AW, H— MG RAW U IRA B .
FATA LA Z0 i E 2



2.1 ERNEMRIRDTRER) 95 MSOBOLE V= [a]H™! 37
EE2.1.1 (H M%), & f e HY(U), MAE—BHF [, f1, ., f1 € L*(U) AT Xk

(f,v) = J £o + fidvdx Vo € HA(U). (2.1.4)

d
b R(2.14) Az, MR f =0 =3 0,f' sIEMNA

d E
I f |1y = inf U Z|fi|2dx] ’f e (2.1.4) ¢,

U i=0

HAM, e &M v e LA(U) AAE HY(U) v LE, ME&Ee ue H(U)A

(v, u)LZ(U) (v, u).

WERR. 58 f € HY(U), ATRMEHE (2.1.4) 19 O, fL, -, f4, XA L2 Riesz FnEH T
NH. HT f 2 Hé(U) R R R, H Hé(U) #& Hilbert 25[8], ATHIEFE u e Hé(U)
518 (1, 0y 0 = (f, 0) RHERENG v € HIU) 537 BUAE LB HA(U) 1P BLE SUA
(u,v) =f Vu - Vu +uvdx.
U
FIA O =u, fl=0u 1 <i<d) WARIFFELER.
BT RAEW fll gy BIFEANE L, FAMBRK g%, 8, -+, g% € LA(U) Wi 2
(f,v)y = J g% + g'd,v dx.
U
FEZ R E X Hy(U) AR 4 v =u, FASH]
f [Vul? + u?dx < f D lg'? dx,
U U
(Al 1k

Li P S g dr

i=0 U i=0

BURE ol < 1 T4 1(F, 0)] B2 B BUR — M2 /230 AT, SRR P 4 AR v e
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H(U) B b 545 2
1 < 3 [ 1P
i U

S5, Av = ——0f DMER 55 L. O

|u |H(1)(U)

SJEn 2.1
SRR 2.1.1. XA RHFHRU C [Rdv,a\-il—Lipschitziﬁﬁo
(1) & {v,} C Hé(U) i ”Un”Hé(U) < 1. iEBR: B AT 7] {u,,} e v € Hé(U) 1& 17 vy, —

Vllg-1wy = 0o
(2) #v e HyU), [vlluw = 1. EH: ve H(U), BT e > 04 £—Miie 495 &
C(e) > 0 11%
IVllz2wy < €+ CE||V|| -1y

S 2.1.2. HY(RY = (HY(RY))Y £FLH A& 2? X2 X' & Banach =18 X 89 5H% = 4],

2.2 FEMEIEL: Lax-Milgram I8

g X 2.1.1, 45€ f € L*(U), FANEIMFAEME— u € H)(U) 13 (2.1.3) Mf v €
Hé(U) AL I B IRATT 4 i Lax-Milgram & K AE B A7 75 14
I 2.2.0. HH B EAAR (). FEd || - || AR L EAHBE B () 8 Hilbert % 1, i%
B:HXH—>REZ—/AWE&MMY, LEEFK a,p >0 1847
o (AFMW) & u,ve H A |Blu,v]| < alull||v],
o (3&#%IM) MEFE ue H A |Blu,ul| = Bllull

Kf :H->RAHLIOHERE®EZH, RAGEE— ueHEFBluv]=(f,u) A veH
ﬁs\(‘io

MERR. KEAIEEE. 1245185 Riesz Fon BB A LAl FHL b, BT f &2 H EWERLHEZE®,
Riesz XN EHEKHAE w e H {115

(f,v) =(w,v) Vv eEH.

A—HHEBRANTATLE XL —NEMHET A« H— H {§15 Blu,v] = (Au,v). HHEIEWH A - H - H £
WU, IARERG TN f, AT LUl e L u = A7 w SRS A Mu.

15 EXME A AR EEE, BROVFEMEAEEN ue H, B v - Blu,v] &
H EWA ARG R IR Riesz Rn @ #H, fFEME—RIILER w € H 45 Blu,v] = (w,v)
SHET v e H L. TRENMNEX A:H->HNAu :=w, BIXf u,ve HA Blu,v] = (Au,v).



2.2 fRfEtEEH ] LAX-MILGRAME 39
E25: ARBREMET. BHEM A RLMN, HAFEWRET B[, | 196 F1k:

lAu|l? = (Au, Au) = Blu, Au] < alulll|Aul| = |Aull < allul] Vu € H.

E38: AN HaEmitkii, WATE
Bllull* < Blu, u] = (Au, u) < [|Aulll|ull = Bllull < [[Aul|.

FibA ZH4E, H R(A) (A MEE) 1€ H PR ZUEW RA) =H, RFTFRIE (RA)* = 0.
Fs b, WRAFEFEETEK w e RA) MLARAGEE Bllw|? < Blw, w] = (Aw, w) = 0. KK
fITIER T AREH LIRS

F 45 uFEENE. RMNUARBACHEIEH. 55%€ f € H, #& Riesz BnEH, {7
RN w e H R (f,u) = (w,v) MTE v € H %z, BERNMTLUELE L Au = w (5L
u = Aw) RMIEFTFR R u. IREHAVE 2

Blu,v] = (Au,v) = (w,v) =(f,v), YveEH.

ME— PRl T omBIPEMR A S e, BEALmS 5. O

PLAEFRATI A B84 Lax-Milgram & 3B THER 7R (2.0.1), AT LS LU R R Al I
EIE 2.2.2 (REEANT). S THE FZ42 (2.0.1) R A R ey & B®A (2.1.2), it Tt FE
WH a,f>0Ay > 0147

o |Blu,v]| < allullmw)llvllmw)-

 Bllull ) < Bl ul +ylull.

MERA. [E1E Blu, v] B EAATE

Blu,v] = J a’dud;v + b'duv + cuvdx, u,v € Hy(U).
U

T, JAE 2

|Blu,v]| < ”aij||L°°(U)”aiu”LZ(U)”ajU”LZ(U) + ”bi||L°°(U)||aiu||L2(U)||U||L2(U) + [lell @l zan IVl 2w
< C(l|ull 2wy + IVl 2wl 2wy + 1VOllwy) < allullmw)llollm w)-



40 g AR R
85 AR T DU AL 5 2

Blu, u] =J a0udu + b'duu + cu’dx
U

> Gf Vul? dx — [l 18l 2o el 2wy = llellze oyl
U
|

c,
U|Vude—snvm5mn—(;;+ra)mm;wy

X HEIRAME 7 — Z [ M &R Young A 55 Ws_— WA FLEB > 0Flly > oftifs
B A
BWu>MM@m vl

EE y =0 WS LLUERIR (B4 b = ¢ = OFITHHL) O

EE, Wy >0, #A4 B[, ] A—EWi 2 Lax-Milgram & BRI % . HJFATE H Lax-Milgram
€ BRI T A2 (2.0.1) HUAELEYERS, PRI B B 4 it — Se A M 20 TR
EIR 2.2.3 (R E At EHE). A2y >0 (B2 222 V33, EFFTHEE Uy
feL*(U), %= TRLRAAAE—EH ue H(U).

Lu+uu=finU, u=0ondU. (2.2.1)
MERR. XOTRE (2.2.1), BATE SOEMEMER, G T L, i=L+ul) N
B,[u,v] := Blu,v] + u(u,v)2y Vu,v € Hy(U).

¥ pu >y AT 2.2.2 R B,[-, -] ##/& Lax-Milgram & BRI, 45 f € LAU), EATTH f
PE HY(U)F W —A oz, Kt (f,v) FTHRR (f, V)2 P& Lax-Milgram @H, fF7EME—IT
u € Hi(U) i & B,[u,v] = (f,v) X v e H)(U) WL, Hh@dlu & (2.2.1) WE—5f. O

JEIE 2.2.10 EMTAEMGERAN T f € HYW(U), ZA42Lu+puu = f (4 Dirichlet % F514) 53
fRey B, XREEED (f,0) = [, fo+ fldudx & H(U) L&A REREZSH, HHlH, %
B AR 3 & U Rk At

L,:=L+ul : HU)—-H'U) (u>7y)

AR,

> 2.2
AR EAMEB U € R RILFOCIFIIA FITE. REal, bl ¢ 26T I B 2 — S .



2.2 fRfEtEEH ] LAX-MILGRAME 41

SR 2.2.1. % Lu = —0;(aV0u) + cu. iEH: AEFH u >0, AR R(X) > —ubUTERZ,
A8 R By & A B+, -] i & Lax-Milgram & 3 69481 .

SRR 2.2.2. HEK u € HA(U) AW A 7742

Au=finU, u=aa—;l]=00n5U

A5, RBIEE ve H(U)A [, Audvdx = [, fvdx . %% f e LX(U), ARG E
Je ket — P,
SIRR 2.2.3. XU%E#E, &MARHH ue H(U) 2L A Neumann & F 5149 Poisson 77 4% 69 55 fi#

0
—Au=finU, £=00naU

RAGEE Y e H(U)A [, Vu-Vodx = [, fodx sz, %= feL*(U), it¥: e Lh 2454
s MG [, fdx=0.

S)@n 2.2.4. % 5 B A Robin i 5449 Poisson 77 4%

—Au = finU, u+§—;=00n6U.

HRXZE A ue H(U), Fitext T4 % f e L2(U) iR G EFfaf—,
P EIAN K BRI R T E R AT 232 1.4.5 P Poincaré I~ X JEBH 6955,

SRR 2.2.5. kU#%EE, iR 0U RANTARR A HET,, T8 % . %8 E A R4 Dirichlet-Neumann
%469 Poisson 77 A2

0
—Au = finU, u=0onTl}, £=00nf2.

HR L ZF AR u e H(U), #itiext T4 2 felX(U) Witey G akfrg—i,
7 AH :={veH®U)|Trvl, =0} FEFAKBZE.

SR 2.2.6. Hu e H(U) R U ¥ —0,(aV0u) =0 89— ARIEBM, ¢ 1 R > R AEA-ADALFHY
B, Sw=¢w). iEH: w A —ANBTH, FFTHEMTveH(U)ELv>0, A Blw,v] <0,

jo)’R 2.2

@Rk 2.2.1. AR5 A HZ42Q2.0.1)89 55 5 2N LE — AT e, L LeXd (2.02) 44,
HAREb =c =0 AKXk g € L>(9U). 4

I[w] :=f 1a"jal-wajwdx,
U 2



i g AR R

At weA ={weHWU)|Trw=gondU}
(1) & {u,} c H'(U) &£ H'(U) ¥ 843 u, B ¢ :=liminfI[u,]. iEAEETH {u,} 27

¢ = %im Iu, | B u, m Uu.
) eEEAY» P e>0, iEH: AETEG CUERu, £ G F—BM&T u, £G, +
A lu@)| + |[Vux)| <et, B LYU\G,) <.
(3) EM: € > I[ule XEHEERRAI[] £ HU) LR BTFFEEH, CHARLEMTE
HYU) ¥ 530682 u 6957 {u,} c H'(U), I #HZ I[u] < 1i£n inf Ifu,].
M%@m:ﬂ%HM<m,ﬁﬁﬂﬂﬂ%ﬂ%@&ueﬂﬁﬁﬂﬂzm.
we.
(5) EH A FRIT u b9 —M, (BT R u,u, EANTRGRIRT, RAFE G =
(u; +u,)/2 e I[i] < ([u,] + I{u,])/2.)
(6) FEPAMR LT u IF R 7 42(2.0.1) 89 55 fiF o

2.3 FHEMEIE2: Fredholm—#F—

IEERE 2232 )5, ATEARS M WHRQ2.D)FAH uudil, FA1Z I GE A6 7 21
AENE? BREFER, HMETERR TR Lu = 0 CRA Dirichlet 5 56F) R ERA
EEAE . EANRATAT DAIER]: QRGO OV AR AR, A [ b AT IR YER,  HLAEHRSE
TR X B IR B R 4R X R R HORARZME TR Ax = b 53 KR AE L.
XF Tl PDE, FATTH 85T 1) Fredholm BHig KiE ISR 4516

23.1 XETHMER

TSR RATT IR T I e R AR T
EM 2.3.1. %X, YBanach . &MNHA—NMAFEAKEILT K X > Y ARHT, R THAT
AREBCX, KB)EY TAME (BPKB)£Y FAKH), HiTK € CX,Y).
BHEH, K Z2ERETIHHMNEMEME R T {x,} ¢ X, {Kx,} £ Y FHEETH]. ik
3
ol 2.3.1. %X.,Y,Z # Banach =1,
(1) #KeCX,Y),x, =~ x &£ X P3lék, A Kx,->Kx£Y F (58) I8,
Q) EAFEHETK X >YRK, Y ZA—NREHET, M2AALHETKK, : X>Z
EAEEH T
(3) #KeCX,Y), MAREFHMAEF K eCY,X), £F XY »HEX,Y 893482 ],
%$ui%, 1) E4AEREEFETIeCX) ¥ LY dimX < .
AT A il Fredholm —#— (Fredholm Alternative) EF.

I
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EIE 2.3.2 (Fredholm —#—). XX » Banach © ], K € C(X). 1]

(1) diimN({I — K) < o0, % N(I —K) = {x € X|(I — K)x = 0}.
(2) RI—-K) N%.

(3) RU—K) = NI —K")* LRI —K*) ="N(U-K).

(4) NO-K)={0} 3 BX% RJI —K) =

(5) dim N(I — K) = dim N(I — K*).

XTEMNMCX, FcX, &M
M ={feX'|{f,x)=0,VxeM}, Fl:={xeX|(f,x)=0,VfeX}

AR R RS R AN TR Ax = b. FATTRIEIXA P RRAATE x
FALH b B R A 1= (ay. - o) FIAHELLS, B b= 3 x,A,. K260 T
Jj=1

zlb@ia”zi =0(zLlA) Vj=1,-,n
i=1
PRl AT ] i
e HEbeR", JTIEHAx =b AU HAUCUNMER z € kerAT 2z L b.
o R PFRIGH:
1. 5% beR", HEH Ax =b A x € R
2. Ax =0 FiE% ¥, H dimkerA = dimker A*.

WMAELS A=1-K, Hf K e R, aE— a5 ed 23.203) —8, H o445 e
2.3.2(4)-(5) —%4.
FAT A I [ o 5 Tl o
ENX 2.3.2. %X # Banach ], A: X > X 22—/ MAFEBEHET.
o A 89FFE % (resolvent set) £ XA p(A) :={n € R|A — nI R4}
o A #9iE(spectrum)® X A o(A) := R\p(A).
B neplA), BERRBEEE (A-—n) ' £ X LOFFEEELT,

o BAMIAR A € 0(4A) = A BYHFIEMEALE N(A — nl) # {0}. H-T AN AKRBFIAEH R & SAR
7 A#) B 1% (point spctrum), TAF 0,(A).
o FARBIMAAALE w01 Aw =Aw, IPAEMNFw A A ET 1O ERE,
TATIAER
EIE 2.3.3 (Riesz-Schauder). %X # Banach W H K € C(X), WA
e R3F dimX < 00, &M 0 € o(K).
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e a(K)\{0} = 0,(K)\{0}.
e« 0,(K) MR E (wRAE) LHAO.

2.3.2 Fredholm—#F—KEEMEPDE LN
BB (2.0.2) IMEEIE F L 35 bl e CY(U), AITE X HAEME T L A
L*v :=9,(a’d;v) — b'd,v + (c — d;b")v.

FEREX MR B* @ HY(U) X Hy(U) - R E X N: X u,v € HY(U), B*[v,u] := Blu,v]. FATH
v € H)(U) 40~ #ERE e TR 55 5%

L*v=finU, u=0ondU,

R TR € H(l)(U)%BﬁB*[U, u] = (f, u)LZ(U) BT

EIR 2.3.1. B H AL a9 AR X R HFRE T2 LA AT ke, B (Lu,v) = (u,L*v).
BAVTHT 5 0% u, 0 AT HH, L o9 BARF KRN LM 347 924 915 2

(Lu, v) =J adud;v — 9;,(b'v)u + cuv dx = —J d,(ad;v)u — 6;(b'v)u + cuv dx
U U
=(u,—0,(a¥d;v) — b'd,v + (c — 9;b")v) =: (u,L*v).

& KA T 5 5 B* 69 B AR Ko
AN HAr 2 € 2.3.2 (Fredholm —#—) RiIEHT#E (2.0.1) 59/ HIAFETE B HE,
EIE 2.3.4 (59fRE (A EH). TRImALRA LA — A L:

(A) AT f e LA(U), F42(2.0.1)5 £k —t 55/,
(B) k742 (BpHAZQR.O0.1D)AESf =089 HF ) HAEIFERBMue Hé(U).
SO (B) A, WGk ARG E ] (GU4E N) & H)(U) 89A TR4ET =, HdimN =dimN*.
XE N RFRFEFTAL, BPAAELv=0inU, vy =0 &=,
RJG, HAL(2.0.1) HHME ARG FHEM v e N* #H (f, ), = 0.

MERR. GER 73 A DA BR

£ 15 BOERAME. FAIMEZHLax-Milgram € HUEA S —FAEE e HERH: AE
g e L*(U), Ut ZELERTELu = gf£ Hy(U) T AME—55#, KL, :=L+yl, yieEt
2.2.3 HIE R BIERATE u = L 'g.

BT RILATE R TGS Lu = f. WTRATE, HAHTE u e HY(U) ZAER M2 HAE
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u€H)U) & Lu=f+yu 55fE, Al
B,[u,v] = (yu+ f,v) Vv e Hy(U),

\\'F'

T
=L'(yu+fl)edT—yLYu=L"f.

BAESKu = yL'ull eh = L' f, WA
u & (2.0.1) —1 55 < I —-Ku=h.

$£28: WEAK 2 LXU) EWEEF. W1 L, & Lax-Milgram 7 #8981k 7]
%Dﬁﬂ%ﬁ?i LE Hé(U) All g € LZ(U) %15 LyU =8 EE%%X—F}&jy I By[U, qO] = (g, §0)L2(U) pagiis
1 @ € HIU) oL, W4

BlILIlG ) < Byl 0] = (8, V) < N8l lIVllw) < Igllewlvllmw:

M5 H
”Kg“H 10y = Y0l ) Cliglpw) MTHEAC>o.
IHK @ L*(U) - H)(U) &M A RAELMER T 55— ﬁﬁﬁdl]ﬁ’%ﬁ/\)\ H)(U) &> L*(U), At
K fEA—A L*(U) - L*(U) A A LEH T, £ L2(U) L&E*A%ﬁ?r XaEfal 2.3.1(2) 1
S
’fﬁ 3 2: Fredholm “H—MNA. IAERNEEH 2.3.2 fIlL X = L2(U), K =yL;', 193]
PR RT REME

o [HM 1: N(I —K) = {0} %I&EIW FEEFM h e LA(U), I T —K)u = h £ L2(U) "G ME
—fif. RGBS 15, XD u BT (2.0.1) B— 55,
o 1HUL2: N(I —K) # {0} %GO FRATLAH y # 0. e 2325085 K71 u—Ku =0 {£
L2(U) hHIEZEMH dimN(J — K) = dimN(I — K*).
4% WIFENEEE < (f,v)=0Yv e N*s 2o R UT CFAEZNER) HHELv=0
(B i v — K*v = 0) HISIfE. JRATA

(h,0) = y (K f,v) =y~ (f, K*v) === y~\(f, v).

FrA(I — K)u = h AME—ff & SHEE v € N* 1= NI —K*) %57 (h,v) =0 < (f,v) = 0. O

BUEBA S B R 2L
IR 2.3.5 (S9fE R =AM EH). BA—NESZTHHOES I CR, EF40 T QAR AN TEHA
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SR f el (U)AE—3MEARE 1¢X
Lu=Au+ finU, u=0o0ndU.

EXR—NLRE, LT = {/lk}keN, R—NEIRTBRF T, B A - +oo.
AR T AET LI (92 i, iR e B R 0 H o)

Lu=Auin U, u=0o0ndU.

HARTF M w20 HHNXH A e Z, ERXFEI N A BFONL RYFHIEE, 1T w BFR 0 M %5
{EERH. TR 2.3.5 Y] L HIRFE(E L2 —DNET +oo KIANF.

llEEH Ay NEM 2.2.3 FRIEHFHRK A > -y, AR —BHEHARX v > 0. 5 Fredholm —#—,
12248 i) st
Lu=Au+finU, u=0o0ndU

MEANEER f € L2(U) fAEME—55fE, 4 BACH W N5k 8 A F
Lu=AuinU, u=0ondU.
IR APE AR ST Y HAY Y w = 0 A& 0 R 7 T2 (0 R I — 55 A
Lu+yu=A+y)uinU, u=0o0ndU.

B — N IRBHE u=L"(y + Du = %Ku oL, Horf Ku t= yLu, JATRITES u =072
ME— R 550, A yj LA K BIRHIE(E . PR AT D 4 SR y% ANt K BVRFEE, AT 77 sk
A ME— i

Lu=Au+finU, u=0o0ondU
FRK € C(LA(U)), e 2.3.3, WAVAE K MR EE A2 —MERE, Eat—NET 0
IFH . IXREM T YREEA LT ZMDHE 4 > +o0, FIAy >0 24 EHH A ﬁtﬂfjﬂf —
(K170 B D

SRR 2.3

SRR 2.3.1. ASRLAARBIEEM RIS, SR EHK A ¢S R f e X(U), & ueH\(U)
H) 4 F Tr AL 55 %
Lu=Au+ finU, u=0o0ndU.

i.ll:-ﬂﬂi ﬁ"ﬁ#%ﬁ CcC>0 ’fi?’?’ ||u||L2(U) < C||f||L2(U) (;}F%ﬂ:‘ Eklili‘o)
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2.4 HMHERETFI4FE{E R
AT IRATTZE FEAG B 57 B R AR A 1) /85

Lw=AwinU, w=0o0ndl. 2.4.1)

XHE U cCR? ZEAEHILA U KA AKX OXEWREEBME . AT R, ATHE R
MR T g oL, BRI

Lu=—-94,(a¥du), a’=adl!, aeCc=). (2.4.2)

ERLEE A R Y XU Y R PRI . 0 TARAT w, v € HY(U)RALB[u, v] = Blv, u].

2.4.1 $FERBMAEMIEI T

AN AE RS HY A B 5 55 ARV RF A AR NRF Ik R B B2 25 18

EIE 2.4.1 CHFRIRIEI S FHRFIEME). L 69 AN A R . #H— T, ERNRBEFE N4/
5y CAM) EHEAIE, &RMNA Z =L, £F

0<A‘1<AZ<“" llm/‘lk—"‘oo

k—o0
B, B LAU) —mingE Bk (whew, £F w, € H(U) R ETHEAN ke N* 94 4E{E
A GO AT T 4
ka = /‘lkwk in U, wk =0on aU
JEIC 2.4.1. B25F PG EN M ®, aVeRERT AiEHw, € CU), HHALFERLEHR w, €
C®(U) (X&K QU & C> #),
FEUERX AN E B2 /i, LR FRATT T ZE m] i — T AR B S R ie .

SIREEFHLEIRIS

W H &S Hilbert s 8] o
EX2.4.1. EMAFEREEET A H—> HRSAR, RIEHA x,y € H A (Ax,y) = (x, Ay).
XE (L )AHMAR, BHEE AZTMHEG S HRE A=A
Wil 2.4.2. XA H—-> H A NMAREGBRET. N2 ARSHGEERES TFTHEMT x e H A
(Ax,x) € R. IFAF HRME—F A
(1) o(A)CR, BxtfE&ty xe H,AeC,ImA#0 A |J(AI — A) x| < 2L

I/1|
(2) #H CHARH®—/AREZATZENE, N A, £ H L&,
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() MTFHETAN €0,(A) BA#2, A NAI—-A) LNQT - A).
4) 1Al = Hilnlfl |(Ax, x)I.
£ Hilbert 77 (8] £, X BRGS0 1 R 544 5 RK PG 2 8] Hh SIS FR B P R AR AR FH 25 A4 A8 AH AL .
R, FRAT) RN AT AT S XS AR B AR A AR, EL AR oG iR R, X A 1 B SRR
PEFRFAE ) B 25 7 BRI (A — IR (A G PRAEIESD) 25 A — IR Bl B 2
FEAEME . X EeVE T T Hilbert 75 8] b X AR BB RAT .
il 2.4.3. XA € C(H) 348y, WAL x € H, ||x|| =1, 1£4F

A 1= |(Axy, X,)| = sup |(Ax,x)|, Ax, = Ax,.

llxlI=1

WEL 2.4.4. KA € C(H) AMAE, RALEE—AESTHOEHI) Aden., LE—THRHE
& (e BAE) R0, HiF A} 42 A QI RINEE H 69—k E A {o) 1513

/

X = Z(x,ek)ek, Ax = lek(x,ek)ek.
k

k>1

el 2.4.5 (Courantti /MK ZIH). XA € C(H) A #Rey, BAMIMEEA 227 220> >
A>T R4
En-1 xept (x,x) E,_, X€E,_, (x,x)
x;ér(l)_1 x#0

XEE, | TUAR HER (n—1) W -T2,
TATRAETE B E BE 2.4.1.

EIE2.4.189ERR. %S = L7 : L2(U) - L*(U). EEZRIHEFHHERAMSCLIEH T S € CILA(U)),
WA FRIIE S 7E LA(U) Faxfrm. Flh, Alf,g € L2(U) #4 u :=Sf,v :=Sg, Mu,ve
H)(U) 4357 Lu = f 1 Lv = g (A Dirichlet 55541 [MF5f#E. KFLIRATA

(stg)LZ(U) = (u’g)LZ(U) = Blv,u] = Blu,v] = (f, U)L2(U) =(f, Sg)LZ(U)-

BB, SHFAEM f e L2(U), BATE (Sf, f) = (u, f) = Blu,u] > 0. #Eanf% 2.4.4 751, S [H)
FREE 4 NIESCE, HAHM RHIE BB A T L2(U) W—HARAEIE RS 3 . XT S AR (&
HNn>0, WERMNTHEANO0£we HWU) A Sw =nw, WXEHT Lw =iw, K 1=yl

L]

SAAESCHE U, 98 B TR R A A AR A B 0 1T W S e SO O %, 55
USATVE % RAR IR AEMEROTT AR, L WeyliEW] 7 — /BRI 45 16 7EBATIHD
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RBRXIB U c R, (mAETEU YT (EILESEME) WRAEE R 2
A e
s k. LiDad)

FAVGAET — g th L BB/ INFIEE A, FIZIEE R . A, > 0 A N EFFIEE-

2.4.2 MRHEE FHEREET D RE

AR B PR AR 5] 55 B /NREAEARL [ A8 73 S 38
EIB 2.4.6 (ERHEEAD 7RI, %A, > 0 A A A Dirichlet R A YA AR R HF L (G (2.4.1)-
(2.4.2) FrR L) # FAFIEMA,

(1) EHRAEMEA 4T E %2
A, = minBlu, ullu € HXU), |[ull ) = 1} (2.4.3)

(2) E#AMAMEAUR AR UN—/NR LT 000 S 3 w, AR, Zw, A FAEE R A6 fE

Lw, =Aw,; inU, w; =00ndU.
(3) ®E, FueH)(U) T FALE—55 /%
Lu=AuinU, u=0o0ndU,
A2 u R w, 8% s TR A LRI, H AR, AMF 0 < <A<

8- WWAMNERE 2
Blwy, wi] = A (wy, w) = 40y k,l €N,

IXEH] {w} WA T HYU) A EZTHE GEHBGE SN e = Bl tH() A IES
fw WA T H(U) M—HIERR .
BE. {w/VAMART H(U) 8 —airk Bk,

WERRZW S, W H FFIEEX TR kK € N*, Blw,,u] =0 BEHEH u = 0. X ZEE Z 1,
HAE—A u e H)(U) WET L2U), Frurl LN Y dw;, T2

j=1

B[wk,u] - ZB[wk,djw]] - dk/lk(wk, wk)LZ(U) =0 = dk =0 Vk (S N*
Jj=1
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SAG ullowy = 1, TREAMRE] Y a2 =1, @ PR FAE H(U) Filss.
j=1

> — w
Jj=1 1’1‘]

oM E IRA gt TR R B Hy(U) ReIT s w, BATH
ul =2 ;2 2, ), d2 =2y,
j=1 Jj=1

HEFE S HACY u = w,. (D),
(2) HEWI KRR R TR 2.6.6) 0 B SRR A11E i R I
i, Fu€H\U) HR |[ullaw) =1, MuRde FHAMLFA M S LIRS Blu,u] = A,.

Lu=AuinU, u=0o0ndU.

TS BSIERR. 167 25 1 BB AR AR, FIBLu, olf 5 SURARIE . B FRIEWIZ A, Wu €

Hy(U) 2 |lulla) = 1 H Blu,u] = 24, BABRATATLAS u IFN T diwer b dy = (@, wo)
k=1

H Y, df = 1. AERATHHE Blu, ul:

o0

Alzdz A =Blu,ul =) d2A, = D (A4 —A)d2 =0,

k=1 k=1

EXRPX AL A4, > A kA d =0, T A, KEBAHR, &

m
ﬁ{im (S N*, u= Z(u, wk)Lz(U)wk, ka = /11wk V1 < k < m.
k=1

XU Lu = Au 55 ESCNROL, WS ik, O

PEIEWr S, AT DLIERA(2). BRI u 2 W N RFIEAE ) @8 — AN AEZ 55
Lu=AuinU, u=0o0ndU,

RAVENEWIfE U 8 4u > OfERSE, B au < OERSL. ARG [ullpe =1, 4

a :=J (u)*dx, B :=J (u™)*dx
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Hrput i=max{0,u} H u~ :=max{0,-u} Wi u=u* —u" M |u| =u* +u". B4 [u*dx =1
BRE a+ =1 i 1.2.4, |AVEIE u* BT HY(U), H

ou a.e. on{u > 0} 0 a.e. on {u > 0}
out = ou =
0 a.e. on{u <0}, —0u a.e. on {u < 0},

ENJlies)
Blut,u"] = J a¥dutdu~dx =0 (KN out,du- 2/ DFH—1MAE).

U

DUAE 1l 5 BB, - [ R AL TN
A = Blu,u]l =Blut —u~,ut —u"| =Blut,ut]|+Blu",u"| > La+ 1, =41,.

X B 5 — AR H B T () fut € H)(U). IAE EA%ERp a5 5 8o, /i
Blu*,u*] = L, |[u|],,,. WEHIEH, u L 2LAERHEEL S MMFERS. ¥ € C(U)UK

L2U)*

MR EN M E B (A 2.5 1), FRATATIERS ut € C°(U). FiARAIFE U A Lut = L,ut > 0.
(MAERX R — NI, AURSSMD b1 U &, fFEfoMERE GErt 2.6.6) H

Boout > 07E U HIERAT, o ut =0 7E U FIEAL.

PRI 70 )3 1R I P A L
(@) HEU F ut >0, BARFIUE, Kyut > ofE KL B R HEHu > 0fERAL.
(b) A7 U H ut =0, MALE U F47 u < OMEMAL. TFIL(b)F 373 NPIRIA [R5 DL
(b-1) #1E U PIHLEA u <0, MALRIFIE.

(b-2) #HAFE1E x4 € U 1815 u(xy) = 0, MAXWEWRE u™ /£ U PE B HE/ME. 1 u-
SERHER L, BAE U A Lu™ = Lu™ > OMEAL. Fr DLILTE 5 — AR K AE R
MR u- BAGE—DMHEE, HRXNEHLIANET (BN u(x) = ulx,) = 0. 1M
RRZEE R RT IR 2ut = OfEKAL, S5 GNINNESRFu- = oftiEffiu = OfHRAL, X
5||“||L2(U) =1F)&.

B RATIEW] (3). WR u, @ HB2 40 N ReAE AR in) 2t i) A 2 55
Lu=AuinU, u=0o0ndU.

WAHERRH [, adx #0, HAFEHEL C e R {E15

J u—Ciidx = 0.
U
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Hu—Cu thRXNT A, FUFMERE, HeMENE, THEQMEEXEAARES, SHmsAR
ATRENZE, FTCAFRATIE Tu — Ci = OfEUHE AL . KA, > 0 40 — A B IEE u

IR 2.4.2. (1) #9254 T A B &

Blu, u]

A= min —
e Tl
AT A R IRATA H SRR [ 7 ) E AR MR, IERAE 25, ] oY, bl e € C™(D),
Heh U 2 5Oe A F Xk, [aV] @ EAE U H e > 0.
IR 2.4.7 (AEXIFRIE T 10 FRHAEME). 2 L Lu = —a8,0;u + b'du +cu, HF aV,b,c L L
w &M M
(1) 57 L (#Dirichletid F54) AAE—ANFHFIEAL, HHL: R 1€ C REMILfdFiE
15, LA Re(d) = A,
(2) Ale—AARRGHFIEL R w,, AU QRIE,
(3) 4F4E4A A, R EAFIAE,

SRR 2.4

SJER 2.4.1 (Courant tR/MEKJEER). 3% Lu = —aj(aijaiu) A SFTARAE B HF o RL(HFRAFF4H)8
HAEEA 0<A <A < iEH: FFHEZkeN, &
A = max min Blu,u],
Sexy_, uest
lull2y=1
Hb 3, AR HA(U) 24 (k—1) %72 MM R £ A
St 2.4.2. XLu = —aj(a"jaiu)+ b'ou+cu A—BMHALT, ERARFHTHLEZEMEA L >
0. 3EB: AL T EHE LA do T AR 2] @k 2

. . Lu(x
Ay = sup inf )
uec>(T@) *€U u(x)
u>0in U
u=0 on 0U

R AR T L 09 TA4AEE A SO IER S wh, RTRE RN 247,
SR 243, FE—HRAFXBHOAFER UG CcRY, CRBREBTAK eR, METHET
&, oU(t) LayEN &R E v #HBFh. S THEA T, &MFEH

—Aw = Aw in U(7), wlsye) =0



2.5 I 1k D4 e PR 53

R SLH AL A = A(T) Ao AR R A4 AE R R w = w(x;T), FHRF ||w]pwe) =1 RAw £ 1,x 8
HF R HK . IEH:

]

dr aU(o)

Hb v.-N ALK U(r) 698k
B EREZLH AT = [y, |Vw(x)|2dx KBV (r), FITEHAIEN [, 0| Vwx; 1) =

20(r), EHFZAR (|l =1 FALH = ||w||L2(U(T)) 0.

JFIC 2.4.3. KA R YIMAE KR U é’J}u’k (—A) 69 EHIEAE LT D

—(x T) (v N)ds,

ON

jo)’% 2.4

E)RL 2.4.1. & 232 24.6 (1) 89— AL H5IEH. &2 d
1
Iw] = EJ [Vw|*dx, weA :={weHU)||w|p:wy =1in U}k
U

(1) EBAF7) {u,} C AEF Iu,] > m = LivrelquI[w]. B AAET I {u, MEHNU) ¥ 35408k B
EAu, BIul<m

Q) iEH: ue A, B u RFLGIT LB Iu] = mo (7: A EHAN H(U) oo
LX(U).)

(3) B2 veH)U)F&Rw e H(U)EA[,uwdx #0. FEH jr,0) 1= [,(u+tv+ow)* dx—1
Z LA B B e CH(R)HAPO) =0, Bt FHEELY I |t| A j(T, (1) =0.

R G Ik I 4
L uvdx

Jyuwdx’

4) Aw() =1+ ¢()w, REXFTES D |14 i(r) 1= I[u+ w()]. #IAI'(0) = 0L F &
A e R EF/EZTY € H(U)AA

#'(0) = -

J Vu-Vvdx:lJ uv dx.
U U

(5) iERA (4) a9 A 5EFR A, BP U ¥ B A Dirichlet R A A &8 (—A) 49 T 41248,

2.5 HEEIENSEE

PATIAERTHE TR Lu = f £ U PRSME u £ “LWIEN” XA & f e LAU),
BT L&Dt s, RATER u AREME TR Bﬁ‘TME’Jo ?i%ﬁﬁ?k1l]1ﬁﬁi§ﬂz\2ﬁiﬁ?%
— R I A R B (R DR S B B Al k. SRS IR
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e fEL?*(U)=>ue H*U).
o feCU)» ueCXU), RIIES% W 2.5.2.
e Xta € (0,1), Lf € CO%(T) = u € C>*(D).

ARTRATHE G (2.0.1) WHI(U)-F9EENE, HHRLEE LnQR.0.2)FTk. 24f € LA(U)H,
E RN BOER U P R B B S b, RATHE R R TR —Au = f, B u £
— AR 2 | x| — ool PREEZER R0, NI

J fidx = J (Au)* dx =J (0;,0,u)(0;0;u)dx = —J
Rd Rd Rd

0;0;0;ud;udx
Rd

= f <aiaju>2=J |V2ul? dx.
Rd Rd

BB, e H™, W BIENE “Ri087 H™2, Bl Jaw] DUERS: R f AT L ) S50
& CoN), MATTRENfFutb FC RN, XEFIRHH(U) 390~ (59 SBAFEER T
B AISobolev R A B ML B P ORIIE, MIEFPREEE EoRUL, IX- SRR Bk ) 3 B AR 2
257 LR R B 72 T 32 R AEVE B AR 2 2R B

2.5.1 SoboleviR#HIET
TEMAR R, HIRATAE R — AN RS () LA 0, SHN, N AIeiF Z i R A7 7E, B

lim L X+ he) = f(x) .
h—0 h

X T Sobolev PR, FRATARERN ZITIEAT RIS, (HIZ AR PR A7 7 M 2 i 0 55 Y s
AR ISR . & f : U > R 2 U R HEE, HSV eU.
EX 2.5.1. 2x €V, he€ RESIMEFFO < |h| < dist (V,0U), EMEXZKfEFiD=E LRE

pREER Jf(x + he;) — f(x)
h . X + €;)— X
Di f(x) L h ’
it D"f :=(D!f,---, D).
Rl 2.5.1 (ZH 55 35). o T AL R,
(1) L1<p<oco B feWW(U), RLAEEFHKC >0MEFHEZEV eU URHEZ 0 < |h| <

idist (V,8U) %A

1<i<d.

ID" flleery < CHV fllLow)-

(2) Zl1<p<oo, fELN(V), BAEEFHC>0124F

1
ID" fllow < €, WO < |h] < 5dist (V, V).
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A
fewhte(V), IV fllear < C.

EE, WmEKMNFEMFHTRGEL, AV eEeU £,

HERBA. (1) BT p < 00, FATAWIE R [ &R (HNFRNERAEEEL . Baftex eV,
1<i<dblRko<|hl< %dist (V,8U), M1

1

|f(x + he;) — f(x)] < Ihlj |V f(x + the,)| dt.

0
TRA

1

d d
J |th|de<cZJ J |Vf(x+thei)|Pdtdx=CZJ
|4 i=1YV4JO i=1

0

1

J |V f(x + the;)|P dx dt.
|4

EEEWEHj ||th||LP(V) < C“Vf”LP(U)0
Xt (2), Bf € LP(U), BATHGTERBILLT “miRn” A0S T2/ Mor (SEfs EiXH A
ARG

J f(D'p)dx = —f (D" Hpdx Ve eCR(V), 1<i<d. (2.5.1)
%4 14

R ID fll ey 2 Th—F0 FARL < p < cofll, EAETH hy — 0 Fl v, € LA(V) 1§43
D f —~uv  fELP(V) HE5ISL.

FEEXE 1< p<oco £WER, BN LP AEIAEE RN, B EIER SIS R AR “ 7
AR A HIFHUARIR by — 0, FAIE 2

U v hi—0

|4

Di_h"fqodx=—f

14

vipdx = —J v;p dx.

U

Rl b A8 0F A f190,-55 520, WV f € LP(V), f € WLP(V). O

2.5.2 HEIAEN M EE

AR B B AR [ 7 A 1 P I D4 5 B
T 2.5.2 (WHEBHEIE ENYE). % a¥ € CY(U),bl,c € L®(U) B f € L2 (U). X% u € HY(U) &7 4%



56 R MERRERT R
Lu=f#&U¥®H—A5HM. LA ueH, (U), LAEETFEV eU, &MARH

1wl 20y < CUS 2wy + Nullzq)s (2.5.2)

P C>0URM V,U AR L F #o
HEEARIENVES u KA FETCR, FIEATER R u e H(U). AT u e H (U), K
IISEBR FAEAS T Lu = fAEU LA RGT . PusSehs EAEUH LA b4 T T7RE I s i
X f AL REE AT EOEAT AN, B SRR DL AR, UERARG 25
HEIS 2.5.3 (BRI Y B IE ). X m e N, aY,bl,c e C™Y(U) B f € H™(U). X% u € H'(U)
R Lu=f &£ U FH—NHBR. K2 ueH'PU), LEEFEV eU, HMNAEH

[ullzmeaqry < CULSf Namy + 1ullzw)), (2.5.3)

HPC>0 R m,V,U VAR L 8 %3,
HEIL 2.5.4 (C™ RIS IENITE). % aV, bl,e, f € C®(U), XFxue H(U) A Lu=f £ U F&—
AE5RE, W u e Cce).

EIE 2.5.2 BNIERR. AWjkb = c =0, SNPRKEBIREIAM. Fu e HY(U)FEE L1
J a’dud;vdx = J fudx, Yv € Hy(U). (2.5.4)
U U

FATIUAE T BRI ST v 45

FEM(AE Ay Ja) 48t D*(Vu) B L*(U) Y83
o v RIS EONFE . WEUR ALK A Z RN “REiL” Bz Eid s ou risthr

TR B — DN EORIF A, (HXH ZANEOR, ATV REAE v EPTH?J\%EB%ZUTIZ@& [# 5 —
MFTFIEV e U B W iF V e W € U. 535 JA TR BGH £ 4T 5 FH) LB 8 sk 3y ¢

({=1inV, ¢(=0inRN\W, 0<¢<1.

X T4 A RGO R BIE RS oU Mt Jr R E .
A bl >0 7w/, HW 1<k <dEXL vi=-D(¢DM), TATH

J a'dud;vdx = — J a'd,ud; (D *(¢*Diu)) dx = —f a'id,uD;"(8,(¢*Diu)) dx
U U U

FIH (2.5.1) = J D/(a'8;u)d;({*D}'u) dx
U

= J ai(x + he,) (D'u)S*(Do;u) dx + A,
U
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Hor
A, :=J ali(x + hey) 8;(¢2) (D!3:u)(D'u) + (Dhal)3u(¢*D!d,u + 8,(¢%) D'u) dx.
v
HT Lo — SR, JATE
j a'l(x + hey) (D!3u)¢A(D"d;u) dx > J ¢2|D!Vul dx
v u
X2 T RAVEER (|E(DIVW|| 2y THA EEAEHIWT: S TAEME 4/ e > 0F
1A < CllaYllevw) (IEDg Vull ey 1Dl ey + 1D Vill e | Vil ooy + 1Dl | Vil )

Cl
h h
<ellK DVl ) + = (Dl ) + 1Vullsg)

AEBATIEE € € (0, )ﬁﬁ el Dy VullZ, gy FTEABE 8[CDE VU2, ) T

. e
J a'dud;vdx > §||§DZVu||iZ(U) = ClIVulll - (2.5.5)
U
H—J7im, ATH
DDy < IVEDIWIR, ) < c(f VD ul? dx + f |v<§2)||Df;u|2dx)
w
<C(IVull, + IEDPVWIE, ) )

P H7el) Young A5 URT 15 2
f Fodx < ellolf )+ <l By < Ce(IVUIR, ) + IEDEVDIE ) + C7 I
U

B € € (0, ), BAT# 135

Jvadx DIV, g, + € (1Yl + 1) (2.5.6)

456 (2.5.4), (2.5.5) A Je (2.5.6) A 13

J |DZVu|2dx<f §2|D£‘Vu|2dx<Cf If1? + | Vu|? dx.
|4 U

U



58 WE MR TR
EWPANEYN T Vu e H. (D) Ju € H? (U), HAAT

[l 2oy < CUf 2wy + 1l w))-
%Egi/‘%ﬁﬁ ”u”LZ(U) k?ﬁ% ||u||H1(U) %BTJ:f (2 5. 4) EF'/\U = gzuﬁ')ME%\"%T?@Jénlb 1‘%1ﬁii75
IR ET LLEAS

lullmey < CUISllew) + ullew)-

Flt, AMFHL®
||u||H2(V) < C(||f||L2(U) + ”u”LZ(U))'

2.5.3 FHEEIEERIEN 4 EIR

SULAE JRAT T A [ 1 DU Al - 280 R A XA DAIE B 535 A P B AR LE U1k o AT IE A DA R 518

EIE 2.5.5 (ML FIENME). ZU &2 —/AEA C2 AR U 89 RFE. & a¥ e CY(U), bi,c €
Lo(U) & f € LXU), ik ueH\(U) & (2.0.1) #55:

Lu=finU, u=0o0ndU.
M4 ue H>(U), BLiHL
ltllewy < CUIS 2wy + ullzaw)- (2.5.7)

TEFEHC>0RMU A= L 9% K.
SFig 2.5.1. izu;,‘%ueHl(U);a(ZOI) BvE— 550, AN AAEI AR 2.3.1, BB T IARALA

lullizw) < Clifllrw)- (2.5.8)

FIREH, WSS £ AL R T ROEAT IR Gh, R 5 DL R B MR
HEI® 2.5.6 (EMTHAE AR IEMIME). X m e N, a¥,bl,c € C"(U), f € H™(U) A dU € C™*2,
#— Ak u € HI(U) &4 F 7269 55

Lu=finU, u=0o0ndU.
24 ue H™(U), BAfEt

[l zrmezry < CULS Nameoy + ullzz@)) (2.5.9)
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AP FHC>0®RHM mU M LA, R ueH(U) RE—055M, LT TARLA
lullgmewy < CNSf llamy- (2.5.10)

IR 2.5.7 (C*™ WEEIEEAR IEMITE). % oV, bl,c, f € C®(U) B 0U € C®, Xk u € HY(U) R4=TF 7%
A2 49 55 fi
Lu=finU, u=0o0n0dU.

Mu € C°(U).

EIE 2.5.5 BUIERR. EERMENM GERL 25.2) R Lu = f £ U 1 ae. OL, MANE
FESFR SR RO, Fsg b 2.5.2 HiFEA]: WERe € CR(U)HEH Blu,¢] = (f,9), Hit
(Lu— f, @)y =0, TG L1283 Lu — f = OFEUH JLFAL b T

Y59E x° € oU, BAVHIEFE r>0 M C? F¥y : R 5 R f#i5

UnBx°r)={xeBXx"r)|x; > y(xy, -, xq_1)}
BEAMEAER T IR @ F12WE /N s > 0 {615 y = &(x) LK
U’ :=B(0,s)N{y; > 0} C ®(U n B(x%r)).
BT U A5, BATATHARZS AT RE SAL R oU, JFild Bk R TR S
i FpiE . BN E SRR, EATTRE U = B(0,1) nRL. ZEHT 6y, -+, 04y &VIHFHL,

My ENEN M O 2w e g3 2.5.2 4518, FrblR T REHEW K& 6, Wikm 8 flit.
% U =B0,1)NRY, V = B0, -) R KT RE ¢ € C=(U) 144

¢ =1in B(0, %), Spt¢ € B(0,1), 0<¢<1.
BUE u & (2.0.1) B—AgafE, He XHANE 2]
J aldud;vdx = f (f —bdu—cu)vdx Vv e H\(U). (2.5.11)
U

MF1<k<d—1, f£(2.5.11) P v = —D}({*Djw), B R 2.5.2 FUEM] W] 13

J |D£Vu|2dx<CJ I + |ul®* + |Vul*dx Vi<k<d-1 (2.5.12)

v U

X SEbR g5 HE R R R 2 I e 1 i S E

”aiaju”iz(v) < C (”f”iZ(U) + ”u”iz(U) + ||Vu||iz(U)> ’ Vi +j < 2d. (2513)
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SR R BB S0, BN IR B % FRRE 220, B 0x + he, 1T AEHI X AN X
W Sthi b, MTEAGTLEN: —PnkMSHuT L EBHEA 60u (i+)<2d, HED
HAIFSHD UM IR Hok, T D287 (2.5.13) tha 51 T Hbl. Bk,
WL = f 46 U FILFAA R, CATILIX— 5 BB B, FE

a¥diu = — Z d;(a"d,u) + b'du + cu — f — d,ud a’.
i+j<2d

BN FOHE M A A R % > 0, [A
1822112,y < € (11220 + 141200 ) - (2.5.14)
W7 2 2.5.2 AEWT OBLE —25, Bl AT LLEkE AR At F
1822412,y < C (If 20 + 1al2er)) (2.5.15)

RKIER (2.5.13) itgn 1 EATEZHAL T

1lPrgyy < € (I 1Ry + 1l2) (2.5.16)
O
Sk 2.5

SR 251, Zu e HRY) EA % 3%, BR R P54 —Au+c(u) = f 89— A5, L
feL*(RY), AFHHc: R—->RIHZL c(0)=0 AKX >0.9E%: u € HA(RY),

Roaw: AR AR EN MR ILAIEY, 2RE R4 NBBTH L
SIRR 2.5.2. it x = (x1,x,), B(0,r) =B(O,R) CR> #& K R< 1. 5% E 42

x2—x?
Au = ; 21 : + ! .
P \V=Inlx]  2(=1n |x):
Fo R EBAVFF Lk H AR 3mSR AL AGMEIX A0, NEAE BO,r) ¥ A#ES, IAEE L
u(x) :=vV-In|x|(x} - x3)©

1iE A

(1) u € C(B(0,r)) N C*(B(0,r)\{0}) £ B(0,r)\{0} it & Lt 42, HIAFFMH Aulspe, =

V—InR(x} — x3).
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(2) |lilm0 &2u = oo, XA u & C*(B(0,r)).

S8 2.5.3. il —A f € LIU) $AM, HATEE 0 < |kl < sdist (V,0U) H D" fllng, <
CARzZ, 12 f & WiV

SRR 2.5.4. A G AL S U #B(0,1)NRY it 2 32 255 69388, dmif A F ATk, 42 x0 €
oU, HAETr>0#C? Hi y: R - R {E4F

U N B(xoar) = {x € B(xoar)lxd > y(xl’ sxd—l)}'
WG EMDRIE O 2% i s>0Fy=0x) (x=9(y) £
U’ :=B(0,s)n{y; > 0} Cc ®(U N B(x°r))O

B 43T V' = B(0, g) Nn{y; > 0}.

(1) 3EH | det(VD)| = 1.
2) XU (y) :=u(¥(y)), i u' € HY(U') &4 T 75 #2449 55 %

L' =f"inU, u' =0ondU.
X f(y) 1= f(P(), HTL 2 LT,
L' = -3, (a8, u) + b8, u' + c(F(y)u' (P(y))

AR —BME G, LREA

k 1 k
o= aij(w(y))g%(w(y))g;;(w(y)), br = bf(ll!(y»%(wy».

(3) A (2) Ane 32 2.5.5 69iE B kA

1 1y < C (I Iy + 11, 5) - (2:5.17)

H2(U") X L2(U) L2(U)

2.6 WMKERE

KT HWEE PDE A7 i B LR 2 —— oK E A P (Maximum Principles). W KAE
JREEEE T — AR E: R ue CPHEFE U PI—m x, € U BB H 5 KME, A

Vu(x) =0, Viu(x,) < 0.
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FEMLIRATIE WA R BRI VEAN B2 B0 L SRR T L2 Al v 1 “Re k. Sihe b, BT
WKME R B BN R ZZIE TR AR, BN AEREE T C* GEH .

RTEAR ERIEE, ATEARTEREMEAE T EAEfEER 2.03), HEAEERH. A
Al Reic < ial: X T-#6E PDE M5k, Rinle 4 /R E8CARA Bl R i BN R, &5
PLIE BT Z it ? B R 2 H M, (HUE A58 805 FoA TR A1 Fol ZE 3R 1 & KA HE
[l 7856 2.7 1, FRATVENDE 41 De Giorgi-Moser i#£4X., & 25 H T B A MK R EIHIE PDE
ST L Akt

2.6.1 HHIRMEIRIE

WO c RGEHFIE CRUVIER),
I 2.6.1 (S MEJE ). %u € C2(Q) N C(Q), ¢ = 0.

o FLu<0£QAEMRZ, Mmaxu = n;ax u. it 4RuA TF #& (subsolution).

Q Q

o FLu>0£QAEMR L, Mminu = n’alin u. wit fruZ L& (supersolution).
Q Q

A, FLu=0EQRERZ, Nmax |u| = max lul.
Q

JUERR. ATRHPLNIE.

BiS. #Lu<0£QAEAZ, Mmaxu = maxu.
Q Q

SR W & B SRAERA (1) IUE(D MBI R A Lu < 0, BT ABRATH lEXFulf /NS, & Luf(x) =
u(x) + e, Hrho < e < 1,1 > 02— MRS KM ERE. BEETHEAE: Luf— P RTAn=
ORI IER], H R R BN

Luf = Lu + eL(e™) < 0 + ee™1(—A2a™ + Ab") < €e™1(=2%6 + A||b|| = (q))-

FreAZaaze 7 KN, A Lu® < OFEQWAERAL . 4T S Aimax uf = max u'. ifie > 0, FrLA
Q

max u < max(u + ee*1) = max u° = max u® < max u + max ge*,
a a a 3Q 30 30

% e — 0, WAMFRNEGER) S5 1B max u = max u.
Q

Q
BN R BRI S . RAEE: HHAEN Rx, € QfifFu(x,) = maxu. AH
Q

Ou(x)) =0 (1 <i<d), Hessian/7FEV2u(x,) <0 CEAUE) = d2ulx,) <0, 1 <i<d.

Haliext A, MEAMSLIEREENLS R FOYN B &a > 6158 Lu(x,) = —adu >
0, MIfiLu > OFEQWNERLSL, SWiE MEBrE. MO, HF{a 2™ 1% 1 1 SEX K7
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B, S ABRAFAEIESS T RO = {o,; e 15

0AO0" = A, A =diag (4;,--,4y), 4, =6,1<i<d.
I, FATHAER R T B y = x, + O(x — x,) 153

O =D 000U, 0x0, U=, 043w
k Kl
JrLAMEx A, FRATTHAS
d
Lu(x,) = —a'0, 0, u = —(0,a"0,;)d, 0, u = — Z A8, u>0,

X5 WS BT & - O

FrLI) R 800 e > 0, AR AT LIAE BRI 458, ik S5 e 2.6, 1564 —FF, Hhabng 2,
EHE 2.6.2 (c > OMIFI ML KAE B, %u e C2(Q)NC(Q), ¢ > 0EQHN B MR .

e FLu<0EQNER L, U"]maxu < < max ut. BPutydE i | RAAA AR LA 3],
o FLu>0aQRNE/RZ, N m1nu> maxu‘ Bpuwg dE R MEE IR Lk ],

FAH, FLu=0EQRBKR L, W'ij‘m_ax|u|=ng.gx|u|.

Q

2.6.2 MAHREHIT: BernsteinfIg

PAE 2 20 o BT T RN, AT DRI FH - 3548 S5 B 0E B A AN R E B B Al 1 {272 24 Laplace
S el — M R BOIRA 1 (AR08 B R 5 1(2.0.3)) Iy, Bl R PG 2 TR 48 2R 2 T
I, ~PIME R BRI AN BT . e LT FRATTIE B8 FH Y T 5 g R A AR B R B Hopf 51 3 1. PR
flith |Vu| FZE RS, RFEE A(Vul?) REIES, AR5 HISRE R BERIA] G B 2E K7
N EEREGTED; MW EZIEHBEER N AT OB T, TR R %40 A3 1) 4k
PR, DIKSHLR RN T RSIE U —NETFERN . EITERERAE Bernstein #2715,

WA FLUN(2.0.3)5 3, R RHAA > offifF 1|£1? < aV&E; < A|E)? TR
& e R T,

EIE 2.6.3 (WM. Bu € CAWU)NCYU) %2 Lu = finU, £F f € L°U),dV €
CY(U),b,c € L®(U), 745148 20 € U, W 3H1E & 3KB(0O,R) € U, mi L Z A&+

sup |Vu| < C(% sup |u| + sup |f|).

B(O,R/2) B(O,R) B(O,R)



64 B RMEMER SR
N TR EBTE, AT L = —A, f =0, R =1 NHREIRM KB N ELEE AT, (HIRAT

AN FH S 24 iR B A5 AT 1 A R B P I

EIF 2.6.4 GFAMBEE I AEL M), &u € C3(B(0,1)) N CY(B(0,1))2 #4153 B(0,1) X & A F=

o TNRA-FHAREIEN: HFAETHKC >0, £Fmax |Vu| < Cam(ax) |u| R <2
B(O’é) B(0,1

MERR. EE, HIEUHEES

d d
A(Vul?) =2 Y (3,0;u) + 2 0,ud,(Au) = 2|V2u|? + 2Vu - V(Auw). (2.6.1)

ij=1 i=1

ZHFRMEBochner AR . 1CAu = OfUAFI LT )5 —HUONE, It Au > 0, #EIMT |Vu| AL 58]
I NAH . (ERIUAERA T EATAR B TR AE B(0,1/2) I, DRI RR 2448 A\ 538 PR 488 7 R 2

SHE R AR FUR AT e Bl € C2(B(0, 1)), FATHHE 15
Alp|Vul®) = (Ap)|Vul® + 4(Ve) T (VZu)(Vu) + 20| V2ul?.

M3 Cauchy-Schwarz N ZE A 15 4|(Ve) T (V2u)(Vu)| < 20| V2ul? +(2/9)| Ve |?| Vul?. KR53

2|Vol|?
A@IVu) > (Aqo— 'f' )|w|2.

(HIEVERE, |Vol? /o ATAEA %, RILHRNTHERI AN @ RBRIXMES. SEH @ =
0, Jh A TRy € CR(B(O, 1) £ B(0, ) WAL AL B35
AP IVul) > @Ay — 6] Vg )| Vul* > =C|Vul?,
FeriC > 0 R ki, d. AN R FRAT A B I RAME AT G, T LI R )
A(w?) = 2|Vul? + 2ulAu = 2|Vul?,

L A@? [Vul? + (C/2)u?) > 0. FEFIH AR R H I

sup (9?|Vul|? + (C/2)u?) = sup (n*|Vul? + (C/2)u?) = % sup u>.

B(0,1) 0B(0,1) 0B(0,1)

M 28> sup n?|Vul?, RS EIH 458, O

B(0,1)
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2.6.3 Hopf5| IR BIRERIE

HEHZRHOLY, SRERE CE L1 ERATEHE PDE MIf# (B3G5 TE) ZESF.
ATEATEY: £ EBITEAR CF) BERAEZEE, SUARENTERIE ED &K
fH, AR SE 7 ARCRAE BRI 4518 . 10 E BRI AT ik 1) 5 4 %Eﬁﬁ*&ﬁ,ﬁﬁiﬁﬁ
HES T

3|3 2.6.5 (Hopf3| ). #%u € C2(Q) N C(Q), c = 0. &k

e Lu<0EQAEBMRL;
o BT EXY € dEFuR) > ux) M EEXx € QR L ;
o QXL R N IRLAE (interior ball condition), BP & 23K B C Q1 1$x° € 4B.

F“J (x°)>0 HEPNRZRBEAF X E(2 kG2, Fe >0, N FHim&HFu(x) >0, 71K
»M%uiﬂil‘%é’]é%{eﬁx,L

Hopf 5| # 7] DG H 5 bl A )5 28
EIE 2.6.6 (WA RFE). %2Q c RIZRAR KB, u € CH(Q)NC(Q), ¢ =0.
(1) #EQFEALU <0, LAE£RN Ex, € QO Fu(x,) = max u, W ufe QR ol & R H o
(2) EEQFEALU >0, LA EN Ex, € QEFu(x,) = mlnu W u e QRN b % A K

e > off, FATWAE R
EHE 2.6.7 (c > OFIHEM ME R ED). 4Q C RIAFRER, u € C2(Q)NC(Q), c>0.

(1) 2EQFEALUu L0, LHEN Ex, € QI Fuftx ik 2 HE i & KA, Muf QR 2T 4o
Q) FEQFEALU >0, LAEEN Ex, € Qi fFultx, ik 2 JF R ME, , Nut QR 2 F 3

B e A{E Hopf 5| EROLAYE O MEW sE il E R (c = 0)

MERR. WE U A Lu <0, JHiE M :=maxu H C :={x € Ulu(x) = M}. IRtk BEES
U

= {x € Ulu(x) < M} # 0. BUEEI—4N 2 dist (y,C) < dist (,0U) I y eV, I B A
PF ViR HAO N yiRKER. IBAMEE x° e ¢ (S b2 “YIm”) {15 x° € dB.
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S UATERX LU PR AT, T 0dist (v, O)FTHEFE R4 E, WITix® € CHliEAELE. BAEY
Wi PR A, M5 Hopf 31 HAF S(x%) > 0, JLENJZOBIIS BRI . K FETME: u 7F %,
UEIEFIHBORE, KA T Vu(e®) = 0, HETT 22 (x%) = N(x,) - Vu(x") = 0. =

ST Hopfs | FEA B, "E LI AMEIEM: W1 Fhule DB A 3 ey LA BIRCHE, WAEQPY
E A T, O HUEL T 2030 9% A A IR SN R 5 MR T R 230 RS B K
) SR M A 1 5 502 ) RTINS g R P LE A, T 2
WD IE I AT A BB B 2. ZEBLTRA I ¢ > 0 il LN IEE B Ru(®) > 0),
ific = 0 [T CRERu(x®) > 0) A LA FREH 7 HEEN]

HopfS|¥BRVIUERA. v 1 77 (8 WAk i& i B ek 5, AW BB NB(0, r). HHHopf5| BLHE 1K (2), AT
A B 18 5 B R B0 [ S X B A 43/ M0 < & << TRGOT
i u(xy) = u(x) + cv(x) ¥ x € B(0,r) UAB(0,r/2)KAr.

ii. L(u + ev) < OEMJEX KA 1= B(0,r)\B(0,r/2) {01

iii. Ulanon = 05 Ulssor/n = 0, ==(%o) <0,
W SRR I X R e B, T ER S AR E S B T R u(x) + eo(x) — u(x,) < OfEAHERL AL, B
Ku(xy) + ev(xy) — u(x,) = 0. FTLAREEu + ev — u(x))TEx AL B 4L ) S 80 52 2 A i,
LA I () 2 —e2(x,) > 0.

R A B B8 B0 T LLIE B A (x) = e 2P — e[, Hidix € B(0,r), 1 > 0/ — M iE

IFE 0 KIE . R E BT E 1S

Lv = — a8,0;v + b'dv + cv = e (all(—422x;x; + 246V) — 2Ab'x; + c(1 — e~A*~¥))
< e (—402%|x |2 + 24 al + 22|b||x| + ¢).

FEIE X IRA T A TR AT

Lv < e (=622 + 21 ) a + 24|b|r + )



2.6 HKME P 67

Xxe A, EXHmAL > %?ﬁﬁ\ﬁﬁﬂ“%%%< OFf), T BRIt m] BB AR E - O

2.6.4 HarnackNEX: JIHHE AT

WRAE SR ER 25 T A6 I 7 FE MR B AL A v, B N oRIRA AR — D M R IE . A1 IE B
Harnack A& RGBS AR A A1 X, Lu = OfFE 57U I B /ME AT OB 2 o] LA
T 2.6.8 (Harnack N5, 20 < u € CHQR F42Lu = 0EQRAWE, HE ¥ H-FLEA K X (??).
RV e QR FEB AT, WAELEFHKC > 0(ARMV ALty R F)1E1F40 T AF Xk 2

supu < Cinf u.
v |4

5 A s i Harnack N AR L, BRATVIAEAN A FIEFEIX —H B, M “EER
E7 E I BRI TR ) ARZER. BN RN HiE Harnack A& U0 — O
SHEHEE 1T (logarithmic gradient estimates).

B R REATA WM &u > 0, HUHEM E—NEEDESIu +e > 0. BTV € Q, AAEIE
AELE C > 0 15 u(x) < Cu(p)MHERx, y € VIO, X MAZEREEAN T ik In u(x)| < O A
WHC > 0pfior. ITERFX EEg() = Inu(tx + (1 —1)y)) HHH ﬁj\ﬁzliﬂiiﬁ*ﬂ&ﬁ/iwﬁﬁ—lrﬁ
(EXMEEL RS EHED

u(x) '

In E =Inu(x) —Inu(y) = g(1) — g(0) = I gdt=(x-y) J Vinu(tx + (1 —t)y)dt,

FIt DA ) AUt 3 A N AIE BHAF AR 4 > O@%Sl&p |IVinu| < C”. XWUHH T A2 AT T R E
JEILERR Tk am 4 “ B B Al 17 o

HWANWAFEN . A2 BATIEZ S Harnack A 25 20 UE B340 5 B e i Al vHWe 2 g5k
EIRATT LA e — N RS I, BIA AT BB Harnack AR Hulf AR EL o = Inuwilti
E—Av = |Vu]?, B4 w = |Vu]PIffHAw + 2Vw - Vo = 2|V2v|2. BT LA iR @t A6 X o Ve RS B 4k
Th, AR AR 21 82,6 .30 5 1R SE BGIE B, X 2820 IR 58 A AT 3518 SR 3 .

N T REANDERIRD, 2T RBAMRBED = ¢ = 0, u > 0OCRIEHHarnack A5 7EIE Y
KE, A2 LA R 2 Harnack ANSE X OAH, A5 INARRE 5 B bR B B 1 7 7

HUEBA. &b' =c=0,u > 0. v = Inu, WEZITHTH
u=e" du=edv, 0;0;u=e"(d;v9;v+3;0,v),

AN Lu = 0 $5F]a(8,6;v + 9,v9;v) = OFEQHIKI. HELwWw 1= a/dudp , M EXEKHw =
—a9;0,v. T T ARBAME T =



LRI 7 A

G
(2.6.2)

A bk 1= —2a%5,v. N
62
—akd,0,w + b 3, w < —?|v2v|2 + C|Vv|%.

W s PR S BRI IR, FATE R B e RE B WS oL R e AT A .
LI BOGE BT R € CR(Qi R0 < ¢ <1, ¢y =1, HE Lk iz = SfwiwiBUE )&

].]II|'

]i;lﬁ

PRAEV B . iz ER mix, € QIR HENE, M1 < k < dfdw(x,) = 0, I
0= akz = §46kw + 4§'3w6k§ = §5kw + 4(6k§)w =0,

LA
5kalz = §4akalw + 4§Sal§akw + 12§Zal§ + akgw + 4§36kal§w + 4§3ak§alw.

BRI E
- aklakalz + bkakz
=§4 (—aklakalw + bkakLU) — 12akl(§'281§'8k§)w - 4akl(§3ak§)alw - 4akl§3akal§ w + 4bk§36k§ w

=¢4 (—=ak9,9,w + b*o,w) + O (3| Vw| + LPw + |Vu|$Pw)
Hrg 5 — i | Vol 2 HAZER [bY| < C|Vu| 4.
fEx, € Qft, FATHz =0, —a¥8,6,z > 0 (K JyHessianFi [ V2z /2 - 1€ ), Fir LA 2
0 < ¢* (a9, 0w + b*ow) + C' (3| Vw| + ¢Hw| + | Vvl |w]). (2.6.3)
#5(2.6.2), (2.6.3) DL —EhE %1040, 152
0 <TI0l + CIVOP) + € (G 1Vl + Ll + V0l ), at %o
(2.6.4)

T w = —a9,0,v, FATKPr L1532
SHw? < C" (VL2 + &3 Vw]| + Cw + &3 Volw),  at x,

N ARBAV A EASE A1

o £*|Vulw = ($3|Vu])Xw < ewd?*| Vo2 +wCn? < g§4w2+C(s)w§2. HALFRATH T A7 el Young AN
o ¢HVw|. [HZEATA O w + 40, Lw = 0, EEM|¢Vw| < Clw|, Nili¢3 | Vw| < CE2w].
2

2, PLEG|VU? S w, B Hw = aYd,vd,vfF 2.

o V> < &% Vul? < o
8RN (2.6.4), BHEFAEHEC,, Cy > 0, & > 0, S IEX ARG C4w? < Cred*w? + C¢%w
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ASikRle < —, 153

20,0
Cw? € 2C,¢8%w = z = Cfw < 2C,¢% < 2C,, at x,.

¥z = SCwlEx B BIRK AL, = 1, 6w > 6| VoPHIFEAEC, > 0ifi & Vo] <
TSR TR I 75 L. BB T4

dw = 9,a"(d,v4;v) + 2a"4,0,v9,v, 0, 0w = 2a9,0,09,0,;v + 2a"/6,6,0,v0;v + R

HAR 1= 8,0,a" ;v ;v + 20,a"8,6,v 0,V + 20,a"/8,0,v9;v, L. Xfe > 0, BALIR| < C(IVu]* +
|Vu]|V20)]) € €| V202 + C(e)| Vv 2. R IIAES 3]

—aM8,8w = —R — 2a¥a"(8,0,v)(8;0,v) — 2a'a,8,0,v d;v. (2.6.5)

ZA B — T ] DU — B0 R S, B REE R a1 P2 T 8 B SEXTRRTT B, SR T
MePfifH{a} = PTP, BEAH aa(8,0,0)(8;0,v) = (VZv - P)- (Vv - P)T > 6%|V?0|% (2.6.5)F K55 —
D& T =38, BATTURHw = a*8,6,0 K FHFEH

—a"a'i5,8,0,v0;v = — a¥d;va'*4,6,0,v = —ad;v (6 (a¥3,6,v) — 3;a'3,0,v)
= —a'4;v(8;w — 9,a*4,dv) = —Eblaiw + a9,a'd,;v4,9v.
TAWE LR IR (2.6.5), I-45G | RIIAh T, HLAS 2]

— a8, 0w + b*d,w < |R| — 6%|Vv|? + |a¥,a™8;v8,9,v|
< |R| = 62| V?u)? + C|Vu]||V?v] £ €| V?0]? + C(e)| Vu|? — 62| V?v|?

<- 3|V2v|2 +C(e)|Vul%,

HAIRATH I T wref) Young M55, e € (0, —)TEFﬁsEI’JIﬁ”&WTﬁ W= e . O

JEIE 2.6.1 GBI B wIE ). 5 iF 2R A LA B S 2 @mel e RR R4, mMARE
1% A M BAE T IR BUR2 R/ H = L e Bk ? E A5 T A A Ao & # Harnack 1~ 5 X 6919 2@ A H
%), ABAXL = —A, U = B(0,1), V = B(0, %), AR BRE B ReHAOL @ <1, 0|y =1, A1
T HA(pw) 7 2|

Alpw) + 2Vw - V(pw) = 2¢|V?v|? + 2(Vep) - (V?0) - (VU)T + 2wV - Vu + (Ap)w

4|Vo|?
>¢|V2v|2—2|qu||Vv|3+(Aqo— 'qf' )|Vv|2.
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d
EikMp = CHABEREX VP > gafv > ~(Av) =

V(ow) A BB TR (AHTRE —ITEAERE A Vol RA, LAGAEM N EHT
kBAX, K—RH TR

[Vol* w?

= = W ¥T VAR B A(pw) + 2Vw -

A*w) +2Vw - V(§*w) > é?“IVvI“ — 8|V VUl + 4¢%($AS — 13| VE )| Vul?

4
G+~ BIVEIE +4CAL — 13IVER > —C' Ve R

t=¢| Vol

&mﬂ&%%iwwzm%ﬂ%ﬁ%&m%&ﬁ&w%ﬁkﬁoﬁﬁww&ma%emmnﬁ
B R KA, ARAAV(EW) = 0ARAL W) < 0EX AR Z, #EmFE Hfwi(x,) < 2C'd. EACA
AR T S d A= BB B 2. Fwxy) = 1, B Cfwi(x,) < 2C'd; T W & AA CHrw(x,y) < ¢Hxy). AT A
T A AT AR B A2 PAR A 389 & 2 C > 0413w < CAB(0,1) P 18 Ak £ o

do B A& Frp = (1 RE?, M A H H

AC?w) + 2Vw - V(W) > %gzwur‘ — 4E|VE| |V + 20 AL |VUP—=16]VE 2 Vo,

XA, EAREXEARREAL (=+|Vo|®92AX (BHHATHFRE&GA), #tmA
REPRIE R XA LA RRHBivdy T R A&t

SR 2.6
FREFRIIRAR 2 7N, AT EHRIZU c RIZIAFR BB FXE.
SIRR 2.6.1. RuR FAE—ad,0u = 0EU N RFM, FHKaV e ClU). iEHR:

max |Vu| < C(max |Vu| + max |u|).
U ou ou

R Av=|Vul* + w?, RS KUEFLy S 0EU F 1B .
SRR 2.6.2. RuRF42-aY9,0u = finU, ulso = OWAFEM, AP fAF. BEx’ € dU, &AM
HRC? ) Fw A x4t 49 9] K 2% (barrier function) & 5wtk X e T 54+

Lw>1inU, wx®) =0, w>0ondU.

P BFwAXL 8 —ANTLH A, WA AEFKC > 01EF | Vux®)| < Clj—z(xo)L

SIER 2.6.3. %Lu = —a’8,0,u + b'du +cu, LAE veEC(U)NCU) %43 Lo > 0& U ¥R,
£ ULERBRHU>O0. EH: Fue CA(U)NCU)EUF#HALu < 0Hulyy <0, MufUdL/M~24E
JEé(Jo (%7%7]':: /7\ w = E ﬁ—%};&u Izw = —aijaiajw + 5iw(bi - aijajv . E).)
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SIER 2.6.4 (AR BN A £4505). HuA K-S HB(O,R) 1= B(0,R)\{0} C R4 (d > 2)A &9 ifAF=F
¥, HiBR
o(lx|*%) d>3

X) = as |x| — 0.
o(In|x|) d=2,

B ufkx = 0/ & 3L, BPufEiKB(0,R) M 2 A= H .
SIER 2.6. 5 (R E W KelvinZe #2), 3tx € RI\{0} (d > 2), RAVZ L€ % F 423K @ 09 BUF &

Ax* = _I A Sk Fu(x) 9 KelvinZ 4 4 (Ku)(x) = u(x)|x* |92 = u( )|x|2 d 3B he T ¥
BRAERA : 4o FuR EA5 IR A 6B A B B, W KuA FAZ IR0 AR S,

(1) 4L <L j < d, i2H: L = l‘sil"z -2 ey 6 = 1ifi = j, 60 = 0if i # j. i
VX (V)T = |x|™, 28 I, #d xd 455 %,
(2) A)IEH: A(x*) =22 —-d)=.

x4

(3) EH: A(Ku(x)) = A(u( )IXI2 9 =
S8 2.6.6. i%Q = RY\B(0,1), u € CQ) N C(Q)i# £

Au =0in Q, u =0 on dB(0,1).

(1) d=2, .EL lim u(x)/In|x| =0, iE®: uEQREHE,

(2) #d >3, ﬂhm u(x) =0, iE: uEQREHE

[x| =0

(3) #&d> 3,12 ﬂ?iu hm u(x)/In|x| =0, HEFuEQANAZEFZLESH TR? IERAMRILEL,

R AL 2.6.4 4254 2.6.5(3) £t

io)’R 2.6

[B)RR 2.6.1. JE8: JA2.5.2F 89 H AL A & TCAHB(O,r))ay H H-fF,

R Rikk, EHEEZXHNERLBL € CHBO,r), MFEEW = u—v, EPuth L4
25207, T RwRifFf 4, ﬂ&%@ﬁﬁjs(o H\{O} LA R, FIR 3 2.6.44 51t 46 4y %
ANEFE ey iRFe R, Ak TCHB0,r)). X535 M2.52094&F &,

‘E—'.IEFE 2.6.2. %U C RIRAFABOAHREKR, 1, > 02 (=A)H F(#DirichletiZl {4) 89 £ 431244,
€ C®(U)R BA W4 IEkH . L9 : £%g e CYU), L BT HKA B, #£1FAw,(x) < g(x) <
Bwl(x)iﬂ% x € UKk o
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2.7 *De Giorgi-Nash-Moserix{X

ABERATCEUEN T G9MRAAAENE, 105 T 8 B ORE S5 B ) 6 2 LR S . AR 43R
ITRE A X 95 B AR L R A5 THIE 2 X 52 De Giorgi-Nash-Moser X4 H 14518, H5L 1,
AT =N N AE R TR T, ARTIRATFEZESH Moser 45 HIILPFRIRIEIE, RGN 4H
De Giorgi XTER) CO* EELME/EH BIE . AT & /5 I 2.7. 1%, AR/ De Giorgi HI#a i
APFEME R TTE, BARTT S WEhE . MRO7RRE1E [10, 54E]

BANF AT A R X U c R™ _EHEE U6 [E 77 7%

Lu :=-V-(Ax)Vu)=0, xe€U 2.7.1)
Hor RBUEFE A(x) = (a¥ (%)) Wi 2 —BUMBIETE %A FE0<AISA< oo, [EfFVEEeR, xeU:

AER <D al(x)EE; < A€
i,j

% a¥ e L, ue H'(U) A#E. ﬁi&ﬂ]ﬁf“nﬂﬁ?ﬁ?ﬂég}iﬁﬁﬁiﬂﬁﬁ GNS A4

5138 2.7.1. X d > 3, Sobolev & R 4547 H ¥y = — > 1 (Fd=2, TRMEZKR ). HEZ
v e H(BO,r), A:

1/x
(f |mU¢Q SCMJ?[ |Vl dx. 2.7.2)
B(0,r) B(0,r)

FEHENUER 2 AT, ADBEE S BE55 PR, 59 LW

EX 2.7.1. #A#ru € HY(U)A2(2.7.1)49 55 T #% (weak subsolution)/ 33 L f## (weak supersolution),
RAGIALFAE 5§ AR B H o € HY(U) #A

| avsuae <
U

2.7.1 CaccioppolifnZE=

BATE SeUE B Caccioppolifh &, HGH—AHE “REW” BIgw: MR FERSE T
FEOAT DA SO SR A oR H A B 45 i

EIE 2.7.2 (CaccioppolifnZE:). X u A5 42(2.7.1)893F % 35 F #%, W *+4£%& B(0,r) C B(O,R) € U

, A
4N?

[Vul?dx £ ————— f u?dx. (2.7.3)
J B(0,r) AZ(R —-r )2 B(0,r)\B(0,r)

IERR. HUERINT AL 7 € CR(B(O,R)), R 0 <7 <1 Nlgop =1, H Vgl < . FRHIRE KK

R—r
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o = n*u, FRANFEE X5

J AVu - V(n*u)dx = J
U

U

n?AVu - Vudx + J 2nuAVu - Vndx <0
U

MAIRETE 21€1> < AE - & MG FHE |AE - 9] < A€l

/IJ n?|Vul?>dx < ZAJ nu|Vul||Vn| dx.
U U

M H Young AN55 15

A A?
20| Vul)(w| V7)) < 27 (”’n|VuP+- uIVnP) “nPIVul + 2w vy
4\ 2 A
BRI 2
&J 772|Vu|2dx<&f u?|Vn|?dx,
2 U A U
BRUL 2 FHR V7] (K SRENRHEE 0

2.7.2 MoserikfX: LPETTREINERSRIL® T

HAEFRATTIE B Moser &I R R EE 4518
I 2.7.3 (J9MFRYREAT L), % u e H(B(O,1)) RAEAFHBTM, N ueLl>(B0,1) LALEF
#C=C(d,AAN)EFFTO<r<R<L1:

C

(R — r)d/2 l1eell 2500,y - (2.7.4)

sup u <
B(0,r)

HERA. BB E @ = n?uf (B > 1), HPEW KA n 5 Caccioppoli A% :AIE B H 358 BUAR [A]
THEAR Vo = Bn*uf~'Vu + 2nuf V.
Bt BUBKTER. RAFEA

,BJ n*uf'AVu - Vudx = —Zf nufAVu - Vndx =0
B(0,1) B

(0.1

MG, A5

Aﬁf n2u5‘1|Vu|2dx<2AJ nuf | Vu||Vn| dx.
B(0.1) B

(0.1)
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i H8 Caccioppoli ANZEAXIIUER, FRATTR A7 121 BB A bR 2R 7 M :
20T |Val) - @ [V9D) < A [e (V) + 2 @1 VP)

AR e = AB/ AR/, fE 15 Ae D] LIRE 72 1ok, 153

A
ABJ n*uP~1|Vul|?dx < —ﬁj n?uf|Vu|?dx + %J uft | V|2 dx.
B(0,1) B(0,1) (;) B(0,1)

%mﬁw%ui,%ﬂ%$um%ﬁﬁﬁz

2
J n*uP1|Vul|?dx < 42A2 J uft| V|2 dx. (2.7.5)
B(0,1) A 6 B(0,1)
B+1 N , .
WAESYw=uz, N |Vw?= (ﬁzi)zuﬁ‘lwulz. RN EIFEE A | V| IS w 45T

(B + 1)°A2
P

j w?|Vy|*dx < ¢ zj w? dx,
B(0,1) R—1) B(0,r)

HbCfURHA, A, BAEX nw F GNS "3 (2.7.2) 53

f n*|Vw|?dx <
B(0,1)

1/x 1/x c
(j w2 dx) < (J (nw)>* dx) < CJ [V(w)|? dx < - J w?dx.
B(0,r) B(0,1) B(0,1) (R—r) B(0,r)

S p=p+1>2, Lw il u FLHIFPIEE

C

1/p
Wilon < (—ryz)  Vollsor 27.6)

FEZH: ERBIL~EH. €T

o HUUTI: p=2x"
o FALFA: Rk=”+%’mR0:RaRw =r.
o [AJfE: Ry — Ry = =

2k+1 ’

1£Q2.7.6)H, 814 p=py, R=Ry,r =Ry, 135
C. 4k+1 Pi
”u”ka“(BRkH) < ((R _ r)z) ”u”ka(BRk) )
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Xtk =0,1,2, - FHITIE R TE.:

1
2k

= 4C 2
”“”Loo(B(o S H( )
S 0 (R — ’/)2

1
- (42 )k} 1l 2 p0.9 -

ENY & =2 =2 <oo, DL T = < oo, FIUEHRBUGN —MHIRTH, B2
k=0 - k=0
supu < ——— (|[u|,» .
som (R—1)ir2 llzcsc0.

O

FiR 2.7.1. BT 253 A K23, Mosers: R EiL e8] T 55/ #% & Harnack % X, 12487 iT
2E % A 2| BMO = 18] 89 John-Nirenberg ~ 5 X, WEMANEFLPE T@ah., Eh@PBT4aL
A HFEGEF[10,4.47].

2.7.3 De GiorgiisfX: C%* ZEL&EM

FEESL R A FAE(L®)Z )5, De GiorgiFl| 7k &S H9M B R ITHI MR AV IRIE, BE KA 7
“THEON” COMELLMIfE . BARRYL, AT EUE AR T .
EI 2.7.4 (De Giorgi /E#). Zu® Lu =0 /£ B(0,1) ¥ #9535/, AR ANH

A
A

sup |u(x)| + sup M < C(d,

j— a
B(0,3) xyesol) XVl

) o 277)

¥ o =ald, %) € (0,1).

UEITIX AN E B A% O AR . AR Re A R, AR I BUESUN, A BRI R
HRIEA T RE K. E RN AN AT H,
513 2.7.5. L @€ C(R) A HHK, MA:

Q) FuALMELP <0, A&k v=>0(u)i#HZveH (B0,1), R AveR2T #,
FAH, BFut T, Witk e RAm—k)* :=max{0,u — k} L& T ##&.
MERR. FRATHAER(D), BRI . HARE @ € C) (R). A d'(s) = 0,9"(s) > 0. %
¢ € CY(B(0,1)) H ¢ > 0. HEHHEH:

f a,vd;p dx = J a'9;ud (' (u)p) dx — J (a"0;ud u)pd” (u) dx < 0,
B(0,) B(0,) B

(0.1
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Hrf o' (we € Hy(B(0,1)) dE51. —IFHHOAERIGH T n MEERIEITEIH . O

A5 B E1L4 3 HIES W, BRAIAEIEH,
SR 2.7.6. %e > 0, u € H'(B(0,1)) # 2 |{x € B(0,1);u = 0}| > ¢|B(0,1)|, MALEFH C =

C(e,d), 1£4F
f u’ < Cf [Vu|?. (2.7.8)
B(0,1) B(0,1)

IR 2.7.7 (FEEH). Hu>0~2B, ¥ay LM, H#HZ |{x €B(0,1) : u>1}| >¢|B(0,1)]. WA
AR T d F= AJA 89F % C, 1£4F inf u>C.

1
B(O’E)

WERR. AT MR u > 6 > 0, R4 § — 0+. #E5# 2.7.5%0v = (logu)™ & FE, HEA TR
logé~!. #EE#2.7.31%

1

supv<C (J |v|2> . (2.7.9)
B(0,) B(0,1)

R [{x € B(0,1);v = 0}| = |{x € B(0,1);u > 1}| > ¢|B(0,1)|, #E5|¥ 2.7.6 7]15

supv < C (J |Vv|2) (2.7.10)
B(0,1)

1
B(O’E)

RATEWIAAT S IR o = £, ¢ € CX(B,). RATF 214

- &2 a’d,ud;u $adud;¢
0< | dVoud;|=|dx=—-] ¢ dx+2| ——dx.
5 \u B u2 5 u

2 2 2

I, HEREIVIogu = (Vu)/u, FH—ZUHR &4 Young /55 2045 21

J ¢2|Viogul?dx < §||¢V logul|? +CJ |V¢|? dx
B B

L%(By)

2 2

S > o7 /IMERHZ I A AR, IXFFRATR 2] [ PIVIogul® < C [, [VSI2. BRI [ 2 ]
¢ € Ci(By), Sl =1 FATH

J |Vlogul?> < C. (2.7.11)
B(0,1)

44 (2.7.9) FAEE] sup v = sup (logu)~ < C. FTbA inf u>e € > 0. O

B©.)  BO.) B(.)

BN RBAHE A IR
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EE 2.7.8 (RIFER). K u 2 Lu=04+#&B, PR RM, WEEy=yd, %) €(0,1) 1 4%

0SC U <y 0sC U. (2.7.12)

B(0,) B(0,1)

WERR. & S A e 2.7 3 4310 . IRAEFRAT S oy = sup u, B, = ;(r()lfl)u. % &7 RR I i u_—il
B(0,1) > a1—p1
PLA :1__: , IER BN MR R

| =

1 a;,—u
—hL L u< (o +4) & —

1
Z 5 >
! 2((11 th) = 161 2 a—p " 2
wH 1. A -
ARSI C > 1461 inf P > 2 T9E] inf u> By +C e — By).

B(O,%) o= B(O, )

{x € B(0,1); 2= gl) 1} > §|B(o, D|. #47E B(0,1) Hit ﬁ > 0 fdi 2B E B,

1R 2. A {x € B0,1); 70 > }‘ SIBO, D). FLEAT sup u < ey —C7 o — By).
a;—p B, )
WES a, = sup u, B, = inf u FEEE] B, > B LK o < oy WL EIFFHER AL, BA]
B(0,~ ) B(0, )
#B AT LA1S 2] ) 1
a,— B, < (1 - E) (a;—B)=> B(()Osc)u (1 - E)Bo(gfl:)u.. (2.7.13)

O
MDe Giorgi EH CGERH2.7.4) AKEH a0 b g B .

EIE2.7 ARVIERA. € 2.7 ARFIEASE R 25— sup |u| CEAEREA ke CER2.7.3)

B(O,%)

B, RRATR BB 0, WitE sup L7l gy,

x,yeB(O,%) =yl
F1L5: REIEK. HERECEGFEEH ¥y = y(d, %) € (0,1), 15X} B(0,1) F AT = EK
B(x,,r) C B(0,1), REHEAZIRNAG B X, AW FR\ZEA T GBI 482D

osc u<y OsC u. (2.7.14)

B(xo.R/2) B(x¢.R)
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FEN RIRATIEATIEA é%ma_q%ﬂ>0%Flm%eij)é&_i,W%m%xgc
B(0,1). &P R, = RO, Hrb ke N REFH 2.7.14) X, 1752

osc u<y osc u<y* osc u.
B(x,Ry) B(x,Ry—1) B(xg,Ro)

iy = 2% FI R, = 2-%R,, FBA ¥ = (-9 = (2- k)«—( ) T E

R a
0sC u < (—k) 0SC U. (2.7.15)
0

B(x,Ry) B(x,Ry)

£28: IRk EMIREMGLTT. SMFEHL 0 < r < Ry, MWAFHE k € N1 Ry, < r < R, 1M
B(x,,7) C B(xo, Ry), HEAIRIE I S8 1401

R a
osc u < osc u<<—k) osc u (H 2.7.15)

B(xo.r) B(xo.Ry) Ry/ B(xo.Ro)
2R ¢ r\%
= ( k“) osc u < 2% (—) osc u = Cre. (2.7.16)
R, B(x¢,Ry) Ry/ B(xo.Ry)

Hrr € =2"R;* osc u. By u J#iA 7t GE#2.7.3), RATATELH ||ull 2.y T2 5O5¢ U

B(x,Ry) X0,Rg)

58325 : Holder ZMRVEH]. EH x,y € B(0, 2) Rr=|x—-yl. & r=1/6, WEEHRTH
PEE PRI AT 15 2] Holder Z 5 K% H]. SFE r < 1/6 BN, Ithy € B(x,3r/2), #1H

lux) —u(y)| < sup u(z)— inf u(z)= osc u (2.7.17)

Z€B(x,37/2) ZEB(x,3r/2) B(x,3r/2)

H1(2.7.16)51 (3% x € B(0, %), H.r < 1/6 144 B(x, 3r/2) C B(0, 3) c B(0,1))

um -umi <(3) =clx-yirs HEM < (27.18)

XEIER T u e Co%(B(0, %)). 0

Aig 2.7.2. X— )P RMAEILT De Giorgi F 35 L> -5 2] CO* 491342, F7iE De Giorgi
MEBERKFEG T AT EZRATIERAHEA TR E, SMNEEL T2 TEIAERA 271 - KEE
%, BRmyn T ALSEE. wFLesEE (10, ©24.1].

FEI82.7.3. Sty iE 2RI, ANATA P O Nash XA B . FIRERGTTHRAE T T4 u =
V-(A(x)Vu), e ETRNE 5 F3F tfuz dx < —C [ |Vu|*dx, Nash i8] 7 X4 a94EE T F
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IS

4

X IIMII;Ld < C||IVull? ||u||L1, Fr RN 2 431 B TIEF R R BAE T K, x, y)| S Y2

2L 9% BE—HFEEBRALZ I “BABKGH”, BARACHRKIAEATE, AFCT
Ae il ik TAFAR-F, B RCRARA “HBHIR” 69K, AMNHFT 2 (Holder) #4:H . BT A Nash
S AEH T 4E 453t (moment estimates) [, [Xx — Y|L(t,x, y)dy ~ Vit B |K( x, )| S 792 exp(—|x—
YI2/Ct). X BLEABPAE 7 S AETE A FT A “ARTNES” (TUAEMB AN FR/ETH ), REoiEE
AR L B K00 “ B OA 7 e TRF] . BBAA A BMT E—ANFRY IR A .

X S AE 1 A Ao T ) AR GE PR o4l 77 A2 AR A9 Holderi& 820 L6992 RAVE XA K, REH A
WA BB RLGPE x,x,, A

|u(t1x1) - u(t9x2)| 5 J |K(t9x11 y) - K(t, x29 y)l dy

Rd

B Nash FET T % |x, — x| < VLB, B4 HHBE” KU x,y), K%, y) 2 “HAEEL”
J IK(t, %1, ) — K(t, % 9] dy S 0521, — 1,]%,
Rd

XA T Hodh T AR HOlders 2 8tk . B AR R G IR F XAYIEH 2 fﬂi%fbé’] AR IR
LF Bt ) e /250 VAT, A UG L E R AT ER Caccioppoli T%’f‘i\éﬁ«‘fiﬂfﬂ" TE| 458

io)&R 2.7

ia]E% 2.7.1 (De Giorgi UE B /i A A e 2E). ku € HY(B(0,1)) A A Q2.7.1)89E % 35 T . 3tk €
R, @ X KFHEA, :={x €B(0,1) : u(x) >k} AR LA u, :=wu—k)*.

(1) &h > k, # Al Caccioppoli 7~% X F= Sobolev # N\ € 3 #]

C
(h—k)

J |[Vul?dx <
A

h

2
|Ak|5f |Vu|? dx.
A

k

(2) Bk, =MQA~-27"), k¥ M>0NHFEFHK, £ U,=[, [Vul’dx. iEH:

(3) HIEAFIN{Y,}iHR Y, S Cb"Ye, HF Cy>0,b>1,e>0.iEH: H£5>0 (UK
#i Cy,bye), A EY, <6, LAY, - 0.

(4) EIAEHOMEFu < MILFRAE R S, #®F5u e L9(B(0,1)).
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2.8 Derrick-Pohozaev|BZT
AT RATE & — A LR PEMG R 5 R AL E ) . 2SR 4E%d > 3, U Cc RYEH XI5

—Au = |ulP"'u inU,

u=0 on 0U.

(2.8.1)

FIF 1L #% 5] B (Mountain-Pass) 48 7> T H, WJPLHEH M1 < p < gﬁ, GITRRAEEAE Y U u 2
0. AXTIERE, #p > Zj, HIXI3RU & % T 5 57 2 Fo g (star-shaped domain), N5 F(Q2.8.1) 1A
Ei.
EN 281 (EFE). ZxEEMxecU, & Ax 1 0<AS U #ET U+, WARKRU £2£T
7 B8 2 B

oL, AR AL E R R T IR AE IR, HRZ KW, EIREEA TR
SIIE 2.8.1 (BERIIEEL). X oU e C', EARRBR U AXA TR EGEMNK, BANEE x €
OU #H x-N(x) > 0. XLZ N(x) 7 x € 0U ‘¥ a9 k@&,

MEER. KN QU e CY, # x € 8U, WX EE e > 0 #EEE S >0, 1§13 |y—x| < 8. I HyeU 7]
HEHI NG - 20 <o B, 4y =Ax 0 <A<D). T U RBBS, #yeT, M

(/lx X)
[Ax — x|

N(x)- =i =— llm N(x) - > 0.

FETRIANTIER: WA IR U 2B, X TH#lm Ak, THEQDRAEM. XA
UEIE T — A ARSI A IR x - Vu IXAMRRRSR T, VA HAR - E R ) . &
AT Rbs LR R e E GERE7.3.10 NMAFET ARG AN AR TER S 2, EARTR RIS
fR: x - Vuskhr LR TR R TS NE R TT -

EIE 2.8.2 AP URIIAREAENL). #ARRBRUAARCIHEMHB (AFRE), Hikue CcX(U)
R FA(2.8.1)89 /%, Hp> i, Mu=0EUT BA&RZ

MERR. TR ER SR LA x - Vu IFAE U BRI, 193

|u|Pu(x - Vu) dx. (2.8.2)

U

J (—Au)(x - Vu)dx =
U

—
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ERIEBICHNA, FILEAB. il ER 15 2
d

d
A=) J (B,u)d;(x;0;u)dx — J (BN,x;(0;u)dS, =: A, + A,.

i,j=1YU i,j=1Y9U

RIGTHEA,, B S5

d

ij 2 d |Vul?
A= L(aiu)[a (5ju)+xj(aiaju)]dx=JU|Vu| dx+Zj ( )xj dx
i,j=1 -1

= (1—9” IVuIde+J IVulz(N(x)-x)dle-
U oU

2 2

DIEBRATRAFE A I, KN ulyy = 0, FTLAVx € 0U, HEME Vu(x) ©EFAT TiEm =
Nx) (BN ulyy = 0 48 u fEL 7 ERYIR FECNE) . B Vulx) = +|Vu(x)|N(x). #HAR
ANA S E

A, = f IVu2(N(x) - x)dS,. (2.8.3)
U

Ead %A AN, BATERARAL T

2—-d

A=
2

J |Vu|2dx—%J |[Vu|*(N(x) - x)dS,.
U oU
BT RBATHILHEB, 43R 015 2

B'—zd: |ulP~ux;(d u)dx—zd: ) <|“|p+1>x dx = 1 ] dx
- Y - s \p+1)777 7 p+1), :

j=1YU j=1

MA =B, FrUIESRIW MMEER (FREDerrick-PohozaevIBZER,)

(—d 5 2) L |Vul? dx + % LU VuP(NGO - x)dSe = -5 i : JU |ul?*! dux. (2.8.4)
Pa51702.8.1, FAMFRIALEN
d—2 d +
(T) JU |[Vul*dx < p+1 JU |ulP*! dx. (2.8.5)

A BATEL R R TOR PTG TP su 73 58 7, BATR LS

J |[Vul?dx = J |u|P* dx.
U U
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N (2.8.5), FAIG2]
(E — L)J lu|P*! dx < 0.
U

2 p+1
ETRMIR u AMEAE, WA T~ =<0, 8 p <2 BT 0

s JE BATT T EE U B — T ol x - VulfSkiE. #IERY E R 45 #4F (dilation group), HZ
Bt e RERAT, 1 x —— e'x. 4t = ON ZIEEARH . e /E G & B ErTE SOy

Su(x) :=u(e'x).
HICT5 /NERTT (infinitesimal generator) & X NZFEEH < T t7Et = 0L 11T 5L

. d
Au = T [zostu(x).
RS, E X5

%u(etx) = Vu(e'x) - (e'x) > Au(x) = x - Vu(x).

A Jlx - V R AR H R x(t) 1= efxy MR EY, & — MM SR AN H AR W) ) E
7B

MAEPDER L, BRBuitd B A BN (scaling dimension), s AE I 1H 2 A8 #0448 £ [l
EHRBUE M. A1HERE

A=et

VA >0, u(x) = *u(lx) (S,u)(x) = eMu(e'x).

B T |
7 limo(€ule'x) = ku(x) + x - Vu(x).

Ei#)‘()?ﬁﬁﬁ?%%%ﬁﬁ% WA, B17.3.288 1 T s TR R 5, R4E 384 (x, ) -— (Ax, At),
U = 17 u(Ax, At) FRIF T HEES B SRR A b

(0] B FRATATT IS 10 2 e M R 7 F2(2.8.1), W SR IRATTE 3R & 48 A ZE 1 (scaling in-
variance), BUATIRFE wy(x) = A%u(Ax) 45 WRuEfE, Wu, HAM. KATEIES

—A(uy) = —A"P(Aw)(Ax),  |uy [P uy = A%P(JulP~ u)(Ax).

Bk FEME, WAHa+2 =ap, iffd a=2

A HEMN R EEEEIRGEEM, W
a = (d-2)/2, HTAEIEF I p = 2.

MR, PohozaeviH & A A T P& Ak e GERLZ.3.1) N HATEMATAAME T R, T
T x - Vu fEHTE R LAY TAER “UrREIBRBA— S5, BBESEAR?” MM EIAT

/(p—1).
RERIERC [, |V dx HR AR, 5
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67, Ap KT IGFARRRT, 2R FRON “Hfh” 55 T sk AR VR “5RE”, Rty
PAAEAEAEF NLRI A BR BE = A

SRR 2.8

SRR 2.8.1. R 89 £ 16 R Schrodinger 7 4289 £ & (ground state) QA2 i & dm T F & Mtk H 7 A2
e EM, BAELFTZARARIE

_AQ+0Q-QliQ=0, xeRq

4

(1) 445 2 122.8.2649 77 iR iE B ||Q||22+f4 =2lQII?

L™ d (Rd) LR

(2) €424 T Galiargo-Nirenberg #5187~ % X &

2+(4/d)
L2+(4/d)(Rd)

4/d

e lIvull?

lul .

< Cllull
P QA ZAFARFS, 5 &ttﬂffé@ﬂ%%’%‘%"iC%ﬂ"||Q||i2(Rd)é‘7%3£iio
S]8% 2.8.2 (Rellich-PohozaeviE24 ). &U c RIBIA R EFHHF XK, V e CLU)RL R 61z
HH, 1> 0&(=A + V(x))H F(# Dirichlec R # {5) 89 —AMFITIE, u € HA(U) n HY(U)AM B8
IR H, BP
—Au+V(xX)u=Auin U, ulzy = 0.

1iE A

AJU 12 dx = % LU(x . N(x)) (aa—]"\‘,) ds, + J VG +x WVl dx

E: X Fe]A2.4.36945 0 R AREEY,

o) 2.8

o] 2.8.1 (GNSAEX R EF ). X 48d = 3, HGNSHKF X (£ #21.4.1)%4, 3Ff € H(R?),
A ERF X | fllewsy < ClIVFllams. AR ZAF XREFTRFEAL, Lit2L4e T2 H(FRAE
Rayleight )89 4% )M&

VP
= g Feaor

(1) AEHEIER J[u] DT (BiXBAEKECI) HREFTAE —Au = uu’, EPut—"1%
(2) AMER LT u(r) 2 Z2a %, B#HZL u0) = 1,u(+oo) = 0. 7 H LB ML-F 8
% ik XABRGNSTIF X | EwHKCH BEIKEBAL, 1% 5 IR LA ARYE Talenti bubble.

feH (R, f#0.
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o (QMBRAIRE & R 23T AR EHE R  AePolya-Szego 1 F X, TABH RS L R E, F IR
L, —Au=pud 9H EEAE— (FLMAXTE—289E&Em L) XA19895 & Caffarelli-
Gidas-Spruck A #43)-F @ik (W Evans [6, % /L F]) ALK, THAL

e Luis A. Caffarelli, Basilis Gidas, Joel Spruck. Asymptotic symmetry and local behavior of semilin-
ear elliptic equations with critical sobolev growth. Commun. Pure Appl. Math., 42(3), 271-297,
1989.

B—7d, Taleni L EMAR LK@ L FERHEXKZTE Fa LENET.



E=F ZMMmYILE

ABERNEABRERU ¢ RUEHFHE, HXT > 0w XA (parabolic cylinder)U; :=
(0, T] x U. A &0 NI {E 4]

ou+Lu=f inUrp,
u=20 on [0,T] X dU, (3.0.1)
u=g on{t=0}xU.

XEf:U >RMg:U—-REBAEMEE, u: Uy > RERMEE u=u(t,x). L& K
WMoarET, BEAWNTNERR:

Z 8,(ali(t,x)du) + Z bi(t, x)3;u + c(t, x)u (3.0.2)
i,j=1
HEIEMERR
d d
Lu=— Y a(t,x)3,0;u + ), bi(t,x)0u + c(t, x)u (3.0.3)
i,j=1 i=1

HA R aV,bl,c (1<, j<d) NEEREL
EX 3.0.1. RMNARM ;Ei%at + L (& (3.02) & (3.03) 2 X) & (—&)Whth, RIEELTH
0> 0 FMEEN (t,x) U A E ERIHYA T XKL

d

D, aIEE; > BIE. (3.0.4)

ij=1

AR, SFFTHEANABRZGte[0,T], HF LA -BMHEAW,

— ARG TR oV = 89 H b = ¢ = 0, EIHRTFE. BITEER — KMy
Bt oy T FE AR AE VT 2 05 TH 5 A TTREMI MR ALL . X T — R0 I B i o 77 72, B I
ad(t, x)0;0;u i 7B (diffusion), —BN I b'd,u iR T HiiE (transport), TIEMIII cu ik 1

85
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FEA B4R #E (creation or depletion) .

HATC A2 1Al (GEZtt) R e #2441, %140 Navier-Stokes 771 Keller-Segel 77
##. Fokker-Planck J7##. Black-Scholes 77 #% (—2KIf[A1E M 788> 55, BRI 2 R H TR
I AR BB SRR 2 U

3.1 B¥Z=SobolevZE|g]

TEAN BRI TR 2 8/, AT BTS2 & A A2 & 1) Sobolev &8 [A] I A BEE . 47
i, ST (6,x) € [0,T] x U W53 u(t,x) € R FIgk¥ u : [0,T]XU - R, HATTLLE u 5—
NEVE T BanachZS [B] YRR G < I R -

u:l0,T]-X

[u(®)](x) :=u(t,x), x€ U, 0<t<T.

XH (X, |- ]]) 215 Banach % (A, #AJTHHL, FATKEITREu(, 2)BE RN ¢ BEEA (HRT
x MR B)) Banach 75 8] X HIBLSE we X AT LLEFRATTSE J5 (5 5 SO R J7 R A 55 i -

3.1.1 BanachZT|E{ERJR

BATE L0 S Banach = FEMAEL. 4 (X, || - D725 Banach &=, ¢ f @ [0,T] - X &—
A Banach #¥[H[{E A%, Hrf T > 0.
EX 3.1.1. AMIMAK Lebesgue M A& F 49 — B & 5] Banach = MR £,

o (MERHHK) wRxTte(0,T], A s()= %){Ei(t)ui Mz, WARs :[0,T] = X A& EH

# (simple function). X A 8 u, € X, .ELlﬁ_ﬁ}i]‘ &) E; #8AZ [0,T] 49 Lebesgue =T M| F %,

o (BBITMBE) WP AAE—FIHELK s, : [0,T] > X, B3 FILFLLG te[0,T]H
s (t) = f(t) A=, WA f:]0,T] > X Z3%T & (strongly measurable)ty.

o (B TMFHK) do X3 FTAAT u* € X/ (X &93HBZ M), B4t — (u*, f(t)) #1 2 Lebesgue
STaley, AR f:[0,T] - X & 55T M (weakly measurable)dd.

o R HAE—ANEMEN C[0,T], 15 {fO)|t € [0,TI\N} £T 44, WA f :[0,T] - X
&9 BUAE 2 JL-F 7T %89 (almost separable valued).

EIR 3.1.1 (Pettis’ lemma). f : [0,T] - X Z5& TNy LAY f 2 557 A 6 LBAAAIL-F T o
19,

B ok, FATE X Banach 2% [AE BRE A ) o
EX 3.1.2.
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m
o &s(t) = 3 ap(OuA—AFESHK, W)
i=1

T m

J s()dt 1= ) LYE)u,.
0 i=1

o W RAHLE—DNEFEHH {5} T

T

J lIsi(£) = f(0)|| dt — 0.
0
W) AR5Z =T M HEK f : [0,T] — X & Bbdchner T 4249,
e 4o f :[0,T] -» X & Bochner A4S, W& 3L
T T

J J(@)dt !=;im‘[ s (1) dt.

EIE 3.1.2 (Bochner5| #). s&TM K4 f : [0,T] - X 2 Béchner T A8 Y HAX L B st
IFOIl 4 [0,T] £=& Lebesgue T #2649, X AF 1% 5L TF &AAH

T T
J Fode] < f IOl d,
0 0

B FHEEMuw eX, A

T

(w. f Far) = f e, e

0

3.1.2 EHEEZ=/ISobolevZE|g]
BUAEFRATT AT LABI N3 BB 18] 25 ) Sobolev 4518 BE(X, || - ||) #& 5% Banach %¥[f].
EM 3.1.3. &T > 00— 42K,
o HAVE L LP(0,T; X) AFTH #Adn T FAZETAHE u: [0,T] > X M agES:

p
||u(t)||Pdt) <o  1<p<oo,

T

lallLrorx) = (J
0

[lallzerx) 1= esssup |[u(t)]| < co.
0<t<T

VAR
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o HME XL CUO0,T;X) A A BRI T HFHNEL LK u: [0,T] > X MR EAL:

u v = max |[[a(?)|| < oo.
I ”C([O,T],X) 0<t<T|| D]l < o

EN 3.1.4. 5 T>0 %2 FHK.
o (BFH) 4uecl(0,T;X). R A vel(,T;X) 4%

T T

f¢mmmmz—J¢@wom
0 0

SHEFEE) @ € CX(0,T) #ik 2, MARvV A utyds (&) %, etk u =v.
e (Sobolev = 1)) HAT= X WLP(0,T; X) F P i X e T 54069 R/ 4 u € LP(0,T; X) # 89
Eh: A55 (i) FH#H o FELET LPO,T;X). HEH XA

(T a@lP + W @)Pde)> 1< p < oo,

u 1, . =
w0 esssup([lu(®)|| + [[0'(®DI)  p = oco.

0<t<T

Functions in WHP(0, T; X)H 1) bR 006 f2 TlER 49 1) — e SR AR VR )i .

AEH

iRl 3.1.3 (i Sobolev A EAIZH). 4 ue WHP(0,T;X), £+ 1< p< oo, N:
(1) CTRRAEXAZMNE EEHZLE) ue C([0,T];X);

Q) HEEH OKs<t<T, A ult) =uls)+ [, w'(r)dr;

(3) 4o F A&tk L

max [[u())[] < Clullwerx),

L

R FHC > 0 URMT.

PATT G50 AE VIR B 2 PR 304 77 12 55 Ak RO A7 £ PR AN L DU R IS 3R
il 3.1.4. U c R RAFF %, K uel*0,T;H)(U)) B €L*0,T;H(U)).
(1) CTRRAEXENEMNE EEFHZLE) ue C([0,T];L*(U)).
(2) At t —— |lu@®)|?,,,, AFELELY, AP LG0<I<TAH

L2(U)
d 2 !/
E”u(t)”Lz(U) = 2(u'(D), u(t).

(3) 4= it Az

max la(O|2@w) < C (||“||L2(0,T;H;(U)) + ”u/”LZ(O,T;H—l(U)))’

I

b FHEC > OIURMT.
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Rl 3.1.5. AU CRIZAEARBFBARF U WA RFE, R meN. Xuel?0,T;H"?*(U)) A
e L20,T; H™(U)).

o (TRAEANEMNE EEFIHZLE) ue C([0,T];H™(U)).
o Ju T4t

u

ma)é la(®)||gmy < C (||u||L2(0,T;Hm+2(U)) + ||u,||L2(0,T;Hm(U))) )

AL

b FHEC > OURMT.

Sl 3.1
SIER 3.1.1. X RAVC A 4o F 55088k ik i

u, —u in L*(0, T; Hy(U)),
u —v in L2(0, T; H~Y(U)).

e v =u'.
3@ 3.1.2. XH A5 Hilbert 218, &% L*(0,T;H) F A 350k u = uo X Lo BAEFHK
C > 045 T Xk =

esssup |[u, ()| < C, VkeN*

0<t<T

TEB ;
esssup |[u(t)|| < C.

0<t<T

3.2 SPSREAEMEIE: GalerkiniBif

RSB 10 R IAGE, MR8 W0 F RATIRAR g (0 IENIPE RS ITRT , B 89 5
WAL IR E TS . A TR GO.DTIH T L iEHIEER (3.02), JF%E
H.Dirichleti1 18 ] /8

ou+Lu=f inUp,
u=20 on [0,T] X dU,
u=g on{t=0}xU,

®

d d
Lu=— ) 8;(aV(t,x)du) + Y, bi(t, x)0u + c(t, x)u
i=1

ij=1



90 FoE MR
YHEE ¢ € [0,T] AXFRAE—FMEP. JEI f € LA(Uy), VifHg € L2(U), F% aV,bi,c €
Le(Up)HIC4E

3.2.1 SEMERIE X
A BRE u(t,x) 2 (3.0.1) WOLIgfE, FRATE w 540w g NGk
u:lo,T] - Hé(U), t —— u(t)
FE SN Tu()](x) 1= u(t,x). HA)iEY, 768 LGN, AT u BIERZM ¢ F500 H)(U)
FIRL w. RRHIRATEL [FOIx) = ft,x) E X f [0,T] — L*(U). FubFRATan 5 [E 2
v e H)(U), Mamha] LA v LI I5 1832047 70 5 0, 155
(u’, U)LZ(U) + B[u, U, t] = (f, U)LZ(U)’ VOLtLT.

IX B 2R 2 e SN

Blu,v;t] := J a(t,x)d;ud;v + bi(t,x)duv + c(t,x)uvdx, u,v € Hy(U), a.e. 0<t <T.

U

PABEEHE S 0 SH o' B TR ECesm. Sseb, AYiEARS, WATH

d
du = (f — b'du —cu)+d;(a’du) = g° + 0,8,
N—_—— j=1
=:g0 =:g/

Hprf g/ (0<j<d) &' T LAU). BRI a5k 6,u(t, -) J& T H-Y(U) IFmi et

2

< Clullmw) + I z2wn)-

d

184l 1wy < [Z 1871120,

Jj=0

S Al THR G5 ) 240w’ X T LA AL £ € [0, T T E R 4IE T HH(U), B (o), )y N4
By (o' v), HA () £ HY(U) 5 HY(U) WA BUAE, ATRTLE X (3.0.0) IS T
EX 3.2.1(55f#). Huel*0,T;Hy(U)) Bu' € L*0,T; H'(U)) %A AT &4F, WAKLA (3.0.1)
(£+ L& (3.02) L) 69— 35/%:

o TR ve H)(U) Ao/LFa At €[0,T], AW, v)+Blu,v;t] =(f,0)pw) &L

e u(0) =
?ﬁ?%‘sméﬁfﬁ, FEo A 3.1.4(1) THu e C([0,T]; L2(U)), Arriu(0) = g A M4 u : [0,T] = LA2(U)
89182 EAEA T VAZ L8,



3.2 S ER: GALERKIN&EIR 91

3.22 il nETEE
AT A — F A FTRARIK 18] (0, ) I BT Dirichler 154 P —4E T2, BIFRATH et
I R R ) LA
d,u —du = f(t,x) t>0,0<x<m
u(0, x) = g(x) 0<x<rm (3.2.1)
u(t,0) =0, u(t,7)=0 t>0,

Horp f, g RASIEN . 207 Rl % A6 7 AR EA SR . B e AT f = 0 Hou(t, x) = T()X(x),
SRIGEATATEL O TR KB

A, =n? X,(t) =sinnx, T,(t) = A,cosnt + B, sinnt = u(t,x) = Z T,(t)X,(x),
n=1
Hrr 24 A, B, HVIIEEAE g(x) #E. —BAEOLT, 24 f £0 0y, FATHFESE {sinnx} TRIT
u,f:

u(t,x) = i T,(t)sinnx, f(t,x)= i fn(t)sinnx,

n=1
3R M ODE T(t) + nT,(t) = f,(t) K T,(t)- ﬁj‘%ﬂ?%&%)ﬁﬂ‘])ﬁ?&% {sinnx} 1B IFAEH T
L*((0, 7)) B IERTHE . [EIEFFRATH A I {sin nx} 15452 (0,7) I —A = —% (A A % Dirichlet 11 7+
%A B IERR B, R TR n.
N IR AR T BB, AT DMEI N S =

o U UAZAHI, XRUET L Ak 20 E B

o WATAIAE (HFELLX FRIE S T HRHE R B RS KD FRUEIERR I {w,} T EIFWRAIE I .
SR ERATIAE FE T Z — DR8N WIEFYEIESRPBRE K i 7 e . FRATTL AR . 8id
R AR RN AR BRI TS 5T A SEALE L2(0, T; Hy(U)) Wi s, HIL I (] S 407E L2(0, T; H(U))
Hh, RIS S R R GHAT “H IR R EFRR, XFOTVERFRA “Galerkin i&1T 7,

3.2.3 Galerkini@if: =FEMFMME—4E

Beiwy} 7& L2(U) WMbsdE RS, W Hi(U) MIEse3E, HEA w, RGH K. FlandATar el
I {wy} N Hy(U) F1 —A BJH— AL . Galerkin (&I K AZ AT -

1. MEERYEEE. X me N, BT RIJER ML v, : [0,T] - Hy(U):

u,(t) := f} d* (Hw, (3.2.2)
k=1
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A1 € REL dy (1) A3

dn(0) = (g, wy), (3.2.3)
(@, W2y + Blwy, wis t] = (f, w2y (3.2.4)

WM1<k<mMOLt T . XKW u, AT LUEIT u 7E {wih e PTIKECIF23H 1)
o
2. BIEFS ((Fmhiy) —HeeEhit. HIWIRATELEY: ] Eberlein-Smulian & FARIE, &
A7 B AR PR gk A2 P 75 PR 55 A
3. IUESSARPRIAGF S ME—BOSSRR. FRATIH 2108 3.1.1 Y510 RIS UE I 7] 340w, B S5 P15 17
2wy B SSIRBR A ] 54

B BIARRFYIRMAE

SR E T AR B A
FHE 321 HTFHEIMSmeN, G-t LA eTHX0LH u,:

u,,(t) =) di(Ow, (3.2.5)
k=1
Hi R
dp(0) = (g, wy), (3.2.6)
(u;’n’ wk)Lz(U) + B[um, Wy t] = (f, wk)LZ(U)’ 0 < t < Ty 1 < k < m. (327)

MERR. dEIEACHE, BATTAT DUR BT 2

(), (), wy) = %d’;(t), Blu,,, wy;t] = f}ekl(t)din(t)

=1

b ek(t) = Blw,, wy, t]. % w,, BAER Y dbOwy, 5O 1= (FE), wy). ARG 20T L1
k=1
By TR

d m
ad,’;(r) + l; e)dl (1) = ), 1<k <m, (3.2.8)
HYMEN di0) = (g, w). BT R M) RUEIEN, HEHY TR USR] 5T

JUTAb AL 0 <t < T, FAEME—I4aXtiE SR %L d,,,(t) = (dL,(0), -+, d(t)) I R HMEAIZ Loy
FREH . XFENTE, EEANETE X u, BRI R SR O
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$25: BIABFIIN—H ST
T 3.22. BEMURM T U T A LR TH C>0, #FFTFHEASAMEN, A

SUD 10O, + 10 g+ 85 o € € (Mo * 181y) - (329)

FEIFIRUEM 2 /T, AT 2R 1. EALREREIZ R E(t) BT R AP e 07 Gronwall
RIAZE

Eit)sC (E(O) + J E(7) d‘L')
0
IXIE SR E'(¢) < AE() S 1R .

UERR. 5 m e N, A& H (ujn,wk)LZ(U) + Blu,,, wy; t] = (f, w)pw) M 1 <k <m AL J7
FEW A RIS LA df (¢) FEX) 1 < k < m SRFITHE]

(u;rn um)LZ(U) +B[ums W5 t] = (f’ um)LZ(U)' (3210)

2
L 12,

KBk B AERTTRE du — Au = f WAL u JHAE U BRI IX—BIR. BUERAS 2

SOl + | a0,y = (o) - |
U

U

bd,u,, u,, dx — J cu? dx.

U

FIH Holder A% 30 L —ZURE A Young A5, XHMER 6 > 0

1d
2 il + 81V, < I il + IVl DBl

el g )

<Ol g+ O+ 0l ) (3.2.11)

I 6 € (0,0/2) Feor/IN, AT ||V, |17, P RAMEACTIIRIL. FATHITEAAAE C > 0 15 T AUpar

(nu Ol + fnwm(r)nLZ(U)) C(If B + bl ) (3.2.12)
0

M f(t,-) € LA(U) =452, #Gronwall AN, FATH DOEHAFE— MK T, U, L 18 %
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Cr > 0 filifg

lan O+ | ||Vum<r>||L2(U)\cT<||u Ol + jnf(t M d )
0

T
0

PLTE IR ﬁﬁﬁhﬂbmﬁ“m mwﬂy—§d0m47%ﬁudo—§xdﬂmw’WEE?
span{w; -+, w,,}. MEEFKA [ E e € [o, T]}JFZ@EXUH K € Hl(U), /\/’Pﬁ/@ ||§0||H1(U) L T=f

<u;m §0> = <u£n’ §0m> = B[um’ P> t] + (.f’ qom)
< ClIValleanIVemllzwy + AVl + 1 2| @m 2w
< C(If ez + Va2

Hmma—2H T ||§0m||H1(U) < ||§0||H1(U) = 1 M Poincaré AZE . BN 245 2 ||§0||H1(U) < 1
o B ERT, 5 H-W(U) J6EE X5

(O gy < C (12 + 11V ) (3.2.14)
AR i (3.2.13) 773
T
||um(r)||L2(OTHI(U»scT(ngn;w) Jllf(t Mgy d ) (3.2.15)
HebwH cr > 0 BUKH T T, U, L. =

B=H: PMATFEMRMgE—

B RAMMER 3.2.2 I HEEREAM TSRS RIR . AR MR 52 T (3.0.1)
ME— E’Jﬁﬁﬁ%

EIE 3.2.3. 74L (3.0.1) A AE—8 55/,
MERR. ¥ HE3.2.2700 45 31— SR R AL TF DU T3 LR L AAE TS, ) C {u,} 5115

7E L2(0,T;:Hy(U)) H5uiesk , 16 L2(0,T;HH(U)) 538 ,
u, u, u/,

Uy,

P 3. 1.5 153 u € C1([0,T]; Hy(U)). #% FRIATRAERX A u ERARNTEZI9M. BE
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N e N JREIEA I PR % v e c1([0, T]; HX(U)):
N
v(t) = ) d¥ (.
k=1

SRIGBAVER m > N, 1£(3.2.7) PIL[RIS e LAd (1) FFx) ¢ RER 1T

T T
f (u,,v)+ Blu,,v;t]dt = f (f,v)dt, (3.2.16)
0 0
2 m = my FFEUES IR IRAS 2]
T T
f (W,v)+ Blu,v;t]dt = f (f,v)dt, Vv e L*0,T;H}(U)), (3.2.17)
0 0

XEBATHEIEA Y, dX(wy, BIRREHEZ T A R %X — k. BEEHRA15 3
(w',v) + Blu,v;t] = (f,v), Yo e H)(U), a.e. t € [0,T]. (3.2.18)

FHM 3.1.3, #tiEfSu e C(0,T]; L*(U))

N HEa A 2 g. 73 AR 73 I (8] A2 & 7] 45

T T

J v, u) + Blw,v;t]dt = J (f,v)dt + (u(0),v(0)), Vv € C1(0,T; HX(U)) with v(T) =
’ 0 (3.2.19)
LA K
T T

J (v’,u,,) + B[u,,,v;t]dt = J (f,v)dt + (u,,(0),v(0)), Vv € L*(0, T;Hé(U)). (3.2.20)
0 0

B m = my MR . BT L2(U) F u,(0) — g H v(0) ZE=M, AR u0) = g 440
AT . XRABNTR B R R, UERHME—MEmt R FEAEY f = g =0 i (3.0.1) KIME—55/# N
T, £ (3.2.17) F4 v Hukxs, FTA1E3

EE” O}, + Blw,u;t] = (u’, u) + Blu,u; 1] = 0. (3.2.21)
T X ECAAEAE Cp, C, > 0 1145

Blu,wit] > ol ) = Callulls g, > —Colul g,
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FT LA Gronwall A& ORI H |[u)l 20y =0, Hu=0. 0

SRR 3.2

SJER 3.2.1 (Poisson 5 FE I GalerkiniEiT). X f € L2(U) , u, = ., d5w, # &
k=1

j Vum-Vwkdx:J fw,dx, Vi<k<m,
U U

HEF {w} & H(U) 894nk Bk, B {u,} #EF7E H(U) F 35448 T Poisson 7 42 —Au =
f>0,x€U),ul|;y =0 8935/ u.

S/ 3.2.2. & g e L2(U) 1% u A4 PIAZ & X F

ou—Au=0 in Uy,
u=0 on [0,T] X dU, (3.2.22)
u=g on{t =0}xU.

JEE]: SHEE R > 0H
ut, 2wy < e Mgllw)-

X ¥ A >0 AR XK Dirichlet FF4H69 —A £ U L6 44,

3.3 #4PIEN M EE

ARSI 715 (3.0.1) S9fAFAEME—1E 2 )5, RATE RS R M — DRy . XA
e i SN 7 R IR ? O TR XA, BATAT U e i BT I IR A T (a
priori estimate).
du—Au=f in[0,T]xRH,

33.1
u(0,x) = g(x) onf{t=0}xRY, ( )

Horp X BIRATEMER S u &2 |x| — oo FIRGEIERE] 0 MGHE . fEEB 3.2.2 , TATISERR
FAREIT LPL2 0 L2HL Je%fliit

T

sup J u(t, x)? dx+J' J |[Vu(t,x)|?> dx dt < C(J g(x)? dx+J'
Rd 0 JRd Rd

0<t<T 0

T

J (f(t,x))*dx dt) .
Rd



3.3 I E E BE 97

SR A TT FEH I Laplacian TEE S8, [T, ) € LU, BITARESN: ueBHE A
H? IENME? (Rlusg S7ELPE SC R 2 Mol fn 2> s b, 3RATATPAICE 598 )G 7 A 70 45 2]

J f?dx =J (u, — Au)’*dx = J (6,u)? — 28,ulu + (Au)*dx
Rd Rd Rd

=J (B,u)* +28,Vu - Vu + (Au)*dx
Rd
HimAE

d J |Vu(t,x)|?> dx + 4[ B,u)* + (Au)*dx = J f?dx. (3.3.2)
de Rd Rd Rd

XTI (AR e AR 4y, 153
T T

sup J |Vu|2dx+f (J B,u)* + (Au)? dx) dt < C(J |Vg|2dx+J J f(t,x)? dxdt).
0<t<T J Rd 0 Rd Rd 0JU
(3.3.3)

XERNUWIRYIE g € Hy HIFEW f € LILL, Wf# we L’H; NLPH, Hw' € L2L;. TR 1482
— X EI A EOR M A H? 5T (AR L2 B o XA LB, (HZRYIE g AR
o f BAE SRR e ERAT O 9, 152

8u—Adu=20,f in (0,T] xR%, 3,u(0,-) = f(0,-) + Ag().

532135 LAG, u 73 HRAR 73 W 45

d1l
3| roupars [ vourax <loluaolontien
Rd Rd

P& Gronwall A 25 2015 3]

T

T
supJ |6tu|2dx+JJ |V6[u|2dxdt<C<JJ (6tf)2dxdt+f |V2g|2+f(0,-)2dx).
0<t<T J Rd 0 JRd 0 JRd Rd

(3.3.4)

SRR 3.1.4 ROUE IR IR s S A 2 B, 3R

Sup (1M < € (I 1o myey + 10 o pyn)- (3.3.5)

0<t<T
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X T d,u WIENME . X5 T w B9 L Hy IEMME, JRAE ARG =01 e 3 GE Bl 2.5.2, A b
M) Au RAETT R ILR GRS 153

f |V2u|?dx < Cj f?+ (6,u)*dx. (3.3.6)
Rd

R4

DR LB AT H 451 -
T

sup J |0,ul* + |V*u|*dx +J
Rd

0<t<T 0

T
<c(JJ (atf)2+f2dxdt+J |v2g|2dx). (3.3.7)
0 JRd Rd

J |V3,ul? dx dt
Rd

MR a0 AR UE R RE R o b, BATIIRE XI5 R (3.0.1) WA R IEMIVESS R . o8 1 HOR
ERIREE, FAMRKU ¢ RGZDFOLITHAE X, {w} c Hy(U) £ (—A) H5 (i Dirichlecd 7
SAP) R AE R R (A B T U B S B A {wy} € C2(U)), IR RS oV, bl c #E U
BHE t K,

EIZ 3.3.1 (W IENE). #u € LX0,T; Hy(U)), w' € L0, T; H-Y(U)) A (3.0.1) #955/%, #ih
g € HX(U), &M f € LX0,T;L2(U)). AF LM% u LIx ik

u € L*0,T; HX(U)) N L=(0, T; Hy(U)), w’ € L*(0,T;L*(U)),
H A 4= T A

ess sup ()|, + [ + <c(us: Hlglyy). 638

e HY(U) L2(0,T;H2(U)) 2OI2W) L2(0,T;H2(U)) HY(U)

HEPHEHC>0RB U,T A= L 9 7 #o
BLIR, de B AL HARIR g € HXU) A f € L0, T;L*(U)), A4 u ki
ueL>0,T;H*(U)), v’ € L*(0,T;L*(U)) n L*(0, T;Hé(U)), u’ € L0, T; H1(U))
H A e T A&
2 ! 2 1112 1112
ess sup (IO, + 1 O ) + 100 )+ 1

<€ (”f”ill(o,T;Lz(U)) + ”g”iﬂ(U))' (3.3.9)

MERR. BB A AR AR T R PIA RN SR UL ' AR5 0 AR . AR H BT ERAIAFIER T A o' €
L*(0,T; L2(U)), FrAFRATE SeRZRt (3.2.5) € &L P A1 {w),} OXAFEE A Zud & o 4
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99

R (3.2.7) WiltiFI e L d&'(6) FExt 1 < k < m KA1, 135

(u,,u),) + Blu,,,u,,] = (f,u),), ae. t €[0,T].

PRI IUAE 7 205 Blu,, wy, | RANF T L AAIER, HA1G 2

Blu,,.u)] = f

U U

BT oV =o' HRFENRTER, BATEKI Bt 7 —

2dt

a’ou,, d,uy, dx + J b'é,u,, u), + cu,u, dx.

e LA

J a’ou,, d,u,, dx = 1d J a’ou,, d;u,, dx.
U U

G H Young A%, XEE § > 0ff

< 6wy,

i !/ !/
f b'ou, u;,, + cu,u, dx| <
U

LAL
|(f, w)l < Sl ) +
TR RAHE S A ANEE

1d

I+ 355 | 00Oyt < 28]
U

Iy + Sl

S

L2(U)

= (118 + Il ).

fﬂﬁiﬁﬁlae(&i)%ﬁd\ A5 ST AS S A R icdst, 28 P oxt I [ A2 A 7 vl 45

T

o<t<T

<C (J a’du,, d;u,,
U

<C (I * I8l )

BJe, PELEI—SWER R [, a¥ou, d;u, dx > 0]|Vu,,|?
T

0<t<T

Uy’

J Wl l72 dE + supJ a’ou,, d,u,, dx
0 U

fnfnpwﬁnumn,{]w) )

(3.3.10)

EQER IR KL

L 0 0+ 500 1V, < € (I oy + 1) (3.3.11)
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ERGAAKIET m, FHIRATTELS m = m; —» oo IR RS 2
u e L>(0,T;H)(U)), u € L*0,T;L*U))

S T OF313.12)
T
J I+ 5P IV g, < € (WA + ) (3:3.12)

MAERT LIE wH LIHZ 7. 5 EIAERN OS5 2]
(', 9) + Blu,p] = (f,9) Vo € H)(U), a.e. t €[0,T],

N TR
Blu,¢] = (h,9) ,h := f —u’ € L*(0, T; L*(U)).

PR ERUME . GE3E 2.5.5) AT A JLTAEALHY ¢ € [0, TIH u(t) € H(U) UK
Py < CAMBIZ, g, + ) < CUS o) + 1012, + 012 0

REZ AR TS Sates b 7T ERATEREM AT, R (3.3.8) FFilk.

B ORIANMERE g € HX(U)NHY(U) #1 f € HY(0,T; LA(U)) ﬂéiEHHE‘HE’HM%IEWJ M (3.3.9).
FEIREHL, FRATECHEIE HHE (3.2.7) (ARIETHE) REHE S5, XK AT H fridEa i#
(FERFTE] B Bm it BER

(uj,, wy) + Blu),, w] = (f,, W),
WL R LL dE' () F3) 1< k < m RRIEF)
(up, wl,) + Bluj, w, ] = (f ).

WL — G R TE A Gronwall A2, FRATTHEH

T
sup W, (Ol + | Il A < CUAROE ) + 1F 120 120200
) H(U) %)) ( )
o<t<T 0
< CUNm Oy + I 0 12200 (3.3.13)

fﬁ'f&ﬂw\/ﬁ%&jm (0|2, HOFER . BUERERLA—E R FRBEIE T, Frh AT vF
I || AW, (0)]| 2y KRAEH] [0, 0)|| 2y o TR AFFAEH AT LUEIE K w,, EFRHEIESS S {w,} HAERE
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TPRSEI . L b, JatiEENMER (LKL u,lp =00, JATH

10, ()2 gy < CUBAOIE, g7, + AT O, )

B 1,(0) = 3, d5(0)wy(x) LI —Au,,(0) = 3 d5 (0w (o) (RS wy 2 (—A) MRS B D), B
k=1 k=1
SR E AN E IR
[ (O)|[2y = 2 (A (0))? < 472 D (A (004, = 472 [|Aw,, (0)][7,
k=1

k=1

M
1, (02, < €+ A7) A0, O],

Hrh A, > 02 B4 Dirichlet F A MFH (—A) FIERFIEE. 2 TR, FA10 5 I+ A
W, |0 = Au, oy = 0 133 GXEHE T RAE R HUR & 2 8 T (U)1)

(O] ) < C(11,(0), A2, (0)).
EE? Azum(o) € Span{wla T wm} w‘& (um(o)a wk) = (g’ wk)’ ﬁ/ﬂ‘]ﬁ

1
0Oy < CCAZ, A, (0)) < 58O + CllglEsg

MITAEAEC > O3 |[ 0Ol 220y < Clglliwy Lo BRLERAA Blw, (19— Ffl i

T
’ 2 r 2 ’ 2 ’112
sup [[w), (DI, ) + J 10512 7y 48 < Ay + 1 0 70000

o<t<T
< CUIgN ) + I o iy (3.3.14)
PAEFRA TR 7 FERAE ] Lo HZ IEW . FHZ&RAT1EA
Blu,, w] =(f —wp,w), 1<k <m.
ZAPUIELN A, dl(0) ot 1 < k < m RRG1HE]
Blu,,, —Au,,] = (f -}, —Au,), t € [0,T].

i A, |5y = 0, FTLA Blu,,, —Au,,] = (Lu,,, —Au,,). #& 1] f% 3.3.1 %1

Py < CAF Iy + I8l + 10l o) (3.3.15)
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45w, — BT, FRAIG R

T
OsupT(num(t)anw) + [0 (Ol + J 113 07y 4 < CAMON ey + I s o 12200 B-3-16)
NAS
L m=m — oo, BLFH T ufraE it

R TIEEAEY] w” € L0, T; H™'(U)). ATHIE H-'(U) & HY(U) BRHEE], Bl 3-ATiE
EX p € HI(U) #E‘;R;H:ﬁﬁ/@ ”gD”Hl(U) <1 )I%‘:/H\:¢ = ¢y + goﬂ,}’ ;H\:EP Pm € Span{wl""awm})
@ € Span{W,,1, Wyya» -} FEIESEH

Wnllinwy = sup Kup, @)l = sup [(f',@m) = Blw), s t]]

ol <1 lell1 <1

/ /
< sup (”f |2 llPmllr2wy + ”u;n”Hé(U)Hgom”Hé(U)) < llexqwy + ”u;n”Hé(U)'

Il <t

HTFRATCEUEN T u), B—3b50, AL m = m FEARR g2 P45 3] w” € L0, T; H1(U))
FIET A (3.3.9). g

ILXT Sobolev A TR Rk FIVAZ, FATIE w] DAL B S m B R4 IR U PR 2R, RS 25 .

EIE 3.3.2 (M ENIT). 42 % m e N s F#ds42 (3.0.1), &% g € H™'(U) &
k

FFo<k<m*A % € L*(0,T; H*™*(U))o FIEBRIXMIE g %L AE| m et E M54

(compatibiliy conditions up to m-th order), B

]1f

= 3@ —Lg €HYL), 1<) <

g =g€H,U), g :
Msto<k<m+1% ‘Lk—t‘: € L*(0,T; H*™272K(U)), H Mzt T 43t

1 2
d“u

m dkf2
drk dek

drk + IIgllipmH(U)) : (3.3.17)

<C
L2(0,T;H2m+2-2k(U)) k=0

L2(0,T;H2m=2k(U))

HPFEHC >0 R m, U, T VARL 89 F 3.
JEIC 3.3.1. MBEMREHRLEE, CHRIET 2K g, 81, .8y BAF U LOGZARAR, N T
ALFRG I 8] SR AMEA L R R, BPMAE AR R,

EIE 3.3.3 (C MM IENIE). sty 42 (3.0.1), &k ge ), feC>(U,), Amhg#HAx
% UregAR S0 4, B

di- 1f

dei—1

g =8€H,U), g := (0)—Lg;, € H(U), j=1,2,-
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AR 24 (3.0.1) BHE—8M u e C°(Uy).

jo)&k 3.3

B)RR 3.3.1. L ueC®(U) #H 2 u|y;y = Aul;y =0. iE¥H: HAEL >0,y > 0fE4F

B'lu”?p((]) < (Lu’ _Au)LZ(U) + }/”u”iz(u)-

AP Lu :=—-0;(a"0;u) + bdu + cu A —HM A&, HikZLal =al.

Er B R T A ER MG IER . A T BAIERARAL T MRIR b' =c = 0.
i) 3.3.2. 3 L =-0;(aVou) (Bp L R3TARMEHT) o, KA dh3gag ER 4 (3.3.9) &9 # LIk
o

Rr: FAREERA {w ) &AL A& H(U) F8OFIEHR AR (-A) 4FIEH R AR AL
THEERA? PHOLRET,

3.4 IIRKERIE

RS M A H T AR OE IR Harnack AN%530, X ERAVBAEH T L A8
FER A8

Lu=—a"3,0;u+b'du+cu, a’b,ce C(U;), a = alt.

AT SRR Uy i= (0, T] X U AL R Ty = U \Uy, Hib U ¢ RY DR TG
BHRIFE . AR ERAMAE A 59 R FE,  5m A% K AE B R E B 75 B34 Harnack A%,
siia

3.4.1 SHEIRIE
X T C R AT U CRY, BATEX CTUXU) :={u : IXU - R : u,0,u,0,0, u,0,u €
CUxU)V1<i,j<d}, i Etel,x e U AFRAIMRB U 2H AR

EIE 3.4.1 (FWKMERHE). HueCX(U)NCUy), BAEU A c=00 Zdu+Lu<0 (£
e, >0) £ Up ¥z, WA maxu = maxu (X3, minu = minu). L u BARA T #E

Ur Tr Ur Iz
(Ef).
VERR. EWI R B 2.6.1 AR AL AT SR du + Lu < 0 78 Up HIEMSL, JF
[BBAFLE (to,X0) € Up 43 u(to, o) = maxu. 4 0 <ty < T» WA (to,%0) £ Up IR, P
Ur
Bty Xo) = 0. Iy, FATATLUBLY B 2.6.1 MERE B HILE (60, X0) A Lu > 0. PHILLE
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(s Xo) oA Qu+Lu >0, XE5ME ou+Lu<0F)&. #5ty=T, IAVIRE du(ty,x,) > 0,
X R FELE (ty,x,) A& 0,u+ Lu > 0.

PAEBRA AR O, u+Lu < OFEU AL BEEFERATSI SN us(t, x) = u(t, x)—et (HFe>0
e—MNINEHD . HEEEHEAE Ouf+Luf = d,u+Lu—e < 0 fEU, FHEKAL, B max u® = max ut.

Ur I'r
MAERR IR € — 0, FAT173 2]

max u = lim max(u — €t) = lim max(u — €t) < max u.
UT =0 U, e=0 I I'r

ifif B [ AN S 2 21 55 WA, R Ty € Uy O

NET LR TRE c > 0 I, FRATAT AR BH R BL 25

EIE 3.4.2 (c > OMIFSM KL RHE). K ue CHU)NCUy) BAE U $H ¢ 200 % u+Lu<0
£ U PEARZ (03, >0), N maxu < maxut (£f#, minu > minu™). #H5x, &

Ur I'r Ur Ir
du+Lu=04% Uy Pz, WA max|u| = max |ul.
UT 1_‘T

3.4.2 BRERIE

TIE BI04 75 P2 I i A KA D 2 75 222 FH 20904 Harnack %65
TEIE 3.4.3 (M) Harnack A%30). RE R HHK ue CH(Up) £ Up PHRL du+Lu=0.2VeU
REBTFE, WIRZEEZH 0<t, <, KT, BEFHC>0, 1£1F

sup u(tb ) < inf u(t29 )
V V

HPFRCIURM V, t,t, Fo L 89 25

SEPE 3.4.3 MUE B 75 EH B BB B Al 1T 5%, BARS WL Evans [6, 39170 € # 7.1.10], A TH
£ R —/NFIH Li-Yau S EATFAHL = (—A)YBHAAER . SERNH Y Harnack A% 20A!
47 55 40 A 5 REAE BH 70 5 % A DR B

EIE 3.4.4 GRMCKMEEHD). A RFE U A&y, K u e CA(U)nCUy) LA U T H
c=0. %% Ur F18FH du +Lu <O (EMH, >0) Lu b (t,x,) € Up RAF L E U, L#
R (K, |AME), RAu U, FRAFME CGEEAR UL,
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Ro

Parabolic strong maximum principle

SEHE 3.4.3 AR T FERA “ TIRAEHREL”

MERR. WAE Up B du+ Lu <0 H u 7E (t), %) € Up WB IR AME. GBEA LA I T4
WeU, 15 x, e W. R % &I

v+ Lv=0 in Wy, v=u onA; i= Wi \Wr.

PEIIRE TR, ATMEu<v<M = max u, FETE (ty,x,) 0FH v =M. BUERAT T EHIEH
w:i=M-—v=0EWHEKY, FREIETE 17%15, SRR AE R B LA, XEAF RN W e U 2&
fERIEE .

HT c=0, FAVFIEL Wy FF d,w + Lw =0 LA w > 0. I Harnack A5, XL
BWE x, eVHITHEVeWMo<t<t, #HA

sup w(t,-) < Cinf w(t, -).
V V

)7, inf w(ty, -) < Wk, Xo) = 0 B w fE {x V _EER O X HIE AR t € (0,t,) #

AL TV eW Mt e (0,t) #RALER, FAVMIELL W, T0A w=01EKL, HILE vE

W, THENHEMEM. 1o =uff Ar EROL, BATHEY T4 [0, 6] x oW Eu=MIEXK L. O
Xfe>0, WATHARBMLER.

EFE 3.4.5 (c > ORI R HE). XA K% U &y, K ue C(U)nCUy) BE U F

Hce20. FEU ¥B2A u+Lu<o0 (%{wﬂa, >0) Hu ek (ty,x) eUpy RZBHE U,

adE R KL (e, FERKMA), B2 u U FERAFME CEERA U,
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3.4.3 *#h4IHarnack A~ BYUERA
AR EATKRIEH € #3.4.3. A 7R THE, BAMRKL = —A, BIZ5 EARERTTFER Harnack
ANELR, HARNAF HBEZ P BARRE AT, DORE— A —ERIE

4 Harngck B SEUEFE” . RAVCHBREATT AR THEE & € RY, HEK(E,x) =
Lo BB A KRR, SR (%), (%) € (0, 00) X RY, AT

(4rt)d/ 2

d/2 et e
K(t11x1) — <t_2) / el 24t2§|2_| 14t1§|2
K(tzaxz) tl

H Young NS AT, XMEE ¢, >t > 0,

2 2
x X, — e X — b X
§|\|2 +|1 gl,%%ﬁkiéﬁ,flé'f:Zl 12‘
t2 t2_tl tl t2_t1
(A,

6\ (X

Vx,x, € R4, t, > 1, >0, K(t,x;) < ( ) exp K(t,,x,),
L At~ ty)

HL2Y4 & b RO 5 B RO

AT R Y], AR Harnack AR AA “WAL” BHE: EARLE R 20U
e HLAERY R I 2B R TR A SRR TR WA w(ty, ,) < Cuty, x,) HIS5H6, T4 % C
R 6/t 1%, — %] AR (£, — 1) > 0.

ﬁ@%rmﬁmmm.Hmm¢x£ﬁﬁ£@ﬁf“§,XﬁﬁzF% VRS u(ty, x)—0(t, X,),
R IRAT B AR BTG v, B Vol BLEIRATT T RN IE A 8RR A 15 5. 7 1 T 0 S A gt o
AE =0, BT

_ _lx2 _ d |x|2
K(t,x) = (4m:)d/2e => vu(t,x)=logK(t,x) = 10g(47rt) T
R A .
__a X __x N 2
o,v = T + TR Vu TR = 0,v > + | Vvl

ILAEXS T FE AT R B, FRATTUERR 40 R B4 5> Harnack A5
TP 3.4.6 (Li-YauX E6 2. X u € CPN(0,T] x RY) #7742 u, — Au = 0 8 EfE. IR A
v=logu HA&

3,0 + % > |Vu]? in (0,T] x R

FOZLE WAL, M A 4y B AT #E S Y Harnack A~%5 30,
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HEiL 3.4.7 AT FEMIHarnack N5 30). % u € C21((0, T] X RY) & u, = Au £ (0, T] x R? ¥ &9 E &,
W 3 AE B (8, %), (E5,%,) € (0, T] X R4 F= t, > £, > 0 B 24 F R F KX

u(ty,x;) ) 42 |x, — x;]°

u(t,, x,) S (a) exp§ 4ty — t;) }
HERA. v =logu, 1EHx, Flx, KR x = x(t) (t € [t,,1,]) W2 x(t) = x;,i = 1,2. #EH 3.4.6,
®ATE J

d 1
ad — () > 2 - s vt
tv(t,x(t)) v+ Vou-x'(t) > |Vu|* + Vo - X'(t) e |x"(t)] .

XFtR 15 2

u(ty,x,) < u(ty,x,) + %(log t, —logt)) + %J |x'(¢)|? dt.
RS “BRERR” 18 BN M B TATESRIFEE AW 2 x/(¢) = 0. R IRAT]
ATPAY x(t) = at +b. XA A x; =at; + b,i = 1,2, FrUAFATE

%Wtﬁpandt'“w R 455

d 1%, —x|?
v(ty, %) < v(ty, x,) + =(logt, —logty) + 1x = x| ,
2 T

i, B oAHarnack ANEE 2

u(ty, x;) (_)d/2 exp |x, —x;|?
u(t,, xz) 4t,—t) )

¥R THAVIERR. 2 T ORIATIEN EH3.4.6. RATHE |Vo|? — v, HHTHIESH LI . Bk
HAWHET Vol — v, 2K — DRI BRI 2R, i?ﬁﬁzﬂPE’J%‘thﬁ?ﬁlz%ﬁﬁ%J
Fﬁuﬁaﬂﬁl)\%%{ a € (0,1) HFHMHE a|Vu|* —v,. T&ﬂ]fﬁ%&{ﬁﬂéfﬁ}: Lo — 1 BIf545

o NEAVEPAFTEERAIRIEF EMENIERAZ—, MRIFABELRRTEEFT, &E%l_tETT
‘H‘E%W%XEEE’\L

EIE3.4.6. At u BE {t = 0} AES:, HMAE [, T] x R L REIZIA@EHE4 ¢ — oRIA,



108 e AV iR
F—: HESHBHEMNSE. RIMTEEHERT L v=1ogu MSFHNTE. HEIETE
v, = Av + |Vl

é'\ w = Av, W\Uﬁ
w, = Av, = A(Av + |Vu|?) = Aw + A| V|2

1 A|Vy|? = 2|V?0|? + 2Vu - V(Av) = 2| V20> + 2V - Vw, A5 3
w, — Aw —2Vv - Vw = 2|V?v|% (3.4.1)

R Vo i ERERR, HAFRBUR IR (3.4.1) T FrAFRATH ZHES: Vo il et2a07
. & w=|Vu]*, HEIHES

w, = 2Vv - Vu, = 2Vu - V(Av + |Vu]?) = 2V - V(AV) + 2Vu - Vb
= A|Vv|? =2|V?v|? + 2V - Vb = AW + 2V - Vi — 2| V202,

BRIHAF 2w = | Vo |25 2 K512

W, — Aw — 2Vv - Vb = =2|V?v]2. (3.4.2)

H Cauchy /%5 45
2
d d 1 d 1
2p1? = 2 > 2 > — = - 2.
|V Ul Z_ Ux,-xj = Z Ux,-xi = d [Z Uxix,) d(Av)

i,j=1 i=1 i=1

PRI AN (3.4. 1) 7T DA H
w, —Aw —2Vv - Vw > %wz.

BTE: HSHIEENHE BIERNEIEHE B 2 /i, BT | Vo2 — o, B,
W HEEH o« € (0,1) 4 f :=a|Vu|> —v,. BN

f=a|lVu|> —Av—|Vv|*=-Av— (1 - a)|Vv|* = —w — (1 — a)w.

#5(3.4.1)-(3.4.2)n] H H
fi—Af —2Vv - Vf = =2a|V?v|*%
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B RRIATH f kA5 V202 EER

V0] > 2(80) = (Vo] = 0" = 2((1 = @I Vol + /)’

= 2P 420 - @IVORS + (1~ @FIVol) > Z(7 + 20~ @)|Vol ),
P A5 20 5 2 W R R ASE R
Fi—Af—2V0-Vf < —%x(fz+2(1—oc)|Vv|2f). (3.4.3)

REFERH, Aimi) |Vo|? f£RHEEEZEM, RN EZE R K = 1.

F=2: 1EHHE. WAEINEWERE o € CP(RY), H >0, 4 g=rtof. IAMES g i# L
2T REEAE AT RFE:

=of +tof,, Vg=toVf+tfVep, Ag=tpAf+2tVep- -Vf +tfAp.

M2,
g Vo
lpfe=8—7 19V/=Ve- "8
Vco( Vco) Ag Vo Vol  Ag
toAf = Ag—2— . (Vg— —g|-—g=Ag—2—L"-V -2
@fggoggoggogggoggozqog

£ (3.4.3) PR t2o?, 1 ERFEXMNIS f, VAL, FAE 2

Vol|? 4cr(1 —
t¢(gt—Ag)+2t(V¢—¢Vv)~Vg<gg¢—%agH(ZI ;ol —Ap — a(d a)¢|Vv|2—2V¢'Vv)}-

RNTHEELAWR Vo, BATY &EWBHATEC T . GXEIATTFE a < 10 BTk 45 v i
—2Vep - Vo) IR E g e, A

2a |Vol? d |Vegl?
tp(g, — Ag) +2t(Vp — pVv) - Vg < gl — —g + 1|2 —Ap + :
p(g — Ag) +2t(Vp — pVv) g\gzqo 78 ( 2 e R

XHEVER, AT g USEREARIE. Sl o =92 Hipe PR Hn>0. xR
g RATHAT

2a d
(g, — Ag) + 2t(2nVn —1*Vv) - Vg < gznz — g8+t <6|V77|2 — At o IVn|2>}-



110 B=E VYR

LAE I R 2L 1, € C(B(0, 1)), H£37E B(0,1) H 0 < ny <1, HTE B(0,1/2) H o = 1. 1%
R > 1, AT n(x) = ny(x/R) 5153

1 d x
2 2 A vn. 2 (=
(6|577| —2nAn + V7] )(x) <6|5770| 2n0An, + 2(1 oc)l 7ol >(R>

d
a(l —a)
BRI IRATTASRILE (0, T) x B(O,R) 1, %FAE flgmiarin T AN ZE

2a C, t)

tn*(g, — Ag) + 2t(2nVn —n*Vv) - Vg < g (1 T8t =

XEMHEEC, > 0 DUKHL a Al no. TATEIEH, ML T Vo, HEL I Vg FIREL il
7 ) TS P 55 B0 115 B ) I i SR AR AR 3

FMP: FHSRESHEL. WAEHO TS
Bi=. 7(0,T] x B(O,R) F &4 F 1% X

- > e
1- =g+ >0. (3.4.4)

RAEE: SR h =1— —“ + = 1E (19, %) € (0, T] x B(0,R) AHUG SA Ry BR /ME . SXFEIRAT]

h(to,xo) < O, h[ < 0, Vh = O, Ah > 0 at (to, xo).

PEhi) e XT3 g(ty, x,) > 0. T g = tnf 7E (0,T) x B(0,R) Wit L6 NZE, FTLh (ty, x,) A
T RETETESIN T b TR heR S, 135 h, = —%ag[ + % LAJ Vh = —%“Vg, PR it 75 5

g =0, Vg=0, Ag<0 at(f,x)

ZFELE (L, %) A, BAEEIT

2 Cut
0 < tn’(g, — Ag) + 2t(2nVn —n*Vu) - Vg < g <1 - Fag + R ) <0.

Rl = B, (3.4.4) 1E (0,T) X B(0,R) T 7. FrbAFAi 153

1-— 2Ftnz(oclel2 —-v,)+ C};; >0 1in(0,T]x B(0,R). (3.4.5)
BAEXHMER R E K (¢, x) € (0, T] xR, FATIEEL R > |x|. FRANEWEE 7y = no(-/R) H4 R - o0,
A EGE 5
1-— Foct(ochl2 —v,) = 0.
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2 a — 1 RS2 f kTt O

HATA A (3.4.5) THLR = 1 HLAess B4 XN AT FE AR R0 RO A -

EIE 3.4.8 (A Li-Yau BHEAETT). % u € C>1((0,1] X B(0,1)) & u, — Au = 0 8 EM, WIHEE
a €(0,1), v=Ilogu i#H 2

v, —a|Vu|* + 2%“+C>O #£ (0,1] x B(0,1/2) *F,

HF C >0 ARH d A= a 89% HK

AR AT T 45 2 F Fi X 3 _E O FE T Harnack AN 35 A
HEIL 3.4.9. % u € C>'((0,1] x B(0,1)) & u, — Au = 0 &93F QL fE, WAHEE (t,x)),(t,,x,) €
(0,1] X B(0,1/2) VAR t, > t; Az Harnack 7~ 3 X

u(tb xl) < Cu(t21 x2)7

Hd C>0RIEM d, t,/t; F= (8, — t)7" 89 F Ko

SJER 3.4

I8 341 HuARFTALOu—Au+cu=0£R, xU POIXFM, £{t=0xU Lu=g, #
REMAE[0,00)X0U Lu=0, XZ g(x),ct,x) 4% LK,

1) ZHEFHRyEFcz2y >0, iEW: BEFH A>0EFTEZY (6,x) € (0,T]XU, ¥
A lult,x)| < Ae.
(2) B g>0HcAHRE, £ u AR89,
SRR 3.4.2. iR R 3,42, BRI UALF E I 2.6.2 9iEH,
SRn 3.4.3. e 23 3.4.5. (BT FEOGu+L'u, XF L'u:=Lu—cu.)

Io)RR 3.4

)8R 3.4.1. £JA 322 %, WwEAMBLgeC(U), iEW: BEFHC>0BFTEE >0 #
A sup |u(t,x)| < Ce ™!,

xeU
R R AERI T (—A)HF (7 DirichletiZL - 54 08) 69 4 AE1E A, 89 4ER 3L w,, AR
SR TGALEYRERAT 27 ARG RFIRL2.6.209 458,
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3.5 HKRME

AT RATEINHE ML (vanishing viscosity method) (HFK N TCARPR (inviscid limit)) K
R — B e At B T ALK SR R AE I . s b, JORG R BRAE Xl <7 FEAR A it 70 v e 4 B 2
YER, IRIRAE TV 2 R BRERTER R & . 207 50 AR BV I — AN A /D R 2L ¢ BIRGMEIT
eAu LISRAG—A “IENAL” KRG, RIGREZIMY RS, &5 HBIKRKR ¢ > 0 ISR JH
B H AN . AT RAMBRE X U = R, JREEFE . WUERXEE LT, 075 REA
EH, XERANGAHEErT R “9ARE” (boundary layer). I 407E X} 1714 X 3k H 1) Navier-
Stokes J7 1% (FEIRAGTEFAKRIZS)) BUICKEA R, 40 RN-ST7RE A & 7 47 o 18 3)) (non-slip) i1 5 5%
i, amhos BRI T B TR AL, B PRI AT 58 75 24 SAA AT Bk B el — e P4
[11Gevrey BREZR L % 5& (0] LABRAR N C® B Schwartz BREES AN D), 12884 VF 2 K ik
) ) R

BT — B o TR

d
du+ Y Bou= in (0, 0) X RY,
[ ng o=t (3.5.1)

u=g on {t = 0} x R4,

XHu=!, ,um :[0,00) xR > R™ ZARKFE, B;:[0,00) xR > M™™, (1< j<d)E
REUGERE, VEI f @ [0,00) X RY —» R™ FIYE g : R > R™ J£455E KR EL.

ENX 3.5.1 CWlitE)., FxH4E& x,y € RE A=t > 0, mir 7 E B(t,x;y) #AAT 3 ALeg, WAk
(3.5.1) 2 dy 4248 (hyperbolic system). iX Z B(t,x;y) 692 X A

d
B(t,x;y) i= ), yB;(t,x) (x €R%1>0).

j=1
Yo REFA B; #ARRISAREY, AR A BAHL (3.5.1) A3 AR (symmetric hyperbolic)#y. i, &
TR 69 x,y,t, 7% B(t,x;y) #8 m A4 E{A

Bt g e HFIE@ = {r (6, x; )} W R™ 69— 3, WAR (3.5.1) sy A2, st—F, HA
8 < AR F X < Bk, A KMNB (3.5.1) £ A&RE (strictly hyperbolic)dd .

JEIE 3.5.1 (WUHPEE XHIZIHL). A T R, RMNAGBREENB; AFAHANEL f=0. F)ELA
ut,x) =v(y-x—ot) % X6 (3.5.1) 8- F@mA M, LAFv:R->R" ZBAF. HEARAN(3.5.1),
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HA1F 5

d

j=1
H v R4EME B(y) 69454040 o ST ay4Fiim 2. WHHEHERX T EN ML EN y e RY, FA&
mANTE-FEmE G, BTXRLE:

- x-24r(y) A<k<m), 1,(y) < <4,(»).

3T ||y|| = 1 #94FHEARBP A R
BUAERA TE ST T AT B 4L (3.5.1) S8 AR (E M

d
du+ Y Bdu= in (0, 00) X RY,
at LBom=S (3.5.2)

u=g on {t = 0} x R4,

HRAEH u: [0,00) xR > R™, X 1<j<d, REHFE B; € C2([0, T] x RY M™™) H#2 %
PRIk, B2

sup |B;| +|V,,B;| + |V B;| < o0 1<j<d. (3.5.3)
[0,T]xR4

¥)ME g € H(RY = R™), JEI f € H'((0,T) x R = R™) 44 5% .
BETORBATE TFEA (3.5.1) HIF5ER

ENX 352 42 uveHRI >R A2 0<t < T, &XLNEHER

d
Blu,v;t] :=J Z(Bj(t, )du) - vdx.

Rd j=1
i VAT A 09 ) Foadd AR 3T AR iy R GeAn R 9] AR 49 55
e ueL¥0,T; H'(R? - R™)) B u’ € L0, T; LA(R¢ — R™));
o EE v e HY(RY - R™) Ao JL-F AL t €[0,T], sz (W,v)+Blu,v;t] =(f,v);
e u(0)=g.
EEEMELZA ue C([0,T;LA(RY - R™)), B u(0) =g T AR E M Lo
A T4 T RAE W
EIHE 3.5.1. (3.5.2) HAEE—M55M,
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3.5.1 PENILHEIRANFEN

MAERATTIN e IEMALTTFEH, Kb o<e<1,g° i1=n, x g.

d
d,uf — eAu® + _lejajuf =f in(0,00)xRY,
]:

3.5.4
ut =g°* on {t = 0} x R4, ( :

THRREPERH AR e E R € > 0 KAE e- I IE M RE, SRR IEM iz E kT e
HHREEM T, HaBURIR ¢ — 0 320 TREA (e =0) (3.5.2) HIfif.

AT B Xt [ 2 1 € > 0 SRARMY ENE T HE

EIE 352 AEE e > 0, (3.54) BAEE—M u HL uw € LX0,T;H} R - R™), u €
L0, T; H'(R? — R™)).

SRAEIIE WAL T FE R RHELE T e- IR AL TS B I, DAL BRA TR A — BN 13 B0, u” 41
TERT. X EETRH o, u’ () 53 B BN R IE N Ge 3.3.2) MEESR. #
FJTEUE,  BATTUE R (3.5.4) M I AFAEVE IR B, 24 328 HURL AR 1) R K2 1]

WMAISHRAE R TIE?

el TR FRAE AR R B (R R AFAE? B IEUTREA (3.5.4) 2T, BATAYIE — FAITIE
du—cAu=f inR, xR4, u(0) = g € H(R%) on {t = 0} x R4

$EDuhamel 7 HE, TATH u@) = e“Ag+fé e<t=DA f(7) dr, Hirr ethg 1= (e7<lEP (&)Y 7] LA Fourierd?
g o IXFEXTs >0, FATAE

28 lprsmay = lle™ 87 GEXEN 12 < CUEENEVIIzz = Cllgllas-

JEAh, S =fetg, WATATEH 7€) = e ((et) 3n)* < Cet) . B4 g € HI(RY) B,
HAVALE e'2g € L*(0, T; HY(RY)).

Ix12 o . -
SHHEFF UGSy, 4 (1, %) 1= ——e w ARFHERNTE (e = 1) WREAM, W

(4mt)2

t t
J e0=A (1) dr =J Be(t — 7),) # f(7, ) dr.
0 0
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MRS Minkowski A5 XAMAER Young A%, ATH

JCD(E(t—T),')*f(T,-) < j I0Ge(t = 7)) = £zl dr
0 2 0

L

t t T||f||Lf°L§
< | e =), Il 1f @ )z de < | @ llde < o
0 0 T2 fllgar2

=1

FAlth, FArTar LAUEW

¢ t
ij d(e(t —1),-) * f(7,-)dt j Vo(e(t —1),-) = f(r,-)dr
0 0

L2 L2

t
< [ Ivetett = 09l e lis e < o
0

<C(e(t —T))_%

HFIEI f € H'((0, T)xRY), ATHIESMEBRLAENT < 0o, F f € L*(0,T; L>(RY))NL3((0, T)x
RY). FHIRAT “FM 7. MNAZLE L*(0, T; HY(R?)) HiEH] e-1IENAL T FRLE (3.5.4) )R 3ARAE 1

EIH3.5.2841FBR
BATHIE L8 bt R FEE R (3.5.4) fERIAAAEME. £ X 1= L*(0,T; HY(RY - R™)) 5 X

t d
T . w - eflhg +J et—0A (f(r, D) - Z B(t,-)3;w(z,-) | dr. (3.5.5)
0 =1

PATTESIE B 8K

o T X B X HEMBS, B RUT)CX.
o T RX EMEAEmE, ENfEAERE C e (0,1) [HEN TR w,v € X #5H ||TW — TV||x <
Cllw = v|lx ML
A REUE BIX Y fUOL, TR A RAa e IR B R B 7 £ X P REAME—RIAS R, RIERBATTT
() e-SpE Mk 27 FR4H (3.5.4) BIf#.
MR T L E W ES], MIEweX f

[1TWllx < Cllgllm + CT2([|fllorz + [[VWI[1op2) < 0.

XULEIR(T) C X. B FRBATIE 7 2 X ERE4EmSt. (4% w,v e X, BATHE

d o
Tw—TJv = ZJ e"DAB;8,(w — v)(7) dr.

j=1Y0
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FRUCRI T B i 3] 17w — Ty < CT3 W — vily. 23EIFEA NG T, > 0 43 C.T7 < 0.5,
BATHUEA T 7 /& L0, Ty; HY) LR, FIAE X = Lo, T,; HY) HAFLEME— IS
Gdl u®), e HEA (3.5.4) BIff. SRJGIRAE [Ty, 2T,], [2T,, 3T, ], --- FEEIHIGIE, M
3 R, x RY HRIAAIENE . X B EFE: R4 JF8A B R AAER K T, AMRET £, g,
BNXA “EH” SRR

BERATEME ue 32 ENE ve e L2(0, T; H3(RY » R™)), v’ € L*0,T; H'(RY - R™)). &
s: b, Xfae t €[0,T], JEI f—Y B;0,u® € LA(R? —» R™), b iEmtEe sl GE#L3.3.0 nfg
u® € L*(0,T; HA(R? —» R™), u®’ € L0, T; H'(R* —» R™)), #ifi f — Y, B;3;,u° € L*(0, T; H'(R? —
R™)). #& € #3.3.2, A1t € L2(0, T; H3(RY — R™)).

3.5.2 —HEIT5ERER
A E L — N B 4 THRT €0 T B R B PR 7 0 -0 L6 U (T P24 (3.5.4)
BT R R AL e I—BUfE T

EIE 3.5.3 (T ¢ —FMIAERALIT). i us AR 352 FK1F65 (3.5.4) 9. MNABLEFHC>0
(RERH ), £31EEMN e € (0,1)F A

sup (DI, + 1o OI2) < € (1912, + 11 pary + IF [agmsn)) - (3.5.6)

0<I<T
MERR. AT BEE AL T

d
ilf |u5|2dxzf us-atufdx:f uE-(sAuE)dx+f uf-fdx—Zf u® - (B;0;u’)dx.
dt 2 Rd Rd Rd Rd j=1 Rd

X35 — T AR 13 B [ uf-(eAu®) dx = —¢ [, |VO©|* dx. 58 I ] DAELREAZE A | fa v - fdx. <
(e[| || fll 2. R =T, FATATLUAHA B; BFIRARIERE R ¢ LR 3% 6, 2ERDE

f uE-(BjdjuE)dxz—f (Bjajuf)-ugdx—f
Rd Rd

|ug|2(aij) dx,
Rd

yeidll]

< CllwellZ,.

N =

| mereBar
Rd

J u’ - (B;0;u’)dx
Rd

=T, BAMF 2> AT

d1l
S|t = e [ vriar + COIE, + 1A < ORI, + IS,
Rd Rd
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Wi Gronwall N EE R AT 15

T

sup I, < C(lg2, + f IFOI do),
0

0<I<T
XREIATH R 7 BROGH TR (199 < 119]]-

A, Ve Rl w1 — ST LU gy B A T R R (A 6, A1 6, SRR R
ERRUERAER . AT ERURERE, XHIH R

sup [Va IR, < CAVGIZ + L1

0<t<T

/ /
sup [[u (|2, < C(IVGIR, +NAg7 I + IO + 1P ramy + 1 rora)
o<t<T

/
< CUVGIR, + UGN + 11 gy + 1 oo gy

X BEHRATH S T BB TH 5 — R Al < CeIVgll: B PO, < CUF IR g ra +
IF 112 ). EE AgE RLER, A u MPIMER f— Y B0,9° + cAge. 0

L2(0,T;L2)

{u} —BeF Ak TP AR AT SRR .

EIE 3.5.1 g9IERR. & b —EE ARS8 3.1.1 AT, AETE TP {g ) 115
u* = u in L20,T; H'), u® — ' in L*0,T;L?).

AT RSN w B2 (3.5.2) e 59/ (RIS ¢ € C1((0,T]; HY), AT
13 O cAut KB HH):
T

|

é\ E=¢& — 0, }‘Zﬁ]?%%”

T

(¥, @) + eVut : Vo + Blus, @; t] dt :J (f,p)dt.

0

T

|

R RIS H 458 XTI ¢ e [0, T Al41k o € C1([0, T]; HY), #8A (0, ¢)+Blu,¢;t] =
(f, ) BT, AikBeflifEe(T) =0, RIGTE (u, @) BRI R S5 9, 155

T

(W) + Blu, p; ] d = f (f.@)di, Vo € C1([0,T]; HY),

0

T

|

T

—(u, ¢’ ) +eVu® ;. Ve + Bus, @;t]dt = J (f,p) dt + (g,v(0)).

0
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Le=¢g -0, FHRIGH

T T

J(u¢)+B[u o 1] dt J(f 2)dt + (g, 9(0)).

H—J7iE, AR (W, @) TR0, /53
T

f (u,¢) + Blu, ;1] di = J (@) di + (u(0), ¢(0),

HT 90) BAEZR, Tl u() =g. HATBRANLNE, Me=u, f=g=0H"HME—1. O

A2 3.5.2. ARG, BRAMNBABBALAEGTETRAIERNTWLAPIA, B e-ENAEAEY
ARFATRE R E ZRATE, £ZARFHORSLTRAR., XAEAREFEIRIKZ
#169 Navier-Stokes 7 A2 2| # i£ T b HARZ 57 69 Euler 77 A2 69 #1734 14 |¥) g&“i%&#&f‘ﬁéﬁf’ﬁmq’ A B
2. ATH T A% Z iR 3 (non-slip) &4 u = 0, Rﬁ}é%‘é’é‘fi«’%’ﬁy(shp) ~fFu-N=0. IALRF
PRI E R IR LR T E &M SARAEME, AFXEAKRAELR L, ﬂ‘ﬂ.ﬁ-r I S
MAZT 0 mAZT 0.

KT EAAARGRBF —adfra sy ZAEAG 2T, TAF AT LR H#:

e Peter D. Lax, Phillips, R. S. Local boundary conditions for dissipative symmetric linear differential
operators. Commun. Pure. Appl. Math., 13(3), 427-455, 1960.

e Rauch, J. Symmetric Positive Systems with Boundary Characteristic of Constant Multiplicity.
Trans. Amer. Math. Soc., 291(1), 167-187, 1985.

e Meétivier, G. Small viscosity and boundary layer methods: Theory, stability analysis, and applica-
tions. Springer Science &’ Business Media, 2004.
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FE SobolevZ 8B FourierZl E

Jdiy
-

5

BANEE —FAN A 7 BEHrSobolev [A] . R, W1 RALfE H B £ SobolevaX 8], ¥ Z A1t
fESoboleviftr FH AR AR . MAME RY ERHES M GO A S TR 7t , Fourier 7y
Mg — R J1p) TR, FRATAT BLd it 74t iR i Fourier 2 # (AN [R] 4528 SR 3R A5 BRSO Al 11
AT REZ ], T s e R A Qc RY, ZAATLLUE AR B Sobolev 1] WHP(Q)?

XA ) /R 2 S HOE 1), RN TANFEI X I Q 7T e R ZLH AR 7 Aok e SO M. 4
Q =RIBF, HA M T R ZFourier B, K AfiFourier  # ] ¥ S A0 2 Tl 13+
24 X A sy, Horp—FpdfE g FRN “Sobolev-SlobodeckiiZs [q] 7, E%@ﬁ%%(diﬂerentialquo—
tients) K & X .

AP, AT Q = RY H p = 2 B1EN, BINHAH & Z FSobolevZ ] HY(RY)
S H GO R 2E 8] HS(RY) o X — WP [a], 5 2 %] M ¥ Soboleviik A iE B 55 45 10 35 75 2444
Littlewood-Paley 73Kk B, HAKZ W4T B AR LR 1t (L BT 12 1 35 (18] HIFRA.

5.1 JFEEH [ SobolevZE B H3(RY)

e £ e RY, TANE () := 1+ €12, EXNMNT V1 — A [HFourierde 1. MELTE s € R,
FATA] LR F Fourier 42 5K 58 L HS(RY).
E X 5.1.1 (AEFF K Soboleva[f]). 47 s € R, #AM1Z LsHSobolev s ]

HY(RY) = fu € $(RY) : (£)a(€) € LARY}. (5.1.1)

H5(RY) & —AHilbert i, 53 ||ullpsga) = [K€)0l 8 AR (U, 0y 1= [o(E)Pa@)0(E) dE
HE,
SEIR5.1.1. i E, % s A A%, (&P e LARY FAARERE u A4 (BIRTRE) .
B—7 @, §T%E5HGFourier RN AL IE A, RIKMNARBIZAEIE S H w2 L?
5 # k 2 LUFUrSobolev® 18] o

M s e N, FideE 5% —&8d % XK EH Soboleva 7] — 2, 1X\] P HPlancherel{H %%
R A Fourier?s [l Fe A M R IEBA .

£~ Bn

iRl 5.1.1. 2% ¥rSobolev= 18] HS(R?) i & VAT PR :

121
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(1) C2(RY) A= S(RY) £ HS(R?) P # A% 49 o
(2) 3 seNH, H(RY) 5#H—FF 2308 WH2(RY) AFMY,
BATHABF5 K Sobolev T [i] HI(RY), ‘BAE 7L “2 s r 8”7 RTINS0
N LA(RY) BRI 0 A
EX 5.1.2 (55 Soboleva[H]). 4% s € R, H&A1=2 L s YrFkSobolevs 9]

PRY) :={u € §/PRY) : |E]aE) € LARD)}. (5.1.2)

XEPREZRAANESL,

A8 5.1.2. AEE §/P FIR LR TAE “FourterX e % F & = 0 489”7 BIEHH (453,
HATIER S AIRATET S /P)e FEE, AEAT X T3 BG4 38 A b IR R % B AL 69 Dirac delta &
EEFHGARZMEES, HtHEFourieri? T MAF L —NS AKX, #a)iEd, FREKRMNA

S/P=s, ={ue8 R : (PEaE)0)=0, PeP}.

2% SP3BT IHAE S BT R,
N1 RS, AT 5 NI 3 23k JyFourier e 1.
EMX5.1.3. % feSFseR, #Ail@idFourierE#E L P(V)f:

P(V)f(§) := PGS &), PA—AZAL.
R, 2% —A B TR EAELH m, £ Fourier & F 7 LA
m(V/Df (&) 1= m@)f .
FAlH, MK (V)f F= |V|f A
VIF©) = @&f@.  VIFE = IE1f ).
TEMRET, RATE
feEHRY) & (Vyf e XRY;  feH(RY) s VLS € LX(RY).

Rl 5.1.2. FkSobolev= 18] HY(R?) i# £ VAT Mo
(1) E*(R?) & Hilbert id] % A% s < g
) %s<§w, £45

So(RY) :=1{u € S(RY) : u(¢) & £ = 0 Wit H E}
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R H WAET &,
(3) H5(R?) #9348 = 18] & H-S(RY).

JERR. X EIRATHAE (1) Q). % (1), % s< g B, FRATE AR

(u, V)gs 3=J |§1%0(&)o(E) dé.
Rd

R T 5
W {u,} € H(RY) s&Cauchy¥l|, WHEE XN |€56,(E) & L2(RY) ¥ Cauchysll. H L? 5%

PERTRL, 177E f € LARY) [543 |£16,(6) = f. AT f = |EPg, TATILEN g R4 A .
b, XALELE g(€) MRN gE)xina M gE)x e B XHTARIE S, BATH

f Iﬂmﬁfj |ﬁ@@MﬁM<MﬂmmmU |ﬂ“®Y<w
B(0,1) B(0,1)

B(0,1) N
=||fll 2 <00

<oco M HANY 2s<d

B (€)1 1) e NEAEH. T EHI, FIE > 1, FToh (€] = (&), P

Iﬂ“m@Wd§<CJ

R

f <aﬂaawu<cf FEPdx < oo,
[€]>1 d

1€1>1

5 J5 FA 1 X Cauchy FIFINRR u A u = F71(g). LR HERM u, , u H ueH".
M5>S, BATHRIEEEY: (PR, | - [l0) AT, B AEm T .

H{ﬁ% (Eﬁl‘iﬁ 514). % S Z g EH-, N : ur- ||12||L1(B(0,1)) + ||u||Hs 7% Hs(Rd) _J:ﬁ’]-*‘/]\fi_’; 9 H
(H(RY),N) &Banach= 9],

FZWr S oL, HURIR T || - || 0 HS(RY) AT EE, A || - | DA STEE N £
By (ECATEEN Bl || - || 78D, XFEFECH AL T

12 L1 ao,1y) < Cllullgs-

AT TR RIPRIEBEA SR WA = < €] < SPRBMRAH AR, 52
AN2A = 0. BIFRAE L v, I

n 2(s+§)k

~

v, .= Z K Xo—kng-

k=1




124 % 1w SOBOLEV#[AIFOURIERZH
HiEitHA

Rtk n Z(S_g)k
|Vnllzr 0.1y = CZ K 27k = CZ T o, (2 n — oo ),
k=1

EFNCATHEH FAL T E:

n

o 2k(s+2 1

”M@=ZJ EWkQ“WﬁsCZE<w.
k=1 2-kA k=1

(a%s<ym1%%~4H%m§®oR%ﬁwzm%ueﬂw%é

Vo € 8o, (t, Q)rsuay = f E12(E)@(E) dE =0, ] u = 0.
Rd

R B, L, D e 05 WIHERN ¢ € S # (@ = 0, AL S 1
5E AT = 0 78 RA\{0} L% 7. FIHPlanchereltE5& R AT HEH u = 0. O

3@t 5.1
SRR 5.1.1. iE9 HY(RY) 69 % &
S 512 EAGHS5L2 (). HpL, R |s| <5, £
(1) M&MZH

B:8;x8,—C
$.9) — J $(0)p(x) dx
Rd
AR RN HS X HY Lo S AR B 28,
(2) 4R L & H® Loy itz g, WNHEAEE—WEESH ue HS 1£13 (L, ¢) = Blu, p] *F AT
;é— ¢ € HS E&A‘i7 ﬂ ||L||(Hs)x = ||u||H—so

SRR 5.1.3. & sy < s <5, EH: HY(RY N HY(RY C H(RY), BHE s = (1 —0)s, + Osy, N
oty < Ul o [l g 75578 55 5 £ 24 3 4 Sobolev 2 1 34

S5 5.1.4. §s>§a¢, R (PR, N) R 2 &6, LPRHEN ZLH

Nt u == [|a]|poay + Ul
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SIEE5.1.5. % 0<s<1,ueH®RY). EA: uell (R Lkt

_ 2
J f lu(x + y) — u(x)| dxdy < oo,
rd J pa |y[d+2s

X4 T 7k Sobolevit 2% 5 Sobolev-Slobodeckiiie #% 2 18] 49 S 14 .
R K aomR {|€ <1} H5F{€] > 1} 9. KRB ESobolev-Slobodeckiiiw ¥ F #F x &
¥ M Plancherel & % X,

5.2 Sobolevitk N EIERIFourier 5%

AFTEHSobolevZ s 1] HS(RY) A1 HY(RY) FIHR N EHL, BIZRMIT 2P 1.5.1 IR

5.2.1 RIeFEMIGEFSobolevii N\ EIE

B, BWATER “RIGF” Gagliargo-Nirenberg-Sobolev A5,
EIE 5.2.1 (K A Sobolevik N). X 0< s < g W HY(RY) < LI(RY) #F 2K g <2 := dz_d L,
BATHF K| flliawey < CCs, @ DI f s (re)-

WERR. HFEXHTA f € SRY IEMIL AR . 4 f e SRY), BATHE f=(). HF2<qg< o0,
H4HEER 1 < q <2 ?EHausdorff—YoungI%ﬁ%ﬂ

1l = 1Y Ize < ClF e
BAVRIT N F(&) = ()€ f(&), TilHHolder 520153
1 Nl = IKEYSUEY FEDIe < IKEY I IE Flle = IKEY Sl 1 f s

ol R R FRE () e < 000 THKEMNT sr> d. L FFRATH T MHolder A% e 5 Hir

r_r i1 1_1 1. 1 1 1 1_5
qg r 2 r q 2 2 gq 2 22 d
X T AT EZRAE L sr > d. O

T 5.2.1. B g FHNTIERAGAR 2, 2l F RGN, LRFAMARR SN, FEE
BAVT ARG B s —ARB), % e H®RY A |[fllye =1, X f,(0) = f(x+ney), 2%
n— oo Bt, f, BT O, 194 L9 e RBEHE [ ASMF. BHREA {f,} EAEMRAN T
B3,
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Y0 < s < g I, RN HY(RY) — L¥(RY) (Hir 2* := %) SEFR 2 F Ay Hardy-
Littlewood-Sobolev N5 50 (B # C.3.4) WIHEWR AL . NFRIFRAL L, FRATX 5K Sobolev i) H¥(RY)
WEBA g it
EHE 5.2.2 (Il Soboleviit \). H 0<s < % B, 2 HY(RY) #4H A2 L7 (RY) P, P2 =
2d
d—2s”

TERR. PR £ € STEBRITT. % g 1= (€147 ), W f = 618, I [ = (€147 » g.
H >R D.2.4%0 (|€]747)Y = Caylx|77 [Al t Hardy-Littlewood-SobolevA~ %5 7 3 A

+

QU=

1 1

Ifllze = Caplll - 177 * gllLamay < ClIgllLomay, 1+ q = p
TAHE EXh 4 p = 2,5 =d — y I FHPlancherelfE&E 0, 4L A

gl = 18llz2 = NEI Flle = 1 Nlger = 11 ]zzs-

B g tagr Sl Ftats 20 — 2

d
5.2.2 Morreyfx NEIEMIEF =B H >

KR s > g i H(RY) ffiSobolevik N iEH., ¥l —MELE B BLELEE, HYZH
HIER: Y5> g B, H'(RY) 22— MBanach{ 3 B#AE Lo(RY) .
EIE 5.2.3 (Banach{UHH(RY) (s > g)). & s> g OF
(1) H¥(RY) & LoRY), HAHEEW f € H A ||f|pore < Cllf -
Q) #it#E f,g € H(RY) H ||fgllms < CIIf sl -
HUERA. [FIFE R 755X Schwartz B H0IE B X AN A5
() FA s> g FTbA (&)~ € LA(RY), XFEmiHE
1G] = (V)| = (27) 2

j o€ f(£) dé| < j F6)] d
Rd Rd

_c J & S(EY @) dE < CUE S lE) Fllze < CILF Lo
Rd

SRIFH x € RY BRI FARH £ € L B ||f|liecey < ClUF llascray-
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@ #t fges, BAH Fa=Qu)(f+g), TR

1 lliscaer = K€Y TR = Q)3 KEK( * Dl
J (& 7€ — g dy
Rd

2
L

ORI =
Wis. A EneRI Fos>0, ML

(P <CUE - + (), Cy=max{2?2"}.

WARIXA WS ROL, E=MAEN, BATA

=C +

2
Ls]

J (0 (€ — g dn
Rd

J & — ) f(E - g
Rd

J (& 1€ — gl dn
Rd

2
L

2
L

= C(IICCY 1) * 8lle + 1KY * flIr2)
G Young M50 CGEHE C.3.6), FATH

IR * &lle < IEY Flli gl < s IKEY i IKEY &l < ClLF lraslIgllss

XEFERART s> g PMRIE (€)1 < o0. XHHfe f, g [HIFEATEE ||((-)*8) f]|,-.
55 HEEW RS . ST p>o0, ®ATE

(1 + |€12)P <1 +2[€ — > +2[92)P < 2P + |€ — 9> + 1+ [n]?)?
<max{2?, 2271} (A + 1€ — 9|)P + A + |91»)P).

4 p =s/2 B3,

Rk, FATUEHMorreytk N\ & BRI ZELLE R .
T 5.2.4 Morreyii \). %X s > g Hs— g € Z. M H(RY) € CR*(RY) +, ¥ k=[s—2] 1
p=1{s— g}. st &6 f e FP(RY), HAA

sup sup [0% f(x) — 0% f(p)

< Ts e
la|=k x#y |x — y|p = Cd,s”f”H

UERR. FATOUEY] s — S MBEGHA Y O MR s > 5, FRATEL0ER5.2.3()IUEN] T4
f eL', HHHE Riemann-Lebesgue 51 ELA f f&—ME FIESL R H
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DLAEFRAT T f SRS S 4y . [BSE A > 0 (F5E) FEHOLE R 6 e 8 f#i15
becCPRY), 0<6<1 HEEE=0MHL 8 =1. BTFREAE X

frat=(0CF) s funi=F=fou

BAJTEDL, o a0 SEbR BRI E & REE |§] = A BHE. I foa AR, I

W5 H s s AT
10 AG) = Foa)| < ||V a0 12— 1.

F| i Fourier [z ji# /A s Cauchy-Schwarz AN G5, FA115 2]

d¢

Vseal <] telfea@|ag=c| -

’ C
<C<J Iflz‘zsdf) 1 1l < TATP fllgs H o =s—d/2.
§1<cA (1-p)>

XHRIRER Y fra, BATAT ERAEHZ RE, OV B R Ab (€] 2 L2 AT,

Wmhsfy&@ﬂ@<0 |ﬂ“®YWm<2Aﬂwm
Rd P2

XA R 2

|€1=A

£ G0 = FOI < ||V e 126 = ¥1+ 2| fra], < Cs (1% = PIAT2 + AP ||l

PAERA = |x — y|T S EBIEAE LA, BAMETE R T 2 BLE . O

BIGERAEIE s = S iofEi. S 142 DEEY HY? RBATREARR T L. BEFFXA R (1)
RO L ARk A, &K HBMOZ AL H
EX 5.2.1. ARX-FHIk% (bounded mean oscillation) = 18] BMO(R?) £ By 4R & T K69 53R
Rk f MR A

P 0 1
anOF}BBJﬁf.&mx< AP faim uﬂffu

BAEFRAT TR Sobolevik N & #
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Eﬂ&z&éﬁu@mﬂnH%wU@@%Bmewé,ﬂé&c>o&ﬁ

1fllzmo < CIISI 2

N

HA f e Ll (RY N HERY K,

SERR. RATHE G5 5.2.4 TORERE I EHRAME £ = fop+ frae SHEREER B, 301 Cauchy-
Schwarz AN 15 3]

2
T
IBI2

LX(B) "

[ 1= ral g < [rea= e,

LZ(B

W R ANEK B K212, BATAE

[Fea= el 2, <RIl cr | i at
< CRA|If]] «.
FEA 43 I P LA
ol = |Feall, < |7 160370 < A5 0080 Foalle
A 1
JB £ = fiol 1 < CRAII 2 + CCaRY™ ( f - Ifldlf(f)lzdf)z .

BJEIEI A = R IE B ek EFEI AT SE il O

Xt FAEFF K Soboleva* 8] HY/2(R?), FATH FTil fiMoser-Trudinger N5 3, BSZhr B4AH T
| Orlicz 4 23 8] RN
EIH 5.2.6. HEAMURMT d 89F K c,C >0, EHFATRFXNEE f € HARY) e

2
lfGY |
de exp(c(”f||Hd/2> J ldx < C.
5.2.3 B&A. IFEE
HT RYER, i 0<s< M 2<q< 2t BRIEFRIN H(RY) o LIRY) #ALEH, H

RAWIREME 51 H GEF ¢ <) BB, TR, ORI — MR 4 A s 40
HYR, B AR R AR B BAT RS
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EHES5.2.7. Wt <s, BAA SRY Hi (RALEHIH) & H(RY) 3| H(RY) 895 HF .

ERR. ¥ @ € S IATTFEIEW]: AMEEWL sup ||fullgs < 1 HIFA {f,} ¢ HS(RY), 1E4ET5

{fn} €73 f,, 7E H'(R?) omiltsl.
B4, Eberlein-Smulian5E FEARIE 1 751 {0 (BraE) 5B A f e H(RY), H
Wl < 1o BATRGHEZ FIUSRICAE {f,} 2 g0 = [ — fo BEFHEY sup |lpg,|lm < C.
IATLE |€] = R WEWIIRA R & 3Tt

Ge (&) dt

| erpmela-| @ el | @
Rd

I€I<R |éI=R
2 C n 2s
<| @l 19T
|€I<R (1+R?)
I tpg,) 16 HA(RY) th—S0h 5t MO € > 0, ABHLR TR —C o, < &
B
| erpmera-o
I§I<R
R

oT(E) = (27 J o(& — )g,() dn

Rd

= (Zﬂ)‘gj (0 (€ — 1) gun) dn = (277 (o ()20 — NV,
Rd —_—
eS(RA) XFFA~ EeRd

DS g, o 0, FflTAIE Eik B AL USR] 0. BRI ATHLAE RHEA
£ € R HEW] T 32 SRR 2g,.(¢) — .

BN RBAINT S — 50 Atk
Bi=. sup [9g,(£)] < co.

|€I<R
neN

USRI 5 RO, A B 4 AT S Bl 45 B BATTELE I B A T

im | el =] imer el a=o
I§I<R

n—co lE1<R n—oo
DETEI T =, AT

128,57 = @)~ (g, ()& — -))V); < 18allZ )7 @& = I
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Xt b E — gk SRy, 15

(1 — pPdy+ J (21 — )2 dn,

[9|>2R

f (18 — I dn < j

[9|<2R

J (2P —nPdn < C f () da,
|17|<2R

[n|<2R

MRS ik, JATULAIH ¢ € 8 & H E =R IR FLUEHE . HT ¢ € S(RY), #ff
EHE C >0 HE J
B¢ — )| <K C(E —n~No HAp N, = 7+ sl + 1.

WATIRAER 1€ —nl = |nl/2 GEE €] <R, |9l = 2R) MR KA Fik

- ody<c| @y <o

|n|=2R

f (16 — ) dn < Cy, f
[n[Z2R

[n|>2R

BERAINHil e, ©# 1.3.1 Elﬂi%@% WEP(U) R HAE T LLE LN LP(QU) PR
U = R R0, BAKERHE s > 5 (REERESs = §>, HY(RY) p iﬁzﬁﬁﬂ;&lﬁiﬁ

H™3(RAL) (AT
EIE 5.2.8 GEER). & s>1/2. & XLIRF WS y o F

S(RY) — S(R4-1)
fr—v(f) (e, x0) F= $(0, X5, -+, Xg)

Ry T SHIE R H HY(RY) - H2 (RO 4938 4.
fgdits, BMTE BRI E. s> 0, RATE XL

HS(RY) := {u € LA(RY) : (¢'yakaE  x,) e IARY), r+k<s, k20, ke z}.
1X B Fourier B2 MM & x' = (xq, -+, x4_1) & X

?’Eu’;\ 5.29 (BA%ER). ks> 1/2 B f € HY(RY), £+ RE ZEF=H {x; >0} W Trf €
H':(ORY) A3 Tr f] oty S Ol ety

HEW 5.2.9 WIIERHAER & 5y, A Lt “IESkRA” 435887 ) Gauss-Green s 2o
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EI 5.2.9 WIERR. AWk f € C*(RY), A5 HEWHEHTF T

AR, = f &V 0P g
oRd

H"2(0RY)

— _2Re J °° JR (€7 %)) (Y13, 7€ x)a ax,

-2 ) | rrogwyyarax,
0 JRa1

< 2||f||zs(Ri)-
HA A S =47 H T Fourier B (I EEARTE R [0 f(0)g(x) dx = [, f(£)E(E) dé. O

IR 5.2.8 BYUERA. FRATGIEM y MAAAEYE, EDSRATELERIAFAE R 2 C > 0 1617

vies, lyDI 1 <Cliflls.

H

AL, AT Fourier s 4t 8 5 E 51

FO.x) = @m) /2 f eiv6eit f(,, £ dE, df’

Rd

=@n T JW_I o€ (\/%_ﬂ J ) f(6.8) d§1> a¢’

A 1
R EfRf(el,f) .

#i Cauchy-Schwarz N353, FATH

Lo ([ ) o) ([ vorera),

HApE—AF R As > %U\ﬁ‘ﬁ%ﬁlﬁﬁﬁo Fril, 78R Bt dE' BN S, FRATHES H lyOIF
H 2
Cillf11Zs IXTERR T HEE — o U
PUERAEN “IR—AF T (EbR EERBFEFRATD FFEMN. &y € C2(R)H2E x(0) =
1. FAi1w X

(NE&)

/N

T e o) dE

Rd-1

Ru(x) :=(27)"
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X SEFR F 2 )((xl(f’))l?(f’) 1E R4 s Fourieri¥fi 28 #: . 7E RY " {EFouriers #1753

Ru(é) = VL_ J g N (§) dr =€) '2 (%) o(¢)

27 YR
2\s gl 2
IRVI, gy = f L+ &+ &Py ((ﬂ) 6(&")[> d&

=JU<1 <§1>2) o 2<<?>>

HT 7 es FAVFENER N, FEFH Cy 15 |20)] < Cyt™, T2753

gf )s - A( gl >|2 X < gf )S—ZN
1+ L) (&) L) gg < | (14 1de,.
J( &y avs f &y

XERATEA T (&) < 1. IR KE N 13 s — 2N < ==, RATEGE FRBU =S
PR, R ||Ro|)? WA ﬁélﬂznﬁ”ﬁﬂ

B HS(R?) i g

dsﬁ] (€1 1oEhHr) ag'.

HS(R4)
1RO < Clol sy
wJE, K& yRu = v REBOLH, EEE. O

EI0 5.2.2. iEAaH ST R 9 E TR — ). HAlH, EER5298FET, &% ge HY/2(9RY),
KA d (EH G, RXH —AG =0 (x €RY) B Glope = g) HRARFERFX: ||Gllgey <

Clligll -3 omd)’ iX 9] A8 it 4 #7Poisson AR 5 (%;lﬁlq’ﬁﬁlﬁﬁﬂ}»%TMxi&ﬂ'ﬁ—) RiEH, £ %
Xﬂ'ﬁﬁﬁs>0’%‘l§ﬁkio
SRR 5.2

SR 5.2.1. i HEEEpeRI Fes e R, R IRF X

A+1EP) A+ 1) <28 (1+ 1€ —9)".

522 Hoe CRY) HAE |x| - oo B p(x) > 0, H @ #HZ [(6)p(€)dé < oo. EMA:
Is| < aff, Bt M, (f) := of & H(RY) LOHRHET. I eRIMRER @ € 8, iEH: i
EsER, M, & HRY) LayHRHEF. (RF7: AI4E52.1)

SI80 5.2.3. iE W ExEEs € REA f € HS(RY), N f e Cc®(RY).
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SRR 5.2.4. % HY(RY) € Cy(RY), R Cy A TALT A MBI K94 K4, iEH s> d/2.
R7: A RBZIRIERNQASMS H < C, RiELN, HMM |af <k, d°6 € H.

SRR 5.2.5. % ¢ € CX(RY) REEAE, HiE&RY #8957 {a,} #H 2 |a,| - 0. TX ¢,(x) :=
p(x —a,). EH: HEEs € R, {p,JEH T —F AR, 1B3EAT ¢, ZFF7E H F A XA KT
7,

SJER 5.2.6. X 1< p<2 iEH: LP(RY) H L% AT HI(RY) F, H E = i_ 1T R

p
1&F2 15 - Sobolev#i Ao )

jo)&i 5.2

BIEE 5.2.1. #% meN*, L P@) = Y c,0° £ ¢, € R LAEMY % Eishta 7% ¢, #0. &
lal<m

e Ltk B P() 49 £ £ 4E (principal symbol) P,,

Pm(f) = Z cafa'

lac|=m

HAAR PO) A m MAEE G, RIGHEZE £ #0 %A P, (&) #0. 5Bi% PO) & m i H-F.

(1) iE#A: P(3) RAKEA 5 AL B4 C,R> 014331 |£] > R & |PE)| = C|&|™.
(2) # u € HY(RY) B P(0)u € HY(R?), iE#: u € H"(R).

Fid 5.2.3. I RMEEN M ERGE), FRLEE PO) FAMEFETE, £ M TR
B zo 12H42 PO = f MAREV & LH(Q) PATHG. ZRATHIEA2EERS, M
ol 5 H7 #E 89 Fourier X & . 1% 458 M AR/ Malgrange-Ehrenpreis® ¥, % 1. Muscalu-Schlag [13,
10.4%1.

[Bl@E 5.2.2. W AAERIE 522 3 0<s < g FE2 T AF X NSl wey < Cllflls@aye A ik
TVAKFIE ¥ X —ZBH TFTECARRIALM., FEE, 27 peSHXELHL ¢ € CO(RY), &£ME
L p.(x) = €= @(x). FEH: ||l FAH €, 12 |||l 8O A OE).

[E]8% 5.2.3 (FFkBesovE il B,). K 6eS#HROeC®, 0<6<1HEE=0MiLA6=1. 3
fes Faog>0, &MEX

BJo(RY) 1= {”f”l?;‘fw t=sup A||0(A") * fl|p < oo

A>0
d
. . . . . L 5—=
T A IE(BI (RY), || - llg=s_(ray) ZBanach= ], IUABIX s < g, A H® E4%ANE B L, BA

PN
C

= ”f”HS’ Vf € HS’
;—S

TR
Boo,oo
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HF C AR d F= Spt 0.
B8R 5.2.4 (£ Besovil B HIANZNE). AR 5.2.2 42 5.2.3 948X F, HHXIX0<o<d. iL¥
HEZ >0, |lolps, < Ce.

RT: B Ae>1 L2 N, 4 Ac <10, FIH (—ied))de™/c = e/e F 4520 d Ko
BlER 5.2.5 (MAARAS I Im SR A). R0 <5 < g. Y BAPRIT d A0 %K C, %47

C -= =

* *

Il € ——=IFI % NAIIG,-
2

(2 —2)> Bl

£ % @1 & 1 Bahouri-Chemin-Danchin [2, Remark 1.44].

R AGRBIXFKBesovie KA 1, HARG I 524 HEAFD f = foua+ foar TA
{f1 >a} S{lfeul >a/28U{|fral > a/2}. #] ABesovit & a2 LT AA i, & HEMATIERFH —
MNESBNE R T, ReFI R 2R C1.8 1‘]’5‘4”]””%; , 7t p=2 A3 C.1.6 F 4 Chebyshev
B18R 5.2.6 (IN4HARTA FIF 25 MESIE). 2 s < g (% < g), . CR(RIN{OD) £ H'(RY (&
‘W®6)¢%%o%wg,MCﬂRNNMEW@%#%W@%%T%Q

{u € HY(RY) : 6%u(0) = 0 Vit & |a| < s — %éﬁ z@am}.

Br: Ku = (E)P0)Y. FEEL o € CP(RN{OD) A (u,,¢). =0, W Sptu, = {0} KB
ARZED.2.7.
[B18f 5.2.7. 4R FARMPETF L, Mt hueD A LWEEM 2 Lu=20 £9H &L TR
Zo K RY ¥Laplace T L, = —A Fe k7 L, =9, — A 89 X K&

A% Stein [17, %3.27].

FERRI %[GR RS E O 1= 87 — A MIEEARME . RIE TS

(67 —AE, =6(t,x), t>0,x€e€RY

(5.2.1)
SptE, C{(t,x) € R*? : ¢ > 0}

[B)&R 5.2.8. #) A B+ = Fourier X # R 2t = 18] & £ x#9Fourier X 4%, KMAKY M T a9 4L KiE,
(1) T d=1n, ERALLMBH:
1
E (t,x) = EH(t - |x|),

HE ¥ H(.) A Heaviside M #6584 o

Q) Bd=308, CaEiphtthk®m 9N & do, 4% M Fourierk # % do,(§) = 4m““|<;'f“o
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TERA .
E+(t,X) = Eé(t — |x|)

(3) Hx=(x,%,x;) ER?, TX M@ EAX =(x,x,). Td =20, FE gLk A4, Fi
A G B ZARAR x, TR =GP M, 8T M4 ke

_ /
Ey(t,x') =f Es(t,x', x3)dx; = 1 H(E— X))

R 27\ =P

)RR 5.2.9. AAF E—MERKGENE T, CTHREGSAEHE, X E(,x) H d RN FTHE

A K. LorFourierE #89 Rk X Ey(1,8) = sinl(éllfl).

(1) GE B £ 7 - a
1
Ey,(t,x) = Z_MEEd(t’x)'

() iEW: % d >3 HHHE, SptE; C{(t,x) it = |x|} ¥ d H&Hm, SptE, = {(t,x) : t >
|x|}. FHABRIERF A 2B PR A TAETRHL “RE IR,

5.3 *SobolevZ[g]AYLittlewood-PaleyZliE|

VFZ AR 4 J8 77 R AT DL i K AR Y R ARAR . mh 30RT vy A3 1] B 9% 3% AR B A FH R 4
Bro BRAESRZR 73 M P, AT Z A A TH, %52 Fourier &4t . SR (X Fourier®?
B IEAREIX 7 A FEIRBLAT N, X EAT AL I S VI SEBR FARR B2, Bk —> R
LR AR B — N EE R (bR B B f), IX 2 FriB I Littlewood-Paley E
.

W Q&) N—NSEEARFNFRE C2 KA, SCTER{1E] < 2 W, HAERR {|&] < 13 BE5TL
X gt R BAARRIA AT E R, X RIATH 1,2 mA AR E 78 B oy 1282 — 5t
H(dyadic numbers). ILEFRATE X Littlewood-Paley 5 -

EX 531 kHotelrEl, NeZ fe8 KMEX P& = o) —p2f), B3 j € Z =X
@i (&) = p(&/27),9;(&) = P(€/27). k)5 #ANE L Littlewood-Paley ¥ % 4= T :

Pyf 1= @@FE). Porf 1= @n@F@). Ponf := (A - en@)f (@) .

BAJTEUL, Py B f JRABACEIIBL |E] ~ 2N Bi. BSUEHNITE E£0H 3 vy =1. H

Nez

WFAEWHE |IN-M| =220 N,Me Z, TATH Spty N Sptpy, = @. Fk{py} SEbr LA H T 40
AR {)— N AL 5
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5.3.1 BernsteinB!F~ZFER

MAEFRATI A Bernstein AR, "B 45 HiLittlewood-Paley 45 52 11 3 A PE i
Rl 5.3.1 Bernstein™AZER). A NeZ, s>0H1<p<g<oo. NER 5

1P fllir < C(p, 5, D2V VIPsy L (5.3.1)
1P IV flle < C(py s, dY2(1Pay f L (5.3.2)
1PAIV = 1l 2 C(p, 5, )2y L, (5.3.3)

1P flhs < C(pr gy )25 1P i (5.3.4)

1Py Sl < C(p, s 2Py 1L (5.3.5)

ERR. RS L P B Young A, CGEHE C3.6) IIEEHMER, EIRA1RIEN (3) Al
(5).

Xf(3), FMIE Pyf = Py(Pyf), Hor Py t= Py, + Py, + -+ + Pyyo. GERE Py, + - +
Ynia = 1 1E Sptpy EROL. ) FrEAIRATEIIE Py(IVIE ) = Py(IVIEPyf) = @n(@IEPPAFE)Y =
Wn©IEP) * f. TEHER Young MR AT 13

IPNAVIE Ollee < N@NEIEP) I 1Py S lLe-
MAERAN &

Bu(@IEP) (x) =C f eFEP(2NEE ] dE

Rd

f 2 ﬂCszJ' eix.anw(n)stlnls dn — C2N(d+s)‘(,b(2NX),
Rd

I@NEIEF) [l < C2VE[ PN )| = C2V¥|| < C2N°.
FREIEE T | V]S f.
Xt (5), FAMVFHIRMEH Pyf = Py(Pyf) 153

1
IPNflle = 1@y + -+ + Pn12)” # PaSfllze < CllPllr P Slle, 14— =
q

S| =
<=

WRIEMA

51 = 1@C/2Y) N = 29BN = 2% 2|,
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Hh1-1=

1
r p

— I, WA
q
Nd(2-1)
IPNflle < C(p,q,d)2 > <||PyfllLo-

[]

FAVEA LP 7 E] ) Littlewood-Paley %I il . - 47 FLA7 43 i 1 S5 &8 A PR 14, AT LUE WS 45
WHEH 7T — “JUFIEAR M (almost orthogonality)” FZIHE, BA & — AN AL T2 1% e #Y
4510 . SR HAE KM T Hormander-Mikhlin3fe 7€ B, X ZRA M i 4iie, BrAIRATE I
EIE 5.3.2 (Littlewood-Paley - R E E ). EZ 1< p< oo, BEFHK C=C(p,d)> 01

vies, CHIflle < ISl < ClIflze,

HF S(f) £ f & Littlewood-Paley-F 7 R &, = XA

S(f) = (Z |PNf|2> = [|Pxflle2c2)-

NeZ

5.3.2 SobolevZ|8]HLittlewood-PaleyZliE|

A I Littlewood-Paley#% 5%, FATHUAT LA AREEE P S HAERELE 1P 4 [a] A B —fR ) fili it
FATIAE 2 a0 T 77 20 X SobolevZ*[H] WSP(R®) Fll WSP(RY).
ENX 5.3.2. A2 seRA 1< p<oo, HAMEXIEFKkSobolevs ] WHP(RY) K

WP(RY) 1= {f € SRY) : ||fllwsrma := KV fllLo@ay < 00}
Z L F Kk SobolevE 18] WHP(RY) #
WeP(RY) :={f € 8 /PR : ||fllrsrmey 2= VI flLo@e < o}

PEBernstein NET (A 5.3.1(3)) FlPlanchereltf %55, FA1H Soboleviti £ ¥ Littlewood-Paley %
i

2Ns|p £ . (5.3.6)

LP(RY)

Ms

L lwspway = IP<if |lLeray + (

b4
1l

1

F— AR WHP(R?) [F)Sobolevik NEHE, BAFHXS p =2 X —ReRIE L KAL.
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1 6s

EIE 5.3.3 (FEuf /5 Gagliardo-Nirenberg-Sobolev A 5ER). 1< p<g< cofes > 0L l= M
q p
EF 0<O0<1. MAEFHK C=C,p,q,5) >0 EFFEE f e WP(RY) A4 F A% XL

—0
1 ety < CUFIE IS 15y ey

JERR. AR HLittlewood-Paley 7 i f = Z Pyf. HiBernstein hEAXM =M AENX, TATH

N(E-9) s
1£lls <2 NIPNSlle < €, p, @) D327 7 1Py flle = D 2V Py S lzo-
N N

N

S5, Hadni 5.3.1(3) #1 Py (A S, RATA
IPxfllee < C(d, PISflles [P Sflle < C(d, p, )27V |IPy IV fllze < C(d, p, )27V I
R AN AT B TE, BATTRITEAAAEBEE K 673 T 3 UkaL

1flle CW, p,s) D 2¥%||fllpo + D) 2% - 27N |V £l o

N<K N>K

oKes HE+1E-D)s
C(d p,S) ||f||LP — - Os ||f||WSP 2(9 —1s

DIERAN BT B G &R K SRR e b LA AR LIRSS, AT DA H

2—Ks — I/l ' 1 — 26-Ds
fllwse 20-8)s —1°

AR IR R ASFER LI % KT, A SR AL

0
||fllwsp

,[1—200s\ " 1-6
LpP

BERS B S € BT 98 J& Hardy-Littlewood-Sobolev A &5 X HE L

EH 5.3.4 (3 5 Gagliardo-Nirenberg-Sobolev A 25 3). % 1< p<g<oco Ao s>0 L - =
N &EAEFHC=CU,p,q,5) >0 3 TEE f e WSP(RY), 1£iF4 T RHF w2

)
SRR
Ulw

1 lzaey < Cllf Mlrsp(ay-
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Hald, % 1>l 2w KA IEF K Sobolevs 1] 49 N B
q

Q|lw

1
p
1 laway < Cllf llwseray-

FATH TR PR 5.2.3 (1) HI2RPLLE B
EIE5.3.5. X1<p<co,s>0i#HLsp>d. N

1f lzsey < C(P, 8, DI llwse(way

5.3.3 JEEEH M Leibniz;EN|FnsE= AN
TERNRZERRRE, BATRUEHIEEEEN S0 Leibnizik WA EEAGE N, DA SRR Skox 2
¥ Sobolev bR B L IE AN o 9T IX Be18 SR 2 A B, [R9AR 200 78 A 1 ) b A A
WAG I Soboleviit .

151 5.3.1 (5> B Leibnitzi%N)). X f,g A R4 Eay s, i DY AEAM K a>0 H EOMH>HT
R HEF. AL, KAMfeiE

o (B-1K/I-BAMEAER) kR fWOMERFSHT g (Blde f = PyF, g = Py3G), XA g

CRAHEE” (BlhertERu, f=Vu,g=u), ML fgFBEAL fHaLGME, LRNHASF

D(fg) ~ (D*f)g VA% Py(fg) ~ (Pnf) 8-
o (m-m/IKAKABEAER) 4o R [ Ao g AL E (Bldest TEE F,.G,A f = PyF, g =
PyG), N4 fg iz BA L fARRARIZEL G MNFE, BRI DY(fg) S (D*f)g ~ f(D*g)

o (ZHMLeibnitzi k) 34 f Fo g EH TN IMEMRIL, BB

D*(fg) ~ f(D*g) +(D*f)g

51 5.3.2 AEEBEM AN, Zu A R Lo s, F:R-> R A “ELRF” 6955 (F)
do Fu) = [u|P™'u )o MAMEZTEH ENH a >0 895 H-TF D, RAVA JEEH Va9 5: Xk N

D*(F(u)) ~ F'(u)D*u
A% Littlewood-Paley %! &
P n(F(w) = F(P.yu), Py(Fw) = F'(Pyu)Pyu.

HATHE R DRk (kKVEHD M55, BRI bk 2 i L st g e 41k
B (RIZRSAERT f,g,u ) < k—1 B8 m0 . HL b, EIRPA R 5 — i J5 0 i1 S 4
51 5.3.3 (BB Iy 32 (0 SR ).
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o LABFHIT, TFIEFERMA FRELFLAHHK LT,
o WwREN[RWAFEAF, TFRABRIA FHRELERAALE (RRSME) AR5 £
L&y,

XPIX L T D)7 1R 56 4 i AL B TR S B 04 1A (paradifferential calculus), iX CU48HE H
TARYE R HIRTEE . FRATIMAEUEY D = 0 X — & 415 00 N I AE BB LeibniziE W], S 4518
A EMoserBI A FER .

T 5.3.6 MoserIANZETR). & s> 0, WAEZEW f,g € H(RY)NL®(RY), #HRZRE X

1/ &llrsray < CCS, DI ey lIg ey + 1 e 1]l

AN, s> d)2, FsbREY R 52.302).

b FEIX B 22 2R ME AN TH B SR A T v 2 A Fl Lictlewood-Paley /i S6 I\ T ZAZ 2 F I (H
TARREISEA BEAERD, R )5 A BernsteinflHolder NG Ad tHEANEI & 0 &, &R, —
R UL FRATT 1% 22 7E R AT BB B F Bernstein N353,  [RUNIX S H T e ROl v 1 78 e it
BT, 752 H Cauchy-Schwarz A5 2k 58 R A

JERR. 1&s > 0. #5SobolevyBEL - 7 BR £z (vt 5.3.1), FATH

1/2
I/ &llms S Cls, DIIP(fl12 + (2 22 IIPN(fg)H;) :

N>1

AT G — T, By — I LS A P, 89 L2 A FPEANI Cauchy-Schwarz A 55 30 H #:4%
o BAIXS f AR ARSI

IPN(f @Iz < C||PN((Pan=3 /)12 + Z IPn((Prr S8l 12

M>N-3

X —I1, FRAIMFourier X4 (B # Littlewood-Paley 52 7€ X ) w3, {E1X i B [ 38471
EIU\H% PN_3<.<N+3g %E;lq:g% g: ﬁEHﬂHolderx%ﬁ@f

IPN((Pcn=3/)&I12 € Cl|(Pan—3S)PN-3<.<n+3&ll2 < C||fllreIPn—3<.<n+38ll12-

RIS _E a7 R )R TR C(s, )| e 1€ e
XTI BATEBIER N

2, PPN <C D5 1IPugll < Cliglle 23 27 1Py Iz

M>N-3 M>N-3 M>N-3
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It LA o Cauchy-Schwarz AN 55 2t 15 2

28 N |[P(Pu /RN < Cligle D) 2205 py, f2,.

M>N-3 M>N-3

BJaR N SRA GFR R s > 00, AT LI A TTER S CCs, (|| flmsllglle)s HERE. O

EIE 5.3.7 (Schauder 11 /£ e P4k (paralinearization)). X V A F EBE&HE TN, s > 0,
HESf e HRY - V)NL®R? - V). Lk AKT s R DER, HFXF eV > V)HR
F(0)=0. M F(f) e H'(RY - V) ¥k 2, HA 4= TR X897

IFOlsay < C (F 1 f lleomay Vo 8, @) | f | s(eay-

WERR. UEB A TE RS B AR O, REA T AMFE . HE U, FRATH Taylor/&
Tk F(f) Hrrh— MR R 2 CHBSAS T A— e 3o GRS 8UE Bt i),
SR A% FH 1 i Holder, Bernstein, 1 Cauchy-Schwarz 5 T H KAt v+ H HL ) T

A = |flls. BT FecCf, F0) =0, FHBSEEEHERER |F() < CEF,AV)IfI
KLU Ts = 011 I o TE‘BernstemT%ﬁ (i 5.3.1), AT EAE

1/2
(Z 22NS||PNF(f)||§2) <SCE AV, flus, Vs> 0.

N>1

BAVE Jeft PyF(f) ¥4 F(f) 1) “HRE” &0 . [EE N,s, IHAERD f = Poyf + Ponf.
JER, HLittlewood-Paley 5211 7E LA, fHIP_fH#S#EC(V,d, A)iziil. ML F e ClkOC . RIEAE
BN C(V,d, A) Ik I ZLipschitzff), SHF(f) = FPyf) + C(V,d, A, F)(|Psyf1). X85 H

IPNF(Plle < CF, AV, d)||[PNF(P oy Iz, + [IPonfllz2-
N TR E I = AASE U Cauchy-Schwarz 52 5|

2N Py fII7, S Cls) ) 2N 2Ny 17,

N'>N

XF N SR H 58 Liclewood-Paley ZIH (5.3.6), FATE BISLIAT LLE || 17, 56 Bk A
IR

1/2
(Z zZNsuPNF(me)niz) <CE AV, )|l

N>1

PEBernstein NS5, FAIISF

IPNF(P oy 2 S C(d, k)27NK||VEF(P oy )l 2
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REMBERGEN, JHERS] F KA SEUEREN C(V,d, A) FIER EAGZEA T, FATRHIES
B AT
IVKF(P v < C(F, AV, d, k)k SUI:; _kIV"l(P<Nf)| = VRPN )

r=1,---,k, dEREHK,, -, kH 2k, + -+ + k, = k. T THLittlewood-Paley 7 it {E i — 0 ¥

N
3

|VkF (P<Nf)| < C(FsAs Vad9k) sup Z .Vkl(Ple)| .Vkr(PNr
kot tk=ky 1Ny - N <N
X BT A H S (Eﬂfﬂifc{j\httlewood -Paley 7 fi#): ¥ N > 10id Py := Py, 1P, :=
Po. ATATLAEL Ny < N, -+« < N,., Hob BTOW) ky, -, k, ATCLHGE# 2 ky + - + k, = k BJHEAE
%o fﬂETEBernsteinZ:%fﬁ, ﬁéﬂ]ﬁ

[V5 @y, < €@ 2 flle < Cd kA2, 1<i<r=1.

EPRIEE
V¥ Py, )|, < Cd k)2 1Py, f ]2
R RAT T
|VEF(P oy f)||,, < C(F,A,V,d,k)  sup S oMk .
ki+--tke=k 1<N < <N, <N
5 Ny SRAL, RJEXT Ny sRAL- oSG X N,_y KA, FFL N := N,, RA1EF

HV"F(P

L SCFAV,dK) Y, 2V|Pyfll..

1<N’<N

i Cauchy-Schwarz AN 55, FRAI1S H

2 ' ~ 2
IPNEP P, S C(F, AV, d, k) D 2Vk2=Nk By, £l .

1<N’<N

XN R, 5 H Jus Littlewood-Paley ZI il (5.3.6)%1, MLIAT LA || f117, #1, EEE. O

3@t 5.3

SRR 5.3.1. AR 5.3.1 493K

S8 5.3.2. iEMR I 53.4. (42F: M Hardy-Littlewood-Sobolev < % X.. )

I8 5.3.3. iEBA I 5.3.5. (42R: M Bernstein ¥ i&?FﬂS>d/p)

S8 5.3.4 (Gagliardo-Nirenberg i R4 7). #1 < g, < 00,0 < j < m. MAEK #6 € [L,1]4
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AR &
; m _ 1 j 1 m 1-6
169 fllze < CIO™ I IF 1S, E‘E=9@‘a)+——=

o) 5.3

iB]&% 5.3.1 (Littlewood-Paley ¥ 52 AL HEZ 1), 1% A £ F & AR R TRE45 R &6 BES H IR,
HiX fe8S#HESptf CAA. iEH: BAEFHK c,C>0EFNEEISp<oo RALA>0H

_ 2
[l flle < Ce™ X1 fIL-

B8R 5.3.2 (FEREZIE I Bernstein B AR5 ). % uy € 8 #HRIFIA 53.1 F f 69Ri%. % BT A
T # AL 0 fFu
ou—vAu =0, ul,_, = uy;

VAR A T T AZEY R
J,v —vAv = f(t,x), V|0 =0.

HPHEZ >0, f(t,-) #HAFPA 53.1 F2F f 6918%. £

1 1

1 1
—_— d _1+__
ull 2y < COAD AT uglla, [[0lloe < CRAZT T

AT fll g
SHHEM1<a<b<o, 1<p<g< o0 RIo

7EI2 5.3.1. Littlewood-Paley4% % 69 #4 ¥ 2% %] @ 7 At — F 3 )~ 3] Lk € X Fourier & #6947 L,
€ RAREA KK T W 8 Fourier X 347 F, 12 £ ) 45 i Bernstein® N5 XX A 0990 R B3 L 2548,
Z LB AT ERFTAZNH N FITARAA T E,



AY

BRE FEEFTEMSchrodinger 512

FEARRHIR G 7R RAE S, ATE A ) T IR R SRS 8 14 726 AF I — 4R X ] L1
PRAER IR E R Ofu — Au = f BOHSLAR. B UL 2 B ) A R R A IR, X AR
ANHuygensf# . SRMAEVF 2 Y HBA G, PR AT ERBEZRZIFLENRIIITE,
Bln) SR 2% i 4% (Einstein J5F2) « AT R4 AA TP B0 (R E48 Euler J7 /8. 3
Ve B S (VE 2205 RE )« AT 5 & TR R OGS 3 (R] %8 MHD 58D LAURFZ
oAtz N ) BEAR A

ARBERAVLHEERAREL RPN S HIE, AL I RT u : IXRY > R {E R
R
0, (g¥0u)=F  in(0,T)xRY,

6.0.1
(u,0,u) = (ug,u;) on{t =0}x R4, ( )

XEARAE o, B BUERM 0 B d, HAH 0 AN ERANEAZRE . F @ [0,TIXR? - R 2%
SE MR, T C R &M AR S BUE P FF IX H] . 7RI JF A TR A B 1 I 30 5 F2 10 JR 0 1E
S PEBRAR SR AN, AR B 7V SEBR bR H o 7 R B R 0 B PicardiE A5, X IR
W AR 2 ME AW T 0 J7 AR A AEPE B — M W7 e 45 Gl N A se 251 1H, WA TEMREE KN
TR AR BN TR A NI ME AR o TTAEL e 08 30 7 R R A I R A2 AE AT AT S N A
FH F|Lorentz) LA ) —28 T B (U1 Christodoulou, Klainerman %5 A & W F =3 515 8-
Alinhac ghost weight% AR, AP SCEHAW K.

6.1 &M RzhsIEa9IEN]

Mt ATFEE M

AT HSRE, A SR B A A R R

6.1.1
(u,0,u) = (ug,u;)  onf{t =0} x R4, ( )

145
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BAVER g :=[gV] : IXxRY = R4 EXFRIEE HFE, HARRAAEREO0 < 1 < A < ooffifs
V(t,x) € (0,T)x R4, ze R4,  Alz|* < g'(t,x)z;z; < Alz|* (6.1.2)

JEHIRATIEE ST g% : IXRY - R,F : IXRY - R,uy : RY > R Al u; : R — R 226 F
1&&0

6.1.1 ZMEEhGIERVIENH

FEUER AL A (6.1.1) HIRIEAFAEPEZ AT, FRATT e 3 28 B e 1tk e 5 5 2 1) e Al
i X ATRALAE AR A IR LS 18 . FVER, XI5 RE AT B AN AR B B0 U7 RIS RE ST BE S
T8, HIAVIER AT EM R IE 25 1 “HeR” BA R KRR . JATELRIIAILS:

d
j6ul? 1= Gu) + > (B,u)” (6.1.3)

EHE 6.1.1 (L2 geEASTH). &k u A (6.1.1) 89, WAEFH C=CWA,T)> 0M&F T A&t L:

sup [|éu(z, )|l

te[0,T] L2(R)
T

T
<c(n(uo,u1>||§1<Rd)xL2(Rd)+ f ||F<t>||§2(Rd)dr)exp(c f ||ag<r,->||§m(mdt). (6.1.4)
0 0

EE || |l = 18|l £k Sobolev &4

WERA. XA BEAUE B SEBn B S FRED S T R FUE IR L. AT T FEM LT L o,u R 15
F|
j d,ud’udx —J g6,0;ud,udx = J Fo,udx.
Rd Rd Rd
5 I o AR T AR

1d 2 ij _
¥ JRd(atu) + g/d;udiudx = J

Rd

Fo,udx + % J

Rd

0,80 ud;u dx — J d,8"0,ud,u dx.
Rd

AE() 1= ; Ja(B10)> + g8 ,ud,u dx, #i(6.1.2)K1E(t) ~ ||du(t, )|

. XFERAG 2R E A

B =38 m] DA AR I 1) B 1

2
L2(Rd)?

E'(6) < IFCt, Moo l18etaCt, Mlzaqaey + 1890, Mllpoguollnt, I, ey (6.1.5)
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Xof B 8] A5 St AR 49 E%Youngzi%ﬁ?gf

t

E(r)<E<o>+J IF . iz |84, ey + 189 lzeollBu(, 2, g d7
0

t
< E(0) + 6 sup [I0,u(t, |7, qa) + J IF (T, I gy dT+J 189(7, s @allOu(T, I g, d7

telo,T]

t
< E(0) + SE() + cj IF (2, 2, g, AT +C f 189(T, ey ECD) dr.
0 0

(6.1.6)
HEHLS > 07053 /MEAFSE() B /2 a Wl . HIGronwall N5, Fixdr € [0, TIHL i 745
T
sg};]E(t)SC (E(0)+J IF O ga) 4 )eXP< J 1892, I} ey d )
B A K O

X T RN TR 6fu — Au = 0, FATRIEWIR u &—DE, B4 du Mo, u i
filto DRILW SRAIME 2 8588 HAE |x| > oo B#aTE (B uy, u, € CR(RY) WIEH), A u )
B s S L2 REE A . AT Eu 2 (6.1.1) A RRE e S Z (6.1.1) 1
fifte ATTRATEAG EHE 6.1.1 FIUEBH AT LAY u B Sobolev Ju%k, #EmifF2EILLFHE®, HiE
B RAEZR >
?’Eiﬁ 6.1.2. % u e C([0,T]; H*(R)) n C ([0, T]; HFY(RY)) 2 (6.1.1) 44 A 2 < k € N*. AR A B e

HHC=C(d,k,T)> 0134 T e 45+ m 2

sup [1(u(®), 8, ()| esrpecs

te[0,T]
T

2 . i 6.1.7)
<C It s+ | WP+ 5 [asogeful, ar exp(C [
|| +]Bl<k—2 0

18917 dt)-

6.1.2 ZMEENHENGFEEN

AT RATH I B8 B At 11454 Hahn-Banach SEHKIEH (6.1.1) MR RMAEENM . Fim®RAME
W g MEAN SEBAE [0,T] xR EA ARG A BKEIFE : [0,T] xR - R L: T4 E
K] k e N F e L0, T; H*1(RY)). B 241715 Hahn-Banach & # .
EIE 6.1.3 (Hahn-Banach EH). %X X AME &ML ZTH, FERY CX HAMEZ y €Y 44
iy = IYllx- X fEY Y LodAR&MZE, NEE feX %7 fly = f A& |fllx = Iflly
BAVETFELLT 5] 2
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5132 6.1.4. 4 L*Y :=0,(a**0s9) & Lu :=0,(a**d,u) #9 (B X) HHHET. Bk e CP((—oo0, T)X
RY), Mxt&EmeZ, £ C=Cm,T,g) > 01£4F

T

|wafmm@@<cj|wwufmmﬂmgm

STETA t € [0,T] ¥ Mo

MERA. ST IE®Hm > 1, KRR 6.1.2 KL RATIESS m < 0 BIEM TN, Ri%s
FXFFmy + 20015 B (Fedmg & R O H0D , AT BB UE A Em, I B . IRAEFR
(M Fourier L)€ X ¥ = (1 — A) 'y, BEFEMHELTTE 1 - AP = ¢ WEkE Xy, N
FAEARI T mo, T,a F1 b I EC > 0 [£15

L — (1 — ALY = [L*A - AP - A - ALY < C ), [999].

1<a<3

[ 15 5
Ly < C (LBl ggmo-s + 1%z

PR, BASE

T T

WUWEWWM+WWﬁme)M<CJHUMﬁNWWdt

t

G ooy < € |

t

£ EREa —AT T ERAMEM T Gronwall A%530, #51015 21

T

1PCE llmo < CINPCE, lpmore < CJ IL*(T, )l o dT.

t

PAEFRATT AT DLUE B (6.1.1) ) JRy S A7 AE 1 -
EIE 6.1.5 (LMW HREMREAEM). & k € N. &2 F € L¥[0,T; H*'(RY)), N 742
(6.1.1)FaE—0fu, CiHL (u,d,u) € L*([0,T]; H*(R?)) x L*([0, T]; H*1(R%)).

MERR. AT (ug, uy) = (0,0) FITELLIT IR IZIE L Bas 1 (6.1.1) HIME—E. XHMEREE L*(C ((—o0, T)X
RY) FHUE—TTER L*Y, FATE L —NER R HIB

T

L") —— f

0

J YFdxdt =: (F,),
Rd

Hr L*(C®((=00,T) x RY)) iR C((—00,T) x RY) TEWLE; L* FHIMG . VEREIX A& R EH,
RN REL*Y = fIEZREY(T, ) = O FRIFME—PE D& L2 Rt G 6.1.1) HiERH T . 4
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*F F BRG] B 6.1.4, RATHE
T

IJ YF dx dt gc(
0 JRd

$% Hahn-Banach EH 51, FIERE u € (L1((—o0, T); HK(R?)))* = L*((—o0, T); HX(RY)) 1EH
b TH e SR e, H AR ], = 0. B:

T T
J [1E s df) ( sup. ||¢’||Hk+1> < CJ IL* (O] - dt.
0 0

te[0,T

(F,9)=(u,L*P), Vi€ CX((—00,T)XRY).

DRl it A2 0 A 2 SRR R 5 FE 0] LA 3 w e ¢t ([0, T); LA(RY)),  #EIfi (u, 6,u)|g—gy = (0, 0).
R RAE B (u, ,u) € L=([0, T]; HX(RY)) x L*([0, T]; H*"Y(R?)). B e HMIAY & F 2 BA %L
IR, Sv = o,u, X TR N

0,v =F +gY9,0;u € L~(0, T; H2(R)).

XTI = du € L0, T; H2(RY)), SR FIH v 150 u € L*(0, T; H*2(RY)). (A2 BL1E
ORI T F A SSCEEH N, AT AERATT LA k+18 ik, 515 2 (u, 0,u) € L=([0, T]; H*(R%))x
L=([0,T]; H*(RY)).

R BRNTFEBBRANFRDGE R S — &K F e LYo, T; H*"), JATHHRBIE {t < 0}
FEUEAE KRS {F,} C C2((—o0, T) X RY) {43 [ ||F(t,-) = Fo(t, Mppes At — 0. XFEHIE,
tiu, € L*(0,T; H) n Wh(0, T; H*) i £ B A ZWMEM Lu, = F,, AT AT H BN 1% 2 3545

T
[ECTR I[N CJ 1Fi(, ) = Fu(t, )l s dt — 0.
0
G EATE FTAEFAVMEIEF RGN, AWTB U, u, € CO(RY) (FH WA B2, L
@I, 2t x) = uy(x) + tuy (x), EIELFH 2ulIPIME R R TELY = F — Lyt —1
RKTARFEH0 B BAZYMERBE TEA, To2u = v+ piigth V76 L DRI, IR
AT ZEAAE I A ] O

Fi126.1.1. B ZEMRLE T oM &L T MG ALNE, 2RKMNTUF A s> d/2 i) Sobolev
BN HY(RY) & Lo(RHFE]: dw RAAVMEEN MR BT, RABELEA TH 6.1.2 Pt ey
W, BEY k 2% ki A2 69 M7 AR &2 Lo

>R 6.1

S8 6.1.1. iE9A 2 326.1.2.
SRR 6.1.2. iE: N TFHEETH DER, ATHHRESZH—ANERFMBR ue C(0,T]xXU). XE
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UCR? Z—ANEAABARGREE, Ho,peCe).

d’u+Déu—Au=0 in (0,T] x U,
u=g, ou=179Y on{t=0}xU,
u=0 on [0,T] X dU.

6.2 HENHIEMBREERRE

fEA%} PDE SREEH, ATCE IR TR 02u — c*Au = 0 B A A RAZFEE .
EIE 6.2.1 (HIREIRIESE). T £ R XRY F i A #1E (ug, u,) € CX(RY) 89k 50 7 42 0tu—c?Au =
0, R AL tH>0F x, € RUEF AUy, u, EES X ERY 1 |x —xo| Sclo} FPABRAER, A4
fi# u(t,x) £i3 42 X4 (past light cone) K(ty, xo) REH K, X E

K(tg,x) :={(t,x) € R, X R4 : 0 <t < by, |x —x,| < ety — 1)}

B(xp¢ltg-8)

M,
LY /
\ N, 4
i N /

Cone of dependence

WS TTRE A FRAE FR e FE A T — D S AR O JE B CRRRAE R “Mx” PR, X
— PR S2br B e T XU T PDE i 2 B KA JR BRI AT REE

BATERS W T2 RZEE B TR R IC R UE A TR R ? B2 HEM. [
TE— R (L, Xo) € Ry X RY, FRATA MG SEFN LA (2o, x0) NI “THIHE” C, 0 RyIME
fECnft =0} FAE, BAfEutt C WAZE.

BAERNZ: UER e 6.2.1 fORBE AR RUEIEDT F {(6, %) @ |x — x| < c(ty, — )} LHIRER R
T [A e B IR . DRI ERATT AT BAAE T H0&E S IR 2L g(x), A5 IS ALA IR B0 148 R 80 sh 77
RO . ERHbUE, FRATA A q(x), HREVIF K, 1={x 1 q(x) <t,—t} EREANEER
B oe(t) KT ¢ k. Feuldh, XARHER SR q(x) & (x — x)/co
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6.2.1 zHL: JLEIAE
Hag b, AR HER L ST DL A N A Hamilton-Jacobi /7 F2 1R p(t, x) HIKF4E, ok
FE PEEHE I S 3 Hamilton-Jacobi J5 R FRFAE il 28 4H ik o
WATE e Ry x RE A ARAEI Zh HFE 0%u — Au = 0 SRERX—FHSL. Xt > 0,x € R Al
>0, FMIFERAGIR us(t,x) := Us(t,x) - exp(ips(t,x)e?) B M. B RACNEB T E,
T332
= (82 — Auf —e (62U‘g + 2ie719,p¢ 0,U* — £72(8,p°)?U°* + ic 10 p°U?)
(AUE +2ie7'Vp® - VU® — e 2U*|Vpé|? + ie71U* Ap°).
B RS A SERR, AR I
U((8,p°)? — |Vp|?) = e2(82U° — AUF). 6.2.1)
e 0N, HEEMEXTRITERSL p° > p UL U - U #0, BB ERATH T3 2]

d,p+|Vp|=0 in R, x R4, (6.2.2)

P B EE, BATATLAES] p(t,x) = q(x) +t —ty, H g 7E R¥\{x,} i 2 |Vq|>=1, g>0 H
q(x,) =0, BEMFMNTATLUEL g(x) = |x — x,.
XFTAE R BTG O, AT AT DU H

o,p + (g0,pd;p)> =0 R, x RY. (6.2.3)

Iy B AR IR 2
p(t,x) =qx)+t—t, (6.2.4)
g70,q9, =1, q>07E R\{x}, q(x,)=0. (6.2.5)

FHL EIXAS q AAEH g HEMEZEE T x 2 x, (.

6.2.2 BIREHREVIERR
BATE XK :={(t,x) : p(t,x) <0} ={(t,x) : g(x) <ty —t}, X t>0FATxEX

K, ={x:qx)<t,—t}

H1T Vg # 0 fEZ & x, Ao, FATREERT 0 <t <ty, 0K, &I (d — 1) 4EE i
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T 6.2.2 (B RAEREERE). & u R (6.1.1) EFEM. Fu=0u=0EK, Em=z, RAuK¥E
A,

S0 6.2.1. B AAIE, Ful FAL(6.1.1)EFME A (uy, uy) I 6918, AR Zulty, x,) TARM F u, #=
u, £ K, a4,

JUERR. FATE X RE=

e(t) := %J Gu)* + Z aoududx (0<t <t

K, i,j=1

N e), BATMARIARAXHER BIXERF A 52

d f
— dx | = o,fdx — ——dS,,.
de (\[th ) ‘[Kz f \LK, |V |
ENJlies)
/ 2 ij 1 2 1
et)=| dudiu+a’dudédudx— = ((B,u)* + a¥d,udu) —— ds,. (6.2.6)
K 2 9K, Vg

t

X I, A1 FRRR O AN B T A3 2

J 0,udju+ a’oud,dudx = J 6,u (8tu — 9,(gd,u)) dx + J gY0,uN; d,uds,
K K

t t aKt

= —J d,u(dud;g’)dx +J gY0;uN; d,uds,
K

t 9K,

HA N =Ny, -, Ny) #2& 0K, FHNIANE R . ERTHE S8 — I Ce(t) 24

‘—J 0,u(0;u d;g")dx| < Ce(t).
K,

t

X ZI, BN R RS o (6) T BRI IR . BATE
|gijaiuNj| < (8”51'7/‘5]“)E ((gijl\fil\fj)E
X" X Cauchy-Schwartz ANEXHER: X T IEEXFRIERE M = PPT MAE x,y, H

X" Myl = [(Px)"(PY)| < |Px||Py| = \/ (PxDPXN (PY)TPy = VX Mx\[ yTMy.
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RISRATEIZAE K, B q=1t,—t BWHEE 0K, I N = Ly, Hik

Vgl

876,99, 1
T Ivqlr Vgl

H Young A&, ATAI 15

J g0,uN; d,uds,
oK,

< f (g70,ud;u)* (g/N;N;)? |,ul dS,
9K,

< J (g"jaiuaju)E |Vq|~'|0,u| dS,
3K,

< %J (gV6;ud;u+ Bu)) |Vg|™'dS, = —'(t) + J 0,ud;u + a9,ud,0,u dx.
oK, <

t

25 FIRAIE R (1) < Ce(t), T e(0) =0, #E Gronwall AERE e(t) = 0. u

SRR 6.2

SRR 6.2.1. 2 F A2 Ofu — g79,0;u = 0 ik (6.2.3).
SRR 6.2.2. F JEF SR B 77 AZ A AR IR AL

u—Au+ f(u)=0 t >0, x € RY;

6.2.7
u(0,x) = uy(x), 9,u(0,x) =,(x) xe€R ( :

XY fAESHH, BBXuf |x| - o HAETFE,
(1) EW4 FE() % Fiin 2 FiE%
E(t) = JW %(|atu|2 +|Vul?) + F)dx,  Fu) := L F(s)ds.
(2) &%ty > 0F= x, € RY FF 52 Ui A TR (x,, t,) 8984 18] 48] 6 £ 4 (time-backward light cone) 4
K(xp,ty) :={(t,x) €[0,00) X R4 : 0 <t <1y, |Xx— x| <ty — 1}
K(xy, ty) AF895 35 A
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& A B8 A8 2 38 F (energy flux) #
e(t) :=J 1(|c9tu|2+ [Vul?) + Flu)dx 0 <t < t,.
B(xg,tp—t)

TE A :
ii[ L |Gy = Vuul? + Fw) dS = e(0) (6.2.8)
T(xg,to)

V2

(3) X F >0, AA (2) iEBAH Rug, u, £B(x, L) P EAER, R2Aul LEK(x,,t,) NEHE,
(4) B (3) M F B M AL U — Au+ f(u,0u) = 0 BB u iz, £ LR
£(0,0) =0.
R (2) I &(0) HH R BRAIES KoY £ BT, LEBBEAK 1/V2 RTHa
9. (4) FIEEW® = [54 0-0 §(|atu|2 +|Vul?) +u? dx H i &2 GF AR T ||u, Oul|- 89F 3K C >0
43 | f(u,8u)| < C(lu| + |8u]) R .

6.3 MEMEFIENEEIER

FEVE 2 VB AY oh I Bl T B AR AR 2R PR ), JCH RN R E IR B 7 A%, a0 2 i o R i
IS SN )R] K46 Euler 7 F24L . %0 i 2525 g ) Einstein 7 FEZH 255, Frilih, e TR AELR 14 4R
[FE) A4 8 T A 281 BRI B e AR ) R
5 6.3.1 (W LGP ). &d =1,2,3,u: RXxR? - RIZFRZE, p,p: RXRY = RY A
ARG E AR, H¥ o> 0. 7T EY4IEBFARH L Euler 7 A2 41

p(0,+u-Vyu=-Vp
@G, +u-V)p+pV-u=0
p = plp) R = #EE KK, Hld=p(p) = Ap” —B.

5 — AR F KB HRNGE AN XTFEFER S e — DNIAR ) 42
p'(p)D}p — Ap = p(B;u;0;u) + (0~'0'(p) — 0" (P))D,p)* — '’ (P)IVp’, D, :=du-V.

B—Fr@, CHREHCHLEAN AL, TERMNALAE LAY, Bu = VoI, H4h(p) =
2P/ /rdry¥s, MTH 40,¢ — S|V — h =0, st = A A2 7T AfL

n720;¢ — 2072V - Vo, + 02 (VE)(VA(V) — Ag = 0.
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51 6.3.2 (AZZFWHH T FE). &g, x)ZR3 LéylorentzE 2, BECHHE T A(— +,+,+). %
Einstein 77 A2 Bp A
Ricg=0 (0< u,v < 3).

S R A B AART AR RIT, WST AT 3
1 ap 32 1 aB 32 1 ap 52 1 af 52
0= 38 aaﬁgw — 38 0,v8ap + 38 Ocv8pu + 28 aﬁﬂgm’ + Fl(9,99).

A, WmRERAE =, FEFFEEURALREGE, RAZXKERT —ANMMEEEFH T424, H
BOR ARG F R FHOG B F—F @, R AR IAFR K L AR F 4 (wave coordinate
condition), BPARIX B ER A 470w X

[gx® 1= ! 9,.(g""\ —detgd,x%) = 0,
\—detg
W RS =, F=FFORATUAERES A — N T340, A ZEinsteiny 42T &Y
. (reduced)E = Einstein 7 42 Ric 8w =0, A

1 1
2% =5

1
Acr = gﬂaa,ugrxa - Egaﬁaagocﬁ'

Ric g, = Ric g, — 9,4,

EEBRAERMTUAFEE AR LITTA=0. FTATR, ERAIET, A 2Finstein 7422 L& M
K AL,
AP RNFZREAEEF W TR ERZ .

0;u — g7(u)d;0;u = F(u,8u) in (0,T) X R,

(6.3.1)
(u,0,u) = (uy, uy) on {t = 0} x R¢,
Hrb ke N* g, HAMRAITEEKR
o g, F RTHAEH LN, F(0,0) = 0.
o [gY] g RSERFRIEE TTME, HhA(z), A(2)K T (2) € RiES: HEUME NIE,
VzeER, £ €RY, A2)IEI* < g(2)6¢; < M)z (6.3.2)

6.3.1 MR HIEHF/EAREE M

W BB, FRATTIEB 5 RE(6.3. 1) ) Ja i i 1k
EIE 6.3.1 (MWLM TN /G EN). & s>d+2, #i(uy,u,) € H'(RY) X HH(RDHEA
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Par'a i B =¥

FANE W HFEFMSCHRODINGER /7 2
FXE, MAADOBEIZT A TR,

=N

(1) (B3R A A Ao — 1) A2 T > 0 (A [ho | pscrey 2 [[thy||ppoms ray), 1253 742 (6.3.1) Aok
— i 2

(u,6,u) € L=([0, T]; H'(R)) x L=([0, T]; H*'(R%)).

1(md
Q) (A e B ) i u®,u® e u® T ™ 0 s
T > 0FfEFEMLI<s<d+ 2ﬁx,LT;x

™ — u, 8,(u™ — )| e fo11:bs @)L= (0T ]:E-1 Rty —> O

n — o0.
X2 u VA (U, uy) AR, u™ R (u(”) ul™y H A h 4
JEIC 6.3.1. e RIEF A6 R g R AR #iu, du, NS L EKs > d+3, L Sogge [14, # —
]

MERR. FRATAGIELs = d + 20X M ERARIEIME . WERI 7752 F I J7 B B ) Picard ik AR
P BN, BATAGBREYMEU, u, € SRYLLTER T S @M TF{u™H T
e u® =0.

o Xfn > 2, AGNHE Lu U T AR N 73 IR K ME— i

oiu™ — gl 19,6,u" = F(u, du") in (0, T) X RY,
(u(”), atu(n)) —

(up, uy) € H*2(RY) x H*Y(RY)  on {t = 0} x RY,

(6.3.3)

BEZ, HnELEh “LERm - DAY RE” SRS TR IRgE L, X E Y
377 A B H PicardiS AGIE ] —Br ODEM& R A7 AE LR T -
TR EUE R A

&I AR P S {uHE A BB W N B R TFn—HH LR
. ﬁﬁiﬁ#? I {u e A B0 B 0] K Cauchy 81, AR AR 18 U b — 26 v FH 3 1) 8 B0 1) A
S [F R A A I e A TR D

FE L, FOAREWREMNDE — SRR ERERE AT LUE O A AT Z SR a3
[Fa) L o 1 ) o A S AR 3t AR PR 5 i

RES 7 R A5IE, a7 #%(6.3.3) 1 BUE 20K FR i 15 21
TIRITRE(6.3.1).

BiEfRFIIN—HA R

XL br bR L6 1208, FRATX nA gy kRAEH 4548 .
Hin>2, BA1ELREEZ K

X 1E %%

E,(1) = ™), 3,u™);

Hd+2xHd+1 Hu(n)(t)|

pasauay 6 u(")(t)l

Hd+1([Rd)
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R UEIIAN T 4518
Wl 6.3.2. AR EA LR A BT > 0F= % $A > 0, 4% sup E,(t) < A.

te[0,T]

WRL6.3.280IERA. Bt Hn = 2, FEIEMAMEuY = u® = o, FTLA(6.3.3)2& R, FFIRE
PR B AR, iRt r R mATh B0 45 AR IE ) 28 A > ORI [RIT > 0 {115
E,(t) < A. BB REEERE N > 3, AR A6.3.206 A< n — 1M IER AL, £ FKRiE
HE, WA —FE b

¥ i Sobolevitt N B LA K d + 2 — [%] > 1+ [LL], HEEHC > offifg

2

U eyt 2 182U Ry < CEaa(D S CA. (63.4)

Loo(Rd)
d+1 d+1
lal<1+[ =] lal<[ -]

RNIEHIE, (), AT BAETFE(6.3.3)WILR TS, Hi|a| < d+ 1. WO HEFTRERES, g, Al
AT NIT, flg = T(fg) — f(Tg). XFEHTFER S G N

0205u™ — gl(u"=)4,9,05u™ = OgF(u"V, du"~V) — [%, g (u"1)]8,0;u™. (6.3.5)

T M B Sl R R A S

;A [0%, gV ()]0, 0,u™ RAMRBIMMLIEA S, f—T#HRE w5 u™ K)FH
AR, Horbr w5 u®™ PR FUREGEE (Jaf + 3)/2 HETEZH A SLhp EiXAHL2
B4 598 J5 I Sobolevitk A€ FLALHI SR, VER [0%, V(™ )]8,6,u™ ZIBin N LA &

a(u(n_l))aicl u(n_l) cee a;ﬂk u(n_l)aia)zcu(n)’

H oyl + -+l + Iyl = lal H | < laf - 1.

o Flyl > (al=1)/20 W o +-+la] < (lal+1)/2. ZRERMERE a;, B | < (Jal+1)/2.
o Flyl < (ol =1)/2, Wan| + -+ + o] < larl. BRELE fovy, -, o} TE S A AHERRHTKE
> |al/2.
BT o] <d+1, FATH

o SHUIRZ AL GBI + 2, lN(al +3)/2<2+(d/2) <2 +d.
HE M T4 UL J5 5 F Sobolevitk N & BT AT A HA+H295 503501 (Ja| +1)/2+(d+1)/2 <
d+><d+2.
2

RFEHR SR RE RS, AFERI T AEAMK ) (1% 5 C, > oftifs

1162, g™ M)18,0,u®™| < Cu| D) (16°u®V] +0fu™|) + 1.

[Bl<d+1
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Rl F g 4 DL % ETEHS i S8, IR

110, 8" (u"=)]10,0;u™||> < Co(E (1) + 1. (6.3.6)

RIS, R SR, BATVAECF(uY, duV) EH R LM LEA G, &0 utD
- FE IR, Kl |al/2 + 1 REEEE D ERETFRZHE A bR J: TATAT LB
OF(u=, gun=V) & DL I I e 1t 2 A

a(u(n_l)’ au(n_l))aflu(n_l) cee a)ﬁcku(n_l)a;lau(n_l) cee a)};lau(n_l)
HA 18]+ + 1Bl + lyil + - + [yl = la|. FIULEREZ — DB EIRIRSS, HRIGHL 18] < |al/2
Ayl < el /2. PEIEES S TTRE, FAIF 2

|5°‘F(u(n_1), au(n—l))l < CA[ Z |aﬁu(n—1)| + 1] < CA( Z |aﬁu(n_1)| + 1] ’

1BI<o|+1 1Bl<s+1
A& (6.3.4), W13
105F (™Y, 8u )| < C4(E,q(t) + 1) < Cy. (6.3.7)

WAE, P E6. 1.1LL R IH R 152 (6.3.4) (45 Hiag It 5 i
E,(t)<C (En(O) + CAJ (E,(0)+1) d‘[) eCot < (C1 + CZJ E, (1) dr) eCot
0 0

Forp b s CH B 3 By R ARBIAIE (B B A) M YERL . FEGronwallNEERA, AAAERRIT > 0, &
RURE (B W A)MAER, 45 sup E,(1) < A. O

te[0,T]
BIRRRF RIS, T ORI TIE & T 7 51{u "V M B BB A — B 1) 2 () 2 B S .
IEFRATE X S n &L A S (n — DALETMEZ . 18[u]™ 1= u® —utY, T eI

o [u]®™ — g™ M)u]™® =R, in(0,T)XR?,

6.3.8
[1]® = 3,[u]® = 0 on {t = 0} x RY. (6.3.8)

HARIAR, E XN

R, 1= [gYu"™V) — gV (u2)]8,0,u ™ + F(u"V, du""V) — F(u2,du"2).
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e EE R, JATTE

IR < € (I[u] ™1 + [[8u]|"~V) (A + |gu*~V)).
FATIAETE X [u] WX B BEEZ B[E] () )

[E)() := [u™()|

+ |6 U™ ()|’

H(R4) L2(R4) *

9 e BH6.1. 10

t

Vi >3, [EL(O) < cj [E],(0) dr.

0
XFEAFEAMR IS I T T > offi 35T =t € [0, T'TH[E]®) < 1[ E],_.(D), iﬁﬁ‘ﬁz E],(t) < o.
ﬁ%ﬁﬁmmm&ﬂﬁ%A~iwgiﬁﬁueLWOTHmM»JueL%oTL%wm

PR R BRI IE M. FRATTEUAE IE WA b T B2 B PR uih /e u € L2([0, T1, H42) n C%'([0, T], H4+Y).
Hee b (6.3.4) IAE

[, I <A

Hd+1 X

Hd+2 + ||a u'(n 1)(t )”
T AR REAN [ E (1 ¢, JATTATBLER A {u~V} K751 A5 {w V) 45

d+2( d) d+1(Rd)
u V() —— i, u"I(t, ) —— .

BT u D, ) - u(t,-) £ H F5aied, H o,u® (¢, -) — d,u(t,-) 7 L2 thasisedl, RATBRE
u(t,”) =@ M d,u(t, ) = w. #EIGEHIET TR A

< A

”u(t’ ')||12qd+2 < hm lnf ”u(n 1)(t )” < A ”atu(t’ .)||i[d+1 < hmlnf ”a u(n 1)(t )”Hd+1 =

Hd+2 X

EHEWu € L=([0,T], H*?) n CO'([0, T], H).

WAER PR R BUE MR, [FIFIRA AT LLUE B i AR T AR — RE R REE AN 11, B

2 2
”u(t’ ')”Hd“(Rd) + ||atu(ta ')||Hd+l([Rd) < A
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BUAE ] DAIE BH I8 T i 2% R bR B u )32 S8t 7 o #ESobolevidi{E A5 2SI #E5.1.3) /1, XHMER
s e [1,d +2), FATH

sup ||(u(”> u,0,u®™ — d,u)
te[0,T]

HsxHs—!

d+2 —5

4 sup | —u,6,u®™ ~4 u)

d+1

< C sup H(u(”) —u,d,u™ —d,u)

tel0,T] HIXLZ  croT] Hd+2xHd+1
d+2 —s
<Cy sup @™ —u,6u™ ~ =0
tel0,T]
C2([0,T]xR%)

FJ FSobolevik N @, ATEDATERIUW ————— u, Xk H R 8 Bubfi S22 TR
Jy

fRAOME—ME RN FME R GES R . FoATAE L AE I ME—VE,  BRS WIE 1R AR I ] DL AL
HOERH, SRAbEE . B u M a 2N 2 [u] i=u—da, o

o7[ul — g’(w)d0;[u] =R, [ul(0,-)=0, 4,[ul(0,")=0,

y
|

= [F(u,0u) — F(#,6)] + [g"(w) — g"(1)]6,9; 1.

TARIR| < C(|[u]l] + |8[u]]), HH C KT 00| WAL g A1 F S E . BLEFRIH &
F6.1.2, FHA1EH

S 6Lt e < J IR, I dr<J S 6 [ul(e, | d.
0 0

le|<1 er|<1

H Gronwall AR, Y [16%[u]ll. = 0. Kk [u] =0, Bl u=a. O

|a|<1

EIE 6.3.2. FX L, ®32e6.3. Hﬂﬂﬁﬂﬁ‘ié’aim'} % }‘\T AKIGT I, BRE R R AEGAAD
ML E, StBtagls MR & (U, u,) € H 2 ><H 2 T (d = 3) A (ug,uy) € Hit x Hi* (d=2),
IR T 3% 1B W PR FT AR — S i 2 A K A9 R R B 7 AR AR i i R i 8 R (AR R 3 A AR 6 i 4
AR, Bp A EBR 1 iE Aok KAg), TAHAR
e Hart F. Smith, Daniel Tataru: Sharp local well-posedness results for the nonlinear wave equation.
Ann. Math., 162(1), 291-366, 2005.
e Hans Lindblad: Counterexample to local existence for semilinear wave equations. Amer. J. Math.,
118(1), 1-16, 1996.
AR, 5 H M6 R F IR B R — AR At Ao x, B E WM, B R AR ILIZANTRE Z 69 A 5%
RERZATBREREA(LT T E—ANEF LK) %7 FEFHA THETELRIAGTA (B4
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B WL A AL G LEAR) B9 B PR B BT R ), AT R ST R SR TR AR T AR A AR E U A

* Ross Granowski. Asymptotic Stable Ill-posedness of Geometric Quasilinear Wave Equations. PhD
Thesis, Princeton University, 2018.

e Xinliang An, Haoyang Chen, Silu Yin. Low regularity ill-posedness for elastic waves driven by
shock formation, Amer. J, Math. 145(4), 1111-1181, 2023.

e Xinliang An, Haoyang Chen, Silu Yin. Low regularity ill-posedness and shock formation for 3D
ideal compressible MHD, arXiv:2110.10647, 82 pages, to appear in Mem. Amer. Math. Soc.

e Xinliang An, Haoyang Chen, Silu Yin. The Cauchy problems for the 2D compressible Euler
equations and ideal MHD system are ill-posed in H+(R?), arXiv:2206.14003, 35 pages, to appear
in Commun. Math. Phys.

FIAEH, UL 15 7T R 28 iR AR 77 AZ 04 By 3 AR A B AR E W P 89 2 R

¢ Marcelo Disconzi, Chenyun Luo, Giusy Mazzone, Jared Speck. Rough sound waves in 3D com-
pressible Euler flow with vorticity. Selecta Mathematica, 28(2), 41, 2022. 153 pages.

e Qian Wang. Rough solutions of the 3-D compressible Euler equations. Ann. Math., 195(2),
509-654, 2022.

R (g, u) O EN AT H: * x H T VM, 36T 6 B E Mk 5 522 Rk 2, Hlded =
30 u = u 89 B3R AT AT Al (ug, u,) € HOY x H'" " G 2. B0

e Hans Lindblad: A sharp counterexample to local existence of low-regularity solutions to nonlinear

wave equations. Duke Math. J., 72(2), 503-539, 1993.

EEH6.3.10, HATCEMIE THEETLe0, T; HI2(R?)) x L0, T; HE (RY)) ) ME—fiF . 1El
EE b, NTHEAEE D ENAAENE, R EUE —A “REFIEMTE” sk, B
HERATEN 7H(RY) x HHY(RODYMEREF=AL>(0, T; HA2(RY)) x L*(0, T; HA(R)) ) )%ﬁllﬁﬁp,
B2 B 5 =i Sobolev 1E U4 FIA) A XS B2 PR At BE D 458 6 (1) 10 DU 4

EIE 6.3.3 (EM RS, 2% 742(6.3.1) 8 #1h(uy, u,) € HP(ROXHY(RY), 7 LBHH KA
A B} ] (maximal time of existence) T, A

T, :=sup{T >0 : (6.3.1)HF L E—Fffu € L*(0,T; H2(R?)) x L®(0, T; H*(R%))} > 0.

*

(1) #%m > d + 2, Fup,u,) € HYR?Y) x H™Y(R?), MA4EET < T,, 74(6.3.1)89 5 T
L0, T; H™(R9)) x L®(0, T; H™ (R%)).

(2) F(ug,uy) € N H™(RY) x H™H(RY), M F A2 MEA[0, T,) X R 2 KIF 49,

€ BRI 5 e #6.1.22500, RATAE LR 2
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6.3.2 UL MK N5 IE RV ERRE N
REBMELmmiE 7Lt iR (6.3 DR R R, B HA A FARL S5 M R 5sh 5 12,
R EAEAE AT UKHIARBE . AT ATE e/ DI 1, SR 2 VR Bsh 5 12(6.3. 1) fF
PR R R TR o
HATESERE DT R, HRA/HEBRE BT
B 6.3.3 (BATEXM ML ETTE). £ Bde TH X IEREEF TAE, LFo,9 e COR).

8’u — Au = (B,u)® — |Vul? t>0,x €R3,

6.3.9
u(0,x) = ep(x),d,u(0,x) = ep(x) x € R3. ( )

HAVEF B0 < e < 10, HA2(6.3.9)09 L F T LAEL B = 0o, BP /)AL EARRE
XA T4 B Klainerman [t 48 i 25 5L

¢ Sergiu Klainerman. Global existence for nonlinear wave equations, Commun. Pure Appl. Math.

33(1), 43-101, 1980.
SRTITAZE5 V8 BRAIE B SE B L iy B il 7 R T 2

HERR. 2u(t,x) = 1 — e 0%, HIETHEE,0 = e 0,u, 9d2v = e *(d%u—(0,u)?), a =1t,1,2,3.
A 670 — Av = e™#(8%u — (8,u)* — Au + |Vul?) = 0.
BAEL(E, x)i85 R R AE) = 4R 3 5 78

v —Av =0 t>0,x € R3,

(6.3.10)
v(0,x) =1 —e7® 3,0(0,x) = ee *WP(x) x € R3.

faKirchoff 23 A5 2 B (t, x) 72 BEARAFAE KOG I

u(t,x) =

o | 094 Ve0.5) -2+ 13,000,935,
= Japx

MAERN T uMu = —log(1 — v)IEJFEH K, XHLERKu(t, x) < DHEE (6,x) € R, x R3#ELAL. K
I8 N RIUEM |v| < VIERRAL. 4 3% 30 5 F2 B 32 8 TH(EK irchhoff 22 XA 5) 15 411,

Ve >0, max|u(t, )| < Clmax [0(0, )] + max |Vo(0, )] +max 3,00, (L + )7}

< Ce(max |@| + max |Vo| + max [])(1 + ¢)7L.
R3 R3 R3

VERIXEHPERE T ZQ + O AR XEOEH T e > 00 /b, A u(t, x)| < 1XHME
Bt > 0,x € R¥EBAOL . BRIHIHER ¢ > 0, AT LAM u(t, x) = —log(1 — v(t, x)) & J7 e fr) %
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PRAE u(t, x). O

FIE 6.3.3. XEAMZLRD = 3AEAELA DA MR KK FTA(63.1)ED > 48+ A ¥
AR, T BT A AR A SRR ) F . R AE BT R R KA
(null condition)® — AN 7k o B “R M7 R HT U — Au = F(u,0u)® RA LA
KF(u,8u) = ¢*P3,udsu 0 < a,f < d), gt

A% maﬁgocgﬁ =0 (Hpg = (50’ §1’ B gd) “RAE” iji(null VeCtor))) ijﬁ‘;ﬁ—qaﬁgocgﬁ = 0.

— R DU PR B T AR 69 )N A4 K B A] #2 E & ) Christodoulou- Klamerman TR EF T
SRRk, BpA fﬂ%%ﬁlﬁILJE%?E#‘#%Sobolevﬁ;\)\Z: F X Ul < Cllu|gs (s > ) Ay sH Ll 5
#, ZHTARKZAFIFaw Cﬁ&ﬁ%%uﬂﬁﬁ&l% #%Tuéﬁﬁ&ﬁfﬁﬁh
WA R A TFRBOHE, TAENO(+07 7). Hd <3HEETORETREG, BEkLELEF
i, mBRH “REHT 0, 1\/\ “RENTE” 2@ —ATABH L, A HTEEAEXTL
= T ARAY R oRER E0((1 +t) 2 )

Fid 6.3.4. FTix %, LA RLMERmENG M, Lte < IRARTH VO, BHTAALT
BF A 24 KFME(Bldme = 1) TAZ GG AF 2 K £ A TR A A% ?

151 6.3.4 (Fritz John [ Z BRI S 191]). & 18 4o T 15 X A9 R &bk B30 75 A2

8u — Au = (B,u)? t>0,x € R3,

6.3.11
u(0,x) = 0,8,u(0,x) = P(x) x € R3. ( )

HAVIER : AEFe > 0, L HEMEY € CO(RIMEF HAZ(6.3.11)09 MR £t = ebf R A B AL
XA F- 4 H Fritz John )£ gk L

¢ Fritz John. Blow-up for quasi-linear wave equations in three-space dimensions. Commun. Pure

Appl. Math., 34(1), 29-51, 1981.

SRIMZEEE UE I SE b bR 45 A w U T FEAE IRAL IR S R IXAHEL M TR TR,
12w RAEH T EYE TR W SRERE L.

WERR. L WIRIRATH B S S AR T ORHIAE, AR T R E WD TR0 () = W) #
WIMEY = 7L, MITREMIfE Nu(t) = —In(1 — 1), BET 2 2K . HEANEE X MYMEIFER S,
Bt AFRATTZ5 e AR #k T

[ R > e, EHUEINT Ry, 15 ¢ /EB(O, R)HF1E N, FH2P(x) = ety (x).
WS, Z A A2 RO et = eZ AT K A8,

W 5 AR E BA 7R 20 PRAE R I 2508
R 6.3.4 (LIS TERIE IRALHREE). # B3 7420°u — Au = F(t,x,u,du,du), (t >
0,x € RY). £F F(t,x,z, p,A) : RxRIXR xR x RO+’ R 2 XFH%, AEEd t,x, A
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# A F(t,x,0,0,A) = 0 R Lo 7 (ty,x,) € R, Xx R, & i 42 4

4o R B(xy,ty) L1BAH u=0u=0,0u=0%&C,, PEAZ,
A WS AL, B ATATH BREATCHEC, o — > “HER”

Q:={t,x):0<t<e t+|x| <R}L

L ulEQPY HIHUE 56 A X ANHE GBI IUE uly—oppor T2, AR VIMEY|oR. Xt
HEQNBH ut,x) = —In(1 —7't) (RNE LM, 10T e QHRME—KIfR), TiXAMELL = it
RSB O

BATIUAERALE B iy 816.3.4, ‘& HUEIH B s 520 1 5 FE 0 e #16.2.29540) .

WER6.3.4B0IERA. X 0 <t <ty HIEREEREL
e(t) := J W? + |u,(t,x)|* + |Vu(t,x)|?) dx.
B(xg,ty—t)

XeRT, FABSXERP AN, 2R R RANESTRER

e'(t) =2f (uut+utun+Vu-Vut)dx—J (u? + |u,)* + |Vul?)dsS
B(xg,ty—t) 0

B(x,to—t)

= 2] u,(u + F(t,x,u,du, azu)) dx
B(xg,ty—t)

3
+2J m—ldS—J‘ W + |w,|? + |Vul?)ds,
8B (xg,tg—t) ON 0B(xg,to—t)

HAT N 52 0B(x,, t, — t) ML AME & . FIH Cauchy-Schwarz ANERE 2|u, Vu - N| < 2|u,||Vu| <
lu |? + |Vul>. AN G 15

eTOSZJ u,(u + F(t,x,u,du,d u)) dx.
B(x¢,to—t)

BT F(t,x,0,0,0%u) = 0, #EHAR A e HEATE

1

F(t,x,u,du, 82u) = F(t,x,u,du, azu) — F(t,x,0,0, azu) = J o,F(t,x,su, sdu, azu) ds
0

1

=J (6ZF(t,x, su, sou, azu)u + VPF(t,x, su, sau,azu) . au) ds
0
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XS 2
1

|8,F(t,x, su, sdu, 3 u)| ds + |dul J |V,F| ds.

0

1
(e, 1,0, 8°0)] < Jul f

0
/7“\ C = maX{Co, C1}7 ;H\:E':I
1 1

C, := max J |0,F(t,x, su,sdu,8u)|ds, C,:= max J|VPF| ds.
0 0

(t.%)EC ) x, (t.X)ECy x,
IANF(t, x,u, 8u, 8u)| < C(|u| + |dul). i

e’(t)<2(1+C)J lu,|(Ju| + |8ul)dx < 2(1 + C)E(¢).

B(xO’[O_t)

YA Fe(0) = 0, TMIAR R He() Rk THIHIEIL, el fge(t) =0, BILE C, ., Fu=0. O

ERWANGTZ)E, BATRKBARLAN LT 22 8 2 22 206 7 RE MR A I K R R 2. T
e HRRT, W BB Eh i #E(6.3.1), AT SR B sl R AR (ECRESR ) e HET ?
XHEIA I =%

EIR 6.3.5 (JBMHEN] (breakdown criteria)). %7 7 42(6.3.1) 89 #0148 (uy, u,) € H2(RY) x HH(RY),
AT, RBIMKGARE, ET, < co, BP ALY M R A A FEaT a8, W4 F =5 L

lim inf ||(u, ,u)(t, e @e) = oo (6.3.12)

limsup| Do [10%u(t, lpe@ay + D, 118:0%u(t, )lpoqaey | = oo (6.3.13)
e a2 jcl<l 4]

limsup Y [18°u(t, )lpoqay = o0 (6.3.14)

SEIC 6.3.5. A2 3T ST AR M) M B HS X HS7Y (Vs = d + 2), 33 & 89 453847 AR ik 2

718 6.3.6. 4w R F A ALY F g Bl BHR Biu, Su, W] S BT 69 A0 4E IE W) 5 1% 42 & A HOB(ROXHTA(RY),
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" (6.3.12)-(6.3.14) 3L i £ A

111;1'_1}%1’1f ||(u, atu)(t, ')||Hd+3([Rd)><Hd+2(Rd) = ©0. (6315)

limsup| > [10%u(t, Mlps@ay + 2, 118:0%u(t, )|y | = oo (6.3.16)
N I RE lal<l 42}

lim sup Z 18" u(t, )| Lomay = 0. (6.3.17)

W, Sogge [14, % —F].

a0 b = 2R BRSHE N R A BE2. 3SR IR B K SRALL,  (ER B8 = 25 5 A B AR O A I A SR 2
(Gagliardo-Nirenbergffi{H A5 10) . MSEFITEMIERE, =200 £ mIF . FATHE T R EEAE
HIEE —2%(6.3.14), 5 —25(6.3.13)2(6.3.14)45 & Sobolev ik A\ & BRI ELEEHEL

WERR. FETR. 35 T, < oo (HREMENIA SO, RMERAFAERE LK > 0, HEMER t €][0,T,),
i e B SRR — HUE A

sup ), [8%ue, )|, oy SK < 0. (6.3.18)

[E[O,T*) |(X|<1

XEWRAE u M Bu YR T Le([0,T,) x RY). # N RILATHRFTAEIIXS 7870 K, Fla0s > g +1, T
R H BT, N 2R IR . ARG E I R i e VE e B GERE6.3.1), IR ML TT LAE ) i
ez —/NEI TR, 5T R JE .

LE®) = ||, 0w} a2 BB TR RE E A T CE#6.1.2)

Hd+2xd+1*

t
E(t) < C - I(t) - exp <cj 1891 g dl’) , (6.3.19)
0

Horp 9(e) ARRYME UL SRR A e T ook R EEGEN,  REHI = FEC8
dg(u) = ¢g'(u)du. (6.3.20)

FERIXENEES—M S8 du. FIFHRIFE K (6.3.18) BATH |lull,. <K H ||oull,. < K. BT g()
et ), SRR AR, B R BCK) > 0 15 |0g()|| L@y < 119/ W)||1x 18Ul <
C(K). XEME =M TP RS AR RKXE [0,T,) L& —EH 1.

T

o]

g« df) <exp(C-C(K)-T,) < co.
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PUEALTH 1) TP EJARZAET. X UE I Moser N5 U 15 (HLSEE IS SR F AT LD

1F G, 8wl 0s < ClUMtllzons 1804l )X + [l + N18ullFo) < CAROE(D).

Hd+1 Hd+1

XA HT I, BT EALT||[0%, g710,0;ull., HF|al = d + 1. HFHSLE, HEFESIHERS
QERX BBADR A Z B S8, IFAT Z M Moser A5 S HAER)

116, g"16:0;ull7, < C(llgllman||oulle + 110Gl [all0s2).

R — T, PEIAE IS AT ] Sobolevik A€ B . Holder /%5 :UH Gagliardo-Nirenberg #ifi

AR (5.3 )80, Flan iR T2t g - 2ul i, MLt 34156 F Holder A~ 55 2015

@ ||5d+lg 0%ul|: < 11091 g||10|10%u|| e, FeH11/p+1/q = 1/2, %R )5 B FIH Gagliardo-Nirenberg fdi{H
S AT AR |07 0| o 1 BSE[Ona | oo, F0 T FRYIGTAE L DU 78 220 i BN 8 T LA |04 | s P25 o

ZAEBATHAG 21
I[6%g"16:0,ull7, < CCKIE().

H1F (6.3.18) TRIE T |||z A1 [|Bul| e HIH FHE, IRATH LIS 2 et RO AE B A SE

mo<cmﬂg(mm+JE@mﬁ.
0

& Gronwall A3 205,

sup E(t) < C(K,T,)E(0)eC®TIT: < oo,

telo,T,)
R = Sobolev YEHAE T, B ZIA K. RIGRIMAEMCH, MTUEHBI T, 25, X5
T, MR S XUHWE T, < oo, M—FrSFH) Lo JEEL SRR O

> 6.3
SR 6.3.1. F Ede T =4kl ks A2
d’u — Au = +ud, (t,x) € [0,T) x R3,

u(0,x) = uy(x), J,u(0,x)=u;(x) xe€R3.

SERR: LB 9 R AR 1 (6.3.14) T AL H

lim sup ||u(t, -)||peray = o0
t—»T*
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EE AR EAR (U, uy) € HS X H VW 89s > d+2 =5, SR EiZp4Ests > 2394 A HE
(XEZREIEN).

@R 6.3.2. &g : RXx R — S™ C R™ 1 & 4o F & B 4 (wave map) 77 #£
d
(g := ¢<a[¢T 8- Yo - aiqb), (t,x) € (0,T) x RY,
i=1
¢(0,X) = ¢0(.X'), at¢(0s x) = ¢1(X)

AEH g > = 1,8, - ¢, =0, HBEXLAELE.
(1) £

E(t) := %f

R

d
[Iaﬁﬁ(t,X)I2 + Z |0:¢(¢, %) dx).

Q) #&d=1,m=2, AHRELBWEFL: ALy e S EE ($,—y.¢,) € HAR) x HX(R). iE
B LI S AL A T A AR, X R T AR IA R R W) (6.3.14) R

R EZEI|PP=1RARE =,

6.4 BEEXIEFHIFLIEKIFIZ

AT BATE &N ALV S T R AN T AEAE PR, Horbu = £1.

8u — Au = plulP'u t>0,x € RY,

6.4.1
u(0,x) = uy(x),0,u(0,x) = u;(x) x € R, ( :

EHRBANE N ALEARIE. BER, X RUFHELMER S T80 u — Au = plu|P~u.

o Ry = 1N NBE(focusing)H I, u = —1BFRZ NEE(defocusing)FH il -
o ZJTHEAASFEI REE

1 2 2 (=0 +1
E(t) .= 5 JRd(atu) + |Vu| + mj |u|p dx.
M s RGN MR AZ M R u(t, )& 5 FE6.4. ) K, N
VA> 0, uy(t,x) = ArTu(At, Ax) (6.4, )R

2 d
BB SR Vaaglle = A3 [Vl 24d > 30, AR = = +1 -7,
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- #s>0,llp-1< ﬁ: B ARV B T #2(6.4.1) 2 BEEIXIIER (energy-subcritical) [,
I A > 00, WIAS — co. AU, X7 B 40 5 EAAR e 4 2R /N REE i 75 22
“TIRAER", MXPMHIREETE “ZEik7.

- #Hs<0,Blp—1> é: LR RRIE B T HE(6.4.1) 2 BE = HBIE R (energy-supercritical) M.
AR, SR RE ST IECEE IR “BEh Y (RIA > colX M) .

4

- #Hs=0,Rlp-1= — VLI FR I 2 5 HE(6.4.1) /2 REEmF (energy-critical) ). BEESIE
CRPERS AR A TR B PR o AEREEAE T R B AETD , DA %

ARH I
AFEAHRED = 3,1 < p < SHRFIRIGOL, BRI =4EREE IR T BB TR

u—Au=pululPlu(mu=+1,1<p<5) t>0xeR’ (6.4.2)
u(0,x) = uy(x),d,u(0,x) = u,(x) x € R3, .
A BB B B A N AR
IR 6.4.1. K(up,u,) € H(R3) X HHRHA D EER K X &, N IH42(6.4.2) 5 £ %KM, ik
& (u,d,u) € L*(0, co, H*(R?)) X L*(0, 00, H*(R?)).
EIC 6.4.1. X 2 KM RAEAH (R)XHY(R3)ZAA T R4 L9 6) 53RE 2 4k (£326.3.1),
EE B TAL(6.4.2) R F F &by, HIFXMANMRAOU, FRERMTUEH x P2 @Ed it 2
MRg (35/8) M BRERME, BMALEBELAT ZMAERZLH> X H'P, EH AL Evans [6, &
12.2.1].
IR 6.4.2. MREZEREN(p = 5), DAEERBGIERIEF B, w8 & E 218 A
Strichartz &7, T W Sogge [14, %3] 3 K#EF L, #BE 61 S 3 7 A2 AR °T AR AT B4R
i, mAREFANE ZTemEAmREELASREAENXE, THALLTLFE
* Manoussos G. Grillakis. Regularity for the wave equation with a critical nonlinearity. Commun.
Pure Appl. Math., 45(6), 749-774, 1992.
e Jalah Shatah, Michael Struwe. Well-Posedness in the Energy Space for Semilinear Wave Equations
with Critical Growth. Internat. Math. Res. Notices (1994), no. 7, 303-309.

e Carlos E. Kenig, Frank Merle. Global well-posedness, scattering and blow-up for the energy
critical focusing nonlinear wave equation. Acta Math., 201(2), 147-212, 2008.

6.4.1 RI&F BN FIER NV EE KR

UE B NE AR AR 0 S BEAE T SLAE MIMPEAL R E 3 (IR Va0 A2 S mbrie 8om ) DU
A BRBAE T R AR TR O RBTVEE R ) . ATERMNRAZBERBEHRERBR (v =1,
e IR EEERVZIERR), MERRIEPAERS, RABEET.
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WER 6.4.2 (IEMITEALTE). ZuA 5 42(6.4.2)7[0,T) x R3 Loy 22 dfig FL

M := sup ||0,u(t,

0<t<T

+ || Vu(t,

')”12‘2([};{3) < o0,

')”12‘2([};{3)
T A7ABL 4G B W SE ) AR R, Bt > 2, (ug, wy) € HY X H L Ay

sup ||0,u(t, )lI}

0<t<T

+ [Ju(t, )||? < 0.

Hs— l(RS) HS(RB»)

HERR. X HEEMNIsatp € [1,3]1EW TR EEUE, FHLlls = 2861, X KHIsuE 2 —FE R
M3 < p < SH T E R 2033077 F2 1) Stricharez il T 8038 = 4E 28 P 7 FE ) B 2UE (Kirchhoff A F),
XS

W v = 0u NEEZE—Hr 38 IR FRLIENTTE:

8’v — Av = plulPtv (6.4.3)

E X ZPraER Ey(t) = i(”VUH%z + ||atU||I%2)- SR FH, o E8FR 93 FFFI R Cauchy-Schwarz AN
{5
E;(t) =J plulP~tvd,vdx < Cl|uP~1v||.]|6,V]|.2 (6.4.4)
R3

1M 10, 0]]2 < V2E,(2), AR TR, #EHolder A2:015

[P0l < ([P [l Vadllze = [[2al]F o 1 V4l (6.4.5)

o SMAIR: i Sobolev I FHk AN H' «— L6 GEFE5.2.2), ||[Vullpe < ClIV(VW|l2 < CVE D).
o KMAL: Hp e [1,3]1513(p—-1) € [0,6] (XBEFHKANEREZp < 3WEEERE), HSobolev
ﬁ/\)\}—\Eiﬁy ||u||L3(p D HEATEH ”u”Hl EI:J: ° ?EIE@'{EXW’ —Bﬁﬁgg g_[IE]l].IZI ||U||H1 ﬁﬁ ﬁ&

[ull? -, < COM).
R elFEEA ﬁ{? \/Ez(t C(M)\E,(t). H Gronwall A& HI15 458 [l
F2 T SRR B A A )

Rl 6.4.3 (RBAEN). & T 42(6.4.2) M KA LT AT, >0 (X F 2#6.3.3). 5T, < oo, 1

lim sup ||0,u(t, + || Vu(t, +00.

Mgy =
t-T, LR

')”]%2([@3)

SERR. RURVEICOA4 1, XHERHHK > 0, HE IR (6.4 2MHIE 1o, )2 |12, + [l |, <
K, WHFAERT T, (7L (58D ARTE[O, Tl x R3FAE.
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BUEI BV, WERT, < cof BESIR AL, NIAAAER HK > 0fiif5

sup ||0,u(t, <K.

te(0,T,)

')lliZ(R3) + ”Vu(t, ')lliZ(R3)

AeEt, =T, — iTK, PL(u(t,, x), 0,u(t,, X)) N7 FE(6.4.2)FHWIME, HREE g g 1850,

LR 7 FR A 22 /0] DAL T B 18], 33X 5 1 BH 5 F2(6.4.2) 75 PA(ug, uy ) NVIMERS, BT ez /b
A LAETEL, + T =T, + %TK > T, B0, X 5T, KT E. O

PR RIANTUED] 2 B 6.4.1.
TEIR6.4. 1HVIERA. 5 BA1E LRERIZ K-

1 1 1
E[ul(t) = Jw <§|6tu|2 +51Vul - mmwl) dx (6.4.6)
T Mfg, HEERESREETE: E() = E(0) = E,.

Rk, #E Sobolev R N EHE HY(R?) < LPHY(R?) (p < 5, WEFE5.2.1), HFEHE C >0
1543 [uallon < Cl|Vaallge. X EIRATHS] T HIRAEBERE (fi6.3.4) fFu(, G S5k, i
1M 7] LA Poincaré A58 S ||u| i B HAE || V|-

IXFERE & SR AR

1 1 1 1
By = 30ullf, + 31IVully, = S lullfye > SI1Vally, — ANValz”. (6:4.7)
A y() = ||[Vu@®)|| = 0, EXLEE f(y) = §y2 — AyPtt RIS F (1)) < E,.
EERH f(y) = §y2 — AyPH R y > 0 LIPS

e f(0)=0.
e /) =y—A(p+1yP. & f'(y) =0, FAFME—IERIES y, = Q/A(p + 1)V/PD.
o TEy, MIRFIMKME (IS TE A “B2” 5, WNH=f)>0 Hy>y I, &
O iE i T —oo.
AR VIME RN, W By < HUX|| VUl <y, (WHELLT “HHE7) . BAIWS:
B, s € [0,T,), A ||[Vult, |, <y, LR FB—ABE “HB” Zdh Rk,

WS BIERR. y(0) = ||Vu(o)||. R TRIFES RS £t =01, y(0)<y,. HT fO®) <E,<H,
H f) = H, XEWE y@) KZTERE y, ZME, RLTGiEsEd B2 88460 B LR
“I” fEBBE, B y(@) € [0,y,) RATR t oL, O

7 2 SRR (Ve o B0 0. FHEI SRR A R

1 1 1
sl6eullz, = Eo = 51IVullp + mllullp+1 (6.4.8)

Lp+1
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FIAN G — DA ) (AR Sobolev HRAME Vu #54HD),  KIL |16,u(t)]]. th2a—F0E 1.
KRR M, X T t € [0,T,),

IVu(t, 7, + 18.u(t, )|, < M < co. (6.4.9)

WAE, RN (ar@i6.4.3) FNUnRT, < 400, M5(6.4.9)7 )&, HIHRKAERRIT, =
+oo. XUtAME R /EH x L2 PR HAE . Aa A IENMERER L (Aidie.4.2) K,
Xts = 2, (ug,uy) € HS x H U

Sup 118, P gy + (1408, M < 0.
0o<t<T

R 5 R A7 AR B AR 2 S O

6.4.2 HE. XA ENHIENRVEEFRRE
Hu = -1,1 < p < 5, BIXF=4ERRCEE R Im AL TR 5, RAME AR i 2 A AE Y
AT A G p < 3MEEEIEIEH, M43 < p < ST EH BB AL REA G MR ZafE
HiStrichartzffi 11, 241 FHKirchhoff A~ X153 2|Jorgensflith. J53& 7] 7% Evans [6, 12.377].
&Ny
u—Au=—|ulP'lu(l1<p<3) t>0xeR’

6.4.10
u(0,x) = uy(x),d,u(0,x) = u;(x) xR ( )

EIE 6.4.4 (HE RVIMERAM). X 1< p <3 3Fs = 20K % I (uy, uy) € H(R3) x H7Y(R3)
(PP 2232 0R), AL (6.4.10) 4 27 — i BARAE (u,u,) € L(0, 003 HE(R3)) X L®(0, o0; H"'(R?)).

WERR. X ELEAIIR s = 29 B FIEW] . IEMI 0 AP B e BB TE RS — B R B A B AR
Jein s, SRJERIM p < 3 BIRAFEHT B RE R4 T

B—: —MrEEENRBAXIEMATT. € RREZM:

= 1 2 l 2 1 p+l>
Ego._Lv(ﬂam|4-ﬂVu|+l%+1m| dx (6.4.11)
KEm: T RERBESRE, bhggELIdEf. meEETE E () = E(0) =: E 53]
1
ywmm@<E0:|wmm<vﬂ% (6.4.12)
1 1
[u®IIF, By = [Jullpen < ((p + DEp)» (6.4.13)

p+1
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Ah, HH Sobolev ik A HY(R?) < L°(R?) 1 Poincaré N5, HATH -
||u||L6 < C”VU”LZ <C 2E0 (6414)

FIHHIder A5 [ullpe < [Jull?,., |[ull};®, AIEIXAER g € [min(p + 1,6), max(p +1,6)], fiF#HI LI

s’

WHRE S AN Fealh, BT p>1, PrUX g € [2,6] #A ||ull $HIEREE E, 2.

FH: ZMeEEfit. N TIEB—EAE H2 H, EXZRtE. ® o= Vu:
87v — Av = =V(u|P~'u) = —plulP~tv (6.4.15)

RS EN(8) = (VoI + 18,0112,). SRFFFAN TR £
E;(t) S J plulP~v||o,v] dx < p|[uP~'v||.2 \/ 2E,(t)
R3

BATE TS ([P0 = |[uP~"Vull.. % Holder A0t
luP=' V| < [P~ |l Vil gs.

o ¥ZH ||Vul|s: H Sobolev SRATR||Vu|ls < C||V2ul|: < CVE,(£)-
o SR [Jur e AT s =l TOORAERIZ u € L0, XEFREMB 1< p<3

HIZHRISE 0 <3(p -1 < 6. lEH—DHLR, WNCLEH T |lull, 2 < qg<6). Bt
FEAEAURIT E, I C(E,y), 8 |[ull?,, < C(E,) < .

B=F: HAREAFN K LM REREE AN

EJ(t) < C - C(Ey) - Ex(t) - \ 2B:(1) = C(BDE(D). (6.4.16)

¥ Gronwall RS E,(t) < E,(0)eE)t X KX TAER AR E ¢, AR Ey(t) A R,
R HE IE WAL R e 3 (rdl6.4.2), A SIEAIRITRINLE H2 IENIE, A2 S e B4k
e, .

6.4.3 Bootstrap/7iL

AP SCEBIATONIEA 25 13— “ R e M R I - B AR 1) 58 B8
o AEASIANIM KSR TTRE I R AR R AR . ST SORRE 13 T 52 2% 138 81 U5 F& Strichartz fil
i W T RIEAR MR RIS NGEY], (HRAZ 260 5 i BT R EA R . XA A
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7& PDE 73 oAb A 32 48 T A,
AT 52 Gronwal LA 2
FEARL M T T R e rh s AT T2 2 38 B (22 58 PR 353

Bootstrap 575 (SFRAFEE M E), 1MEM— Kk

1. N TR 28 X (1) ORFFA . (BUAR/DN), T/ ZHIEI S Lepe Al it
2. HIXEREEMATHEAE R AERB X C2f/ 7 (BUR/ND BIRTHR N4 5RO,
KL T —ME: “ELERAERR, RIRRBRRERR - THIXMEHRZHE T HHE Boot-
strap, ‘& A DAEIATEL B “F FHRE” #:4T “Bzhmag”, #EmiEs] “f FHRE” A Sk
S (RIEAFZ “HHMRIL D, AR 2 H Gronwall AN AR S .
BATIAEN A Z Bootstrap i B «

Rl 6.4.5 (1% Bootstrap R P [18, 551.375]). XIA 1A K18, HifEZEr € I&MA I Z14 “4R
K H()Fe “45it7 C(t). IAABIL VAT 09 5P R R 2

@) (“Bix” = “4w”) ExEArel, “Bix” HO)mz, W “2Zi#” C(t)Hn L;
(b) (“Z#®” 3%T “BRiL”) EXEAN €I, “&w” C)m=z, N GAELTFARBOG), 1£1F
“URIR” H{)*E&Y € In O(t) A ;s
(c) (“%” BARMN/ESM) 57t} C DKt € I, BxHEEnd A “4Z” C(t,) Rk
s, W) “ER” C()A kL,
(d) GEARIZ) 2V ALt € HEFBIR” H()R L,
AMLANE “Lw” CH)MEEL € TH R Lo

% Bootstrap J5U [ 1IE I A& [X TA]ZE38 1 ) 1o BN FH

WEBR. 2Q = {t € I : Zc@OBr}. Md+@)FFQIED . RIEDL)+Q)EWQREITE, (o)F
QM. X [EIE®E, bl =1. O

JEIC 6.4.3. AR iz REE, H(®),C)M R —A AL F(b)-(d) & 5 ik, Mm(a)iiiiA R
XTI TR, —MERAKRMNEZAPA A T AEFIE R R M RIEN .. %Bootstrap/R 32 % &,
A TR “HR()M ‘LT Ct)”, REZHEDL)MEXLTCE I, HEVAE—/HE &R
3z, EAEY “H)=>CH)” #5255 %7T. £ XPDEN, 4R KXMNEBIEAMEZL € [0, T1A X
AMREEEITX(E) < Mz, BAMEH S “Bik” HOTUAE “HE&r € [0, TIAX(E) < 2M”
BEAZBHARFX, REARTARIEXRERGEM R IEN] “EHOORZOITRT, KM
AX() K MsHEEL € [0, TR 2" o
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a5k
C()
(HITE)
Rt ¢ A
B “jlzz%,r ”
EITFE s
( “j@éi,rin )
FAHET T 47
H(t,) H(t)

BB H(t) 54518 C(t) ZRIRARREE: ZXAHEH I ARG RILE,
IS FE B — UOERAEIA T, BRATERY J& 1 A8 BB AN £ 18 ST (1 I [ 52
o PRSI Ik 1 IR B B AR A T RN TA] A

H L Gronwall A E A B & Bootstrap R EL T — AN, B AR E A 5 T8 5 AR 20 30E B
5138 6.4.6 (GronwallA%ER). X f:R>R A—ANIERELZK, g¢: R—> R A RTRHE,
WA T RA > ORFAEEL € [0, T2

t

fO)<KA+ J f(s)g(s)ds. (6.4.17)

0
LR t € [0, TR A t
f(t) < Aexp (f g(s) ds) . (6.4.18)

JERR. WHEE e >0, HELUNE&MF
f) <A +¢e)Aexp ((1 + E)J g(s)ds) . (6.4.19)
0
ENB :={t € [0,T] : %M (6.4.19) FHTE s € [0,¢] WL} BATEIE B Z2IE=M. 0 H 1A

1, MI{SHE B =1[0,T]-

o B RAEIREM, KN 0eB.
o 1 f BESANETR, B R
o ME—WXERHERIT U] B RITM. B f HESAE, RTUEMAR t € B, Ba®ATE

fv)sAam<ﬂ+£{[g@dg, (6.4.20)
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HIf3 2] — L (6.4.19) BHaRAY S AMIERRF t € B, WA

t t

g(s)exp ((1 + s)J g(r) dr) ds

<A (1 + (exp ((1 + E)J g(s) ds) — 1)) = Aexp ((1 + E)J g(s) ds) .

Kt B=10,T], BP (6.4.19) XA t € [0,T] Al e > 0 ilinr. 2 ¢ — ORIFH4E 1L, O

f(s)gs)ds <A+ (1 + s)AJ

0

ﬂ0<A+J

SJ&k 6.4

SR 6.4.1. B R 6.4 1Eu = —1,p =389 HF I (# &, cubic) .
SRR 6.4.2. # B T 4B R ERER K TAE

0’u — Au = u’, (t,x) € [0,T) x R3,
u(0,x) = uy(x), J,u(0,x) = uy(x).

PEB . B AEM AU, u, € CP(R3)i#H 2
o MIERFEQ) = [ §(|Vu0|2 + |uy|?) - iluol“dx > 0.
o 3R AYfRu(t, X)L = 1R £ WA, BP lirln lJut, )l omsy = +oo.
t—>1-

R B 1516.3.4% JEODER VR4 (Type I blow-up), BPAFE A4k #itay#E, % ODE#/ #1184
R—AFEHG KRB R AR AU, u R E R ZFALR ABET B B yporn, EREL YR R/E
B A (R A% 4632 B AE B 7R — % R At 2 ODEJR A% % .

1o)RR 6.4

B18R 6.4.1 (Strauss/ ). % B4 F =ik sh 742, £F1<p<1+v2.

0u — Au = |ul?, (t,x) €[0,T) x R3,
u(0,x) = uy(x), J,u(0,x) = uy(x).

A Fhuy, u, € CX(R) AL FBO,R)A, HithZ [, uydx >0, [, u; dx > 0.
(1) 2I(t) = [ ult,x)dx, IEH: AEFHKC > ORFI(t) > CIPA + )PV,
(2) HvASGIY — Av = 07 A A48 B A1 (ug, u,) 9%, JE: AL HC), C, > 07 [, v(t, x)dx =
C, + C,t.
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(3) #] ADuhamel/% 2 Fudf 4 AofedE TR 35, RQ)IEA: AEFHKC > 0EFI(E) > CA +
H)*P,

(4) #Ze>0,u=(p—12+¢c(4—p), NHEe > 0EFu € (0,2). #FH: HEFHKC > 01847
S0P 2 CUEPA + D).

(5) A3), (4 S F &, IEHIZFALT T A A HAR KT

6.5 Schrodinger 5 2RI Rt TTF0Strichartzfd it
Wu:[0,00) xR - C HEARKE, FA1HELNESchrodinger /772

idu+Au=0inR, xRY u(0,x) = uy(x), x € R (6.5.1)

A Fourier & #t, R7F 5 KAz A

u(t,x) = ey,  eMf 1= (e P f(&))Y = : dJ e_lx;’flzf(y)dy, (6.5.2)
(dimt): I me
XA ABAERIEAR @ SHIME u, KB, Hh
1 _k?
d(t,x) 1= —e w . (6.5.3)

(4irt)>
2 VESchrodinger /7 F2 A U R AN M

o ({45 AAEME, scaling invariance) W u =& (6.5.1) W, NIXHEZ 2 > 0, lgu(/lzt,/lx) o
(6.5.1) MO, FLHIEH A:uy(A).

o (fNFIEEAZ e T ()AL, Galilean invariance) WIR u 72 (6.5.1) HIfiE, MIXHMER &, € RY,
e Mol ei¥ Syt x — 2t ) A2 (6.5.1) IR, HAMEN e*Souy(x).

NATTHE B R 1) 52 2R Schrodinger 77 #2 (NLS)
io,u+ Au = F(u,ou, ---).
R, 2814 Schrodinger T2 (F = F(u)) A28 14:Schrodinger 52 (F = F(u,0u)) MU
T2 (20 Laplacian 24715 3 26457 #4500 ¥) Laplacian) 7EVF 2 W) B A R A2 R . 2955 R 20
TEOLET,  FRATMB E JEZ LT

F(uw) = ululP'u, u=+1, p>1.

M u =18, FTATFKNLS NEUE R (defocusing); 24 w = —1 B, FRATFRNLS A F£E 1 (focusing) »
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LR PENLS id,u + Au = +|u|P~ u 3 2 LA s E
o (FULSFH) < [ lu(t, x)P dx = 0.
e (FeE5rIE i 1 2 1 p+l1 —
(RE & 5F1H) ” S 2|Vu(t,x)| + erl|u(t,x)| dx = 0.

o (SRS SIm fo, u(t, x)Va(t, ) dx = 0.
s ERE, JAT G ARG
e H¥p—-1= 3 i, FATHRNLS A REIGSF (mass-critical) 1, X&HETYMER L2(RY) JEE0H
B IR AR
e Yp—-1= é (d > 3) i, FAIFENLS K gE2llmFR (energy-critical) ¥), FAREE E(t) HiE
2R 1 T I T Sobolevik A I TR bR o
ARFEARFE, AR T2 ln S NLS ) /N8 524408 5@ PRI, X & NLSH fii B 451 1

idu+Au = +|uliuin R, X R4, u(0,x) = uy(x), x € R4, (6.5.4)

B AT, AT BoK L Schrodinger 5 FE HIFE IR Al i AT 2 A5 - 5 .
Xt AEFF R Schrodinger 77 2

idu+Au=Fin R, xR u(0,x) = uy(x), x € R, (6.5.5)

FH Duhamel Ji 3 7] DL B $25 H g 1RG5 20
u(t,x) = eltu, — iJ el=DAR(7) dr. (6.5.6)
0

N T UEBINLSHI AR, FRATT 7R ZHIE BASchrodinger -8 e AL T (ST ¢ WEIZE ) A
T (LYLBD Ak, J538 XHEFRAE Stricharez it

AT E SR B A
Rk 6.5.1 (e AL TT). X 1< p <2 H fe8RY, N

1 1

dit-1
2 2| fllLeway-

lle™ fllLr way < Ct

HUEBA. % Tf = e f. HPlancherelfEZE XA | Tfl2 = ||f |20 28)5 B Young AN 55 A5 2|

d
ITflle = NP * fllze < (Pl flle < CE2 Sl

$ERiesz-Thorin N i@ # CEE C.3.5), FAVFIET 2 LP - LI WA RELMHE T, H1<p<g2

Han bk
6 1-06
__oo+—'

_do e —
T flle < C't 2 || fllLes » =71 +—, 2

1
2 ' ¢
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IEIF T BRAVE IR L5 51, FAR 6 = 2 — 1. O

p

BN SRIBAIN B AT IR 43 HIBS 24t 1. B Christ-Kiselevs| P [4] (J8Z: W GrillakisFfIMachedonfE
[5, 517 1.10] AT, BLARIS3:), TEMAS, - dr MM THAT LV ORIEM [, - dr iOflit. 3T
KIA T ZX VS (p, @) M1 (P, @) S AEMER, 43 T ko

< Cllflp -
LPrl

j elt=Af(T)dr
R

HT p,q>1, FATHAS I MinkowskiA &5 245 2

<
Lrrl

J elt-A f(r)dr
R

j 1= £ (2 dr
R

Ly
e AhTE, JATAE

<C
L

f 1= ()0 de
R

—di-b
j 16— oS e de
R

p
L[

PR R B B REA, # Hardy-Littlewood-Sobolev &5, A 1A L HE1S 340 R A5

—dit-h
7 15Ol | <l
L £
oA [P AT R R bR L1 A2
1 1 1 1 y 2 1 1
O<y:=d(z—-)<1, 1+—:——+—:_<:<___>
4 2 q p ¢qg d p 2 q

AT IRATTE L E I “RVEXE”
E X 6.5.1 (Admissible pair). &M1#R(p,q) #NLS#) % # 3 (admissible pair for NLS) £ 45 ¢ it &

2 1 1
e
p 2 q

FHHd=10, K4 p<oo; d=20, £K2<p<oo; d=30, 2K p < oo »IF

&=
p>2, W (p,q) A dE3% 5FEH 3 (non-endpoint admissble pair); & p =2, WAk (2,9) & 3%
BB H 3 (endpoint admissble pair).

PAEFRATTR] LLUE BASchrodinger ¥ €2 [#]Strichartzfhit.
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Rl 6.5.2 (NLSHIStrichartzftii1). % (p,q), (P, §) ANLS#IEH5t,t >0, f € 8, WA LT A&t

||eimf||LfL,‘§ < ClIf e (6.5.7)
t
Je“ﬁhwf <CIfllyp (6.5.8)
0 L;Zc
t
J ei(t—f)Af(T) dr < C”f”Lp,Lq,' (6.5.9)
0 LPLl T

JFI2 6.5.1. 42 R XA StrichartzfE+1, Rk =. = TEWE, KNMAREEZHEH S AP
AN, BMNEH AR F I 2R BRIR, BR8N mid € 2T LERAEFTT, L4l £
RE RN E A “FR” . Strichartz TERKAFA — N ET KX EZEANAN T, CEZWRAEAT
R, R B AR T LRSS K, RLMERI “IH7,

FATAR U Ao s B VERS B T 3 AU DLTE 255 2 4180
e Markus Keel, Terence Tao: Endpoint Strichartz Estimates. American Journal of Mathematics,

120(5), 955-980, 1998.

JE s AU BUHRE R B TR R TTJ73%: At T WS 7308, TR it TT IETiasL,
G B NLSEH FE AL, KRR AN CZES T W F it

J elt=A f(T)dr
R

< Cllf Il (6.5.10)

rrl

JERA. [AJFEH Christ-Kiselevs| ¥ [4], RFEIEH R x R FRflvh. FATECIE (6.5.8), HT L?
seHilbertZ*[0], FATAH

2

2 = (J e A f(7)dr, f e A f (1) dt)

= f f (e f(2), e F(1),, drdt=f (f(r), J ei(f-f>Af<r>dt> dr
RJIR * R R

L

f e A f(r)dr

L

L i(r—0)A 2
<l || erow] <,

Ll
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WG, (6.5.7) AT LUER) (6.5.8) I LP JuE PR R (C.1.1) KUk .

. [ .
e lipiy = sup | f e f(¢,x)p(t, x) dx dt
R J Rd

lloll pr g <1
7%

r .
= sup || (e*“f, @), dt|= sup (ff e”Acpdt)
”qollLf,Lg, <1 R * ”(p”Lf,Lg, <1 R L:Zc
< swp |fl j etod| < Clifll
R 12

lloll pr g <1
Pl

HARAEREEE —AAFTHET (6.5.8). A (6.5.9), FATHXHRERRGE

J ei(t—T)Af(‘L') dr = sup f j (ei(t—r)Af(T), qo(t, .))L2 dtdr
R Prd el p g <TIR IR ¥
t X

= sup (J e A (1) dT,J e o(t,-) dt) < sup J eA f(r)dr J ebo(t)dt

”qo”LtP,Lqu, <1 R R L)Z: ”gD”Lf)’Lg, <1 R Li R L)Zc
S Sup ||f||Lﬁ’Lz/||¢||LP,Lg’ < C”f”Lﬁ’LZ/'

I|¢||Lp’Lq’<1 ! ! !

t X
]

3@ 6.5.1. # & &M Schrodinger 77 42
idu+Au=0in R, x R4, u(0,x)=u,(x) € LA(RY), x € R4.

JEB

limJ lu(t,x)|>dx = 0.

R
SRR 6.5.2. i%d =3, FEERNEFMN(p,q) = (4,3). AF(u)(t,x) = |ul?u(t,x), EP4TF i 54
#9Strichartz /& +1

3
<l

f el=DAF(u)(z, ) dr
R

L¥H.
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6.6 REIRFIELESchrodinger 51z
ARATEA1 FE 5T B A AE LR 14 Schrodinger /5 72 (mass critical NLS).

ioju+Au = ilulgu(z: F(u)), u(0,x) = uy(x). (6.6.1)

6.6.1 NMEEEIRIERIBLE
FRATE W ot 21l SR INILS (6.6. 1) /N B RS A4 o 78 MR ATHICH o RIS bk, A4 PEAN B
WA (6.6.1) H W] LAELERTL IS AR, H 2t — xoo I, 2RI 2 ESchrodinger /7 2 HIAR -
EX 6.6.1 (EENE). wWARAMMAAERXR [0l CR LETH, £
o MAFIAA LR,
o MXTHIMEEREL,
o FRITAIAA & BARMTE

EX 6.6.2 (U (scattering)). HRAVARINLS Y A A B 18] iE ) #CHF (time-forward scattering), & 48 %
Ete0,00) EAE, BAEHIK u, £/F

u(t) —e"*u, — 0, t = +oco.

INLS#Y f#F A% AR Ay 12 B 18] 48] ) #4T (time-backward scattering), Z 4G /E (—00,0] LA £, HAE u_
145

u(t) — e u_ — 0, t > —o0.
PAI) AL 6 R AR A R AATEY, R Z P ARAEARE R, H A bt E ) fo ] m AR a8, Hou, Foou_
X AR ) A BAR R
T 6.6.1. HET d > 1, BEENDW 6d) > 0 EFY [[uolloe < ot H72 (6.6.1) £

2(d+2)

L. (RxRY) & ¥4RE 2 H £ LX(RY) FHBH

FERR. IRATESAF . W d > 1, AONRAE LT D = q. WH(p, q) &2 Vrnt, M
Hop=q=222 FrLFRATE RN F Banach s ]

d

X :=Ju:RxRY= C: ||u]| 2 < Cgyt .
L% (RxR4)

t,x

Hr ¢ NEE. #EStrichartzfilith, HFLEFE C(d) 5

ey 2 < Ceg,,.
L,% (RxRd)

L,
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RAEFRATT E Sk o5 t
d(u)(t) = e'u, — J t=DAR(y(7)) dr.
0
#u € X WRdw)(t) =u(t), W u (6.6.1) FIffE. WL FEEE, AGER (6.6.1) /£ X 17

EME—f, W oX) C X H © & X FHESmN. tip=q = 2“;2) )Strichartzfi i
FHolder NEER, 5 u e XNE

4

4
SCIF@| 2uen < Cllull < (Ce)i.
d+4 (RXRd

2(d+2) I )
L% (RxR4) tx L% (RxR?)

tx

PR BATT R IR Bey 78 70/, ALREAS 21 (X)) C X.
BNOKIEM] @ RIRgEM, Xt u,v e X, HAHE

J el=DAF(u(1))dr

|D(w) — PO)|| 2w < C||IF(w) — HMMW>
it (RXR) + (RxRd)
chme i |u—vf
L2 (RxRd) L% (RxRd)
X HARATHI 7407 B s

[lul“u — Jvl*v] < A + a)(Jul* + [v])|u —v].
R € >0, B

1
”q)(u) - q)(l))” 2(d+2) < —||u - U” 2(d+2)
L,% (RxRd) 2 L% (RxR4)

L, tx

XU @ E%%EXJ:H/JV%H%EJL PRI AAAEME— ) u € X BN @ KIASI A, B R EIRFNLS
(6.6.1) MIfi#. fiﬂlxﬂmﬁﬁ’]@ AT T DL [FIRE R VA IER], X S 25
BﬁFﬁaﬂ]ﬂEEﬁ AL . W

0 0
U, =uy— iJ e "AF(u(t)) dt, U_ = uy+ iJ e "AF(u(t))dt.
0 —0

P Strichartzfli TH F1Christ-Kiselev 7| B [4]H1, u,,u_ € L2(RY) 72 R &M . X Hsle 25 H

hm ||F(u)|| 2d+2) =0.
([T 00)xRd)
R A .
”eimu+ —u(T) L2(Rd) L e"DAF (u(1))dt -0

LYUR9)
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AR TR lluoll, < €00 FTHE(6.6.1)F A BAAAR, HAE LR A7 M HUH . TER##

TE AR R 7 [ UM 2 58 4 — R, 7EBERS IS, O
6.6.2 NLSHIfIS1EFT
M ou= -1, BIXFRAENLSIHS
id,u+ Au = ululP'u, u(0,x) = uy(x), u==+I, (6.6.2)
e
E@) -=J Livup - L jupprrde (6.6.3)
T a2 p+1 e

SESESFIER), (HER AR . XFMES T RATAT LUE B 718K (Virial identity) iIE ] 772
IR A A PR TR o A FRATT P VR LU BRI ENILS ), B ep — 1 = 2. FRVERE, X/
RIHAE LA RN R AR E E VT

AT XL (Virial potential) UW1F

al

V() = f Ix|2|u(t, %)|? dx. (6.6.4)
Rd

EHEH V(O BARAEGI . 5 TERATTLAEY, % (6.6.2) (LM u, WREHL xu €
LA(RY), M0 A5 ROT
8 6.6.2 (NLSHVirialf % 2). % u & (6.62) #ARM, B u, € H'(RY, |xluy € LX(RY. WA

2
V(t =8J Vu Zi4df (1——) u|P+tdx. 6.6.5
@=8] 1vurzad| (1-52) (665

e, WRAIS p—1= g WAAAE V(1) = 16E(t), RILATIFIILLF @8,
I 6.6.3. K u:[0,T)xRI - CRERE., REBRNLS ((6.6.1) F u=-1) 9XFM, H
u, € H'(R?), |x|u, € LA(RY). #ATF &#4Z—mz, #oHA T, < co:

(a) E(0) < 0;
(b) E(0) =0, V'(0) < 0;
(c) E(0) >0, (V'(0))*> — 32E(0)V(0) > 0.

F186.6.1. FEERXINER AT ERCIEO6.6.1 Fay i RE T, BAERZMHHE||ul. <
AT Ao VA() AP, &AVFE R _ET AIEF4r T Gagliardo-Nirenberg #18 ~ % X: 1L Zu € H(RY)A

4 4

2+d < d 2
llull % < Cllull[Vull;,
L d
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1982-F, WeinsteiniE P 7 i% N5 K09 A2 % 84
2+ (4/d
C. = &

4/d *

2[|QII

REHQALLM, FPECRBAME T —AQ = —Q +|Q|4Q Wk — 2\ EMt, HE8A 5 kAWK
REFTHENLHNEAAFE LT )RR, MO IMLTH e LR 542, R T LFE

* Michael Weinstein. Nonlinear Schrodinger equations and sharp interpolation estimates. Commun.

Math. Phys., 87(4), 567-576, 1982.
B Pohozaevia % KX 89 i F 7 i (3) #12.8.1) F RN £(6.6.3)F T A H 15

1 lull2 |
Ullr2
E®) > =||[Vul]% |1 - L .

H % ||ull2 < ||Q|l2B, FAE@W) >0. X3 RE <0, Nty izt s TASRAE, 5
NAAEF B

I

“frRl 6.6.2 > EIF 6.6.3” BUIERA. X REMFRIGFANLS, HaeETHE, ATDEH V() = 16E() =
16E(0). ARG XA PR, AR V() = V(0) + V'(0)t + 8E(0)¢3, iXF&—NRT ¢ HIH RE X
M. L, REE (a)-(c) FME—FBOL, AT SHE M t - o0 B V(1) > —c0, X5 V(1) HIFE
FMET G- FTUATR (a)-(c) AT — 25 BROL, RIAZAERT K T, DAUE A PRI O

RN HEEHAL EEE (6.6.5).

WER 6.6.2 BIERR. $£—5: WE V(1) HE u LEMERE, Frel |ul? = ua, |Vul> = Vu - Vu. 3
TR I EAE W 2Re (z00) = zw+2zw, Re (iz) = —Im (z) Z5sz, Hiz,w e C. V()R
S1537|

V'(t) = 2Re J

Rd

|x|%7d,u = 2Re J

i|x|*iAu dx + 2Re J i|x|*|ulPt dx
Rd

Rd

=0

=—ZImJ Ix|2(@Au + |Vul? )dx = —ZImJ |x|2V - (aVu) dx
Rd N——r Rd
Im |Vu[|2=0

=2Im J V(|x|?) -(@Vu)dx = 4Im J (x - Vuudx.
Rd N— o — Rd
=2x
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L8 HE V(). BRIRSH0E, A1

(x - V)ud,udx + 4Im J (x - V)3,u i dx

Rd

V'"(t) = 4Im J

R4

ou(x-V)indx — 4Im J (V-x)oundx

=4ImJ (x-V)uat_udx—4ImJ
Rd Rd

Rd

= — 8Im J ou(x - V)iidx — 4dIm f o,uudx.
Rd

Rd

DAEIE T, i=1Im [p,0u(x-V)adx,J, :=Im [, dundx. WA V() = —8J, —4dJ,. T J, TEARAN
TR R AR G it 5

Au F |u|P*'dx = —Re J |Vul? + |u|P*! dx.
Rd

ip
Rd

—Re J u(id,u)dx = Re J
Rd
XF Ty, FATWAANLS 5 #2453 2
J; =Im J (iAu FilulPu) (x - V)adx
Rd

=Re J Au(x - V)idx FRe J [u|P~tu (x - V)a dx.
Rd

Rd

WAEIL Ky 1= Re fpo Au(x - V)adx, K, :=Re [, [ulP"lu(x - V)adx. WH T, =K, FK,.

H Ky, WfiTE g0 = xT SILRBH GO 1= xs , AU

K= 3Re | G V)uP)g(ul)dx = %Re | vcaurax
Rd Rd

1 d
=—= G(lul»)dx = —— P+l dx.
ZJW(V X)G(jul?) dx p+1j [ul?*! dx

Xt Ky, FATE 7 FER 15 2

J d;u0;(x,0,t) dx = ZRe J djudotidx — Re j 0ju x, 0,0, dx
Rd

ik Rd

f Va2 x——f (e~ V(I VauP) dx
Rd

(-9
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R i SE A IEEA, FA1E 2

J=— (1 - E)J |Vul?dx + LJ |u|P+! dx.
2/ Jpa p+1 )5
A,
2
V"(t) = —-8J, —4dJ, = SJ Vu 2i4df (1 — —) u|P*! dx.
(®) 1 2 Rd| | g P+l |ul
[l
S]& 6.6
SIER 6.6.1 (WL SFIRM). 4o u 2 H542 (6.6.1) 4%, W 4eF % 492 % F ot Fla,
|(x + 2it V)u(t)||?, g + 82 |u(t,x)|P*2 dx =2
LZ(Rd) p+2 R ’ ’ p - d
SRR 6.6.2. EHAE & M Schrodinger 7 42 (6.6.2) 89 £ . A2 sl F I8,
o« VREF12) < [ lult, x)P dx = 0.
o« (BEFFI) < oI Vul, 0P + ﬁ|u(t,x)|l’+1 dx = 0.
o (FIEFB) %Im Sra u(t, x)Vu(t,x)dx = 0.
2] 6.6
[B)R% 6.6.1. 4% fEcubic NLSAF 49 P 7 o
id,u+ Au = ylul*u in [0, T] X R3, u(0,x) = uy(x). (NLS)

H b mfiu, € H(R3), u = +1.

(1) FI A TA6.5.269 2 EH . H|Jug|lipmey < 18, FAE(NLS)A ALK u € LP(R; HX(R)N
LIR; Wy (RY)).

(2) AAHu = -1, WELEHL|x|u, € L*(R?). &u : [0,T,) x R> > CA I (NLS)AZ[0,T,) X
R3 E&9iR, & LREBE)AAZ A BV ()T

E(t):=f %qu(t,x)lz—%lu(t,x)l“dx, V(t):zj 1|2 u(t, x)|? dx.
R3 R3

JEB: FE0) <0, MNT, < +oo. (#7: QABHAZAEHFX, REBEIERAV"() < 16E(t).)
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\

FEtE THEREN

FEXTARMA IR S 1) ERF AR AR 0 SRR RUE I o, ARy AR e B R Rp AR ) L) f
AN NI A BRI R RME T . SR BRI AT LA N B MER BRI A E TR
T H AP E L R G TR . A EIRAT I EEA A R - B H 7R Gl MERT & JE D) S H
RN EARRERBRABEA 7R BINECARE, B AR TR S EE, 3
VA, RO ARZ MR B J7 RE IR OS2 F A E A

7.1 —MT 5 BRA-RAEEAE AT

AT E R T TTHE Alu] = 0, A2 — PN EARLIE) M 51, u REN R AL
o, ﬁaﬂhﬁiﬁ?ﬁﬂ*ﬂ“ﬁﬂ’]ﬁ ORRMFAE LN E R T 1R o AER AR 7 i AR A R AT S0 — 348
I3 T R IR R (FRATTRRAE “AR 50 [l ), FRATAT DO 7 R I ARARAE JEAS “REEZ K7 I[-]HY
Il 7t i, BT [u] = 0, T AE R BRI 5 s AR AE PEAE AT AT DU I 2 R 73BT R 772 3K 45

AR BENA B0 — KIS, U c RUZDFIEHEWRIED)ITE, ATE OB
PREIL : RYx IR x U — RNHREIHE (Lagrangian), B AN

L=L(p,z,x) = L(py, -, Pg» Z, X1 -+ » Xg), peRY zeR, x e R4
Hrp, 2B B A BUR Vw(x), wx), X Bwlx) e —MrE R . ®I1TEE X Fids
=@y Ly ,8,,L), V,L =3,L, V,L=(Ly,,Ly).
A2 &I T Rz iR

I[w] :=J L(Vw(x), w(x),x)dx,
U

Hfw: U - RETHENENSE (admissible set), #l1 A 1= {w € C*U) : wlyy = gh, Hgfs
5E H R B

EE7.1.1. %A = {w e CU) : wlyy =g}, LA PgRERHAB I, Fu e ARI[ ML

189
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FEeRA£), B I[u] = minI[w], W ui# 2o T B 42-324& B B 7742 (Euler-Lagrange equation)

weA
d
— 70,8, L(Vu,u,x)) + 6,L(Vu,u,x) =0 in U. (7.1.1)
i=1
IERR. fEHlw e C2U), Al MiEu e A u+ev e A. %

j) :=I[u+ev], e €R.

H T uI[- [ ME T, BTl j(e)fEe = O EI & /ME, FrLLj’(0) = 0.
WAETTHEj'(0). P57
jle) = J L(Vu +eVvu,u + v, x)dx,
U

d
j'(e) = J Z 9, L(Vu +eVu,u +¢v,x)0,,v + 0,L(Vu + eVu,u + v, x)v dx.

Ui=1
% =0, FA11E 2
d
0=j(0)= J Z 0, L(Vu,u,x)d, v + d,L(Vu,u, x)v dx.
Uizt

BE, AR E TR EE S — A0, BB B, .

7.1.1 HFSH: FWERGRENSH

51 7.1.1 (Poisson 5#8). 42 K3 f : R > R, EX LR JHFHAF(2) = fgf(y)dy. HANAAFE Bt
e
Iw] =J L\Vuwl? = Fw) dx.
;2

Wit. HL(p,z,x) = ilpl2 — F(z)%n,

6pl_L = p;, 0,L =—f(2).

JIr CABRKRz-hi 6 B H 772

—Au = f(u) in U.
— R, FEERRZ MAE, BlanF(z) = iﬁzp”, BN MR- A% B H T —Au =
+uP. #F = 0, NiX 5t /& Laplace /7 #£ ] Dirichlet i # . O
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EIE 711, EMBAFALT AEREZ &P 3200 T2, BT Ex3 4 (8, x), #E VwikRO,w, Vw),
T T AEFHE S TAL, Blde, FIE
T

1 1
I[w] = —w}—|z|Vw|*+F dx dt,
wi= | Fu-(51vF + Fw)

¢ A A BR -4 4 B B 7 AR BP A R A 7 AR
u, — Au+ f(u) =0.
51 7.1.2 (B%/NHTET (minimal surface)). # J&PlateaulP] #: Z 4 F B F 442 —F A B &, WA AAR

&4 i & 649 & AR S MAAT B IR R ?

Surface area of graph = I [u]

y 3 g .
E |

—

u

A minimal surface
B 7.1: AR/0N il T s
TR, v VR A LIR R, JRATE S R AR R ME RIS TRz ek R M T

Iw] = J V1+ |Vw|2dx.
U

e R B H #CAL(p, 2, x) = 1+ | pl?, fThe, L(p, z,x) = ﬁ, 9,L = 0. AW (p, z)Ht
WV, w), FATHAS B IMEFuidh £ 577 72

d ax'
V(V_) — Yo, (_) o
1+ [Vul2 i \W1+|Vul?

]
Fid 7.1.2. A& KXV ( vu )?‘:%L%:ﬁi‘{iuéﬁ BE%a9-F 3 i £49d1E, PTA L KAFE9M
V14 |Vul?

N E ey A EAR, IS, INFEAHEETL: RAGEBKA R ELT AR @GP
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0.

51 7.1.3 (AAIBRYS (harmonic map)). KA ALEFEFE HRwikRmEEIHHwW : U Cc RY - R™,
% Bt T %k
nwy=J1Wme
U 2

BEHFEA =wWeCU - R :w|yy =g, |w| =1} Ee9 LT, XFEXR—AJLFF
R, ABRIR L PG T AL A R R @ik ah 2 A 09N . ARAVIEA AL T widh e T dL& M
Hh B 7 A2.28

—Au = |Vu|*u inU

u=g on dU.

Q >

A harmonic map into a sphere

P 7.2 BRI A 1 A0 A B

HWERR. fEHv € CX(U - R™), HT|u| = 1, FATHIE UefR/ M A a + ev] # 0, dEifiv, :

u+ev
|lu+ ev|

BAEFRATE S j(e) 1= I[v,], W j7Ee = OHX B/ IME, FTLLj’(0) = 0. HEEIHHA

j'(0) =f Vu : Vv/(0)dx,
U

ﬁ%%ﬁ%H=%A:B:Z&ﬁW
LJ
BRI

\'4 B (a+ev)-v)(u+ev)

! —
viE) = lu+ ev| lu+ev|?

=>v(0)=v—-(u-v)u
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K HARNJ O RIFRERX, 135

O=J Vu: Vv —-Vu: V((u-v)u)dx.

U

H T Ju? =1, AR S H %(aiuj)uj =0 WERL <i<d#AL, B (Va)'u = 0. #EILHEAS
j=1

Vu: V((u-vu) = ZZ 5i“j5i(2 w,viu))
i k

= |Vul*’(u-v) + ZZdiujuj 51'(2 w,v,) = |Vul?(u-v).
i k

—_——
=0

f Vu : Vvdx = f [Vu|?(u-v)dx Vv € C®(U — R™).
U U

2433 HMESF

54
J (=Au) -vdx = f |Vul?(u-v)dx Vv € C(U — R™).
U U

HvIEREMESR, HE —Au = |Vu|PuEUFE KA, O

7.1.2 T4 MR

iz BRI [w]Euis 2 ME, W jle) 1= Ifu + ev]ii £)'(0) = 0, MFE—LIATES j7(0) > 0.
DERANRE B P 2 HH{E B aeiikit 4. 12

Jje) = J L(Vu + eVv,u + ¢Vv, x) dx.
U

d
j" () :f Z 6piaij(Vu +¢eVo,u+ sv,x)axivdxjv
U i,j=1
d
+ ZZ 0,,9.L(Vu + Vv, u + ev, x)d,. vv

i=1

+ 02L(Vu + eV, u + gv, x)v? dx.
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% e =0, BB BN FAEX TR € CR(U)FBRAL:

d d
0< J Z 6Pi6ij(Vu, u,x)axivaxjv + 22 6pidzL(Vu, u,x)dxivv + 02L(Vu, u, x)v? dx.
U

i,j=1 i=1

X SEpR_ BT BLHE

d
D 0,0, LVu,u, )58, 20 E€RY, xeU. (7.1.2)

ij=1

ZAMBEFRAER S B H LA M FRI% . IEBH RS RE T LS W Evans [6] 56 )\F 55 —7, ILAbmE 241
e HREFEN: EBOB W A e Ho,

v(x) —Ep( g)n(x) xeU,

Hrfm e CRU), p @ R = RE—AELITH “4BHR H3E p(x) =

px+1)=p(x) x eR.
AT, PRI (7. 1.2) Y O MEFAAAE R D B 5k 2 —, BRI 26, 558.2, 8.4715].

S 7.1
S 711, R TREZ2HGMITIEAE B 742

H b wt,x) e C([0,T] x RY), m > 024 & 09 Ko
SIE7.1.2. 2L

Hbwlt,x);sTrrkAd={we C°°([ ,T1 x R3) : w(t,-) € S(R? Vt € [0,T]}. KI[w]&EA LM
IMUTF U R AL, FERR
Lo v Liwyreele
JW 2(ut) + 2|Vu| + U dx

Fleg.

JR7.1.3. FREMAZL = L(p,z,x), BHFTAZ-Au+Ve-Vu = finUA I[w] := [, L(Vw,w,x)dx

h—\m

/
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PR AR AT-d A B B AL, (B FEFBIOCAWEABE =, )
SR 7.1.4. %> 0,Up :=(0,T|x U. iE®: A AP B 2L(p,z x,t) (p € R¥* x € RY), &
134 T AR B E WAL Botd 5 A

du—Au—ed’u=0

RAEZH [ [w] 1= [, LOw, Vw,w,t,x)dxdt 32Kz B 74, (R7: £ EFRK
ARG B 1At 89 55 A B B 2, )
SRR 7.1.5. X L(p,x) & AHE KK, B3t p-oE £ —K O, BPEEO > 01EF

d
Y 0,0, LV, u, 0)EE; 2 062 (£ €RY, x €U).

ij=1

ERAIw] := [, L(Vu,x)dxEA 1= {w € C*U) : w|yy = gL T RE—1, HLdg:
U — RAL 69 HF R H
B Fuy, u, ABAANTRER LT, GEF2A[22] < Iu,] + I[w,], @ $ 5 F .

T2
SIRR 7.1.6 (A2 S Hamilton HREZ). KA L 4 k% EAI2269 F k. XA B 2L : RY X
RY - RAA LB HE, FHL =L(v,x). BZt>0,x,yeRY, 2 LER=H

I[w] := J L(w(s),w(s))ds, weA :={w()eC¥[0,t];RY) : w(0) =y, w(t)=x}.
0

AR Ex() € ARI[VEAL BT, PIx()] = inf I[w()]
we
(1) EH: UM T ()i R e A

—%[V,,L(X(s),x(s))] + V,L(X(s),x(s)) =0, Vse€]0,t].

(2) Ap(s) 1= V,L(X(s),x(5)) A 3 & T4z BEx(s)Aeik B x(s)8 ) L&, FRIEHEZEX, p € RY,
A2 p = V,L(v,x) A E— 8RB v = v(p, x). & 54548 B £ L4 X3 Hamilton 2 H A

H(p,x) := p - v(p,x) — L(v(p, x), x).
JEA: (x(4), p(+)) A2 4= T Hamilton 75 A2 &9 i
X(s) = V,H(p(s),x(s)), p(s) = =V H(p(s), x(s)), s €[0,¢].

Hs —— H(p(s), x(s)) 2 % 1884
I8 7.1.3. HAlx, E4L(v,x) = imlvl2 — ¢(x),m > 0. W3 5 69 BL d5-F54& B B 77 A2 AmX(s) =
—Nﬂﬂm,Wﬁ%ﬁ%;iﬁ,i?fﬁﬁﬁﬁﬁﬁki%ﬁ%oﬁﬁ%H@J):%MpP+
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Px)BP A Rt E, LA B R AR, Y E.

@717 ARBEE R AT 16T 88 Ry, REFEA = {w() € C¥[0,t];RY) : w(t) = x}.

(1) E8A 3] A7.1.689 ()R 2, LAV ,L(x%(0),x(0)) = 0.

(2) #x(-) € ARMEAZT[w] := fé L(w(s), w(s))ds + g(w(0))&g ML F, iEA: x(-) 2 KAz fz4&
BB AL R, A s = 04 AL F At

7.2 THAFEN: HBEBRIZFE

BUERAT AR BB Dirichlec L E: WRFATHEIRA %A Fwl oy = gBl— MM AEX w > g
in U (g € C*(U) WP {ERERG R %0), RIFATE LB VFEN

A={weCc*U): w>=ginU, w|s =0},

HHEFIFFRERIZ RI[w] = [, %le|2 —wf dx. ZBEEZ RIEA LRI ME T A AEME— PR
FAEZ BT I RIESRS, B DOX AT H TR E AR . BA TR AR &G A
R BLIE R ). 281, BAT] = AR BB AR ME 5 AN B R AL 3505 RE A2 (B 1] R A M, 17 3 A2
Frig 5 AF 3 (variational inequality):

o WNFu “HEMT” FEIGY), B Mu(x) > gobt, AME A TE-Au = fROL;
o —fHh, N u>gMM—Au> fAEULHL.

EIE 7.2.1 (BHAER). Ku e ARI[w]EALGE—H LT, N

Yw € A, J

U

(Vu) - (V(w —u))dx > J f(w —u)dx.

U

GAEXINIERFFARAE, BATEAR N RKEHRS B, 5651 20 02 e 2 g iz A 5%
Ko HEGIHHET 0 :=fxeU :ux)>gx)}, C:={xeU: ukx) =gk
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free boundary

The free boundary for the obstacle problem
Kl 7.3: FEASY) I @ 1 B RS

T u, g/ B8R 8, FrLLOZHEE, G2 L.

WS 1: —Au = fFAEOTIEM .
BT 1RIERR. (EHIUI R S € C(0), I TAEOT HuGe) > g(x), LA || 7550/, BAT054
wx) 1= ulx) + ev(x) > gx),HiMw € A. FBHAEX, BITH

&:J (Vu) - (Vv) — fvdx > 0.
O

T IZAE L TR NMe > 0fle < O#F AL, A ZAIIAE S A REENES T, X UiiHuib
AB—Au = fAEOFHEAL, O

WS 2: u > g Ml —Au > fEU BRSO
WS 280ERR. —IEOL T, FRATERvZAEfRNR K%L, He € (0,110~ S AZEX+ 2

A A
J (=Au— flvdx>0 Yoe C*U), v=0,
U
FTeA—Au > fAEU EAERLAL, 0

I 7.2.1. £46F =00 N UM Ar4E B 34X (free boundary), X 289 “ A &7 —i3 2 45 &5
T IR @ AR E AR, MR ZAZ9 A QAR P AERKEREA, TAHNFH
RH P EIRARIPI AL T S R IRAR A AR L,

FEANT R, FRATRIEI AR AN S .

TAARFNXNHIERR. FE w e A, WXMERE0 <e <1, HEFARNNE, RAITE

ut+ew—-—u)=0—-¢e)u+cw € A.
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FrCAn 4 je) = Iu + e(w — u)], =152 j(e) > jO)XHEEe € [0, 1]1E &L, X j'(0) > 0.
BAERATH FH0e 5 j(0). Xe € (0,1], FATA

—flu+ew—-—u)—u)dx

Jj€&—=j) 1 |Vu+eVw—uw)|®>—|Vul?
€ _E_[U 2

\Y/ _ 2
L VW —w)

> — f(w —u)dx.

=J Vu-V(w —u)
U
% e—0,,45)(0) =001%

J Vu-Vw—-u)— f(w—u)dx > 0.
U

&R 7.2

SRR 7.2.1. EAI[w] = fU%le2 —wfdxEEHFEA={weCU):w>ginU, w|;y =0}
EORMLT RE—8, Hbg e CO(U)AL R MR,

SIER 7.2.2. W RIET2AFHE ST EXLTEE —Au+Bu—g) 3 f, LFB() A4 T % L
EZLRECE ¢

0 z>0
B(z) :=1 (-,0] z=0.
@ z<0

SRR 7.2.3. R f € LAU), Zui e & I[w] := [, §|Vw|2 —wfdx E5HE A ={we C*U) :
IVw| £ 1in U, w|zy =0} a9 T . 29 u B RFE KX

J Vu-V(w—u)dx)J (w—u)fdx VYweA.
U

U

7.3 B4 EE

TATTIAE FERE B2 PR AR 3d 4 1) X 38/ SR R0 T ANV, FFE B AR B BRB-Fr s B H 7
FERIAR T LA B ShHE R Le il i A s e e 1, X2 A4 8 B (Noether’s theorem) fSEH N 45 . F
A, R HEREE, JRATA DGR — L “Sfey7, ERe T BhARA 14 T TR A S R ) —
tespfaE . IR,

AHTEAMKU € RORIFE, FFHidI[w] = [, LVw, w,x)dx, H w : U - R, L = L(p, z, x)#P
G R AL
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7.3.1 EIERIRUASIERA

FERUR & BLZ F,  FRATT R EE 51 32 X 3AR 70 A1 ok #5038 70 R 2
185 7.3.1 (K148 (domain variation)). %% : RxXR — R4, ¥ = X(x, 1) & — AR A FLF T L
HAFE® TS, L EEx € RUERA X(x,0) = x. 30 D89 5 8r, Bedtx - X(x, 1) #ARE K 3K
% % (domain variation). B] Bt £&41C v(x) := X.(x,0), U(z) := X(U, 7).
185 7.3.2 (A% (function variation)). 4 2u : R? - R, #MF EHFue)—4% L FHHHT
2 (function variation) w : R¢XR = R4, w = w(x,7) #H L w(x,0) = u(x) HEEx € R9KR L. &
fi13e m(x) := w.(x,0), 2 H—AFF (multiplier).
EX 731 BMHRZRHI[NVEXRBE» XK EPWTEALRTR, R0 TEF A EZG D
HHrhfE &I E U C R #k 2:

J L(Vw(x, 1), w(x,7),x)dx :J L(Vw,w, x) dx. (7.3.1)
U

U(t)

PN RBAVBUR FFUE B Wy e B, AR W] RE R BRAE X338 70 A R 038 73 T IO AN AR IR AT RAALE
AT RS -FA% B H 5 R rh i U R AU fE S5 3K
EIE 7.3.1 (R E ). RI[ A KBRE S XA HHut) R ErwT EARLTHE, I

1. e Fla%Hs X w2
V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) = m(V, - V,L(Vu,u,x) — 8,L(Vu,u,x)) .

2. 4 A3k, FuRI[ ]8R &, HFilhRRE-AENE F4E -V, - (V,L)+9,L =0, WA 4T
B K184 Kk 2

V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) = 0.
HERBH. BATR FAEEELT3. D)X R T, HAr =on], ik, 8315

f VpL-V,m+9,Lmdx :j L(v-N)dS,
U oU

FEILF— W #4535

J VPL-medxz—J mVx-VpL(Vu,u,x)dx+f mV,L - N dS,
U U

ou

P e, 155

J L(V-N)de—J mvpL-Nde=J V.- (Lv—mV,L) dx.
ou ou

U
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THBRAL, 133

J m (V- V,L(Vu,u,x) — 6,L(Vu,u,x)) = J V, - (mV,L(Vu,u,x) — L(Vu,u,x)v).
U

U

T EXOMEREITRU € RYESRAL,  Fir LU AS P IR o il 52 b AR A 45 o O

7.3.2 JLASEH

E S B o VR o2 BEAC IR e, FRATTAG L5 “ T Aok P ] i [ 4548 7 26 A0 B 5038 70w PASK A5
REEVZ bR B AR 70 AR, R AT DU AR /ME T udk s t RATAR L B3R m. A5 97 48 P A T B K
B, SRR T2 WA 7y, EATKZ 1L H Evans [6, 5i8.677].

il 7.3.1 CFRAAZNE). AL = L(p, 2) ~Mr#ixE £, WIw] 1= [, LVw,w)dx&-FHREH,
gk e{l,-,d}, £ XX(x,7) :=x+71e, #7 w(x,7T) 1= u(x+ rek) R IG HAVT A4 B R IRE \ﬁu,_t,
HE 092 LHH

v=e, m=0,u.

Ht, 4o RuI[-]89—/ R &, N 2327317 A4k H

d
2,08, Lo, u—L&y) =0, k=1,-,d. (7.3.2)

KA. #ln, FA S8R 2 TiE L, % E

T

I[w] = J J Lo.wy = Livw + Faw) dx ar
o JRrd 2 2
& u WMETF . BRATZ AT B w i 2 22 M 5 7 FE
u—Au+ f(u)=0, f=F.

stz ek, AT p = G,w, 0w, -+, 0,w), x = (t,xy, -+, x,) HH k =0 (I a4z &), M| L(p,z) =
%pé — %(pf + 4 pA) + F(2), XN v = ep,m = ,u. FibFF e, HAGH

V, - (Vuu,)+9, (uf - %(uf — |Vul|?) + F(u)) = 0.

XFKMe = —(u + |Vul®) + F(u) & e, — Vy - (W, Vu) = 0. FHumsrytiy, WA CAHEH GE &
5= [y e(t,x) dx = 0.
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FAhan R ik € N*(& B 25 [0 A8 &), Mv = e, m = d,u. JaikrE A S 2

V- (Vu d,u— e, (%(uf — |Vul|?) - F(u))) + 0,(8,ud,u) =0

JORTEw T j?ﬁﬁ%ﬁﬁ%ﬁﬁﬂﬂ%ﬂ%]ﬁdakuaﬂt::0X¢f£%§1 < k < AR, XU FRIE) RS,
0

B 7.3.2 (BT REMIMGE AR ). BT & 0 5 A2F%u — Au = 03 B4 T i 49 AR ML F

T
lj J (B,w)?* — |Vw|*dx dt.
2 )4 Jpa

Iw] =
BAVTAEIER], EA) TAELEI TS T H(x, 1) - (Ax,AL), u —— AT u(/lx ADTFEARTH, H#
FA>0. MEIEA=¢€ HEX AT RRE AL T H

(d-1)r

X(t,x,7) =(e't,e’x), w(t,x,7) :=e 2 u(e’t,e"x).

N 3% 2 SCAT VA
d—1

2
Bithw 2, it KRR, AMNTALERARBEX 6,p—divg=0, L&

v=_(x), m=tu+x-Vu+

u.

%«@mhuvma+u»vm@u+d_

q :=(tut

uu,,

— 1u> Vu + %(uf — |Vu]»)x.

il % X P IEY] =4 R B 0s Tk oh A A6 AR RE A R AT B T XA a9 B, BAKGEY L Evans
[6, %12.4%].

SRR 7.3

SR 7.3.1 (p-hr R S T R4 A AR ). 42 p >0, FIE I[w] = [, [Vw|P dx. 1EH:
(1) BT (RIZ A ) u # & p-Laplacian 7 #2div (|Vu|P~2Vu) = 0
(2) I[w]& % Bex o A%, u —— A 7 u(ix) (A > OV F BRI RE. A4 = e 3 Bt 4 7 2L 5]

ve|(x-

S180 7.3.2 CRUEMEA ). B0, r)E & K IBU K 3.

— pu)p|Vu|p‘2Vu — |VulPx| = 0. (7.3.3)
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(1) H1asH X(7.3.3)E#B(0,r) L%, 3 FGauss-Green/»~ XIEH :

«1—p>J |Vuwdx=rj’ Vul? — p|VulP-2(3,u) dS,,
B(0,r) dB(0,r)

HE¥ou:= i| -Vu Ruty 2w 34,

|x

() IER: r = == [y, VulP dx % Frm.

o)A 7.3

iB]8% 7.3.1 (Almgren L ATE A R). RuA RBU C RIEWAFHHK, L% ZB(O,R) C U,u(0) =0,
uz0.330<r <R, 2L

a(r) := %J‘ u*dS,, b(r):= %J u?dx.
r 3B(0,r) r

£47.328 F RN KX P Bp = 2, TARE D) = = [5p0,) 0, dS,.
. 2 2
(1) 1E8H: a'(r) = rd—_lfaB(o’r)uaru ds, = ;b.
(2) 1EA: b(r)* < ga(r)b’(r).
(3) XIAEHHKS =2, iEH Almgren ELEHA X f/(r) > 0 18k 5. (32757 A(1)E%#.)
(4) iE9: < )’ <E dmalr) >y EE0 <r <RME. AP = % y =20 iskibt

T AR AR e S B R R R R R T R . (B ARG), FA)
15 7.3.2 (W AR

NN

e fliMorawetz{HEE (). & X 3y KK (hyperbolic inversion)4= T

\)

X t
- x -

(t,x) — (£, %) := ( ) V|x| # t. (7.3.4)

3Bt St Kelvin # Ku = @ A 4, %) 1= u@, D% - 2| .

(1) #E¥: #F0u—Au=0, M 870 — A = 0.
(2) % o T R HE 90 B 3K 5

X(t,x,7) 1= y(t +7(xP = 2,%), w(t,x,7) 1=y 7 ulx(t,x,0),

by = — P aNitAeA G TR TR (L )R RUR, KRG B ke, R

|2 (t+7(|x|2—12))2

BYEH BE . E: X A9k EviRR-TFmay A

v =(]x]?+1t32tx), m=(x|*>+t>)d,u+2tx-Vu+ (d — Dtu.



7.3 VR E 203

(3) iE#AMorawetz8 ¥ X ¢, —divr =0, £ ¥

r = (|x]2+t3)d,u + 2tx - Vu + (d — )tu) Vu + t((0,u)? — |Vul?)x, (7.3.5)
@+ |x|)2< d—1 )2 (t — |x|)2( d—1 )2
¢ci=—7p ou+du+ x| ul) + 7] o,u—o,u 2| u (7.3.6)
2 2 _ _ 2 2
Mk <|Vu|2 — @)+ wuz) — (d - 1)div ('x| al ux)
2 4|x|2 |x|2

Evans [6, #8.677] /235 & “After a longish calculation, we derive Morawetz’s identity.”
iBIRR 7.3.3 (BT FE B SRR RE R LK), R u e T BB 7 A2 6 R R
u—Au=0in(0,00)x U, u(t,x)=0o0n (0,00)x3U, (u,8,u)|,o = (Uy,u;) € CX(U). (7.3.7)
#d U :=RNO,0CRIZARFE, BXATRERZAR,
Hie%d = 3,U = R3,0 = @8, ABEAFHFTAEGBEAOC MR MREE, LMY E A

FEUNARTRBAZEZOU )R BAE T, TR S H 426 B3R XM (local energy de-
cay). SMEIX O € B(O,R), #4%d = 3.

(1) 3EFH: ®FA7.3.20)4EWchrimlie TX R, £PvR0009 322N kdE:

AR
— | cdx= r-vdS, <0.
dt U 30 ¥

(2) AR Aecty £ L X, E: EEL > 04 A

t 2 _ 2 _ 2 _
J ﬂ (atu +0u+ uu) + M <6tu —ou— d 1u>
B(0,R)\O 4 2|x| 4 2|x|

2

2 2
+ MTH(W”'Z —@uP)dx < C.

(3) iEBA: %t > 2Ru, HAEiT

Vul? — Gu)? dx < <, (7.3.8)
B(O,R\O t2
_ _ 2
f OGP +6ur + L o u+ Y=Y gy < € (7.3.9)
BORNO |x| 4|x|? t2

(4) AAL0u = div (Gx) — T o ()80 5 AR F KiE s

2|x| 2 |x?

J @y +@urde< S, 132R
B(O,R\O t
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7.4 RPMCFRIFAEMSENE (SRSE)

7.5 WEESIHE (ERBE)



iz A EHIES
R AR T AV U1 0T 5

Al ERTS

RY = d4ESERR )L RS R = R

R X AFRIE X = (X, -, X0).

BEEAU CRY, FANLOU = UMILAR, U = Uu U = UM HIH.

B(x,r) c R4 : Plx € RENERL, r > ONFEERHIFFER. B(x,r) =HFEKB(x, I, B(x,r) =
B(x,r)\{x} =lix € REUNERL . r > ORI 20 FFER.

$4-1 = 3B(0,1) = RA4F1)(d — 132&%@%@.

a(d) = REF AT BRI = . da(d) = S R TR

ra+d°
RY = (x e RY: x> 0} = L5 (FEILR) |
e, =(0,:--,0,1,---,0) = FiNFRAEAAIRIA E
W U,V ZRIFHHNFE, BRIV e URTKRYV cV c U HV RUNE T4, IR
MV ERETU.
Y55ET > OFIFFEEU c RY, FA1E XU RAESE VU, 1= Ux(0,T]. #¥maF AT, =
UT\UT'

A2 RFHEXENICS

M¥u © U - RXGFux) = ulx,-,xy) (x € U). HNFRuRLUNPICTHERE, =2
FRufEU N C T3 MriE £l il

Wu, vEMA R, A0y = v BulESE To. FATidu 1= v EE LR Bu 5o,
PR#u : U - REISZEICSE Sptu :={x € U : u(x) # 0}.

PRBu M IERS (Fi3) @3N ut 1= max{u,0} (u™ 1= —min{u,0}). WH u =ut —u- UK

205
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A ®WHLS

lu| = ut + u~ BROL. FF5 BRECE LA

1 x >0,
sgn(x) :=140 x=0
-1 x<0.

SHAEHEE u : U - R™, BA1C ux) = (%), -+, u,,(x)) (x € U).

T RAFI(d—D4ERE M, AL, f(x) dS ARRELFFES BT (d — 1) 4 il T 0l 1
9, HP xR X xB EERR 2, EPE PR ERATE W 2 (BRIERBLEZ AN E) .
wCRRMME, AN, fACARBfIFECH) CGE—1) &),

FIME: )
J:dex = Vol(D) L f(x)dx,

1
ds, ds..
][a fas A ea(dU) LUf(x) *
B AF ¢ RUGTFHERGAE oo =11 T
0 x&¢E

SN g TR E BRI # g0 E OB R (RIS
uwgmw=j f@—yB@ﬁw=f Fgx—y)dy.
Rd Rd

TAT x> x, M f = 0(g), RIGFAEFE C 5 |f(x)| < Clglx)| XHAERE TR/ FETx, 1)
mx L.
TATE4x — x TG f = o(g), 35 lim L =

x—»xo gl

A3 RFHEXENCS

WHEE u:U->R, xeU.

M S A2 o) = Tim S g IR o AT FE OO, B, . 6
foudts, FATTLLE SR S
R 5 5
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L Ba= (o, 0y REZEER, KEEXN|af =a; + -+ o, ML UuE LN

oFlu(x) _

a ‘= DR ad
o“u(x) := gl on 0y uU.
1 d

2. ARk, 0ok u(x) 1= {0%u(x) : |a| = kI Nulfi ek ki iw S E R ES, &
IS TR AT O  u(e) FAE R H g A, G300 5 A5 R BE S

|6ku| = [ > |6°‘u|2] .

lal=k

3. Fk =1, BATKOoutifFlaE, JERBEMFENILS

Vu 1= @, u,-,0,,u) = BAEHE.

4. u, := il - Vu 248 u KRS

|x

5. #k =2,

uxdxl ) uxdxd

d
FonulfHessianHiFfE. Au = ), Uy y, = Tr(V?u)s&Laplace H 7 1EH Eu L.
i=1
e Wu: R > R™EMEMEKE, HRFHE LT,

1. WaNZ EIEbr, NE Lo%a = (0%, -+, 0%,,). XU TE X o a F1 |okul.
axlul axdul
2. ZH k=1, Vu := TR B R

axl Uy - axdum

3. % m=d, TAE LAEE R u FEE N

d
divu :=V-u=TrVu=zaxiui.

i=1

4. % m=d =3, T A EER Bl e Acurlu 1=V X u = (9, us — 0,1y, 0y, Uy —
8y sy Uy — Oy tty). H5 m = d = 2, VLA B Bl HERE R AR B, 5 UV - =
—5x2u1 + axluz.
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A4 REZEICS

WU 2 R T4,

e C(U)={u: U — RluftiEL:m %}

o C(U)={ueCU) : ufEUMTMA R FHENH—BOES:).

e CKU)={u:U - R : 8“ufift, HAEU F2—FUELM, VO < |a| <k}

o CKU) ={u € CKU) : IufEURMEMH R TFHENH—BOESE, V0 < |a| < k.

o C°(U) ={u: U — RlufEU L2 TIHPES A} = ﬂ CkU). C=(U) = ﬁck(ﬁ)-

o C(U),CEU),CE(U) 43 HFoR CU), CHU), C=(U) EIJEJ@ BRI RR i&éﬁx

¢ CIUxU)={u:IXU >R :ud.uodd uduecCIxU),V1<ij<d. XHETCRE
(BFED XMH], UcR* Z2XEk TE—FKidhtel flxeU.

o LP(U) ={u : U - R|uZU - Lebesgue "] M K%L, ||ul|ppy < oo}

1/p
lullzowy == (J |u|? dx) , (1< p< o).
Q

o L¥(U) ={u : U - R|uZU LHLebesgue "] M &%, ||lul|pow) < oo} HH1
l|u|| oy = esssupu := inf{M € R|%EE {x|u(x) > M} [f]Lebesgueill & %}
U
o L (U)={u:U->RlueLl(V), VV €U}
° ”aku”LI’(U) = ”lakul”LP(U)-
o REAN C(U —» R™),LA(U - R™) Wxm 2 EEHE u: U - R", HENEBNTER
T 1 R BIONT L [P 0 B s ().
e Schwartz Z%[H]
SR :={u € C®(RY) : ||ul|no < o0 VN € N HZ HIEHF a}.

A A B A DUE X RAEa s b

[ullovey 2= sup( + [N [%u(x)].

xeRd

T (SR, || * lv.cp) /& Frécher s ).



Mk B ZTEMRITHERLN

IDE: ¥ Q c RUZERIFIFFE, HiAIQRCHH (HRHA VS RO W EE), QZQl
M. id N = Ny, -, Ny) =& dQINEAIAMER &, 1L V 1= (8y,+++,0,) APRER . A 1= 32 +
-+ + 05, = V-V NLaplace . % u,v,w : Q- R AMEERE, u,v,w: Q — REKHEHEFEL
B(x,r) c RY &Ll x € R AFEL, r>0CNPRERIdYETFER.

B.1 SEEDAR
AT AN N ESL o, WRIEERE.

5|78 B.1.1. #%u € C{(Q), WH

Jaxiudxzf uN;dS, 1<i<d.
Q

oQ

b5, WATIS SR
WEB.1.2. THE XK=
1. (B E =) ZAEBEHHK ue ClQ - RY), M

JV-udx:f u-Nds.
Q 0Q
2. (H3AH) BA HE u,v e CY(Q), M TFRA&Z

f@xiuvdx:j qul-dS—j uaxivdx, 1<i<gd.
Q aQ

Q

d
B2 Au :=div (Vu) = V- (Vu) = 3 07 u. SEEHRE R, FATAEM 41 FE S5 RAL.
i=1

ek B.1.3 (G -4 A X FHLHER). K u,ve CX(Q). WA Gauss-Green 2 X A9 4 T 7 X & 5.
L fodudx = [, 2 ds.

209
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2. fQVu-Vvdxz—fQuAvdx+faQu:—;dS.
3. fQuAv—vAudxzfaQua—U—va—udS.
4 Au=0in Q, FATHAR u £ Q P HJRM . XS AR AL, drl B.1.3 AT LA MR 4518
HEIL B.14. L ueC(QnCH(Q) £ Q ¥ aHEAH, 0
1. faQ dS 0.
2. fQ|Vu|2dx=faQua—udS.

B4R d =3, FAVE LN curl u := Vxu = (8,,u3—0,, Uy, 0, Uy —0, Us, 0y Upy—0, Uy).
A SV IR 2 il 2 7 A AR I, R HimAR 5. AR R T R

#ER B.1.5 (MEMHMEMESER). & u,v,w e CA(Q - R3), f € CH(Q), WA

1. VxX(Vf)=0, V-(Vxu)=0.

2. Vx(fu) = f(Vxu) + (V) xu 453#, VX (f(|x])x) =0 3F4E&E f € CY(R - R) #F Ak L.
(A, #9355 R %)

KQREEFBE X VXxu=0inQ, WHEAEHHHK ¢ £1F u= Ve.
V-(uxv)=(Vxu)-v—(VXv)-u
Vx@xv)=a(V-v)—v(V-u)+(v-V)u—(u-V)v

ux(Vxv)=(Vv)-u—u-(Vv).

VXx(Vxu)=V(V-u)-—Au

JoVXudx =—[,,(uxN)dS,.

Jou - (Vxv)dx = —[,,(uxv)-NdS, + [,(VXu)-vdx.

¥ ® N R

B.2 SRR T. BRIXE MRS

TR GIEUE 7 AN d4E s 8] AR B AL 9 AR AR B T I BRIETAR 70 AU A2 R 2y, IERH 2

Par'a i B » =¥

W.Stein S 43 HT[ 1615 7S % o
5138 B.2.1 (A0 AL 53R 7R). % u @ RY - R £RY L Lebesgue ™ #2489, M A

1. & Ex, € RY, MR
J udx = f (j u(x) de> dp.
Rd 0 dB(x,0)

2. WL EEH R > 0 A% x, € R, AR 2

R

J udx = J (J u(x) de> dp.
B(x¢,R) 0 9B(x9.,0)



B.3 GRONWALLAE:, 211

TR IR AR 7R SEBR B RN “RITNARAR” BRI, SR & BT )R AR A
RTINS ) — AR, R4 AS 2 W Evans-Gariepy [7] (5 =%
EHE B.2.2 (R AN). K u: RY > R &Lipschitzif 42 %%, BB IL-FLAELSr e R, K-F
Zix € RYu(x) = ri#r A LR 69(d — DEARH . XRILS : RY > RRZLebesgue ™ A%k, N

f I Vu(x)] dx = J (J f(x)de) ar
Rd —o00 {u=r}

513 B.2.1 A HEH B.2.2 FHL u(x) = |x — x,| EEAEA. EH B220EH I[7] B =%,
% TN REAN Bt # s X R AR ST, SFE—FRILFOEMXE Q@) ¢ RY,
By )i T2 %8t € R. % v 25t 0Q(t), NZIQE)WIBEALAMNEA &=,

EIEB.2.3. ik f = f(t,x) RAFHHK, WA

ij fdx:f f(v-N)de+f 3,f dx.
dt Q(t) aQ(t)

Q)

B.3 GronwallEEL

ALk Gronwall NER PN A FRCAS,  EATHE @37 K R R il 70 75 12 1 R B Al IR EE 2]
TEKEENEN.
EIE B.3.1 (Gronwall N E I RA). %y : [0,T] - RAEZIE R eG4t 5 R, HHLMsy
TF X /(1) < p(On(t) +P(t). FEF ¢(t) A= p(t) £ [0, T]-LFE % ¢9Lebesgue™ A4k, WA
7(t) < elo$(s)ds

7(0) +J Y(s)ds|, vVt € [0,T].

HAH, FAE[0, TI LRz < ¢nin(0) =0, Mnie[0,T] LA &K,
SERR. W AR, Bl
L (Ao 90%) = 0% (/(5) = $ls)(s) < e~ HEOTY(s)

Xt JLFALAL 0 < s < THOL . RIAHME R0 < ¢ < T, HRR 4 364 52 B

t

p(Oe- 140 < (0 + f

0

e~ B0 (5) ds < 1(0) + f $(s) ds.
0

S, FATHA RS TE AT Gronwal A&,
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EI2 B.3.2 (Gronwall N E XA TER). & E@)£]O, T]J:fJ’JLebesgue']—ﬁ"ir*i H A& &3AE R
Cy, C, HAFFILF R4 89t € [0, T]i# RARD R E X E(1) < C, [y E(s)ds + C,. WA

EB) < C,(1+Cyte™t), ae.t€[0,T].

A, E3LFRARE € [0, TIHER) < C, [y E(s)ds, MEA[0, T EILF A% FE,

TERR. 4 n(t) := [, E(s)ds, WA 7' < Cyp+Cy 4 JLFAL AL It € [0, TIOT . 4RI R A I Gronwal IS
ESw el
n(t) < S (n(0) + Cyt) = C,te“,

FRET
E) < Ot) +C, < C, (1 + Cyte).

]

1R B3 w EAARF X (RERE AN FATREZEATAR (LARIEAMETA) 69&
KRBT, 45, KAEEE— /rﬂbﬁﬁiﬁﬁ'—ﬁ’?iﬁﬂﬂﬁléﬁ‘iﬂt PERER-AE S0 =R |
B “IEILREN T, BPEMT CHAZHMAT, R LA SR T EY S EANZ AT, 2K
RFA R ARG BT, dLoh, mRP(t) X TH Bl EA R, W KRATLT A K Gronwall 15 X
HHER ARG FEw. EFRRE AR ESIEXREFANGG RN, LA RKMIERE T/ E4E
WA i@ T R — B AE T IR R, RAVAEEE B R — 4 XA Gronwall B R F X, Bp

t

E(t) < P(E(0)) + P(E(t))J P(E(s))ds= 3T > 0, #4F sup E(t) < P(E(0)),

0 te(0,T]

AP P(-) RAT—AXTHETAE» TN (BFAETRKN) SAKX, #FH4RL[18, Chapter 2].



ik C LPERIEIRY ST 14 R

R F P A F AL A (B B S A SR ANANGE S, LP R B G T I A DA K LP 3 [] () 4 5 3

S 13 & Evans [6, Appendix B] Fl Folland [8, Chapter 6].

C.1 LPAFAREIEZTIE
WX, M, )M EZE], %1 < p < oo, FAMTE XLPX)UTF

LPX, M, p) i={f : X > C: farill, H ||f]l < oo},

)
|

1 llee 2= esssup f =inf{M : u{x : |f(x)| >M}=0} p=oco

X

FEZHAEDL T, FATRLP(X, M, S /ELP (w), LP(X)EELP. 241 < p < oofff, ZiE

TEAA || - |lx JEEU /& Banach ¥ [8], IE#HZ L Folland 8, & #16.6, 6.8].

C.1.1 LPFEPEERLFN

N A AR 2P B
o Holder 3530 || f gl < If1eollgllr, 3 pH + (P =1, 1< p, p’ <

* Minkowski N0 (LP A=A AR (1 + 8llee < Iflle + lIglle, 1< p < 00

LP2 Al 2 W N AL R AR
WEC.1.1. H1<p<q<r<oo, WA
(1) LPNnL"cLiICLP+L"
(2) #u(X) < o0, MLT € L2, BA ||flls < 1 oGO 73

Sy |17 dp)? 1<p<oo

[F] LP(X, M, 1)

(3) HHAT Hey, > 0EFinf{u(F) : Fe M,F C X,u(F) >0} >c¢,>0, 1] LP C LI. 4§53, &

NAEP(Z) C €U(Z).

213



214 Bz C  LP= el By A i

MERR. (1) A Holder N5, A4S Z

(O}

1

. 1-06
1 1lze < NS IS, =7 + .

r

<

XPLP N LT C L9, 3 FRUELY C LP + L™ AT25 f € LI, AT KA ENPR D f = fae+ X
KA E ={x: [fx)]> 1} TREZTEG

lfxel? = 1f1Pxe <|fl9%E=> fxe €LP, |19 2 |f xpel" = fxpe €L

(2) #q = co, MR REF L. #q < oo, #aHOSIder N A
”f”fp = f |f|p -1du < |||f|p||LQ/p||1||Lq/(q—p> = ||f||lL)qlf‘(X)1_E-
X
Q) Al =1, ¢o = 1. WXHMEREe > 0, FATAH

wxex : |f(x)|>1+s}<(1+s)‘l’f [flIPdu<l=>puixeX : |f(x)|>1+¢€=
X

B ufx e X 1 [f(x)| >1=0, HMESFH [ |f19du < [ |fIPdu =1 O

HuX) < colif, LPXVEE AP — cofURSIRIL™(X)VEHL
il C.1.2. #uX) < oo, f € L¥(X). W f € LPXOMNHEZEp < colk 1, ﬂhm I lze = 11f 2

HUERR. A< BRI (A C.1.1(2)), Bllim sup || f|le < || |lpe. XFAZERPI>H 5y, SHE

p—

e > 0, PELeVERLIE XH, FF1ES > 0fifs

Mx:quZwmw—dza:j|ﬂwmzammm—oﬂ

X

FA liminf |||l > || fllpe — XM e > 0. FJFde — ORIFFL5L. O
p—o

D C.11. W BAKS € LP NL® (&b & EC. LI f € LI &g > pAis), U uX) < oo
AN AR ¥T A F 4%

C.1.2 LPEHMBIFNEN: MBFRR

Wp, p' X HLEEE R, PEHolder MR IR R %g € LISEPr b 7 LPA3[a] Ei— 2k
i{‘Zl—lqsg(f) = fX fg, Eﬁ?{&iﬁfi T||g||p %*J:g —— ¢ga€1 “}‘L? =1E)) Lp’ i” (Lp)*E/\J_A/I\
SRR A4 o
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R C.1.3. i&kp, p' REHIAR, H1<p <oo. Hge Ll WA

memmﬂ}

%M B uAF A R (semi-finite) 891, NiZLE 3 p’ = cotL Rk o

lIgllze = [l = Supi

MERR. ASEIUHI> 72 Holder ANSEA I ELEAER . X<, Hp’ < cofif, FATAIZEHL

_1glP'sgng
- £ 88
Il

Hp' = cofff, M ERe > ORMNIHIEE 1= {x : |gx)| > |Iglle — €} Wu(E) > 0. T utFHR
MR, FrUFEET4EF c E Hild 0 < u(F) < oo, MEHER f = u(F) " ypsgn g BIAT . LERBIZH
n] Z%Folland [8, Prop. 6.13]. n

K2, Fif v— [ ferelP A Ea Rz ik, Ng e LPAE “JUFATaE " B0 AR 1
Rl C.1.4 ([8, Theorem 6.14]). &% 4= TF &R L

o uAFA RN

o gRX MM K, HiBR fge LI EZX TAMRMNESE LR L ZHH f L,

o M,(g) :=supf| [ fgl| : f REELHI,|fll = 1} < 0.
MAgeLr, BMy(g) =gl

PRI, FRATTAT 15 3 LP 2 (] {5 48 23 i) sE

EIE C.1.5 ([8, Theorem 6.15], LPF[H][IX A ZSH]). 1 < p < ooff, *HEEP € (LP)*, #F &
g € LY 1E1FP(f) = [ fegEESf € LP %, #tmLl A=(LP) Z 18 2 F LR MGy, 454, LP(X)
El<p<oolRARTNH, Zuto-AMkey, MBS = 148K L,

R b, AT LAER LP s B A i NN RIER

wm=wpfmm (C.11)

geLP,
lgll, p <1

e X, BATTAT PLUIE B AR 4 Minkowski AN (XFR “) X Minkowski N2 ")

EIE C.1.6 (F14Minkowski M), & (X, M, w) = (Y, N,v) ¥h o-ARaGME =R, f: XX
Y - RAZ—ANM @ N)-=T | F) 3%

VERAV TR P e 245 BR 1) (semi-finite) 22 15 : XWHERIHG L v(F) = ofIEAF € N, FETHE K € N, K C Fif
20 < v(K) < 0.
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(1) Zf>0H1<p<oo, MH

p 1/p
U (J f(x,y>dv<y>> du(x)

(2) #1<p< oo, f-,y) € LPWM LT L& My € Yikz, L&y — [|fC, )5 TL (),
M f(x,) € LM IL-FA L Mx € Xz, &fx — [, f(x,y)dv(y)/& TLP(u)Hi# 2

1/p
< f Y UX Foe )P du(x)] dv(y).

J fGy)dv(y)

< f 17l dv(p).
Lp Y

MERR. FRATHAEBI(1), (2)4 (1) A Fubini i B2 1) BB (f 5] f)).
Yp = 1, (DEtETonelliEF. M1 < p < oofff, Ep' Rpdtiitatr, Blg e L (u)iF
gl <1, M TonellisE ¥ AIHoIder A %53 ] 74

J (J f(x,y)dV(y)> |g(x)|du(x>=ﬂ £ 21800 du(x) dv()
X Y XXY

1/p
<||g||LP'J U fx,y)P du(x)] dv(y).
v|Jx

bR AR gl < 10 € LY (B LR, i h(CL RIS L5, 0

C.1.3 LPSeBMMIFNMEN: DR RR
AFUEN] s — A BR A LP VS E B AT DA 3 3R 31 R K M AR AR 730 XA
Jii I /& Lebesguelll £ 55 47 5E SCHIHES ™. — Rt i B9 FRAR A B HUf (A58 9 AE 7)) B Lebesguef 73 7]
DI TSR] o9 f ORI AN f R SCIR(BR 2 RT) R e S HERASIE, B f (X, M, p) L (1 T i o 2,
AT I 43 % oK B (distribution function) A i Ry = [0,00] K

Ap(@) i=u{x € X : [f(x)| > al.

BE C.1.7. 5% B2 e TR
OEEETEFTIEY S8
2) #f<g WA <A,
(3) % |fa] I HASLE] |f, WAL, BB 5 AL E] A,
@) = f=g+h, M A(a) < Aa/2) + 1,(a/2).
LPYEEI 70 Al PR AR 7 8 B AR W R
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EHEC.1.8. #0<p<oo, MA

o0

J |fIPdu=p f aP~'24(a) dar.
X

0

SRR PEEEIRATH ,(0) = [y Xoerpoope dits BITHHHER FA B B (R BB
HAEf . w7, BT PLEE Tonellig #EEI A] #257) ]

3J&e C.1
SJER C.1.1. X1 < p<r< oo, iEM:

(1) @PNL,|| |l + 1 - ||)Z&Banach = il
(2) (LP + L, || - ||ppsr )2 Banach = ], H&

W lleosrr 2= Inf{[[folle + I f1ller = f = fo+ f1. fo €LP, f1 €L}

SIS C.1.2. %1 < p < oo.

(1) ZNS, = fllie — 0, U f AN F AT [, i 75 4T P ILF A A A 51 51 |

2) £ fARNEASEf, Bhkg € LPRAIf,() < go)MiEEntmae. xhz, M|f, -

flle = 0.
() Ffu [ € LPHAf JLF RSN T, W fy = flle Z ERXE fulle = 1f llze-
a.e. p

SIEE C.1.3. &sup|[fllr < 005 fr s> f.AEH: E1< p<oco, Mf, = f. 3p=1, FHLELL

TR
tP(

SIH C.1.4. %1 < p < o0, EH: X, — x5 B Gsup ||, |0 < cofrx, & Folk sk T x B H A&
T,

S C.1.5. i8] : LP(RY) (4 A Lebesguell &) 1 < p < ol T 4569, 124 p = cobt 7T 4

RF: Sp < oo, HFEAMIEN CGhELIRANAEHK) FHHHGH R RAEAL,
L p=ocolt HERHHKS, 1= Xpor-

3] C.1.6 (Chebyshev/A%E3). iE9: & f € LP(0 < p < o0), W3t FiE&Fa > 04,

p
ux o [fO)l > ad) < [”];”p] :

S C.1.7. (X, M, w) A= (Y, N, ) & o-HRAGMEZE, f: XXY - RED Q@ N)-Til4s %
o BIRAALC > 0EFRS, IK(x, y)| du(x) < CHILFL LMy e YRz, [, K>, y)|dv(y) < CHx
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LR A x e X, B f € LP(v),1 < p< o0, EH

Tf(x) = J Kx, 3)f () dv(y)

Y

st LF A A dx € X & 4shils sy, BT € LP(w)ih 2 ||T flle < Cllf e
SRR C.1.8. %X, M, w) #= (Y,N,v) & o-A [RagMFE =0, K€ L (uxv). &f € L*(v), iE#¥:

Tfx) = f Kx, 3)f () dv(y)

Y

SHTILF AL Gx € X &R 3Plskty, BTf € LP(u)i# Z||T fl2 < K21 f |12+
S C.1.9. 1B T 458

(1) feLr S HMRY i 222 £(2F) < .
k=—o0

(2) & felLr, N lirré aPle(a) = lim aPAq(a) = 0.

io)&2 C.1

)R C.1.1 AEFFEHE). stX Lag=Ta &3 f, HIEFHA FHE (decreasing rearrangement) f* : (0, 0) —
[0, 0] X
fr®=inffa: 4@ <t} (H£F inf@=co)

JEB 4 T 4518

(1) frRmla. & F2(1) < oo, M A(F() < t: HEL (@) < oo, M [*(1,(@)) < a.

@) A, = A..

() Fip(@) < ¥ &thka > Omz, BlimA(a) = 0 (Emf*() < coXf &4kt > 0 L),
R PpA(0, 00) LT M K&, WA [, po|f|du = fgo pof*(t)dt. 4FAH, 30 < p < 0B ||fllr =
M-

(4) F0<p<oo, WfHEILPFERIH R[] 1= (supaPd (a))/P = sup t'/P f*(1).

a>0 t>0

G185 C.1.2 (Schur@ ). iE#: {x,} C £'(N)35Hcsk Fx € €\(N)% BAL % ||x, — x||,1 = O.

C.2 HR5NEK

AR 4% ADLPREf (AREEERIESYE. AT, QA S ARG — 6T i
Hf RIEILf . A IEAEB W A2 T AW 7T P T3 282 RIS
EX C2.1. BABME R ET @ LTT:
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e XU CRIRFE, £A54e>0, &MAU, :={x €U : dist (x,0U) > ¢}.
o & L&A FKHK (bump function) 7 € C®(R?) 4= F

1

x]2-1

Cexp( ) |x] <1

0 x| >1

n(x) =

b

A HHC >0 RIERHME [ ndx = 1. LEZRAMNAR n AFRAEAFE T (standard mollifier).
o CLiET) MEARSH >0, RAEX
1 ox
n(x) := 21 (;)
FAR g, RHEA € > 0 IARBET. AT EHHAXTHERA [, n.dx = 1 YAASpty, C
B(0,¢).
58 f e LP(U), HH 1 < p < +oo, TATRIHBRADGE T I3 B —MOLEEL f.(x) 1=
(e * )(x)o WHEBILH T BFOGHEIEL A T8 H R .
FEC2106ETHMER). &Kf : U-> RE/FTREHK (BRAUNEE R T & L4 Lebesgue™
ey WA
1. f. € C®(U,). (EAUARTABAU! XA RAELEAG, Sptf.atkSpef “Bikd” —BE
B Aehy RIR, X7 A AR SUF H k)
2. f.— fae,ase > 0.
3. Hf e C(U), MAUMEE R TH L&A —BsL f, 3 f.
4. F1<p<oo B feLl (U), N f.— finL? (V).

WERR. ESGIEMDeTEE, Scbr BIX R EREN] P S EAEETE, B A ARG IE SRR T
ATy, BEER x e U & i e{l, -, d} WRTBAGE 7/ NASEE b, {645 x + he, € U,o 4% T
KRIATHHEZR

flethe) = fx) _ 1 f (o (Z=2) - (X22)) s ay

h T ed ) h € €
1 1 X+ he—Yy -y
—g—djvﬂn(—g )—77( . ))f(y)dy
XV eU. MIAERNAE W~ —Blk S e

1 X+ he —y xX—y 1 xX—Yy)\ .
E(’?(f)"?( p >>3Eaxin<T)an ash — 0.

«




220 s C  LPAS IR A 0 A 1 o
R LR E R AR MO S, FRATICR — Ot ERRS AR IR R HUAN0, f. (%), o2
J 9, 1.(x — ¥)f(y)dy.

U

KM T — B R BAEAEE, HAEW] T 0,f. = 6,(f * ) = (8:f) * 7.
PN RIEM] RS, REPOCIELT R E L, BATTAT DRI R AL fa -

1 xX—-y
< —dJ 77(
€ B(x,e) €

SC{ [f(y)— f(x)|]dy -0 ae.x€eU.
B(x,e)

|fe(x) = f(2)] =

)17 - fG1 ey

J n:(x = »)(f(¥) - f(x)dy
B(x,e)

J:J\_LEEPEI/JBW: U #& H Lebesguefil 73 € #1G 2) (W.SteinSL 3 H[16]56 =) . #t—20, R =2
B, MISHEEZETHEY e U, BATATLEEAN —NTEW 5V e W € U. Wi fHEW E2
gﬁl 421, H HLebesguesfill 73 7E BLAF 21 U S X B x € VESSAL, X EERLIE KL L3).

G UEB(4). T39I BT TR vV e W e U, AU f.e Ll (U) (1< p<
o). Ak, [ElE x € vV, HHolder N r] B H

|f(x0)| =

f n.(x — MF) dy| < f n "0 If ()l dy
B(x,¢) B(xs)

1

< ( f Pk — ) dy) p (j ne = MIFOIP dy)p
B(x,e) B(x,e)

1

<1- ( f Dt — y)lf(y)lpdy>p .
B(x,e)
BRR, PRI I IETEY LR T
f 01 dx < J J ne(x = MIF )P dy dx
14 V J B(x,¢)

<f If(y)lpO ns(x—y)dx) dy=f 1P < co.
w B(y,e) w

FELPYEAI(1 < p < oo) TSN AT DA e 2 R BoE I 15 2], RIgSE Vv, W W EARZE § > 0, JA1]
EIYEs &1 gc C(W) 15 ||f gIILp(W> <&,

fe = flleony < fe = &llrary + 118 — 8llreqry + 118 = SllLeer
L2 f = &lleewy + 118 — &llLee)-
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FIH (3), FATH limsup || fe — £l < 26. O

e—0

C.3 LrzEpEFiEEHE

AATE B LP 2 A TR, e8I Am ik 5 FE a7 g . 4
R, M, Y, N, v)eo-A BRI EE 28], FFEL < p,g < o

EMX C.3.1. T : LP - LIZ —ANHF, HAMFI AL T2 L

o TR k% b(sublinear)EF, ZIIT(fy + f)®) < [T + ITF,x)| A& [TAf)(x)| =
AITfx)| HathxeX 41 eC i

e TRZ&(p, Q)R H T, %é‘éﬁﬁﬁi‘{icp,q > 0445 ||Tf|pe < Cpall fllLes
e TRE(p, )R H T, ;%éé*if}&%"iicp,q > 0113 1,(Tf)s < Cp,qOC_IHf”Lp.
FAH, &(p, Q)R HE T LR35 (p, ) H T, 55(co, 00) B HF % LA 5% (c0, 00) B HF

C.3.1 Marcinkiewicz NifiEIE

PTATE JeiE B Marcinkiewicz N 4 %€ 3 (Marcinkiewicz’s interpolation theorem).

EI2 C.3.1 Marcinkiewicz W € #). XX, M, A=Y, N, v) £ E =08, 15471 < po, P Qo> 1 <
i R py < o, P1 S q1 AR qo # ¢y BAHEX R

l:1_9+£7ﬁ:1=1_e+3, AP 0<0<1.
p Po P q do q
FETARLP(u)+ LP () B)Y £ 7T )y 3 = ) 69 ok e HF, BRI & 83(py, qo)F= 53 (py, q1) 89, NT A
Z(p, PRHT.

JERR. AT R UERAXT A B ) Marcinkiewicz N i @ B, Blp, = qo A1 p; = q; RIS SLIEN, —/HK
LR TS 4%, {H77:ME, W Folland [8, 5 F26.28].

HESf € LPAa >0, WAHESFRD N+ f1o HFfo = X rsean f1 = F X roo1<ear 75
W G e HEUE. TRBAMEEISf, € LP(w), f, € LP(w). #F—2FATH

ITfO| <|Tfo(X)| +|Tf1(x)| = Arp(a) < Agyp,(a/2) + App (a/2)

BN R R PR E I
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R pr= oo, Hle=1/QA), HF A REASRTg]lw < Alllglle- BT Ay, (@/2) = 0. 4
53D Do) B, TRAVH Ary, (/2 < (2211foll, ) TRAT

ITFIE < p f =120 (24,)7 f FEOIP duda
0 x| f)|>ca}
[fCOl/c
_ p2Ay)” f FEol f ar 1o dard = L
X

0

o (2407 A" |If 115

WR2: py < oo BERMA Arp(@/2 < (22NA,) . =01
1 W 00 L IE 9 B T B s

[

|Hﬂ5<pf

0

=11 (24) f FOOIP du da
{x:f(x)|[>ca}

‘p f a-1-P (24,7 f FEOIP duda
0 {x:|f(x)|<ca}

Po b1
p2p0 A p2p1 A
= ( —+ 1£115-

p—pocp Po D1 pcP P1

Marcinkiewicz PN i & 2 1) — /™ B8 N /& UE B Hardy-Littlewood % K B £ I LPH 1

E X C.3.2 (Hardy-Littlewood i Kt %), #f € L) (RY), #1112 X HEHardy-Littlewood & K i 4
%

MF) 1= sup s

4 Hardy-Littlewood % K B HUR Vitali 8 o5 51 PR W.SteinSE [ 1656 = &), FA1S 3
@l C.3.2 ([16, Chapter 3]). Hardy-Littlewood# kX H-F M- 35(1,1)&! #=5% (0o, 00) B! 69 K & 1 H

o

f FO)) dy.
B(x,r)

dﬁ

P5 45 A Marcinkiewicz PN 4 i 21 B 18 Hardy-Littlewood % K B& B LP A Fi14:
I8 C.3.3. %1 < p < oo, N

IMfllzomay < C p—llf llo(ga)-

Hbw ’Lf(C T VA3 i3 A2 45 Marcinkiewicz N 4& & F &9 iE B T A2 AR H b &,

Hardy- L1ttlewood7l‘&j(l_1§&Lpﬁ% PEE RIS T R A — MR EZE N A, By IEE S
Sobolev 7= [A] [)IG SR A ERE, & & W N Hardy-Littlewood-Sobolev A S T — MR
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EI C.3.4 (Hardy-Littlewood-Sobolev AN %5 :). & f € LP(RY), E#p,qy #HZ0<y<d,1<p<

q<oo7Fv1+§=i+ 0] B AR p, q, A9 F HKC > 0, 4T RF Xm L

1177 fllragay < CllS lzoray-

HERA. FATX A 2 RIAR 431 18 24 F 4R W
f(x—y)lyl‘ydy+J fx=»lyl7dy=:1, +I,.

|- 177 f(x) =
|¥I<R

|yI>R
A A
L, TR UL E B Holder AN 2 2 s ]

HARRITI AR R > 0 IR T x,
KT FRATE RS BB A T A —

1
q

Q..

1
d

d
Y Cllfll-R 9.

I < ||lf e = )lee H| |7 XBeo.r) L
I, FATEILXTERB(0, R)TE — 3t 53 % (dyadic decomposition), F5R1TH#Ji& i Hardy-Littlewood #
RERE, SRIH BRI A 173 P

(o] (o]
J Y7 f(x = y)ldy < Z(Z‘UH)R)‘VJ
j=0Y 2-U+DRg|y|<27JR j=0 2-U+DRL|y|<27IR

|f(x —y)|dy

II,] <

< Z 2(j+1)7R—7(2—jR)d J M d
j=0 ek (27R)
<CyM f(x)

<D 2727 14RITM f(x) = CRETM f ().

XEE, AT 2 ]
L+, <C (”f”LPR_;‘ + Rd_ny(X)) '

AmR;:JTZﬁHLﬁ%mmmﬁM£ R, + I, < ClIfIL, (Mf). JF, #

FHardy-Littlewood # KR HILP A 7%, FRATF B A 4510

1-2 P
1y + Llle < ClIfll " 1M ) |lze < ClI fllze-
—_——

p
=Imfl,

”l TV % f“Lq(Rd)
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C.3.2 Riesz-Thorin AHEIE

Marcinkiewicz PN & B — Mk SR LPA S B H I8 B B A S A 8. 2R, o
RIMTZAEF T “55(po, qo) B WHERBINEEA “91(po, qo) L7, BIAI45 2 — AN SRS B I N 45
T,

EI C.3.5 (Riesz-Thorin Wi E ). (X, M, w)F=(Y, N, v) 2 M F = 18], 1&4Rpo, P1>q0- ¢1 € [1, 00].
st 6 € [0,1], &N E XLIEEAEHR pe,qe A

1 1-6 0 1 1-6 0
— = +—, == +—.
Do Do D 9o Qo 51

%% T : LPo(u) + LA™ — L%(v) + L9 (v) B B £ 3&(p,, o) #25%(py, q) B 6, BRiH L
T fllra < M| fllre i=0,1,

)
I Fllee < Mollflles, Mo 2= MM,

Fqo=q, = 00, ML &K v ZFHRMNE

12%@3‘]&%1?@?%\:@2%ﬁﬂl?jﬂ‘ﬁqjH‘Jﬂ%jﬁﬁﬁﬁ, PeAbmS 22, UEBHZT5 2 W, Folland
[8, 52 6.27].

Riesz-Thorin P4 i & F ) — > B A& AIE B Fourier 8 #e [ 58 (p, p) ) A 1EQ < p < 2), HE5BHK
{E Hausdorff-Young A% GEEE D.1.10). 55— ANE Z N H N2 E R Young A 55,
EHE C.3.6 (B YoungHN5ERX). 1< p,gr <oco A1+ é = i + % &k felP,gel, MA
fxgell AR

f o gllea < IfIlzel18]]2-

UERR. [f5Eg € LIFEXTS = f + g MlBU Minkowski N A (ET C.1.6), JANEHT |l <
M||flr. XHHder NEXAFT f | < M| flr. T/, #ERiesz-Thorin NfEE, L (po, qo) =
@,7), (pr, @) = (r', o0), HH BT U N R & 45k O

3@ C.3

3@ C.3.1. £ Hardy-Littlewood # K H 5 7~ & 3% (1,1) A& 49,

%%—J'- Ef #£0, MAEER> OEIF[pop [fl 2> 0. RABIERAMS(x) > Ce|x|™3|x| > R
7, C(.vﬁ/i‘?'i'B(O R) C B(x, 2|x|))
SIER C.3.2. EBRRIGAHFRTMFE, iEW: [LMf < 2|B| + C fo|fllog" |f]. &F log't :=
max(logt, 0).

S C.3.3. t{n R —%@ue s, iE9: sup |, * /X)) < |IaMf(x).

e>0
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S

D.1 FourierZT#t

hE f e LN(RY), & X fHFourierT e yun s 2 1E K%L

f@&) = 2 f f(x)e™*4 dx, (D.1.1)
(2m)> IR

Hrpi=4-1,e® :=cosO+isind, x-&=x& + -+ x5E4. £ = (&), -, £ WiFRAE “BiEARE"
FATFEEETPLE X f € LY (RY)FIFourieri# I
1

fx) = y J f(&)e™* dE. (D.1.2)
(2m)z Y Re

Fourier & #ft X H 1A ¥ (WMD) — B mpictEs A F-1.

N AFATTREAE (D.1.2) FifEFourier “i” ARHelg ? X2 BN IATE 11 H i A s
8 D.1.1 (Fourier UEAR). & f, f € LNRY), MALS, € Co(RY) (E 4, BAL7imiis
TER)4F f = foae RE fo=() ="

ZME AR B AR5 T Riemann-Lebesgue 5| FE A1 GausstZ B SHELT CRALIT T — W DL
@I, e RSO0 R BB bR RS /A B FE A0, X BRI Bt Bk IAMEEK .

MEX DADESL, fel RVEHET fel'. AMIIFERR—ANFEIF KR, Ayhd
NX, fH1SFourier T #edtt X HIM CEBU 2 X B, 1M HFourier B /e X Frlid, X
R B AR AFAE ), b —AMol 7y SchwartzeR 8 =S [8], HoE iR

SRY :={u € C®RY) : ||ullya < oo VN € N FIZ HIEFF . (D.1.3)
XL ]| v o VO EL, N

lullv.ey = sup(1 + [x)¥]0u(x)].

xeRd

ik, (SRY), | - ||(N,a))7‘EéFréChet§rE—lJ°

225
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FHEE G, Schwartz bR HUEGTE BRAL, I HEAE 13 8078 T 55 12 A I 38 I 2 LA R %2
A GERATR,  LC I IEZS oA i % HLTET Y e~ 32 — A Schwartz 6

@t D.1.2 (Folland [8, Prop. 8.3 and 8.17]). *tSchwartz:® 4k 18], MR Z4= T 454t

1. #feC® N fe8LHMY xPof EE S E454F a, B AR A K49, J HIAXY §*(xFf) 2t
ST o, fARF R, LB =X b
2. C® Ffa SHAELP (1 < p<oo0)faCy PHE,

b g URMEE i Fourier B H AN 7> T FEA A+ A K R AR, T RIATIEA Fourier &4
ReAl AN 1 BARL AL OR R H REZ M 2 77 FE AN S o B HAR AR AL, B AR 3
FUH B AL O A Fourier B4 3R 53 AR A BRIERD o NS AN T s f, g5 A
[FIREER, (HAA TATSC ERIfRIE, FRATFEUE B X S 2500 AR W i bR £ R /& Schwartz i 5, —
FECTE I HEAS T DA FH STE LP 2 [8] A fR B 255 1 AIEAS

W D.1.3. & f,g e L\(RY), NA

L (3% o RF)E feC,of el $iEE |a| <k i, B3f eC s a| <k-1
B, I AH (Q2)E) = (&) f(£). £, 3 x°f € L' sHE % |a| <k &z, M feck B
(=i)* FONE) = 07 f (&)

2. T AR! LWTHEMEH, HLS=(T)" AT EM#E, N foT = |detT| foS. 44
W, HMA

o (FB) (fx —h)N(E) = e ™4 f(§) EE h e RY &=,
o (1F28) (FAX)NE) = |AI7f(§/2) *HEZE L eR R 2.
o HHRME) 2 f,f €L, W f(&) = f(=&). #tmA F*4=Id.

3. (B o AR Fxgl) = (2mifE)gE). Z2 (f * ) = [ fx — ¥)g@)dy =
Joa FOE(x — Y)dy 27T f,g AR, ERZLFHRY XME—BRARE RS, gH—MRL
8, F—ARALT.

4. (Riemann-Lebesgue 5|32) s4£ & f € L'(RY), f € C(RY) B2 |f(£)] - 0as [§] - .

MERR. (1): N 7 RfE, FAVAX B 38 0« = 9, UER, Hr j e {1,---,d}, —BIEH AT LAURE
FIH—Mr 58000 45 R15 2. JiFourierZZ #1158 XA 3 EF 43 vl 153

CoT6) = |8, fesax
(27)2 IR
5 1 ix. . 1 .
2 f F(03,, (e7¢) dx = (18 )—— J e dx.
(2m)2 YR (277)> ¥ Rd
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(1) — AT B
1

(=ix; fF)NE) = - J (—ixj)f(x)e—ix.§ dx =
(2m)z IR

1

(2n): J W7 ()35, () dx = 8, f(£).
)2

(2): M Fourier i) & XML E B y = Tx, TATH

ﬁ(f) = ! - J f(Tx)e ¥*dx = | detT|™" 1 - f f(x)e—i§~T—1x dx
(2m)2 YR (27)7 YR
= | detT|—1 1 - J f(x)e—i(Sf).x dx = | detTI‘lf(S.f).
Rd

(27)>

(3): AW f,g € S(RY), T52& FHAEI ST IR o a2 isur, HrTblERE#F. —
FECHE LT A DL 12 FE U P i 45

Free)=— - J (J fx =gy dy) e~ dx
(27r)2 YRR
(f*g)(x)

- y J (J fx—-»gy) dy) e i -MEe—iys dx

(2m)2 IRE \JRd
= (\/E)d ) L d j : P J flx— y)e‘i(x‘y)'f dx g(y)e—iy’f dy

(2m)z TR\ (2mr)2 TR
@

= (V2 f(£)8(®).

(4): FRKEZ Fourier BH (K5 s f(€) = —7 foa fX)e™™ dx. % f € LY(RY), /T LA L 4
(2m)2
TS A L

1 1

<

FE -1 - @I = dj FOOlle ™ — 1] dx.
Rd

(27)2

| st - nax
(27)> Y Re

HT |e*P — 1] <2 BLK f € LY(RY), IBaxMESEx € RY, g f5— MR 75 HLTHI B AR oR Hi0mT B
2|f1 € LN(RY) (MK Aih) 32 izl fEismiiesioe 2, JAiTmT L)?&Tﬁ%}‘in& A fa BINBUFY AT IE AT %
o> AW B .

N THIIE B Lebesgue AT A7 bF £ Y Fourier 28 e £E 4 28 4% [A] g 55 I AR WS B 2 o IXAMIEHTA — A7)
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FTh. RSP EE RS x =y + K—f RO y TREE, 153

f&= : 4 J f(y+ ﬂ—§> e_i(”ﬁ)"’t dy e:—_:;l 1 - J f(y+ 71_5) e dy.
(2m)3 Jme Ha (2m); Jre BE

P 2 1S 21
2f(&) = ! - J (f(x) - f (x + ﬂ—§>) e ¢ dx,
(27)z IR HE

NI}

dx -0 as & - oo.

" 1 1 13
<= _
|/ (&) 2(271)% JRd fx) f<x+ |§|2>

e a— PR R 2 7 LS PR S, RIXHMERS € Ll(Rd)ﬁllliir(l) Jra |f(x+h)— f(x)| dx =
0, MXHxE/|E? - 074 Thitjfat. O

SO, D 13(DE S I N R

HEIE D.1.4 (8, iR 8.23]). F Ao F L #p S L xum itz S A F .
T—ABIHEH: Fourier B Hlfis L2 A,

S D.1.5. &f,g€ L N [, f(x)g(x)dx = [, F(£)(E)dE.

MERA. HiFubiniE#, EREARNE HEAE

J fx)gx)dx = . dJ (J f(y)e‘i’"ydy)g(x)dx
Rd (2m)z YRY \JRd

Flilgriﬂj f(y)[ 1 dJ eix'yg(x)] dy=J f(y)g(y)dy-
Rd (2m)z JRI "

NIRRT EEE D.1.1, BlFourier R Ao {EHZ ATERAT TR E— M-S E 15 2.
Jx|2

5|3 D.1.6. 4 O(x) = ¢ 2, MH &E&) = D).

IERR. HGBRATEIE —4EMTELL, HROHIE A1

s e ] (Gt
2w IR o Jg dx \ i€
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o) = _ ] ‘”‘g(xe 2 )dx = —ELJ e~ (—ix®d(x)) dx.

Var dn i€ §\am
faamiD.1.3 (D&, EXALSET —5‘%&)(5). IXFEFRATARAF ) — A 0] LUR ARSI 30 77 12

d . X 1
—& o 0, ®(0) = —— b dx =1,
0 +£6) =0, 6(0) @f (x) dx

2

ERIREERKE &) = e = ®(&), XEOOVERITEHAEE H A,
AR d > 1, BATRIH |x? = X2+ - + x3 A—4ER 45 R 5

b

::]a

o) = LJ e e dx; —He_7 = ®(&).
R!

=1

2

DL IGERR. 4 O() = e 2. 47 t > 0, RATLIER (F) 1E5RD

— J e rKPelEx f(£) df = — f B(V2t)et* f(§) dé.
Rd Rd

(2m)> (2m)>

P R RALTI AL, Wi D.1.3 FI51 3 D.1.6, B3 () := e *e~¥ [{jFourier s i ] LL 5 i

N 1 xX-=Yy
o(y) = —— J eE V(1) dE = —— XY,
(27)2 Ire (\/_ 200 2t

PLAE, ATRMEA 512 D.1.5 32801 F s

1

| eressfere = — | i@
Rd Rd

(27)> (27)2
1 J . 1 1 xX—y
L[ smfordy= —— f o =2)f(y)dy
(2m): I @m): IRt (V2rd 2
= (03 * ),
W 7 1= —L00) € 8,0 1= Lo T 2018 o = 1, Wizl et
.

SUAERA AT C2AMMKMBLA (WL Folland [8, 51 8.25]) AT LLIEAF f % 05 — fin L,
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REMARE TP A LT AR f. 53—, B f e LY, BT DAIRATT A 2 il die Sl 34t ml 43 30 48
AR IR

lim —— f e P oI ¥ () df = —— f e f(£) dE = () ().
70 (am)z Iwe (27)2 R

X f = (f)Y ae. )5, Riemann-Lebesgued| P& ] — F#AEC %, EHE. [

2 D.1.7 (8, i 8.27]). EfeL' L f =0, f=0a.e.
#it D.1.8 (8, #Ei 8.28]). F £ S Laya R A%,
Pl 145 J5 APlancherel & B 45 RIX — /N1, &K B Fourier 8 4 & L2-55  [F] 4] .
EIE D.1.9 (Plancherel €F). & f e L'NL N f € L2 B F | T AR —3IE I H L2 LA H £ 56
B 44

SERR. 4% :={f € L'|f € L'}, 1F [ € L1 4% f e L=, FREMNMIH X c 12 UAH S C X, i
L RLELARARE . TUAE f.g € X, 4 h = § W HFourier R AT ) = g@), TS5

D15 A 5]
f fg-=f fﬁ=j fh=ffg*.
Rd Rd Rd

Rk, 7| REF T L2 WA 5Bk, &g = FEEIFRL2E SN, B . = |||l (Plancherel{H
EFR). REARXKH F(X) = X, HBLT.EH CHRLHEZ RINESLER T 1J5F |, oL
ME—SESH oy L2 ERPSEERFIA. &, FANRBAEHRXNERZ JaHE 75 F £ X & —FEH,
X—A25EH D.1.1 FEZRLL, b A FHEIR . O

PIE, FATX < p < 2iEMFourier B HALP — LP'H Fitk.
I8 D.1.10 (Hausdorff-Young A45 ). %1 < p <2, f € LP(RY), N A AR #i p, d89 # #C > 01
ﬁ"”f”LP’(Rd) < C”f”LP(Rd)-

ZAE B Riesz- Thorin N 46 @ R H 45w EEH C35F W p, = g0 = 2, M, = 1 il
p =1 q = o0, M; = 2m)~ 4 BG4

& D.1
SIEED.LL e : R~ CRTMEH, #HRpl = 14K +) = px)p()H 4 Ex, y € R
Zo EH: BAEE € RYEFp(x) = e*f,
SJRL D.1.2 (AR B E MR ). 4 B, &) € RT AREHK [ € S(RY), iE ¥4 T ik B 4
&R

2

( | |(x—xo>f<x>|2dx) (J |<£—§0>f<£>|2d£) > %(j If(x)lzdx) . D1y
Rd Rd Rd
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EINTRFE XA A S Aole BT REF I 45 R 093 B E Ao th & 0945 B &M LA 2 o

BT REIERE =x, =009 H AT, FNHEGX) = f(x+x,)e 5o 4] Al 4 #2D.1.3(2) %)
1 B3 — 47 Lo A B Plancherella 5 X 7T 1% |Ef(£))? = |W(§)|2 Z J& B M Plancherel g % X A=
Cauchy-Schwarz R KAEA £ > (fpa [(x - V) fldx)?, &ER(VAS = —V(fz) KRG 3R —
Ko

SIS D.1.3. iE¥: REX
||{an}||Lq < A”f”Lp, for all f eLp

BREL/p+1/g<1WERLTRE, £da, = _fj” f(8)e"® A0 f &y Fourier & 4 o
T DY) = 3, € ADirichlertz, N — cobt, KNAFIDN, ¥ N/P3Ep > 1
%, VAR ||Dyll;, =~ logN.

Sk D.1.4. 4= T £Hasudorff-Young 1~ % X &% fi] L.

(1) & {p }RLAX, u)F 8947 5 31, 97'*4Fiis’isup|qon(x)| <M.Ta,=[fp,du, IERA: ||a,lL. <

MDYl 1 < p <2, 1/p +1/q= 1.
(2) &f € LP(TY), a, = (27m)” wa fx)eT™*dx,n € 79 JEH: ||{an}||Lq(zd) < 1 fllzecrays
F1/q < 1——1/p
SRR D.1.5. Bl B HA > OEFEE R LB R EZTF X fllws < Alf lpgs, HH
X%1/p+1/q=1.
RB7: & f(x)= frx),r>0, M f.(&=f(E&/rr

SR D.1.6. i E—MORFRARLE G —LEFXHR pL2. FELE, RFEKX

L FE)1dE < Allflls
€11

mZa T p<2.
B & fS(x) =59 s s=g+it,o >0, RE4s=1/2, t > .

D.2 SHmBREN

OyAE OUFR “)7 SCRRE7 ) BRI A EAE . EMER T “UF” REUsE L him s
PEE AL ER “IR” RBER DAL . IRATMFEIEN “4F” REEES/EH W EAZH T &H
) Chbtnsr iR sy RS LA RE. (FGARE), JF HiX s Fod i i e 24
Ao XFRAG LD I AR 2 W F AE A Tl 7 7 B B B A g o

PN WZ:K"/D\I#LRdJ:E/J/\?ﬁfEL/@E/J%ZIK%ME, X RUAFRATTHT B B W R ART I AT DAFE 43 AR
B R E X Fourier e, EARMNEMZE AT A ERKRCO(RY) C S(RY) c C®(RY), LLLAhA]
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Y NFréchetZS (8] ] L g X~ 77 2 ATUACEL
o fu o [ R [, f € COHARTEK L Um [0°(F, — Pllie = 0 WA E et n
b
o f, A f 248 fof € 8 H lim sup(1 + |x])V|6*(f, — ) = 0 X4k Z HIgbrafi=E i 5
n—0 xeRd
ﬁNeN &R
e f, = f 248 £, f € Cc® H lim sup |0%(f, — f)| = 0 A41EZ Eigbrafl FEHN e N* &
=00 |x|<N
JRAT o

AREFIGREY, BANLED = CRIFMRZNMINEE, FREGI#HILTE (= C>. FAERANE XAl
AT FRI AT A 2 1]

D'(RY) :=(CXRY), SR := (SR, &'(RY) :=(C(RY))".
ey AR e B URARAT A I MRS R
g cscd.
SRR D, 8, & FHR T 5544, FOAEAIDHZE D = C>, 8§l Cef X i =*E], AP
e T, L T RAGT, T € D H(T,, f) > (T, YWERES € DT
e T, S AR T, TeS8 HAT,, f) = (T, YSHEESf € 8T,
e T, £ T Z¥6 T, Te& HAT,, )= (T, Y HMEES € EMAL,

1% B, -y fa o s AL (RIX B RS2 Mz o) 5 X e &R XS

X D.2.1. =D, S8, E F T E 5 AARE 5 F (distribution) X S~ X & # (generalized function).
% ¥ 57 (tempered distribution). % %X % 7 (compactly supported distribution).
2.

1. X2 AN —2F LF T,

%%Fl}ffq

5l D

o L HBAADH. (FRE, “HITR” LAPAL B LT LABAE — /070 fEALAE — /AN 4089
“RIKER”)

o RU C RUZF %, ULMENF 5 Radonl EH AN, BIAUMALE KT EREARA R
89 55 5 BorelMl & o HAVT AR I L5 HEF € D A(F, o) = [, p(x) du(x) 4513, EHEut
EREAIEAA L TR &GN E, MeEREe LT R EKDirac deltad,, BF(5,¢) =

(0). HEE, SAAKK, CARETE.

o Ll RgiHh T KBk > 0/ |g(x)| C(1 + |xDFsttEZEx € Rinz, WArgHh %3 HHK
(slowly increasing function). ¥ 5% L, 1238 K8 LR E IG5,

e log|x| €§.
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. i%ﬁﬁxh\P.V.(i)éﬁﬁuTéi%ﬁ/% T, By

e—0
e<|x|<1

(u,p) :=1lim J @dx.

D.2.1 #DHHEREER

A BN BUAT E LM JIREARZEE, Wt tHe MR E CRRATAT L “A5dE” 7
] DURIEH R — Rk T R0 . TH R SRR S AR 4 S L AR A
ENX D22 A0 RF. Kk (RALBRHH) . ERE LT,
o (PAFHK) KTf = 0%f, RAALCHRY)LE, F¢p € C(RY), L6y =
(=Dl [ f(0%@); TR AR XE, RAAFA. Ak, KMNTUMEEF € D'(RY)id T
T X2 L F#HI°F € D'(RY):

(aaF’ (0) = (_1)|a|<F’aa¢>.

A M, BT R RATT AR XA E AT RBHH A FH, PMECMNELEELT AT
W EASHELIINUBRKG LR R AL —. KA T L F@mETLE— &

o (RZGLEHH) R eCRY), RXTf =¢fo MT* =Tleowe), B TFF e D'(RY),
HAVT LB LT X2 LFAYF € D'(RY):

(YF, @) = (F, o).

Ik, Ep € CR(RY), AXMHEEp € C® (RY)A BEL, FHyYFe X AHRILEGHH .,

o (FB) %xy € RY, 4T = 1, (WHKMNEXT1,f(x) = f(x—y).) "aF[flx -
Vex)dx = [ fX)p(x + y)dx, EMAT* = 7_,|CP(RY). TA&, ¥TF € D'(RY), #AN
BT RXELFHSHT,FeD:

(TyF, @) = (F,T_yp).
Blde, 12Tyt 2 mE 47,8,
o (HAMBAEL) ARG —ANTELEMEHRS, &V =S YRYFATS = foS. NT*p =
| detS|lpoS™, E i TF € D'(RY), &A@k F X & LFoS € D'(STH(RY)):

(FoS,p) = | det S| X(F, poS~1).

M, SFFSx=—-x, BMAfoS=f, S'=S, H|detS| =1, BrAMNBI(F, @) :=
(F, )& I A TR EHRS, EPox) = p(—x).
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o (B, F—HM7ik) bRYpeCfeLl (RY), By

£ p) = Jf(x () dy = ff(y)zp(x _ydy= f f (P)
M—tx e RIFEL . AHHZLERNTF € D(RY): BARF « R\ T KR LB AL
F % (x) = (F, 7,9).

W Sx > XN - 1, PECTT RS, Fx pR—AESHH (R ERCTH) . Hlde,
WFAEEY € CF, AMA

8 # Ph(x) = (5, 7,) = 7,P(0) = P(x).

B o2 K AR e Rk E 45 T,
o (BR, FoMFiE) kP Pletr L. Ffell Hpecy, &MA

j(f ‘ P)p = ﬂ SO — )p(y) dydx = jf(qo v P).

LR, ETf =f ¢, WTHL BHIL, F. B TF e D'(RY), &MTRELTF
KHBF « e XAV L5 :
(Fx9,9) =(F,p*9)

Rbs, #MAS+p=y, BH
(6% 9.0) = (5.0 # B = ( % PY0) = f P(OY(x) dx = (. ).

XA E L AFNEY, JEAT AF Stein [17, Prop. 3.1.1].
SR C2H AN A T BRI EIE R T7E, SEBR ERATA 0 HED H §5- U 8k 3 J5 s Ak B Dirac
deltaZ3 i 8,,.
&% D.2.1 ([8, Prop. 9.5]). tn FEFE m =
(1) DED + RAEW (554463 F LT ).
(2) &%F € D'URAMFC2F 2 X085 4.}, #An, « F =~ FAED PRI,
PATHEE T R ATCHE (support) WIMED . # ot — AMELER AL, H IS E UM f(x) #
O BRI P . e —FPiitids, B2 fiifS FEH IR RIS R .
EXD.2.3. ST oHhF, EHEEMNRIKeeD, REAIHEOLEENFETHA(F, @) =
0, MWHFEZFEFTHL, Bk, RMEXPHAFOIEENEFH KGR KT EGHE, HiT
YESpt F.
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FiED.2.1. INE LR, BAFFE—%TFE{O}i e T E¥HL, WFAX EO=]0iL
ieJ

LiHK. FRE, BilpR—MNREHK, LIKXOGAEAREK CcOF. B TORZERK, #M
N
TUER—ANARTEE (ATREHFZAELSONTIFE) THK C | O M HA425 5

k=1

N
ENACT B R FE HEn, (1<kSN), #HROL <1, Spt(n) C Oy, BEEx €Ki n(x) =
k=1

N N
1. ARAF(p) =F(, on) = ), Flen) =0, BAFEHEANO, LHX. ARFAOLK X,
k=1 k=1
ERELLFRTOMCERNFBFESZ. 09FAlY - F (Hdyp e C°) KBNS EFR S %
Wi Dirac SeREL (NHFED HCERIE S &G, AFS5eMEAMEZN, S&HF(p)=0.
i D.2.2 (8, Prop. 9.3]). ATFFE Kz,
o AFRIZEHCHNH, pEeDAFTEHNC,. NFx YT EOAL T C,+C, :={x+y:x¢€
C,,y € C,l.
o ZXF AF, A% %%, WF, xF,=F,*F,. (AANSIF LA R ZHEN, KRMNELAF, *
F%F * F,o) % FDirac delta-% %5, AF+x§=8+«F =F.,
o XFAAR LK, NAEE S THtrah

Ox(F * Fy) = (0xF) * Fy = F (05 F)).

o HFFAF, WX RS AHCHC,, BCAEL, WNF+xF#ILROSEC+C, T

D.2.2 218457 K EFourier Tt
MHausdorff-Young A& (B HD. 1.10) &5 18 kG, TATEZTIEBLP(RY) (p > 2)H R 11
Fourier 58 X N— @K E . N T JEFourier B i & X, AT TR —REER 45340,
FRFEE B R — N E R, e tb, AT ERES MAED K€ X Fourier 4, K il &
HEED AW 2 F (D) C D

L D.2.3. BTN Fp € CORY), MPEIETEEFE LHTHE,
XA, AT

il D.2.4. XF € 8’ WAAEN € N*. 2 EH/IFaRFTHHC > 0, FNT A € SA(F,p) <
Cllellvg . Bit, 4REEF eS8, EnhFHELETS, LM HA 5 EHica, xX*FLETS.

e T oRIAT LRI 5347 I Fourier 2% #t
ENX D.2.4. iXF € 8’ & X HFourier T #F %

(F.p)=(F,¢), Vpes.
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WA R AT A2 X Fourieri® & #&F 4= T
(F,p)=(F,¢), VpeS.
Fourier RIEARp = (9)" = (") BIATHE £ S
((B)Y,9) = (F,9") = (F,(p")") = (F, ),

HET (F)Y = F, RBEAEFEY) = F. FitFourier B #2 8 FHIFM
iyl D.2.5. Schwartzi® # @9 Fourier T ¥ 09HE R T VAR AR B 23 L, BkdmE, Fe 84T
PR AR, 2

e @, F) =P, 7,F = b

o 39F = ((—ix)*F)", (8°F)" = (i&)*F.

o (FoT) = |detT|'Fo(T*)™" (T € GL(d,R)),

« Fxyp)=0@n):9F @eSs).

B, (RSN MEREM . A, EF e &, MAEAES —FhE XFR5R. S

b, (F,o)5Efe € Co#MA R L, HMARANMe(x) = e 4%, MEB|—ANLTERRE, B
A FRMFRANREE (). SEhr b, XPRlE SO

WE D.2.6. £F € &, WFAC#E¥ L%, LHFE) = 2n)” <F E %4, L PE:(x) =
ei§~x

PEMEFRAIWI S« AT 32T 5 5 B 43 A1 Wb & 1% S AE Dirac 8- RS H o0 AT S BRI A PR 28144
EIE D.2.7. AFA X TR EGHA, NFEA =T A RAbg X

F= ) a,%.
la|<N
o,
(F,p)= 2, (-Da, (339)(0), forp € D.

|a|<N
UER AT LA T I 5
WS, BF A DX TREGYH, HETEMHBZATRANF4H4:

(1) (Fr,o)| <clelwg, FHAeeD, N+ |a| <Mk
(2) (Fy,x%) =0, P |a| < ML,

MF, = 0.

BT BOIERR. MIERTIZIT . By € D, Wi MIx| > 1) = 0, HMlx| < 1/20p(x) =
1, FHidn.(x) = nix/e). HTFIHEE L, HFL.0) = (Fe). M4, FHE, HEflal <
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MA(F,n.x%) = (F;,x*) =0, K

|a|<M

(o)
(Fy,9) = <F1’77€ [qo(x) B Z : oc!(O)xa]>

= @ M2
Hrhe®(0) = 359(0). HR(xX) = p(x) — 3, ‘”—(O)x%‘e%lﬁ W418] < MEF, H|R)| < c|x|M+

lx|l<M
BAJ 9ZR(X)] < cglxc|MH1IEL,

SR IRAE XA |97, (x)| < cpe Bl Hix| > e Hn.(x) = 0. HILHELeibnizi: M, *HT
Rl + N S MAP1eR| oy o) < oo MRS [F), @) S e e — ORI R AL =

I D.2.7 MR, BUFER A1 LRSI BB FF, = F -3, 0,05, JHM = N + [alft
AT 248 HILION Al 2, T i Ma, = SR, x%). #1036, %F) = (~D)¥al (Ha =

a

B B/MAE, T2F, =0, EHIEE. O

—ANEERE RS, BN R 0T LRI OE SR B o A R A4 A . Fourier®
£l e MV RN ARG
8 D.2.8 (5 Hi IR 4544 FE T[S, Prop. 9.14]).

(1) #F € &', MAHAEN € N, F#ce,(Ja| < N), A& L|x| - colZTFEf € C(RY), 1&
BF = ) c,0%f.

[et|<N
(2) #F e DAVR—=AMEFTHR (FVREER), WEAEL LFTEMN,c,, f, EHFEV EXRZF =
> ¢ 0%f.

lo|<N

2J&t D.2

& D.2.1. 4 H(x) = X0 7 Heaviside st %o E8 5 5 82 R 2 & 89 Dirac §- 4
@ D22 FFeD B—HoahFHEAK, BFOF=031<j<dmz. iEH: FAR? L#)
HAALH K, (R7: FIEF xn,.)
J@D.2.3. S 0<a<di, |x|™ & R ¥ #Fourier LA C,yl&|“
RT: BAARIEAIZDHE O Fourier T £ & = 0 XINF T — AR R, RBEA AP L%EFrst

Xt APk A 1% K
S D.2.4. RE LA FARABRR L GFRP)H (homogeneous of degree 1), = 1§*H/%
#r>0H FoS, =r'F, £ ¥ S.(x) =rx. iE¥d= T4,

(1) 6 RE(=d)FR &I

(2) & F AEAFRS A, N 0°F RE( - |a|)FR2>Ho

(3) 27 = (X9 logx) RAF AN, A% EE R0} LE—AK(-1) Tk S &
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jg)RR D.2

BIRE D.2.1. #E 4R RRNO}EE A (—d)8 TR HEBP frx) = rf(x) LAEEZRE L3
(EH T [, S =0), N f ARAMETRABHETRG (B3 f=0), 24 FAK

CvfLor=tim|  fweex pecs)

[x|>€¢

LT =9 PV.(f), T RNOILEfnd, #AAIMD24ELTRAE(-d)F KA.
Rof: AEE a >0, FBORRET [ FOOlp() — @] dx + [, f)p(x)dx, HiX
A o 48 3 HI S

B8 D.2.2 ([17, Theorem 3.2.5]). BiX A > d, WHH x s |x|™* & R R EH UL RZ BT
ARG, T RGEAT A STk
(1) £peC®, APihp & x =04tk Taylor5 AKX, AR k>A1-d-14a>0, £X

(Fsp) = J [p() — PE(x)] 2|~ dx + o(x)|x|* dx.

|x|<a |x|>a

MFE e D'(RY LA RIN{0} L5 x| b
Q) FA¢Z BHEMNBRk=[1—d] AT IN—d T KEH, EMNTUE Q) ¥4 a - « F
25 —A0HF, € RN\ L5 |x|™* —%:

(F, @) = j [p(x) — PE()] x| dx
(3) Ad=1H4k=[A] AT-KIT I EORKEHK. &

[(k=2A)---(1 =) (sgnx)¥|x|** ifA1>k

fx) = .
(=D (k — D! '(sgnx)¥log |x] ifdA=k

M f el ®), BaFFi fO £ R0} LS x| —5.
(4) #RELD.27, & (1)-(3) PHEGETHAD T LM £R 6 AL FHOKEEE, B2
AL 7

iB]§% D.2.3 ((17, Theorem 3.2.1]). iE®A: £ HP.V.(1/x) 5T

d 1/ 1 1
i VA _
ax oglx] E‘z<x—io+x+io>’

H A5 & LT 89Fourier X #%& A —i\/ésgn &).
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sk E  ZMEZeR7Hh

AP S B B Jm — B o3 TSR 12 BRI 23 B r H IR — e SR AR SR e B A SC AR B AT BAAE
Biihler-Salamon [3, Chapter 2-4] 8% Evans [6, Appendix D] H14£ #1.

E.1 Banach F|g)

WX Rom— AL (A
EX EL1 S RBAt || || X = [0,00) i ZATF &4, WARELAEHK (norm):
o (ZARFRX)MITA u,veX,||lu+v| <|lull+|v|;
o MHTH ueX,AeR,|Aul| = |A|||u|;
o |ul|=03%HBXE u=0.
T, AMRK X & — MR TE L A .
EX EN1.2. e REFEEEZE (X, -]) L&, B X F 8954 Cauchy 7IH00k sk BAFRAR & T
X, MAR |- D # Banach = 1.
EX EL13, X X AETHAETE, WA X £ TH 8 (separable).
WX MY 5 Banach Z¥[H].
EX E14. B4 A : X - Y & KM HT (linear operator), L& u,v € X, 4, u € R i%
R A[Au + uv] = 1Au + uAv. A 8918353384 R(A) :={veY |v=Au ¥ TE AN ue X}, £ E=N
(#) e4E N(A) :=ker(A) = {u € X | Au = 0}. A 852 Uit 4E D(A).
HRAMHET A X > Y & AR (bounded) £ 45||A4|| := sup{||Aully | |lully <1} < 0. BHiE
ARGHEET A X ->Y ZEL, RZITAK.
EX E15. wREXFAu, > uLEYFTAAu, — v THFFAu = vz, WAREKHET A
X - Y A BHTF (closed operator). Fi#, . X HF A E%E GA) = {(u,v) € X XY |
x € D(A),v = Au} Z X XY B9 &EF =R, W A 6. £F=H DA c X ERETEHK
Allulla := llullx + [|Aully.
R X HENTTERE f TORLZY OFTE, NAKKEELT A X > Y A FFBRH (open

map).

239
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E.1.1 Banach Z[EAYJLIE
4, FATTE R 3 Banach &5 0] 2 PR 4E K 24 HAUCY NN A AL LA K. X LA F. Riesz
SIHAH.

5|32 E.1.1 (Riesz 51 ). & (X, ||+ |) ABMFEAREZR, Y C X A—AFRFT X 69 H KT = 4.
REHKO0<S<L MNALENE x € X EM|x] =1, in£||x —yll=1-34.
ye

WERA. Bl x, € X\Y. BT Y 2 M, M d 1= inf,ey Ixo — yIl > 0. 5% y, € Y 113 |x, — yoll < é
IJLIAE&X = ”x() - yoll_l (XO - yo), m\Uﬁ ||X|| =1 EX#?{E%E: y c Yﬁij—l:ﬁ

1o — Yo—Il X0 = YolI¥ll S d

1-6.
10 = ol o = ol ~

lx =l =

AL BN F 5 THZE T Banach %% 6] 1) J LA RrE.
EIE E.1.2 JFWh € 3#). X X,Y # Banach R, A : X - Y A A F#4t. W A & FF kst
FERLET 2 B ) — NS /2 A N BUR RRR R 100«
EIE E.1.3 QUG EF). X X,Y % Banach R, A : X - Y AA RS, M A 1Y - X &2
AR,
fiff 7t Banach 75 [H] X EMZRMEE 7N, How B S BT 2 X K4t 1230, f£X
ZHAEOLT, & IR et 75 ().
5 E.1.1. %X := C([0,1])RF—&3e4, D(A) = CY([0,1]), =X &HHEF A : DA) - X #
Af = f" (f € CY([0,1])). % Weierstrass &1 & 32, F = ] D(A) = C'([0,1]) &£ X = C([0,1]) P &
FERY. LI, T X2 Xy A 6B

G(A) :={(f,.8) XXX | feD(A),g=Af}

A XXX Q—ARE&ETZE. LA, X f, € CY([0,1]) B (f, Af,) £ X XX PILsLE]
(f,g), M f, —Bkk 3| f A fl —80lkékd| g, Ak f RESTHMYH [ =g.
EIE E1.4 (HEMGEH). XA Y # Banach 10, LA X > Y AE&MBETF. W ARARG L
BRI Z X XY 69 F] & %F = .

ARG EEW S, B ET A X - Y BESFYHEICY A BFHE1E.

Bk, AN H—80G TR B (— 80 LR B /L g 1),
EMX E1.6. B8 {flie (BF f, 1 X > Y, [HARES, LENBAETIKEX LT Y,)
WAR A # %A K (pointwise bounded)dy, =45

sup [Ifi(0lly, <o Vx€X.

iel
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EXEL7. BX,Y ABGEEAMZNE. X3 FHA u e X A Au = lim A,u, WAH FEXHEH

FHI A, : X - Y(neN) &Ik (converge strongly) T A &M H T t;ioo X Y.
— A R E R
EIE E.1.5 (Banach-Steinhaus 7EF). % X,Y # Banach ®H], L A, : X > Y,neN AFREH®HE
F R3] M AT SREN:
(1) FTFEAMuEX, B3] (A)en £ Y P AL
(2) sup|lA,|| < o0 A AEMAEFTE D C X 13 TEHNueD,{Auleny £ Y F 89 Cauchy 7.

neN
(3) sup||A,|| <o AALEBREMETF A X - Y 1£1F A, %I T A, B ||A|| < liminf ||A,]|.
neN n—oo

g Y A7 d, (1) e Q) MENMEMAKRZ. B X REE, (2) o 3) S MR R .

£ T RBAIN 44 Hahn-Banach E#, HH T FiBanach 5[0 X 11258 L 1A R L2 R,
FHR A IXAEZ BT 0] DU A X _ERA Sz . B X R — A sege B
TR A YO ) TR AR, %08 BEAR SR AT
EX E 18 (BFEH). A X A—AFEEXKEZH, wREFFHEEX,yeEX, 120, HHFH p: X >R
iwh R

p(x+y) < p(x) + p(y), p(Ax) = Ap(x),
W AR A WFEHK (quasi-seminorm). R ECA—PMFEK AN A x € X,1 € R #HE
p(Ax) = |A|p(x), MARKX A FEHK (seminorm). FTLHIIE 1A, HAMNTA x € X H 2p(x) =
p(x)+ p(=x) > p(0) = 0. A, FiafAatbieskim=s, RERHLIFRLNE, BPTRALEIFEREL
F xeX 4% px)=0.
EIE E.1.6 (Hahn-Banach ). % X AMFEEAMEZN, p: X > R AMFTEHK. LY c X ALK
FEB, Y >R ALBEZH EEFNAHE xeY HL p(x) < px). MAELELEEZH D X >R
1% 15
Qly =¢, P(x)<plx) VxeX.

TRATHEAE B S MR I 30 7 1% S 3 A7 AE 1 5 FH R A
HWILEL7. A X AR EMBEAHTH, Y CX AEBTFZR,¢: Y >R A&KMELZSH LE5E
c>0EFAFTHA xEY A |p(x)| <c|lx||. WAEEAFREELZSH O X > RAEMF

D, =¢, |PX)| <clx|| MTHA xeX.

MERA. 7£ Hahn-Banach EHE I p(x) = cl|x||, WAFELMEZ K & : X - RIHL Oy = ¢ HIT
HxeXHox) <clx|. HT ®&(=x) = —&(x), HILHESHATA xe X A |®(x)| <cllx]. O

XF TR L AE A ], ZRALA 45 R A AL
HEIL E1.8. XX A C LWREEABRTN, YCX AXHTE, ¢ :Y > CHELRKEZS LA
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e 0N THAXxEY A [P&)| <c||x]. WEEARLEALZSH Y X - C %17

Yly =9, [P <cllx]] MFAHH xeX.

E.1.2 554ég

P& Riesz 5|3, HAMAFGE R4 (Bolzzano-Weierstrass & H) AFELS H K. SR,
FATAT LA N 55UK &L (weak convergence) Fl1 §5-* ILE] (weak-* convergence) ML, 15 7E X Fh
“857 BOCT RN R ZE R GRS B 30 2. FEFA1H PDE Ri24, NEZES|INGSHRN. 18
&, BMREZFIGEWEL. A7 X 425 Banach ¥[H].
EMX E.1.9 (J3WE0). de R FHEAAREMZSH f € X* HA (f,u) — (f,u), BAFHBLFF)
{2, C X 35008 T u e X, 34k uy — u.
EX E.1.10 (55 W), 4o R THNS u € X A (fr,u) - (fou), ENELFF] {fily, c X
BT f e X®, it fi— f.

Gilk: 5 we — u, W e = uo FE EARATISIEEUT AR H . AR we = u, W|u|| <
liminf, . ||ugll.
EIE E.1.9 (Eberlein-Smulian). % X # & A Banach % 1], #{8% 5 7 fueb, € X A/ R0, N &
AT R w32, C {thdey 7 u € X AEIF wy, = u £ X PR

et iE Ui, H X Banach 7% (B H 4 A 41 72 55 TS 1R, e ) 3, Hilbere 25 (8] H (04 7 51 A
A G A AR RATT b R MEARGAL, TR 55 YRR
IR E.1.10 (Banach-Alaoglu). % X A KL= . 4B =] X* (F& L@ F HEFEHK) F69I
AT R FE-F JeA T A K89,

Mazur & BWr 5 X #0259 . thah, RATH
FI E.1.11 Mazur). & (X, || - |) AREEEZME, B {x}jcy CX BBBEETEANS x € X 09573
N ffed x; @A TR G AAM R AT {yden CX, BH XAy = 3 2%, 148y, — x #olcsk,

i<k
B ||y — x|l = 0.

E.2 Hilbert 2|8

Y, TR0 FTERAM R FEHIET L? ) Sobolev ¥ [] HX(Q). i Banach Z¥[R)ic BG
WAREE . 1 H NSEe k=3 ).
EX E2.1. 4ot (-,-) : HXH — R #HZ AT &4, NAREL R AR
e (u,v) = (v,u) XA u,v € H,
o BAtur— (u,0) FTHE AN vEH ZE&M,
e (u,u)=>0XA#A ueH,
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e (,u)=0%HRXL u=0.
W AARE LETEHA (|ull := (u,w)"/? Hilbert 2] H RIKT T 4= £ AR Banach Z M. 4= R H
R G &M=, N (u,v) = (v,u).
EXE22 #SAHWF=R, ‘S '={ucH|Wv)=0,YveES}RE S EX&-F= 0.
Xf - Hilbert 77 [8] H, A] D@ LT & 3 HooH 22 (6] H* 5 H 55 [FER.

EI E.2.1 (Riesz FnER). H* TUAAEHE H 7 ; 2 EHAG, S TFTEANS u € H, LR
—TE ue H#EF u,v)=(uv), Vo € H. B4 u* — u £M H* 3| H 69X F ).

PLHVERE, H* ¢ H JFAN 2l 18 S B s !

E.3 ZEHETFRNZEEL
AREMFE AP EEENIM S —REH T, BT UNEREPREE RN, BETF1E X
B U 7 =
SIIEE.3.1. £ X A Y 4 Banach 10, K : X > Y AAREBEETF. WA T ERFMN:
o 4 E (x),en & X PHHRFFT], WEF| (Kx,),en B Cauchy F 5 7).

» RS CXAARK, MESKES) 1= {Kx | xS} AHEME.
« B {Kx|xeX x|y <Y RY HEFE.

EXE31(BHT). XY # Banach T, AREAEETF K : X > Y #A-RN:

o BHT: R UHL LRI ZOGFMN LM,
o A IR#k (finite rank): %=X HAZ R Y 69F PRZET = ),
o £i% % (completely continuous): %R X FEHENFDILSF T E K TRAE Y 65K IB4F
&8
Rk E.3.2 (Br4i&EsL). X X #2Y 4 Banach 1. MANEZHFK : X > Y HALELE, 4o
RHINX AR, MAREAHETK X ->Y ZE0Y AR YCRELELSN.
Rk E.3.3 (E&54H). % X,Y #= Z 4 Banach = 18], W XA TF & Z:

(1) XA X>YH®B:Y>ZARAREHEET, BLIBILAREZORB A N BA: X > Z

& g:oR
(2) XK, : X > Y AEHTHY, LEATERIBITRETAFREELTK : X > Y. MK
&%,

B) EK: X->Y AAFEHRETF K Y > X* AEMBEF MK ZEHLEARE K £ %
79,
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E.3.1 Riesz-Fredholm IBi1t: EHEFHI51&

BE X N Banach Z=[8], €(X) F£on X LT BHE FHIEE. WIRANTAE
EI2 E.3.4 (Fredholm —#—). % X # Banach =], K € €(X). 1
(1) dimN(I —K) < o0, % N(I —K) = {x € X|(I — K)x = 0}.
(2) RJ —K) 2 H#.
(3) RU—K) =N —K*)* LRI —K*) ="NU -K).
(4) NI —K)={0} 3 B4L% R(I —K) = X.
(5) dimN(I — K) = dim(N(I — K*)).

i, ST McX, FcX', &M
M ={f eX'|(f,x)=0, Vx e M}, F*:={xeX|(f,x)=0, Vf €X'}

7¥i2 E.3.1. Fredholm —#— A TAE 7 u—Ku=f WTHE cxNE2L2TENfEX, T
FEu—Ku=fH#HARE—M; BLFRIAu-—Ku=04En MNEBELXME. £BE—FFLT, IF
FARIARAu—Ku=f ATHG, SHRY fHLn MNEXEM f e NI —-KH)*

E.3.2 Riesz-Schauder IEFif: ZE FUIE

AV JE il s B G o B
EX E3.2. %X # Banach i, A : X > X #FR&EMHELT.
o Ay MESE (resolvent set) € XA p(A) :={n € R|A —nI & 1-1 %}
o Ay 3 (spectrum) & LA o(A4) := R\p(A).
hE n e p(A), HIEF BR CIE, &4l (A—n)' X L&A FERHEHET.
o 4R N(A—nl) # {0}, &A1 1 € 0(A) & A 89 HIEMH (eigenvalue). T A 4FIE(E A9 E 5T A
a,(A), #r A “ &g .
e R A A NHEEANSTFEMAWA0A Aw = Aw, WRMIE w2 A 51 XKW HiEH
¥ (eigenvector).
HATIAEA
EIE E.3.5 (Riesz-Schauder). % X # Banach = ], K € €(X). 1
(1) 0 € o(K), %34k dim X < oo.

(2) o(KO\{O} = 0,(K)\{0}.
(3) o, (K) R & (e RAL) LAA O
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E.3.3 Hilbert =8 EHXFREF

¥ H 52 Hilbert 25 8.
EX E3.3. wEXFTA x,y € Hi#HZ (Ax,y) = (x, Ay), ZBAMAAFEEHEL T A H - HZ& %
&9 (symmetric). b4t () £ H IR, EmH L, A RAFARG S HXY A= A%,
WA E3.6. XA : H—> HHAAREEET. W A R39S AR EFTET x € H # A
(Ax,x) € R. £ZXAHFINTF, ZMt—F A :

(1) c(A) CR B FEMMxeH, A€C GHEEImA£0) , A || — A) x| < %
(2) % H CHARH® AXRZHFTZR, N Ay £ H ELRITARE.

(3) M FHEAT A,V €0,(A) B A+, &#41H NAL - A) LNQA'I - A).

(4) [|A]| = sup |[(Ax,x)].

[Ix]|=1

WMAEW S« H - H N&ME. A5 XRET, IFid

m = inf (Su,u),M := sup (Su,u)
ueH ueH
[lufl=1 llull=1

ol E.3.7 (W . FAY. &MMA o(S) c [m,M] . m,M € o(S).

WERR. % > M. W (pu — Su,u) > (n — M)||ul]*> (u € H). Kt Lax-Milgram EHKi 5 nI — S &
1-1 HigH, Hon € p(S). R, & n < m, W n e p(S). XIEH T o(S) C [m, M].

BAVEEIEH M € ofS). HTEX [u,v] := (Mu — Su,v) ZXE, BEXMAE ue HE
[u,u] > 0, Cauchy-Schwarz AERZE T |(Mu — Su,v)| < (Mu — Su,u)/>(Mv — Sv,v)V/? Xt E
u,v € H. K, 5T 285 C, H ||Mu — Su|| < C(Mu — Su,u)'? (u € H).

PR {ug )2, € H 2 |lugll = 1(k = 1,...) H (Swy,up) = M. MIATH [|Muy, — Suy|| — 0.
I M € p(S), N

u, = (MI —S)' (Mu, — Su,) - 0

XA IE. Kk M € o(S), [FFE m € o(S). O

EIR E.3.8 (KX IE FIIFHIEE). %% H A7 % Hilbert 18], 8% S : H - H & B3R H
T B S RIS EA ARG H 69T 2R B,

HWERR. % {n} N S MAEEAEFFIEETH. % 1o = 0. i€ Hy = N(S),H, = N(S —n ) (k = 1,...).
F¥E Fredholm —F—, F 0 < dimH, < c0o H 0 < dimH, < oo.

WueH,veH Hk#L W Su=nu,Sv=nu, # n(u,v) = (Su,v) = (u,Sv) = nu,v). H
T # m, FATESH (u,v) = 0. EIHIRANTE 276 H, M H, £ IEZH.
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WAER H 285 Hy, Hy, ... 1 H Bfs/h 72500, Pt

m
FI= Zakuk . mE{O,...},uk EHk,ak (S R .
k=0

TATE TR A 75 H %, B4R S(A) C H. WA s (AY) cA*: FsL b, #Fuedt HveH,
M (Su,v) = (u, Sv) = 0.

WAEHET S = SlHL Je B HAFRI. 1Ak o(S) = {0}, A S AEAT AR R AE(E toks & S IHFAE
H. RIE51 2, %HFFrH ue AL, H (Su,u) = 0. HUHE u,v € AL,

2(Su,v) = (S(u +v),u +v) — (Su,u) — (Sv,v) =0

Rt S = 0. HILAT W A+ ¢ N(S) c H, il A+ = {0}. Bt A #£ H F15%.
NEA T8 Hi(k = 0,..) WM IR, R h T H 20 701, Hy HA AT 5 iE
IEAZHE, JRATHIRAT 1 — d R AR 1) 2 A A o I AT . O

£ Hilbert 5[] L, XFHRE H 5 A1 AN S5 44 55 /UL A5 25 18] Hh B SR FRARL IR 3 AR 0L, Rp 3 3,
FRAT [ A o] S8 R AL A A T X A A ), EL A 2 _E (0 3R I A A,, 3t R A SO A e
RS AL [ B2 T RO LA 2 M IE A OOV Ak Ja N IESSITE ) 2. Bedh, — R il S e B A2
fiEAE. XL 5N T Hilbert 2% [A] L R R B 35 7] B A7
Rl E.3.9. & A € C(H) #Hk. M A& x, € H, ||x|| = 1, 1%£4F

A 1= |(Axy, X,)| = sup |(Ax,x)|, Ax, = Ax,.

llx[|=1

Rl E.3.10. X A € C(H) dAR. MAEZE S THOEHT I Adren:, EE—OTRRESE (R
BAE) &0, 1815 {4} E& A 69451848, B, B H 694 E K {e ) 47

X = Z(x,ek)ek, Ax = Z/lk(x,ek)ek.
k

k=1

@l E.3.11 (Courant I KH/NZIiE). & A € C(H) AR LBEARKIEMEA 227> 20> - >
A 2270

. Ax, X Ax, X
AF =inf sup ( ), A, = sup max ( ).
En1 yept . (x, X) E,_, X€EL | (X, X)
xq':y(l; X#0

i B, TUAR H 69T (n — 1) 2£H -T2 18],
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