w7 FIERH X (ID): IR RS H A

=~ [4N
AR
FER R AR KT R b

Email: yx3xQustc.edu.cn

e B A : December 11, 2025






Preface

This lecture notes were written for the course ‘Differential Equations II” (143 /5 #£1I) at University of
Science and Technology of China (4 E 54 R K% /USTC), which were extended and revised from
the ones for the course “MA5213-Advanced Partial Differential Equations” at National University of
Singapore (NUS). Both courses are considered as the second course in PDE for junior, senior undergrad-
uate students and fresh graduate students who want to develop further in analysis and PDEs and related
areas. The pre-requisites are listed in the Appendix, basically including the real analysis (Lebesgue’s
theory of measures, integrals and differentiation), L? spaces and interpolation theorem, Fourier trans-
forms and linear functional analysis (including Hilbert spaces, Hahn-Banach Theorem, weak and weak-*
convergence, spectrum theory of compact operators).

The aim of these two courses is to present the fundamental theory of PDE tools and techniques,
developed in the past several decades, that help students get in touch with frontier PDE research. Unlike
the undergraduate PDE courses (MA4221 at NUS or #4377 #£I at USTC), we no longer try to find
explicit formulas for the smooth solutions to linear PDEs. Instead, we wish to develop the theory of
linear PDEs with rough variable coefficients and hope to utilize the theory together with tools arising
from real analysis, functional analysis and Fourier analysis to study the solutions to nonlinear PDEs that
usually arise from various physical and realistic models.

The first chapter is devoted to the integer-order Sobolev spaces W*P(U) where k € N, 1 < p < oo
and U C R is an open set with a sufficiently smooth (at least Lipschitzian) boundary dU. One of
the major advantages of Sobolev spaces is that they capture the features of both integrability and dif-
ferentiability of certain locally integrable functions. The Sobolev embedding theorems give quantitative
relations among Sobolev spaces, L? spaces and H'older continuous spaces C**. Also, Sobolev functions
can be approximated by smooth functions in certain ways via the convolution with standard mollifiers.

It should also be noted that the concept of “weak solution” is introduced together with Sobolev
spaces. To be honest, this may be one of the most important concepts in the study of PDEs. In practice,
we usually have to analyze the behaviors of solutions to various nonlinear PDEs, and their coefficients
are usually also not quite regular. It is then difficult to directly prove the existence of classical solutions.
Instead, we can seek for the weak solution (usually in the sense of distribution) at first, which requires less
regularity and one can use nice functions as test functions to describe the behaviors of the weak solutions.
After obtaining the weak solutions, we can try to enhanced the regularity of the weak solutions such
that they finally coincide with the desired classical solutions, provided that the coefficients and the initial
data are sufficiently regular.

In Chapter 2 and 3 we use different methods to study the existence of different types of linear second-
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order PDE:s: elliptic PDEs and parabolic PDEs. The existence theorems of elliptic PDEs are obtained
by using the Lax-Milgram Theorem and the Fredholm Alternative in linear functional analysis. The
existence of parabolic equations is obtained by using Galerkin’s approximation, which is mathematically
a generalization of “separation of variables” and is also frequently used in numerical works. The major
reference of Chapter 1-Chapter 3 is Evans’ famous PDE book [6, Chapter 5, 6, 7.1]. We also introduce
the vanishing viscosity method to solve the linear symmetric hyperbolic system in R?, referred to Evans
[6, Chap. 7.3.1].

For hyperbolic equations, in Chapter 4, we introduce the local existence of linear and quasi-linear
wave equations instead of their global-in-time dynamics (which requires tools in Lorentzian geometry),
and the major reference is the lecture notes by Jonathan (Winghong) Luk [12, Chap. 4-6]. In Chapter
5, we introduce several types of fundamental waves (mostly in 1D) arising from hyperbolic conservation
laws: shocks, contact discontinuities and rarefaction waves, and the major reference is [11, Chap. 5].

Finally, the methods from Fourier analysis take up a large part of the lecture notes. This is because
the Fourier transform allows us to establish much more refined descriptions of the differentiability. In
particular, the derivatives of any order s € R can be easily defined when U = RY by using Fourier
transform. In constrast, the fractional-order derivatives in a domain with boundary are usually char-
acterized via the differential quotients (Sobolev-Slobodeckii norms). Moreover, we also introduce the
Littlewood-Paley projections as an efficient tool to localize different frequncy bands of a given function.
The Littlewood-Paley theory is significant when we establish the Leibniz rule and the chain rule for
fractional-order derivatives. Lots of powerful tools and refined inequalities are established with the help
of Littlewood-Paley theory. The major references are Bahouri-Chemin-Danchin [2, Chap. 1] and Tao
[17, Appendix A].

The lecture notes were first finished on 07 January 2025 and were not carefully revised as of that
time. I would like to thank Prof. ZHAO Lifeng (X3 F#(#%) and students YU Junao (T I12%),
WANG Dinghan (F47#), YIN Yuchen (FF /%), ZHOU Fu (JH717) at USTC for their comments
and suggestions on teaching this course. I also thank the students in my MA5213 class at NUS, especially
EOM Ikhoon (J* ¥ 5il1), QI Fulin (B(F&E), Timothy WAN Kai Yang (42 FH), WU Shengrong (=4
#+) and ZHANG Liyuan (7K /7¥i) for pointing out numerous typos and mistakes in previous versions
of this lecture notes.

If you spot any mistakes and have any suggestions, please let me know as soon as possible. Due to
the shortage of time of one semester at NUS (12 weeks X 2 lectures/week X 1.5 hours/lecture), my
lectures only covered Chapter 1-4 and 6 of this notes and many tedious proofs which are not related
to PDEs are skipped. There are still several chapters and sections to be added, which aim to introduce
more advanced techniques or theory, such as De Giorgi-Nash-Moser iteration, hyperbolic conservation

laws, calculus of variations, etc.

ZHANG Junyan/ %R =
November 28, 2025.
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Chapter 1 Sobolev spaces

The first chapter mostly develops the basic theory of Sobolev spaces. During the past a few decades,
Sobolev spaces have been proven to be extremely useful in the analysis of numerous problems of various
types of PDEs. In fact, in many models arising from physics or other areas, it is almost impossible
to carefully characterize the pointwise behaviors of the solutions. An example is the motion of water
waves: it is hard to describe the status of each liquid particle, especially the vorticity of the fluid is
nonzero. Thus, one has to find alternative ways to prove the existence of solutions to PDEs and analyze
qualitative and quantitative properties of solutions, such as the energy method, calculus of variation,
Fourier analysis, etc. Among these tools, the characterization of both differentiability and integrability
of functions becomes significantly important. On the other hand, one of the major advantanges of
Sobolev spaces W¥P is that this type of function spaces take into account of both the integrability and the
differentiability of functions, while the Holder-continuous function spaces C* only takes in into account
of the pointwise behaviors. What’s more, one can “trade differentiability for enhanced integrability” and
build quantitative relations between Sobolev spaces and LP spaces or C** spaces.

Before turning to Sobolev spaces, we first introduce the function spaces C**. They are actually more
useful than the classical continuous function spaces C¥ when establishing pointwise estimates, especially
the Schauder estimates for elliptic PDEs.

Throughout the lecture notes, we assume U C R to be an open set. Assume also the index o € (0, 1].
We say a function u is Holder continuous with exponent « if these exists a constant C > 0 such that

lu(x) —u(y)| <Clx—-y|* Vx,yeU.

In particular, when o = 1, we say u is Lipschitz continuous in U. Based on this, we introduce the space
Ck as below.

Definition 1.0.1. Given a bounded continuous function u : U — R, we define

e The uniform norm: |[u||g, := sup |u(x)|.

xeU
e The a™-Holder semi-norm:
e e sup 11— 10)
0,a .= _— .
C (U) x;&y |x —_ le{
x,yeU
o The a*-Holder semi-norm: |[ul| oy = lltlle@) + [l coxm)-

1
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e The Holder space Cck*(U) (k € N):

Cka(U) = Ju € CX(U) |ullceam) 1= Z 10%ullcy + Z [0%U] coaqmy < 0

la|<k lac|=k

One can check that C**(U) equipped with || - ||cka(@) norm is a Banach space.

1.1 Weak derivative and Sobolev spaces

We usually cannot make good enough analytic estimates to show that the solutions we construct for some
PDE:s belong to C¥% as they require very high pointwise regularity. To overcome such difficulty, people
have found that Sobolev spaces are good choices to construct a “rough” solution, and in the construction

procedures, the “weak derivative” plays an important role.

1.1.1 Weak derivative

Let us begin with a simple example. Given a bounded domain U C R? and a function f € L*(U), we
consider Poisson’s equation
—Au=finU, u=0o0ndU.

Note that the source term f may be a very rough function, which makes it difficult to directly prove
the existence of a solution that can be differentiated twice. On the other hand, if u € C?(U), then by

Gauss-Green formula we get
f fgodxzf Vu-Vepdx, Ve e CU). (1.1.1)
U U

Note that the fulfillment of the above integral equality only requires u € Hé(U), that is, Vu € L*(U)
and u|3; = 0. Thus, we can alternatively define the “weak solution” to Poisson’s equation by u satis-
fying the identity (1.1.1). The existence of such weak solutions is much easier to prove by using Riesz
representation theorem for Hilbert spaces, and the term Vu is actually the “weak derivative” of u, as it
only belongs to L*(U) instead of L®(U).

Motivated by the above example, we introduce the concept of “weak derivative”.

Definition 1.1.1. Suppose u,v € Llloc(U) and a = (o, -+, ay) is a multi-index. We say that v is the
att-weak partial derivative of u, denoted by d*u = v, provided

J ud*pdx = (—1)'“'4[ vpdx Vo € CX(U). (1.1.2)
U U

If such v does not exist, then we say u does not possess an a’-weak partial derivative.
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Remark 1.1.1. It should be noted that the above definition is slightly different from the distributional
derivative in functional analysis (cf. Folland [8, Chapter 9]), as our definition requires the weak derivative
to be a locally Lebesgue integrable function but the distributional derivative is only required to belong

to D'(U) :=(CX(U)) and is not necessarily a function (e.g., the Dirac delta §).

Proposition 1.1.1 (Uniqueness of weak derivatives). An a-weak partial derivative of u, if exists, is

uniquely defined up to a set of measure zero.

Proof. Let v;,v, € L] (U) be two a't-weak partial derivatives of u. By definition, they satisfy
J (V1 —VYpdx =0 Ve eCZ.
U
Then the desired conclusion immediately follows from the following lemma. O
Lemma 1.1.2. Tf w € L! (U) satisfies f,, wp dx = 0 for all ¢ € CZ(U), then w = 0 a.c. in U.
Proof of Lemma 1.1.2. Let {1,},-, be a family of mollifiers defined in Appendix C.2 satisfying

1 /x
n€Cr(B(0,1)), 0<n<1, Ld n=1 7= ( 6)

Then we also have [, 7. = 1 for any € > 0. Based on this, we have

r

wix) = [ woem.(y - x)dy = f (W) — Wy — x)dy + j W)y — %) dy
U

JU U

=0 by assumption

r

= (wx) — wy)n.(y — x)dy.

J UNB(x,¢)
Thus, we have
1 - X
wel <% [ e - eIy
€ B(x,e) €
O<n<1) < a(d)f w(x) — w(3)| dy,

B(x,e)

where a(d) is the volume of the unit ball in R¢ and § represents the volume-mean of the integral. The
right side converges to O for a.e. X € U as ¢ — 0 thanks to Lebesgue Differentiation Theorem. O

Next, we introduce two examples of weak derivatives.
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0<x<1 1 0<x<1
Example 1.1.1. Letd = 1,U = (0,2) and u(x) = x x= . Define v(x) = x = . We
1 1<x<2 0 1<x<2
next show that #’ = v in the weak sense. Choose any ¢ € C°(U), we need to verify
2 2
J u(x)e'(x)dx = —J v(x)p(x)dx.
0 0
For the left side, we easily compute that
2 1 2 1
[ ueopeax = | xpax [ wodx == o0dx+ o))+ 9@ - 1)
0 0 ; 1 0
= —J v(x)p(x)dx,
0
where we use ¢ € C° = ¢(0) = ¢(2) = 0.
0 -1<x<Z0
Example 1.1.2. Letd =1,U = (—1,1) and u(x) = . We assert that u’ does not exist

1 0L5xx1
in the weak sense, that is, there does not exist any v € LIIOC(U) satistying

1

J u(x)e'(x)dx = —J v(xX)p(x)dx Vo e C(U).

-1

Suppose, to the contrary, that there exists some v € L, (U) satisfying the above equality. Then we
invoke the definition of u to get

1 1

1
—J b()P(x) dx = f u(x)p () dx = f /() dx = —p(0), Vg € C¥(=1,1).
-1 1 0

Now, we pick a sequence of {¢,,(x)} C C(—1,1) satisfying 0 < ¢,, < 1, ¢,,(0) = 1 and ¢,,,(x) — O for
all x # 0 asm — oo0. Replacing ¢ by ¢,, and letting m — oo, we find (by using Dominated Convergence
Theorem) that

1

1
-1 = lim (—¢,,(0)) = — lim j v(x)e,,(x)dx = —J v(x) lim ¢,,(x)dx =0,

-1
a contracdiction!
Remark 1.1.2. The function u is called Heaviside function if we extend it to R with u|,.; = 0 and

Ulys; = 1. The distributional derivative of u is exactly the Dirac mass at the origin 6, € D’ which is

not a function.
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1.1.2  Sobolev space W5P(U)

Next, we introduce the definition of Sobolev spaces.

Definition 1.1.2 (Sobolev spaces). Given k € N and 1 < p < oo, the Sobolev space W*P(U) is defined
by

WkeU) 1= 1 f € LP(U)| . 10°flliow) < o

la|<k

That is, W*P(U) consists of all locally Lebesgue integrable functions f : U — R of which all weak
derivatives up to k-th order are LP(U) functions. Moreover, W*P(U) equipped with the norm || - ||y

norm is a Banach space, where the norm is defined by

L f llwerwy = Z 0% fllewy, 1< p < oo.

lal<k

Remark 1.1.3. Since L? norm contains 1/p-th power of an integral. We sometimes also use the equiv-
alent norm (defined below) when 1 < p <

SR

| f Nlwre@y = Z I |0 f|P dx
U

|| <k
When p = 2, we denote HY(U) := Wk2(U).

Definition 1.1.3. Let {f,,}, f belong to W*P(U). We say f,, — f in WrP(U) if ||f,, — fllwer@y — O
asm — oco. Wesay f,, = f in Wﬁf(U) if || frn — fllwerqy = O forany V € U.

Definition 1.1.4. We denote by W, *(U) the closure of C®(U) in W*P(U). Thus, f € WiP(U) if and
only if there exist functions f,, € C(U) such that f,, = f in W&P(U). In fact, we have a further
interpretation

FEWM(U) & f € WrP(U) and 6% = 0 on U Via| <k —1.

However, the proof is highly nontrivial and we refer to Chapter 1.3 for details.

Example 1.1.3. Take U = B(0,1) C R? and u(x) = |x|™® (x # 0). Givend € N* and p € [1, ), we
want to find a > 0 such that u € WtP(U).

First, we know that u is smooth away from the origin and so we can compute its classical derivative
—ax; . o . . . . .
diu(x) = l—’2 for x # 0. Next, we verify this is also the weak derivative in U. To see this, fix an ¢ > 0
X

|a+

and pick an arbitrary ¢ € C°, we compute that

J ud;pdx = — f Jupdx + J ugv; dS,,
U\B(0.¢) U\B(0,¢) 3B(0,¢)
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X . o . .
where v = a5 the unit inward normal vector on 0B(0,€). Then we verify that the boundary term
X

vanishes as € = 0 in order to check d;u is also a weak derivative of u in U

J ugv; ds,
9B(0,¢)

which converges to 0 if a + 1 < d. This also implicitly requires d > 2.
Next, we also need to verify that d;u € LP(U) for any 1 < i < d. Since U is a bounded domain

including the origin and |Vu(x)| = I Ilal for x # 0, we know |Vu(x)| € LP(U) if and only if (a+1)p <
x|a+l

d. Thus, we conclude that u € WP(U) if and only if a < P 1y particular, u ¢ WHP(U) if p > d.
p

< ||@|| = Area(3B(0,€))e™ < Cye®'70

Example 1.1.4. Take U = R\B(0,1) and u(x) = |x|™® (x # 0). Given d € N* and p € [1, ), we
want to find a > 0 such that u € WtP(U).

In this case, we no longer need a + 1 < d to ensure that the classical derivative d;u is also a weak
derivative, because the singularity of d;u is X = 0 & U. As for the integrability, |x|~@*V) € LP(U) now
requires (a + 1)p > d, that is, a > Ko P particular, if p > d, then u € WP(U) holds for any a > 0.

Also, we no longer need d > 2.

Exercise 1.1

Exercise 1.1.1. Letd = 1 and f € W'2(0,1),1 < p < +00. Show that

(1) f a.e. agrees with an absolutely continuous function f* € LP(0, 1).
(2) When p > 1, we have |f(x) — fO)| < [x = | ?(fy |f/ (O] db)e.
(Hint: Consider f*(x) = [ f'(t)dt. Here f’ is the weak derivative of f in (0.1).)
0

Exercise 1.1.2. Let {x; }ycn+ be a countable, dense subset of U = B(0,1) C R? and

Find the range for a € R such that u € WP(U).

Exercise 1.1.3. Let ¢ € C®(U) and u € W5P(U). Prove that {u € W5P(U) and the classical Leibniz’s

formula holds o
oy = ( ﬁ)aﬁg 3% Fu.

B<a

1.2 Smooth approximation and basic calculus of Sobolev functions

We find that it is rather technical if we continue to take the weak derivative by its definition. It is natural

to ask if we can approximate Sobolev functions by more regular functions (such as smooth functions) in
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a certain way and inherit the “good properties” of smooth functions to Sobolev functions. This can be
done by means of mollification, introduced in Appendix C.2. Now we fix k € N; 1 < p < o0 and an
open set U C R%. For each ¢ > 0, we define U, = {x € U|dist(x,dU) > ¢}.

1.2.1 Local smooth approximation

The first theorem shows that any Sobolev function with 1 < p < o has a smooth approximation in the

interior.

Theorem 1.2.1 (Local smooth approximation). Assume f € W*P(U) for some 1 < p < oo and set
fe=n.%finU,. Then f, € C®(U,) for eache > 0and f, — f in Wﬁf(U) as€ — 0.

Proof. The smoothness has been proven in Theorem C.2.1(1), so we skip it here. It remains to prove
the approximation property. The key step is to verify

0“fo=n.%x0*finU, V]a|<k.

Once this is true, then by Theorem C.2.1(4) we know 0%f¢ — 0“f in Lic for each |a| < k, which is
exactly the desired conclusion.
To confirm the key step, we fix € > 0 and an X € U, to compute that

ne(x — y)f (y)dy = J 5n.(x — y)f () dy

U

0%f.(x) = 6“J

U

— (~1) f 8.6 — Y)f () dy.
U

Note that for each fixed x € U,, the function 7,(x — y) (as a function of y) belongs to C(U). Thus,

by definition of the weak derivative, we have
| ognir-mreray =0 | - yissroay,
U U

and so

0%f.(x) = (=12 | n.(x — »)3*f(y)dy = (. * 3* )(x).

————JU
=1

1.2.2 Global smooth approximation with or without boundary

In view of Theorem 1.2.1, it is natural to ask if we can approximate a given Sobolev function in the
whole domain U instead of a compact subset. Furthermore, we ask if it is possible to extend the smooth
approximation to the boundary. The answers are both positive and such approximations can be achieved

by using the partition of unity, but we need extra assumption on the smoothness of dU.
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Theorem 1.2.2 (Global smooth approximation). Assume U is bounded and f € W*P(U) for some
1 < p < co. Then there exist a sequence of functions f,, € C*®(U) N W*P(U) such that f,, — f in
WkP(U).

Proof. Let U; = {x € Uldist (x,0U) > 1/i} for i € N* and then we have U = | J U}, that is, the open

i=1
set U is exhausted by a sequence of open subsets {U;}. In Theorem 1.2.2, we have already constructed
smooth approximations of u in each U; and now we need to “glue” these approximate functions together.
The problem is that this will be an infinite sum of smooth functions which may be no longer smooth. To
ensure the smoothness, it suffices to make the infinite sum “locally finite”, that is, for each fixed x € U,
there are only finitely many nonzero terms in a small neighborhood of this x. This can be achieved by
the so-called partition of unity.

Speficially, for each i € N*, we define V; : = U,,;\U,,, and W, := U,,,\U, as in the picture below.

Let {;}icn+ be a smooth partition of unity subordinate to the open sets {V}, that is, suppose
L4 0S§l S 1and§i EC?O(V,).
L4 Z gl' =1inU.
i=1

By definition, we see that for each x € U, there are only finitely many i’s such that {;(x) # 0. Also, by
Exercise 1.1.3, each ¢;u belongs to W*P(U) and Spt ({,f) C V.

Now we define f' :=17, * ({;f) to be the smooth approximation of f in each slice V;. Fix § > 0,
the parameter ¢; is chosen sufficiently small such that ||f* — ¢, flwrrw) < %’ Also, we have Spt f' C W,.
Note that it is necessary to introduce such W;, as doing convolution with mollifier may enlarge the
support of the given function (from V; to W;).

Now, we define F := ) f'. By the locally finite property, we know there are only finitely many

i=1

nonzero terms in the summation and thus F € C*(U). On the other hand, we know f = ) ¢, f. Thus
i=1
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for any V € U, we have

IF = fllweeqy < D= Cif lwiowy = Do 1106, % i) = S llwoy < 0, 2718 = 6.
i i=1

i

This & is independent of the choice of V, thus we get ||F — f/|yxsqy < 6. In particular, let § = 1,

b b

11

_ 2’3

and we get a sequence {f,} as desired. O
Our next intention is to approximate a Sobolev function by functions smooth all the way up to the

boundary. Here we need to assume the boundary dU is Lipschitz continuous.

Definition 1.2.1. We say the boundary dU is Lipschitz continuous if for each point x € dU, there
exist ¥ > 0 and a Lipschitz continuous mapping y : R4~ — R such that, upon rotating and relabeling

the coordinate axes if necessary, we have

UnB(x,r) = {ylyd > J/(yla ,J’d—1)}nB(x,V)-

The boundary of U

Theorem 1.2.3 (Global smooth approximation up to the boundary). Let U C R be a bounded open set
with a Lipschitz boundary dU. Suppose f € W*P(U) for some 1 < p < 00. Then there exist functions
fm € C®(U) such that f,, — f in WEP(U).

Proof. In view of Theorem 1.2.2, it remains to find smooth approximations to f near the boundary
0U. Note that the boundedness of U leads to the compactness of U, and thus the boundary U can be
covered by finitely many open sets, say V1, -+, Vy. After constructing the covering of the boundary, it
suffices to cover the remaining interior part by an open set V; C U. The approximation in V|, has been
studied in Theorem 1.2.1, so it suffices to construct the smooth approximation in each open cover of

ou.
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Fix x° € AU and there exist ¥ > 0 and a Lipschitz continuous function y : R%! — R such that
UnB&°r) ={x|xg > y(xy, -+, x4_1)} 0 B(X°,r).

We also write V = U N B(x°, 2)

B(xg,z‘)

B(x0,r)

Given x € V, we define the shifted point X° := x + Aee; (¢ > 0). For a fixed, suitably large 4 > 0
(for example, A > Lip(y) + 2), we know the ball B(x%,¢) C U N B(x°,r) is always true for any x € V
and any sufficiently small € > 0. Next, we define the approximation. Let f¢(x) := f(x°) and define its
approximation by F¢ :=1, * f¢. Then it is easy to see F© € C®(V). We now make a claim.

Claim. F¢ — f in WkP(V).

Before going to the proof of the claim, we would like to add some remarks.

1. The construction of such approximation. One may ask why we need to introduce the “shifted
point” x° and pick 4 > 0 sufficiently large. The reason is that an arbitrary point X € V may
be very close to the boundary. If we directly mollify the function f in a neighborhood of x,
then the convolution may enlarge the support such that B(x,¢) N U # (. On the other hand,
the Lipschitz continuity of the boundary guarantees that the boundary never “highly oscillates”
(Lipschitz continuity implictly gives an upper bound for the first-order derivative), so if we pick
A > Lip(y) + 2, then such a shift of size O(A¢) ensures that B(x,€) C U and thus provides enough
room for the convolution with mollifier.

2. How the claim implies the theorem? In fact, if the claim is true, then it suffices to do a partition

of unity for U to finish the proof of this theorem. Specifically, we fixa 8 > 0. Since AU is compact,

N
we can find finitely many points x) € U (1 <i < N and r; > 0 such that U C UIB(x?, r;/2).
i=
Denote V; := U N B(x?,r;/2) and then for each i, there exists a smooth function f; € C ©(V,)
such that

Ifi = fllwesqy <8, 1<i<N.
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After this, we then find V; € U such that

N
Uc|Jv: and 3f;€C=(Vy), such that [|fo — fllweew) < O.

i=0

At this step, we already construct a finite open cover of U consisting of {V,, B(x),r,/2), -+, B(x},,ry/2)}.

N
Let {¢ l}fi , be a partition of unity of U subordinate to this open cover and let F := ' {;f; €
i=0

N
C®(U). By definition of partition of unity, we have f = ) {,f, so for any |a| < k

i=0

N N
16%f — 0%F oy < X 10%Ci(fi = oy < € DN fi = Fllwkory < CAN + 1)8.
i=0 i=0

Finally, it remains to prove the claim. Recall that F* is the mollification of the shifted version of f, so
we shall split F* — f into F* — f¢ and f* — f to control the gaps. For simplicity, we only prove the LP(U)
convergence, and the convergence in W*P norm follows in the same way. We have

1Fe = flleevy < MFE = fElleoery + 1 = flleeqry-

The convergence toward O of the second term immediately follows from the translation continuity of LP
norm, so it remains to prove the convergence to O for the first term. By definition, we have

1

Fé(x) — f5(x) = F(x) — f(x) = — I NC(f(x + Acey — W) — f(x + Aee,)) dw
B(0,¢)

;;_:J NR)(f(x + Aeey — €z) — f(x + Agey)) dz.
B(0,1)

So the LY norm of this integral is controlled by using Minkowski’s inequality for integrals

IF® = félleory = IIFE — f€||L£(UnB(x°,§))

= |In(R)(f e + Aceq — £2) — fx + Ace))ycaon)|

L,’;(UnB(xO,g))

(Minkowski’s inequality) < H () G + Acey — e2) = £ + A€ ugonan.

LL(B(0,1))

- j IS + Aeeq — £2) — £+ Acea) |z, dz.
B(0,1)

When € — 0, by the translation continuity of L? norm, we know the integrand || f(- + Ace; —ez) — f(- +



12 CHAPTER 1 SOBOLEV SPACES

Aeeg))|| p ) converges to 0. Also we have

@IS + Aeey — ez) — f(- + Age)lieery < 2l fllrrw) € Ly(B(O, 1)),

and the dominant function does not depend on z. By Dominated Convergence Theorem, we know

E—

hmj @IS + Aeeq — £2) — £ + Acealzzr, d2
B(0,1)

_ j () lim L - + Aseq — £2) — F- + Aee)llizry dz = 0.
B(0,1) €0

1.2.3 Basic calculus of functions in Sobolev spaces

In view of the smooth approximation, we expect to establish many of the usual calculus rules for Sobolev
functions.

Proposition 1.2.4 (Calculus rules for Sobolev functions). Assume 1 < p < oo.
(D) If f,g e WP(U)NL®(U), then fg € WHP(U)NL®(U) and 3;,(fg) = (8,f)g + f(3,g) holds a.e.
inUfori=1,---,d.
(2 If f € WP(U) and F € C'(R), F' € L*(R), F(0) = 0, then F(f) € W'P(U) and 8,(F(f)) =
F'(f)d,f a.e. in U fori = 1,---,d. Moreover, if U has finite Lebesgue measure in R9, then
F(0) = 0 is not necessary.

(3) If f € WLP(U), then f*, f~,|f| € W'P(U) and

ot = 0f ae.on{f >0}
0 ae. onf{f <0},

r

of = 0 a.e. on{f >0}
—0f a.e. on{f <0},
af a.e. on{f > 0}
olfl =40 a.e. on {f =0}

—0f ae.on{f <O}

\

In particular 0f = 0 a.e. on {f = 0}.

Proof. We only prove (1) and the first equality in (3). The proof of (2) is left as an exercise.
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For (1), choose ¢ € C*(U) with Sptyp C V' € U for some open subset V. Let f, := 1, * f and
g. :=1, * g. Then, first we have

J.@@mﬁm=fukwﬂwx=hmjf&@mﬁw
U v =0y

Here we can directly verify how to commute the limit with the integral. In fact, using Holder’s inequal-
ity,

f fe8:(0ip) dx — J
|4

14

k@@M=fn@—@@wu+Jm—n@@u

< llge = &lleew) lfellesory [10i@llLe vy + 118l 1 e = fllel10i@lle vy

N ———
SN fllLeoqvy

—>0ase — 0.

Here we note that the assumption f,g € L is necessary, and the convergence of f,, g. follows from
p Y3 g € €

Theorem C.2.1.

The proof of (3) is slightly tricky. Given € > 0, we define F,(r) = Vr2+¢e2 —¢ forr > 0 and
F.(r) = 0 for r < 0. Then it is easy to see F, € C!(R) and F. € L*(R) is uniformly bounded in &. Now
we apply (2) to F, here and integrate by parts to get

J F(f)d,pdx = — J F{(f)o;fpdx, Ve CZ).
U

U

Since f € WP and F.(f) 28 frase o 0, the Dominated Convergence Theorem implies that
8 P

—limJ F{(f)o.fedx = —J lim F{(f)3,f¢ dx = —J 9:f¢.
=0 )y u &0 Un{f>0}
Thus we get the expression for 8 f. Then using f~ = (—f)* and |f| = f* + f~ leads to the rest three

formulas. ]

Exercise 1.2

Exercise 1.2.1. Let U,V be open sets with V' € U. Show that there exists { € C*°(U) such that { =1
in V and { = 0 near dU. (Hint: Take V€ W € U and mollify yy,.)

N
Exercise 1.2.2. Assume U C R? is bounded and U &€ JV;. Show that there exists {; € C®(U),
i=1
i=1,---,N, such that
N
0<¢ <1, SptgCcVy, D¢ =1inU.

i=1
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(Hint: For each i, using Exercise 1.2.1 to construct ¢; € C®(U) satisfying ¢; = 1 in W,, W, € V
and Sptp; C V. Thenlet {; = ¢;, &, = 0,(1 — 1), -+, {n = (1 — 1) -+ (1 — pn_1)- Note that this

is not the only choice.)

Exercise 1.2.3. Prove Proposition 1.2.4(2).

Exercise 1.2.4. Prove that ||Vu||i2(U) < Cllullp2n)||0°ull 2wy for any u € C(U). Then extend this
conclusion to u € Hé(U) N H?(U) when U is bounded and AU is smooth.

Exercise 1.2.5. Assume u € C°(U). Prove the following two inequalities.

1 1

(D) [IVullewy < Cllullp g 18%ullpy for 2 < p < co.
1 1

) IVullzzrw) < Cllull; w10l for 1 < p < 0.

2
Lp(U)

(Hint: You may need to use Holder’s inequality for three functions with index (p, p, LZ))
o

Exercise 1.2.6. Let U C R be a connected open set and f € WP(U) satisfies Vf = 0 a.e. in U. Prove
that f agrees with a constant a.e. in U.

(Hint: You CANNOT use Poincaré’s inequality to prove this, as this inequality is used in the proof
of Poincaré’s inequality. Consider f, := 7, * f in V € U and prove that f, = C, a.e. in V for each
sufficiently small € > 0. Then use Theorem C.2.1 to show that ||f||;» is uniformly bounded in € and so
is {C.}, which then implies a subsequence of {f,} converge to a constant.)

1.3 Traces and extension

If u € C(U), then clearly we can define the pointwise value of u on the boundary 0U. However, if
u € WP(U) is only a Sobolev function, then we can modify its value in a set of measure zero. In partic-
ular, the boundary AU also has zero d-dimensional Lebesgue measure. Thus, it is worth discussing the
possibility of assigning “boundary values” along the boundary dU for a Sobolev function. Throughout
this section, we assume 1 < p < 0.

Theorem 1.3.1 (Trace Theorem). Let U C RY be a bounded open set and dU be Lipschitz continuous.
Then

(1) There exists a bounded linear operator Tr : W'P(U) — LP(3U; dS) such that Tr f = f on U
for all f € WP(U)N C(U) and

“Trf”LP(aU) < C”f”WLP(U)

for each f € WLP(U) with the constant C > 0 depending only on p, U. Here dS = F971|,, is
the (d — 1)-dimensional Hausdorfl measure on U (also interpreted as the surface measure).
(2) (Integration by parts) For any ¢ € CY(R? — R%) and f € WP(U), there holds

deivqbdx:—f Vf-¢dx+J (¢ N)Tr fdS,,

ou
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where N denotes the unit outer normal vector to dU.

Remark 1.3.1. The function Tr f is called the trace of f on dU. It is uniquely defined up to a set of
F(41| ;y-measure zero. We interpret Tr f as providing the “boundary values” of f on dU. In fact, it
further satisfies that

r—

lim][ If(3) = Tr f(x)|dy =0, (% lae x€dU
UnB(x,r)

and so

r—0

Tr f(x) = nm][ F)dy.
UNB(x,r)

Proof. First, weassume f € C'(U) and try to prove the case of p = 1, that is, Sou 1f1dS, < C [, IVSf]dx.
Since AU is Lipschitz continuous, for any x° € U, we can find r > 0 and a Lipschitz continuous func-

tion ¥ : R4! — R such that, upon rotating and relabeling the coordinate axes (if necessary),
UNnBX%r) ={x|xg >y, -+, x4-)} N B(X°, r).
We write B := B(x°,r) and suppose temporarily f = 0 in U\B, that is, f is localized near the intersec-
tion of AU and B. Then, for the unit outer normal vector N of U, we have
1 1

—ey - N = cos(—ey, N) = > F%ae. on BNAU.
\/1 + tan*(—ey, N) V1+ (Lip y)?

Now, fix £ > 0 and set 3,(t) = Vt2 +e2 —¢ for t € R. Then, using Gauss-Green Theorem, we know
that

J Be(f) dSy =J B(f)dS, < CJ Be(f)(—e4 - N)dS,
ou BnoU

BNoU

<- cj 6, (B.(f)dx < C f
BNU

BnU

BUHIVFG0)] dx < C f V1] dx.

U

Here C > 0 is a positive constant arising from the estimate of (—e; - N) and we also use the fact that
|BL| < 1. Now, let € = 0 (and also use Proposition 1.2.4(2)) to get

f |f|dsxscj V1 dx. (13.1)
oU U

Do note that the approximation 8.(f) — |f| is necessary, because f € C' does not necessarily imply
| f] is continuously differentiable everywhere.

Next, we want to extend (1.3.1) to the case that f # 0 in U\B. In fact, this can be done by covering
0U (which is compact) by a finite number of such balls B(x?, r;), i = 1,---,m and use a partition of
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unity as in the proof of Theorem 1.2.3 to obtain
J |f|dsxscf IVF]+|f|dx, Vfe (D). (1.3.2)
U U

Specifically, denote B; := B(x),r;) for 1 < i < mand C; = y/1 + (Lip y,)* with C = max{C;}. Let
V,By, -, B, be a finite open covering of U with the partition of unity {{,,{, -+ {,,}. Then mimicing

the above proof, we have

r

J Be(f)dS, < CZJ CiBe(f)(—eq - N)dS,
oU i=1

B;,noU

r

=C2 | 0Cib(fNdx

BNU
m
— CZJ
i=1

<c’ f BN+ IBDIVflde 3> 0.
U

r

@, CDB.(f) dx + f 0, (B.(F)) dx
U B;:NnU

Bin i

Then letting ¢ — 0 leads to (1.3.2).
The next step is to extend this conclusion to a general p € (1, ). Fix such an index p, we replace
| f1 by |f|? in (1.3.2) and use the same strategy to get

| irrasc<c| isevsisear

ou U

Then use Young’s inequality ab < L+ 2 with pr+(p)t=1anda=|Vf],b=|f|P"! to get
p P’

f |f|Pdsxsc"f FIP+ Vi Ve C@),
aU U

where this C' > 0 depends on p. Consequently, if we write Tr f 1= f|3y, then we obtain || Tr f/|se0) <
Cl|fllwre forall f € CY(U), for some C > 0 depending on p. Also, it is easy to verify the integration
by parts formula (2) for f € cY(U).

Finally, it remains to prove the same conclusion for f € W'P(U). Given such an f, we know, by
Theorem 1.2.3, there exist functions f, € C®(U) converging to f in WP(U). Then we have

I Tr fi = Tr filleauy < Cllifk = fillwie

which shows that {Tr f,} is a Cauchy sequence in LP(3U) and thus produces a limit Tr f € LP(6U)
defined by lim Tr f,,. Also this limit does not depend on the choices of smooth approximation of

n—oo

f. Now, given an f € WP(U)nC (U), we can also use the global smooth approximation (up to the
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boundary) to define Tr f = f|y. Since WHP(U)NC (U) is dense in WP(U), we can extend the operator
Tr, by the B.L.T. theorem, to a bounded linear operator from WP(U) to L?(8U) as desired. As for the
integration by parts formula, we can also use the global smooth approximation (up to the boundary) to

finish the proof and we do not repeat the details here. [

We next prove a further result about trace-zero functions. This conclusion is rather important, but
the proof seems to be a bit too technical and the beginners can skip it.

Theorem 1.3.2. Assume U C R? is a bounded open set and dU is Lipschitz continuous and f €
WLP(U). Then
f € W,P(U) if and only if Tr f = 0 on 4U.

Proof. The “only if” part is easy to prove. In fact, it is just a simple corollary of the smooth approxi-
mation. Given f € Wé’p (U), there exist a sequence {f,} C C®(U) such that f, » f in W'P(U). Since
Trf, =0and Tr : WHP(U) - LP(3U) is a bounded linear operator, we get Tr f = 0 on dU.

The converse is difficult. Given f € W'P(U) with Tr f = 0 on U, we need to construct a sequence
{fn} € CZU) such that ||f, = fllwir@w) — 0. We know Appendix C.2 that it is easy to construct

a sequence of C° functions to approach a Sobolev function in LP(U) norm. However, we also need

to ensure the convergence of the first-order derivatives. Recall that the Global Smooth Approximation

Theorem no longer ensures the boundary values of the smooth approximate functions are zero. In order

to simultanously obtain the convergence and the vanishing boundary values of the smooth approximation, we
can “truncate” f away from the boundary (with a distance that finally convergers to 0) and then mollify
the “truncated” approximate function.

For technical simplicity, we assume f € W1P(R?), Spt f is compact and Tr f = 0 on 9R? = R¢1.
This can be achieved by doing a partition of unity of U and flattening the graph of y thanks to the
Lipschitz continuity of dU.

Step 1: Construction of the truncation. We define a smooth cut-off function { € C*(R,) by

1 Xq € [Os 1]5
$(x4) = § decreasing, takes value in [0,1] x,; € [1,2],
0 Xd (S [2, 00)

Then for each m € N*, we define ¢,,(x,) : = ¢(mx,) for x € R% and

wn(x) 1= f(X)(A = $p(X)).

. . . _ 1 . : . _ 2 .
That is, w,, is a smooth truncation in R%~! X [—, c0) and coincide with f in R4 X [=, 00). It is easy to
m m
see that [|w,, — f|Lp@) = 0as m — oo.
Step 2: Convergence of the first-order derivatives. We can compute that

axdu)m = axdf(l - gm(x)) - mf(x)gl(xd) and axiu)m = axif(x)(l - gm(x)) 1<i<d-1.
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Thus, we compute that

2

m

f IVwm—VflpdeCj |§’m|P|Vf|de+CmPJ
RY d

Ré 0

J | £, x4)|P dx’ dxg. (1.3.3)
Rd-1

Again by definition of ¢,, and the Dominated Convergence Theorem, it is easy to see that the first

integral converges to O

f 1§ PIVfIPdx - 0 asm — oo. (1.3.4)
Rd

+

As for the second term, noticing that the normal component x4 € [0, i] is very close to the boundary,
we shall express f(x’, x4) as the sum of the boundary value of f and the integral of 9, f', i.e., an analogue
of the fundamental theorem of calculus. However, here we only know f is a Sobolev function, but
the fundamental theorem of calculus is only valid for absolutely continuous functions, so we have to
introduce a suitable approximation to f. Since Tr f = 0 on R4~! X {x; = 0}, there exists a sequence of
functions {1} C C*°(R%) such that u; — f in W"P(R?) and thus by Trace Theorem Truy = |, —
0 in LP(R%™1). For each u,, we have u,(x’, x;) = u,(x’,0) + fgd d,,ux(x’,t) dt. Thus, we have

Xd p
[ mexorar <[ wororar+ | (J 1 18, (', ) dx) dt,
Rd-1 Rd-1 Rd-1

0

in which the first term converges to O as k — co because of Tru, = uyl,,_o = 0 in LP(R4). As for

the second term, we use Minkowski’s inequality for integrals and Holder’s inequality to get

p

Lgl(Rd—l)
B 1P

1
p * »
X = J 1- J 10, (X', )P dx" | dt
LXd(O,xm) 0 Rd-1

as a function of t

[ 1P

Xd l% Xd ip
J 1P’> . f (J 10y, u (X', 0P dx’) dt
0 0o \JRri-1

p
Xd
< Cxp_lj I |Vu(x', 1)|P dx’ dt.
Rd-1

0

Xd p
| (J 1-|axduk<x',r>|dx') T [ENAT.
Rd-1

< ‘||axd“k||L5,(Rd—1)

IA
—
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Then taking k — oo, we get the analogue of the fundamental theorem of calculus for f

Xd
J |l f(X, xp)|Pdx’ < st_lj J [IVF(xX',t)|Pdx’dt, a.e. x;>0. (1.3.5)
Rd-1 0 Rd-1

Now, plugging (1.3.5) into the second term of (1.3.3), we obtain

|

mP Jm J | f(x', xy)|P dx’ dx,
Rd-1

0

<Cmp f x§_1<J W IVf(x’,t)Ipdx’dt> dx,

0 0 JRd-1

3w

Xd
< Cm? J xP ' dx, |- sup J J IVf(x',0)|P dx’ dt
Rd-1

0 xde[O,% 0
» [ .
=CmP - > J J [VF(xX', )P dx’ dt = ij J V(X t)|P dx’ dt (1.3.6)
m p 0 Rd-1 0 Rd-1

which converges to 0 as m — 0. Thus, the right side of (1.3.3) converges to O, that is Vw,, > Vf in
Lp(lRi). So, we finish the proof of w,, = f in Wl’p(Ri).

Step 3: Mollification of the truncated approximate functions. The sequence {w,,} can approximate
f in WHP(R) norm, but these functions may not belong to C&° (RY). Note that w,, vanishes in R*"! €
[0, i], so we have enough room to mollify each w,, in x;-direction and squeeze a subsequence by the
diagonal argument.

Specifically, given k € N*, step 2 shows that there exist a subsequence w,,, satisfyting

1
Wy, — fllwrewy < %

Then for each k, we define wy, :=7_1 * w,, with 7(x;) the mollifier in x,-direction. We know wy,

2mn

is compactly supported in R*™! x [£(1— 2i)’ ). By Theorem 1.2.1, we know for each j € N*, we
n
can find n; (increasingly go to co0) such that

n; 1
W, — wmk”WLp(Ri) < j

Thus, setting f; := w;lkk € CP(RY), we obtain the convergence

”fk - f”Wl,p(Ri) -0 as k — oo.

]

We end this section by an extension theorem. The conclusion is easy to understand, but the proof is
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rather technically complicated. In particular, for different differentiability index k € N*, the proof also
becomes rather different. Thus, we only list the conclusion and omit the proof here.

Theorem 1.3.3 (Sobolev Extension Theorem). Let 1 < p < o0 and U C R? be a bounded open set
with AU € C* (k € N*) (When k = 1, we only need 0U is Lipschitzian). Assume G C R is an open set
with U € G. Then there exists a constant C > 0 depending on d, k, U, G and a bounded linear mapping
E : WkP(U) —» WEP(R?) such that for any f € W*P(Q), it holds

(1) Ef = fae.inU.

(2) SptEf €G.

) ESfllweoey < ClIf llwrew)-

Exercise 1.3

Exercise 1.3.1. Let U C R? be bounded with a Lipschitz continuous boundary. Prove that there
does NOT exist a bounded linear operator Tr : LP(U) — LP(AU) such that Tr f = f|;y for all
fecU)nLrU).

(Hint: Try to construct a sequence {f,,} satisfying || f,, ||y = 0 but Tr f,, =1 on dU.)

Exercise 1.3.2. Let f, € Hl(Rdi) with Tr f_ = Tr f, on R4! X {x; = 0}. Define f € L*(R%) by

fi x4>0

f: f_ xd<0.

Prove that f € H'(R?).

Exercise 1.3.3. Assume f € Hé(lR‘}r) ﬂHZ(R‘i). Show that for any 1 <i < d — 1, the partial derivative
8, f also belongs to H}(R$).

1.4 Sobolev embeddings

The goal of this section is to discover embeddings of Sobolev spaces into others, such as LP spaces, C¥%
spaces and so on. In particular, we will mostly consider the embedding for W'P(U), as we can do
induction on k to find the correct spaces for embeddings if k > 2. The results are different according as

the relation between p and the dimension d.

1.4.1 Gagliardo-Nirenberg-Sobolev inequality

The first case is 1 < p < d. We want to ask if we can establish an estimate of the form

I fllzarey < ClIVSllLeway, VY € Ce(RY)
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for certain C > 0, ¢ > 1. The point is that the constant C should not depend on u. So, we may con-
sider the scaling invariance. That is, given f € CX(R%), 1 > 0, we define the rescaled function f;(x) :=
f(Ax) for x € RY. For f,, we also want to have a similar inequality and the constant C does not depend on A.

We compute that
J 20017 dx = J F )1 dx = A~ f FO)1 dy
Rd Rd Rd

and

J V417 dx = A2 j IV F ()P dx = Ap-df V)P dy.
Rd Rd

Rd
Plugging these back to the inequality for f;, we obtain

1-d(i-1
Ifllzoey £ CA 2 ||V flLoay-

Thus, we must have 1 — d(l — l) = 0, otherwise letting A — 0 or oo leads to a contradiction. This g
p

. 111 . d .
satisfies - = - — S or equivalently g = d_p- We now denote it by
a p -p

Theorem 1.4.1 (Gagliardo-Nirenberg-Sobolev inequality). Assume 1 < p < d. There exists a constant
C > 0 only depending on p, d, such that

£l @y < CNV fllrgay, Y € WHRY).

Proof. In view of Theorem 1.2.1, we may assume f € C}(R?). It should be noted that the constant C
does not depend on the size of Spt f. The goal is to use the derivative of f to control f itself, so a natural
idea is to use the fundamental theorem of calculus to compute f. For simplicity, we first consider the

case p = 1 and then 1* = %.

Xi

ax,-f(xl’ SRR TR ’xd) dti’
)

Vi=1,.,d, f(x) =J

and so
+o0

|f(x>|sf V£ 1Gers st o2 ) diy.

Then 1
-1

d L d +00
IfGola = (I f (o)D) < H(J |Vf|(x1’"'atia"'9xd)dti>

Note that the i-th term in the product does not depend on X;. Now, we integrate with respect to X; to
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get
+00
f I dx,
+o00 ﬁ +oo0 d +o00 ﬁ
s(f |Vf|<t1,x2---,xd>dti.) f H(f |Vf|<x1,---,ri,---,xd>dti) dx,.

00 j=2

Using Holder’s inequality for (d — 1) functions, we know

+0o0
J DR

1
+00 ﬁ d +00 ,ptoo d-1
s(] |Vf|<t1,x2---,xd>dti> ~HJ f V£ 1Gen ot gy doy dts |

Then we integrate with respect to X, and use Holder’s inequality to find

+00 ntoo
J f IV dxy dx,

—o0

+00 ptoo ﬁ +00 atoo d—
S(J J |Vf|(xlat2""sxd)dxl dt2) X (J J |Vf|(tlsx2a"'1xd)dtl de)

+00 pt00 ptoo ﬁ
‘[ \[ \[ |Vf|(x1"" atia ""xd)dxl dxz dtl) .

—o0 —0o0 —0o0

g

Repeat this step and eventually we have

d +0o0 +00 d—1
J‘ |f|1*deH(J‘ j |Vf|(x19"'7ti7"'sxd)dx1“.dti'“dxd)
Rd i=1 —00 0

- (L 9] dx)%,

which is exactly the GNS inequality for p =1

1l ey < IV llzagre)-
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For 1 < p < d, we replace f by g = |f|” with ¥ > 1 to be determined. Replacing f by g, we get

d-1
d

(J IfIddeldx) Syf FIVF] dx

) p
<AVl ([ 11107 ) = B
Rd p-1
In order for a cancellation, we choose ¥ such that
d -1 d-—1 d -1
rd _ )piy:p( ), 7 :p*:(y )P
d—1_  p—-1 d—p d—-1 p—1

Thus, we obtain

d-1 1
d

I
(J |f|P*dx> SC”Vf”LP(Rd)(J Iflp*) = [1fllee ey < ClIV fllpgay.
Rd Rd
O]

Theorem 1.4.2 (Sobolev embedding theorem). Let U C R? be a bounded open set with a Lipschitz
boundary and 1 < p < d.

(1) Any f € W"P(U) belongs to LP*(U) with the estimate || |10y < C||f|lwrowy Where the constant
C depends only on d, p,U.

(2) Any f € Wé’p(U) satisfies the estimate ||f|| ) < C||Vfllrewy for all ¢ € [1, p*] where the
constant C depends only on d, p,q,U.

In view of the second estimate, the norm ||V f||;») on Wé’p(U) is equivalent to || f||y1ry if U is

bounded.

Proof. Since AU is Lipschitz, we can extend f € WHP(U) to f € WHP(R?) which satisfies f = f a.e. in
U, Spt f is compact and || f||y1owa) < C||f|lwirw)- Since f has compact support, there exist a sequence
of functions u,, € C*(R%) such that u,, — f in WHP(R?). Using Theorem 1.4.1, we get

|luy — ul”LP*(fR{d) < C||Vuy, — Vul”LP([Rd) => Uy f in Lp*(Rd)-

Also by GNS inequality, we have ||u,,||1o*(ray < C||Vidy,||Lp(ray. Letting m — oo and using the conver-
gence result, we find

1l ey < CINV Flloay-

This finishes the proof of (1). Assertation (2) follows in the same way by extending f to be 0 in R4\U and

using the boundedness of U and Hoélder’s inequality || f||zewy < ||zl f |z ) with t=l4i O
a ¢
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Remark 1.4.1. As p increasingly approaches d, the Sobolev conjugate p* = dd—p — 400. We expect that
-p
W4 funcitons belong to L*®, but this is false when d > 2. Instead, W' is embedding into a BMO-type

space. See Exercise 1.4.10.

The conclusion of Theorem 1.4.2(2) also indicates the Poincaré’s inequality for Wé’p functions for
any 1 < p < o0.

Corollary 1.4.3. Let U C R4 be bounded and 1 < p < 0. There exists C > 0 such that

ey < CHV flleeq

holds for all f € WyP(U).

1.4.2 Compact embedding

We have already seen that the GNS inequality implies to embedding W'P(U) & LP"(U) for 1< p <d

d . . <
and p* = d_p. However, the boundedness only implies the weak-* convergence (weak convergence

for reflexive spaces). In order for the strong convergence, we shall require the embedding map to be a
compact operator. In this section, we demonstrate that WP(U) is compactly embedded in LY(U) for
1<qg<p".

Definition 1.4.1 (Compact embedding). Let X, Y be two Banach spaces satisfying X C Y. We say that
X is compactly embedded in Y, denoted by X << Y, provided that

e (Boundedness) ||f|ly < C||f]lx for some constant C > 0.
e (Compactness) Each bounded sequence in X is precompact in Y, that is, has a convergent subse-
quence in Y.

Theorem 1.4.4 (Rellich-Kondrachov). Let U C R? be a bounded open set with a Lipschitz boundary
dU. Suppose 1 < p < d. Then WP(U) &< LI(U) forall 1 < g < p*.

Proof. The embedding is guaranteed by the GNS inequality and £4(U) < co. It suffices to prove the
compactness. Assume {f,,} is uniformly bounded in WP(U) with

sup ”fm”WLP(U) <M
m

and we need to construct a subsequence {f, } that converges in LY(U). A good choice to “construct
the compactness” is the Arzela-Ascoli lemma, which asserts that a sequence of uniformly bounded and
equicontinuous functions must admit a convergent subsequence in L*(U) norm when U is bounded.
Since L® C L1 due to £L4(U) < o0, we then expect to get the strong convergence in LY(U).

Step 1: Mollification. In order to apply the Arzela-Ascoli lemma, we need to mollify f, to get the
continuity. In view of Sobolev extension theorem (Theorem 1.3.3), we may assume f,, € W'P(R?)

have compact support in some bounded open set V' C R?. Also, we assume sup || f,,,|lweqy < 0.
m
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Given ¢ > 0, we define f},, = 7. * f,. We want to prove ||f}, — fllLeqr) = 0 holds uniformly in
m. If f,, is C', then by fundamental theorem of calculus, we get

Iffn_fml < UE(J’)|fm(X—J’)—fm(x)|dy
JB(O,S)
< F € J i m —t d
JB(O,E)U ) 0 dtf (x —ty)| dy
< [ J 7| - |yl - IVf(x—ty)|dyd:.
Jo B(0,¢)

Taking L'(V) norm and using Tonelli’s lemma, we get

1

1% = Fulloen < f

0

f 9] 191 - 1V e = Wl dy di
B(0,¢)

< ||me||mf 9.1 191y = €1V Fllorr

B(0,¢)
<l IV Fmlleeern = CellV frnllirgrny < CMEe.

This also holds for f,, € W'P(R?) by the approximation (Theorem 1.2.1). Now we replace L'(V) by
Li(V). Let 6 € (0,1) satisty ? + = =2, Then by Holder’s inequality, we have
P q
15 = Flliscrr < 15 = Flsoll i = Fmll 22, < COLEPINF = FnllSS,
< CMeY(|| frallr vy + 1 fmllr ) =° < C'€8,

where we use sup || f ||y < 00 thanks to the GNS inequality. Therefore, given any § > 0, we have
m

the convergence (uniform in m) ||f7, — fiullreq) < 8 ase — 0.

Step 2: The uniform (in m, not in €!) boundedness of {f;,} for fixed € > 0. This is quite straight-

forward by definition of mollification and Holder’s inequality

£l sj 7 = P Ay < mellelF ol

B(x,¢)
< Ce™| finllrayy < C'e™d < 0.

Step 3: The equi-continuity of {f;,} for fixed € > 0. Again, by definition, we obtain

VGOl <NVl fmlli) < Ce™47F < o0,

Now, for each fixed ¢ > 0, by Arzela-Ascoli lemma, there exists a subsequence {f7, } converging in
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L*®°(V) norm and so

lim sup ||ffnk - ffnl”Lq(V) < limsup ||ffnk - frEn,”LW(V)”l“L‘I(V) = 0.
(o]

k,l— o0 k,l—

Step 4: Strong convergence for the original sequence. Now, we need to combine step 1 and the
convergence result for {f5,} to squeeze a convergent subsequence of {f,,}. This is done by a standard

diagonal argument. Given 8 > 0 and sufficiently large k,l € N*, we have

WS, = FollLaory S Wfme = Frnllaon + 1 om = Fonllzaqry + 1o = Fillzaor
<26+ ||fm, = FrullLaon-

Note that we cannot directly taking & — 0 together with lim sup, ; because the subsequence we choose in
step 3 may vary in € > 0. Thus, we must apply the diagonal argument here. Speficially, we take §; = 1
and by step 1 and 3, we can find a small &, > 0 and a subsequence {f, 1)} such that

VO<e<e, limsupllf; . —f5 olleo) =0

k,l—> o0

and thus
limsup || f, ) = frmyllLaoy < 2.

k,l— o0

Next, taking 8, = i and we can find ¢, € (0,¢;) and a subsequence {f, (2} C {fm, 1)} such that

VO<e<e, limsup|f) =1, olleo)=0= lig sup || f w2 = Frp@llaey < 1.
1>

k,|—>
Repeatedly taking §,, = %, for each n € N*, there exist ¢, € (0,¢,_;) and {f,, ()} C {fm, (n-1)} such that

1
on—1°

Vo<e< Ens lim sup ”ffnk,(n) - f,iql,(n)”Lq(V) = 0= lim sup ”fmk,(n) - fml,(n)”Lq(V) <
k

k,l— 00 J— 0

Finally, for each k € N*, we let g,,, := [, ) be the k-th member of our desired subsequence, then we
get
im sup gk, — g sy = HmupILf, 4, = 5, sy =0

k, |-

O

Remark 1.4.2. Recall that p* = dd—p goes to +00 as p approaches d, we then expect WP(U) &< LP(U)
-p

when U is bounded for all 1 < p < . In fact, when p > d, the proof requires Morrey’s inequality and
Arzela-Ascoli lemma. We leave the proof in Exercise 1.4.1. Note also that Wé’p (U) < LP(U) even

if the boundary is not Lipschitz.

Remark 1.4.3 (Boundedness of U). It should be noted that the boundedness assumption of U is rather
important. In fact, if U is unbounded, e.g., U is a strip R4™! X (—¢,¢) C R%, d > 2, we may consider
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fm(x) = f(x + me,) for a given f € W'P(U). One can show the weak convergence f,, — 0 in L?,
but its LY norm is always equal to || f||;4. It should also be noted that the boundedness assumption of U
usually CANNOT be replaced by £4(U) < 0. There do exist some unbounded domains with finite
volume in which the compact embedding still holds, but there are also other requirements on the shape

of the domain and we refer to Adams-Fournier [1, Chapter 6] for details.

1.4.3 Poincaré’s inequality

We now illustrate how the compactness argument can be used to generate new inequalities.

Notation 1.4.1. Given f : U — R, we define (f)y := §, fdy = ﬁ [y F) dy when £4(U) < 0.

The following theorem, known as the Poincaré’s inequality, is one of the most important conclusions
in PDE studies. It asserts that the derivative of a Sobolev function with zero mean must dominate the
function itself.

Theorem 1.4.5 (Poincaré’s inequality). Let U C RY be a bounded, connected open set with a Lipschitz
boundary dU. Assume 1 < p < o0. Then there exists a constant C > 0 depending only on d, p, U such
that

I1f = Dulleewy < CUIVfllowy,  Vf € WHU). (1.4.1)

Proof. We prove the inequality by contradiction. If the inequality were not true, then for each k € N*,
we can find a function f;, € W1P(U) such that

fe — (Fullew) > KNIV fielliew)-
We then renormalize {f; — (f} )y} in LP(U) by introducing

g C— fk - (fk)U
TN = Gl

1
= (&u =0, lIgkllrewy = 1= [IV&kllrw) < T

By Exercise 1.4.1, we know WP(U) < LP(U), so there exist a subsequence {8} and g belonging to
LP(U) such that ||g, — gl|ry — 0. From the definition of g, we know (g)y = 0 and ||g]|Lrw) = 1.
But, on the other hand, we can prove that Vg = 0 a.e., which together with the connectedness of g and
Exercise 1.2.6 implies g is a constant a.e. in U and thus (g); = 0 forces g = 0 a.e. This is definitely a
contraction to ||gl|rpy = 1.

It remains to verify Vg = 0 a.e. in U. Indeed, for any ¢ € CZ(U), we have
J goipdx = hmJ 8k, 0ipdx = — limf 08, dx =0,
U = Jy J=eJy

which leads to Vg = 0 a.e. in U. O
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Remark 1.4.4. This Poincaré’s inequality is slightly different from the one in Theorem 1.4.2. Here
we drop the vanishing boundary condition f|;; = 0 but must require U to be bounded (otherwise the
compact embedding becomes invalid). When u € Wé’p (U), the inequality ||u||zp@y < Cl| VLo, also
named after Poincaré, still holds in some unbounded domains (in fact, we only need U is bounded in

one direction, such as a strip R%™! x (=1, 1)).

1.4.4 Morrey’s embedding

The Sobolev embedding theorem gives the embedding of W'P(U) into LI(U) with higher integrability
q <p*:= ddTp when p < d. In Exercise 1.4.10, we will see W'4(R%) N L'(R%) is embedded into a

BMO-type space. When p > d and U is bounded, we will see in the section that the a Sobolev function f
in WP(U) agrees with a C®*(U)-Holder continuous function a.e.. with index o« = 1— ¢ When p = oo,
p

C%* is replaced by Lipschitz continuity. Moreover, the continuous version, which are differentiable
a.e. due to the absolute continuity, must be the precise representative of the given function f defined by

£1G0) = lim(f

We begin with Morrey’s inequality.

Theorem 1.4.6. Assume d < p < 0. Definea :=1-— ¢, There exists a constant C > 0 depending on
p

| fllcoamay < Cllf llwrrmay, YV € CHRY).

D, d, such that

Proof. There are two inequalities to prove

|fe) = fFO)I < Clx = 1% fllwrr ey
| f(x)] < C”f”Wl,p(Rd)-

Let us prove the first inequality and we will see the treatment for the second one is essentially similar.

Fix x,y € R, we writer := |[x — y| and W := B(x,r) N B(y,r). Then we have

|ﬂm—fwn=f|ﬂm—f@nas} M@%J&N&+f|ﬂ@—ﬂmmz
w w w

Since z € B(x,r), we can write g = X + tw with w € dB(0,1) and 0 < t < r in the first integral. So,
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we have
L4YB(x,r)) 1

LAW)  L4(B(x,r))

c__|

][ F () = f()] dz = J FG) - f(2)] dz
w B(x,r)

- d
< Ld(B(x, I’)) J B(x,r) |f(x) f(Z)I z
C ' .
- s ) oy OO = fCx - twletds,

t4-1ds,, dt.

" d
L af(x+sw)ds

= # WJ
L4(B(x,r)) J, 4B(0,1)

Next, we enlarge f to r and convert W back to z := x + sW to get

C ' ' [V f(x+ sw)|
][W 17609 F@Ide < gt — f 0 (LB(M) f e

¢ f J V@I 40 a1 gg
0

S .
L4(B(x,r)) Bx,r) |x — z[4-1

_ o J Vi)
dLAB, 1)) ) g X — 2|9

si-lds dSw)td‘1 de

dz

|V f(z)
<! — — dz < (C'|IV
- JB(x,r) |x — z|d-1 ©= ” f“LP(B(x,r))

=1

LY (B(x,r))

The last term can be directly computed by using polar coordinates

1

~ r ~ 1 pl
Hlx — dH L (BGer)) (L LB(O’D o4 lp(d_l)p, ds dp)

which is finite if and only if (d — 1)(p’ — 1) < 1, which is equivalent to p > d. When p > d, it is equal

d
to Cdrl_;. Similar estimate holds if we replace x by y. Thus, we have

J[ F@) = f)Idz < CF 5|V Fl o
w

Next, we prove the estimate for | f(x)|. We have

GOl = ][

B(x,1)

f@)ldy <C ( f (0 — f@)] dz + f

B(x,1)

|f (=) dZ> .

(1)
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The first integral is controlled in the same way as above

J If(0) - f@Idz < C J Vil
B(x,1)

dz < C||Vfllr@e)-
Been) 1% — z|d-

The second integral is bounded by using Holder’s inequality
| 17 @1z < s liseny < €l lsner
B(x,1)

Combining the above estimates, we obtain the conclusion of Morrey’s inequality. O
We then conclude the following embedding theorem.

Theorem 1.4.7 (Morrey’s embedding theorem). Let U C RY be a bounded open set with a Lipschitz
boundary. Assume d < p < o and f € W'P(U). Then f coincide with its precise representative
fGe) = 1im(f),, ac. in U. And f* € CO%(U) with index a = 1 — §
Proof. By Theorem 1.3.3 (Sobolev extension theorem), we may assume f € WP(R%) is supported in a
compact set. Since d < p < oo, we can find a sequence of functions f,, € C*(R%) such that f,, — f in
WLP(R?). Using Morrey’s inequality, we know that {f,} is also a Cauchy sequence in C**(R¢). Thus,
there exists a function f € C®*(R%) such that

fm = f in CO%(RY).

By definition of f,,, we know the limit function f coincides with f a.e. in U. Also, applying Morrey’s
inequality to f, and taking the limit m — oo, we get f € C**(R?) with

I Fllcoamay < CIIf lwroma-

Finally, this f must agree with the precise representative f* everywhere in U. In fact, recall that

(o mtim L L i
J7() = lim L4(B(x, 1)) JB(x,r) Jwdy===11 LAB(x,r))

J f(y)dy.
B(x,r)

Since f is continuous, we know f* = f everywhere in U thanks to Lebesgue Differentiation Theorem.

[]

1.4.5 Lipschitz continuity and differentiability

Indeed, the above theorem also holds for p = oo, but the proof appears to be different, as C° is not

dense in L. In this section, we aim to prove that f is locally Lipschitz continuous in U (not necessarily

bounded) if and only if f € W110:°(U)
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Theorem 1.4.8 (Lipschitz continuity and W*®). Let U C R be an open set and f : U — R be given.
Then
f is locally Lipschitz in U if and only if fe Wlloso(U)

Here we say “f is locally Lipschitz in U” to mean f is Lipschitz continuous in any compact subset of
U.

Proof. We first prove the “only if” part. Assume f is locally Lipschitz in U, we need to prove that for
eachi € {1,---,d}, the weak 0;-derivative of f exists and is a.e. bounded in any compact subset of U.
For each V€ W € U, we choose 0 < h < dist (V,0W) and define the differential quotient

_ fx+he)— )
” .

Vx €V, DI(f)(x) :

Notice that sup |Di_h( ) < Lip(flw) < 0. The uniform boundedness and the fact that an L* function
h>0

must belong to sz) . forany 1 < p < 0, so there exists a subsequence h; — 0 and a function v; € L (U)
such that .
D, ’(f) =~ v, weakly in Lf:)c(U) 1< p< 0.

Here we note that v; € L;° (U) is not a straightforward corollary from the Lf: ~weak convergence.
Instead, it can be proved by using the definition of L®(W) norm (W € U) and the uniform-in-p bound-
edness of ||Dl._h(f)||Lp(W). To see this, we denote L := Lip(f|y)and A :={x € W : v;(x) > L + ¢} for
any fixed ¢ > 0. Since 1, € L*(W), by the weak convergence, we know

fDi"‘f(f)dx=J Di_h’(f)lAdx—>J v; dx.
A w

A
Due to ||Dl._hj(f)||Loo(W) < L, we have [, Di_hj(f) dx < L - £%A). On the other hand, v; > L+ ¢in A
implies [, v;dx > (L + €) - £9(A). This forces £LY(A) = 0, that is, v; < L a.e. in W. Similarly, we can

prove U; > —L a.e. in W, and therefore we conclude v; € L®(W) for any W € U.
Now we prove this v; is exactly the 0;-weak derivative. For any ¢ € C*(V), we have

[ e oL
U U

Setting h = h; and j — oo, we deduce that

J foipdx = —J v;pdx.
U U

Next, we prove the “if” part. Given f € Wllo‘:’(U) and ¢, > 0, we can find bounded subsets V' &
W € U such that f € WH®(W) and dist (W,dU),dist (V,0W) > ¢,. The first step is to mollify f.
Define f, := f %1, for 0 < e < g,.

Claim. The following statements hold.
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e {f.} uniformly convergesin V ase — 0.

e Let the limit function be F. Then F is Lipschitz continuous in V.
e F = f ae. in any bounded V € U (and so F is the precise representative of f).

The proof of the claim is a little bit technical, as the smooth approximation usually does not hold in
L*. At this step, we do not know the expected limit function for the uniform convergence, so we need
to prove {f,} is a Cauchy sequence in L*(V'). For ¢,6 € (0,¢;) and x € V, we have

1

ed B(0¢) ! <%) - ydy- i B(0,9) ’ (X) feemndy

1£0) = f50) = :

|| - - -y
B(0,1)

< J N)If G — ey) — F(x — 63)] dy.
B(0,1)

At this step, we cannot directly commute lim with [ B(0.1) Decause an L™ function may not be continuous
€,6—0 ’

a.e. Instead, we shall use f € WH*(W) c WYP(W) for 1 < p < oo to deduce that there exists
f* € C*(W) that coincides with f a.e. in W. Then we replace f by f* under the integral.

£ = £50) sj HOIf*(x = ey) — f*(x — 6y)] dy.

B(0,1)
Now, we use Dominated Convergence Theorem (the dominant function is 27(y)|| f || L)) to see that

limsup | f.(x) — fs(x)| < f limsupn(Y)|f*(x —ey) — f*(x — Sy)|dy = 0.
B(0,1)

£,0—0 £,0—0

Let the limit function be F(x). By the uniform convergence f, =3 F in V', we know F € C(V). We now
verify the Lipschitz continuity. For any x,y € V and x # y, we have

[F(x) = F()| < [F(x) = f.(O + [fe(x) = fD] + |f(¥) = F(¥)|.

Thus, it remains to check for each € > 0, the function f, is Lipschitz in V with a uniform-in-¢ Lipschitz
constant. We check that

1

|fe(x) = f (P = J Vi(tx+ (1 -0y) - (x —y)dt| < ||V felliwanlx — ¥l

Since ||V fellro@y < MellllVllie = [IVfllLw, we get f¢ is Lipschitz in V' with a uniform-in-¢ upper
bound for its Lipschitz constant. So, we also get |[F(x) — F(y)| < ||Vf|lL=w)|X — y| forany x,y € V.
Finally, F = f* everywhere in V' due to the continuity. ]

Remark 1.4.5. It should be noted that one cannot assert that f is Lipschitz continuous in U if and only

if f agrees with a Lipschitz continuous function in U. That is, the word “locally” cannot be removed,
even if U is bounded. See Exercise 1.4.11 for a counterexample. In fact, W' (U) = C*}(U) holds for
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any quasi-convex domain U, that is, any two points a,b € U can be joined by a curve y of length at
most M|a — b| for some M > 0 independent of a, b.

Exercise 1.4
Exercise 1.4.1. Prove that W'P(U) is compactly embedded in L?(U) for any 1 < p < oo.
Exercise 1.4.2. Let d > 2. Verify that u(x) :=Inln(1 + ﬁ) belongs to W'4(B) for B = unit ball, but
X

this u is definitely unbounded.
Exercise 1.4.3. Let U C RY be a bounded domain and u € H'(U) satisfy that the set Z := {x €

Ulu(x) = 0} satisfies £4(Z) > aL%(U) for some a € (0,1). Prove that there exists a constant C > 0
only depending on d, a such that

JuzdeCJ |[Vul? dx.
U U

(Hint: In U\Z, write u*> = (u — (u)y + (u)y)?* and apply Poincaré’s inequality to (u — (u))?. The
contribution of (u)?, will be absorbed by the left side of the desired inequality because the measure of
U\Z is strictly less than that of U.)

Exercise 1.4.4. Letd > 3 and r > 0, B, := B(0,r). Suppose u € H'(B,). Prove that ﬁ € L*(B,) with
X
the estimate

2 2

u u

“dx<c| |Vu]?+ = dx.
5, 1XI? B, r?

(Hint: First use V(|x|™!) = —ﬁ and integrate by parts. Then use r faB, u*dS={ B, V- (xu?)dx to

control the boundary term generated when integrating by parts.)

Exercise 1.4.5. Prove the following version of Hardy’s inequality.

(1) Assume u € C®(R%) and F : R% — R? is a vector field and it is C' in R%\{0}. Prove that
J u’div Fdx = —2J Vu - (uF)dx.
Rd Rd

(2) Letd >3, F(x) = ﬁ and f € H'(R?). Prove that

X

(d—2)zf f?
R

dx < Vf|?dx.
I —Jw'f'

Exercise 1.4.6. Let U C RY be a bounded domain with smooth boundary and let B € U be an open

ball. For every € € (0, 1), we assume u, is a smooth solution to the equation

—Au, +e(u,— f)l; =0 inU,

1.4.2
u, =0 on dU, ( )
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where f € Hé(U) is a given function. 1; is defined by 1z(x) = 1if x € B and 15(x) = 0 if x & B.

(1) Show that ||Vu,||2) is bounded uniformly in €.
(2) Prove that u, — f in L*(B).

Exercise 1.4.7. Let Q := {(x,y) € R?|0 < x < 1,0 < y < x*}. Show that the function f(x,y) = =
belongs to H!(Q) but does not belong to L*>(Q). Is this consistent with the Sobolev embedding theorem?

Justify your answer.

Exercise 1.4.8. Let U C RY be a bounded domain with smooth boundary. Prove that H*(U) is com-
pactly embedded into H'(U). And for any € > 0, there exists a constant C, > 0 such that

IVulli2wy < ellullpew) + Cellullizw), Yu € H*(U).

Exercise 1.4.9. Assume 1 < p < . Given f € Llloc([Rd), we define (f)y, := £, f. Prove that
there exists a constant C > 0 depending on d, p, such that for each ball B(x,r) C R¢ and each f €
WP(B(x,r)), the following inequality holds

If = Dxrlle@ary < CrlIVullreeor)-

(Hint: First prove the conclusion for the unit ball. For a general ball, consider v(y) := f(x + ry)
for y € B(0,1).)

Exercise 1.4.10. Let f € WY4(R4) N LY(R%). Prove that f € BMO(RY) with the estimate
f 1= ety < ClVuls,
B(x,r)

where BMO(RY) is the function space of bounded mean oscillation with the seminorm

[l = Sup ][ 1 = (Nerldy < oo,
B(x,r)

B(x,r)

Exercise 1.4.11. Let U = B(0,1)\{(x,y) € (0,1)|x > 0, y = 0} be an open unit disk in R? with a slit
in positive x-axis. Define
u(x,y) = (max{0, x})* max{sgn y, 0}

Prove that u € WH®(U) but is not Lipschitz continuous in U.

Exercise 1.4.12. Assume 1 < p < 0. Let U C R4 be a bounded domain with a Lipschitz boundary,
S C 9U is a part of the boundary with positive (d — 1)-dimensional Hausdorfl measure. Then there
exists a constant C > 0 depending on p, S, U, such that

[ullLey < ClIVUllpew

holds for all u € WP(U) with Tru|g = 0.
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Exercise 1.4.13. Consider the eigenvalue problem for p-Laplace equation

—div (|Vu|P™2Vu) = A|u|P*>u xe€U
u=0 x € dU.

Here 1 < p < 00, 1 € R is a parameter and U C R is a bouned domain. Prove that if this problem has

a nonzero solution u, then the corresponding eigenvalue A satisfies the estimate
d _P2
A>CLYU) 4,

where C > 0 only depends on p,d. (Hint: Discuss 3 different cases: p <d,p>d >2and p>d =1.)

1.5 General Sobolev inequalities

Finally, we record the general Sobolev inequalities for W*P(U) (k € N*). The proof is based on induction
on k and a parallel argument to either Theorem 1.4.1 or Theorem 1.4.6 and we skip it here.

Notation 1.5.1. For x € R, we define [x] to be the largest integer less than or equal to X and define
{x} := x — [x] to be its decimal part.

Theorem 1.5.1 (General Sobolev inequalities). Let U C R be a bounded open set with a Lipschitz
boundary and f € W*P(U).

(1) Ifk < 2, then f € LY(U) with * =
p q

1k . d .
- = (equivalently, g = ﬁ. Also, we have the estimate
p —kp

1f ey < €@, k, p, DI fllwrew)-
d —
2) Ifk > E, then f coincides with its precise representative f* a.e. in U and f* € C k_[;]_l’a(U) with
p

-t

any real number in (0, 1)

& Z,

Tl I

Also, we have the estimate

N e — < €Mk, pya, U f llwee
@
It should be noted that a special case of (2) is H*(U) c L®(U), k > S with the estimate

1f =@y < Cllf rew)- (1.5.1)
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which will be repeatedly used throughout this lecture notes.We will revisit and refine this conclusion

and Exercise 1.5.1 in Chapter 6.

Exercise 1.5

Exercise 1.5.1. Let U C R? be a bounded open set with a Lipschitz boundary and f,g € H*(U) for a
positive integer k > g. Prove that there exists a constant C > 0 depending on k,d, U such that

1f &Iy < Cllf NlaranIgllew)- (1.5.2)

Remark 1.5.1. For a general k € N and f,g € H*(U)NL®(U), we actually have Moser-type inequality
(also known as a special case of Kato-Ponce type inequality in “fractional Leibniz rule”):

f&llew) £ C (||f||Hk(U)||g||L°°(U) + ||g||Hk(U)||f||L°°(U))- (1.5.3)

The estimates (1.5.1)-(1.5.3) also hold in unbounded domains or R and k is not necessarily an integer,

but the proofs heavily rely on Fourier analysis. We will revisit this conclusion in Chapter 6.



Chapter 2 Linear Elliptic PDEs

In this chapter, we consider the boundary-value problem
Lu=finU, u=0ondU. (2.0.1)

Here U € R% is a bounded open set,  : U — R is the unknown. The function f : U — R is given,
and L is a second-order partial differential operator having either the divergence form (mostly used to

prove the existence)

d d
Lu=— Y 8;(a(x)0u) + D, b'(x)du + c(x)u (2.0.2)

i,j=1

or the non-divergence form (mostly used in the maximum principle)

d d
Lu=— )} a¥(x)3:du + ., b'(x)du + c(x)u (2.0.3)
i,j=1 i=1

for given coefficient functions a”/,b’,c, (1 < i,j < d). The matrix [, j] is assumed to be symmetric,
that is, @/ = a/'. The boundary condition # = 0 on AU is called Dirichlet boundary condition.

Definition 2.0.1. We say the differential operator L defined in either (2.0.2) or (2.0.3) is (uniformly)
elliptic if there exists a constant 8 > 0 such that

d
Dl ai(x)EE 2 01£]7 ae.x €U, VEER (2.0.4)

Lj=1

Ellipticity means that for each x € U, the matrix [a"/(x)] is positive definite with smallest eigenvalue
greater than or equal to 6. An obvious example is a”/ = §” and b’ = ¢ = 0 in which case the operator L
is —A.

From now on, we will follow Einstein’s summation convention, that is, repeated indices represent

the summation over them. For example, (2.0.2)-(2.0.3) are now written as
Lu = —9;(ad;u) + b'd;u + cu or Lu = —a"9,0;u + b'd,u + cu.

37
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2.1 Weak solution and Sobolev space H™!

2.1.1 Definition of weak solution

We assume a'/,b',¢c € L*(U) and f € L*(U) in (2.0.1). As stated in the beginning of Chapter 1, it
is usually not easy to directly prove the existence of the classical solution when the coeflicients and the
source term are not so regular. Instead, we alternatively solve the equation (2.0.1) in the weak sense.

Specifically, let v € C®°(U) and u be a smooth solution. Then integration by parts leads to

J a0ud;v + b'ouv + cuvdx = J fudx. (2.1.1)
U

U

By using smooth approximation, we can prove the same identity holds for any v € H}(U). Also, this
identity makes sense if u € Hj(U). Thus, we may find a “weak” solution to equation (2.0.1) in H,(U).

Definition 2.1.1. The bilinear form B[, -] associated with the elliptic operator in the divergence form

(2.0.2) is

Blu,v] := J a¥dud;v + b'duv + cuvdx, Vu,v € Hy(U). (2.1.2)
U

We say that u € H}(U) is a weak solution to (2.0.1) if
B[u, U] = (f, U)L2(U)! Yv e Hé(U), (213)
where (-, -);2() denotes the inner product in L*(U).

More generally, we will also encounter the case that f € H™'(U) (the dual space of H,(U)). In this
case, we shall replace the right side of (2.1.3) by (f,v) where (-, -) is the pairing of H™'(U) and H,(U).

2.1.2 Sobolev space H~1(U)

Now, we introduce the Sobolev space H™!(U).

Definition 2.1.2. We define H™'(U) to be the dual space of Hy(U). That is, f € H,(U) means f is a
bounded linear functional on Hé(U). The norm is defined by

1wy == sup{(f, wu € HXU), Ilulliw) < 1}

It should be noted that we DO NOT identify Hé(U) with its dual as in the Riesz Representation

Theorem for Hilbert spaces. Actually, we have

H,(U) c L*(U) c H™'(U)
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and the first inclusion can be replaced by the compact embedding if U is bounded.
We have the following theorem.

Theorem 2.1.1 (Characterization of H™'). Assume f € H™'(U). Then there exist a sequence of func-
tions f°, f1,---, f¢ € L2(U) such that

(f,v)y = J fo + fio,vdx Yv € Hy(U). (2.1.4)

d
We write f = f°— > 8,f" whenever (2.1.4) holds. Furthermore, we have
i=1

i=0

g ;
| f1lz-1 vy = inf [J Z |fi|2dx] f satisfies (2.1.4) ;.
U

In particular, we have
(Ua u)LZ(U) = <Ua u)
for all u € H)(U) if we identify v € L*(U) as an element in H'(U).
Proof. Given f € H™'(U), we shall construct fO, f1,---, f? satisfying (2.1.4). This is essentially the
application of Riesz Representation Theorem. Since f is a bounded linear functional on Hy(U) and

Hé(U) is a Hilbert space, we know there exists an element u € Hé(U) such that (u, U)Hé(U) = (f,v)
holds for all v € Hé(U). Recall that the inner product of Hé(U) can be defined by

(u,v):J Vu - Vv + uvdx.
U

Thus, setting f° = u and f = d;u (1 < i < d) leads to the desired result.
To prove the equivalent definition of || f||5-1) for a given f € H™'(U), we assume g° g, -+, g% €
L*(U) satisfy

(f,v) = J g% + g'd,v dx.
U

Setting U = u in the previously defined H,(U) inner product, we obtain

J |Vu|2+u2dxsj D lg'? dx,
U U i

and thus

Jﬁuwzdxsjuilgﬂwx.

i=0 i=0
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Finally, if ||v]|2w) < 1, then [(f, V)] is bounded by the left side of the last inequality. Taking supremum
overallv € Hé(U), we obtain that

D] VR
i U

On the other hand, setting v = allows us to reach the equality. O

”u”H(l)(U)

Exercise 2.1

Exercise 2.1.1. Let U C R be a bounded open set with a Lipschitz boundary.

(1) Let {v,} c H)(U) satisfy ”vn”H(l)(U) < 1. Prove that there exist a subsequence {v, } and v € H}(U)
such that [[v,, — V||g-1y) = O.

(2) Let v € Hy(U), lvllg2w) = 1. Prove that v € H™'(U) and for any ¢ > 0 there exists a constant
C(e) > 0 depending on ¢ such that

IVllr2wy < €+ CE||V||-11y-

Exercise 2.1.2. Is it true that H™(R%) = (H'(R%))’? Here X’ is the dual space of the Banach space X.

2.2 Existence theorem 1: Lax-Milgram theorem

In view of Definition 2.1.1, given f € L*(U), we shall prove that there exists a unique u € H}(U) such
that (2.1.3) holds for all v € H,(U). This motivates us to adopt the Lax-Milgram Theorem.

Theorem 2.2.1. Let H be a given Hilbert space with inner product (-, ), norm || - || and pairing (with
its dual space) (:,-). Assume B : H X H — R is a bilinear mapping and there exist constants a, 8 > 0
such that

e (Boundedness) |Blu,v]| < af|u]|||v]| for all u,v € H;
o (Coercivity) |Blu,u]| > B||u||* for all u € H.

Let f : H — R be a bounded linear functional on H. Then there exists a unique u € H such that
Blu,v] = (f,v) holds for all v € H.

Proof. Rough idea: The desired conclusion is somewhat similar to the Riesz Representation Theorem.
In fact, since f is a bounded linear functional on H, the Riesz Representation Theorem shows that there
exists some W € H such that

(f,v) =(w,v) VYveH.

On the other hand, we may define a linear operator A : H — H by Blu,v] = (Au,v). If we can prove
A : H — H is one-to-one and onto, then given f, we can produce the element u by defining u = A™'w
as desired.
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Step 1: Define the map A. By the boundedness assumption, we know that for any fixed element u €
H, the mapping v —— B[u, U] is a bounded linear functional on H. Thus, using the Riesz Rrepresentation
Theorem, we know there exists a unique element w € H such that B[u, v] = (w, v) holds for any v € H.
So, we define A : H - H by Au := w, that is, B[u,v] = (Au,v) for u,v € H.

Step 2: A is a bounded linear operator. It is straightforward to see that A is linear and we skip the
details here. The boundedness also follows from that of B[, -]:

lAul® = (Au, Au) = Blu, Au] < alulll|Aul| = [|Aul| < allul] VYu € H.
Step 3: A is 1-1 and onto. From the coercivity assumption, we have
Bllull* < Blu,u] = (Au,u) < [|Aulll[ul| = Bllul] < [|Aul|.

Thus, A is 1-1 and R(A) (the range of A) is closed in H. To prove R(A) = H, it suffices to verify
(R(A))* = 0. In fact, if there exists a nonzero element w € (R(A))*, then we would obtain that
Bllw|]* £ Blw, w] = (Aw, w) = 0. Thus, we prove that A is 1-1 and onto on H.

Step 4: The existence of u. We now go back to the proof of this theorem. Given f € L(H), by
Riesz Representation Theorem, there exists some w € H satisfying (f,v) = (w, v) for all v € H. Now,
we can construct the desired u by defining Au = w (or u := A™'w). Then we get

Blu,v] = (Au,v) = (w,v) =(f,v), Vv €EH.

The uniqueness is easy to prove thanks to coercivity and we leave it to readers. ]

Now, we wish to apply Lax-Milgram Theorem to the elliptic equation (2.0.1). By straightforward

analysis, we can establish the following energy estimates.

Theorem 2.2.2 (Energy estimates). For the elliptic equation (2.0.1) and its associated bilinear form
(2.1.2), we can establish the following estimates: There exist constants @, 3 > 0 and ¥ > 0 such that

e |Blu,v]| < allullmw)llvllaw)-

 Bllull, ) < Bl ul + ylull.

Proof. Let us recall the concrete form of B[u, v].

Blu,v] = J aVoud;v + b'duv + cuvdx, u,v € Hy(U).
U

So, we get

|Blu,v]| < ”aij||L°°(U)”aiu”LZ(U)”ajv”Lz(U) + ”bi||L°°(U)||aiu||L2(U)||U||L2(U) + [lell @l zan IVl 2w
< Cllullzwy + IVullzw)UIvllz2w) + 1VOllwy) < allullm w)llvllmw)-
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The second inequality is established in a similar manner.

Blu, u] =J a0udu + b'duu + cu’dx
U
> QJ [Vul? dx — [Ib*]| . 10l oo [l 2wy — el iy,
U
>o| vupdx—evul,  — (S +¢,) P
= " L2(U) c 2 12(U)"

Here, we use the uniform ellipticity condition and Young’s inequality. Taking € = -, we obtain that
2

2 2
Blu,ul 2 Bl ) ~ 7l
for some 8 > 0 and ¥ > 0. Note that ¥ = 0 can indeed be attained (e.g., b’ = ¢ = 0). O

Note that if y > 0, then B[+, -] does not necessarily satisfy the assumptions of Lax-Milgram Theorem.
When we use Lax-Milgram Theorem to prove the existence of equation (2.0.1), there should be some

extra constraints imposed on the elliptic operator.

Theorem 2.2.3 (First existence theorem for weak solutions). There is a number ¥ > 0 (the one obtained
in Theorem 2.2.2) such that for each u > y and each f € L?(U), there exists a unique weak solution
u € Hy(U) to the boundary-value problem

Lu+uu=finU, u=0o0ndU. (2.2.1)
Proof. For equation (2.2.1), we shall define its bilinear form (corresponding to L, := L + ul) by
B,u,v] := Blu,v] + u(u,v)2qy Vu,v € Hy(U).

Then by u > y and Theorem 2.2.2, we know B[, ] satisfies the assumption of Lax-Milgram Theorem.

Given f € L*(U), we can identify f as an element in H™*(U) (the dual space of H}(U)) and so the
pairing (f, ) is equal to the inner product (f,v);z,. By Lax-Milgram Theorem, there exists a unique
function u € Hé(U) satisfying B, [u, v] = (f,v) forallv € Hé(U), that is, u is the unique weak solution
to (2.2.1). O

Remark 2.2.1. We can similarly prove the existence of the weak solution to Lu+uu = f (with Dirichlet
boundary condition) for f € H™'(U), as it is enough to note (f,v) = [, f°v + f'd,v dx is a bounded
linear functional on H (U). In particular, this existence theorem shows that the mapping

L,:=L+ul : HU)—->H'U) (u>y)

is an isomorphism.
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Exercise 2.2

In this section, we assume U C R? to be a bounded open set with a smooth boundary. The coefficients
a'/, b, ¢ are smooth and satisfy the uniform ellipticity.

Exercise 2.2.1. Let Lu = —0d;(a"0;u) + cu. Prove that there exists a constant ¢ > 0 such that the
corresponding bilinear form B[, -] satisfies the hypothesis of Lax-Milgram Theorem whenever c(x) >
—uforx eU.

Exercise 2.2.2. A function u € HZ(U) is a weak solution to the biharmonic equation

Au=finU, u=aa—;\t]=00n5U
provided that [, AuAvdx = [, fudx holds for all v € HJ(U). Given f € L*(U), prove the existence

and the uniqueness of the weak solution.

Exercise 2.2.3. Let U be connected. A function u € H'(U) is a weak solution to the Poisson’s equation
with Neumann boundary condition
0
—Au = finU, %=OOHGU
provided that [, Vu - Vodx = [, fudx holds for all v € H'(U). Given f € L*(U), prove that there
exists a weak solution if and only if [, f dx = 0.

Exercise 2.2.4. Consider the Poisson’s equation with Robin boundary condition

—Au = fin U, u+aa—;\t]=00n5U

Please define the weak solution u € H(U) to this problem and dicuss the existence and uniqueness for
a given f € L*(U).

(Hint: To prove the coercivity of the bilinear form, we may use trick similar to the proof of Poincaré’s
inequality in Theorem 1.4.5.)

Exercise 2.2.5. Let U be connected and assume 0U consists of two disjoint closed sets I';, I',. Consider

the Poisson’s equation with mixed Dirichlet-Neumann boundary condition

ou

—Au = finU, u=0onT}, N

=0onT,.

Please define the weak solution u € H'(U) to this problem and dicuss the existence and uniqueness for
a given f € L*(U).
(Hint: Choose test functions from H :={v € Hl(U)|TrU|F1 = 0}.)

Exercise 2.2.6. Let u € H'(U) be a bounded weak solution to —5j(aijal~u) =0inU. Let¢p : R->R
be convex and smooth and set w = ¢(u). Prove that w is a weak subsolution, that is, B[w,v] < 0 for
any U € Hé(U), v>0.
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Exercise 2.2.7. Given a variational proof for the existence of weak solution to Lu = 0in U, u = g on

dU with L defined in (2.0.2), b' = ¢ = 0 and g € L?(8U). Let
1 ..
Iw] :=J >a'd;wdo;w dx
U 2

for w € A where
A :={w e H'(U)|Trw = g on U}
(1) Let {u,} € H'(U) be a sequence weakly converging to u in H'(U) and ¢ := liminf I[u,]. Show

n—oo

that there exists a subsequence {u,, } such that ¢ = lim Iu, | and u,, — u in L*(U).

k— oo

(2) Given any ¢ > 0 sufficiently small, prove that there exists a subset G, C U such that u,, uniformly
converges to U in G,, |u(x)| + |Vu(x)| < ¢! in G, and LI(U\G.) < e.

(3) Prove that € > I[u]. This actually shows that I[-] is weakly lower semi-continuous on H'(U), that
is, given any {u,} C H'(U) weakly converging to u in H'(U), I satisfies I[u] < lil};llglf I[u,].

(4) Letm := inEI[w] < 00. Mimicing (1)-(3) to prove that there exists u € A such that I[u] = m.
WeE.

(5) Prove the uniqueness of the minimizer u in A.
(Hint: If u;,u, are two different minimizers, then define # = (u; + u,)/2 and prove I[i] <
(Iu ] + I[u,1)/2.)

(6) Prove that the minimizer u is exactly the weak solution to Lu = 0 in U, u = g on dU (in the
sense of trace).

2.3 Existence theorem 2: Fredholm alternative

In view of Theorem 2.2.3, it is natural to ask if we can establish any existence result for the elliptic
equation without the term uu in (2.2.1). The answer is definitely yes, but the uniqueness depends on
whether the homogeneous equation Lu = 0 (with Dirichlet boundary condition) has nonzero solution
or not. Furthermore, we can prove that if the homogeneous equation admits nonzero solution, then the
solution space must be finite-dimensional and the dimension is equal to that of the corresponding “dual
problem”. This seems to be similar with the classification of solutions to a linear system Ax = b in R".
But, for elliptic PDEs, we shall adopt the Fredholm theory of compact operators to establish analogous

conclusions.

2.3.1 Properties of compact operators

First, we recall some basic properties of compact operators.

Definition 2.3.1. Let X, Y be Banach spaces. We say a bounded linear operator K : X — Y isa compact
operator if K(B) is precompact in Y (that is, K(B) is compact in Y) for any bounded set B C X. We
denote by K € C(X,Y).
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It is easy to see that K is a compact operator if and only if for any bounded sequence {x,} C X, {Kx,}
has a convergent subsequence in Y. Based on this, it is straightforward to get
Proposition 2.3.1. Let X, Y, Z be Banach spaces.

(1) K € 6(X,Y) and x,, = x weakly in X, then Kx, > Kx in Y.

(2) If one of the two bounded linear operators K; : X — Y and K, : Y — Z is a compact operator,
then the composition K,0K,; : X — Z is a compact operator.

(3) If K € C(X,Y), then its adjoint K* € €(Y’,X’) where X', Y’ are the dual spaces of X,Y respec-
tively.

Do note that (1) implies that the identity operator I € €(X) if and only if dim X < oo.

We also recall the Fredholm Alternative Theorem.

Theorem 2.3.2 (Fredholm alternative). Let X be a Banach space, K € €(X). Then

(1) dim N(I — K) < o0, where N(I — K) = {x € X|(I = K)x = O
(2) R(I —K) is closed.

(3) RU—K) = NI —K*)* and R — K*) = "N(I - K).

(4) N(I — K) = {0} if and only if R — K) = X.

(5) dim N(I — K) = dim N(I — K*).

Here, for M C X, F C X', we denote
M ={feX'|{f,x)=0,VxeM}, F!:={xeX|(f,x)=0,VfeX}

A rather special example is to consider a linear system Ax = b in R". We know that this linear

system has a solution X if and only if b can be written as the linear combination of A; := (a,;, -, a, j)T,

n
thatis, b =  x;A;. This is also equivalent to
j=1

n
szc»Zaijzi =0(zlA4) Vvj=1,-,n
i=1
Thus, we know

e Given any b € R", Ax = b has a solution if and only if z L b for any z € ker AT.

e There are only two cases:

1. Either, given b € R", the system Ax = b has a unique solution x € R";
2. Or, Ax = 0 has nonzero solution, and dim ker A = dim ker A*.

Now, let A = I — K for some matrix K € R™", Then the first conclusion coincides with Theorem
2.3.2(3). The second conclusion coincides with Theorem 2.3.2(4)-(5).

We finally recall the spectrum theorem of compact operators.

Definition 2.3.2. Let X be a Banach space and A : X — X is a bounded linear operator.
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e The resolvent set of A is defined by p(A) :={n € R|A —nI is 1-1 and onto}.
e The spectrum of A is defined by a(A) := R\p(A).

Given 7 € p(A), by the Closed Graph Theorem, we know (A — 7I)™! is a bounded linear operator on
X.

e We say 1 € g(A) is an eigenvalue of A if N(A —nI) # {0}. The set of all eigenvalues is denoted by
o,(A), called “point spectrum”.

e If 1isan eigenvalue with Aw = Aw for some w # 0, then we say w is an eigenvector of A associated

with A.
We now have

Theorem 2.3.3 (Riesz-Schauder). Let X be a Banach space and K € €(X). Then

¢ 0 € 0(K) unless dimX < oo.

* a(K\{0} = 0,(K)\{0}.

e The accumulation point of ¢ ,(K), if exists, must be 0.

2.3.2 Fredholm alternative applied to elliptic PDEs

Given an elliptic operator L of divergence form (2.0.2) with b’ € C L(U), we define its adjoint operator
L* by

L*v :=9,(a¥d;v) — b'd;v + (c — d;b")v.
The adjoint bilinear form B* : Hy(U)xH(U) — R is defined by B*[v, u] := Blu,v] for u,v € Hy(U).
We say v € Hé(U) is a weak solution to the adjoint problem

L'v=finU, u=0ondU,

provided that B*[v,u] = (f, u)12 holds for all u € Hé(U).

Remark 2.3.1. It should be noted that the concrete form of L* is naturally deduced from the definition
of adjointness, that is, (Lu, v) = (u, L*v). Let us temporarily assume u, U are smooth functions. Plugging
the concrete form of L into the left side and integrating by parts, we get

(Lu,v) =J adud;v — 9;,(b'v)u + cuvdx = —j 8,(aVd;v)u — 8;(b'v)u + cuv dx
U U
=(u,—9,(a4;v) — b'd,v + (¢ — §;b")v) =: (u, L*v).

Accordingly, we can then derive the concrete form of B*.

In this section, we aim to use Theorem 2.3.2 (Fredholm Alternative) to establish the existence theory
of the weak solution to equation (2.0.1).

Theorem 2.3.4 (Second existence theorem for weak solutions). Precisely one of the following two

statements holds:
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(A) For any f € L?(U), equation (2.0.1), namely Lu = f in U with u = 0 on U, admits a unique
weak solution u € Hé(U).

(B) The homogeneous equation, namely Lu = 0 in U with u = 0 on AU, admits nonzero weak
solutions u € Hé(U).

Moreover, should (B) hold, then the solution space of the homogeneous equation, denoted by N, is a
finite-dimensional subspace of Hj(U) and dim N = dim N*. Here N* is the solution space of the adjoint
homogeneous equation, namely L*v = 0 in U with v = 0 on dU.

Finally, equation (2.0.1) has a weak solution if and only if (f, )2 = 0 for any v € N*.

Proof. The proof is divided into four steps.

Step 1: Formal construction of the solution. Let us recall that the First Existence Theorem, ob-
tained by Lax-Milgram Theorem, shows that given g € L*(U), the equation L,u = g in U withu = 0
on AU has a unique weak solution in Hy(U) where L, := L+yI and y is the constant in Theorem 2.2.3.
In such a case, we write u = L;lg.

Next, we go back to the equation Lu = f. For this equation, we know u € H,(U) is a weak solution
if and only if u € H}(U) is a weak solution to Lyou = f +yu, that is,

B,[u,v] = (yu+ f,v) Vv e HyU),
which is further equivalent to
u=L"'yu+f)edT—-yLYu=L"f.
Now, let Ku = yL,'uand h = L' f and then
u is a weak solution to (2.0.1) © (I — K)u = h.

Step 2: Verify K is a compact operator on L*(U). Recall that L, satisfies the assumption of Lax-
Milgram Theorem. From the coercivity, we know if L,u = g for some v € Hé(U) and g € L*(U), that
is, B, [v, ] = (g, @)r2y holds for all p € H}(U), then

BlILIl ) < Byl v] = (8, )y < lglleayllVllw) < I8llewlvllmw:

which then gives
||Kg||H3(U) = 7||U||H5(U) < Cligllz2w) for some C > 0.

So,K : LA(U) — H,(U) isabounded linear operator. On the other hand, we have the compact embedding
H}(U) &< L*(U), so K, as a bounded linear operator from L*(U) to L*(U), is also a compact operator
on L*(U). This is achieved by Proposition 2.3.1(2).

Step 3: Application of the Fredholm Alternative. Now we set X = L*(U), K = yL," in Theorem
2.3.2 and get two possibilities.

e Case 1: N(I — K) = {0}. In this case, given any h € L*(U), the equation (I — K)u = h has a unique
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solution in L?(U). Then according to Step 1, we know this u also gives a weak solution to (2.0.1).
e Case 2: NI —K) # {0}. In this case, we must have y # 0. By Theorem 2.3.2, we know the
homogeneous equation 4 —Ku = 0 has nonzero solutions in L*(U) and dim N(I—K) = dim N(I —

Step 4: Verify the existence of solution © (f,v) = 0 Vv € N*. Furthermore, let v be the weak
solution to L*v = 0 (or equivalently v — K*v = 0) in U with v = 0 on dU. We have

v=K*v
(h,v) =y (Kf,0) =y (f,K"v) === y7'(f,v).
So, (I = K)u = h has a unique solution <& (h,v) =0 forallv € N* := N(I —K*) & (f,v) =0. O
Now, we conclude the following existence theorem

Theorem 2.3.5 (Third existence theorem for weak solutions). There exists an at most countable set
% C R such that the boundary-value problem

Lu=Au+finU, u=0o0ndU

has a unique weak solution for each f € L*(U) if and only if 1 & . Moreover, if T is an infinite set,

then ¥ = {4; }yene, the values of a nondecreasing sequence with 1, — +o0.

We call Z the (real) spectrum of the operator L. The above theorem shows that the boundary-value
problem
Lu=AuinU, u=0ondU

has a nontrivial solution w # 0 if and only if A € X, in which case 4 is called an eigenvalue of L and w
is called a corresponding eigenfunction. Theorem 2.3.5 actually implies the eigenvalues of L must be a

non-decreasing sequence going to +00.

Proof. Let y be the constant from Theorem 2.2.3 and assume 4 > —y. Also we assume without loss of
generality that y > 0. By the Fredholm Alternative, the boundary-value problem

Lu=Au+ finU, u=0o0ndU
admits a unique weak solution for each f € L*(U) if and only if the homogeneous problem
Lu=AuinU, u=0ondU
only has zero solution. This is true if and only if u = 0 is the only weak solution to
Lu+yu=A+y)uinU, u=0o0ndU.
The last equation holds exactly when u = Ly 'y +Du= %Ku with Ku :=yL, "u. We know if u =0

is the only weak solution, then L/I is not an eigenvalue of K. Consequently, we see that the equation
Y+
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Lu = Au+ f in U with u = 0 on AU has a unique solution if L/l is not an eigenvalue of K. Since
r+

K € G(L*(U)), by Theorem 2.3.3, we know the eigenvalues of K consist of either a finite set or else
the values of a sequence converging to 0. This is equivalently to say 4; — +0o0 when the number of

eigenvalues is infinite, as ¥ > 0 is given and A only appears in the denominator of L/l O
Y+

Exercise 2.3

Exercise 2.3.1. Let Z be the set of eigenvalues of L defined above. Given a real number 4 € ¥ and a
function f € L*(U), we define u € Hé(U) to be the unique weak solution to Lu = Au + f in U with
u|sy = 0. Prove that there exists a constant C > 0 such that ||u|| 2y < C||f]|r2). (Hint: Prove this by
contradiction.)

2.4 The eigenvalue problem of linear elliptic operators
In this section, we consider the eigenvalue problem for an elliptic operator
Lw=AwinU, w=0o0ndl. 2.4.1)

Here U C RY is a bounded domain (which implies connectedness) with a smooth boundary dU. For
simplicity, we assume

Lu = —-8;(aVdu), a’=a’, da’eCc=). (2.4.2)

Thus, the corresponding bilinear form is also symmetric, that is, Bu, v] = B[v, u] holds for any u,v €
H(U).
0

2.4.1 Orthogonality of eigenfunctions
The first theorem that we aim to prove in this section is stated as follows

Theorem 2.4.1 (Eigenvalues of symmetric elliptic operators). Each eigenvalue of L is a real number.
Futhermore, if we repeat each eigenvalue according to its (finite) multiplicity, we have £ = {A; }ien-
where

0<A4 <A, <, lim 4, = +o0.

k— o0

Finally, there exists an orthonormal basis {wy }yen. of L*(U) where w, € H,(U) is an eigenfunction
corresponding to 4; for each k € N*:

ka = lkwk in U, Wy = 0 on aU

Remark 2.4.1. According to the regularity theory in Chapter 2.5, the smoothness of a”/ implies that
wy € C®(U) and furthermore w, € C*(U) (this would require dU is also C*).
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Before proving this theorem, let us briefly review the spectrum theory of symmetric compact oper-

ators.

Spectrum theory of symmetric compact operators

Let H be a complex Hilbert space.

Definition 2.4.1. We say a bounded linear operator A : H — H is symmetric if (Ax,y) = (x, Ay)
holds for all x,y € H. Here (-, -) is the inner product of H. It is easy to see that A is symmetric if and
only if A = A*.

Proposition 2.4.2. Let A : H — H be a bounded, linear operator. Then A is symmetric if and only if
(Ax,x) € R for any x € H. In this case, we further have

(1) 6(A) C R and ||(AI — A)1x|| < u”Tl/Iu for any x € H, A € C with Im A # 0.

(2) Let H; C H be an A-invariant closed subspace of H, then Al is also symmetric on H;.

(3) Forany 4,1" € 0,(A) with 1 # ', we have N(AI — A) L N(A'I — A).

(4) [lAll = sup |(Ax, x)|.

[lx]|=1
On Hilbert spaces, the spectrum and structure of symmetric compact operators are quite similar to

those of real symmetric matrices in Euclidean spaces. In particular, we recall that any real symmetric
matrix is diagonalizable and the elements on the diagonal are exactly the eigenvalues, which also implies
that the eigenvectors of a real symmetric matrix gives an orthogonal (actually orthonormal after nor-
malization) basis of the Euclidean spaces. Also, the critical value of quadratic form is also an eigenvalue.

These properties also hold for symmetric compact operators on Hilbert spaces.

Proposition 2.4.3. Let A € €(H) be symmetric. Then there exists an X, € H, ||X,|| = 1, such that

A 1= |(Axo, Xp)| = sup [(Ax,x)|, AXy = Ax,.

fl[l1=1

Proposition 2.4.4. Let A € C(H) be symmetric. Then there is an at most countable sequence of real
numbers {1 },cn+ Whose only possible accumulation point (if exists) is O, such that {4} are exactly the

eigenvalues of A. Also, there exists an orthonormal basis {e;} of H such that

X = Z(x,ek)ek, Ax = Z/lk(x,ek)ek.

k>1 k

Proposition 2.4.5 (Courant minimax characterization). Let A € C(H) be symmetric and have eigen-
values /1; Z/l; > 20> 247 2 A7 Then

) Ax, X . Ax, x
AF =inf sup ( ), A, =sup inf ( ).
EBn xGEi_1 (x7 X) E,_4 XEE,J[_l (xa x)
x#0 x#0

Here E,,_; can be any (n — 1)-dimensional closed subspace of H.
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We now turn to prove Theorem 2.4.1.

Proof of Theorem 2.4.1. Let S = L' : L*(U) — L*(U). In previous sections, we already prove that
S € C(L*(U)). It suffices to verify S is symmetric on L*(U). In fact, pick f,g € L*(U) and set
u 1= Sf,v := Sg and then u,v € H}(U) are weak solutions to Lu = f and Lv = g (with Dirichlet
boundary conditions) respectively. Thus, we have

(Sf’g)LZ(U) = (uag)LZ(U) = Blv,u] = Blu,v] = (f, U)LZ(U) =(f, Sg)LZ(U)-

Also, we have (Sf,f) = (u,f) = Blu,u] > 0 for any f € L*(U). Thus by Proposition 2.4.4, we
know the eigenvalues of S are all positive real numbers and the corresponding eigenfunctions form an
orthonormal basis of L>(U). For any eigenvalue of S, say 7 > 0, assume Sw = nw for some 0 # w €

H{(U). Then this is equivalent to Lw = Aw with A = 77!, Thus, the conclusions in Theorem 2.4.1 are
established. O

It should be noted that the study of the distributions of eigenvalues of elliptic operators and the be-
haviors of eigenfunctions is extremely important in mathematical physics. There are still many unsolved
problems till now. Among all the previous studies, a landmark is due to H. Weyl: In a bounded do-
main U C R? with a smooth boundary, the eigenvalues of the Laplacian operator in U (with vanishing
Dirichlet boundary conditions) satisfy

A7 ey
UK T T0ad)

In the next section, we will give a description of the smallest eigenvalue 4, of L. 4; > 0 is also called
principal eigenvalue.

2.4.2 Variational principle of the principal eigenvalue

In this section, we aim to prove the following theorem.

Theorem 2.4.6 (Variational principle for the principal eigenvalue). Let 4; > 0 be the principal eigenvalue
of the elliptic operator L with vanishing Dirichlet boundary condition (as defined in (2.4.1)-(2.4.2)).
Then

(1) We have
Ay = min{Blu, u]lu € Hy(U), ||ull @) = 1} (2.4.3)

(2) The above minimum is attained for a smooth function w; that does not change sign within U.

Also, w; solves the eigenvalue problem

Lw, =Aw; inU, w; =00ndU.
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(3) Finally, if u € H)(U) is any weak solution to
Lu=AuinU, u=0o0ndU,

then u is a multiple of w,. This implies that 4; must be simple. In particular, we have 0 < 4, <
Ay <Ay < ooe

Proof. Let us first recall that the eigenfunctions of L, say {w}, form an orthonormal basis of L*(U). So,
we have (W, W))r2) = Oy. Also, notice that

B[wk, wl] = /‘lk(wk, wl) = /1k5kl k,l e N*,

which shows that {w; } forms an orthogonal subset of H}(U) (with inner product defined by (-, ')Hé(U) =

B-,-]). To prove (1), it suffices to prove that {w,} also give an orthogonal basis of H,(U).

Claim. {wk/\//l—k} form an orthonormal basis of H;(U).
To prove the claim, it suffices to prove that B[wy, u]| = 0 for all k € N* implies u = 0. This is rather

easy, as any U € Hé(U) also belongs to L*(U). So, u can be written as ), d;w; and so
j=1

B[wk,U] = ZB[wk,djw]] = dkllk(wk, wk)Lz(U) =0=> dk =0 Vk € N*.
j=1

o0
Without loss of generality, we assume ||u||;2) = 1 and so we get )’ djz. = 1. Also, we have

j=1
o0 w,

u= Zd-\/I—J,
= J ]\//17]_

With this claim, it is easy to see that given any u that has the above expansion in H(U), we have

which absolutely converges in Hy(U).

Blu,u] = ), d2A; > 4, ), d? = 4,,
j=1 j=1

and the equality holds if and only if u = w,. This finishes the proof of (1).
The proof of (2) is a bit tricky and relies on the Strong Maximum Principle (Theorem 2.6.4). First,
we make the following claim:

Claim. Let u € H (U) satisfy ||u||;2y) = 1. Then u is the weak solution to

Lu=AuinU, u=0o0ndU,
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if and only if Blu,u] = 4,.
For this claim, the “only if” part is trivial if we invoke the definition of B[u, v]. For the “if” part,

assume u € Hy(U) satisfies ||| >y = 1 and Blu, u] = A,. Then we can expand u to be )} d,w; with
k=1
dy = (U, W2y and 37, di = 1. Now, we compute Blu, u]

Alzdz—/ll—Buu Zd%k:Z(Ak—A)dz_o

k=1 k=1 k=1
which immediately leads to d;, = 0 for all k satisfying 4, > A4,. Because the multiplicity of 4, is finite,
we know

u= Z(u, W )20y Wi for some m € N*, Lw, = A4,w, V1<k<m.
k=1

This gives us Lu = A,u and completes the proof of the claim.

With this claim, we start to prove (2). Assume now u is a weak solution to
Lu=AuinU, u=00ndU,

and u is not identically zero. Then we need to prove either u > 0 in U or u < 0 in U. Without loss of

generality, we again assume ||u||;2;y = 1 and let
a ::f (u)*dx, B ::J (u)*dx
U U

where u* := max{0,u} and u~ := max{0, —u} satisfy u = u* —u~ and |u| = u* + u~. Then
Sy u?dx =1 implies a + 8 = 1. By Proposition 1.2.4, we know that u* also belongs to H,(U) and

ou a.e. on{u> 0}
0 a.e. on{u <0},

out =

0 a.e. on {u > 0}
—0u a.e. on {u < 0},

ou- =

which then implies

Blut,u™] = f aijaiu+6ju_ dx=0 at least one of du™*,du are zero.
U

Thus, by the claim and the bi-linearity of B[-, -], we have

A, = Blu,u]l = Blut —u~,ut —u~| =Blut,u*]| + Blu™,u"]| > AL, a+ 4,8 = 4,.
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Here the last inequality holds true due to (1) and u* € H, é(U). Therefore, the inequality above becomes
+

an equality, that is, B[u*,u*| = /11||u—||iz(U>.
By the claim, we know u* are also eigenfunctions corresponding to the principal eigenvalue 4, of L.

Since a/ € C®(U), we know u* € C®(U) by the interior regularity property (see Chapter 2.5). So,
we have Lut = L,u™ > 0 in U (this is a classical solution now, not only a weak solution!). Since U is

assumed to be connected, by Strong Maximum Principle (Theorem 2.6.4), we have
either u™ > 0in U, orut=0inU.

The desired conclusion follows from the argument below.

e If u* > 0in U, then there is nothing to prove because u™ > 0 already implies u > 0 in U.
e Ifu* =0in U, then that means u < 0 in U. There are two further possibilities:

- If u < 0 always holds in U, then again we have nothing to prove.

- If there exists an x, € U such that u(x,) = 0, then that also means u™ attains its minimum
in U. Since u~ is also an eigenfunction, we have Lu~™ = L,u™ > 0 in U. Again, by the
Strong Maximum Principle, 4~ must be a constant and this constant must be zero (because
of u=(x,) = u(x,) = 0). This together with u* = 0 in U implies u = 0 in U, which violates
lull2wy = 1.

Finally, we prove (3). If u, ii are both nonzero weak solutions to
Lu=AuinU, u=0o0ndU.

Then by (2), we know [, i dx # 0 and there exists some C € R such that
f u—Cidx =0.
U

But u — C1i is also an eigenfunction corresponding to 4, then (2) implies that u — Cii = 0 in U. So,

A1 > 0 must be a simple eigenvalue. [

Remark 2.4.2. The conclusion of (1) can also be written as

Blu, u]

Ay = min >
ueH ) [[u]
u#0

LX(U)

We end this section by stating the main result about the principal eigenvalue of non-symmetric elliptic
operators. Assume a'/,b',¢c € C®(U) where U is a bounded domain with smooth boundary, [a"] is

symmetric and ¢ > 0 in U. Then we have

Theorem 2.4.7 (Principal eigenvalue for non-symmetric elliptic operators). Define L by Lu = —a"/9,0,u+
b'd;u + cu with a', b', ¢ satisfying the above conditions. Then
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(1) There exists a real eigenvalue 4, for the operator L (with Dirichlet boundary condition) such that
if 1 € C is any other eigenvalue, we must have Re (1) > 4,.

(2) There exists a corresponding eigenfunction w,, which is positive within U.

(3) The eigenvalue 4, is simple.

Exercise 2.4
Exercise 2.4.1 (Courant minimax principle). Let Lu = —0 j(aij 0;u) be a symmetric, uniformly elliptic
operator. Assume L, with zero boundary conditions, has eigenvalues 0 < 4, < 4, < ---. Prove that

Ay = max min Blu,u] Vk &€ N*
SeX_; ueSt
llellp2y=1

where X;_; denotes the collection of (k — 1)-dimensional subspaces of Hé(U).

Exercise 2.4.2. Let Lu = —3,;(a"0;u) + b'0,;u + cu be a symmetric, uniformly elliptic operator with
principal eigenvalue 4; > 0 taken with zero boundary conditions. Prove the max-min representation
formula Lu(x)
. ulx .
Ay = sup inf Vk € N*,
uec=(@) XU u(x
u>0in U
u=0 on 0U

(Hint: Consider the eigenfunction w] corresponding to 4, for the adjoint operator L*. You may

need Theorem 2.4.7.)

Exercise 2.4.3. Consider a family of smooth bounded domains U(7) C R¢ that depends smoothly on
the parameter T € R. As 7 changes, each point on dU(7) moves with velocity v. For each 7, we consider
eigenvalues A = A(7) and corresponding eigenfunctions w = w(x; ) defined by

—Aw = Aw in U(7), w|jye =0

with ||w||r2w()) = 1. Suppose that A, w are smooth functions of 7, X. Show that

]
dr 3U(D)

where v - N is the normal velocity of the boundary dQ(7).

(Hint: The variational principle gives A(7) = [ ) |Vw(x)|>dx. Then compute A'(7) and then it
remains to prove [ UG 0. |Vw(x;7)|*> = 24'(1), in which you will need to use ||w||;>y) = 1 to show

that =0.)

d 2
E | | w | |L2(U(T))

Remark 2.4.3. The conclusion of this problem shows that the principal eigenvalue of —A gets smaller
as the domain U is enlarged.



56 CHAPTER 2 LINEAR ELLIPTIC PDES

Exercise 2.4.4. Given a variational proof of Theorem 2.4.6 (1). Define the functional

1
Iw] = EJ [Vw]?dx, weA:={we Hé(U)|||w||L2(U) =1in U}
U
(1) Pick a sequence {u,} C A such that I[u,] — m := inf I{w]. Prove that {u,} has a subsequence

weA
{u,, } that weakly converges to some u in H}(U) and I[u] < m.

(2) Prove that u € A and then u is the desired minimizer satisfying I|u] = m. (Hint: Use the compact
embedding Hé(U) S L2(U).)

(3) Fixv € Hy(U) and choose w € H,(U) with [, uw dx # 0. Consider the perturbation of ||u||i2(U)
defined by j(r,0) := [,(u + v + ow)*dx — 1. Prove that there exists ¢ € C'(R) such that
#(0) = 0 and j(z,¢(7)) = 0 for all sufficiently small |z|. Then verify that

Jyuvdx

#(0) = -

Jyuwdx

(4) Setw(r) :=1v+ ¢(t)w and i(7) := I[u + w(r)] for sufficiently small |7]. Use i"(0) = 0 to prove
that there exists 4 € R such that

f Vu-Vvdx:/lf uv dx Vv € Hy(U).
U U

(5) Prove that 4 in (4) is exactly A, the principal eigenvalue of —A in U with vanishing Dirichlet

boundary condition.

2.5 Elliptic regularity

We now address the question as to whether a weak solution u to Lu = f in U is “sufficiently regular”.
Assume f € L*(U), then the solution u is expected to be second-order differentiable in a suitable sense,
as L is a second-order differential operator. However, we still have to pick a suitable type of function

spaces to achieve this second-order differentiability. In fact, we have

e feL?*(U)=>ue H*U).

e feCU)#» ueC?U). The counterexample is referred to Exercise 2.5.2.

e Fora €(0,1), f € C*%(U) = u € C>*(U).

In this section, we study the regularity of the H}(U)-weak solution to (2.0.1) with L defined by

(2.0.2). When f € L*(U), the first step is to enhance the differentiability of u to second-order. In fact,
let us consider —Au = f in R? and assume u is a smooth solution and decays rapidly to 0 as |x| — oo.
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We then compute

J f?dx =J' (Au)*dx =J (0,0,u)(9;0,u) dx = —J’
Rd Rd Rd

9;0;0;ud;udx
Rd

=J (0,0;u)? =I |VZu|? dx.
Rd Rd

Moreover, if f € H™ for some m € N*, the regularity of u is expected to be H™*? and finally we
aim to prove the C® regularity of u provided that f and coefficients of L are all C*. The existence of
second-order (weak) derivative of an H)(U)-weak solution is guaranteed by the properties of differential
quotients discussed in the next section.

2.5.1 Difference quotient of Sobolev functions

In classical calculus, when we want to prove a function f(x) has 0; derivative, it suffices to verify the

limit of difference quotient exists, that is,

i Jf(x + he;) — f(x)
1m
h—0 h

exists.

For Sobolev functions, we want to establish analogous arguments as above, but the existence of such
limit is obtained by weak convergence instead of classical pointwise convergence.
Let f : U — R be a locally integrable function in U and let V € U.

Definition 2.5.1. The i-th difference quotient of size h is defined by

fo(x)::f(x+h2)_f(x), l<i<d

forx € Vand h € R, 0 < |h| < dist (V,8U). D"f := (D!f,---, D" ).

Proposition 2.5.1 (Difference quotients and weak derivatives). The following two assertions hold.

(1) Suppose 1 < p < o0 and f € W'P(U). Then for each V € U,

ID" fllzowy < ClIV flliew

holds for some constant C > 0 and all 0 < |h| < ;dist (V,oU).
(2) Suppose 1 < p < o0, f € LP(V') and there exists a constant C > 0 such that

1
ID" fllioy < €. WO < |h] < 5dist (V, V).

Then
fewbe(V), IV flleon < C.
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It should also be noted that V' € U is redundant if we consider the corresponding conclusions for

tangential derivatives.

Proof. Since p < 00, we may assume f is smooth without loss of generality (otherwise we use the smooth
approximation). Then foreachx € V1 <i<dand0< |h| < idist (V,0U), we have

1

|f(x + he) — f(x)| < |h|J |Vf(x + the))| dt.

0
Thus, we have

1 1

d d
f |th|dech[ f |Vf(x+thei)|Pdtdx:CZjJ |V f(x + the)|P dx dt.
14 i=1YV4dJ0 i=1Y0YV

This lmmediately leads to ||th||LP(V) S C”Vf“LP(U)'
For (2), let f € LP(U). We just notice that the following “integration by parts” formula holds for
the difference quotient (actually, it is just as a result of change of variables)

J f(Dlp)dx = —J D"fHpdx VoeCP(V),1<i<d. (2.5.1)
%4 1%

Since ||D;" f1l.e() is uniformly bounded in h and 1 < p < oo, we know there exists a subsequence
h;, — 0 such that
Dl._hk =, weakly in LP(V')

for some v; € LP(V). Notice that 1 < p < o0 is necessary here, otherwise L? space is not reflexive.
Plugging this back to the “integration by parts” formula and taking the limit h;, — 0, we get

degodx:f faiqodx=—limj Di_h"fqodx=—f viqodx=—J v;p dx.
U 14 14 v U

]’lk—>0

Thus, v; is exactly the 8;-weak derivative of f and so Vf € LP(V), f € WEP(V). ]

2.5.2 Interior regularity

In this section, we aim to prove the interior regularity result for second-order elliptic equations.

Theorem 2.5.2 (Interior elliptic regularity). Assume a” € C'(U),b',c € L*(U) and f € L*(U).
Suppose further u € H'(U) is a weak solution to Lu = f in U. Then u € leo (U) and for each open
set V€ U we have the estimate

lullzzgry < CUIS M2y + Nullz2w))s (2.5.2)

where C > 0 depends only on V, U and the coefficients of L.
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Do note that the interior regularity has nothing to do with the boundary value of u and thus there
is no need to assume u € Hé(U). Also, since u € H12OC(U)> we have Lu = f a.e. in U. Thus, u actually
solves the PDE at least for a.e. points in U.

By induction on the differentiability order of f and the coefficients of L, it is easy to prove the

followng two corollaries and we skip the proof here.

Corollary 2.5.3 (High-order interior elliptic regularity). Assume m € N, a”,b’,c € C™*(U) and
f € H™(U). Suppose further u € H'(U) is a weak solution to Lu = f in U. Then u € HI’Z)“:Z(U) and
for each open set V' € U we have the estimate

[ullgmeacry < CUS Nlamy + ullr2w)) (2.5.3)

where C > 0 depends only on m,V, U and the coeflicients of L.

Corollary 2.5.4 (C* interior elliptic regularity). Assume a'/,b',c, f € C®(U). Suppose further u €
H'(U) is a weak solution to Lu = f in U. Then u € C*(U).

Proof of Theorem 2.5.2. Without loss of generality, we assume b’ = ¢ = 0, otherwise we can move these
lower-order terms to the right side of the equation. Recall that u € H,(U) is a weak solution if

J a'oud;v dx=J fudx (2.5.4)
U U

holds for any v € H}(U). We now need to pick a suitable v such that

e The left side, after possibly integrating by parts, gives the L>(U) norm of D"(Vu).

¢ U vanishes on the boundary. That is, we have to “localize” all estimates away from dU.

It is not difficult to achieve the first one, but for the second one, we may have to insert some cut-off
function in v. Fix an open subset V' € U and choose an open set W such that V€ W € U. Then we
select a smooth cut-off function { satisfying

(=1inV, ¢(=0inRHN\W, 0<¢<1.

This is necessary to localize the estimates away from the boundary dU.
Now, let |h| > 0 be small, choose 1 < k < d and define v := —D;h(szZu). We have

J adud;vdx = — J a'o,ud; (D" (¢*Diu)) dx = —J a'id,uD;"(8,(¢*Diu)) dx
U U

U

use (2.5.1) = J D/(a'8;u)d;(¢*D]'u) dx
U

= J a'(x + hey) (D}'9,u)s*(DPdu) dx + A,
U
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where
A :=J ali(x + hey) 8;(¢2) (D!3.u)(D!u) + (Dhal)3u(¢*DId,u + 8,(¢?) D'u) dx.
U
Since L is uniformly elliptic, we have

j a'l(x + he,) (DIOu)¢*(DIo;u)dx > 6 f 1D Vul* dx
U U

which gives the L*(U) norm of ¢ |D£’ Vu| as desired. The term A, is directly controlled as follows
|A,| < CllaY]|eiwy (IEDEVUll ) IDRull 2wy + IDEVUll | VUl ow) + IDRull 2wl Vil ew))

Cl
= (IDfullZ iy + IVullZ )

h
S E”ng Vu’” LZ(U) LZ(U)

2
ray ¥

for any € > 0 suitably small. Now, we pick ¢ € (0, g) such that £||§’D£’Vu||i2(U) can be absorbed by
6||§D£‘Vu||i2w), we have

| arsuo x> Siepivu,y, - clivul; (25.5)
U

L2(U) LX(U)'

On the other hand, we have

IDF" @D, g, < VDI, < C ( j VD ul? dx + f
w w

|V(§2>||Df;u|2dx)
<C(IVul, g, + IKDEVWIE, ) -

Again, by Young’s inequality with €, we have
2 c 2 2 h 2 " 2
Jode < ellolfg, + SIS, S Ce (V. )+ KOOI ) + €I o

Choosing ¢ € (0, %), we get

G
| soax < SIeDEvulE. g, + € (19Ul + 112 (25.6)
U

Combining (2.5.4), (2.5.5) and (2.5.6), we get

J |DZVu|2dx§f §2|D£‘Vu|2dx§Cf If1? + | Vu|? dx.
|4 U

U
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So, we get Vu € HIIOC(U) andu € HIZOC(U) with the estimate

[l 2y < CULS 2wy + 1wl mn)-

The final step is to replace |[u|[zy by ||ullr2w). This is rather easy if we set v 1= {*u in (2.5.4).
Mimicing the steps above, we can prove

lulltny < CAUS ) + 1llzw))-

Thus, we conclude that
ulltey < CUISf 2wy + ullew))-

2.5.3 *Global regularity

Now we extend the estimates in Theorem 2.5.2 to study the regularity of weak solutions up to the

boundary. In this section, we aim to prove the following conclusion

Theorem 2.5.5 (Elliptic regularity up to the boundary). Let U be a bounded open set with a C? boundary
dU. Assume a € CY(U), bl,c € L*(U) and f € L*(U). Suppose that u € H)(U) is a weak solution
to (2.0.1)

Lu=finU, u=0o0ndU.

Then u € H*(U) with the estimate

[l < CUf 2@y + 1llaw)- (2.5.7)

Here the constant C > 0 depends on U and the coefficients of L.
Remark 2.5.1. If u € Hy(U) is the unique weak solution to (2.0.1), then by Exercise 2.3.1, the above

estimate can be simplified to be

lullezw) < Clifllrw)- (2.5.8)

Again by induction on the differentiability order of f and the coefficients of L, it is easy to prove the

followng two corollaries.

Corollary 2.5.6 (High-order global elliptic regularity). Assume m € N, a¥,b,c € C"*}(U) and f €
H™(U),0U € C™*?2. Suppose further u € H,(U) is a weak solution to

Lu=finU, u=0o0ndU.
Then u € H™2(U) with the estimate

[l ey < CULf Namy + 1ll2w))s (2.5.9)
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where C > 0 depends only on m, U and the coefficients of L. If u € Hé(U) is the unique weak solution,
the above estimate can be simplified to be

lullgmewy < Cllf llam@y- (2.5.10)

Corollary 2.5.7 (C*® global elliptic regularity). Assume a/,b,c, f € C*(U) and U € C®. Suppose
further u € H (U) is a weak solution to

Lu=finU, u=0o0ndU.

Then u € C®(U).

Proof of Theorem 2.5.5. First, the local regularity (Theorem 2.5.2) indicates that Lu = f ae. in U
instead of only being in the weak sense. Indeed, Theorem 2.5.2 shows that for any ¢ € C*(U), Blu, ¢] =
(f,9) and so (Lu — f, )12y = 0. Lemma 1.1.2 then yields Lu — f = 0 a.e. in U.

Given x° € dU, there exists r > 0 and a C? function y : R4 — R such that
UNnB(x%r)={x & Bx%r)|x; >y(x, -, xq_1)}
Also, there exists a diffeomorphism ® and sufficiently small s > 0 such that y = ®(x) and
U’ :=B(0,s)n{y,; > 0} c ®(U n B(x°r)).

Since U is bounded, we can cover the boundary dU by a finite family of such open balls and flatten the
curved boundary of each open set via the above diffeomorphisms. Thus, we may assume U = B(0, 1)N Ri
for simplicity. In this case, d,,-:-,04_, are tangential derivatives, so the tangential regularity already

satisfies the conclusion in Theorem 2.5.2 and it remains to compute the normal derivatives involving d,.

Let U = B(0,1)Nn R‘i and V = B(0, %) N [Rﬁlr. Choose a cut-off function { € C*(U) such that

¢=1 inB(O,%), Spt{ C B(0,1), 0<¢<1.

Now u is a weak solution to (2.0.1), so we get by definition that
J adud;vdx = I(f —b'du—cu)vdx  VYve H) ). (2.5.11)
U
Now, for 1 <k <d -1, takingv = —DZ(gzDZu) in (2.5.11), we get as in Theorem 2.5.2

J |D£’Vu|2dx§CJ If1?+ |ul®> + |Vul?dx V1<k<d-1. (2.5.12)
14

U
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This actually gives us
1831,y < C (Il + Ml + VUl ). Vit j<2d  (25.13)

It remains to control 2u. We do not have to compute the difference quotient as above. Instead, we
can directly express the second-order normal derivative in terms of 9;,0;u for i + j < 2d (at least one
tangential derivative) which has been controlled in (2.5.13). Specifically, since Lu = f a.e. in U (this

step is necessary!), we have

a¥d2u=— % 8,(a¥0u)+ b'du + cu — f — d,udadl.
i+j<2d

Also, the uniform ellipticity condition implies a® > 6. Thus, we have

182112,y < € (11220 + 141200 ) - (2.5.14)
Mimicing the last step in the proof of Theorem 2.5.2, we can improve the right side

1822,y < C (If 120 + l2er) (2.5.15)
which together with (2.5.13) leads to our desired estimate

1l < € (1B + 1al2er)) - (2.5.16)

]

Exercise 2.5

Exercise 2.5.1. Let u € H'(R?) have compact support and be a weak solution to —Au + c(u) = f in
R?. Here f € L*(R%) and ¢ : R = R is smooth with c(0) = 0, ¢’ > 0. Prove that u € H*(R%).

(Hint: Mimic the proof of the interior regularity theorem but without using the cut-off function ¢.)

Exercise 2.5.2. Let By = B(0,R) C R? with R < 1. Denote x = (x;, X,). Consider the equation

2 2
X5 — X, 4 1

+ 3
2P \V=TInlx[  2(—In|x:

Au =

where the right side is continuous in By if we set it equal to O at the origin. Define

u(x) :=v-In|x|(x; — x2).

Prove that
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(1) u € C(Bg) N C=(B\{0}) satisfies the above equation in Bg\{0} with the boundary condition

u =V —InR(x] — x2) on 0By.

(2) lim d;u = oo which then leads to u & C*(By).

|x|—0

Exercise 2.5.3. Give a counterexample of f € L'(U) such that ||D"fl|,1, < C for all 0 < |h| <
%dist (V,dU) but f ¢ WH(V).

Exercise 2.5.4. This exercise aims to complete the proof of Theorem 2.5.5 when U # B(0,1)NR%. As
in the proof, given x° € AU, there exists r > 0 and a C? function y : R — R such that

un B(xo,r) = {x € B(xoar)lxd > y(xla sxd—l)}'

Also, there exists a diffeomorphism ® and sufficiently small § > 0 such that y = ®(x) (or x = ¥(y))

and
U’ :=B(0,s)n{y,; > 0} c ®(U n B(x%r)).

Denote also V' := B(0, z) N{y,; > 0}.

(1) Prove that | det(V®)| = 1.
(2) Define u'(y) := u(¥(y)). Prove that u’ € Hj(U’) is the weak solution to

L' =f"inU, u' =0ondU.
Here f'(y) := f(¥(y)) and
Kl k
L'v' :=—0,(a"" 93, u")+b"d, u + c(¥(¥)u'(¥(y))

is still uniformly elliptic with coeflicients

k I k
KL il ai\p ailp kL piw aCI)\I’
" = OGO TN, b = NSO
(3) Use (2) and the proof of Theorem 2.5.5 to show that
11y < € (1122 + elZsqgr) - (2.5.17)

2.6 Maximum principle

In this section, we introduce one of the most important tools in the study of elliptic PDEs, namely the
Maximum Principles. The Maximum Principle is based on a simple observation: if u € C? attains its

maximum over an open set U at a point X, € U, then

Vu(x) =0, Viu(x,) < 0.
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It should be noted that this method no longer based on the L?-based “energy method” as in previous
sections. Instead, the deductions based on the Maximum Principles are mostly pointwise in character and
so we have to require the solution belongs to C? (classical solution). For technical simplicity, we would
assume the elliptic operator has the non-divergence form (2.0.3) with continuous coefficients throughout
this section.

One may also ask if there is any pointwise estimates for the weak solution to elliptic PDEs, especially
when the coefficients are not so regular as stated above. The answer is yes, but the proof and the
conclusion are both rather different from what we are going to discuss in this section. In section 2.7, we
will introduce the so-called De Giorgi-Moser iteration which gives the L estimates for the weak solutions
to elliptic PDEs with rough coefficients.

2.6.1 Weak maximum principle

Assume U C R? is a bounded open set (not necessarily connected). We have

Theorem 2.6.1 (Weak Maximum Principle). Assume u € C3(U)NC (U)andc =0in U. Then Lu <0

(> 0, resp.) in U implies max u = max u (minu = min u, resp.). In such case, we call u is a subsolution
T oU T oU

(supersolution, resp.). In particular, if Lu = 0 in U, then we have max |u| = max |u|.
U ou

Proof. The proof relies on a perturbation trick. Assume the conclusion already holds for u satisfying
Lu < 0in U. Then for the case Lu < 0 in U, we consider uf(x) : = u(x)+¢ce* for x € U. We compute
that

Lu® = Lu + eL(e™) < 0 + ee*1(—=1%a + AbY)
< Eelxl(—/‘tze + /1||b||Lao(U)) <0 inU,

if we choose 4 > 0 sufficiently large. By the assumption, we know max u® = max u®, and so
T U

max u < max(u + ee™) = max u° = max u° < max u + max ee**1.
U

U U oU U U

Let € — 0, and we get the desired conclusion max u = max u.
U ou

Now, it remains to prove max u = max u holds for all u such that Lu < 0 in U. Suppose, to the
U ou

contrary, that there exists X, € U with u(x,) = max u. At this interior point, we have
U

du(xy) =0(1<i<d), Vu(x,) <0 (negative semi-definite) = dl.zu(xo) <0,1<i<d.
If @V is a diagonal matrix, then we already obtain our conclusion, as in this case each a' > 6 and so

Lu(x,) = —a''6’u >0
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which leads to a contradiction with Lu < 0 in U. In general, {a"} is strictly positive definite and
symmetric, so there exists an orthogonal matrix O = {0;;} such that

0AOQ™ = A, A =diag (A5,--,4,), 4, >6,1<i<d.
Also, we write y = X, + O(x — X)) and then

axzu = Z Okia}’ku’ axzaxju = Z Oki(a}’kylu)olj'
k k,l

Hence, at x;,, we compute that

d
Lu(x,) = —aijaxiéxju = —(oy;a"0y;)9,, 0, u = — Z 485 u >0,
k=1

again a contradiction. O

When ¢ > 0 in the coefficients of L, we can still establish a similar conclusion for positive maximum

and negative minimum.

Theorem 2.6.2 (Weak Maximum Principle for ¢ > 0). Assume u € C*(U) N C(U) and ¢ > 0 in U.

Then Lu < 0 (> 0, resp.) in U implies max u < maxu* (minu > —maxu~, resp.). In particular, if
T oU T 3U

Lu = 0 in U, then again we have max |u| = max |u|.
T oU

Proof. First, we assume u satisfy Lu < 0 in U. If the positive maximum of u is attained at x, € U, then
following the proof of Theorem , we have

Lu(xy) = —a"(x)3;0 ju(x,) + cu(x,) > 0+ cu(x,) > 0

which leads to a contradiction with Lu < 0 in U. Thus, when Lu < 0 in U, u must attain its positive
maximum on the boundary dU.

In general, if Lu < 0 in U, we again do the perturbation as in the proof of Theorem 2.6.1 and no
longer repeat the proof here. [

2.6.2 Hopf’s lemma and strong maximum principle

In many cases, the weak maximum principle is already enough for us to control the pointwise bound
of a (sub-)solution to an elliptic PDE. In this section, we substantially strengthen the conclusions of the
maximum principle, by showing that a subsolution in a connected region cannot attain its maximum in
the interior unless it is a constant. The proof depends on some subtle analysis of the outward normal

. .. Ou .
derivative -t boundary maximal.

Lemma 2.6.3 (Hopf’s lemma). Assume u € C*(U) N CY(U)andc=0inU. Suppose also
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e Lu<0inU.
o There exists X° € U such that u(x®) > u(x) for all x € U.
e U satisfies the interior ball condition at x°, that is, there exists an open ball B C U with x° € JB.

Then we assert that

a—u(xo) >0

ON
where N is the outward unit normal vector to B at x°. If ¢ > 0, then the same conclusion holds if
u(x) > 0.

Hopf’s lemma then easily leads to the following Strong Maximum Principle.

Theorem 2.6.4 (Strong Maximum Principle). Let U C R be a bounded domain. Assume u € C2(U)N
C(U)andc=0inU.HfLu <0 (>0, resp.) in U and u attains its maximum (minimum, resp.) over U

at an interior point, then
u is constant within U.

Simiarly for ¢ > 0, we have

Theorem 2.6.5 (Strong Maximum Principle for ¢ > 0). Let U C R? be a bounded domain. Assume
ueCX(U)NCWU)andc>0inU. fLu <0 (> 0, resp.) in U and u attains its non-negative maximum

(non-positive minimum, resp.) over U at an interior point, then

u is constant within U.

First, we prove the Strong Maximum Principle (¢ = 0) provided that the Hopf’s lemma holds.

Proof. Assume Lu < 0 in U. Write M := maxu and C := {x € Ulu(x) = M}. Suppose, to the

U
contrary, the set V := {x € Ul|u(x) < M} # (. Choose a point y € V with dist (y,C) < dist (y,0U)
and let B be the largest ball with center y whose interior lies in V. Then, there exists X° € C such that
x° € 4B.

Do note that the connectedness of U is necessary here, otherwise dist (V/, C) may be strictly positive so
that x° € C may not exist.
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Now, V satisfies the interior ball condition. By Hopf’s lemma, we get :—;(xo) > 0 with N the

outward unit normal vector to dB. This leads to a contradiction: u attains its maximum at X, which
gives Vu(x®) = 0. O

Now, it remains to prove the Hopf’s lemma. We only consider the case ¢ > 0 (with u(x°) > 0) and
the case ¢ = 0 (without u(x°) > 0) can be proved in the same way.

. .. 9 . .
Proof of Hopf’s lemma. First, it is easy to see i(xo) > 0 as the value of u is non-decreasing when x € B
approaches x° along the direction of N. To prove the strict inequality, we again consider adding a

perturbation term to u.

WLOG the ball B is B(0, ).

In view of the assumptions of Hopf’s lemma, we want to seek for a “nice” function v such that for
0<ex:

(1) u(xy) > u(x) + ev(x) for x € 6B(0,r) and 6B(0,r/2).
(2) L(u + €v) <0 in the annulus A := B(0,r)\B(0,r/2).
(3) v|ss = 0 and j—;(xo) <0

Once we achieve this, we use the weak maximum principle to find that u(x) + ev(x) — u(x,) < 0
in A and = 0 at X;,. So, the normal derivative of u + v — u(x,) must be nonnegative at X, and thus
a_u(xo) > —Ea—v(xo) > 0 as desired.

ON oN R 5

The “nice” function v is chosen to be v(x) = e *I" — e=*" for x € B(0,r), where 2 > 0 is a large

constant to be determined. We compute that

Lo = — 8,30 + b6, + cv = e (ali(—4A2xx; + 248,) — 24bx; + c(1 — e~ =I¥))
< e (4022 |x|? + 24 Y @' + 24|b||x| + c).

1

In the annulus A, we have

Lv < e (=622 + 21 ) a + 24|b|r + )
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which is < 0 for x € A if we pick 1 > 2d—2 large enough. The other desired properties can also be
I
verified. O

2.6.3 *Harnack’s inequality: logarithmic gradient estimates

The maximum principles give the pointwise upper bound for a (sub-)solution to an elliptic PDE. We
next want to ask if the “oscillation” of the solution can be controlled or not in a suitable way. The answer
is given by the Harnack’s inequality: at least in any subregion away from the boundary, the values of a

nonnegative solution are comparable.

Theorem 2.6.6 (Harnack’s inequality). Assume u > 0 is a C? solution to Lu = 0 in U with L defined
by (2.0.3) and suppose V' € U is connected. Then there exists a constant C such that

supu < Cinf u,
v 14

where C > 0 depends on V and the coeflicients of L.

The proof technique is called the “logarithmic gradient estimates”. We may assume u > 0, otherwise
we just consider u + € > 0 for small € > 0. Given V' € U, we want to prove there exists C > 0 such that
u(x) < Cu(y) for any x,y € V, that is, | In %xy < C' for some C’ > 0. The logarithemic term can be

u(y

written as

In @ =lhnux)—lnu(y) =x-y)- J Vinu(tx+ (1 —1t)y)dt,
u(y) 0

and so it suffices to prove sup |V Inu| < C” for some C” > 0.
v

One may ask why we consider converting the estimates to logarithemic functions. In fact, if we
consider a special case: harmonic function (L = —A), then we can easily get —Av = |Vv|? for v = Inu
and Aw + 2Vw - Vv = 2|V?v|? for w = |Vu|?. Thus the problem is reduced to the interior gradient
estimates of U and one can use the techniques in Exercise 2.6.8 to finish the proof.

Below we prove the case of b’ = ¢ = 0 and u > 0. There are some tricky construction of auxiliary
functions and we will briefly explain why we make such a choice by computing the case of harmonic

functions after proving Harnack’s inequality.
Proof. Suppose b' = ¢ = 0 and u > 0 as stated above. Let v = Inu, we compute that
u=e", du=edv, 0;0;u=e"(d;v9;v+3;0,v),
which together with Lu = 0 gives us
a’(9;,0;v + 9,vd;v) =0in U.

Now set w := a"0;09;v and then w = —a"9,0;v. We now claim
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Claim. Let b* := —2a¥'9,v. Then
2
—ak9, 0w + b*d,w < —%IVzvl2 + C|Vu|2 (2.6.1)

The proof of this claim is based on lots of tedious computations. We would like to see what happens
if this claim holds true. We define { € C(U) to be a cut-off function with0 < ¢ <land{=1inV.
Then define z = ¢*w to localize the estimates within V.

Assume z attains its maximum at some X, € U. Then d,w(x,) = 0 and so
0= akZ = §'45kw + 4§3w3k§' => gakw + 4(5k§)w =0,

and

5kalz = §'45k61w + 4{361§'6kw + 12;261g + akgw + 4§35k61§w + 4{35k§'51w.

We compute

— aklakalz + bkakz
=¢4 (—ak9,0,w + b*o,w) — 12ak(¢29,£0,Hw — 4ak!(¢39,¢)d,w — 4ak!¢30,6,¢ w + 4b*¢30,¢ w
=¢4 (—ak9,9,w + b*o,w) + 0 (3| Vw| + LPw + |Vu|$Pw)

where |Vu| in the last term is obtained by |b*| < C|Vul|.

At x, € U, we have 0,z = 0 and —a*3,8,z > 0 (the Hessian matrix V?z is negative semi-definite),

so we get

0 < ¢4 (—dMg 8w + b ow) + C' (3| Vw| + 2 |w| + |Vul$Pw]). (2.6.2)

Combining (2.6.1) and (2.6.2) and the uniform ellipticity condition, we get
52
0 < SH== V2 + CIVu) + C' (| Vw] + Clw] + [VuIEw]), - at x,.
Since w = —a'9,0,v, we actually get
Sfw? < C" (LM VL2 + B Vw| + CPw + 3| Volw),  at x, (2.6.3)

Next we analyze the terms on the right side of the above inequality.

o O3|Vulw = (&% Vu])¥w < ewl?*|Vu]? + wC.n? < g{“wz + C(e)w¢?. Here we use e-Young’s
inequality and 6| Vv|* < w which is obtained by w = a'/d,v9;v.
e {*|Vw]. Recall that {8, w + 4, {w = 0. This gives us [ Vw| < C|w| and so {*|Vw| < C&2|w|.

2
. VP <&Vl < %w
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Plugging these estimates back to (2.6.3), we get
tw? < Credtw? + G, %w, at x,
for some C;,C, > 0 and € > 0. Choosing ¢ < L, we get
20,
w2 <2C,0%w =z =¢*w 20,82 <2C,, atx,.
¢ 2 2 2 0
Since z = {*w attains its maximum at X, and { = 1 in V, by using w > 6|Vv|?, we get
|Vu| < C,

for some C, > 0 as desired.

It remains to verify the claim. By direct computation, we obtain

dw = 6,a"(d,v9;v) + 2a"4,0,;v ;v
akalw = 2aijalaivakajv + Zaijakalaiv aJU + R

with R defined by
R :=0,6,a" d;v ;v + 20,a"/6,.0,v 9;v + 26,.a"/9,0,v9 ;v

and |R| < C(JVv|? + |Vv||V?v]) < €|V?0|? + C(¢)|Vv|? for € > 0. Thus, we obtain that
—a¥8, 8w = —R — 2a"a(3,0,v)(8;0,v) — 2a*'a"8,8,0,v d,v. (2.6.4)
The first term is controlled via the uniform ellipticity. Since {a”} = PTP for some matrix P, we then get
a¥a'i(8,0,v)(9;6,v) = (V?v - P) - (V20 - P)T > 62|V2vl%,

The second term in (2.6.4) contains third-order derivative and we shall use w = a*'9,0,v to reduce the
order:

—aai9,8,6,v9;v = — a'd,;va'8,8,8,v = —a'd;v (8,(a"8,8,v) — 8,a"*3,0,v)
= — a0,0(@w — 8,3, 3y) = —%biaiw + 08,08 ,v8,0.
Inserting these two terms back to (2.6.4) and using the estimate of |R|, we get

- aklakﬁlw + bkakw < |R| - 92|VU|2 + |aij5ialk5jvakalv|
< |R| = 6%|V?v|? + C|Vv||V?v| < €| V2v|? + C(¢)|VV|? — 82| V?v)?

2
< - e7|V2v|2 + C(e)|Vul?,

2
where we use Young’s inequality and take € € (0, %) to absorb the e-term. The proof is completed. [J
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Remark 2.6.1 (The choice of {*w). One may ask why we choose the power of ¢ to be 4 instead of 2
or other positive numbers. In fact, we can consider the case of L = —Au and U = B(0,1), V = B(O0, l).
Given a cut-off function ¢ with 0 < ¢ <1 and ¢ =1 in V, we compute the equation of A(pw) to get

Al(pw) +2Vw - V(pw) = 2¢|V20|? + 2(Vep) - (V20) - (VU)T + 2wV - Vu + (Ap)w

4|Vo|?
Z¢|V20|2—2|V¢||Vv|3+(Aqo— 'gf' )|Vu|2.

If we pick ¢ = ¢* and use

IVul*  w

d
1
2> ) 070 > =(Av)? =
V20l 2 3600 2 S(AvP = = = =,

i=1

then we get a lower bound that does not depend on v (notice that the right side below is a nonnegative

quantity plus a quartic polynomial with positive leading-order coeflicient)

AGw) + 2V - V(§Hw) 2284 Vol = 8| VE[IVUl® + 42 = 13| VE P Vul?
=¢I1vol 1 t*

42 - 3 _ 22>
zdg“w +2d 8IVC|t? + 4(¢AL — 13|V |P)t? > —C' Vt € R.

We keep the term i{ “w? as we need to estimate the maximum of {*w. Assume {*w attains its maximum
at X, € B;. Then V({*w) = 0 and A({*w) < 0 at x,. Hence, {*w?(x,) < 2C’d. This C’ now depends
ond and ¢. If w(x,) > 1, then {*w?(x,) < 2C'd; otherwise {*w(x,) < ¢*(x,). So, there exists C > 0
such that {*w < C in B,.

If we now replace ¢ = ¢* by ¢?, then the above inequality becomes

A(C*w) + 2Vw - V(& 2w)

> %gzwvr* _ 4Z|VE| Vol + 20 AL|VoP—16| V¢ P V2.

The right side is no longer a polynomial of t' := 1/¢|Vv| or analogous quantity because of the appearance
of the underlined term. Thus, we may not guarantee that the right hand side has a lower bound that is
independent of v.

Exercise 2.6

Exercise 2.6.1. Let u be a smooth solution to —aijﬁl-@ju =0in U and a” € C'(U). Prove that

IVtllpowy < CUIVUllL=@uy + [Ullz=@u))-

(Hint: Let v = |Vu|? + Au?. Pick sufficiently large A such that Lv < 0 in U.)
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Exercise 2.6.2. Let u be a smooth solution to —a"9,0;u = f in U and u|sy; = 0 where f is bounded.
Fix x° € U. We say a C? function w is a barrier at x° if

Lw>1inU, wx% =0, w>0o0ndU.

Show that if w is a barrier at x°, there exists a constant C > 0 such that
[Vu(x®)| < Cl (x0)|

Exercise 2.6.3. Let Lu = —a'/4, oju+b' i3.u + cu. If there exists v € C2(U) N C(U) such that Lv > 0
in U and v > 0 on U. Prove that any u € C*(U) N C(U) satisfying Lu < 0 in U and u|;; < 0 must be
non-positive in U.

(Hint: Let w = % and consider Lw = —a" g, djw +9; w(b' — a”a v - —) )

Exercise 2.6.4 (Removable singularity of harmonic functions). Assume u is harmonic in the punctured
ball By := B(0,R)\{0} C R? (d > 2) and satisfies

2-dy d>3
u(x) = o(lxl™) - as |x| = 0.
o(In|x|) d=2,

Prove that u can be defined at x = 0, that is, u is harmonic in B(0, R).

Exercise 2. 6 5. For x € R4\{0} (d > 2), we define its inversion point with respect to the unit sphere
by x* := W Define the Kelvin transform of u(x) by (Ku)(x) = u(x*)|x*|472 = u(I |2)|x|2 4, By
following the steps below, prove that if u is harmonic, then so is Ku.

(1) Forany 1 <1i,j < d = S 2 Pere 0;;=1ifi=jand §;; = 0if i # j. Then conclude

5Xl %2 x4
that Vx*(Vx*)T = |x|™*I,, where I; is the d X d identity matrix.
(2) Use (1) to show that A(x*) = 2(2 — d)—.

x[*

(3) Verify that A(Ku(x)) = A(u(=)|x|>¢) = 0.

[x]2
(4) Prove that if u(x) is harmonic in the exterior of the unit ball, then (Xu)(x) is a harmonic function

inside the punctured unit ball.

Exercise 2.6.6. Let U = Rd\B_l and u € C2(U) N C(U) be the solution to Au = 0in U and u = 0 on
0B(0,1). Assume u also satisfies Illim u(x)/In|x| = 0.

(1) Show that u =0 in U when d = 2.

(2) Given a counterexample to show that (1) is not true for d > 3.
(3) When d > 3, if we alternatively assume llm u(x) = 0. Prove that u =0 in U.

x—>oo

(Hint: Use Exercise 2.6.4 and Exercise 2.6.5(4).)
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Exercise 2.6.7. Prove that the PDE defined in Exercise 2.5.2 has no classical solution in C?(By).

(Hint: Suppose, to the contrary, v is such a solution. Consider w = u — v where u is the solution
defined in Exercise 2.5.2. Then w is harmonic and bounded in Bz\{0}. Exercise 2.6.4 then implies that
w can be extended to a harmonic function By and therefore belongs to C*(Bg). This then leads to a
contradiction with Exercise 2.5.2(2).)

Exercise 2.6.8. Let u € C3(B;) N CY(B,) be a harmonic function in B,. Prove (without using the

mean-value property) that

(1) |Vu| attains its maximum on 8B;. (Hint: Compute A(|Vu|?))
(2) There exists a constant C > 0 such that

max |Vu| < C max |u|.
B1 0B,
2

(Hint: Find a suitable cut-off function ¢ € C;(B;) such that A(p|Vul|?) > —C’|Vu|?* for some
C’ > 0. Then use A(u?) = 2|Vu/|? to obtain the desired conclusion.)

2.7 De Giorgi-Nash-Moser iteration (TBA)

Consider the equation Lu = —3;(a"0;u + d'u) + (b'd;u + cu) = f + 9,f" in U. The coefficients satisfy
a € L®(U) and there exist constants A, A such that

AEP? <adi(x)E€; < AE)P, VEERY, xeU;
i i < .
Zi: 16| ey + Zl: ld"||Lagoy + ||C||Lg(U) <A

Assume also ¢ — 9;,d" > 0 in the weak sense, that is, [;(cg + d'd;p)dx > 0 for any ¢ € C(U) with
@ > 0. Let u € HY(U) is a weak subsolution, that is B[u,v] < (>, =, resp.)(f,0);: — (f%, ,0) for any

v € CP(U) with v > 0, where B[, -] is the corresponding bilinear form. Let p > d, [ = supu™. and
ou
v := (u — k), for a given. Prove that

A
2IV01E, gy ~ CAllolE,q, < Blu ]
Lemma 2.7.1. Let ¢ : [ky, 00) — [0, 00) be a non-negative, non-increasing function for some k, € R.

For h > k > k,, it satisfies
C

(h — k)

p(h) < (k)P

1 g-1 B
for some a > 0,8 > 1. Prove that ¢(k, + D) = 0 with D := C«(p(k,)) « 261
(Hint: Let ky :=ky + d(1 —27N). Choose r > 0 such that ¢(ky) < p(k,)r=N.)



Chapter 3 Linear Parabolic Equations

Throughout this chapter, we always assume U to be an open bounded set in R% and set Uy := (0, T]xU
for some fixed time T > 0. In this chapter, we study the initial-boundary-value problem

ou+Lu=f inUpy,
u=20 on [0,T] X oU, (3.0.1)
u=g on{t=0}xU.

Here f : Uy > Rand g : U — R are given and u : U; — R is the unknown u = u(t, x). L denotes a
second-order partial differential operator for each time t, having either the divergence form

d d
Lu=— Y 0,(@!(t,x)3u) + Y. bi(t, x)du + c(t, ¥)u (3.0.2)

ij=1 i=1

or else the non-divergence form

d d
Lu = - ai(t,x)0,0;u+ Y, bi(t,x)0,u + c(t, X)u (3.0.3)
i,j=1 i=1

for given coefficients a'/, b',c, 1 <i,j < d.
Definition 3.0.1. We say the differential operator 9, +L defined in either (3.0.2) or (3.0.3) is (uniformly)
parabolic if there exists a constant 6 > 0 such that

d

D, aIEE; 2 61¢1 (3.0.4)

ij=1

holds for all (t,x) € Uy and £ € R, In particular, for each fixed t € [0, T], the operator L is uniformly
elliptic.

A simple example is a/ = §" and b’ = ¢ = 0, that is, the heat equation. We will see that the solutions
to general second-order parabolic PDEs are similar in many ways to solutions to the heat equation. For

75
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general second-order parabolic PDEs, the second-order part a'/(t, x)d;d ;ju describes diffusion, the first-
order part b'd;u describes transport and the zero-th order term cu describes creation or depletion.
There have been many other (nonlinear) parabolic equations or systems, such as Navier-Stokes equa-
tions, Keller-Segel equations, Fokker-Planck equations, the Black-Scholes equation (a backward parabolic
equation) and so on, that are frequently used in fluid dynamics, mathematical biology, kinetic theory,

finance and many other areas.

3.1 Space-time Sobolev spaces

Before going to the study of linear parabolic equations, we must introduce the basic settings of Sobolev
spaces involving the time variable. In particular, for a function u : [0,T] X U — R that maps (¢,x) €
[0,T] X U to u(t,x) € R, we would associate u with a mapping

u:l0,T]->X
defined by
[u()](x) :=u(t,x), x€U, 0<t<T.
Here X is a real Banach space with norm || - ||. In other words, we are going to consider u as a mapping

u of t into a certain Banach space X which consists of some functions of x. This point of view would
clarify the presentation of weak solutions to evolutionary PDEs.

3.1.1 Banach space-valued functions

First, let us introduce the Banach space-valued functions. Let X be a real Banach space with norm || - ||.
Let f : [0, T] — X is a Banach space-valued function with T > 0.

Definition 3.1.1. We now extend some concepts in Lebesgue measure theory to Banach space-valued
functions.
m
* (Simple functions) We say s : [0,T] — X is a simple function if s(t) = > x5 (t)u; holds for
t €[0,T]. Here all 4; € X and all E;’s are Lebesgue-measurable subsets of [01, ".ll"]
¢ (Strongly measurable functions) We say f : [0,T] — X is strongly measurable if there exists a
sequence of simple functions s; : [0,T] = X such that s;(t) — f(t) holds for a.e. t € [0, T].
e (Weakly measurable functions) We say f : [0,T] — X is weakly measurable if for any u* € X’
(X’ the dual space of X), the mapping t —— (u*, f(t)) is Lebesgue measurable.
e Wesay f : [0,T] - X is almost separable valued if there exists a null set N C [0, T] such that
{f(®)|t € [0, T\N} is separable.

Theorem 3.1.1 (Pettis’ lemma). f : [0,T] — X is strongly measurable if and only if f is weakly

measurable and almost separable valued.

Next, we define the integral of Banach space-valued functions.
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Definition 3.1.2.

o Lets(t) = X x5 (t)u; be a simple function, then
i=1

[

e We say a strongly measurable function f : [0,T] — X is B6chner integrable if there exist a

s()dt 1= Y LUE)u,.

sequence of simple functions {s;} such that

T

J [Isi(t) — F(O)]| dt — 0.

e If f:]0,T] — X is Bochner integrable, then

T T

J J@®de .= limf s, (1) dt.
0 k—co J o

Theorem 3.1.2 (Béchner’s lemma). A strongly measurable function f : [0,T] — X is Béchner inte-
grable if and only if the map t —— || f(¢)|| is Lebesgue integrable in [0, T]. In this case, we have

f Foyde] < f IOl dt,

and
T T

(w, J Fodr) = f (w, F(@O))dt

holds for each u* € X’.

3.1.2 Sobolev spaces involving the time variable

Now, we can introduce the Sobolev spaces involving the time variable. Let X be a real Banach space

with norm || - ||.
Definition 3.1.3. Let T > 0 be given.
e We define LP(0, T; X) to be set consisting of all strongly measurable functionsu : [0, T] - X with

1
T -

allrora ©= (j
0

[[ullzeo,r%) := esssup [[u(t)]| < co.
0<t<T

p
||u(t)||Pdt) <o 1<p<oo,

and
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e We define C([0, T];X) to be the set consisting of all continuous functions u : [0, T] - X with
llalleqorx 1= max [[u()]| < oo.

Definition 3.1.4. Let T > 0 be given.

o (Weak derivative) Let u € L'(0, T; X). We say v € L'(0, T; X) is the weak (time) derivative of u,

written 0’ = v, if
T

|
holds for all p € CZ(0,T).
e (Sobolev spaces) We define W'P(0,T; X) to be the set consisting of all functions u € LP(0, T;X)
whose weak (time) derivatives U’ exists and belongs to LP(0, T; X). The norm is defined by

T

¢'(Du(r)de = —J p(t)v(t)de

0

1
T -
Il (o a@IP + l’'@]|Pdf)r 1< p < oo,
u , ) .=
T T esssup(u()]| + '] p = co.
0<t<T
Functions in WP(0, T; X) satisfy several basic properties of calculus.
Proposition 3.1.3 (Calculus in Sobolev spaces involving time). Letu € WP(0,T; X) for some 1 < p <
0. Then
(1) uw € C([0,T]; X) after possible being redefined on a set of measure zero.
t
(2) u@®)=u(s)+ fu'(r)dr forall 0 <s <t <T.
(3) Furthermore, we have the estimate

max la(®l| < Cllallwirorx),

where the constant C > 0 depends only on T.

The following conclusion will be useful when proving the existence and regularity of weak solutions

to linear parabolic equations. Let U C RY be an bounded open set.
Proposition 3.1.4. Suppose u € L*(0, T; H)(U)) with u’ € L*(0, T; H'(U)).
e Then u € C([0,T]; L*(U)) after possible being redefined on a set of measure zero.

e The mapping t —— |[u(t)||?

2wy 18 absolutely continuous with

Ol ) = 2000, u(0)

forae. 0<t<T.

¢ Futhermore, we have the estimate

max la()|2@w) < C (”u”LZ(O,T;Hé(U)) + ”u,”Lz(O,T;H*l(U))) ;
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where the constant C > 0 depends only on T'.

Proposition 3.1.5. Let U C R? be an bounded open set with a smooth boundary dU. Take m € N.
Suppose u € L*(0, T; H"**(U)) with w’ € L*(0, T; H™(U)).

e Thenu € C([0,T]; H"*(U)) after possible being redefined on a set of measure zero.

e Futhermore, we have the estimate
ggi’% la(Ol|gmawy < C (||u||L2(0,T;Hm+2(U)) + ||u,||L2(O,T;Hm(U))) )

where the constant C > 0 depends only on T.

Exercise 3.1

Exercise 3.1.1. Assume we have the weak convergence

u, —~u in L*(0, T; Hy(U)),
u —v in L*(0, T; H'(U)).

Prove that v =u'.

Exercise 3.1.2. Let H be a real Hilbert space and assume we have the weak convergence u, — u in
L?(0,T; H). Assume also we have

esssup |[u ()| < C, Vk eN*

0<t<T

for some constant C > 0. Prove that

esssup |ju(t)|| < C.
0<t<T

3.2 Existence of weak solutions: Galerkin’s method

Following the arguments in Section 2.1, we shall first discuss the existence theory of linear parabolic
equations when the coeflicients, the source term f and the initial data g are not regular enough. We
consider system (3.0.1) with L defined by the divergence form (3.0.2), that is,

ou+Lu=f inUp,
u=20 on [0,T] X dU,
u=g on{t=0}xU,
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with

d d
Lu=— Y 8;(a"(t,x)du) + Y, bi(t, x)0u + c(t, x)u
i=1

ij=1

being symmetric and uniformly elliptic for each t € [0, T]. The source term f € L*(Uy), the initial data
g € L*(U) and the coefficients a'/, b',c € L®(Uy) are given.

3.2.1 Definition of weak solutions

If the function u(t, x) is a smooth solution to (3.0.1), we associate u with a mapping
u: [0,T] - H)(U), t—— u(t)

defined by [u(t)](x) := u(t,x). In other words, when defining the weak solution, we are going to
consider u as a mapping u of ¢ into the space Hy(U). Similarly, we define f : [0,T] — L*(U) by
[f(O](x) := f(t,x). Thus, if we fix a function v € H, é(U), then we can multiply the parabolic equation
with v and integrate by parts to get

(W', V) + Blw,v; t] = (f, V)12 VO<t<T.

Here the bilinear form is defined by

Blu,v;t] := J a'(t,x)0;ud;v + b'(t,x)d;uv + c(t,x)uvdx, u,v € Hy(U), a.e. 0<t <T.
U

We shall also investigate which function spaces does the time derivative u’ belong to. In fact, from

the parabolic equation we have

d
du = (f —b'du—cu)+d;(a’du) =g+ ), 9,8,
N—_—— j=1
=Zg0 =:gj

where each g/ (0 < j < d) belongs to L>(U). Thus, the time derivative 8,u(t, -) belongs to H~*(U) with
the estimates X

d 2
19:ull 1wy < [Z |gj||iz(u)] < C(ullaw) + 1S zaw)-
j=0
This estimate suggest that the weak time derivative u’ should belong to H™*(U) for a.e. t € [0,T], and
so the term (W', v);2 ;) should be replaced by (w', v) with (-, -) being the pairing of H™'(U) and H,(U).
Now, we can introduce the definition of weak solutions to (3.0.1) with L defined by (3.0.2).

Definition 3.2.1 (Weak solution). We say a function u € L*(0,T; H)(U)) with w’ € L*(0,T; H'(U))
is a weak solution to (3.0.1) with L defined by (3.0.2), if
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o (u',v) + Blu,v;t] = (f, V)2 holds for each v € Hy(U) and a.e. t € [0,T],
* u(0)=g.

It should be noted that u(0) = g, as a pointwise value of the functionu : [0, T] - L*(U), can be defined
thanks to u € C([0, T]; L*(U)) in Proposition 3.1.4(1).

3.2.2 Motivation: separation of variables

Let us recall how to solve 1D heat equation with Dirichlet boundary condition in an interval [0, 7],

namely we consider the classical solutions to

d,u—du = f(t,x) t>0,0<x<m
u(0,x) = g(x) 0<x<m (3.2.1)
u(t,0) =0, u(t,7)=0 t>0,

where f, g are sufficiently regular.
This equation is solved by using separation of variables. First, we assume f = 0 and u(t,x) =
T(t)X(x) and then we can find (from the boundary condition) that

A, = n?, X, (t) = sinnx, T,(t) = A, cosnt + B, sinnt = u(t,x) = Z T,()X,(x),

n=1

where the coeflicients A,,, B, are determined by the initial data g(x). In general, when f # 0, we just
expand u, f in the basis {sin nx}:

u(t,x) = i T,(t)sinnx, f(t,x)= i fn(t)sin nx,
n=1 n=1

and solve the ODE T//(t) + n*T,(t) = f,(t) to determine T,(t).

The principle behind the method of separation of variables is that {sin nx} exactly give an orthogonal
basis of L?((0, 7r)). Meanwhile, we also find that {sin nx} are exactly the eigenfunctions of —A = —;—;
(with zero Dirichlet boundary condition) in (0, 77), corresponding to the eigenvalue n. In order to

“generalize” this idea to general dimensions, we may consider

e The set U must be bounded, which guarantees that the spectrum of L must be discrete.
¢ We may expand the solution and the source term in the orthonormal basis {w,} given by the

eigenfunctions of some symmetric elliptic operators.

However, we are now faced with a PDE whose coefficients, initial data and source term are all rough. We
must prove that the infinite sum, obtained by the analogue of separation of variables, really converges in
L*(0,T; Hy(U)) with time derivative in L*(0, T; H~(U)). Thus, it is reasonable to first do a “truncation”
on the dimension of the eigenspaces. This method is called “Galerkin’s approximation”.
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3.2.3 Galerkin approximation: Existence and uniqueness

Let {w,} be an orthonormal basis of L?(U) and orthogonal basis of Hé(U) and each wy, is smooth.
For example, we can pick {w;} to be the normalized eigenfunctions of —A in Hy(U). The process of

Galerkin’s approximation is

1. Construction of finite-dimensional truncation. For m € N*; we look for a sequence of functions
u,, : [0,T] - H,(U) of the form

u,,(t) 1= Y di(Ow, (3.2.2)
k=1

where we hope to determine the coefficients d¥,(t) such that

dy(0) = (g, wy), (3.2.3)
(), W2y + Bluy,, wis t] = (F, w)rw)- (3.2.4)
hold for 1 < k < mand 0 <t < T. This, roughly speaking, indicates that u,, approximates the
projection of u onto the subspace spanned by {w; }<x<p-
2. Uniform(-in-m) energy estimates for the approximate sequence. The weak limit, whose exis-
tence is ensured by Eberlein-Smulian theorem, is expected to be the desired weak solution.

3. Verify the weak limit is exactly the unique weak solution. We will use Exercise 3.1.1 to verify

that the weak limit of the time derivative u; is exactly the time deriative of the weak limit of u,.

Step 1: Construction of the sequence of approximate solutions

First, we shall prove the existence of the sequence of approximate solutions.

Theorem 3.2.1. For each m € N, there exists a unique function u,, of the form

u,,(t) 1= ). di(Dw, (3.2.5)
k=1
satisfying
ds(0) = (g, wy), (3.2.6)
(W W2y + BlWy, wis t] = (f, W)y, 0Lt<T,1<k<m. (3.2.7)

Proof. Because of the orthogonality, it is straightforward to see

d

SO0, Bl wist] = 3 e¥(0)d;,(6)

=1

(), (£), wy) =
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for e¥(t) = Bw,, wy, t], if assuming u,, has the form Y, d*,(Hwy. Let f¥(¢) := (f(t),w,). Then, we
k=1
get the following linear system of ODEs

—dk k() + Zekl(r)dl ()= f5t), 1<k<m (3.2.8)

with initial data d%(0) = (g, w,). Since the coefficients e!(t) are sufficiently regular, the standard ex-
istence theory for ODEs shows that there exists a unique, absolutely continuous function d,,(t) =
(dh,(t), -+-, d(t)) satisfying the initial data and the ODE system for a.e. 0 < t < T. Then u,, defined in
the theorem automatically satisfies the desired equality. [

Step 2: Uniform energy estimates of the approximate solutions

Theorem 3.2.2. There exists a constant C > 0 depending only on U, T and the coefficients of L, such
that for each m € N there holds

2 2
SUD [0 Oy + 10y * I -0 S C (W sy * 18I ) - (329)

Before going to the proof, we must emphasize that the most important step to establish estimates for

an energy functional E(t) is to establish the Gronwall-type inequality

E(t)<C (E(O) + J E(7) dr)

which is usually derived by the differentiated version E’(t) < AE(t) for some A > 0.

Proof. Given m € N, we already have (a,, Wy)>) + B[0y,, wi; t] = (f, w2y for each 1 < k < m.
Then we multiply d;(t) and take sum over 1 < k < m to get

(u;qfn um)LZ(U) +B[um’ W5 t] = (f’ um)LZ(U)' (3210)
|

=2 S0l

2dt L2(U)

In fact, this step is exactly the analogue of multiplying u on both sides of the heat equation d,u —Au = f
and integrate over U. Now, we obtain

||u (t)”LZ(U) J aijaiu’m ajum dx = (f’ um) _J
U

U

b'd;u,, u,, dx — J cu? dx.

U
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Using Holder’s inequality, the uniform ellipticity of L and Young’s inequality, we get for any 6§ > 0

1d

2dt” m”LZ(U) + e“V“m”Lz(U) < C(||f||L2(U)”um”L2(U) + [V, [l 20 1B Lo [0 | 220y

el )
< 0019 0 + (I gy + ) (3.2.11)

Pick § € (0,6/2) such that §||Vu,,|?
some C > 0 such that

12Uy can be absorbed by the left side. We know that there exists

t
(num(t)nm) f ||Vum(r>||L2(U))<c(||f||L2(U)+||um||L2(U)) (3.2.12)

Since f(t,-) € L>(U) is given, by Gronwall’s inequality, we can prove that there exists a constant C; > 0
depending on T, U, L such that

lan O+ | ||Vum<r>||§2(mscT<||um<o>||§2<U) Jllf(t Mg d )
0

<Cr (ngnizw) * f [TCD][ dr) . (3.2.13)
0

Recall thatu,,(t) = Z d*,(Hw, implies u),(t) = Z(d Y (H)wy
k=1 k=1
which belongs to span{w;, ---,w,,}. We now fix t € [0,T] and pick a test function ¢ € H (U) with

||§0||H3(U) < 1. Then

. 12
It now remains to control ||uy,|7, OT-H-(U)"

(uy,, @) = (U, @) = Blw,, @, t] + (f, 0,0)
< ClIVa,|l2anlVemllrzwy + (||Vum||L2(U) + ||f||L2(U))||§0m||L2(U)
< CIf N2 + Va2

where we use ||@,,|| W) < || mw) =1 and Poincaré’s inequality in the last step. Taking supremum

over all choices of ¢, by the definition of H™*(U) norm, we get

(O gy < € (12 + 11V ) (3.2.14)

and thus using the estimate (3.2.13) leads to

T
||u (t)”LZ(OTH I(U)) —_ CT (”gllLZ(U) j ||f(t )||L2(U) ) (3'2'15)
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for some C; > 0 depending on T, U, L. O

Step 3: Existence and uniqueness of the weak solution

The last step is to pass to the weak limit, which is expected to be the unique weak solution to (3.0.1),
by using the uniform bounds in Theorem 3.2.2.

Theorem 3.2.3. System (3.0.1) admits a unique weak solution.

Proof. The uniform bounds in Theorem 3.2.2 ensure that there exists a subsequence {u,, } C {u,,} such

that
weakly in L2(0,T;H,(U)) ,  weakly in LQT:HTI(U)
*u, u, u,

uy,,

where we also use the conclusion of exercise 3.1.1. By Proposition 3.1.5, we also know u € C*([0, T']; Hy(U)).

Next, we verify that this u is exactly the weak solution that we want. We fix N € N and choose a function
v € C([0,T]; H)(U)) having the form

N
v(t) = Y d*(twy.
k=1

Then we choose m > N and multiply (3.2.7) with d*(¢) and integrate in ¢ variable to get

T T

J (w),,v) + Blu,,v;t]dt = J (f,v)dt, (3.2.16)
0 0

and setting m = m; and passing to the weak limit to get

|

where we use the fact that functions of the form Y] d*(t)w, are dense in this space. This then gives us

T

(u/,v) + Blu,v;t]dt = f (f,v)dt, Vv e L¥0, T;Hé(U)), (3.2.17)

0

(w',v) + Blu,v;t] = (f,v), Yo € H)(U), a.e. t € [0,T]. (3.2.18)

Proposition 3.1.3 then implies u € C(0, T]; L*(U)).

We next verify the initial data of u is g. Integrating by parts in t variable, we can see that

T

|

T

(v',u) + Blu,v;t]dt = J (f,v)dt + (u(0),v(0)), Vv e CY0,T;Hy(U)) with v(T) = 0,
0

(3.2.19)



86 CHAPTER 3 LINEAR PARABOLIC EQUATIONS

and

|

Again let m = my and pass to the limit. Since u,,(0) — g in L*(U) and v(0) is arbitrary, we know
u(0) = g must hold.

T

(v',u,,) + B[u,,,v;t]dt = J (f,v)dt + (u,,(0),v(0)), Vv € L*0,T;H}(U)). (3.2.20)

0

To prove the uniqueness, it suffices to check the only weak solution to (3.0.1) with f = g =0is
zero. Setting V to be u itself in (3.2.17) and we obtain

%%”“(t)llizw) + Blu,u;t] = (W', u) + Blu,u;t] = 0. (3.2.21)

Since there exist C;, C, > 0 such that

using Gronwall’s inequality immediately leads to |[u]|;2;) = 0 and so u = 0. []
Exercise 3.2

m
Exercise 3.2.1. Suppose f € L*(U) and assume that u,, = ., d¥,w; solves
k=1

J Vum-Vwkdxzf fwedx, Vi<k<m
U U

where {w;} is an orthonormal basis of H,(U). Show that a subsequence of {u,,} converges weakly in
Hé(U) to the weak solution u to the equation —Au = f in U with u = 0 on 0U.

Exercise 3.2.2. Suppose g € L*(U) and assume that u is a smooth solution to

ou—Au=0 in Uy,
u=20 on [0,T] x U, (3.2.22)
u=g on{t =0}xU.

Prove that
lult, 2wy < e 18l Yt = 0.

Here A, > 0 is the principal eigenvalue of —A in U with zero Dirichlet boundary condition.
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3.3 Regularity of parabolic equations

After obtaining the weak solution to the parabolic equation (3.0.1), it is natural to ask further questions:
Is this weak solution a classical one? What is the regularity of the solution? To see this, we can first try
to compute the @ priori estimates for the heat equation

du—Au=f in[0,T] xR,

33.1
u(0,x) = g(x) onf{t=0}xRY ( )

where u is assumed to be a smooth solution that rapidly decays to 0 as [x| — .

In Theorem 3.2.2, we actually get the L°L2 N L?H}. a priori estimates

T

sup f u(t, x)? dx+f j |[Vu(t,x)|*dxdt < C(J g(x)? dx+f
Rd 0 JRd Rd

T

0<t<T 0

j (f(t,x))*dx dt) .

However, the Laplacian term in the heat equation contains second-order derivative. It is natural to ask if
we could establish H? regularity results for the solution u. In fact, we can take the square and integrate

by parts to get

f f?dx =J (u, — Au)*dx = J (6,u)? — 28,ulu + (Au)*dx
Rd Rd Rd

=J (B,u)* +20,Vu - Vu + (Au)? dx,
Rd

which yields
4 J |Vu(t, x)|* dx + J (Bu)* + (Au)*dx = J f2dx. (3.3.2)
dt J pa Rd Rd
Integrating in the time variable f, we get
T
sup f |[Vu|?dx + j (I B,u)* + (Au)? dx) dt
0<t<T J Rd 0 Rd
T
SC(J |Vg|2dx+J J f(t,x)zdxdt). (3.3.3)
Rd oJu

This shows that the solution u lies in L7H; N L{°H, and W’ € L}L; if the initial data g € H, and the
source term f € L?L2. Next, we want to further ask if it is possible to establish pointwise H? estimates

(instead of L?-type) for the solution. This can be achieved, but it also requires higher regularity of the
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initial data g and the source term f. In fact, we take 0, in the heat equation to get
82u — Adu =4,f in (0, TI x RY, 3,u(0,-) = f(0,-) + Ag(-).
Then testing this equation with d,u in L2(R%) and integrating by parts, we get

d1

5| o ar | 9o ax <10l ol
Rd Rd

which together with Gronwall’s inequality gives

T T
sup f |0,u|*dx +j J |Vo,ul*dxdt < C (J J @, f)*dxdt + J [V2g|* + f(0,-)? dx) .
0<t<T J Rd 0 JRd 0 JRd Rd

(3.3.4)

Then using fundamental theorem of calculus as in Proposition 3.1.4, we have

sup |11t My < € (112 0mpeer + 10 IPaio i) (3.3.5)

0<t<T

This gives the regularity of d,u. For the L°H3 regularity of u, we use the elliptic regularity theorem
(Theorem 2.5.2, essentially testing the equation by Au) to get

J |V2u|?dx < CJ f?+ (6,u)*dx. (3.3.6)
Rd Rd

Therefore, we conclude that

T

sup J |0,ul? + | V2u|?dx +j
Rd

0<t<T 0

T
gC(JJ (atf)2+f2dxdt+J |v2g|2dx). (3.3.7)
0 JRd Rd

J |V3,u|?dx dt
Rd

Based on the above analysis for the standard heat equation, we expect to prove the following regularity
result for the parabolic equation (3.0.1). Also, for technical simplicity, we assume {wy} is the complete
collection of eigenfunctions of —A in Hé(U), U is a bounded domain with a smooth boundary 0U and

also assume the coefficients a”/, b’, ¢ are smooth in U and independent of ¢.

Theorem 3.3.1 (Parabolic regularity). Letu € L*(0, T; Hy(U)) withu’ € L*(0, T; H'(U)) be the weak
solution to (3.0.1) with initial data g € Hé(U) and source term f € L?(0,T; L>(U)). Then the solution
u actually satisfies

u e L*0,T; HX(U))NL>(0,T; Hy(U)), u' € L*(0,T;L*(V))
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with the estimate

esssup (O, o + 191y + 19 s < € (I Baramony + 18Ry ,). G38)

where the constant C > 0 depends on U, T and the coefficients of L.

Moreover, if we additionally have g € H*(U) and f/ € L*(0,T;L*(U)), then u satisfies
u € L0, T; HX(U)), W € L=(0, T; L3(U)) n L¥(0, T; HX(U)), u" € L0, T; H-'(U))

with the estimate

Coret (”u(t)”?ﬁ(w + ”“l(t)”izan) + ”“/”i«o,m&(v» + 1100 1010y

s¢ (”f”ill(o,T;LZ(U)) * ”g”iIZ(U))' (3.3.9)

Proof. The first part is essentially obtained by testing the equation by u’. However, currently we do

not know u’ € L*(0,T; L*(U)), so we shall first do this for the approximate sequence {u),} defined in
/

(3.2.5). Testing the equation (3.2.7) with d¥, (t) and taking the sume over 1 < k < m, we get

(W), w,) + Blw,, wy, ] = (f,wy,), ae t €[0,T].

So, it remains to analyze the term B[u,,, u,]. Invoking the concrete form of L, we get

Bluy, uj] = f

a’ou,, d,u,, dx + J b'éu,, ul, + cu,u, dx.
U

U

Since a”/ = a’! and the coefficients are time-independent, we then find that the second-order term gives

an energy structure

J a'du,, d;u, dx = %% J a’ou,, d,u,, dx.
U U

Then, using Young’s inequality, we get V& > 0

. C
J b'ou,, uy, + cu,uy, dx| < Sljuy |7, + E”um”?ﬁ(m
U

and C
2 2
G0 < B0 )+ SIFIR

This leads to the inequality

1d . ()
Il g + zaJ 10,0yt A% < 281, + 5 (I + 0l )
U
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We choose § € (0, i) such that the 5-term can be absorbed by the right side, and integrate in time to get

T
J ||um||L2(U) de + supf a’du,, d,u,, dx
0 U

0<I<T
T
<c ( [ s o, j 1+ 0l )
U 1=0
< C (W + 1) (3.3.10)
Finally, using the uniform ellipticity, we know [, a’d,u,,d,u,, dx > @||Vum||iz(U). Now, we have
J Iy 40+ 50D IV, < € (I By + el ). G300

where the right side does not depend on m and so we can pass to limits as m = m; — oo to deduce
u e L0, T; H\(U)), w € LX(0,T; LX)

together with the estimate

T
f 141 0+ 50D [V, < C (I raoy + el ) (33.12)

Note that this estimate is obtained with the help of Exercise 3.1.2. Then the L7HZ regularity of u is

quite straightforward. In fact, since we already obtain that
(W, )+ Blu,p] = (f,¢) Vo € Hy(U), ae. t €[0,T],
then we can rewrite it to be
Blu,¢] = (h,¢) ,h := f—u’ € L®(0,T;L*(V)).
Using the elliptic regularity theorem (Theorem 2.5.5), we find u(t) € H*(U) for a.e. t € [0,T] and

Py < CAMIE, g, + 1) < CUS o) + 101, + 0122 0

This together with the bounds obtained before gives us the desired estimate. The proof of (3.3.8) is

completed.

Next, we prove the enhanced parabolic regularity (3.3.9) by assuming g € H*(U) N Hy(U) and
f € HY(0,T;L*(U)). Again, we shall first differentiate the approximate equation (3.2.7) in the time
variable t instead of the original equation, as we currently do not have the differentiability (in time) of

the solution.
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We now have
(u;:l’ wk) + B[u:'na wk] = (f’9 wk)a
and so multiplying dﬁq’(t) and taking sum over 1 < k < m yields
(uyy, ) + Blw), w,] = (f,w),).
Invoking the uniform ellipticity and Gronwall’s inequality, we deduce

T
/
sup [, (Ol + f 06, 0 < O )+ 1 )
0<t<T

< C(”u (O)HHZ(U) + ||f||H1(0TL2(U)) (3.3.13)

To complete the proof, we must seek for the control of ||u,,(0)|? Since L is not necessarily sym-

HX(U)*
metric, we may have to control |[u,,(0)||z2() by [|Aw,,(0)||;2)- This can be achieved by expanding u,,

into the basis {w}. In fact, by Elliptic Regularity Theorem (and u,, |5y = 0), we have

1,02y < CUROIZ g, + A0, O)]2, ).

Since u,,(0) = Z d*,(0)w,(x) and —Au,,(0) = Z d*,(0)A,w,(x) (recall wy is an eigenfunction of —A),

the orthogonahty implies that

2O, ) = Z(d O)P <27 2Z<d (04 = 47|80

and so

1, (O, < C+ A7) 1A0, O],

where 4, > 0 is the principal eigenvalue of —A with the Dirichlet boundary condition. Next, using
u, |50 = Au,, |5y = 0, we integrate by parts twice to get:

10, Oy < C(0), A2, (0)).

Since A*u,,(0) € Span{w;, -+, w,,} and (u,,(0), w,) = (g, wy), we have

1
0Oy < CAZ, AW, (0)) < 58,0 + CllglEeg
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and so ||u,,,(0)||z2vy < C||gll2w) for certain C > 0. Therefore, we have

T
Sup ||u (t)”LZ(U) J ||um”H1(U) dt < C(“u (O)HLZ(U) + ||f ||L2(0TL2(U))
0<t<T 0
< CUllglFrw) + I 1o razwy)- (3.3.14)

Now, we use the equation to prove the L Hj regularity. Recall that
Blu,,,w,] =(f —u,,w,), 1<k <m.
Mutiplying this by 4,d% (¢) and taking sum over 1 < k < m, we get
Blu,,,—Au,] = (f —u,,,—Au,), t €[0,T].

Since Au,, |3y = 0, we know B[u,,, —Au,, | = (Lu,,, —Au,,). Invoking the conclusion of Exercise 3.3.1,

we see that

0l < CUF IRy + 1022y + 8l (3.3.15)

Combining this with the bounds for u},, we deduce

T
sup (IOl + ) + | 0,
0

0<t<T

< Cn O, + 1 oo (3.3.16)

Passing to the limit m = m; — o0 leads to the desired estimate for u.

It now remains to prove u’ € L*(0,T; H*(U)). Recall that H™'(U) is the dual space of H}(U). So
we pick ¢ € H,(U) satisfying lolla1w) and write @ = @, + @y satisfying @,, € Span{w,, ---, w,,} and
@i € Span{w,,,1, Wpios -++}. By definition, we have

”uxL”Hl(U): sup |<u ¢>|_ sup l(.f ,§0m> B[ m’qom’ ]|

1<1 151
IIfPIIH0 II(PIIH0

/ /
< | 5|5|UP (”f |2 ll@mllr2wy + ”u;n”Hé(U)”gorn”Hé(U)) <N llezqwy + ”u;n”Hé(U)'
® ,%51

Since we already prove the uniform bound for u,,, then letting m = m; and passing to the limit imme-
diately leads to w”’ € L*(0, T; H}(U)) and the stated estimate (3.3.9). ]

By induction on the Sobolev index, one can also prove the higher-order parabolic regularity results.

We only state the conclusions and skip the proof.

Theorem 3.3.2 (High-order parabolic regularity). Let m € N*. For the parabolic equation (3.0.1),
k
assume g € H*"*(U) and % € L*(0,T; H*"*(U)) for 0 < k < m. Assume also the initial data g
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satisfies the compatibility condition up to m-th order, namely

d/-1 f

dei-1

g =g€HU), g := (0)—Lg;_; € H\U), 1< j<m.

k
Then we have i—:: € L*(0,T; H*™*72k(U)) for 0 < k < m + 1 with the estimate

2 m
d'u sc(z

Atk || Lago,rsmome-2x(uy) k=0

m+1 2

d&“f

dl’k + ||g||i[2m+1(U)> ’ (3.3.17)

k=0 L2(0,T;H?m=2k(U))

where the constant C > 0 depending only on m, U, T and the coeflicients of L.

Remark 3.3.1. The compatibility conditions are necessary in order that each of the functions g;, g1, *** , &
has zero trace on the boundary dU. Otherwise, the boundary conditions for the time-differentiated sys-

tem no longer hold.

Theorem 3.3.3 (C® parabolic regularity). Let m € N*. For the parabolic equation (3.0.1), assume
g € C®(U) and f € C®(Uy) and the initial data g satisfies the compatibility condition up to infinite
order, namely

di-tf

g =g € Hy(U), g 1= 50— Lg;, € Hy(U), j=1,2,-

Then (3.0.1) has a unique solution u € C*(Uy).

Exercise 3.3

Exercise 3.3.1. Suppose u € C®(U) also satisfies u = Au = 0 on dU. Prove that there exist constants
B > 0,y > 0 such that

Bllu”?{z(U) < (Lu’ _Au)LZ(U) + y”u”iZ(U)'

Here Lu := —aj(aijaju) + b;0;u + cu with a¥ = a’! is uniformly elliptic.

(This estimate is used in the proof of parabolic regularity. To simplify the proof you may assume
b' = ¢ =0 as well.)
Exercise 3.3.2. Give a simplified proof for the enhanced regularity (3.3.9) when L = —d;(a"/0;u) (that
is, L is symmetric).

(Hint: choose {w;} to be the eigenfunctions of L instead of —A in HS(U). Then the inequality in

Exercise 3.3.1 is not needed.)

3.4 Parabolic maximum principles

This section is devoted to the maximum principle and Harnack’s inequality for second-order parabolic

operators. For technical simplicity, it would be more convenient to assume the elliptic operator L has
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the non-divergence form
Lu = —a"9,0;u+b'du+cu, a’,b,ce C(U;), a = alt.

We also recall that the parabolic cylinder U; := (0,T] X U and the parabolic boundary I'; := U \Uy
where U C R is a given bounded domain with sufficiently smooth boundary.
In this lecture notes, we only prove the weak maximum principle, while the proof of the strong

maximum principle requires parabolic Harnack’s inequality and we skip the proof here.

3.4.1 Weak maximum principle

Given an interval I € R and a domain U C RY, we define C;I xU) = {u : IXU > R :

u,axiu,axiaxju,atu € CIxU),Vl <i,j < d}. The variablest € I and x € U. In this section,

we assume U to be bounded.

Theorem 3.4.1 (Weak Maximum Principle). Assume u € C3(Up) N C(U;) and ¢ = 0 in U;. Then

du+ Lu < 0 (> 0, resp.) in Uy implies maxu = maxu (minu = minu, resp.). In such case the
Ur I'r Ur I'r

function u is called a subsolution (supersolution, resp.).

Proof. The proof is quite similar to that of Theorem 2.6.1. We first consider that case that d,u +Lu < 0

in Uy and assume there exists a (fy,X,) € Uy such that u(ty,x,) = maxu. If 0 < t, < T, then we
Ur

know (¢,,X,) belongs to the interior of U; and thus d,u(t,, x,) = 0. On the other hand, we can mimic
the proof of Theorem 2.6.1 to show that Lu > 0 at (ty,X,). Therefore, we deduce d,u + Lu > 0 at
(ty,Xo), which leads to a contradiction to the assumption d,u + Lu < 0. If t, = T, then we must have
d,u(ty, x,) > 0 and again this leads to d,u + Lu > 0 at (¢,, X;).

Now, we only assume d,u + Lu < 0 in U;. In such case, we consider the perturbed function

u(t,x) = u(t,x) — et for ¢ > 0. Then we can directly compute that 6,u® + Lu®* = d,u+ Lu —€ <0 in

U;. The above argumet then implies max u® = max u®. Let € - 0 and we obtain that
Ur I'r

max u = limmax(u — ¢t) = limmax(u — ¢t) < max u.
Ur =0 Ty e—>0 TIp Ty

The reverse inequality is trivial as Ty G Uy O

When ¢ > 0 in the operator L, we can prove similar results.

Theorem 3.4.2 (Weak Maximum Principle, ¢ > 0). Assume u € Cf(UT) N C(U;) and ¢ > 0 in Uy.
Then 6,u + Lu <0 (> 0, resp.) in Uy implies max u < maxu* (minu > minu~, resp.). In particular,
UT 1_‘T UT 1—‘T
if d,u+ Lu = 0 in Uy, then max |u| = max |u|.
UT 1—‘T
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3.4.2 Strong maximum principle

To prove the strong maximum principles for parabolic equations, we shall first introduce the parabolic
Harnack’s inequality.

Theorem 3.4.3 (Parabolic Harnack’s inequality). Assume u € C;(Uy) solves 8,u + Lu = 0 in Uy and
u > 0in Uy. Suppose V € U is connected. Then for each 0 < t; < t, < T, there exists a constant C > 0
depending on V, t,,t, and the coefficients of L, such that

sup u(ty, -) < inf u(t,, -).
v |4

The proof of Theorem 3.4.3 again relies on the technique logarithemic gradient estimates and we
refer to Evans [6, Theorem 7.1.10, pp. 391] for the details. Below, we show how to prove the strong
maximum principle with the help of the parabolic Harnack’s inequality.

Theorem 3.4.4 (Strong Maximum Principle). Assume u € C(Uy)NC (Uy) and ¢ = 0 in Uy. Suppose
also U is connected. If ,u + Lu < 0 (= 0, resp.) in U and u attains its maximum (minimum, resp.)

over Uy at a point (¢, X,) € Uy, then u is a constant on U, (not Ur!).

Ro

Parabolic strong maximum principle

The conclusion of Theorem 3.4.3 indicates that parabolic PDEs have “infinite propagation speed of
disturbances”.

Proof. Assume d,u + Lu < 0 in Uy and u attains its maximum at (¢,, X,) € U;. Now we select an open
set W € U with a smooth boundary W such that x, € W. Then we consider the parabolic equation

ov+Lv=0 in Wy, v=u onA; := Wi \Wr.
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By the weak maximum principle, we know u < v < M := maxu and thus v = M at (£, X,).
Ur

Now, it remains to prove w := M — v = 0, which immediately leads to our desired result because
W € U is arbitrary. Since ¢ = 0, we know 6,w + Lw = 0 in W and w > 0. Then by Harnack’s
inequality, for any V€ W with x, € V and 0 < < ¢, we have

sup w(t,-) < Cinf w(t,, -).
V V

On the other hand, inf, w(t,, ) < w(ty,x,) = 0 forces w = 0 on {t} X V for any 0 < t < t,. Since
V € Wandt € (0,1,) are both arbitrary, we know w = 0 in W, and therefore v = M in W, . Because
of U = u on Ay, we conclude that u = M on [0, t,] X OW. ]

For ¢ > 0, we can also prove an analogous result.

Theorem 3.4.5 (Strong Maximum Principle, ¢ > 0). Assume u € C;(Ur) N C(U;) and ¢ > 0 in Uj.
Suppose also U is connected. If d,u + Lu < 0 (> 0, resp.) in Uy and u attains its non-negative maximum

(non-positive minimum, resp.) over Uy at a point (¢, X,) € Uy, then u is a constant on U, (not Uy!).

Exercise 3.4

Exercise 3.4.1. Let u be a smooth solution to the heat equation d,u—Au+cu =0in R, XU withu =g
on {t = 0} X U and boundary condition u = 0 on [0, c0) X dU. Here g(x), c(t, X) are given continuous
functions.

(1) When ¢ > y > 0 for some constant ¥, prove that there exists a constant A > 0 such that |u(t, x)| <
Ae™" for any (t,x) € (0,T] X U.
(2) When g > 0 and c is bounded, prove that u is non-negative.

Exercise 3.4.2. In Exercise 3.2.2, if we additionally assume g € C (U), then prove that the solution u
uniformly converges to 0 as t — oo, that is,

lim sup |u(t,x)| =0
t—00 er

and find the decay rate.

(Hint: What is the solution if the initial data is an eigenfunction w; for the principal eigenvalue 1,?)
Exercise 3.4.3. Prove Theorem 3.4.2. You may refer to the proof of Theorem 2.6.2.

Exercise 3.4.4. Prove Theorem 3.4.5.
(Hint: Consider 6,u + L'u with L'u := Lu — cu.)
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3.5 Vanishing viscosity method

In this section, we introduce the method of vanishing viscosity limit (also called inviscid limit) to prove
the local existence of first-order linear symmetric hyperbolic system. Indeed, the vanishing viscosity limit
plays a signficantly role in the study of hyperbolic conservation laws and produces numerous challenging
problems. The core idea of this method is to adding a Laplacian term with a small coefficient € to get a
“regularized” parabolic system and solve this parabolic system and finally take the limit € — 0 in order
to obtain the existence of the original hyperbolic system.

In what follows, we assume the domain U = R, It should also be remarked that this method may
not be applicable if the domain has a boundary due to the possible appearance of “boundary layer”.
For example, when taking the inviscid limit for Navier-Stokes equations (characterizing the motion of
viscoud fluids) in a domain with boundary, the boundary layer may appear and cause the mismatch in
the boundary conditions. There are still many unsolved problems in this area.

Consider the following first-order system of PDEs

d
du+ > Bdu= in (0, 00) X R4,
‘ ng du=g in(0c0) (3.5.1)

u=g on {t = 0} x R4,

Here u = (u!,---,u™) : [0,00) X R* - R™ is the collection of unknowns. B; : [0,00) X RY —
M™™m (1 < j < d) are the coefficient matrices. f : [0,00) X R - R™ and g : RY — R™ are given

functions.

Definition 3.5.1 (Hyperbolicity). System (3.5.1) is called hyperbolic if the m X m matrix B(t, x;y) is
diagonalizable for each x,y € R¢ and t > 0. Here B(t, x; y) is defined by

d
B(t,x;y) i= ), yB;(t,x) (x €R%120).

j=1

If each B; is symmetric, then we say (3.5.1) is symmetric hyperbolic.
Equivalently, (3.5.1) is hyperbolic provided that for each x,y,t, the matrix B(¢,x;y) has m real
eigenvalues

Lt,x;y) <AL xy) < <A,0xy)

and corresponding eigenvectors {r; (¢, x; y)} form a basis of R™. In particular, if all < are replaced by
strict inequalities <, then we say (3.5.1) is strictly hyperbolic.

Remark 3.5.1 (Motivation for the definition of hyperbolicity). For simplicity we assume each B; has
constant coefficient and f = 0. Consider the plane wave solution to (3.5.1) having the form u(¢,x) =
v(y - x — ot) with the profile v : R — R™ sufficiently smooth. Plugging this ansatz into (3.5.1), we
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obtain that
d

j=1

So, V' is an eigenvector of the matrix B(y) corresponding to the eigenvalue g. Then the hyperbolic

condition requires that there are m distinct plane wave solutions for each given y € R¢, given by

Y- x=-2tr(y) QA<k<m), L,(y) < <1,(»).

The eigenvalues for ||y|| = 1 are the wave speeds.

Now we want to prove the local existence of the weak solution to the following symmetric hyperbolic

system (3.5.1)

d
du+ Y Bou= in (0, c0) X R4,
‘ El O =J in(0,00) (3.5.2)

u=g on {t = 0} x R4,

The unknown is u : [0,00) X R* - R™. The coefficient matrices B; € C*([0,T] x R%; M™™) are
symmetric for 1 < j < d satisfying

sup |B;| + |V, B;| +|Vi,B;| < o0 1<j<d. (3.5.3)
[0,T]xR4

The initial data g € H'(R? — R™) and the given source term f € H'((0,T) X RY — R™),

Next we define the weak solution to system (3.5.1).

Definition 3.5.2. For given u,v € H'(R? - R™) and 0 < t < T, define the bi-linear form
d
Blu,v;t] := f D (B;(t,)d;u) - v dx.
Rd j=1

We say u € L*(0, T; H(R? — R™)) with ' € L%(0,T; L>(R¢ — R™)) is a weak solution to the initial-
value problem for the symmetric hyperbolic system if

e (W,v)+B[u,v;t] = (f,Vv) for each v e H'(R? - R™) and a.e. t € [0, T].
e u(0) =g.
Note that we already have u € C([0, T]; L(R¢ — R™)) and so u(0) = g holds pointwisely.

We aim to prove that

Theorem 3.5.1. There exists a unique weak solution to (3.5.2).



3.5 VANISHING VISCOSITY METHOD 99

3.5.1 Existence of the regularized parabolic system

Now we introduce the e-regularized parabolic system

d
Ut —eAut + » Bout = in (0, 00) X R4,
t El o=t in(0,c0) (3.5.4)

u =g on {t = 0} X RY,

where 0 < € < 1and g° :=7, * g. The idea of the vanishing viscosity method is that one first solves the
e-regularized parabolic system for fixed € > 0, then prove uniform-in-€ estimates, and finally pass to the
limit as € — 0 to obtain a solution to the hyperbolic system (¢ = 0) (3.5.2).

The first step is to solve the parabolic system for each fixed € > 0.

Theorem 3.5.2. For each € > 0, there exists a unique solution u® to (3.5.4) satisfying
w € L0, T; H3 (R - R™)), v’ € L*0,T; H'(RY - R™)).

The difficulty in the parabolic system is that the e-regularization term is a higher-order term. There-
fore, we may treat the first-order term B;0,u° as a source term. It should also be noted that the H> and
H" regularity for u¢,u® is a consequence of the parabolic regularity theorem (Theorem 3.3.2). In other
words, the existence of system (3.5.4) should be proved in suitable lower-order space.

Motivation to find suitable function spaces

To “predict” the function space for the local existence, let us first look at the linear parabolic equation
before considering the system (3.5.4).

du—cAu=f inR, XxRY, u(0) = g € H(R?) on {t = 0} x R%

By Duhamel principle, we know

t

u(t) = e®g + J ef=DA f (1) dr,

0

where ef'2g = (e‘“'flzg(f))v. Then for s > 0, we have
128l prscray = lle BT 8ENEY Iz < CIEENEY Iz = ClIglses-

1 s
Also, let n = \/Ef and we find that e <P (£) = e 7 ((et) 2n)* < C(et) 2. Therefore, we expect
the homogeneous part e*g € L*(0,T; H'(R?)) when the initial data g € H!(R?). For the non-

Ix12
1 B . .
homogeneous part, let (¢, x) := —e 4 be the fundamental solution to the standard heat equation

(4mt)2
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(¢ = 1). Then we can write
t t
J eSU—DAf(r)dr = J ®(e(t —1),-) * f(r,-)dr.
0 0

Using Minkowski’s inequality for integrals and Young’s inequality, we have

J@@a—rxo*f@f> sJ|@@a—rxo*f@fmydr
0 0

L2

T||f||Lt°°L§
1
T ||f||LfL§

sjn@w—ﬂ»mmﬂnwuwsfnﬂnwpms

=1

Similarly, we have

V"J d(e(t —1),-) * f(1,-)dr J Vo(e(t — 1),) * f(r,-)dr
0 0

L2

t
=< J IV@(e(t = ), Ml [1f (7, Illie dT < CTY| fll gz
0

L2

<C(e(t —T))_%

Since the given source term f € H'((0,T) X R%), we know that f € L®(0,T;L*(R%)) and also
L*((0,T) x R%) for each given T < co.

Therefore, we may “predict” that the local existence of the e-regularized system (3.5.4) can be proved
in L*(0, T; H'(R9)).

Proof of Theorem 3.5.2

We use the Contraction Mapping Theorem to prove the existence of solution to (3.5.4).
Let X :=L®(0,T; H'(RY - R™)) and define

( d
T W eflhg + J eft=mA [f(r, D - Z B;(7,)9,w(r,-) | dr. (3.5.5)
j=1

0

What we shall prove is that

e 7 maps X to X, namely R(J") C X.
e 7 is a contraction on X, namely there exists a constant C € (0, 1) such that ||Tw — Tv||y <
C||[w — v||x holds for any w,v € X.

Once we prove these two facts, then the Contraction Mapping Theorem indicates that 7 has a unique
fixed point in X, which is exactly our desired solution to the e-regularized parabolic system (3.5.4).
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From the a priori estimates, it is straightforward to see that for any w € X

1
17Wllx < Cliglla + CT2(Lf llzgrz + [IVWlper2) < 0.

This gives R(T") C X.

Next, we verify that J is a contraction on X. Given any W,V € X, we compute that

d ot
Tw—-IJv = ZJ e =AB,4 (W — v)(7) dr.
0

Jj=1

Again, by the a priori estimates, we have

1
[TW = Tv|x < CT2||w = V||

1

Choosing T; > 0 sufficiently small such that C’STIE < 0.5, we find that 7 is a contraction on L*(0, T;; HY).
Therefore, there exists a unique fixed point, say u¢, in X = L*®(0, T;; H'), which is also the solution to
(3.5.4). Then we repeat this argument in [T, 2T, |, [2T;, 3T, ], - -- and obtain the existence of solution in
R, X R4, (Note that the lifespan T; does not depend on f, g in the contraction argument.)

Finally, we prove the solution u® satisfies the regularity
w € L2(0,T; H3(R? —» R™)), u?’ € L*(0,T; H'(R? — R™)).

In fact, since the source term f — )} B;d,u° belongs to L*(R% - R™) for a.e. t € [0, T], the parabolic
regularity theorem (Theorem 3.3.1) indicates that

ut € L*(0, T; H3(RY - R™)), u € L*0,T; HY(R? - R™)),

andso f—),; B;du® € L*(0,T; H'(R? - R™)). Using Theorem 3.3.2, we obtainu® € L*(0, T; H3(R¢ —
R™)) as desired.

3.5.2 Uniform estimates and the vanishing viscosity limit

The a priori estimates derived in the last section depend on ¢!, Therefore, we must seek for another
uniform-in-€ estimate for the e-regularized parabolic system (3.5.4) in order for the vanishing viscosity
limit e — 0.

Theorem 3.5.3 (Uniform-in-¢ energy estimates). Let u® be the solution to (3.5.4) obtained in Theorem
3.5.2. Then there exists a constant C > 0 (independent of €) such that for any € € (0, 1),

sup (@12, + [ O12,) < € (I8l + 1o g + 15 Poioran)- (3.5.6)

0<t<T
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Proof. We compute

dilj |u£|2dx=J ut - g,ufdx
£2 ) ad
d
:J uE-(sAuf)dx+j uE-fdx—Zj u‘ - (B;0;u’)dx.
Rd Rd j=1YRd

Integrating by parts in the first term, we get
J ut - (eAuf)dx = —EJ |Vué|? dx.
Rd Rd
The second term can be directly controlled

< [Pl za e

J u® - fdx
Rd

For the third term, we can use the symmetry of B;’s to eliminate the derivative 0; on u’. Integrating by

parts, we get
J u® - (B;0;u’)dx
Rd
Rd Rd

and so

qu [ut(3,B,) dx| < Clluc|..

N =

f ug * (Bjajug) dx
Rd

Summing up the above three terms, we find

d1l
S|t = = [ veriar + COIE, + AR < AR, + IS
Rd Rd
Using Gronwall’s inequality, we get
T
sup WOl < gl + | 1010,

0<t<T 0

where we also use ||g°||;2 < ||8]|z2-

Similarly, the estimates of Vu® and u¢’ can be proved by differentiating the system by d,, and 9,
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respectively. We omit the proof and only list the results here.

sup [[Vas(OI2, < CUIVEIZ + I1FIPrm):

0<t<T

sup [[u' (D12, < CUIVEIE, + IR, + IFOIZ + 11 gmamy + I 1grany)

0<t<T

/
<C(IVEIZ + I N2 + 1 1o + I oo se):

where we use the facts that ||Ag||;. < Ce™!||Vg||.2 and
/
LFOIE < CUFIPagopans + I P e

Note that the appearance of Ag’ is necessary because the initial data of u’ is f — B;d;g° +eAgt. [

The uniform boundedness of {u¢} then leads to the weak limit.

Proof of Theorem 3.5.1. The uniform bounds and Exercise 3.1.1 show that there exists a subsequence
{e,} such that
u* = u in L%0,T;HY), u® —u’ in L%(0,T;L?).

It remains to verify the weak limit u is exactly the unique weak solution to (3.5.2). Pick a test function
@ € C'([0,T]; H') and we compute that (by integrating by parts in the term eAu‘)

T

f (ug',qo)+£VuE : Vo + B[us, g; t] dt J (f, ) dt.

Let e = ¢, — 0 and we get

T T

f (W) + Blu, ;] dt f (f.@)dt, Vo C1([0,T]; HY),
0 0

and thus we conclude (W', ¢) + Blu, ¢;t] = (f,¢) for a.e. t €[0,T] and all ¢ € C1([0,T]; H').

Assume now @(T) = 0 and we integrate 9, by parts in (u¢, @) to get

|

Let € = ¢ — 0 and again we get

(U, ) + €V : Ve + Blut, i ] dr f (@) dt + (g, v(0)).

T

|

T
(u,¢) + Blu, ;] dt J(f 2)dt + (g ¢(0)).
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On the other hand, integrating 9, by parts in (0, ) yields

T T
J (w,¢) + Blu, g 1] dt = J (@) dt + (@), ¢(0)),

and thus u(0) = g because ¢(0) is arbitrary.
The uniqueness immediately follows from the linearity and setting ¢ = u, f = g = 0. [

Remark 3.5.2. At the end of this section, we again emphasize that the above method may not be
applicable to the initial-boundary-value problems because the e-regularized problem may have different
boundary conditions, or even different numbers of boundary conditions, from the original hyperbolic
system. This, in particular, happens in the study of inviscid limits from the Navier-Stokes equations
(describing the motion of viscous fluids) to the Euler equations (describing the motion of inviscid fluids)
in a domain with boundary. The former one may be imposed with the no-slip condition u = 0 on the
boundary, while the latter one can only be imposed with the slip condition u - N = 0 on the boundary.
Such mismatch in the boundary condition actually results from the boundary layer which sticks to the
boundary when the viscosity is neglected and its thickness converges to O as the viscosity converges to O.

For the classical theory of first-order symmetric hyperbolic system in a domain with boundary, we

refer to the following papers or books

e Peter D. Lax, Phillips, R. S. Local boundary conditions for dissipative symmetric linear differential
operators. Commun. Pure. Appl. Math., 13(3), 427-455, 1960.

* Rauch, J. Symmetric Positive Systems with Boundary Characteristic of Constant Multiplicity.
Trans. Amer. Math. Soc.,291(1), 167-187, 1985.

e Métivier, G. Small viscosity and boundary layer methods: Theory, stability analysis, and applica-
tions. Springer Science &’ Business Media, 2004.

3.6 Semigroup theory (TBA)

36.



Chapter 4 Linear Wave Equations

In undergraduate PDE course, we have learned how to find the classical solutions to the standard linear
wave equation 87U — Au = f in RY or in 1D intervals under certain boundary conditions. The explicit
solutions also show that the propagation speed of the waves must be finite, which is also called the
Huygens’ principle. However, in many physical models, the wave propagations obey some nonlinear
wave equations with wvariable coefficients, including the curved space-time in general relativity (Einstein
equations), the sound waves in a perfect compressible fluid (compressible Euler equations), the motion of
elastic media (elastodynamics), the magneto-sonic waves in a compressible plasma (compressible MHD
equations) and many other widely-applied physical models.

In this chapter, we consider the wave-type equations with given variable coefficients, namely we study
the following equation in R'*¢ with ¢ : I X RY - R

0, (a*d,0) =F  inIxRY,

4.0.1
©.0,9) = (@0 @) on{t = 0} x R (*+0.1)

Here the indices o, 8 range from O to d and the O-th component refers to the time variable t. F :

I X R% — R is a given source term. I C R is an open interval for the range of the time variable.

4.1 Existence and regularity of linear wave equations

In (4.0.1), we require a = [a*#] to be a symmetric (1 + d) X (1 + d) matrix on I X R¢ which satisfies

1
> e — m*| < —. (4.1.1)
10
a.p
Here the matrix m = diag(—1,1,1,---,1). We will also need some regularity assumptions on a® :

IXRY>R,F:IXxRY>R,p, : R > Rand ¢; : R - R later on.

4.1.1 Regularity of linear wave equations

Before proving the local existence of the linear wave equation (4.0.1), let us prove the energy estimates,

also considered as regularity results, for the linear variable-coeflicient wave equation. It should be noted
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that the conservation of energy for this class of equations may not hold as in the case of standard wave
equations, but we can still show that some appropriately defined “energy” has the property that its

growth is controlled.

We first introduce the notation
d
2 2
80 := (8:9)" + D, (8u9) (4.1.2)
i=1

Theorem 4.1.1 (L? energy estimates). Let ¢ be a solution to (4.2), then for some constant C = C(d, T) >
0, the following energy estimates hold:

sup [10e(Ol7.ga,

te[0,T]
S C (”(@09 ¢1)”12f-'11(Rd)xL2(Rd) + J ||F(t)||L2(Rd) ) eXp ( f ||aa(t)||Loo(Rd) ) (413)

Here || - ||z = ||0(:)]|z2 denots the homogeneous Sobolev norm.

Proof. The proof is in fact the similar to that for the constant-coefficient linear wave equation. We test
the equation with J,¢ to get

J; J N 8, (8, (a¥8,9) — F) = 0

and integrate J, by parts. When o = 8 = 0, we have

t t
f j 3,99, (aooa[go)dxdrzf f (ataoo)(atgo)2+16[(6[¢)2a00dxd1'
0JRd 0J Rd 2

T

L + 1 j J (8,a) (8,9)” dx dr.
2 0 JRa

t
= f a® (8,¢)" dx
Rd

0
When we only have i, j = 1,2, ---,d, we have the following identity (here and thereafter we use the

convention i, j = 1,2,---,d):

t

t
N 1 N N
L JRd 0,09, (ad;p) dxdr = -3 L fRd (8,0:0a"d; + 3,0;a"d,p) dx dr

t

1 .

= _EI J 3, (8,pd;) a¥ dx dr
0JRd

t t
o1 f J (8:a7) (3:p0,0) dxdi.
0 2 0J Rd

1 .
- —5 JRd aljaigoaj¢ dx

Note that in the derivation above, we have used the symmetry of a.
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For the terms witha =0andi=1,---,d, we have

Lo

J 6,0 (3, (¢°9,9) + 3, (a°3,9)) dx de

0J Rd

ot

= f ((0.a°) (@,9)" + @, (8,#)" + (3,a°) (3,9) (99)) dx dr
Rd

Jo
ot

= J ((aiaio) (atqo)z - (aiaio) (atgo)z + (ataio) (@R (6iq0)> dxdr.
Rd

Jo

We now combine the above equalities to get

L[ s @or - wagapa, |
Rd

<

1 1 iy
5 J a® (a[§0)2 dx — 5 J a”ai¢aj¢ dX|T:0| (414)
Rd Rd
t
J 1100 |2ray [1F ] 2y + 1102 | ey 100117 5 gy AT
0

By the assumption (4.1.1), we know there exists a constant C > 0 such that the left hand side of
(4.1.4) dominates ||d¢||*

L2(R4)

L J a® (8,¢)° dx — a'0,p0,¢ dx| . (4.1.5)
Rd

||aq0||L2([Rd) - C 2

Combining the above two inequalities, we get
t
136N ey  CIBPO iy +C | 109l Il + Dol 1091 oy . (416

Then, using Young’s inequality, we have

2

t t
f 180120 || Fll2qe) AT < 6 P (18|12, 0 (£) + C5 (f (L dr) -
0

te[0,T]

Choosing § > 0 sufficiently small such that the term & sup, , 1 [18¢l|.2(ra)(t) is absorbed to the left
side, we get by using Jensen’s inequality that

T
Sup ||aq0(t)||L2(Rd) — C”ago(o)”LZ(Rd) J T”F(I)HLZ(RCI) dt + ||aa||L°°(Rd)||agD”L2(Rd)

telo,T]

The conclusion then follows from Gronwall’s inequality and Jensen’s inequality. O
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For the constant coefficient linear wave equation 87u — Au = 0, we know that is ¢ is a solution and
then so are 9,¢ and d, ¢. Therefore, all high-order derivatives of ¢ are bounded in L? if the initial data
are sufficiently smooth and vanishes as |x| — oo, for example, the case ¢y, p; € C(RY). In general,
@ being a solution to (4.0.1) does not necessarily imply that its derivatives are also solutions to (4.0.1).
Following the proof of Theorem 4.1.1, we can also control high-order Sobolev norms of ¢. We have

the following corollary and the proof is left as an exercise.

Corollary 4.1.2. Let ¢ be a solution to (4.0.1) and k € N*. Then for some constant C = C(d, k,T) > 0,
the following energy estimates hold:

sup [1@(0), 8, () iy

te[0,T]
T

SC\I(%,%)II;XHH+J IFIZ, + D) Haafgaaafigo
0

lo|+]Bl<k—1
T
X exp (CJ l|6all?. dt) :
0

4.1.2 Existence of linear wave equations

3%a 38"

‘i + E d (4.1.7)

In this section, we prove the local existence of solutions to (4.0.1) by using the energy estimates together
with Hahn-Banach theorem in linear functional analysis.

Below, we assume that a and all of its derivatives (of all orders) are bounded in [0,T] X R%. The
source term F : [0,T] X R? — R is be assumed to satisfy F € L*(0, T; H*"}(R%)) for a given number
k € N.

Let us recall the Hahn-Banach theorem that will be used to prove the local existence.

Theorem 4.1.3 (Hahn-Banach Theorem). Let X be a normed vector space and Y C X be a subspace
with the norm ||y|ly = ||y||x for every y € Y. Suppose f € Y* is a bounded linear functional on Y,

then there exists f € X* such that f|y = f and ||f|lx = ||f]ly-
We also need the following lemma

Lemma 4.1.4. Let L*Y := aa(aaﬁaﬁlp) be defined as the (formal) adjoint of L defined by Ly :=
5a(a“ﬁaﬁg0). Suppose P € C((—o0,T) X R%), then for every m € Z, there exists C = C(m,T,a) > 0

such that ’

9Oy < € [ 1L Bl ey )

t

for every t € [0, T].

Proof. For m > 1, this is a consequence of Corollary 4.1.2. We now carry out an induction for the cases
m < 0. Assume that the result holds for m + 2 for some negative integer m,,, we wish to prove the same

result for m,.
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Define ¥ = (1 — A)™'% via the Fourier transform, or equivalently (1 — A)¥ = 9. Then there exists
a C > 0 depending on m,, T, a and b such that

L — (1 — ALY = LA - AP - A - ALY <C Y, [929

1<|a|<3

and therefore
L] g < C (Ll pgmos + 1| ppmo)

By the induction hypothesis, we get

T T

(LBl + 19 ) b < [ NPl e

t

Oy < |

t

where in the last line we have used Gronwall’s inequality. This then leads to

T

|W®MMSWWWwSCJHUMﬂdeT

t

We are now ready for the local existence

Theorem 4.1.5 (Local existence of the linear wave equation). Let k € N. Given F € L*([0, T]; H*"1(R%)),

there exists a unique solution
(¢, 0,) € L=([0, T]; H*(R)) X L=([0, T]; H*"(R%))

solving (4.0.1).

Proof. We start with the case (¢, ®;) = (0,0), which also gives the uniqueness of (4.0.1). For every
element L*3 € L*(CX((—o0, T) x RY)), define a map to R by

LY —— LTJW YFdxdt =: (F,9),

where L*(C®((—o0, T) X R%)) denote the image of C&°((—co, T) X R?) under the map L*. Note that this
map is well-defined because the uniqueness of L*t) = f with (T, -) = 0 has been proved in the L? energy
estimates (Theorem 4.1.1). From the assumption on F and Lemma 4.1.4, we have the bound

T

| ] wwmhsc(
0 JRd

Using the Hahn-Banach theorem, we know there exists a function

T T
J [1E e dt) ( sup ||¢||H—k+1> < CJ’ IL Ol dt.

tel[0,T] 0

¢ € (L'((—00,T); H¥(R))* = L¥((—00, T); H'(R?))
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with ¢ = 0 for t < 0 as the extension of the map defined above, i.e.,

(F, %) = (e, L")

for every 1 € C®((—o0, T) X R?). Therefore, ¢ is a solution in the sense of distribution. Finally, we use
the equation to show that ¢ € C! ([0, T];LZ(IRd)) and therefore (¢, 3,9)|y—q; = (0,0).

For the general case (¢, ¢,) € HY(R?) x H*"1(RY), we introduce u : [0,T] X R = R such that
(u, 0,u)|g—o; = (®o,®y) solves the equation Ly = F — Lu with initial data (1,,1)|y—q; = (0,0). Then
@ := n-+u gives us the desired solution. Using energy estimates in Theorem 4.1.2, we know the solution

@ has the corresponding regularity.
We also need to verify 3, € L*(0,T; H*"!). From the equation, we have

a*8,0, = F — a'4,0,¢ — 8,a*# 3,0 € H2,

which shows 8, € L*(0,T; H*2) and 87¢ € L®(0,T; H*®). If F € C, then this together with
®o = @, = 0 allows us to enhance ¢ € L*H% to ¢ € L°HX*! such that 3, € L*®(0, T; H*™).

For a general F € L'(0,T; H*™!), we can find {F,} C C((—o0, T) X R%) vanishing in {t < 0} such
that fOT IE(t, ) — F,(t, )||ge dt = 0. Then if ¢, € L*(0,T; H*) n W'*(0,T; H*™!) solve Ly, = F,m

with zero initial data, it follows from the regularity theorem that

T

||<3(g01 - qon)”Hk—1 < CJ ”Fl(ta ) - Fn(t, ')”Hk—l dt — 0.

0

]

Remark 4.1.1. The above theorem only give the existence of solutions in the sense of distribution. Even
so, using the Sobolev embedding H*(R?) & L*(R?) with s > d/2, if we assume that the initial data is
sufficiently regular, then the solution also has the corresponding regularity as in Theorem 4.1.2 and so

has pointwise definition when k is suitably large.

Exercise 4.1

Exercise 4.1.1. Prove Theorem 4.1.2.

Exercise 4.1.2. Prove that for any constant D € R, the following equation has at most one smooth
solution u € C®([0,T] X U). Here U C R is a domain with smooth boundary and ¢,% € C(U).

8’u+Déu—Au =0 in (0,T] x U,
u=g, ou=179Y on{t=0}xU,
u=20 on [0,T] x oU.



4.2 FINITE PROPAGATION SPEED 111
4.2 Finite propagation speed

In undergraduate PDE course, we already learned that the standard wave equation 67u — ¢*Au = 0 has
finite propagation speed.

Theorem 4.2.1 (Finite propagation speed). For the wave equation 079 — c*?Ap = 0 in R, X R? with
initial data (¢, ¢;) € CX(R?), if the initial data ¢, = ¢, = 0in {x € R? : |x — x,| < ct,} for some
to > 0 and x, € RY, then the solution ¢(t,X) must be zero in the past light cone

K(tg,x) :={(t,x) € R, X R4 : 0 <t <1y, |x —x,| < c(ty —1)}.

[Xl-j, t(_j;'

B (xp¢tn-t)

S

X =

Cone of dependence

The finite propagation speed of wave equations addresses an “opposite” phenomenon to the parabolic
maximum principle (infinitely propagation speed). This property actually denies the possibility of max-
imum principle for hyperbolic PDEs. We then ask if there is any similar result about the finite propa-
gation speed for a variable-coefficient wave equation. The answer is yes, and for technical symplicity we

assume a® = —1 and a’® = a” = 0 in the metric a, that is, we write the wave equation as
8;p—a0,0,0 =0 (4.2.1)

where [a"/] is symmetric and uniformly elliptic.

Fix a point (¢, X,) € R, X R%, we want to construct some sort of a “curved cone-like” region C with
vertex (t, X,) such that the solution ¢ = 0 within C if its initial data vanishes on C N {t = 0}. Recall that
the key idea to prove Theorem 4.2.1 is to verify the energy on the slice {(t,x) : |x — x,| < c(t, — £)}
is decreasing in time t. Therefore, we may alternatively find suitable function g(x) such that analogous
argument holds for the variable-coefficient wave equation. Precisely speaking, we want to find g(x) such
that some energy function e(t) on the slice K; := {x : q(x) < t, — t} is decreasing in t. In particular,
this g(x) is (x — x;)/c in the case of the standard wave equation.
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4.2.1 Motivation: geometric optics

In fact, the boundary of the past cone can be understood as the level set of certain function p(¢,x) which
actually solves a Hamilton-Jacobi PDE, that is, the boundary of the cone consists of the characteristic
curves of certain Hamilton-Jacobi PDE. Let us first see this fact from the standard wave equation 87u —
Au = 0 in R, X R? and consider complex-valued solutions having the form u®(t,x) := U(t,x) -
exp(ip®(t,x)e™!) fort > 0, x € R% and £ > 0.

Inserting this ansatz to the wave equation, we obtain that
0= (- Aus = (82U* + 2ie710,p® 8,U* — £7%(9, p°)*U* + i 7132 p*U°)
- e% (AU® + 2ie7 'V p¢ - VU® — ¢ 2U?|Vpé|? + ie7'U* Ap®).
Taking the real part of the above equality, we find
U((8,p°)* — |Vpe|?) = eX(87U° — AUY). (4.2.2)

Assume we have the convergence! p* — p and U¢ — U # 0 as ¢ — 0 in some sense, then formally we
get

d,p+|Vpl=0 in R, x R4, (4.2.3)

By separation of variables, we can write p(t,x) = q(x) + t — t, and g solves |Vq|*> = 1 with ¢ > 0 in
R\ {x,} and g(x,) = 0 and then we can solve that g(x) = |x — x,|.

For the variable coeflicient case, we can also solve that
o,p + (a'8,pd;p)* = in R, x R4, (4.2.4)
Using separation of variable again, we have

p(t,x) =qx)+t—t, (4.2.5)
a9,q9,g =1, q>0in R\{x,}, q(x,) =0. (4.2.6)

In fact, this q is the distance of x to X, in the Riemann metric determined by a.

4.2.2 Proof of finite propagation speed

We define K :={(t,x) : p(t,x) <0} ={(t,x) : q(x) < t, — t} and for each t > 0 we define

K, :={x:qlx) <t,—t}

1As ¢ = 0, there is a singular term ! that exhibits a highly oscillating feature. The rigorous proof of this convergence
is a special case for the oscillatory integrals with stationary phase. We refer to Evans [6, Chapter 4.5.2(b)] for details.
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Since Vq # 0 away from x,, we know 0K, is a smooth, (d — 1)-dimensional hypersurface for 0 <t < ¢,.

Theorem 4.2.2 (Finite propagation speed). Assume ¢ is a smooth solution to (4.2.1). f p =93, = 0
on K, then ¢ = 0 within K.

Remark 4.2.1. We see in particular that if ¢ is a solution to (4.2.1) with the initial data (¢,, ¢;), then
@(ty, X,) depends only upon the values of ¢, and ¢, within K.

Proof. We define the energy

=3[ Gor+ Y atogspar ©sisiy)
K

t i,j=1

In order to compute é(t), we invoke the co-area formula

o], 7).

e(t)=| 0,90+ a’d,pdd;pdx— %J ((0,p)* + a'0,90 ) ——

K, K,

f
6,f dx — LK g1 45+

t

Thus

IV dS,. (4.2.7)

For the first term, we integrate by parts and invoke the wave equation to get

J 0,9 979 + a'0,p9,0,¢ dx
K

t

:J 0,9 (879 — 3;(a"8,)) dx + J ad,pN; 6,¢ dS,
K

t 9K,

= —‘[ 9,9(0,99;a")dx +J a’0,pN; 0, dS,
K

t 9K,

where N = (N, ---,N,) is the outer unit normal to 0K,. We notice that the first term is controlled by
Ce(t) by direct calculation

—I 9,9(9,9 9;a") dx| < Ce(t).
K

t

For the second term, we want to produce a cancellation with the boundary term appearing in €’(t). We

have : ;
|a'/8,pN;| < (a'8:99;9)* (aN;N;)?

which is a consequence of the generalized Cauchy-Schwartz inequality: For a positive-definite symmetric
matrix M = PPT and vectors X, y, there holds

|xTMy| = [(Px)T(PY)| < |Px||Py| =/ (Px)Px\ (PY)TPy = VX Mx\/ yTMy.
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Then we recall that ¢ =t — t on K, implies N = Iz_ql on 0K, and thus
q

aijaiqajq 1
! [Vq|? |Vq|?’

Then using Young’s inequality, we have

J a0,pN; 9,9 dS,
3K,

< J (ali6,03;9)* (alN;N;)? |9, dS,
0K,

<| (ai6,09,0)* IVal' 1.l dS,

oK,
= %Lm (aijaigoajqo +(3,0)%) Vgl dS, = —€'(t) + JK[ 8,0 8% + a'6,¢4,8,¢ dx.
Summing up the above analysis, we have
e'(t) < Ce(t).
Since e(0) = 0, we get e(t) = 0 by Gronwall’s inequality. O

Exercise 4.2

Exercise 4.2.1. Verify (4.2.4) for the wave equation 6;¢ — a"/9,0,0 =0 .

Exercise 4.2.2. Consider the initial-value problem of the semilinear wave equation

2o —Ap+ f(p) =0 t>0, x € R4

4.2.8
2(0,%) = go(x), 5,9(0,%) = h1(x)  x € R (+2.8)

Here f is a continuous function in its arguments. ¢ is assumed to be vanishing as |x| — oo.

(1) Show that the following quantity is conserved in time

B = | 30001+ [6P) + Fp)dx,
Rd

Here F(u) := fg f(s)ds.
(2) Given t, > 0 and x, € R and define the backwards wave cone with apex (x,, t,) by

K(xo,t,) :={(t,x) €[0,00) X R4 : 0 <t <1y, |Xx — x| <ty — 1},
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and the curved part of the boundary of K(x,, t,) is
[(xy,ty) :=1{(t,x) €[0,00) X Re : 0 <t <1y, | X —Xy| =1, — L}

Define the energy flux on the cone by

1
() :=f Lo, + Vol + F@)dx 0 <t <1,
B(x,to—t) 2

Prove that ) )
— El(atgo)v — Vo|* + F(p)dS = e(0) (4.2.9)
\/E T'(x0,t0)
where v 1= %
(3) Assume F > 0, Use (2) to show that ¢ = 0 within the cone K(x,t,) if ¢, = ¢; = 0 within
B(xy, to)-

(4) Prove that (3) also holds for the smooth solution ¢ to the quasilinear wave equation 67¢ — Ap +
f(@,09) = 0 where f is continuous in its arguments and f(0,0) = 0.

(Hint: (2) Compute €’(t) and compare it with the quantity on the left side of the desired identity.
Think about how the factor 1/\/5 appears. (4) Consider E(t) = fB(xo’to_t) %(|atgo|2 +|Vo|?) + ¢* dx and
use | f(gp,89)| < C(Je| + |9¢]|) for some constant C > 0 depending on ||@, 8¢||;«-)

4.3 *Local existence of quasi-linear wave equations (TBA)

In many physical models, wave equations are usually nonlinear, and particularly quasilinear, which
means the source term is nonlinear and depends on both ¢ and 8¢. In this section, we consider the

following quasilinear wave equation:

0, (a“*dz9) = F(gp, d9p) in I x R, (43.1)
(9.0:0) = (90 #1) € HAR) X H'RY o {t = 0}x RY, -
where k € N* is given. We also require that
> |0 — mF| < %, a(0) =0, F(0,0) =0, (4.3.2)

a7ﬁ
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and a, F are both smooth in their arguments. As a result, for a given number A > 0 and N € N*, there
exists a constant C, y such that

DD sup 18L@#)x)| + sup |V, F(x, p)l | < Can. (4.3.3)

ly1<N | a,p 1¥I<A || pl<A

Under these assumption, we aim to prove the local existence of (4.3.1).

Theorem 4.3.1 (Local well-posdness of the quasi-linear wave equation).
Given a, F satisfying the assumptions (4.3.2)-(4.3.3) and d + 1 < s € R, then we have

¢ (Existence and uniqueness of local-in-time solutions) There exists some T > 0 depending on
l®olls+2ray and ||@;||gsriray > O, such that (4.3.1) admits a unique (classical) solution ¢ sastis-
fying
(¢,0,9) € L=([0, T]; H**(R%) x L=([0, T]; H**'(R)).

¢ (Continuous dependence on initial data) Let go(()n) , gogn) satisfy go(()n) — @, in H**2(R%) and gogn) - o

in H*'(R%) as n — 0. Then for T > 0 sufficiently small, we have

||(fP(") - P, 5x((P(n) - CP))||Loo([o,T];Hs(Rd))xLoo([o,T];Hs—l(Rd)) -0

as n — oo for any 1 < s < d + 2. Here, ¢ is the solution with initial data (¢, ;) and ™ is the
() ()

solution with initial data (¢, ", ¢} ).
Remark 4.3.1. An evolution equation is said to be well-posed in the Hadamard sense, if existence,
uniqueness of solutions and continuous dependence on initial data hold. Theorem 4.3.1 therefore implies

that the equation (4.3.1) is locally well-posed.



Chapter 5 Hyperbolic Conservation Laws

5.1 Systems of quasilinear hyperbolic conservation laws

5.2 Discontinuities

5.3 Nonlinear Waves: Classical solutions

5.4 Nonlinear Waves: Discontinuities
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Chapter 6 Sobolev Spaces: Fourier Theory

In Chapter 1, we introduce the Sobolev spaces with integer order. However, many estimates are not
sharp in the Sobolev indices if we only use integer-order Sobolev spaces. What’s more, in the study
of dispersive and wave equations in R¢, Fourier analysis becomes a powerful tool and also allows us to
obtain more refined estimates by analyzing different frequencies of the Fourier transform of functions.
Therefore, one may ask if there is any generalization to W5P(Q) for s € R and Q C R?. The answer
is yes, but one may have to use different ways to define such generalizations for different domains Q.
When Q = R9, the most efficient tool is the Fourier transform, as taking Fourier transform converts
derivatives to polynomial-type multipliers. When the domain has a boundary, one of the generalizations
is called “Sobolev-Slobodeckii spaces” defined by using the differential quotients.

In this lecture notes, we only discuss the case Q = R and p = 2, that is, the most widely-used
Sobolev spaces H*(R?) and the homogeneous counterpart H*(R?).

6.1 Fractional Sobolev spaces

Given £ € R%, we define (£) :=1/1 + |£|2, which corresponds to the Fourier symbol of /1 — A. Now,

given s € R, we can define H*(R%) by using Fourier transform.
Definition 6.1.1 (Non-homogeneous Sobolev spaces). Given s € R, we define
HYRY) :={u € S'(RY) : (£ya(é) € LA(RY} (6.1.1)

to be the s-th order Sobolev space. H*(RY) is a Hilbert space with norm ||u||gsgay = ||(€)*0]|,> induced
by the inner product (u, V)y, 1= [R.(€)*U(E)V(E) dE.

Remark 6.1.1. It should be noted that when s is negative, (£)*i € L2(R%) does not necessarily imply u

is a function. On the other hand, since Fourier transform maps a tempered distribution to a tempered
distribution, so we shall really define fractional Sobolev spaces for tempered distributions instead of L?
functions.

The above definition coincides with the integer-order Sobolev spaces defined in Chapter 1 when
s €N.

Proposition 6.1.1. The fractional Sobolev space H*(R?) satisfies the following properties

119
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(1) C2(R%) and S(R?) are both dense in H(R?).
(2) When s € N, H(R?) coincides with W*2(R%) defined in Chapter 1.

We also introduce the homogeneous Sobolev spaces H*(R%), which contains the tempered distribu-

tions whose s-th order derivatives (not including any lower-order deriatives) are L2(R?) functions.
Definition 6.1.2 (Homogeneous Sobolev spaces). Given s € R, we define

HY(RY) :={u € §'/PRY) : |£*0(¢) € L*(RY)} (6.1.2)
to be the s-th order homogeneous Sobolev space. Here 2 is the collection of polynomials.

Remark 6.1.2. The quotient space 8’ /P actually ignores those tempered distributions whose Fourier
transforms contain a tempered distribution supported at £ = 0 (in particular, any nonzero polynomial
does not belong to 8’ /P). In fact, any tempered distribution supported at a single point must be a finite
linear combination of Dirac’s delta at that point and its derivatives, and so its inverse Fourier transform

is exactly a polynomial. In other words, we actually have
§/P=8, :={ue8 R : (PEaE)0)=0, PeP}.

Note that 8'/? is NOT a closed subspace of 8’ in the weak-* topology.

For simplicity of notations, we also introduce the fractional-order derivatives as Fourier multipliers.
Definition 6.1.3. Given f € S and s € R, we define P(V)f via Fourier transform

P(V)J (&) := P(i&)f(&), P is a polynomial.
Similarly. given a locally integrable complex-valued function m, we define the Fourier multiplier by
m(V/Df(€) 1= mE)f ).
In particular, we write (V)f and |V|f by
@ :=©f@,  IVIFE =1/ &).
Under this setting, we know

f € HY(RY) (VY f € L*(R%)
f e H(RY) & |V|*f € L3(RY).

Proposition 6.1.2. The homogeneous Sobolev space H*(R?) satisfies the following properties

(1) H5(RY) is a Hilbert space if and only if s < %.
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(2) When s < %, the set

So(RY) :={u € S(RY) : (£) vanishes near £ = 0}

is a dense subset of H*.

(3) The dual space of H*(R?) is H~5(R%).

Proof. Here we only prove (1) and (2). For (1), when s < g, we may define the inner product

(1, V) = j E1Pa(E)0(E) dé.
Rd

It suffices to prove the completeness. Let {u,} be a Cauchy sequence in H*(R%). Then by definition,
|€]%10,(€) is a Cauchy sequence in L2(R?). By the completeness of L?, we know there exists f € L2(R%)

such that |£]°,(£) — f.

Now, writing f = |£|*g and we shall prove that g is a tempered distribution. In fact, this is straight-
forward by splitting g(§) into (€)X ¢/<1 and g(£)x £>1- For the low-frequence part, we have

f 18(6)] d =f EFIg@NIE dE < 1€ 8]l (J £ d§>2 <.
B(0,1) B(0,1)

B(0,1) S

=l fllz<e0

<o iff 2s<d

Therefore, (g(§)x£1<1)" is a bounded function. For the high-frequency part, since |§] > 1 leads to
€] = (§), we have

f (§)*1g@)Pdx < CJ 1€1%1g(&)|>dé < cf
1§1>1

R

|F(©)]? dx < 0.
£1>1 e

Finally, we define the desired limit u by u := F7!(g). Then the above analysis shows that u, — u in
H’ and u € H®.

When s > E’ we can prove that H*(R%) endowed with || - || s norm is not complete by contradiction.
First, we claim that

Claim (Exercise 6.1.4). When s > g, then N @ u —— ||@]|11z0.1y) + |||+ is @ norm over H*(R?) and
(H*(R%),N) is indeed a Banach space.

Under this claim, if H*(RY) endowed with ||-||;s norm is also complete, then ||-||;7s must be equivalent

to the norm N (because the norm N is always stronger than || - ||gs). This, in particular, leads to

”a”Ll(B(O,l)) < Cllullgs-

. .. . 1 1
However, we next construct a counterexample that violates this inequality. Let A = {Z <|€| < g} be an



122 CHAPTER 6 SOBOLEV SPACES: FOURIER THEORY

annulus inside the unit ball such that A N 2A4 = @J. Then we define v, by

i n 2(s+§)k
Un .= Xz—kﬂ.
k=1 k
We compute that
n 2(s+§)k n z(s_g)k
G280,y = Cz 27kd = Cz — 00, asn — 00,
k=1 k k=1 k

but we also compute that

n

n
—on2k(s+ %) 1
”Un”iys =ZJ2 kﬂ|§|2sk 292k(s+3 dfsckzﬁ < 0.
- wl

k=1

(2) When s < %, H? is a Hilbert space. It suffices to show that: If u € H* satisfies

WV € 8o, (U @)pscey = f E120(6)P(§) dE = 0", then u = 0.
Rd

But this is quite straightforward. Indeed, if u € H® satisfies (U, )gsray = 0 for any ¢ € 8, then by
definition of 8, we have @i = 0 in R%\{0}. Using Plancherel’s identity, we deduce that u = 0. O

Exercise 6.1
Exercise 6.1.1. Prove the completeness of H*(R?).
Exercise 6.1.2. Prove Proposition 6.1.2 (3). Precisely speaking, if |s| < g, prove that
(1) The bilinear functional
B:§x8 —C

6.9) — J $(x)p(x) dx

Rd

can be extended to a continuous bilinear functional on H=* X H?.
(2) If L is a continuous linear functional on H*, then there exists a unique tempered distribution
u € H™* such that (L, $) = Blu, ¢] holds for all ¢ € H* and ||L|| sy = [|ullg-

Exercise 6.1.3. Assume 5, < 5 < §;. Prove that H%*(R%) n H*(R%) C H(R?).

Exercise 6.1.4. When s > g, prove that (H*(R%), N) is complete where the norm N is defined by

N u = @l soay) + [l
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Exercise 6.1.5. Let 0 < s < 1 and u € H*(R?). Prove that u € leoc([Rd) and

_ 2
J UG+ P —uP
RdxRd

|y|d+2$

This gives the equivalence between the homogeneous Sobolev norm and the Sobolev-Slobodeckii norm.
(Hint: Split @ into {|€| < 1} part and {|£| > 1} part. Then apply Plancherel’s identity to the x
variable in the Sobolev-Slobodeckii norm.)

6.2 Sobolev embedding theorems

In this section, we aim to prove Sobolev embedding theorems for the fractional Sobolev spaces HS(R%)
and H*(R%), namely the analogues of Theorem 1.5.1.

6.2.1 Sub-critical and critical Sobolev embedding

First, we prove the “subcritical” Gagliargo-Nirenberg-Sobolev type inequality.

Theorem 6.2.1 (Sobolev embedding). Assume 0 < s < g. Then H(R?) < LI(RY) for 2 < g < 2* :=

d . : .
with the inequality || || ewe) < C(S, g, D f||mswa)-

d—2s

Proof. Tt suffices to prove this inequality for all f € S(R?). Given f € S(R?), we have f = (f)". Since
2 < g < o0, we have its conjugate exponent 1 < q’ < 2. By Hausdorff-Young inequality, we know

1 llze = 1) lle < ClIf e

We then write f(&) = (£)7°((£)°f(£)) and use Holder’s inequality to get

£l = IKEYSUEP FED I < IKE N IKEY Fllze = IKE) el f 1z

It remains to verify |[{€)™*||,-(rey < 00 which is equivalent to s7 > d. To do this, we just compute 7 from
Holder’s inequality:

11,111 1.1 1_1_1_s
qg r 2 r q 2 2 q 2 22 d
which leads to our desired inequality sr > d. [

Remark 6.2.1. Although the index q is strictly less than the critical one 2%, the above embedding is still
not compact because of the unboundedness of R%. In fact, we can easily construct a counterexample
by setting f € HS(RY) with ||f||zs = 1 and define f,(x) = f(x + ne;). Then as n — oo, f, weakly
converges to 0, but its LY norm remains the same as f itself. Therefore, {f,} does not have any strongly

convergent subsequence.
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When 0 < s < E, the critical embedding H*(RY) — L? (R%) with 2* := 24 holds as a corol-

d—2s

2
lary of the Hardy-Littlewood-Sobolev inequality (Theorem C.3.4). For simplicity, we only prove this

conclusion for the homogeneous Sobolev space H*(R?).

Theorem 6.2.2 (Critical Sobolev embedding). When 0 < s < g, the space H*(R?) is continuously
embedded into L?'(RY) with 2* 1= ==,

Proof- Again, it suffices to prove this for any f € 8. Define g = (|€]|97f)". Then f = |&|79*¢ and
so f = (|&|7%*7)Y % g. By Exercise D.2.4, we know (|&|79+7)" = Cya,|x|77. Therefore, the Hardy-

Littlewood-Sobolev inequality shows that

_ 1_1 7
flle = Caylll - 177 * gllraway < ClIgllLeway, 1+ ===+ =.
qg p d

Picking p = 2,5 = d — ¥ and using Plancherel’s identity, the right side becomes

lglle = 1gllz2 = &1 flle = I1f lgrar = 11f s
Then the exponent q exactly coincides with the critical exponent 2*:

d—s_

1_r_1_ 1
qg d 2 d 2

1
= —=>q=2"

_1s
T2 d 2

.4
6.2.2 Morrey’s embedding and the critical space H>

In this section, we investigate the Sobolev embedding theorems for H*(R%) with s > > First, there is a

rather simple result: H*(R%) is a Banach algebra and embeds into L*(R%) for s > g.

Theorem 6.2.3. Assume s > g. Then:

(1) H'(R%) & L®(R?) with ||f]|ze@a) < Cllf ey for all f € HE.
) 11f&llis < ClIf llpzsllglles for all f, g € HY(R?),

Proof. Again, it suffices to prove these two inequalities for Schwartz functions.
(1) Since s > g, we know (&)™ € L*(R%) and thus

1 = 1) )] = @r) j exff(&)dé| < Cf 1f(&) dé
Rd Rd

_c J & S(EY @) AE < CUE S lE) Flls < CILF L
Rd

Then taking supremum over all x € R? yields f € L with || f||e@a) < C||f || rs(ra)-
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(2) For f,g € 8, we have f§ = (271')_§(f % ) and then

1 lliscaer = K€Y TR = Q)2 KEV( * D1

_ 21y j (&) F(E — e dn
Rd

2
Ly
Next, we claim that

Claim. For all £, € R% and s > 0, there holds
(€F S CUE—n +(n)), C,=max{2"?27"}.

With this claim, we have by triangle inequality that

Ly ¢ Ly

J & — ¢ i g dn| + J (& — ) d
Rd 12 Rd
= C (I * &l + 1D * Fles)

J (&9 (€ — gl dn
Rd

Using Young’s inequality for convolution (Theorem C.3.6), we have

IR * &lle < IKEY Flli gl < s IKEY i IKEY &l < ClLF lraslIglliaes

thanks to s > g. The same estimate also applied to ||({-)*8)*f||;> by interchanging f and g.

It remains to prove the claim above. For p > 0, we have

(1+|€12)P <1 +2[& — > +2[9|>)P <221 + |€ — 9> + 1+ [n]?)?
<max{2?, 2271} (A + 1€ — 9|)P + A + |91»)P).

Choosing p = s/2 leads to the claim. O

Next, we prove the analogue of Morrey’s embedding theorem.

Theorem 6.2.4 (Morrey’s embedding). Assume s > g and s — g ¢ 7. Then H*(R?) is included in
Crke(RY) with k = [s — g] and p = {s — g}. Also, for all f € E*(RY), we have

9« _ Aa
s sup 1900 = %)
la|=k x#y |x - ylP

< Cosllf Mg

Proof. We only prove the theorem only in the case where the integer part of s — g isO. Ass>d/2,
writing

f= )(B(o,1)f+ (1 - )(B(o,l)) f
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we get that f € L'(R%), and thus f is a bounded continuous function (by Theorem 6.2.3 and Riemann-

Lebesgue lemma).
We now decompose f into low and high frequencies. Fix A > 0 (to be determined later) and pick a

smooth function 8 € 8 such that § € Cg"(le), 0<6<1andf =1 near & = 0. Then we define

\%

fea:=(8(DF)  fuai=f=fon

In other words, setting f, 4 is to localize the frequency variable ¢ near |£| = A.
The low-frequency part f, 4 is of course smooth. By fundamental theorem of calculus, we have

|f€,A(x) - ff,A(J’)| < ||fo,A“Loo |x — .

Using the Fourier inversion formula and the Cauchy-Schwarz inequality, we get

[V1eall,. <€ fRd §1[Fea®] ag = fRd i

Fea®) dg

2 C .
<C (J 1§17 df) W f 1l < ~A?||fllgs withp=s—d/2.
|€]<CA

(1-p)2

For the high-frequency part f), 4, we can directly control the pointwise value because of |£]|™* is

L*-integrable away from the origin.

1

s d§) 1l < S A0 f

sl < [ [Fua®)] ( [
d pz

€124

It then leads to
1F ) = FOI < ||V eal|,o 1= 1+ 2| fra

< G (Ix =yl + A7) || flls-
Choosing A = |x — y|™! to optimize the above upper bound, we then complete the proof of the

theorem. L

Finally, we consider the case s = ¢, Exercise 1.4.2 already shows that an H%? function may not
belong to L*. One way to avoid this counterexample is to slightly enlarge the L* space and the answer

is the BMO space.

Definition 6.2.1. The space BMO(R?) of bounded mean oscillations is the set of locally integrable
functions f such that

1

1 .
Iflgpo = su —J |f — fp| dx < oo with fB:=—J fdx
B |B| B |B| B

The above supremum is taken over the set of Euclidean balls. We point out that the seminorm || - ||zp0
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vanishes on constant functions. Therefore, this is not a norm. We now state the theorem for Sobolev

embedding.

d
Theorem 6.2.5. The space Llloc(IRd) N H2(R?) is included in BMO(R%).There exists C > 0 such that

| llawo < CIIF_g
d
forall f € L! (RY) N H:(RY).

Proof. We again use the decomposition f = f; 4 + f 4 into low and high frequencies as in Theorem
6.2.4. For any ball B we have (using Cauchy-Schwarz)

2
J'B |f_fB| |B| Hflf’A fL”A) LZ(B,%) EHfh,A L2(B)
Let R be the radius of the ball B. We have
[Fa= ey, S RISl < F f E1511E Fa®)] g
d

< CRA||f -

The high-frequency part is directly controlled

d A
Wl = |Fell, < |7 160570, < 4750080 Foalle
We infer that
[ 17 = sal i < craifi o + ceary ( | erer d§) .
B 1§1>A
Choosing A = R™! then completes the proof. ]

For the non-homogeneous Sobolev space H¥/?(R%), we have the so-called Moser-Trudinger inequal-
ity, which actually shows the embedding into the Orlicz-type spaces.

Theorem 6.2.6. There exist two constants ¢,C > 0 depending only on d, such that the following
inequality holds for any f € HY?(R%):

J exp|c (HI;ﬁHz/Iz) —ldx <C.
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6.2.3 Compact embedding and the trace theorem

Due to the unboundedness of RY, the subcritical embedding H*(R4) < LI(R%) for 0 < s < g and
2 < g < 2* is not compact. But we still have the compact embedding from H® to H' for t < 5. Note that

this compact embedding is not given by the inclusion map unless the functions are compactly supported.

Theorem 6.2.7. For t < s, multiplication by a function in S(R?) is a compact operator from H*(R?) in
HY(RY).

Proof. Let ¢ € 8. We need to prove that for any sequence {f,} C H*(R?) satisfying sup ||/ ||z < 1,
n

there exists a subsequence {f, } such that u,, strongly converges in H {(RY).
The Eberlein-Smulian theorem ensures that the sequence {f,} converges weakly, up to extracting a
subsequence, to some f € H*(R?) with ||f]|ys < 1. We continue to denote this subsequence by {f,} and

set g, = f, — f. Then direct computation shows that sup ||@g,||zs < C. Our task is thus reduced to
n

proving that gg, — 0 in H'(R%).
We again truncate the frequency variable £ at || = R

Ge (&) dt

| erpmela-| @ el | @
Rd

|€I<R |£|>R
o Cllpgally,
< j & @[ df + o
|£1<R (1+R?)

As {pg,} is uniformly bounded in H*(R%), for a given € > 0, we can choose R such that

C 2 €
———— lpgnllys < 5.
(1+R?) 2

Now, we shall prove

| erpmera-o
I€I<R

We have

T:(8) = ) j o — n)gu(n)dn

Rd

- @n) f P (0 BGE — ) gdn = 1) (0 ()26 = DY),
! €8(R?) for each £€Rd

Since g, — 0 in H*, we know the above H® inner product must converge to 0. That is, we now have
the pointwise limit ¢g,(£) — 0 for each & € R4,

Next, we claim the uniform boundedness:
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Claim.
sup [Z(£)] < .
|€]<R
neN

Should the claim hold, the by Dominated Convergence Theorem, it is easy to see that

lim (&) [g:(§)| dé = o,

n—oo

lim Lm@ @ - |

I€]<R

as desired.

To prove the claim, we have

GG = @) (g0 (Y26E — D)., < llgallZ 6 = I

We then study the last term

J(v)‘zslqﬁ(f —n)*dn < J (M) ~>*19(& —n)|>dn + f (M) ~*19(& — n)|*dn.

|9|<2R [n|>2R

The first integral is definitely bounded,

| oee-nra<c| mmia
[nl<2R Inl<2R
While in the second term, we have to use ¢ € 8 to produce more decaying factor to establish the

boundedness. As @ belongs to S(R?), there is a constant C > 0 such that

A\ — . d
(& —n)| <C(E—n)M with N, = 5 +Isl+ 1L

We thus use |& — 5| > |5|/2 for |£] < R and || > 2R to get
IR ERY
[n|>2R

< CNOJ (Mg —m—Nodn<C J (n)*1=2No dg < c0.
[n|>2R

[n|>2R

Finally, we are concerned with the trace theorem. In Theorem 1.3.1, it is shown that a W(U)
function has LP(0U) trace. Let U = Ri be the half-space in RY and we will see that the trace of an

1
H¥(RY) function actually possesses differentiability H* 2(R9™!) as long as s > %
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Theorem 6.2.8 (Trace Theorem). Let s > 1/2. The restriction map y defined by

- {S(Rd) — S(RE1)
' f—y(f) 1 (g, ) —= P(0, X, ..., Xg)

can be continuously extended from H*(R?) onto H s_i([Rd_l).
As a corollary, we conclude a more useful version of the trace theorem. For s > 0, we define
H(RY) := {u € LA(RY) : (¢'ya aE , x,) e IARY), r+k <s, k>0, ke z}.
Here the Fourier transform is defined for the tangential variables X’ = (xy, --+, X4_;).

Corollary 6.2.9 (Trace inequality). Let s > 1/2 and f € H*(RY) where R? is the upper half space

1

{x4 > 0}. Then Tr f € H" 2(dR?) with estimate ||Tr f]| , 1 < Cll S llersmey-

H2(0RY)

In fact, the proof of Corollary 6.2.9 is very easy, which is essentially a simple application of the

Gauss-Green formula.

Proof of Theorem 6.2.9. W.L.O.G assume f € C®(R%) for simplicity. Then we compute that

I, =] @i ore
oRd

H2(0RY)

— e | °° j (€T 0) (€10, /¢ x € ax,

=— ZIWJ (V'Y f o, AV'y 1 fdx' dx,
0 JRi-1

Here we use the fact that [, f(x)g(x)dx = [, f(& )@ d¢ in the third line. O

Proof of Theorem 6.2.8. We first prove the existence of y, that is, we shall find a constant C > 0 such
that

vies, DIt < Clifllas

To achieve the above inequality, we may rewrite the trace operator in terms of a Fourier transform:

£(0,x') = @m)4/> f e 0o € f(£, &) dE, dE’

Rd

=Qr) J N ot (\/% f R (6.¢) d§1> dg’
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We thus have
1

D(E)= = | 7(ag) .

Using Cauchy-Schwarz inequality, we have

<o ( JR (1+&+iET) da) ( JR NGRS da),

where the first integral is finite thanks to s > i Therefore, we deduce that [[y(f)||*> , < C{||f||3, after
H2

integrating d& " over R4, which completes the proof of the first part of the theorem.

(NE&)

We now prove the existence of the “lifting operator” (indeed, it is the right inverse of the trace

operator). Let y be a function in C(R) such that y(0) = 1. We define

Ru(x) := (21)" % f e € xy(x (£ No(g) dE

Rd-1

which is actually the inverse Fourier transform of y(x,(£ />)lﬁ(§ ") in R41, Then, taking Fourier trans-
form in R? leads to

— 1 . ' ' ' 51 s s
Ru(f)=—| e™x(€No(&)dt=(&)"'2 <—,) o)
V JR ( ) (&)

2
~ §1>2 ~relN 2
— || 10(§)]*d
X((f) AR

[ [ [ <1 + (;) ) e ( <§1>)

Since ¥ € 8, we know for any N there exists a constant Cy such that | §(t)| < Cyt™, which then gives

ol wenl o)
I+ — | &)V (= || da<Cy ] |11+ = -1d¢;.
J( &y &) J &y

Here we also use (¢ l>_1 < 1. Then pick N sufficiently large such that s — 2N < —% and we see that the

and so its H*(R?) norm is given by

ROl = | (L4874 1Y€
Rd

d§1] (€ 1oEHI) ag'

2

above integral is finite. Therefore, the right side of ||1/€l\)||lzqs (®d) 1S bounded by

2
<
IR0l < Clloll s

Of course, we have yRv = v. This completes the proof of the theorem. O
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Remark 6.2.2. The construction of the extension map R is not unique. In particular, under the setting
of Corollary 6.2.9, given g € Hs'l/z(alR‘i), its harmonic extension, say G, defined by —AG = 0 in

R? with G = g on dRY, satisfies the reverse trace inequality: IG5ty < C”g”H“%(aRd)’ which can
+

be proved by analyzing the Poisson integral (the harmonic extension in the half space can be explicity
calculated) and even holds for all s > 0. See, for example, [18, Prop 5.1.8].

Exercise 6.2

Exercise 6.2.1. Prove that for all £, € R? and s € R, there holds

Is|

Q+I1€P) 1+ 192" <28 1+ 1€ -7P)

Exercise 6.2.2. Let ¢ € C(RY) satisfy p(x) — 0 as [x| — oo and ¢ satisfies [,(&)*|@(&)| A€ < oo.
prove that the map M,(f) := ¢f is a bounded operator on H3(RY) for |s| < a. Moreover, if p € 8,
prove that M, is a bounded operator on H(R?) for all s € R. (Hint: Use Exercise 6.2.1.)

Exercise 6.2.3. Prove that if f € H*(RY) for all s € R, then f € C®(R%).

Exercise 6.2.4. If H'(R?) C C,(R%) where C, represents that continuous function that vanishes at
infinity, then prove that s > d/2.

(Hint: Use the Closed Graph Theorem to show the inclusion map H* < Cj is continuous and hence
0“6 € H™® for |a| < k.)

Exercise 6.2.5. Suppose that ¢ € C®(R?) and ¢ # 0 and {a,} be a sequence in R? with |a,| — co.
Define ¢,(x) := p(x—a,). Prove that {p,,} is bounded in H* for all s but has no convergence subsequence
in H' for any t.

Exercise 6.2.6. Fix m € N*. Let P(3) = ), ¢,0% for ¢, € R and ¢, # 0 for some |a| = m. We define

|a|<m
Pu(§) 1= ) cof
|lal=m
We say P(9) is elliptic of order m if P,,(§) # 0 for all £ # 0. Now suppose P(9) is of order m.
(1) Prove that P(9) is elliptic if and only if there exist some C,R > 0 such that |P(¢)| > C|&|™ for

€] > R.
(2) If u € H(R?) and P(d)u € H*(RY), prove that u € H**™(RY).

the principle symbol P,, by

Remark 6.2.3. This is the generalization of the elliptic regularity theorem. In fact, when P(9) is not
elliptic, one may no longer have the regularity theorem but the equation P(d)u = f is still solvable
in at least L(Q). However, the proof will be much more difficult as one has to analyze the Fourier

support of the solutions. That conclusion is called Malgrange-Ehrenpreis Theorem and we refer to

Muscalu-Schlag [13, Chap. 10.4].
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Exercise 6.2.7. Given a constant-coeflicient differential operator L, we say u € D' is the fundamental
solution of L if Lu = §. Find the fundamental solutions to the Laplacian operator L; = —A, the heat
operator L, = 8, — A and the wave equator [] := 8} — A in R%. Do note that the fundamental solution

to the wave equation is only a distribution which does not coincide with any locally integrable function.

(Reference: Stein [16, Chap. 3.2] and Luk [12, Section 3].)

Exercise 6.2.8. Assume 1 < p < 2. Prove that LP(R%) embeds continuously into H*(R%) with 3 = %— L.

p
(Hint: Use duality and critical Sobolev embedding.)
Exercise 6.2.9. Recall that we obtain the inequality || f||;2+®e)y < C||f||grswa) for 0 <'s < g in Theorem
6.2.2. However, it is NOT invariant under multiplication by a character ¢*7. In fact, given ¢ € 8 such

that ¢ € CX(R?), we define ¢.(x) = ei%l(p(x). Verify that ||¢,||;2+ is independent of € whereas |||z
has size O(e7%).

Exercise 6.2.10 (Homogeneous Besov space ByY,,). Let 6 € 8 be a function satisfyingé eCr,0< 6<1
and 6 =1 near £ = 0. For f € 8 and ¢ > 0, we define

1fllsz,, = sup AT[I8(A) * fllpw.

A>0

One can check that BZ,,(R?) equipped with this norm is a Banach space.
d

d oS . . . 5573 . . .
Now we assume s < > Prove that H® is continuously embedded into B, 5 with the inequality

Ifllass  Vf €,

C
Il e < —
Boo,oo - —5
V2
where C depends only on d and Spt 6.

Exercise 6.2.11 (Invariance of the homogeneous Besov norm). Under the hypothesis of Exercise 6.2.9
and 6.2.10. Assume 0 < o < d. Prove that ||, ||3-c < Ce? forall e > 0.

[Hint: When Ac > 1, the conclusion is straighfforward. When Ae < 1, use the fact (—igd,)%e*1/¢ =
e*1/¢ and integrate by parts d times.]

Exercise 6.2.12 (Refined critical embedding). Let 0 < s < g. Prove that there exists a constant C,

depending only on d and 8, such that

C 1= =
Il £ —=IIFI1 G IIFIl-
) F

See more details in Bahouri-Chemin-Danchin [2, Remark 1.44].

(Hint: W.L.O.G assume the homogeneous Besov norm to be 1 and decompose f = f; 4+ f, 4 asin
Theorem 6.2.4 and so {| f| > a} C{|fal > a/2}U{|f 4] > a/2}. Using the definition of Besov norm,
one can see the first set has measure zero if A is suitably chosen. Then use the distribution function to
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express ||f||§ as in Theorem C.1.8 and use Chebyshev’s inequality in Exercise C.1.6 with exponent
p=2)

Exercise 6.2.13 (A refined density argument). If s < g (< g, resp.), prove that the space C°(R%\{0})
is dense in H*(RY) (H*(R?), resp.). If s > g, then the closure of C°(R4\{0}) in H*(RY) is the set of
functions u in H*(R?) such that 3%u(0) = 0 for all |a| < s — g

(Hint: Let u, := (&)*0)Y. If (u,, @);. = 0 for all ¢ € CX(R¥\{0}), then Sptu, = {0}. Next use
Exercise D.2.3(4).)

6.3 The mass-critical nonlinear Schrodinger equation

Let u : [0,00) X R — C be a complex-valued function. We introduce the linear Schrodinger equation
idu+Au=0in R, xR, u(0,x) = uy(x), x € R (6.3.1)

The solution is easily solved with the help of Fourier transform

lx=yI?

wew) =y, e =Y = —— | T oy 632
(4irt)s I

which can also be viewed as the convolution of the fundamental solution ® can the initial data u,

1 _?

—e i, (6.3.3)
(4irt)>

d(t,x) 1=

The linear Schrodinger equation enjoys the following invariance:

® (Scaling symmetry) If u solves (6.3.1), then for any 1 > 0, lgu(/lzt,/lx) solves (6.3.1) with initial
data lguo(/lx).

* (Galilean transformation) If u solves (6.3.1), then for any £ € R4, e~itléol* xSyt x — 2t& ) solves
(6.3.1) with initial data e™*$ou,(x).

What people are more interested in are the nonlinear Schrodinger equations (INLS)
io,u+ Au = F(u,ou, ---).

In particular, semilinear Schrodinger equations (F = F(u)) and quasi-linear Schrodinger equations (F =
F(u,0u)) and their analogues (with Laplacian replaced by fractional-order Laplacian or Laplacian with
certain potential terms) have appeared in many physical models. When considering the semilinear case,

the nonlinearity is assumed to be

F(u) = plulP™'u, u=+1, p> 1
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When y = 1, we say the NLS is defocusing; when u = —1, we say the NLS is focusing. The semilinear
NLS id,u + Au = +|u|P~'u satisfies the following conservation laws

¢ (Mass conservation) %fRd lu(t,x)|*dx = 0.
¢ (Energy conservation) 4 Jra 1|Vu(t,x)|2 + L|u(t,x)|‘”+1 dx =0.
dt 2 p+1
¢ (Momentum conservation) %Im Sra u(t,x)Vu(t,x)dx = 0.
When p—1 = S, we say the NLS is mass-critical. This is due to the fact that the L2(R%) norm of the

initial data stays invariant under the scaling symmetry above. When p—1 = ﬁ (d > 3), we say the NLS
is energy-critical because the power of the nonlinear term in the energy E(t) is the critical exponent for
the Sobolev embedding.

In this section, we aim to prove the global well-posedness and scattering of the mass-critical NLS

idu+Au = +|uliuin R, X R4, u(0,x) = uy(x), x € R4, (6.3.4)

6.3.1 Decay estimates and Strichartz estimates of Schrodinger equation
For the non-homogeneous Schrodinger equation
idu+Au=Fin R, xR u(0,x) = uy(x), x € R, (6.3.5)

Duhamel’s principle gives us the solution
t
u(t,x) = ey, — iJ el=DAR(7) dr. (6.3.6)
0

To prove the existence of NLS, we seek for the decay estimate (pointwise in t variable) and the space-time

(LPL%-type) for the Schrodinger semigroup e,

First, we prove the decay estimate

Proposition 6.3.1 (Decay estimate of e2). Let 1 < p <2 and f € S(R%). Then

1 1

. aci-1)
lle™® flle ey < Ct 2 27| | f | Lo (wa)-

Proof. Let Tf = ¢"2f. By Plancherel’s identity, we know ||T f||;> = ||f]|;2- Then by Young’s inequality

for convolution, we know

d
ITf e =P * fllze < (| Plzellfllze < CE 2| f |-

Therefore, using Riesz-Thorin interpolation theorem (Theorem C.3.5), we know T is bounded from
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L? to L9 for 1 < p < 2 with the estimate

1

_de 1-6
||Tf||Lq <C't > ||f||Lp, E = —_—

1_6_.1-¢6
2 ' q o 2

—| D

+

This exactly gives us the desired result as 6 = 2o [
P

Next, we introduce the space-time estimates for the non-homogeneous part. By Christ-Kiselev lemma
[4] (see also the argument in [5, Lemma 1.10] by Grillakis and Machedon), it is equivalent to derive the
estimates for [j, -+ dr instead of [, é .- dr. We then want to find suitable requirements for exponents
(p,q) and (P, §) such that
< ClIfllp -

pPrq
LPLl

J elt=mA f(T)dr
R

Since p,q > 1, we use the Minkowski’s inequality for integrals to see

<
Pra
Lth

J ei(t—r)Af(T) dr
R

J [ =% f(D)]] e de
R

p
Lt

Then using the decay estimate, we have

<C

p
Lt

J [ =% f(D)]l s de
R

—d:-1
f 16— oS f @l de
R

p
Lt

The integrand now is a convolution. By Hardy-Littlewood-Sobolev inequality, we wish to get

—dit-h
HI-I D 1 Ollge

< C”f”Lf’Lg"
The exponents should satisfy
1 1
O<y:=d(z=—-)<1, 1+4—-=
4 2 q p

This motivates us to define the so-called “admissible pairs”.

Definition 6.3.1 (Admissible pair). (p, q) is called an admissible pair, if

2 1 1
2-e(3-
p 2 q

and
e 4<p<oo,ifd=1;
e 2<p<oo,ifd=2;
¢ 2<p<oo,ifd>3.
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Moreover, if p > 2, then we call (p, @) a non-endpoint admissible pair; if p = 2, then we call (2,q) an
endpoint admissible pair.

Now, we can introduce the Strichartz estimates for the Schrodinger semigroup e'2.

Proposition 6.3.2 (Strichartz estimates). Let (p, q), (P, §) be two admissible pairs and t > 0, f € 8.
Then the following estimates hold

€™ fllzeeg < ClIS llze- (6.3.7)
t
J e f(r)dr|| < C||f||Lf3'sz, (6.3.8)
0 L2
t
J elt=A f(7)dr < C|fll,# e (6.3.9)
0 Pl C

Below, we only prove the estimates for non-endpoint admission pairs. The endpoint case is referred

to the famous paper:

Markus Keel, Terence Tao: Endpoint Strichartz Estimates. American Journal of Mathematics, 120(5),
956-980, 1998.

The proof for the non-endpoint case relies on the so-called TT*-argument, that is, to estimate the
operator norm of T, it suffices to find the operator norm of TT* which is often easier for NLS, as we

already obtain the estimate

< Cllf Il (6.3.10)

pPrq
LPLl

j ei(t—r)Af(T) dr
R

Proof. Again, by Christ-Kiselev lemma [4], it suffices to show the estimates for R X R4, We first prove
(6.3.8). Since L? is a Hilbert space, we have

2

2 = (J e A f(1)dr, f e A f (1) dt)

= f j (e f(0), e "2 (1)), drdt=f (f(r), j ei(f-f>Af<r>dt> dr
RJIR * R R

Ly

f e A f(r)dr

L

<Ml o J deO el <CIfIE, -
R t

‘X

LPrl
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Then, (6.3.7) can be proved with the help of (6.3.8) and the duality representation of L? norm (C.1.1).

) [ )
el = sup_ | f 18 £ (1, x)p(t, %) doe dt
R J Rd

llell pr o<1
Pl

[, .
= sup J (e"f, @)Lz dtl = sup (f’J e"tp dt)
”gDHLf,LZ/ <1 R * ”qD”Ltp,Lqu, <1 R L;Zc
< swp Il| | evod| <cifl
”qD”Lp’Lq’Sl R 12
where we use (6.3.8) in the last but two inequality.
For (6.3.9), we also use the duality representation to find that
J ei(t—r)Af(T) dr = sup J J (ei(t—‘r)Af(T)’ §0(t, '))L2 dtdr
R rrd el g <1[IrIR *
t bx
= sup (J e A f(7) dr,J e o(t,-) dt) < sup J e f(r)dr J eBo(t)dt
|I¢|IL51L;1‘/S1 R R 2 ”“’”Lf’Lg’ <1|r 2 [IYRr 12
S Sup ||f||L[7’L11'||q0”LP'LQ’ S C”f”Lp,Lq"
||¢I|Lp/Lq’ <1 t X t Tx t X
t Lx
O

6.3.2 Small-data global well-posedness and scattering for mass-critical NLS

Now, we to turn to prove the small-data global well-posedness and scattering of the mass-critical NLS.
idu+Au= i|u|§u(=1 F(u)), u(0,x) = uy(x). (6.3.11)

Theorem 6.3.3. For any d > 1, there exists £,(d) > 0 such that if |[u]|;2@e) < €, then (6.3.11) is

2(d+2)

globally well-posed in L, ,* (R X R%) and scatters in L2(R?).

Roughly speaking, global well-posedness and scattering means that (6.3.11) has a solution, and the
solution is close to a solution to the linear Schrodinger equation as t — +o0.

Definition 6.3.2 (Well-posedness). An initial value problem is said to be well posed on an interval
I,oeIl CR,if

e there exists a unique solution to the initial value problem,
e the solution is continuous in time,

e the solution depends continuously on the initial data.
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Definition 6.3.3 (Scattering). A solution to NLS is said to scatter forward in time if the solution exists
on [0, 00) and there exists 1, such that

u(t) —e*®u, - 0

ast = +00. A solution to NLS is said to scatter backward in time if the solution exists on (—00, 0] and
there exists u_such that
u(t) —e®u_ -0

as I —» —oo. An initial value problem with initial data in some set is said to be scattering if the problem
is globally well posed, scatters both forward and backward in time, and u, and u_ depend continuously

on the initial data.

Proof. We first prove the existence theorem. For any d > 1 we set p = q for simplicity. In order for
2(d+2)

(p, @) to be an admissible pair, we have p = q = , so let X be the set of functions

X=Ju:RxRY> C: |u]| < Ceyy-
L% (RxRd)

for some constant C. By Strichartz estimates, there exists some constant C(d) such that

ey a2 < Cé,.
L% (RxR4)

tx

Now we define the map

d(u)(t) = e?u, — iJ el=DAF (u(7)) dr.
If u € X satisfies
D(u)(t) = u(t)

then u solves (6.3.11). By the contraction mapping principle, to prove the existence of a unique solution
to (6.3.11) in X, it suffices to prove ®(X) C X and P is a contraction on X.
24 and Hélder’s inequality, if u € X, then

By Strichartz estimates for p = q =

< CIIF)|| awsn

Ad+2) L, 5 (RxRY)

L% (RxR4)

tx

f el=DAF(u(7))dr

142
< Cllull g
L% (RxR4)

tx

Hence, choosing g, sufficiently small, we get ®(X) C X.
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To prove @ is a contraction, for u, v € X, we compute that

|P(w) — (V)| 22 < Cl|F(w) — F(u)|| 2
L% (RxRY) L, 3 (RxRY)
4 4
<l ol e vl s
Lt; (RxR4) Lt,xd (RxRY)

Here we use the simple fact that

[lul“u — Jv]*v] <@+ a)(|ul® + v*)lu —vl.

For g, > 0 sufficiently small,

1
S —||u—v|| 2(d+2)
2 L% (RxR4)

[0(0) — )| 205
d (R

tx xRd)

proving ® is a contraction. Therefore, there exists a unique u € X as the fixed point of ®, which solves
the mass-critical NLS (6.3.11). The uniqueness and continuous dependence on initial data can be proved
in the same way, so we omit the proof here.

Finally, we prove the scattering.Set

U, = uy— iJ e UAF(u(t)) dt
0

and

0
U_ = uy+ if e AR (u(t)) dt

Again by Strichartz estimates and Christ-Kiselev lemma [4], u,,u_ € L2(R%) are well-defined. Addi-

tionally, by the dominated convergence theorem,

lim [|[Fw)| 24 = 0.
T—o0 L, f+ ([T,00)xRd)

Therefore,

-0
L:(RY)

||el“u+ —u(T)

J el=DAF (u(1))dt
T

2R ‘

This proves that each initial data function ||u|,, < €, has a solution that is global in time and scatters
forward in time. The proof that the solution also scatters backward in time is identical. One can also

prove that u, and u_ depend continuously on the initial data and we skip the proof here. O
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6.3.3 Virial identity of NLS
When = —1 in NLS

idu+ Au = ululPlu, u(0,x) = uy(x), u==+lI, (6.3.12)

that is, for focusing NLS, the (conserved) energy

1

FES |u|P* dx

E(t) :=J %quF—
Rd

might be negative. In such case, we can prove the finite-time blow up with the help of Virial identity.
In this section, we again consider the mass-critical problem, thatis, p — 1 = 3. It should be noted that
this result does not violate the small-data global well-posedness.

We define the Virial potential by

V() = f Ix|2[u(t, %)|? dx. (6.3.13)
Rd

It is easy to see that V() must be non-negative. On the other hand, we can prove that, for any solution

u to (6.3.12) with xu € L*(R%).

Proposition 6.3.4 (Virial identity of NLS). Assume u to be a smooth solution to (6.3.12) and u, €
HY(RY), |x|uy € LA(RY).

2
V'(t) =8 Vu 2i4df (1——) u|P+ dx. 6.3.14
W=s] Wurzad| (1-535)m (6314

In particular, if weset p—1 = 3, then we get V”(t) = 16E(t). Therefore, we conclude the following
theorem.

Theorem 6.3.5. Assume u : [0,T,) X R — C to be a smooth solution to the focusing, mass-critical
NLS ((6.3.11) with u = —1) and u, € H*(RY), |x|u, € L*(R%). Then T, < oo if one of the following
holds

(a) E(0) < 0;
(b) E(0) =0, V'(0) < 0;
(c) E(0) >0, (V'(0))* — 32E(0)V(0) > 0.

It should be noted that this result does not violate the small-data global well-posedness in Theorem
6.3.3, as the latter one does not require the initial data to be H! and |x|u, € L?.

Proof of “Prop. 6.3.4= Theorem 6.3.5”. For the focusing, mass-critical NLS, we already have V"' (t) =
16E(t) = 16E(0) thanks to the energy conservation. Then by the fundamental theorem of calculus, we
get

V(t) =V (0) + V'(0)t + S8E(0)t?,
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which is a constant-coefficient quadratic polynomial of t. Thus, if any one of (a)-(c) holds, we get
V(t) - —o0 ast — 00, which violates the non-negativity of V(). So, T, must be finite if any one of

(a)-(c) holds. H
Now, it remains to prove the Virial identity (6.3.14).

Proof of Prop. 6.3.4. Step 1: Compute V'(t). Notice that u is a complex-valued function, so |u|* = uui
and |Vu|? = Vu - Vu. We will repeatedly use the facts such as 2Re (zi0) = zw + Zw, Re (iz) = —Im (2),

etc, for z,w € C. Now, we have

V'(t) = 2Re f |x|2ad,u
Rd

=2RCJ ilxlzaAudxiZRef i|x)?|u|Pt dx
Rd Rd

=0

= —2Im f |x|?(Au + |Vul? )dx = —2Im f |x|?V - (aVu) dx
Rd N——r Rd
Im |Vuu[2=0

=2Im J V(|x|?) -(@aVu)dx = 4Im J (x-Vuundx.
RAd N — Rd

=2x

Step 2: Compute V" (t). Taking one more time derivative and integrating by parts, we get

(x- V)uat_udx + 4Im f (x-V)d,unndx

Rd

V"(t) = 4Im j

Rd

ou(x-V)iidx —4Im f (V-x)d,unndx

Rd

=4Imj (x-V)uat_udx—4Imf
Rd

Rd

=—8Im J ou(x - V)iidx — 4dIm J o,utidx.
Rd

Rd

Now, we write J; = Im [p,0,u(x - V)idx and J, := Im [, d,utidx. Then V"'(t) = —8J, — 4dJ,.

The term J, is easy to compute after inserting the equation and integrating by parts.

#Au F |u|P*tdx = —Re J |Vul? + |u|P*! dx.
Rd

J,=—Re J t(id,u)dx = Re J
Rd

Rd
For J,, we also insert the NLS equation to get
J; =Im f (iAu FilulP'u)(x - V)adx
Rd

Rd

=Re J Au(x - V)iidx ¥ Re f [u]Pu (x - V)i dx.
Rd
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Now, we write K; :=Re [, Au(x-V)idxand K, := Re [, [u|P"'u(x- V)i dx. ThenJ, = K, ¥K,.
p-1 pt+l
In K,, we introduce g(x) = x 2 and its anti-derivative G(x) := %XT, and so K, can be easily
P
computed after integrating by parts.

K= 3Re |G )(uPigliul) ax = 3Re |G- VIG(uP ax
Rd R4

1 d

=3[ @ woumar= - [
5| @-woqupax =-S5 |

For K, we integrate by parts to see

Ky =—) Re f 8,u 8;(x,0,) dx
Jik R

d

=—ZReJ aju5jkakﬂdx—ReJ du x,0,0,a dx
Jk Rd

Rd

=_J |Vu|2dx—%J (x - V)(|Vu?) dx
Rd Rd

=— (1 - g)J |Vu|* dx.
Rd

Summing up the above quantities, we get

Jl=—(1—g)J |Vu|2dxiLJ |u|P+! dx.
2/ Jpa p+1 )

Therefore,

V'(t) = —8J, —4dJ, = SJ |Vul? J_r4df (1 _ L) u|P* dax,
Rd Rd p + 1

Exercise 6.3

Exercise 6.3.1. Prove the conservation laws of mass, energy and momentum for the nonlinear Schrodinger
equation (6.3.12).

. d
¢ (Mass conservation) " Sra lu(t,x)|>dx = 0.
d
¢ (Energy conservation) " Sra %qu(t,xH2 + Lllu(t,x)PDJrl dx =0.
p+

¢ (Momentum conservation) %Im Jra u(t,x)Vu(t,x)dx = 0.

4
Exercise 6.3.2 (Pseudo-conformal conservation law). If u solves id,u + Au = |u|du with initial data
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Uy(x), then prove that the following quantity is conserved in time.

8t2
. 2 p+2 —
I(x + 21tV)u(t)||L2(Rd) + —p 7 J{Rd |lu(t,x)|P**dx, p=-.

Ql &~

6.4 *Littlewood-Paley characterization of Sobolev spaces

Many nonlinear evolution equations can be analyzed by viewing them as describing the oscillation and
interaction between low, medium, and high frequencies. To make this type of analysis rigorous, we
of course need the notation and tools of harmonic analysis, and in particular the Fourier transform.
However, merely taking Fourier transform does not distinguish the behaviors of different frequncy
bands, which are actually pretty important when treating the derivatives. Therefore, a natural idea is to
find a suitable decomposition, actually a partition of unity, in the frequency space. This is the so-called
Littlewood-Paley theory.

Let () be a real-valued radial-symmetric C° function supported in the ball {|&| < 2} which equals
1 on the ball {|¢] < 1}. The exact choice of bump function turns out to be not important and here we
use 1, 2 instead of any other radius of the ball because 1 and 2 are both dyadic numbers. Now, we define
the Littlewood-Paley projections.

Definition 6.4.1. Let ¢ be defined above, N € Z and f € 8. Set (&) = p(§) — ¢(2£) and ¢;(§) =
@(€/27),9;(&) = p(&/2)) for j € Z. Then we define the Littlewood-Paley projections as follows:

Pyf 1= @n@FE). Porf 1= @n@F@). Ponf := (1 - en@)f (@) .

In other words, Py localizes f near the frequency band |£] ~ 2N. One can easily show that

> Pn(€) =1 for all £ # 0. Also, we have Sptpy N Sptyhy, = @ for all N,M € Z with [N — M| > 2.
Nez
Therefore, {tn} actually gives a partition of unity of the frequency space.

6.4.1 Bernstein-type inequalities

Now we introduce the Bernstein-type inequalities which present the basic properties of Littlewood-Paley

projections.

Proposition 6.4.1 (Bernstein-type inequalities). Let N € Z, s > 0and 1 < p < g < co. Then in R we
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have

IPsnfllr < C(p, s, 27N VI*Psy £l
IP<n|VIflle < C(p, s, d)2Y*||Poy f |
IIPNIVI* flle = C(p,s, d)ziNs”PNf”LP’

1 1

Nd(---)
IP<nflle £ C(p,q,d)2 " » <||Pey fllLes

Nd(i-1y
IPNfllze £ C(p,q,d)2 > ¢°||[PyfllL»
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(6.4.1)
(6.4.2)
(6.4.3)

(6.4.4)
(6.4.5)

Proof. The proof are quite straightforward consequences of Young’s inequality for convolution (Theo-

rem C.3.6). Here we only prove (3) and (5).

For (3), we have Pyf = Py(Pyf) with Py := Py_, + Py_; + -+ + Pyy,. (Notice that y_, +
+ Py = 1 on Sptyy.) So, we know Py(|VI=f) = Py(IVI*Pyf) = @n(EIEI'Pyf(E))Y =

WN(©)IEI)Y = f. Thus, Young’s inequality for convolution leads to

IPNAVIEOllee < NN EIET N llPy fIlre-

Now, we compute

Gn@IEP) (x) =C f evE PN EE ] d

Rd
£=2"

_==C2Ndf eix.zN,’zp(n)stlnls dn — C2N(d+s).(’b(2Nx),
Rd

and so

1N EIEP) Il < CYEIPRY | = C2%Pl < €2
The same proof applies to |V|™f.

For (5), we again use Py f = Py(Pyf) to get

1P s = -z + -+ + i) * Pufle < CIBL P s 147 =3+ .
Then
5l = IGC/29) L = 2B e = 202l
Since 1 — % = i — %, we know

(

Nd(=-1)
IPxfllre £ C(p,q,d)2 "7 a°||Pxf]lLe-
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]

We also have the Littlewood-Paley characterization of the L? space. However, the proof relies on
Hormander-Mikhlin multiplier theorem which is purely a conclusion in harmonic analysis, so we skip
the proof here.

Theorem 6.4.2 (Littlewood-Paley Square Function Theorem). For any 1 < p < o0, there exists a
constant C = C(p, d) > 0 such that

vies, CUISfll NS < Cllf Iz,

where S(f) is the Littlewood-Paley square function of f, defined by

S(f) = (Z |PNf|2> = [IPxfllexz)-

Nez

6.4.2 Littlewood-Paley characterization of Sobolev spaces

With the Littlewood-Paley projections, we can establish more general estimates for fractional-order
derivatives in certain LP spaces. We now define the Sobolev spaces W¥P(R?) and W*P(R?) as follows.

Definition 6.4.2. Given s € R and 1 < p < o0, we define the non-homogeneous Sobolev space

WHP(R?) by
WP(RY) 1= {f € SR : ||fllwsomey 1= KV flliomey < oo}

and define the homogeneous Sobolev space W*P(R%) by
WPRY) :={f € 8' /PR : ||fllisoma 1= VI fllLoray < oo}

Based on Bernstein’s inequality (Proposition 6.4.1(3)) and Plancherel’s identity, we have the Littlewood-
Paley characterization of Sobolev norms

1

1 lwse@ay = [IP<1f llLowa) + (Z 22NS|PNf|2) : (6.4.6)
N=1

LP(RY)
The first conclusion is the Sobolev embedding theorem for W5P(R%), not only the special case p = 2.

Theorem 6.4.3 (Non endpomt Gagliardo-Nirenberg-Sobolev Inequality). Let 1 < p < g < oo and

s > 0 be satlsfy - l - — for some 0 < 6 < 1. Then there exists a constant C = C(d, p,q, s) > 0 such

that for any f E wsp (Rd), the following inequality holds

]
1 llzaay < CULNEE NS Sy o
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Proof. We adopt the Littlewood-Paley decomposition f = 3 Pyf. From the triangle inequality fol-
lowed by Bernstein’s inequality we have

N(E-9) s
£l 21PN Slls <€, p, @) D527 7 [Py flle = 25 2V 1Py f llze-
N N N

On the other hand, from Proposition 6.4.1(3) and the boundedness of Py, we have

IPxfllee < C(d, DS lles [P Sflle < C(d, p, )27 ||Py | VI flle < C(d, p, )27V |-

Inserting this into the previous estimate we obtain for some K that

1flle CWd, p,s) D 2Y%|fllpe + D 2% - 27N |V £l o

N<K N>K

KOs 2(K+1)(6—-1)s
<@ p ) | Mo 7= + W llwr T35

Now, we optimize this upper bound by selecting a suitable K. Let these two terms be equal and this

2—Ks — I/l ' 1 — 26-Ds
fllwse 20-8)s —1°

Substituting this back to the above inequality to eliminate the K-terms, we get the RHS is equal to

-0
I (1 —26-Ds »
||f||6 : 2(1—9)S _ 1 C”f” ”f“Wsp(Rd)
Lp

leads to

2C(d, p, S| f |l

The critical embedding is again a corollary of the Hardy-Littlewood-Sobolev inequality

Theorem 6.4.4 (Endpoint Gagliardo-Nirenberg-Sobolev Inequality). Let 1 < p < g < o0 and § > 0 be
satlsfy 2 = 2 — % Then there exists a constant C = C(d, p,q,s) > 0 such that for any f € WSP(R?),

p
the followmg 1nequahty holds
I laway < CILf llvwrsrmay-

. s .
In particular, when - > - — - we have the embedding theorem for non-homogeneous Sobolev spaces

1 1
q p

”f“Lq(Rd) S C”f”Ws,p(Rd).
We can also prove an analogue of Theorem 6.2.3 (1).

Theorem 6.4.5. Let 1 < p < 00,5 > 0 satisfy sp > d. Then

1 llzs@ay < C(P, s, DI llwse(may
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6.4.3 Fractional Leibniz rule and chain rule

We also want to establish analogues of the Leibniz’s rule and chain rule for fractional-order derivatives.

They actually provide us with some “sharp” estimates that are frequently used in recent research.

Example 6.4.1 (Fractional Leibnitz rule). Let f,g be functions on R%, and let D¥ be some sort of
differential or pseudodifferential operator of positive order o > 0. Heuristically, we know

¢ (High-Low/Low-High interactions) If f has significantly higher frequency than g (e.g. if f = PyF

and g = P_y_;G for some F,G ), or is “rougher” than g (e.g. f = Vu and g = u for some u) then

fg will have comparable frequency to f, and we expect D*(fg) =~ (D“f)g and Py(fg) = (Pxnf) &.

e (High-High/Low-Low interactions) If f and g have comparable frequency (e.g. f = PyF and

g = PyG for some F,G) then fg should have frequency comparable or lower than f, and we

expect D*(fg) S (D*f) g = f (D%g).

¢ (Full Leibnitz rule) With no frequency assumptions on f and g, we expect

D*(fg) ~ f(D*g) +(D*f)g

Example 6.4.2 (Fractional chain rule). Let u be a function on R%, and let F : R — R be a “suitably
regular” function (e.g. F(u) = |u|P~'u ). Then we have the fractional chain rule

D*(F(u)) ~ F'(u)D*u
for any differential operator D* of positive order a > 0, as well as the Littlewood-Paley variants
P n(F(w) ~ F(P.yu)

and
Py(F(u)) ~ F'(P_yu)Pyu.

Observe that when D“ is a differential operator of order k, then the heuristics are accurate to top
order in k (i.e. ignoring any terms which only differentiate f, g, u for k — 1 or fewer times). Indeed, the

above two principles are instances of a more general principle:

Example 6.4.3. (Top order terms dominate). When distributing derivatives, the dominant terms are
usually the terms in which all the derivatives fall on a single factor; if the factors have unequal degrees
of smoothness, the dominant term will be the one in which all the derivatives fall on the roughest (or

highest frequency) factor.

A complete and rigorous treatment of these heuristics (sometimes called paradifferential calculus) is

beyond the scope of this lecture notes. We now prove the above heuristics in the case D = d.

Theorem 6.4.6 (Moser-type inequality). If s > 0, then we have the estimate

1/ &llrsray < CCS, DI ey llg ey + 1 e 18]Iy
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for all f,g € H'(RY) N L®(R%). In particular, if s > d/2, the conclusion degenerates to Theorem
6.2.3(2).

The basic strategy with these multilinear estimates is to decompose using the Littlewood-Paley de-
composition, eliminate any terms that are obviously zero (because of impossible frequency interactions),
estimate each remaining component using the Bernstein and Holder inequalities, and then sum. One
should always try to apply Bernstein on the lowest frequency possible, as this gives the most efficient

estimates. In some dases one needs to apply Cauchy-Schwarz to conclude the summation.

Proof. Assume s > 0. From Proposition 6.4.1 we have

1/2
I f&llrs S CGs, DIIP<(fIr2 + (Z 22 IIPN(fg)II§2> :

N>1

We shall just bound the latter term because the first term is easily controlled by using the L? boundedness
of P and Cauchy-Schwarz inequality. We split f into two frequency bands

IPN(f Dl < CIPN(Pays N+ D) 1PN (Par)gllo-

M>N-3

For the first term, observe from Fourier analysis that we may freely replace g by Py_s<..n438, and

so by Holder’s inequality

IPN((Pcn—3/)&)I12 < ClI(Pan—3f)PN_3<.<n+3&ll12
S Clf |z [1Pn—3<-<n+38]lz2

and so the total contribution of this term to the square function above is C(s, d)(|| f ||z ||g||zs)- For the

second term, we simply bound

D PPN <C D) I(PySgllre

M>N-3 M>N-3

<Cligles 25 27 IIPyfllee

M>N-3

and so by Cauchy-Schwarz

28 N PPy /RN, < Cliglie D) 22205 Py, f2,.

M>N-3 M>N-3

Summing this in N (and using the hypothesis s > 0 ) we see that the total contribution of this term is
C(s, )| f | zz5118]|z ), and we are done. O

Theorem 6.4.7 (Paralinearization/Schauder-type estimate). Let V be a finite-dimensional normed vector
space, let f € HY(R? - V)NL®(R? - V) for some s > 0. Let k be the first integer greater than s, and
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let F € CIIZC(V — V) be such that F(0) = 0. Then F(f) € H*(R? — V) as well, with a bound of the

form

IF(Nisray < € (F, 1S llogays V5, @) 1 f lsay-

Proof. The strategy to prove nonlinear is related, though not quite the same as, that used to prove
multilinear estimates. Basically, one should try to split F(f) using Taylor expansion into a rough error,
which one estimates crudely, and a smooth main term, which one estimates using information about its
derivatives. Again, one uses tools such as Holder, Bernstein, and Cauchy-Schwarz to estimate the terms
that appear.

Let us write A := ||f||;«. Since F is Cllf)c and F(0) = 0, we see that |F(f)| < C(F,A,V)|f]|. This
already establishes the claim when s = 0. Applying Proposition 6.4.1, it thus suffices to show that

1/2
(Z 22N8||PNF(f)||§2) <CE AV )fllwss Vs> 0.

N>1

We first throw away a “rough” portion of F(f) in PyF(f). Fix N, s,and split f = P_yf + P>xf. Note
that f and P_y f are both bounded by C(V,d, A). Now F is Cl’f) . » hence Lipschitz on the ball of radius
C(V,d, A), hence we have

F(f) =F(Pnf)+C(V,d, A, F)(|Ponf1)

and thus
IPNF(Pll2 < C(F, AV, )||IPNEP n Iz, + [1Ponfllr2-

To control the latter term, observe from the triangle inequality and Cauchy-Schwarz that

2N Py flI7, < Cls) D) 2N 2N||Py 17,

N'>N

and summing this in N and using the Littlewood-Paley characterization of the H® norm (6.4.6), we see
that this term can be bounded by || f||?;;. Thus it remains to show that

1/2
(Z zZNS||PNF<P<Nf)||§2) < CE AV I N
N>1

We will exploit the smoothness of P_y f and F by using Bernstein’s inequality to estimate
IPNF(P oy 12 S C(d, K)27NF|VEF(P oy 2

Applying the chain rule repeatedly, and noting that all derivatives of F are bounded on the ball of radius
C(V,d, A), we obtain the pointwise estimate

IVKF(P NI < C(F,A,V,d, k) sup  [VEP ... VPN

ki +...+k.=k
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where r ranges over 1, ...,k and k,, ..., k, range over non-negative integers that add up to k. We split this
up further using Littlewood-Paley decomposition as

[VEF (Pyf)| < C(F,A,V,d, k) sup > |V (P, )] - |V (P, )]

ki+..+k=ki 1<N,,. N,<N

where we adopt the convention that Py := Py when N > 1 and P, := P_,.
We may take N; < N, ... < N,. where ki, ..., k, range over all positive integers that add up to k.

Now from Bernstein’s inequality, we have
[V5 By 1)), < O k92% [ < Ok, A)2
fori=1,..,r — 1, and similarly
75y 1), < Cds k)2 1By flls
and hence we have

|VKF(P v f)||,, < C(F,A,V,d,k)  sup > 2Nk Nk

kit ke =k 1 <N, <. <N,<N

Py, f

ILZ ’

Performing the sum in N, then N,, then finally N,_;, and rewriting N’ := N,, we obtain

[VSE@ )|, S CF AV AR 35 2V 1Py fl,,

1<N’<N

By Cauchy-Schwarz, we conclude

2 I~ ~ 2
||PNF(P<Nf)||L2 < C(FaA’ V5 da k) Z 2N k2 Nk ||PN’f||L2 .

1<N’'<N

Summing this in N and using the Littlewood-Paley characterization of the H® norm (6.4.6), we see that
this term can be bounded by ||f||?,. [

Exercise 6.4
Excrcise 6.4.1. Complete the proof of Proposition 6.4.1.
Exercise 6.4.2. Prove Theorem 6.4.4. (Hint: Use Hardy-Littlewood-Sobolev inequality.)
Exercise 6.4.3. Prove Theorem 6.4.5. (Hint: Use Bernstein’s inequality and s > d/p.)

Exercise 6.4.4 (Heat semigroup characterization of the Littlewood-Paley projections). Let A be an
annulus and let f € 8 satisfy Spt f € AA. Prove that there exist ¢, C > 0 such that for any 1 < p < oo,
t,A > 0, there holds

12
||etAf||LP < Ce S lze-
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This is the heat semigroup characterization of the Littlewood-Paley projections (which can be further
generalized to manifolds where the Fourier transform cannot be defined).

Exercise 6.4.5 (Bernstein-type inequalities for the heat semigroup characterization). Let u, € 8 satisfy
the assumption of f in Exercise 6.4.4. Consider the solution u to the equation

ou—vAu =0, ul,—, = u;
and the solution v to the equation
o0,v — VAV = f(t,X), U|;g=0

with f(t, ) satisfies the assumption of f in Exercise 6.4.4 for all t > 0. Prove that

1 1

1 11 11
—2 2dG—1) —lH oo d(E—)
lullpogy < COA%) s A% o [ug|a, ullpore < CWA%) " aA%a77| fl ppe

foralll1<a<b<Lo, 1<p<Lg<Loo.



Chapter 7 Calculus of Variations

In the proof of variation principle for the eigenvalue problem of —A; we apply the method of calculus
of variation to the potential energy and find that the minimizer (with certain constraints) exactly gives
the solution to the eigenvalue problem. Now we would like to apply this method to derive other impor-
tant nonlinear PDEs. Also, we briefly introduce the general theory, i.e., the so-called “Euler-Lagrange
equation”. For a systematic study, please refer to Evans PDE chapter 8.

7.1 Euler-Lagrange equation: First variation

As discussed before, suppose we wish to solve some certain nonlinear PDE A[u] = 0 where A[-] denotes
a given (nonlinear) differential operator and u is the unknown. Of course, there is no general theory,
but the method of calculus of variation identifies an important class of such nonlinear problems that can
be solved using simple techniques in nonlinear functional analysis. Such problems are called “variational
problems”, where the nonlinear operator A[-] is the “derivative” of an appropriate “energy functional”
I[-]. Then the PDE is rewritten as I'[u] = 0, that is, we turn to solve the “critical point(s)” of I[-],
which is usually easier than directly solving the nonlinear PDE itself.

We now briefly introduce a general theory. Suppose now Q C R? is a bounded domain with smooth
boundary. We introduce a smooth function L : R% X R x Q — R, called “Lagrangian”. We will write

L =L(p,Z,.X') =L(p1,"',pd,Z,X1 ""xd)

for p e R4, z € R, x € R%. This p is the name of the variable for which we will substitute Vw(x) and
Z is the variable that will be replaced by w(x). We also denote
V,L=(8,L-,8,L), V,L=8,L, V,L=(L,,,L).

b xd

Now, we introduce the energy functional

Iw] ::f L(Vw(x), w(x),x)dx
Q

where w : Q — R is chosen from some admissible set, for example, A 1= {w € Cm(ﬁ) D Wi = g}
for a given (smooth) function g.

153
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Claim. If u € A is the minimizer of I[-], then u satisfies the so-called “Euler-Lagrange equation”

d
— 70,8, L(Vu,u,x)) + 8,L(Vu,u,x) =0 in Q. (7.1.1)

i=1

Let us temporarily assume the claim is correct and try to see how this applies to PDEs. Indeed, if we

let the Lagrangian be
1 1
L(P,Zax) = §|P|2 = z(pf + - +p(21):

then
LZ = 0, apiL = pl"
Replacing (p, z, x) by (Vu(x), u(x), x), we get the Euler-Lagrange equation
d
— 0,8, u) +0=0= —Au =0,

i=1

which is exactly the Dirichlet’s principle.

Proof of Claim. To prove the claim, we pick any v € C(Q) and consider the real-valued function
jl) :=Iu+ev], e eR.

Since u is the minimizer of I[-], we know j(g) reaches a minimum at € = 0 and thus j’(0) = 0.

Next we compute j’(0). First we have
Jje) = f L(Vu + Vv, u + ev, x) dx,
Q
and then

d
j'(e) = J 2 9, L(Vu +eVu,u +¢v,x)0, v + 0,L(Vu + eVu,u + ev, x)v dx.
Qi=1
Let € = 0, we have
d
0=j(0)= J Z 0, L(Vu,u,x)d, v+ d,L(Vu,u,x)v dx.
Qi=1

Finally, integrating 0, by parts in the first term yields the result. O
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7.1.1 Examples

Example 7.1.1 (Nonlinear Poisson equation). Assume we are given a smooth function f : R - R and
define its antiderivative F(z) = [ g f(y)dy. We introduce the energy functional

I[w] =J %|Vw|2—F(w)dx.
Q

Following the above claim, we have L(p, z,x) = %l p|* — F(z) and thus compute
0,L = pi 0.L=—f(2)
and thus the Euler-Lagrange (E-L) equation is given by
—Au = f(u) in Q.

In practice, the function F(2) is usually a polynomial such as F(z) = iix"“ which gives a semi-
p

linear elliptic equation —Au = +u?.

Remark 7.1.1. We can also introduce the time variable ¢ into the functional (i.e., replace x by (¢, x) and

Vw by (6,w, Vw).) to derive wave equation. For example, the minimizer of

T 1
I[w] = —w?—(=z|Vw|*+F dx dt
wl= | Fur-(31vur+rw)

solves the nonlinear wave equation
u, — Au+ f(u) =0.

Example 7.1.2 (Minimal surfaces). Let us consider a classical problem (Plateau’s problem): Find the
surface with minimal area enclosed by a given curve (in 3D).

Surface area of graph = I [u]

A minimal surface

Figure 7.1: An example of minimal surfaces
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Mathematically, this is the so-called “minimal surface” whose equation is expected to be the minimizer

Iw] =J V1+ |Vw|2dx.
Q

. . . — 2 — Dbi —
The corresponding Lagrangian is L(p, z,X) = y/1 + | p|?, and thus 3, L(p, z, X) T and 0,L

of the area functional

0. Replacing (p, z) by (Vu,u), we get the equation of the minimizer u

d aXA
V(V_) —3a, (_) o
1+ [Vul? i=1 V1+ |[Vul?
Vu

\V1+ |Vul?

a minimal surface has zero mean curvature. This quantity also has physical meaning: it is proportional

Remark 7.1.2. The quantity V - ( ) is d times the mean curvature of the graph of u. Thus,

to the surface tension of a liquid drop.

Example 7.1.3 (Harmonic maps). We now replace the scalar function w by avectorw : Q C R¢ — R™,
Consider the minimizer of the energy

I[w] :=J l|Vw|2dx
QZ

over the admissible set A := {w € C*(Q - R™) : w|sq = g, |w| = 1}. It seems like a geometric
problem, but indeed its variants are used to characterize the steady state for the motion of liquid crystals.

We prove that the minimizer u satisfies the following quasilinear elliptic equations

—Au = |Vu|*u in Q

u=g on Q.

A harmonic map into a sphere

Figure 7.2: A harmonic map to a sphere
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Proof. Fix any v € C®(Q — R™). Then since |u| = 1, we have |u + ev| # 0 for small ¢, and thus
u+ev

T lu+tev|

We define j(¢) := I[v,] and then j has a minimum at € = 0, and so j’(0) = 0. Now we compute

v, !

j'(0) =I Vu : Vv/(0)dx,
Q

where A : B is the Hadamard product of two matrix, i.e., A : B := )} A;;B;j;and’ @ = di. Then we
.. 2
i.j

compute
\'4 3 (a+ev)-v)(u+ev)

v'(e) =
© |lu+ ev]| lu+ev|?

=>v(0)=v—-(a-vu

Inserting this into the first identity, we find that

Ozf Vu: Vv—Vu: V((u-v)u)dx.
Q

Since |u|? = 1, we have (Vu) 'u = 0 (i.e., 2. Guj)u; =0 V1 <i < d). Using this fact, we have
j=1

Vu: V((u-vu) = Zzaiujai(z wvieu;)
i k

= |Vu|*(u-v) + ZZdiuJ-uJ- di(z w.v,) = |Vul?(u-v).
i k

——
=0

Thus, we get

J Vu : Vvdx =J |[Vul?(u-v)dx Vv € C(Q - R™).
Q Q

Integrating by parts on the left side, we get

J (=Au)-vdx = J |[Vu|?’(u-v)dx Vv € CX(Q - R™),
Q

Q

and thus we get —Au = |Vu/|?u in Q. ]

7.1.2 *Second variation: Convexity assumption

Let us discuss a bit more about the Euler-Lagrange equation. As we can see, I[w] attains minimum at u
which forces j’'(0) = 0. It also indicates that j”(0) > 0. Recall that

Jje) = J L(Vu + eVuv,u + ¢Vu, x) dx.
Q
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Then

d
j' () = Z apiaij(Vu +¢eVo,u+ Ev,x)dxivdxjv

Qi j=1
d
+ 22 apiazL(Vu +eVo,u + av,x)axivv

i=1

+ 02L(Vu + eVu,u + v, x)v? dx.

Letting € = 0, we find

o< |
Q

holds for all v € C(Q). This indeed implies

d d
Z 6pi6ij(Vu, u,x)axivdxjv + 22 6pidzL(Vu, u, x)axivv + 02L(Vu, u, x)v? dx

ij=1 i=1

d
> 05,0, L(Vu,u,x)§€; 20 £ €RY, x€Q,

ij=1

which is the so-called “convexity assumption” on the Lagrangian L. The proof is to pick the test function
U to be

v(x) = ¢p (ng) n(x), x€Q,

where 77 € CP(Q) and p : R — R is the periodic “zig-zag” function defined to be

IA
[

D= O
IAN A
= =

IA

1—x
and p(x + 1) = p(x) x € R.

Therefore, the convexity assumption should be a necessary condition for the existence of minimizer.

For more details, please refer to Evans PDE Chapter 8.2 to 8.4.

Exercise 7.1

Exercise 7.1.1. Find the Euler-Lagrangian equation for the energy functional

T

1 1 m?
I[w]:=f J —w? — =|Vw|?> = —w?dxdt,
)27 T2 2

where w(t,x) € C*([0,T] x R%) and m > 0 is a given constant.
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Exercise 7.1.2. Define the energy functional

T
1 1 1
I[w] =J J —wz—(—|Vw|2+—w6) dx dt,
)29 T2 6

where w(t,x) belongs to A = {w € C*([0,T] x R?) : w(t,-) € S(R*) Vt € [0,T]}. Find the equation
of the minimizer u of I|lw] over A, i.e., I[u] = mi;ll I[w] and show that
we

1, 1 1
- - V 2 - 6d
sz(ut) +2| u| +6u X

is independent of time.

Exercise 7.1.3. Find L = L(p, z,x) so that the PDE —Au + V¢ - Vu = f in Q is the Euler-Lagrange
equation corresponding to the functional Ilw] := [, L(Vw, w, x) dx. (Hint: Find a Lagrangian with an

exponential term.)

Exercise 7.1.4. Let € > 0 and Q; := (0,T] X Q. Show that the elliptic regularization of the heat
equation, namely the PDE 8,u — Au — €d7u = 0, is the Euler-Lagrange equation orresponding to an
functional I [w] := [f, L(O,w,Vw,w,t,x)dxdt. (Hint: Find a Lagrangian with an exponential term

involving t.)

Exercise 7.1.5. Assume L(p, x) is a Lagrangian that is smooth in its components and is uniformly convex
in p-components, that is, there exists 8 > 0 such that

d
D 0,0, LVu,u, 0)E&; > 662 £ eR?, xeQ.

iLj=1

Show that the minimizer of Ilw] := [, L(Vu,x)dx over the admissible set A := {w € Cw(ﬁ) :
W|s0 = &} is unique. Here g : 0Q — R is a given smooth function.

. . u;tu, . . .« . .
(Hint: Consider I[——2] if u;, u, are two different minimizers.)
2

7.2 *Variational inequality: elliptic free-boundary problem

Now let us revisit the Dirichlet principle. If we replace the constraint w|sq = g by a one-sided inequality
w > gin Q (g € C®°(Q) is called an obstacle), i.e., we define the admissible set to be

A={weC?(Q): w>ginQ, w|s, =0}

and consider the same functional I[w] := [, %le|2 — wf dx. The existence and uniqueness of the
minimizer of I[w] over A can be proven by using linear functional analysis, so we assume these are
already known. Also we assume we already know A is convex. However, the minimizer is no longer a
solution to Poisson equation. Instead, it satisfies a so-called “variational inequality” which asserts that
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e —Au = f still holds as long as u is “beyond the obstacle”(i.e. when u(x) > g(x)).
e u>gand —Au > f in Q.

Theorem 7.2.1 (Variational inequality). Let u € A be the unique minimizer of I[w] over A. Then

Yw € A, J
Q

(Vu) - (V(w —u))dx > J f(w —u)dx.

Q

The proof of this inequality is not hard, so we postpone the proof later. The more important thing

is how to interprete this inequality. Let us denote

O:={xeQ:ux)>gkx)} C:={xeQ: ulx) =gkx}

free boundary

The free boundary for the obstacle problem

Figure 7.3: The free boundary in the obstacle problem

Since u, g are continuous, we know O is an open set and C is (relatively) closed. (Recall that the
pre-image of an open/closed set under a continuous mapping must be open/closed.)
Claim 1: —Au = f in O.

Proof of Claim 1. Fix any test function v € C(O). Since u(x) > g(x) in O, we know for sufficiently
small |g|, we still have w(x) := u(x) + ev(x) > g(x) and thus w € A. Using the above variational

inequality, we have

EJ (Vu) - (Vv) — fvdx > 0.
)

Note that this is true for both small € > 0 and € < 0, which forces the left side to be zero! Thus, u has
to satisfy —Au = f in Q. [

Claim 2: u > g and —Au > f in Q.
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Proof of Claim 2. In general, we just pick the above v to be non-negative and € € (0, 1] sufficiently small.
Then we integrate by parts in the variational inequality to get

j (—Au— fludx >0 Yv e CX(Q), v >0,
Q

and thus —Au > f in Q. ]

Remark 7.2.1. Theset F := 900 NQ is called a “free boundary” as we do not know the specific position
of this “virtual interface”. Such free-boundary problems can be studied in an easier way with the help of

variational inequality. These problems arise in the study of Brownian motion, plasticity theory, etc...
Finally let us prove this variational inequality

Proof of the variational inequality. Fix any element w € A. Then for any 0 < € < 1, by the convexity
of A, we have
ut+ew—-—u)=10—-u+cw € A.

Thus, if we set j(g) = I[u + e(w — u)], we see that j(¢) > j(0) for any € € [0, 1]. Hence j’(0) > 0.
Now we compute j'(0) by definition. For € € (0, 1], we have

Jj(€) - ) =1J [Vut+eVw —w)f* — [Vul* —fu+elw—-u)—u)dx
Q

€ € 2
2
g|lV(w — u)|

3 f(w—u)dx.

=J Vu-V(w —u)
Q
Letting € — 0, and using j’(0) > 0, we obtain

I Vu-V(w—-u)— f(w—u)dx > 0.
Q

Exercise 7.2

Exercise 7.2.1. Prove the uniqueness of the minimizer of the functional Ilw] := [, %Ile2 —wfdx
over the admissible set A = {w € C2(5) Tw>gin Q, w|zg =0} Hereg € C°°(5) is given.

Exercise 7.2.2. Show that the variational inequality in Theorem 7.2.1 can be rewritten as —Au + 3(u —
g) O f for the multi-valued function

0 z>0
B(z) :=1(-0,0] z=0.
0 z<0
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Exercise 7.2.3. Let f € L*(Q) be given and u be the minimizer of the functional Ilw] := [, §|Vw|2 —
wf dx over the admissible set A = {w € C}Q) : [Vw| <1in Q, W|30 = 0}. Show that u satisfies the
inequality

J Vu-V(w—u)deJ (w—u)fdx Yw e A.
Q Q

7.3 Noether’s theorem

We now study variational integrands that are invariant under appropriate domain/function variations
and show that the solutions to the corresponding Euler-Lagrange equations automatically solve certain
divergence-type conservation laws. In particular, we will see how to find some “good multipliers” that

induce helpful identities/monotonic quantities. We consider the functional
I[w] = J L(Vw,w,x)dx
Q
where Q C R4 and w : Q — R. We also write L = L(p, z, x).

7.3.1 Statement and proof

Before going to the rigorous statement, we must introduce some notations about the invariant variational

problems.

Notation 7.3.1 (Domain variation). Let X : R X R — R4, ¥ = ¥(x, 7) be a smooth family of vector
fields satisfying ¥(x,0) = x for all x € R%. Then for small 7, the mapping x ~— X(x,7) is called a
domain variation. We also define v(x) := X.(x,0) and Q(7) := X(Q, 7).

Notation 7.3.2 (Function variation). Given a smooth u : R? — R, we consider a smooth family
of function variations w : R X R — R? w = w(x, ) such that w(x,0) = u(x). Also we write
m(x) := w,(x,0) and call it a multiplier.

Definition 7.3.1. We say the functional I[-] is invariant under the domain variation X and the function

variation w if

j L(Vw(x, 1), w(x,f),x)dxzf L(Vw,w,x)dx (7.3.1)
Q

Q1)
holds for all small 7 and all open sets Q C R<.

Now we can state Noether’s theorem, which shows that the invariance of the functional implies that

the corresponding Euler-Lagrange equation can be transformed into divergence form.

Theorem 7.3.1. [Noether’s theorem] Suppose I[-] is invariant under the domain variation X and the

function variation w corresponding to a smooth function u. Then
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1. We have the identity

V, - (mV,L(Vu,u,x) — L(Vu,u,x)v)
=m (V- V,L(Vu,u,x) — 6,L(Vu,u,x)).

2. In particular, if u is a critical point of I[-] and so solves the E-L eq =V, - (VL) + J,L = 0, we
have the divergence identity.

V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) = 0.

Proof. Tt suffices to differentiate with respect to 7 in the invariance identity (7.3.1) and set 7 = 0. We
have the identity

J VpL-Vym+9,Lmdx = J L(v-N)dS
Q 30

Integrating by parts and using divergence theorem, we get
j m(V, - V,L(Vu,u,x) — 8,L(Vu,u,x))
o

=J V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) .
Q

This is true for any domain Q C R4, so the integrands must coincide everywhere. O

7.3.2 Examples

As stated before the theorem, we can sometimes first “predict” a domain variation X and then look for
a corresponding function variation w as some formula involving u(¥X(x, 7)). Then we can compute the
multiplier m in terms of u and its derivatives. In this section, we introduce some examples to illustrate
this procedure.

Example 7.3.1 (Translation invariance). Assume L = L(p, z) does not depend on x. Then I[w] :=
Jo L(Vw,w) dx is invariant under shifts. Given k € {1,---,d} and define ¥(x,7) := x + 7e¢; and
w(x,7) :=u(x+7e;). Then one can compute that v = e, and m = 9,, u. Consequently, if u is a critical
point, then Theorem 7.3.1 leads to the following identity

d
Z axi(apiL axku - Laik) = Oa k = 13 ,d- (732)

i=1
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For example, we may apply this conclusion to the wave equation. That is, consider

T

I[w]=JJ %(atw)z—%|Vw|2+F(w)dxdt
0 JRa

and let u be the minimizer. We already know that u satisfies a semi-linear wave equation
Fu—Au+ f(u)=0, f=F.

For this functional, we write p = (3,w, d;w, ---,0,4w) and x = (t,x,, -+, X;) and choose k = 0 (time
variable). Then L(p, z) = ipg - %(pf + -+ pfi) + F(z) and v = ¢y, m = 0,u. So, Noether’s theorem
implies that

V., -(Vuu,)+9, <ut2 - %(uf —|Vul?) + F(u)) =0.

This yields that e := %(uf + |Vu|?) + F(u) satisfies ¢, — V, - (u,Vu) = 0. If u is sufficiently smooth,

.. . . d
then this implies the energy conservation " Joe(t,x)dx =0.

Example 7.3.2 (Scaling invariance of the wave equation). Recall that the linear wave equation 87 u—Au =

0 corresponds to the action functional

1 T

Iw] = Ej J (B,w)? — |Vw|*dx dt.
0 JRd

It is straightforward to verify that this functional is invariant under the following scaling transformation

d-1
(x,t) F— (Ax,At), ur— A2 u(dx,At), A >0.

We set A = e and define

(d-1)t
X(t,x,7) = (e't,e'x), w(t,x,7) :=e 2 u(e't,e'x).

d-1 . .
Thenv = (t,x) and m = tu, + x - Vu + - U After some tedious computations, we can find that the
scaling invariance leads to the conservation law d,p — div q = 0 where

p ;:%((atu)2 + |Vul?) + (x - Vu)d,u + uu,,

q :=(tu[+x-Vu+ u) Vu+%(uf— |Vul?)x.

It should be noted that this identity is useful when establishing the global existence of the 3D energy-
critical wave equation and we refer to Evans [6, Chap. 12.4] for details.
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Exercise 7.3

Exercise 7.3.1 (Scaling invariance of p-Laplacian). Given p > 0, consider I[w] = [, [Vw|P dx. Prove
that
(1) The minimizer (assume it exists) u satisfies the p-Laplacian equation div (|Vu|P~2Vu) = 0.
d—_p
(2) Ilw] is invariant under the scaling transformation x =— Ax, u —— A » u(ix) for any 4 > 0.

Then put A = e” and use Noether’s theorem to derive

V- ((x -Vu + pu)prulp‘ZVu - |Vu|px> = 0. (7.3.3)

Exercise 7.3.2 (The monotonicity formula). Let B(0,r) lies within Q.

(1) Integrate the identity (7.3.3) over B(0,r) and use Gauss-Green theorem to derive that

(d=p) j VulP dx = rj Vul? — p|VulP-2(@,u2 ds,
B(0,r) 0B(0,r)

b . . .
where 0,u := — - Vu represents the radial derivative.

x|
(2) Show that

1
r——= j |Vu|P dx is non-decreasing in 7. (7.3.4)
B(0,r)

Exercise 7.3.3 (*Derrick-Pohozaev’s identity). Let u be the smooth solution to —Au = |u|P~'u in Q
with u|3q = 0. Here Q :=B(0,1) c R*(d > 3) and p > %. Prove that

(1) [ IVul*dx = [, |u|P*! dx.
Q) [,(x- Vyw)|ulPudx = —ﬁ [ luP*! dx. Here (x - V) = X,0, + - + X40,..

(3) % Jo IVul?dx < % Jo [ulP*! dx, which together with (1) forces u = 0 in Q.
p

(Hint: u = 0 on 0Q implies that Vu(x) || N(x) on 0Q.)

Question 7.3

Question 7.3.1 (Almgren monotocity formula). Let u be a harmonic function in some region Q C R¢
and assume B(0,R) C Q, u(0) = 0 and u # 0. For 0 < r < R, define the functions
d-1
B(0O,r)

a(r) := LJ u*ds,, a(r):= %‘[ u?dx.
3B(0.r) r

Inserting p = 2 in the monotonicity formula obtained in the previous exercise, we find that b’'(r) =

2
= [apion (@10 S,
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( ) d—1 14 X r

8B(0,r)

(2) Prove that b(r)* < ga(r)b’ r).

(3) Define the frequency function f := 2 and derive Almgren’s monotonicity formula f'(r) > 0.
(Hint: Use the conclusion of (1).)
(4) Prove that a(—(r; < £ and thus a(r) > yrf forall0 <r < R. Here B := % andy := %. This
a(r r a

is an estimate from below on how fast a non-constant harmonic function must grow near a point
where it vanishes. (Hint: Use the conclusion of (3) and the use (1).)

Question 7.3.2 (Conformal energy for the wave equation). The mapping

x t
x> =27 |x|? — 12

@ﬂkﬁgj%=< y Vx| # t (7.3.5)

is called hyperbolic inversion. The hyperbolic Kelvin transform Ku = i is defined by

d-1
a(t,x) 1= u(@, )||x|> - | >

(7.3.6)

(1) Show that if 87u — Au = 0, then 875 — Azt = 0.
(2) Consider the variations

d—1
X(t,x,7) =yt +t(|x]2 = t2),x), w(t,x,7):=y72 ulx(t,x,1)),
|x|2_[2

Ixl2=(+e(|x2=12))2
transform, resp.) to the variables (f,x) (the function u, resp.), and then add te,, and lastly re-

where y = This is equivalent to apply the hyperbolic inversion (hyperbolic

apply the hyperbolic inversion (hyperbolic transform, resp.) again. Show that the corresponding

speed and multiplier are respectively given by
v = (x> +t32tx), m=(|x|>+t*)0,u+2tx-Vu+ (d — 1tu.

(3) Prove the Morawetz’s identity ¢, — div r = 0 where

r :=(|x]?+t3)d,u + 2tx - Vu + (d — Dtu) Vu + t((6,u)? — |Vul?)x, (7.3.7)
._(t+|x|>2< d—1 ) (t—|x|)2< d-1 )
¢ci=—7p ou+du+ x| u) + 2 o,u—o,u x| u (7.3.8)
t2+|x|2< 5 , (d=3)d-1) 2) d—1<|x|2+t2 )
+ — |Vul|* — (0,u)* + Zxp u T xP ux|.

In Evans’ book [6, Chapter 8.6], the author says “After a longish calculation, we derive Morawetz’s
identity.”
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Question 7.3.3 (Local energy decay for the wave equation). Assume U to be a smooth solution to the
wave equation
u—Au=0 in (0, c0) X Q,
u(t,x)=0 on (0, 00) X 0Q), (7.3.9)
(u, 0u)| 1= = (uo, uy) € C(Q).

Here Q) := [Rd\6 with O C R% a bounded, smooth open set that is star-shaped with respect to the origin,
that is, the segment between any x € O and O totally lies in O. Recall that when d = 3,Q = R?,0 = §,
the solution has O(¢t™') decay rate. In this example we aim to establish O(t™2) decay within any bounded
region. Assume also O C B(0,R) and d = 3.

(1) Prove that
d

—f cdxzj r-»ds, <0
de Jq 40

where ¢, r are given by the Morawetz’s identity and v is the unit inward normal vector of 0.
(2) Use (1) and the concrete form of ¢ to show that for any t > 0
t+ |x|)? d—1 \* (- |x|? d—1
J & (6tu +0du+ —u) + & <6tu —ou— —u)
B(0,R)\O 4 2|x| 4 2|x|

|x|? + t2
2

2

+ (IVul? — (6,u)?) dx < 1.

(3) Takingt > 2R to derive

IVl — Bupdx < + (7.3.10)
B(O,R)\O t2
_ 12
OGP +0ur+ L o u+ Y=Y gy < L (7.3.11)
BO.RNO |x| 4|x|? t2

u? d-2 u? . L
2| |2x) S and the second inequality in (3) to show that
e P

(4) Use l“—la,u = div (

1
J Gu)’+@u)dx <=, t>2R
B(O,R)\O t

7.4 Existence and regularity of minimizers
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7.5 Mountain-Pass theorem



Appendix A Notations

The first part of the appendix records the notations used throughout the lecture notes.

A.1 Geometric notations

e R¢ = d-dimensional real Euclidean space, R = R!.

e A typical point in R? is x = (X, -+, Xg).

e Given aset U C RY, we write dU = boundary of U, U = U UadU = closure of U.

e B(x,r) C R? : the open ball with center located at x € R% and radius r > 0. B(x,r) = closure
of B(x,r), B(x,r) = B(x,r)\{x} = punctured open ball with center located at x € R¢ and radius

r>0.
e S9! =09B(0,1) = (d — 1)-dimensional unit sphere in R4,
d
e a(d)= volume of unit ball in R¢ = F(ij)' da(d) = surface area of S471.

e RY ={x € R%: x; > 0} = open upper half-space.
=(0,---,0,1,---,0) = i** standard coordinate vector.
o Let U,V be open subsets of RY. We write V € U if V CV C U and V is compact. We also say V
is compactly contained in U.
e Given T > 0 and an open set U C R?, we define the parabolic cylinder by UT := U x (0, T] and
its parabolic boundary Iy := U;\Uy.

A.2 Notations for functions

e Ifu : U — R, we write u(x) = u(x;,-++,x;) (x € U). We say u is smooth if it is infinitely
differentiable.
e Ifu,v are two functions, we write U = v to mean that u is identically equal to v. We writeu :=1v

to define u as equaling v.
e The support of a function u : U — R is denoted by Spt u :={x € U : u(x) # 0}.
e The positive (negative, resp.) part of a function u is defined by u*t := max{u,0} (u- :=

169
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— min{u, 0}, resp.). Then u = u* — u~ and |u| = u* + u~. The sign function is

1 x>0,
sgn(x) :=40 x=0
-1 x<0.

Ifu: U - R™, we write u(x) = (u,(x), -+, u,,(x)) (x € U).
If T is a smooth (d — 1)-dimensional hypersurface in R, we write [; f(x) dS, for the integral of f
over %, with respect to (d — 1)-dimensional surface measure. If C is a curve in R9, we write | - fde

for the integral of f over C with respect to arc-length.

1
][dex = Vol(D) Lz f(x)dx,

Averages:

1
dS, = —— x)ds,.
1 €E
indicator function E C R?, yz(x) = o .
0 x¢E

The convolution of two functions f, g in R? is denoted by f * g, satisfying

(f * g)x) = j

Rd

fox - yg)dy = j Fgx— ) dy.

Rd

We write f = O(g) as X — x,, provided that there exists a constant C such that | f(x)| < C|g(x)|
for all x sufficiently close to x,.

We write f = 0(g) as x — X, provided that lim @I _

x—x, 18(%)]

A.3 Notations for derivatives

Assumeu : U >R, xeU.

o 6_u(x) — lim u(x+he;)—u(x)

. lim , provided the limit exists. We usually write 0, u, d;u, u,, for simplicity

of notations. Similarly, we can define high-order derivatives.

e Multi-index notations:

1. We write ”
su(x) 1= —0 X _ g gy,
xll axdd

where a = (ay, -++, &) is the multi-index with length || = a; + -+ + .
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2. Given a nonnegative integer k, we write 3*u(x) := {0°u(x) : |a| = k} to be the set of all
partial derivatives of order k. We also reagrd 8*u(x) as a point in R%" with

10%ul = | > 10%ul?

o=k

3. If k =1, we regard du as being arranged in a vector and denote it by

Vu 1= (0yu,--,0,,u) = gradient vector.
4. u, := % - Vu represents the radial derivative of u.
5. If k = 2, then
Uy x, Uy x,
Viu 1=
uxdxl uxdxd
d

represents the Hessian matrix. Au = >} u, , = Tr(V?u) is the Laplacian of u.
i=1

e Letu : R - R™ be a vector-valued function. We define

1. 8*u = (6%uy, -+ ,8%u,,) for each multi-index a. We can similarly define du and |3*ul.
axl ul e axdul

2. When k = 1, we write Vu := to be the gradient matrix.
Oy Um =+ Oy Un

3. When m = d, we define the divergence of u to be

d
divu ::V-u:TrVu:deiui.

i=1

4. When m = d = 3, we define the curl of u to be curlu :=V xu = (0, u; — 9,,u,,0,,u; —
0, Us, 0y Uy — 0, u;). When m = d = 2, the curl of u becomes a scalar, defined by V* - u =
—aXZLll + axluz.

A.4 Notations for function spaces

Let U be an open subset of RY.

e C(U)={u : U - R|u is continuous.}

e CU)={ueC): uis uniformly continuous on bounded subsets of U.}.

e CK(U)={u : U — R : 0% exists and is continuous in U, V0 < |a| < k}.

e CKU)={ueCkU): é*uis uniformly continuous on bounded subsets of U, V0 < |a| < k}.
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C*(U) = {u : U — R|u is infinitely differentiable in U.} = (| CK(U). C*(U) = N CX(U).
k=0 k=0

C.(U),CKU),Cc=(U) denote the functions in C(U), CK(U), C®(U) (respectively) that have com-
pact support.

CidxU)={u:I1xU->R: u,axiu,axiaxju,atu eC(IxU),V1<i,j<d}. HereI CRisan
interval and U C R? is a domain. The variables t € I and x € U.

LP(U) ={u : U - R|u is Lebesgue measurable in U, ||u||;pqy < oo} with

1/p
lullow) 1= (J |u|? dx) , (1< p< o).
o

L®(U) ={u : U = R]u is Lebesgue measurable in U, ||[u||;«) < oo} with
[l = ess sup,u :=inf{M € R|The set {x|u(x) > M} has zero Lebesgue measure.}.

L} (U)={u: U — Rlu € LP(V) for each V € U}.

”aku”LP(U) = ”lakulnLP(U)'
The spaces C(U —» R™),LP(U — R™), etc. consist of those functions u : U — R” with each

component belonging to the correspondiong spaces.

Schwartz class
S(RY) :={u € C*(RY) : lull (o) < 00 VN € N and multi-indices a.
Here the semi-norm is defined by

[ullve 1= sup@ + [x])Y[0*u(x).

xeRd

Then (S(RY), || - ||(v.)) is @ Fréchet space.
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Notations: Let Q C R? be a bounded open subset of R? and its boundary 3Q is C'. Denote Q to be
the closure of Q. Let N = (N, ::-, Ny) be the unit outer (pointing outward) normal vector of 0Q. Let
V :=(8,,:+,0,) be the gradient (nabla) operator and A := 83 + --- +9; = V - V be the Laplacian
operator. Let u,v,w : Q — R be functions and uvVv,w Q — RY be vector fields in R?. Let
B(x,r) C Q be an open ball centered at x € R? with radius r > 0.

B.1 Formulas of integration by parts

Let us assume the following lemmas are true.

Lemma B.1.1. Suppose u € C'(Q). Then

f@xiudxzj uN;dS, 1<i<d.
Q

oQ

Based on this lemma, we conclude the following propositions

Proposition B.1.2. The following identities hold.

1. (divergence theorem) For each vector field u € C 1(Q - R%), we have

J V-udxzj u-NdS.
Q

oQ

2. (integration by parts) Suppose u, v € C'(Q). Then

f@xiuvdx:j qul-dS—j ud,vdx, 1<i<d.
Q 0Q

Q

d
Recall that Au :=div (Vu) = V- (Vu) = 3} 9; u. Then we have the following properties

i=1

Proposition B.1.3 (Green’s formulas). Assume u,v € C 2(5) Prove the following variants of Gauss-
Green formulas.

173
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L foAudx = [, 2 ds.
2. [(Vu-Vvdx = —fQuAudx+faQu§—;dS.

dv ou
3. [quAv —vAudx = fmua —v_ds.

When Au = 0 in Q, we say u is a harmonic function in Q. A straightforward corollary of Proposition

B.1.3 is concluded as follows.

Corollary B.1.4. Assume u € C?*(Q) N Cl(a) is a harmonic function in Q. Show that
ou
L. [iq ~ ds = 0.
ou
2. [, |Vul?dx = fagua ds.

When the spatial dimensions d = 3, we define curl u := Vxu = (0, u3—0,,u,, 9, ,u; —0, 3,0, U,—
9,,u;) to be the curl operator. This is important in the analysis of lots of PDEs arising from physics,
especially fluids mechanics and electro-magnetics.

Proposition B.1.5 (Calculus of the vector product). Let u,v,w € CX(Q — R3), fe CY(Q). Then

1. Vx(Vf)=0, V-(Vxu)=0.

2. VX (fu) = f(Vxu)+ (Vf)xu In particular, V X (f(|x])x) = 0 for f € C}(R — R). (Thus,
the static electric field has no vorticity.)

Assume Q is simply-connected. If VXu = 0 in Q, then there exists a function ¢ such thatu = V.
V-axv)=(Vxu)-v—(VXVv)-u
Vxxv)=a(V-v)—v(V-u)+(v-V)u—(u-V)v

ux(Vxv)=(Vv)-u—u-(Vv).

VX (Vxu)=V(V-u)-—Au.

JoVXudx =—[,,(uxN)dS,.

Jou- (Vxv)dx = —[,,(uxVv)-NdS, + [,(VXu)-vdx.

o ® N R

B.2 Polar coordinates and moving regions

The following lemma allows us to convert d-dimensional integrals into integrals over spheres.

Lemma B.2.1 (Polar coordinates). Suppose u : R¢ — R is continuous and integrable. Then

j udx:f (J u(y)dSy> dp.
Rd 0 0B(xg,0)

2. For each R > 0 and x,, € R,
(J u(y) dSy) dp.
8B(x0.p)

1. For each x, € R4,

R

J udx = J
B(x,R) 0
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The above lemma is a special case of the so-called “co-area formula”.

Theorem B.2.2 (Coarea formula). Let u : R — R be Lipschitz continuous and assume that, for a.e.
r € R, the level set {x € R%|u(x) = r} is a smooth, (d — 1)-dimensional hypersurface in R%. Suppose

also f : RY = R is continuous and Lebesgue integrable. Then

J f(x)IVu(x)IdX=J (J f(x)dsx) dr.
Rd —o0 {u=r}

Lemma B.2.1 follows from Theorem B.2.2 by taking u(x) = |x — x,|. The proof of Theorem B.2.2
is referred to Evans-Gariepy [/, Chapter 3].

Next, we introduce the differentiaion formula for integrals over moving regions. Consider a family
of smooth bounded regions Q(t) C RY that smoothly depends on the parameter t € R. Let v be the
velocity of the moving boundary dQ(t) and N be the unit outward normal vector of 0Q(¢).

Theorem B.2.3. Let f = f(x,t) be a smooth function. Then

S se=| gemasc+| asax
dt J o EN0)

Q)

B.3 Gronwall-type inequalities

This section records Gronwall-type inequalities which play an important role in the energy estimates of
various evolutionary PDEs.

Theorem B.3.1 (Differential form of Gronwall-type inequalities). Let 7(-) be a nonnegative, absolutely
continuous function on [0, T], which satisfies for a.e. t the differential inequality

n'(£) < (On(t) + (1)

where ¢(t) and §(t) are nonnegative, summable functions on [0, T]. Then

;7([) S ef(t) #(s)ds

2(0) +J ¢<s)ds]

forall 0 <t <T. In particular, if " < ¢7n on [0, T] and 7(0) = 0, then » =0 on [0, T].

Proof. From the differential inequality, we see

% (n(s)e80I07) = =¥ (3 (5) = P()(5)) < o HOUY(s)

holds for a.e. 0 < s < T. Consequently for each 0 <t < T, we have

t

e~ Jo#Mdry(5)ds < n(0) + J ¥(s) ds.

0

0
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O
Equivalently, we have the following Gronwall-type inequalities in the integral form.
Theorem B.3.2 (Integral form of Gronwall-type inequalities). Let £(t) be a nonnegative, summable
function on [0, T| which satisfies for a.e. t the integral inequality

t

E(t) < CIJ §(s)ds + C,

0

for constants C;,C, > 0. Then
E(t) <C, (1 +Cyte™t), ae te€[0,T]

In particular, if £(t) < C, fé £(s)ds fora.e. 0 <t < T, then £(t) =0 for a.e. t € [0, T].

Proof. Let n(t) := f(t) £(s)ds and then ' < C;n + C, a.e. in [0,T]. According to the differential form

of Gronwall’s inequality above
n(t) < e ((0) + Cat) = Cyte™!

Then we get
E(t) < Cn(t) + C, < C, (1 + Cyte ).

]

Remark B.3.1. The above two inequalities, especially the second one, are often used to establish contin-
uation criteria for various linear or nonlinear PDE:s; that is, the solutions blow up at certain time T, if
and only if some quantities blow up at this time T,. Also, if ¢(¢) is a decaying factor, we may also use the
above inequalities to compute the lifespan of solutions to various PDEs. However, for some quasilinear
or fully nonlinear equations, we may use a more general version of Gronwall-type inequality to close

the energy estimates, that is,

t

E(t) < P(E(0)) + P(E(t))f P(E(s))ds = 3T > 0, such that sup E(t) < P(E(0)),
0 tel0,T]

where P(---) represents a generic polynomial (with non-negative coefficients) in its arguments. See Tao

[17, Chapter 2] for details.



Appendix C LP spaces

This section records basic properties of L? spaces, smooth approximations and frequently-used inequal-

ities related to LP spaces. They can be found in Evans [6, Appendix B] and Folland [8, Chapter 6].

C.1 LP inequalities and dual spaces

Let (X, M, u) be a measure space. For 1 < p < oo, we define LP(X) by

LP(X,M,pu) :={f : X - C : f is measurable and || f||.» < oo},

where
P (D tEp<e
Lo 2= esssup f =inf{M : p{x : |[f(X)|>M}=0} p=c0
X

In many cases, we abbreviate LP(X, M, u) by LP(u) or LP(X) or simply LP. LP(X, M, i) equipped with
|| - |lx norm is a Banach space when 1 < p < o0 and we refer to Folland [8, Theorem 6.6, 6.8] for the
proof.

C.1.1 Basic L? inequalities

There are also two important inequalities that are repeatedly used

 Holder's inequality: [[fgll < ||fllslglle with p + (p) =1, 1< p, p' < oo.
e Minkowski’s inequality (triangle inequality): ||f + gllor < Iflle + 1|€]lrs 1 < p < 0.

LP spaces satisfy the following inclusions

Proposition C.1.1. Let 1 < p < g <7 < o be three indices. Then
(1) LPnL"CcLiCLP+L,
(2) If u(X) < oo, then LI C LP and ||fllre < ||f|lpapt(X)? a3

(3) Ifinf{u(F) : Fe M,F C X, u(F) > 0} > ¢, > 0 for some positive constant ¢, then LP C L4. In
particular, €P(Z) C ¢4(2Z).

177
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Proof. (1) Using Holder’s inequality, we have

o 1 6 1-6
£ lle < IAIEALAIESS A

This proves LP N L" C L9. Next, we verify L C LP + L". Given any f € L9, we split it into two parts
f=fxe+ fxp withE :={x : |f(x)| > 1}. Then we can directly verify that

|fxel? = f1Pxe L |fl9=> fxg €LP

and

|fl9xge > | fxgl" = fxg €L

(2) If g = o0, then the conclusion is trivial. When q < o0, we use Holder’s inequality to get

1=2
1£1Ize = J LF17 - 1dp < NF1Plgare L llara- = [1FllZm X)) o
X

(3) For sake of simplicity, we assume ||f||;» = 1 and ¢; = 1. Then for any € > 0, we see that

wx eXx : |f(x)|>1+s}§(1+£)‘PJ |flPdu<l=>ufxeX : |f(x)|>1+¢€} =0,

and thus u{x € X : |f(x)| > 1 = 0. Then it is easy to see that [, |f]9du < [, [f|Pdu = 1. O

When u(X) < o0, then LP(X) norm converges to L®(X) norm as p — 0.

Proposition C.1.2. Suppose u(X) < oo and f € L®(X). Then f € LP(X) for any p < oo and
;ifolo 1A llee = 11 F |-

Proof. The < part is straightforward thanks to Proposition C.1.1(2), that is, limsup||f|l. < [|f]li«-

p—0oo

For the > part, given € > 0, by definition of L*-norm, we know there exists some & > 0 such that

pix 1Ol 2 [ fllze — €3 2 6,

and hence

J 17 di > 811 le — £)P.
X

Therefore, we know liminf || f||;» > ||f]|;~ — € holds for all £ > 0. Letting ¢ — 0, we obtain our desired
p—oo

result. O

Remark C.1.1. The condition u(X) < oo can be removed if we additionally assume f € LPNL*® (which
implies f € L2 for all ¢ > p thanks to Proposition C.1.1(1)).
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C.1.2 Equivalent definition of L? norms via duality

Let p, p’ be conjugate exponents. Holder’s inequality shows that each g € L7 defines a bounded linear
functional ¢, on LP by ¢,(f) := [, fg and its operator norm does not exceed ||g||,s. In fact, the map

. . / .
—— ¢, is almost always an isometry from L? into (LP)*.
o y y

Proposition C.1.3. Suppose p, p’ are conjugate exponents and 1 < p’ < co0. If g € LP', then

memmﬂl

If  is semi-finite! , then the result also holds for p’ = .

gl = llgpell = Supi

Proof. The > part is trivial thanks to Holder’s inequality. For the < part, when p’ < oo, we shall pick

_ lgl”Isgng
i
lgll”

When p’ = o0, for € > 0 we define E := {x : |g(x)| > ||g||.~ — €}. Then u(E) > 0. By the semi-finite
property, there exists F C A with 0 < u(F) < co. Then pick f = u(F)™ ypsgn g. For details, we refer
to Folland [8, Prop. 6.13]. O

Conversely, if f ~— [ fg is a bounded linear functional on L?, then g € L in almost all cases.

Proposition C.1.4 ([8, Theorem 6.14]). Suppose

e 4 is semi-finite;
e gis a measurable function on X such that fg € L! for all f that are simple functions supported in

a finite-measure set;
* M,(g) :=sup{| [ fg| : f simple,||f]l, =1} < o0.
Then g € L” and M, (g) = lIgllL -

Then we can conclude the following duality theorem

Theorem C.1.5 ([8, Theorem 6.15], Duality of L?). When 1 < p < oo, for each ¢ € (LP)*, there
exists a g € LP such that ¢(f) = [ fg for all f € LP and hence LP' is isometrically isomorphic to (LP)*.
When u is o-finite, then the same conclusion holds for p = 1. In particular, LP(X) is reflexive when
1< p<oo.

As a result of the above theorem, we conclude that LP norm has the following equivalent definition

wm=ijmm (C.11)

geLP,
lgll, <1

Based on this definition, we can prove the Minkowski’s inequality for integrals.

I\We say u is semi-finite if for any F € V" with »(F) = oo, there exists a subset K € N, K C F satisfying 0 < »(K) < co.
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Theorem C.1.6 (Minkowski’s inequality for integrals). Suppose that (X, M, u) and (Y, NV, v) are o-finite
measure spaces and let f : X XY — R be an (M ® N')-measurable function.

e If f>0and1 < p < o0, then

p 1/p 1/p
U (J f(x,y>dv<y>> dM(x)} < f U Foey)? du(x)] dv(y).

e If1 < p<oo,f(,y) €LP(v)forae. y € Yandy +— || f(-, ¥)||.r isin L' (v), then f(x,-) € L'(v)
for a.e. x € X, the function x — [, f(x,y)dv(y) is in LP(u) and

J FGy)dv(y)
Y

< f 1£Cller dv().
LP Y

Proof. We only prove (1). (2) is a direct consequence of (1) (with f replaced by |f|) and Fubini’s
theorem.

When p = 1, (1) again becomes Tonelli’s theorem. When 1 < p < o0, let p’ be the conjugate
exponent to p and let g € L (1) with ||g||;»» < 1. Then by Tonelli’s theorem and Holder’s inequality,
we have

f (j f(x,y)dv<y>) |g<x)|du(x>=ﬂ £ 21800 du(x) dv()
X Y XXY

1/p
< llgllus f U f(x,y)”du(x)] dv(y).
Y X

Taking supremum of the left side over all g € L (1) with ||g||,» < 1 leads to our desired inequality
thanks to (C.1.1). O

C.1.3 Equivalent definition of L? norms via distribution function

The LP norm can also be equivalently written as the weighted integral of the measure of the level sets.
This is actually the generalization of the equivalent definition of Lebesgue measure, that is, partitioning
the range of a function f instead of the domain of f. To be precise, let f be a measurable function on
(X, M, w), we define its distribution function 15 : R, — [0, co] by

Ae(@) i=u{ix € X : [f(x)] > a}.
The distribution function satisfies the following basic properties

Proposition C.1.7.

(1) A; is decreasing and right continuous.

() If f < g, then A; < 2,.
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(3) If | f,,| increases to | f], then so does 4 to 4.
(4) It f =g+ h,then A,(a) < A,(a/2) + Ap(a/2).

The equivalent definition of L? norm is concluded as follows

Theorem C.1.8. Let 0 < p < 0. Then

o0

| rau=p| wtiy@aa
X

0

Proof. Write Ap(a) = [y Xix:|f(o)>o3 4 and commute the integrals on the right side. One can always

commutes these two integrals because of the non-negativity of the integrands and Tonelli’s theorem. [

Exercise C.1

Exercise C.1.1. Let 1 < p <7 < . Prove that (LP N L', || - ||zr + || - ||z-) is a Banach space.

Exercise C.1.2. Let 1 < p <r < . Prove that (L? + L', || - ||zp4+1-) is 2 Banach space. Here

1 llesrr 2= InfUIfollee + Ifaller = f = fo+ frs fo €LP, f1 € L7

Exercise C.1.3. Suppose 1 < p < oo. If ||f, — fll.» = O, then f, — f in measure and hence has a

subsequence converging to f a.e.. Conversely, if f, — f in measure and |f,| < g € L? for all n and a.e.

x, then ||f,, — f|l» — O.

Exercise C.1.4. Suppose 1 < p < 0. If f,,f € LP and f, — f a.e., then ||f, — f]||z» if and only if
| fulle = (1 f1lLo-

Exercise C.1.5. Prove that LP(R%) (with Lebesgue measure) is separable when 1 < p < oo but not
separable when p = .
(Hint: When p < o0, consider rational linear combination of characteristic functions of finite unions

of rectangles with sides that are intervals with rational endpoints. When p = oo, consider f, := xp(,)-)

Exercise C.1.6 (Chebyshev’s inequality). Prove that if f € LP(0 < p < ), then for any a > 0,

||f||pr

(04

plx o |fGOI > ad) < [

Exercise C.1.7. Suppose that (X, M, i) and (Y, N, V) are o-finite measure spaces and let f : X XY — R
be an (M ® NN')-measurable function. Suppose there exists C > 0 such that [, |[K(x, y)| du(x) < C for
ae. y€Yand [, |[K(x,y)|dv(y) < C forae. x € X.If f € LP(v),1 < p < oo, then the integral

Tfx) := j K(x, 3)f () dv(y)

Y

converges absolutely for a.e. X € X, and the function T'f is defined in LP(u) with ||Tf||.» < C||f]|ze-
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Exercise C.1.8. Suppose that (X, M, u) and (Y, N, v) are o-finite measure spaces and K € L*(u x v). If
f € L*(v), then prove that the integral

Iﬂw:mewﬂwmw

Y

converges absolutely for a.e. X € X, and the function Tf is defined in L*(u) with ||Tf]|;2 < ||K||2]|f ] z2-
Exercise C.1.9. Prove that

(1) feLriff k_Z 222 £(2F) < .

(2) If f € L, then limaPAs(a) = lim aPA,(a) = 0.
a—0 a—oo

Exercise C.1.10 (Non-decreasing rearrangement). If f is a measurable function on X, its decreasing
rearrangement is the function f* : (0, 00) — [0, o] defined by

f*@®) =inf{a : Ag(a) < t}  (where inf @ = o)

(1) f* is decreasing. If f*(t) < oo then A,(f*(¢)) < ¢, and if 1;(a) < oo then f*(1,(a)) < a.
(2) Ay = As, where a;. is defined with respect to Lebesgue measure on (0, c0).
(3) If ¢(a) < oo forall @ > 0 and lim Ay(a) = 0 (so that f*(t) < oo for all £ > 0), and ¢ is

a—oo

a nonnegative measurable function on (0, ), then [, ¢o|f|du = [, ¢of*(t)dt. In particular,

1fllee = 17l for 0 < p < co.
(4) If 0 < p < o0, then the weak L? norm satisfies [ f]., := (sup aPA,(a))"/P = sup t'/? f*(1).

a>0 t>0

C.2 Convolution and smooth approximation

We next introduce tools that allow us to construct smooth approximations to given functions by means

of convolution.
Definition C.2.1. We introduce the following notations

e If U Cc R%is open and € > 0, we write U, :={x € U : dist (x,3U) > ¢}.
e Define 7 € C®(R%) to be the bump function

1
n(x) = CeXp<|x|2-1) |x] <1
0 x| >1

b

where the constant C > 0 is selected such that [, 7 dx = 1. We call 7) the standard mollifier.
¢ (Mollifier) For each € > 0, we define

1@ = o0 (3).
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We call 7 the mollifier with parameter ¢ > 0. It is easy to verify that [p,7.dx = 1 and Spt
1. C B(0,¢).
e Given f € LP(U) for some 1 < p < +00, we define its mollification by f.(x) := (1, * f)(x).

The following theorem records several frequently-used properties of mollifiers.

Theorem C.2.1 (Property of mollifiers). Let f : U — R be a locally integrable function.

1. f. € C*(U,). (not U! Because the support of f, is slightly larger (size €) than the support of f.)
2. f.— fae ase— 0.

3. If f € C(U), then f, =2 f (uniform convergence) on any compact subset of U.

4. f1<p<oandf ELf:C(U), then f, — f ian:)C(U).

Proof. Fixx € U, and i € {1,---,d} and h sufficiently small such that x + he; € U,. Then we compute
the differential quotient

felx+he) = fx) _ 1 f Ly (M) -n(222)) s dy

h T ed ) h € €
- gidj o (FEY) o (222 soray

for some open set V' € U. Thanks to the uniform convergence

he. — - —

«

h € €

we know the differential quotient converges, whose limit is denoted by d, f.(x) and is equal to

J 9, m:(x—y)f(y)dy.
Q

Similar argument is applicable to the derivative of f.

Next, we prove the pointwise convergence. By definition, we have

S%J n(x_y
€% JBxe) &

gcf If(y) — f(x)|dy = 0 ae. x€U.
B(x,¢)

o) — f)] = f R = YW - F(x)) dy )17 - fGo ay
B(x,e)

where the last step is achieved by using Lebesgue’s differentiation theorem. Moreover, if f is continuous,
then, given any subset V' € U, we choose an open set W such that V. € W € U. Then f is uniformly
continuous in W and the convergence in Lebesgue’s differentiation theorem holds for all x € V. Thus,
we obtained the uniform convergence as desired in (3).

It remains to prove (4). Choose V€ W € U as above. We first prove f, € Lf;c(U) for1 < p < .
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Fix x € V, we have

1 1

)] = < f el lf o)l dy
B(x,¢)

J n:(x—y)f(y)dy
B(x,e)

-1 L

< ( J ne(x — ) dy) p (J nx = MIFOI? dy)P
B(x,¢) B(x,¢)

1

=1 (J ne(x — y)lf(y)lpdy>p :
B(x,e)

Next, we integrate both sides on V' and use Minkowski’s inequality (for integrals) to get

f Fu G0l dx < J f neGx = MIF DI dy dx
%4 V J B(x,)

sj |f<y>|P(f m(x—y)dx) dy=f 1P < oo.
w B(y,e) w

Finally, the convergence in L norm is obtained by approximating f by g € C(W). That is, fixing V., W
as above and § > 0, we can find g € C(W) such that ||f — g||.»w) < 8. Then

fe = flleory S Wfe — &lloory + 118 — 8lleeqry + 118 = flloery
<2||f = glleew) + 118 — &llLee)-

Using (3), we have that limsup || f. — f/|.,q < 26. O

e—0

C.3 LP interpolations

In this section, we record two important interpolation theorem for L spaces that have been widely used
in Fourier analysis and PDEs. Suppose (X, M, u) and (Y, N, V) are o-finite measure spaces, 1 < p,q <
0.

Definition C.3.1. Let T : LP — L9 be an operator. We say

e T issublinear, if |T(f,+ f1)X)| < |Tfox)| + |Tf1(x)] and [T(Af)(x)| = |A||T f(x)| hold for all
xX€Xand 1 €C;
* T is strong (p, q), if there exists a constant C}, ; > 0 such that ||Tf|[,q < Cp4lIf1l1r3

1
o T is weak (p, q), if there exists a constant C,, ; > 0 such that A(Tf)e < Cpo I lle-

It should be noted that “strong (p, q)” immediately implies “weak (p, q)”
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C.3.1 Marcinkiewicz interpolation theorem

We first introduce the Marcinkiewicz interpolation theorem.

Theorem C.3.1 (Marcinkiewicz Interpolation Theorem). Suppose that (X, M, u) and (Y,N,v) are
measure spaces; 1 < pg, P1, o, q1 < 00 are exponents satisfying py < qo, p1 < q1, and gy # q;; and

l=1_e+£andl=1_e+i, where 0 < 6 < 1.

p Do b1 q 9 51

If T is a sublinear map from LP(u) + LP1 (1) to the space of measurable functions on Y that is weak types
(Po, qo) and (p1, qy), then T is strong type (p, q)-

Proof. We only prove that case p, = q, and p; = q;. The general case is just more technically complicated
but the core idea is the same, and we refer to Folland [8, Theorem 6.28] for details.

Given f € LP, for each & > 0 decompose f as f, + f; as fy = f)({x:|f(x)|>ca},f1 = f)({x:|f(x)|§ca},
where the constant ¢ will be fixed later. Then f, € LP(u) and f, € LP(u). Furthermore,

ITfGO| < |Tfo(X)| +|Tf1(x)| = Arp(ear) < Agp,(a/2) + App (a/2)

We consider two cases. Case 1: p; = co0. Choose ¢ = 1/(2A4,;), where A, is such that ||Tg||, <
A, ||gllco- Then Az (a/2) = 0. By the weak (py, p,) inequality,

A Po
ey @/ < (222050l

hence,

oo

Iﬁﬂﬁspf

0

P12 (24, f FEOIP duda
x| fO)|>cat

[fGOl/c
0 —1—- p 0 —Fo
— p2Ay)’ f FEO f o dadu = L 24" @AY I
X 0

Case 2: p; < 00. We now have the pair of inequalities

/1Tf,-(05/2) < (7 Hfl”p,) , 1i=0,1
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From these we get (arguing as above) that

[c]

|ﬁﬂﬁSpJ

0

arkm@Aa“J FOOIP duda
{x:f(x)|>ca}

+ pJ ab~1 7P (24))" f |fCOIP du da
0 e 1 ()| <eat

p2 AP p2 AT
= — P—DPo + — pP—Dp1 ”f”P
P—DoC b,—bp¢c

]

An application of Marcinkiewicz interpolation theorem is the LP boundedness of the Hardy-Littlewood

maximal function.

Definition C.3.2 (Hardy-Littlewood maximal function). Let f € L. (R?). We define its Hardy-

Littlewood maximal function by

M) =80

f FO)) dy.
B(x,r)

Then

Proposition C.3.2 ([15, Chapter 3]). The Hardy-Littlewood maximal operator M is weak (1,1) and
strong (00, 00).

This together with Marcinkiewicz interpolation theorem gives us

Theorem C.3.3. Let 1 < p < oo, then
p
IMfllze@ay < S 11l ra)-

We note that the constant above can be computed by following the proof of Marcinkiewicz interpo-
lation theorem.
An important result is the so-called Hardy-Littlewood-Sobolev inequality, which actually gives the

critical Sobolev embedding for fractional Sobolev spaces.

Theorem C.3.4 (Hardy-Littlewood-Sobolev inequality). Let f € LP(R%) and the exponents p,q,y

satisfy 0 <y <d,1<p<qg<ooandl+ =24 g. Then there exists a constant C > 0 depending on
q p
D, q,d such that

”l : |—7/ * f”Lq(Rd) < C”f”LP(Rd)'

Proof. We truncate the convolution into two parts

|wﬂ*ﬂw=f ﬂx—wwrMy+f fe= Iyl 7 dy =: I, + .

|¥I>R |¥I<R
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This R > 0 may depend on X and will be determined later in order to optimze the upper bound.

. . 111 )
For I,, we notice that the exponents satisfy — = o< Then I; can be directly controlled by
rp' Yq
using Holder’s inequality

d
I < ||fGe = )llee ”| |7 XBeo gy [ CllfllLR .

For I,, we eliminate the singularity at the origin through the dyadic decomposition of the ball B(0, R).

e

LI <Y J
j=0¢ 2-U+DR<|y|<2-JR

Y7 f(x - y)ldy

<> U+IR) f FGx— )l dy
j=0 2-U+DR<|y|<2-JR
i : lf(x—¥)

< 2(]+1)7R_y(2_JR)d J ——dy
2 yi<z-ir (277R)?

j=0

<CqM f(x)

<2727 1ENRITMf(x) = CRETMf ().
Jj=0

Therefore, we have

d
L+L<C (“f”LPR_E +Rd_ny(x))'

Take )
(Wil

R:= -
Mf(x)4

such that the two terms are equal. Then we get

P

1-L p
L+, < C”f”qu(Mf)q-

Finally, using the LP boundedness of the Hardy-Littlewood maximal operator, we get

p

1-2 e
177 % fllpagey < I+ Lollze S ClFlle " 1M llza < ClIF e

———
p

=mfl,
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C.3.2 Riesz-Thorin interpolation theorem

The drawback of Marcinkiewicz interpolation theorem is that the upper bound for the constant in the L?-
boundedness inequality does not have quantitative expression. However, if we replace the assumption
“weak (py,qo)” by “strong (py,q,)”, then we really obtain explicit expression for the constant of the

inequality.

Theorem C.3.5 (Riesz-Thorin Interpolation Theorem). Suppose that (X, M, i) and (Y, N, v) are mea-
sure spaces and Py, P1, 9o, ¢1 € [1, ]. For 6 € [0, 1], we define pg, gy by
1 1-6 6 1 1-6 6
+ =

Pe Do D % Q% @

If T is a linear map from LPo(u) + LP*® — L%(v) + L% (v) such that
ITfllea < Mil|flln 1=0,1,

then
IT fllzee < Mgl fllzee, Mg 1= My°M?.

If gy = g, = o0, then v should be semi-finite.

The proof relies on the Three-Line Lemma in complex analysis, so we omit the details here. See
Folland [8, Theorem 6.27].

An application of Riesz-Thorin interpolation theorem is the strong (p, p’) boundedness of Fourier
transform. This is concluded as the Hausdorff-Young inequality (Theorem D.1.9). Another important
application is the Young’s inequality for convolution. This is frequently used in the study of heat equation

and Schrodinger’s equation.

Theorem C.3.6 (Young’s inequality for convolution). Let 1 < p,q,r < oo satisfy 1 + Z=2+land
a p v
feLP,ge L Then f x g € LY and

I * 8lls < [If llzollgllz-

Proof. Fix g € L" and define Tf := f % g. Then by Minkowski’s inequality for integrals (Theorem
C.1.6), we have ||Tf||r £ M||f]|:- Also, by Holder’s inequality, we have ||T f|| .« < M||f||. Then by
Riesz-Thorin interpolation theorem with (p,, qy) = (1,7) and (p;,q;) = (¥', ), we obtain the desired
inequality. ]

Exercise C.3

Exercise C.3.1. Show that Hardy-Littlewood operator is not strong (1,1).
(Hint: If f # 0, then there exists R > 0 such that [, ) || = € > 0. Then prove M f(x) > Ce|x|™
for |x| > R by noticing that B(0, R) C B(x, 2|x]).)
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Exercise C.3.2. If B is a bounded subset of R%, then

J Mf < 2B| +cj |F110g" 111,

R
where log" t = max(logt, 0).

Exercise C.3.3. Let {1} be a family of approximation to identity. Then prove that

sup |(1 * )] < (9]l M f ().

>0
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Appendix D Preliminaries on Fourier
Analysis

D.1 Fourier transform

Given f € L'(R?%), we define the Fourier transform of f to be
(D.1.1)

& 1= L j FOe ¢ dx,
Rd

d

(2m)2
where i = V-1, ¢ := cos@ +isinf, x-& = x;& + -+ + x,&; and € = (&,-+-,&,) is called the
“frequency variable”. We also define the inverse Fourier transform of f € L'(R?) by
¥ 1 .
fx) 1= — J f(E)e< dé. (D.1.2)
(2m)z 7R

The Fourier transform and its inverse are denoted by F and F~! respectively.
The reason why we call (D.1.2) the “inverse” Fourier transform is the following property.

="

Proposition D.1.1 (Fourier inversion formula). If f,f € L'(R?), then there exists a function f, €

C,o(RY) (continuous functions that vanish at infinity) such that f = f; a.e. and f, = (f)"

The proof requires either the Riemann-Lebesgue lemma or the property of the Gaussian kernel and

we postpone it to later sections.

From the definition (D.1.1), we know that f € L! does not necessarily imply f € L. People want
to find a suitable class of functions, say X, such that the Fourier transform maps X into X and is also

(D.1.3)

invertible in X. Such a function space does exist, which is called Schwartz function space

S(RY) :={u € C®(RY) : |lullyq < o0 VN € N and multi-indices a}.

Here the semi-norm is defined by
[ullv.ey = sup(1 + [x)¥]0%u(x)].

xeRd

191
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Then (S(R9), || - |lv.e)) is a Fréchet space.

Briefly speaking, a Schwartz function is a smooth function whose derivatives (including the function
itself) are all decaying faster than any polynomial order (i.e., decay faster than O(|x|™) for any N € N*).
For example, e, e=¥I” are Schwartz funtions.

Proposition D.1.2 (Folland [8, Prop. 8.3 and 8.17]). For Schwartz functions, we have the following

properties.

1. If f € C®, then f € 8 if and only if X#0%f is bounded for all multi-indices «, 8, if and only if
0%(xP f) is bounded for all multi-indices a, 3.
2. CZ and 8 are both dense in L? (1 < p < o) and in C,,.

From the definitions above, Fourier transform seems to be far away from PDEs. However, Fourier
transform converts derivatives to be multipliers, which then reduces a linear PDE to an ODE. Such
property makes solving certain linear PDEs much easier. We list the following properties. For simplicity,

we assume the functions f, g in the below proposition are Schwartz functions.

Proposition D.1.3. Let f,g € L'(R%). Then

1. (D/_e\rivative < Multiplier) If f € C*, 3°f € L' for |a| < k and 3°f € C, for |a| < k — 1, then
(O F)(E) = (i&)*f(&). Similarly, if x*f € L for |a| < k, then f € C* and ((—ix)*f(x))"(§) =
%1@).

2. If T is an invertible linear transform of R and S = (T*)7! is the inverse transpose, then f/o\T =
|detT|"'foS. In particular, we have

o (Translation) (f(x —h)N(&) = e ™ f(£) for any h € R%.
o (Scaling) (f(AX)ME) = |A|~2f(£/A) for any 1 € R.
o (Symmetry) If f, f € L', then (&) = f(=¢&). As a corollary, ¥4 =Id.

3. (Convolution < Multiplication) m(f ) = (V2m)if(€)8(€). Here (f * g)(x) = [, ra S (X —
g dy = [ f(¥)g(x — y)dy represents the convolution of f,g. This integral converges if
one of f,g is L' and the other one is L*.

4. (Riemann-Lebesgue lemma) For any f € L'(R?), the Fourier transform f € C(R) and satisfies
|f(E)] = 0as [§] — co.

Proof. (1): For simplicity, we only consider the case f € S(R%) and 3% = d; for some j € {1,---,d}.

Using the definition of Fourier transform and integrating by parts, we have

CoT6) =— |8, fexsax
(2rr)z /R
5 1 ix. . 1 .
=—— J f(x)3, (e7™%) dx = (i&;)— J fx)e ¢ dx.
(2m)2 YR (277)> ¥ Rd
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The second equality in (1) is also similarly proved.

(—ix, fN ) = — j (i) f(x)e % dx = —— j F G003 (%) dx = 6 ().
Rd Rd

(27)> (27):

(2): Using the definition of Fourier transform and change of variable y = Tx, we get

foT(®) = - df f(Tx)e ®*dx = |detT|™! 1 df f(x)e T '* dx
(2m)z IR (27)3 YR
= | det T| — f F(X)e9* dx = | det T|"1 f(S&).
Rd

(27)>

(3): WLOG (Without loss of generality) we assume f,g € S(R?), we know all the integrals below are
convergent and we can commute integrals. The general case can be proved by using the approximation

in Proposition D.1.2.

Fre®= - dJ (J fx—yg(y) dy) e *¢ dx
(27)2 YR \JRd
(f*g)(x)

S dJ (J fx—y)gy) dy) eTiVEe=ivE dx

(27r)2 YRR
= (W2n)! - — J - J fx = y)e > VEdx |g(y)e Ve dy

(2m)> IR\ (27r)2 YR
f®

= (V2m) f(©)$(§).

(4): Recall the definition of Fourier transform: f(§) = ;d Sra f(x)e=*% dx. The continuity is
@2n)2

rather easy to prove, as we have

1
<

L J FGOlle-h — 1] d.
(27)s Jn

FE—h) - f@&) = |—— J e (e h — 1) dx
Rd

(27)>

Since |e™™*® — 1| < 2 and f € L}(R%), the integrand is bounded by 2|f| € L'(R?) (independent of h)

for any x € R9. Using the “dominated convergence theorem”, we can commute lim with [, in order
y g 8 : lim with [

to get the convergence to zero.

Now we do a translation in the phase function by the change of variable x = y + IZ_Ii So, the Fourier
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transform f(£) can be rewritten in y-variables

&= %J f (y + ﬂ—§> e dy === —%j f (y + ”_5) v dy.
(2m)> IR €12 (2r)2 Jmd 1§12

Then, we add this to the original definition of Fourier transform to get

2f(&) = 1 df (f(x)—f<x+ ﬂ_f))e-ixfdx,
Rd

o P
and thus
A 1 1
If()] <= dJ f(x)—f(x+ﬂ_i> dx > 0asé — o0
2 (27)z IR H
because 7€ /|€|> — 0 as & - 0. In the last step, we use the “translation continuity of L! norm”, that
is, lllin’é Jra lf(x+h) = f(x)|dx =0 forany f € LY(RY). O

An important corollary is that

Corollary D.1.4 ([8, Corollary 8.23]). The Fourier transform, denoted by F, maps 8 continuously
into 8 itself.

We next introduce the following lemma showing that Fourier transform preserves the L? inner prod-

uct.

Lemma D.1.5. If f,g € L', then [, f(x)g(x)dx = Sra F(E)E(E) dE.

Proof. Using Fubini’s theorem, it is easy to get

j Forg(e) dx = f (J Fp)eie dy)g(x)dx
Rd (2m)z YRY \JRd

Fubin:i’s:tlzorem f f(y)[ 1 . f eix'yg(x)] dy = j f(y)g(y) dy.
R (27)s IR "

Now, we turn to prove the Fourier inversion formula, namely Theorem D.1.1.

x|2

Proof of Theorem D.1.1. Let ®(x) = ¢~ > . Given t > 0, we consider the following approximation of
)Y
1 1

1 J e iEF ot {8y d = f SV 2UE)e* () de.
Rd Rd

(2m)> (27m)>2




D.1 FOURIER TRANSFORM 195

Using the translation and scaling properties in Proposition D.1.3, we know ¢(&) : = e ¥~ satisfies

. 1 it 1 xX—y
o) = —— f Do) dE = —— X =),
(27)3 i (20 a2t

Thus, invoking Lemma D.1.5, we obtain

L[ emrersi@ras = — | p@f@a
(2m)2 IR (27r)2 IR
1 J . 1 1 xX—y
- | ermay-— | oE=2)s(»)dy
(2m): Iwi Qm): Ire (V20)d A2t
= (15 * D),
where n(-) = ! -®(-) € Sand n.(+) := 5%77(;) By direct computation, we can prove [,7 = 1, so

(2m)2
13 is a family of “approximation to identity”. By a similar argument of Theorem ?? (see Folland [8,

Lemma 8.25]), we have f * 7,7 — f in L' norm as t — 0., and thus leads to a subsequence that has
a.e. convergence to f. On the other hand, since f € L', we can use the dominated convergence theorem

to see

lim—L [ eressfgrag = —— [ esef@ra = ()
=0 2r): Iwre (2m)> IR

It then follows that f = (f)" a.e. Finally, the Riemann-Lebesgue lemma indicates that both functions

are continuous and vanish at infinity. The proof is complete. ]

Corollary D.1.6 ([8, Corollary 8.27]). If f € L' and f = 0, then f = 0 a.e.
Corollary D.1.7 ([8, Corollary 8.28]). F is an isomorphism of § onto itself.

Finally, we conclude this section by Plancherel’s theorem, which reveals that Fourier transform is

an L*-isometry.

Theorem D.1.8 (Plancherel’s theorem). If f € L' N L2, then f € L?; and F |12 extends uniquely to

a unitary isomorphism on L?.

Proof. Let X := {f € L'|f € L'}. Since f € L' implies f € L*, then we have ¥ C L?. Also note
that 8§ C X, so X is dense in L?. Given f,g € X, let h = 8. Using Fourier inversion formula, we have
h(€) = g(£). Hence, by lemma D.1.5, we get

| o=, 5=l n=] 52

Thus, F |y preserves the L? inner product. In particular, taking g = f yields the L? isometry ||f]|;. =
I f1lz2 (Plancherel’s identity). The inversion formula indicates the F(¥X) = X, by B.L.T. theorem, ¥
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extends continuously to a unitary isomorphism on L?. Finally, it remains to show that this extension
agrees with ¥ on X. The proof follows in the same way as that of Theorem D.1.1 and we omit the
proof. [

Next, we prove the L? boundedness of the Fourier transform & for 1 < p < 2.

Theorem D.1.9 (Hausdorff-Young Inequality). For 1 < p < 2, there exists a constant C, only depending
on p,d, such that || f||.r ey < C||f||zee)-

This theorem is a direct consequence of Riesz-Thorin Interpolation Theorem (Theorem C.3.5) in
the case py =qy =2, My =1and p, =1, q; = 00, M, = (2m)~9/2,

Exercise D.1

Exercise D.1.1 (*Heisenberg’s uncertainty principle). Given x,,£, € R? and f € S(R?), prove the
Heisenberg’s uncertainty principle

( | |(x—xo)f(x)|2dx) (J |<§—§0>f<§>|2df) >4 (J If(x)lzdx) . D
Rd Rd Rd

This inequality shows that the momentum and position cannot be simultaneously localised around a
given position X, and a given momentum ¢ .

(Hint: It suffices to prove the case £, = x, = 0, otherwise consider g(x) = f(x + X,)e >0, First
notice that |££(&)|? = |VF(£)|2 Then use the Plancherel’s identity and Cauchy-Schwarz inequality to
show the left side > (fiq [(x - V.f)f| dx)?. Finally use (Vf)f = éV(fz) and integrate by parts.)

Exercise D.1.2. Show that an inequality

||{an}||Lq < A”f”Lp, for all f eL?

with a, = i Jo" f(©)e~"8dB, is possible only if 1/p +1/q < 1. (Hint: Let Dy(6) = 3, _ € be the
Dirichlet kernel. Then ||Dyl|,, & N'7V/P as N = o0, if p > 1 and Dyl =~ logN.)

Exercise D.1.3. The following are simple generalizations of the Hausdorff-Young inequalities.
(1) Suppose {@,} is an orthonormal sequence on L*(X, u). Assume also that |¢,(x)| < M for all n. If
@y = [ fPn du, then [|ayllze < MPP7Y|fllp), 1< p<2,1/p+1/q=1.
(2) Suppose f € LP onthetorus T¢,and a,, = (271')_% Jra f(x)e™™*dx,n € 7. Then || {a,} ||Lq(Zd) <
[1fllzecray, where 1/g <1—1/p.

Exercise D.1.4. Check that an inequality of the form ||f]| wd) < Allf|lr@e (holding for all simple
functions f ) is possible if and only if 1/p +1/q = 1.

(Hint: Let f,(x) = f(rx),r > 0. Then f,(&) = f(£/r)r.)
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Exercise D.1.5. Prove that another necessary condition for the inequality in the previous exercise is
that p < 2. In fact the estimate

f FE)14E < Allfls
€11

can hold only if p < 2.
(Hint: Let f5(x) = s74/2e""’/s s = ¢ +it,c > 0. Thenlet s = 1/2, t —» .)

D.2 Tempered distribution

The fundamental idea of the theory of distributions is that it is generally easier to work with linear
functionals acting on spaces of “nice” functions than to work with “bad” functions directly. The set of
“nice” functions we consider is closed under the basic operations in analysis, and these operations are
extended to distributions by duality. This wonderful interpretation has proved to be an indispensable
tool that has clarified many situations in analysis.

In the appendix, we only introduce the distributions in R? as we only use it to define the Fourier
transform of certain distributions. Let us recall that C¥(R%) C S(R%) ¢ C®(R%) and

e f,— finC®ifand onlyif f,, f € C*® and sup |0*(f, — f)| = 0as n — oo for all multi-indices

|x|<N
a and N € N*,
e f, » fin Sif and only if f,,f € 8 and sup(1 + |x)V|8*(f, — f)| = 0 asn — oo for all
xeRd

multi-indices o and N € N*.
e f,— finCZifandonlyif f,, f € C have acommon compact support K and ||0%(f,,— f)||1~ —

0 as n — oo for all multi-indices «.
We now define their dual spaces as
D'(RY) 1= (CXRD)*,  S®RY :=(SRD)*, &'(RY) 1= (C*RD)".
The dual spaces are nested as follows
gcsco.
They are eqiupped with weak-* topology as they are the dual spaces of D := C, 8§ and C*, that is,

e T,>Tin2D ifand only if T,, T € D' and (T, f) = (T, f)asn - oo forall f € D.
e T,>Tin8 ifandonlyif T,,T € 8 and (T,, f) = (T, f)asn > oo forall f € 8.
e T,>Tin& ifandonly if T,,T € & and (T,, f) = (T, f) asn — oo forall f € C*.

Definition D.2.1. Elements in D’ (8, &', resp.) are called distributions (tempered distributions, dis-

tributions with compact support, resp.).
There are several examples of distributions

Example D.2.1. e L, functions.
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(signed) Borel measures on U C R¢ which are finite on each compact subset of Q (also called
Radon measure). We can define F € D' via (F,¢) = [, ¢(x)du(x). In particular, if u is the
point-mass which assigns total mass of 1 to the origin, it gives the Dirac delta function §,, that is,
(8, 9) = (0). Note that § is not a function, it only belongs to &'!

Every function g that satisfies |g(x)| < C(1 + |x|)* for some k € R (called slowly increasing
function) is a tempered distribution.

log|x| € 8.

The truncation of P.V.(i) belongs to &', defined by

(u,p) :=lim J @dx.
e—=0 X

e<|x|<1

D.2.1 Basic operations for distributions

We now define basic operations for distributions.

Definition D.2.2. The multiplication, differentiation, linear transformation and convolution of distrib-
utons are defined as the following.
o (Differentiation) Let Tf = d%f, defined on C'*I(R%). If ¢ € C(R?), integration by parts gives
[@%fg = (=1)I¥! [ f(8%p); there are no boundary terms since ¢ has compact support. Hence,
we can define the derivative 3°F € D'(R?) of any F € D'(R?) by

<aan §0> = (_1)|a|<F’aa¢>-

Notice, in particular, that by this procedure we can define derivatives of arbitrary locally integrable
functions even when they are not differentiable in the classical sense; this is one of the main reasons
for the power of distribution theory. We shall discuss this matter in more detail below.

o (Multiplication by Smooth Functions) Given ¢ € C®(R%), define Tf = 3 f. Then T* = T|coo(ays
so we can define the product F € D'(R?) for F € D'(R?) by

(YF, ) = (F,}gp).

Moreover, if p € C(R?), this formula makes sense for any ¢ € C° (R) and defines F as a
distribution on R¢,

e (Translation) Given y € R¢, let T = Ty. (Recall that we have defined 7, f(x) = f(x — y).) Since
Jf(x = yex)dx = [ f(xX)p(x + y)dx, we have T* = T_,|coga). For F € D'(RY), then, we
define the translated distribution 7,F € D' by

(tyF, @) = (F,7_y9).

For example, the point mass at y is 7,,8.
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e (Composition with Linear Maps) Given an invertible linear transformation S of RY, let V =
STY(R%) and let Tf = foS. Then T*¢ = |detS|'poS~1, so for F € D'(R?) we define FoS €
/(57 (RY) by

(FoS,p) = | detS|"Y{F, poS™1)

In particular, for SX = —x we have foS = f,S™' = S, and | det S| = 1, so we define the reflection
of a distribution in the origin by

(F,p) = (F,9),

where @(x) := p(—x).
¢ (Convolution, First Method) Given ) € C° and f € L _ (R%), the integral

£ p) = Jf(x () dy = Jf(y)zp(x _ydy= f f (:P)

is well defined for all x € R?. The same definition works for F € D'(R%) : the convolution F * 1
is the function defined by
F % ¢(x) = (F, 1, ).

Since 7,3 — 7, P in C° as X — X, F * 9 is a continuous function (actually C®). As an example,

for any 3 € C®° we have

8 # P(x) = (8, 7,9y = 7,P(0) = P(x).

so 0 is the multiplicative identity for convolution.

e (Convolution, Second Method) Let 1, % be defined as above. If fe LlloC and ¢ € C, we have

J(f  Pp = ﬂ FOBx - Y)p(y) dy dx = Jf(qp D).

Thatis, if Tf = f * 1, then T maps LlloC into Llloc. For F € D'(R%), we can therefore define F * 9
as a distribution on V' by

(Fx9,9) = (F,p * ).
Again, we have § * ¢ = 1), for

(6% 9.0) = (.0 % Py = ¢ * (0) = J P(OY(x) dx = (9, 9.

These two definitions are equivalent and we refer to Stein [16, Prop. 3.1.1] for the proof.

As we see in Appendix C.2, the approximation to identity {7} converges to the dirac delta at the
origin in some sense. In fact, the convergence exactly holds in D" with weak-* topology.

Proposition D.2.1 ([8, Prop. 9.5]). We have

e D is dense in 2’ in weak-* topology.
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e Given F € 2’ and the approximation to identity {3} as in Appendix C.2,then7, * F — Fin D'.

We come next to the notion of the support of a distribution. If f is a continuous function, then its
support is defined as the closure of the set where f(x) # 0. Or put another wayj, it is the complement
of the largest open set on which f vanishes.

Definition D.2.3. For a distribution F we say that F vanishes in an open set if (F, @) = 0, for all test
functions ¢ € D which have their supports in that open set. Thus we define the support of a distribution

F as the complement of the largest open set on which F vanishes.

Remark D.2.1. This definition is unambiguous because if F vanishes on any collection of open sets

{O},c;, then F vanishes on the union O = J O;. Indeed suppose ¢ is a test function supported in the

=
compact set K C O. Since O covers the compact set K, we may select a sub-cover which (after possibly
N
relabeling the sets O; ) we can write as K C ] O,. A regularization applied to the partition of unity
k=1
N
yields smooth functions 9, for 1 < k < N so that 0 < 7, < 1, spt(,) C Oy, and Y, 7 (x) = 1 whenever
k=1

N N

x € K. Then F(p) = F(Y, one) = 2, F(pn,) = 0, since F vanishes on each Oy. Thus F vanishes on O
k=1 k=1

as claimed.

Note the following simple facts about the supports of distributions. The supports of 95F and ¢ - F
(with € C* ) are contained in the support of F. The support of the Dirac delta function (as well as
its derivatives) is the origin. Finally, F(¢) = 0 whenever the supports of F and ¢ are disjoint.

Proposition D.2.2 ([8, Prop. 9.3]). The following facts hold true.

e Suppose F is a distribution whose support is C;, and ¢ is in D and has support C,. Then the
support of F % 9 is contained in C; + C, :={x+y : x € C;,y € C,}.

e If F, and F, have compact support, then F; * F, = F, * F,. (For this reason we shall sometimes
also write F; * F for F * F;, when only F; has compact support.) With § the Dirac delta function
Fxd=0xF=F.

e If F, has compact support, then for every multi-index
0%(F x F,) = (0%F) % F; = F * (0%F,).
e If F and F, have supports C and C, respectively, and C is compact, then the support of F * F is

contained in C + C;.

D.2.2 Tempered distributions and Fourier transform

In view of the Hausdorff-Young inequality, we cannot even define the Fourier transform of f € LP(R) (p >
2) as an ordinary function. To extend the definition of Fourier transform, we must seek for a suitable
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class of distributions such that F is still an automorphism on this class. In fact, we shall pick &' instead
of D' to define Fourier transform, because the set of test functions D does not satisfy F(D) C D.

Proposition D.2.3. Given ¢ € C®(R?) that is not identically zero, then ¢ cannot be zero in any

non-empty open set.
For tempered distribution, one can verify

Proposition D.2.4. Let F € §'. Then there exist an N € N*, a multi-index « and a constant C > 0 such
that (F, ¢) < C||@||v.« forall p € 8.

Therefore, given any F € &', its distributional derivative also belongs to 8, and Xx*F also belongs to
8’ for all multi-indices a.

We next define the Fourier transform of tempered distributions

Definition D.2.4. Let F € 8. Define its Fourier transform F by
(F,p)=(F,9), VpeS.
Similarly, we can define the inverse Fourier transform F by
(F,p)=(F,¢), VpeS.
The Fourier inversion theorem formula ¢ = (%)Y = (¢")" then extends to &' :
((F)Y, @) = (F, ") = (F,(")") = (F, ),
so that (F)¥ = F, and likewise (F¥)" = F. Thus the Fourier transform is an isomorphism on &'.

Proposition D.2.5. The properties of Fourier transform applied to Schwartz functions are inherited to
tempered distributions. Let F € 8’ and then

. GF)= ¥, ©f = F,

o 0°F = (—ix)*F)", (8°F)" = (i§)“F.

o (FoT) = |detT|'Fo(T*)™" (T € GL(d,R)),

LN
o Fxi)h=Qm):9F (P €8).
In particular, any compactly supported distribution is tempered. Moreover, if F € &, there is an

alternative way to define F. Indeed, (F, @) makes sense for any @ € C%, and if we take p(x) = e7**, we

obtain a function of £ that has a strong claim to be called F(&). In fact, the two definitions are equivalent:

Proposition D.2.6. If F € &', then F is a slowly increasing C* function, and it is given by F(¢) =
d .
(277)_5<F,E_§> where Eg(x) = elfx,

Based on this, we can assert that any distribution supported at a single point must be a finite linear
combination of the dirac delta function and its distributional derivatives.
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Theorem D.2.7. Suppose F is a distribution supported at the origin. Then F is a finite sum

F= ) a,d%.
|a| <N
That is,
(F,py= ), (-1)"a, (859)(0), forp € D.
la|<N

The proof relies on the following claim

Claim. Suppose F; is a distribution supported at the origin that satisfies for some M the following two

conditions:
(@) [(F1, )| < cllpllvay, forallp € D, N + |a| < M.
(b) (F;,x*) =0, forall |a| < M.

Then F; = 0.

To prove the claim, let n € D, with n(x) = 0 for |x| > 1, and n(x) = 1 when |x| < 1/2, and write
1.(x) = n(x/¢). Then since F; is supported at the origin, (F;,n,¢) = (F;,®). Moreover, by the same
token (Fy,n.x%) = (F;,x%*) = 0 for all || < M, and hence

@0
<F1’q0> = <F1’77€ qo(x) - Z goa—!()xa >

with 9@ = 0%p(0). If R(x) = p(x) — > @xo‘ is the remainder, then |R(x)| < c|x|M*! and
lal<m &

|92R(x)| < cglx|M+1- 1 when |B] < M.

However |5£77€(x)| < Cﬁs_l'@l and 35775(3() = 0 if |x| > €. Thus by Leibnitz’s rule, ||775R||(N7a) <ce
for all || + N < M, and our assumption (a) gives [(F1, )| < c’e, which yields the desired conclusion
upon letting € — 0.

Proof of Theorem D.2.7. Proceeding with the proof of the theorem, we now apply the above lemma to

F,=F— Z|a|<M a,0570 where M = N + |a| is sum of N and |a| appearing in Proposition D.2.4, while

- —1)lal

b (F,x%). Then since (0%8,x")) = (=1)%al, if « = B, and zero
| X

otherwise, we see that F; = 0, which proves the theorem. O

the a, are chosen so that a, =

It is an important fact that every distibution is, at least locally, a linear combination of derivatives of

continuous functions. The Fourier transform yields an easy proof of this:

Proposition D.2.8 ([8, Prop. 9.14)).

o If F € &, there exist N € N, constants c,(|a| < N), and f € C(R?) vanishing as |x| = o0, such
that F = ), ¢, 0%f.

lo|<N
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e If F € D' and V is a precompact open set, there exist N, c,, f as above such that F = ). ¢,0%f
|| <N
onV.

Exercise D.2

Exercise D.2.1. Let H(x) = x(9,0) be the Heaviside function. Prove that its distributional derivative is
the dirac delta at the origin.

Exercise D.2.2. If F € D’ and ajF = 0 for 1 < j < d. Prove that F is a constant function over R4,
(Hint: Consider F * 7,.)

Exercise D.2.3. Prove that, when 0 < a < d, the Fourier transform of |x|™ in R? is C, 4|&|* .
(Hint: First prove that the Fourier transform equals a smooth function away from & = 0. Then use
dilation and rotational symmetry to determine this function.)

Exercise D.2.4. A distribution F on R is called homogeneous of degree 4 if FoS, = r*F for all r > 0,
where S,.(x) = rx.

(1) 6 is homogeneous of degree —d.
(2) If F is homogeneous of degree 4, then 0%F is homogeneous of degree 1 — |«t].
(3) The distribution di (X(0.00)(*) 10g x) discussed in the text is not homogeneous, although it agrees

on R\{0} with a function that is homogeneous of degree -1.

Exercise D.2.5. Let f be a continuous function on R%\{0} that is homogeneous of degree —d (i.e.,
f(rx) = r2f(x) ) and has mean zero on the unit sphere (i.e., [,., fdS = 0). Then f is not locally

integrable near the origin (unless f = 0), but the formula

(P.V.(f),9) = lim f@px)dx (¢ €C)
€= |x|>¢
defines a distribution P.V.(f) - “P.V. ” stands for “principal value” - that agrees with f on R?\{0} and
is homogeneous of degree —d in the sense of Exercise D.2.4.
(Hint: For any a > 0, the indicated limit equals flxl o J®[p(x) — ¢(0)] dx + f|x|>a fx)e(x)dx

and these integrals converge absolutely.)

Exercise D.2.6 ([16, Theorem 3.2.5]). Suppose 4 > d; then the function x ~— |x|™ on R? is not

locally integrable near the origin. Here are some ways to make it into a distribution:

(1) Ifp € C, let P]; be the Taylor polynomial of ¢ about x = 0 of degree k. Given k > 1 —d — 1
and a > 0, define

(#he)= |

[o(x) — P5(x)] 1%~ dx + f o(x)|x| ™ dx.

|x|<a |x|>a

Then F¥ is a distribution on R? that agrees with |x|™ on R4\{0}.
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(2) If A ¢ Z and we take k to be the greatest integer < A — d, we can let a — o0 in (1) to obtain
another distribution F that agrees with |x|™ on R4\{0} :

(F,p) = J [p(x) — Po(x)] x|~ dx

(3) Let d =1 and let k be the greatest integer < A. Let

£y < 1= D (= DI Hsgn 04> k
T (~DF [k = DI (sgnx)<log | x| A=k

Then f € Llloc(lR), and the distribution derivative f® agrees with |x|™* on R\{0}.
(4) According to Theorem D.2.7, the difference between any two of the distributions constructed in

(a)-(c) is a linear combination of § and its derivatives. Which one?

Exercise D.2.7 ([16, Theorem 3.2.1]). Prove that the distribution P.V.(1/x) equals

4 1og x| dl( LI )
dx B AN S T T x+i0)

. . . . T
and its Fourier transform is —l\/;sgn &).



Appendix E Functional Analysis

The last section of the appendix records some basic concepts and frequently-used theorem arising in

functional analysis. The proofs can be found in either Biihler-Salamon [3, Chapter 2-4] or Evans [6,
Appendix D].

E.1 Banach spaces

Let X denote a real vector space.

Definition E.1.1. A mapping || || : X — [0, 00) is called a norm if

e (triangle inequality) ||u + v|| < ||u]| + ||[v]| for all u,v € X
o ||Aul| = |A|||u|| for all u € X, 1 € R;
e ||lu|| = 0if and only if u = 0.

Hereafter we assume X is a normed vector space.

Definition E.1.2. We say a normed vector space X equipped with the norm || - || is a Banach space if
(X, ]| - |D) is complete, that is, every Cauchy sequence in (X, || - ||) is convergent and the limit still belongs
to X.

Definition E.1.3. We say X is separable if X contains a countable dense subset.
Let X and Y be real Banach spaces.
Definition E.1.4. A mapping A : X — Y is a linear operator provided
Aldu + uv] = 1Au + uAv

for all u,v € X,4,u € R. The range of A is R(A) :={v €Y | v = Au for some u € X} and the null
space of A is N(A) :=ker(A) = {u € X | Au = 0}. The domain of A is denoted by D(A).
A linear operator A : X — Y is bounded if

1A]l 2= sup {llAully | ljullx <1} < co.
It is easy to check that a bounded linear operator A : X — Y is continuous.

205
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Definition E.1.5. A linear operator A : X — Y is called closed if whenever u;, — u in X and Ay, — v
in Y, then
Au = .

Equivalently, the operator A is closed if its graph G(A) := {(u,v) € X XY | x € D(A),v = Au}isa
closed linear subspace of X X Y. The graph norm of A on the linear subspace D(A) C X is the norm
D(A) - [0,00) : u —— ||ul|4 defined by

lulla 2= [lullx + [[Aully

for u € D(A).
A linear operator A : X — Y is called open if the image of every open subset of X under f is an
open subset of Y.

E.1.1 Geometry of Banach spaces

First, let us note that a Banach space is finite dimensional if and only if every bounded closed set is
compact. This is given by the following Lemma by F. Riesz.

Lemma E.1.1 (Riesz’s lemma). Let (X, || - ||) be 2 normed vector space and let Y C X be a closed linear
subspace that is not equal to X. Fix a constant 0 < § < 1. Then there exists a vector x € X such that

x| =1, inflx—-y||>21-46
yey
Proof. Let x, € X\Y. Then d := inf y ||x, — yI| > 0 because Y is closed. Choose y, € Y such that

d
_ < _-
llxo = Yoll < 1-35

and define x := [|xy — Yol (X — ¥o). Then ||x|| = 1 and

1o = yo—Il X0 = Yoll¥l S d B
1o — Yoll ~lxo = yoll —

lx =l = g

forally €Y. O
There are several theorems that characterize the geometry of Banach spaces from different aspects.

Theorem E.1.2 (Open Mapping Theorem). Let X,Y be Banach spaces and A : X — Y be a surjective
bounded operator. Then A is open.

A consequence of Open Mapping Theorem is the special case where A is bijective.

Theorem E.1.3 (Inverse Mapping Theorem). Let X,Y be Banach spaces and A : X — Y be a bijective
bounded operator. Then A™! : Y — X is bounded.
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It is often interesting to consider linear operators on a Banach space X whose domains are not the
entire Banach space but instead are linear subspaces of X. In most of the interesting cases the domains

are dense linear subspaces.

Example E.1.1. Let X := C([0,1]) equipped with the supremum norm. Let D(A) := C!([0,1]) =
{f :[0,1] = R : f is continuously differentiable } and define the linear operator A : D(A) — X by

Af :=f" fecio,1])

The subspace D(A) = C!([0,1]) is dense in X = C([0,1]) thanks to the Weierstrass Approximation
Theorem. Moreover, the graph of A, defined by

G(A) :={(f,8) e XXX | f € D(A),g = Af}

is a closed linear subspace of X X X. Namely, if f, € C(]0,1]) satisfies that (f,, Af,) converges to
(f,g) in X X X, then f, uniformly converges to f and f}, converges uniformly to g, and hence f is
continuously differentiable with f’ = g.

Theorem E.1.4 (Closed Graph Theorem). Let X and Y be Banach spaces and let A : X — Y be a linear
operator. Then A is bounded if and only if its graph is a closed linear subspace of X X Y.

The Closed Graph Theorem asserts that a linear operator A : X — Y is continuous if and only if A
has a closed graph.

Next, we introduce the Uniform Boundedness Principle (—f 5 J5 2 /0 52 £,

Definition E.1.6. Let X be a set. A family {f}},_; of mappings f; : X — Y}, indexed by the elements

of a set I and each taking values in a normed vector space Y, is called pointwise bounded if

sup | fi(X)lly, < o0 VxeX.

iel
Definition E.1.7. Let X and Y be normed vector spaces. A sequence of bounded linear operators
A, : X - Y,n € N, is said to converge strongly to a bounded linear operator A : X — Y if
Au =lim,,, A,u forallu € X.

The Uniform Boundedness Theorem is stated as follows.

Theorem E.1.5 (Banach-Steinhaus Theorem). Let X and Y be Banach spacesand let A, : X - Y,n €
N, be a sequence of bounded linear operators. Then the following are equivalent.

(1) The sequence (A, u),ecn converges in Y for every u € X.

(2) sup||A,|| < oo and there is a dense subset D C X such that {A,u},cy is a Cauchy sequence in Y
neN
for every u € D.

(3) sup||A,|| < oo and there is a bounded linear operator A : X — Y such that A, converges strongly
neN

to A and ||A|| < liminf ||A,].
n—oo
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The equivalence (1) < (3) still holds when Y is not complete. The equivalence of (2) < (3) still holds
when X is not complete.

Next, we introduce the Hahn-Banach Theorem. It deals with bounded linear functionals on a sub-
space of a Banach space X and asserts that every such functional extends to a bounded linear functional
on all of X. This is even true when X is a real vector space and boundedness is replaced by a bound

relative to a given quasi-seminorm.

Definition E.1.8 (Quasi-Seminorm). Let X be a real vector space. A function p : X — R is called a

quasi-seminorm if it satisfies

p(x+y) < p(x)+p(y), px)=A1Ap(x)

forall x,y € X and all 1 > 0. It is called a seminorm if it is a quasi-seminorm and p(4x) = |1|p(x) for
all x € X and all 1 € R. A seminorm has nonnegative values, because 2p(x) = p(x)+ p(—x) > p(0) =0
for all x € X. Thus a seminorm satisfies all the axioms of a norm except nondegeneracy (there may be
nonzero elements x € X satisfying p(x) =0).

Theorem E.1.6 (Hahn-Banach Theorem). Let X be a normed vector space and let p : X — R be a
quasi-seminorm. Let Y C X be a linear subspace and let ¢ : Y — R be a linear functional such that
¢(x) < p(x) for all x € Y. Then there exists a linear functional ® : X — R such that

Ply =¢, @(x)<plx) VxeX.
What we will use to prove the local existence of linear wave equations is that

Corollary E.1.7. Let X be a normed vector space over R, let Y C X be a linear subspace, let¢ : Y - R
be a linear functional, and let ¢ > 0 such that |¢(x)| < c||x|| for all x € Y. Then there exists a bounded
linear functional @ : X — R such that

O, =¢, [Px)| <c|x|| foralxeX.

Proof. Let p(x) := c||x|| in Hahn-Banach Theorem and then there exists a linear functional ® : X - R
such that |y, = ¢ and O(x) < c||x|| for all x € X. Since P(—x) = —P(x) it follows that |P(x)| < c||x||
forall x € X. []

For complex vector spaces, analogous results also hold.

Corollary E.1.8. Let X be a normed vector space over C, let Y C X be a linear subspace,lety : Y - C
be a complex linear functional, and let ¢ > 0 such that [p(x)| < c||x|| for all x € Y. Then there exists a
bounded complex linear functional ¥ : X — C such that

Y, =19, [¥Xx)| <c|x| foralxelX.
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E.1.2 Weak convergence

Due to Riesz’s lemma, the boundedness no longer gives compactness as in the finite-dimensional case
(Bolzzano-Weierstrass Theorem). However, we can introduce the concepts of weak convergence and
weak-* convergence such that the compactness in such “weak” sense automatically holds true as long
as we have the boundedness. In our PDE course, there is no need to introduce the weak topology.

Instead, we only need sequential weak convergence. Let X denote a real Banach space.

Definition E.1.9 (Weak Convergence). We say a sequence {uk};o:l C X converges weakly to u € X,
written u, — u, if (f,u,) = (f,u) for each bounded linear functional f € X*.

Definition E.1.10 (Weak-* Convergence). We say a sequence {f k};ozl C X* converges weakly-* to
f € X*, written f A fyif (fi,u) = (f,u) foreachu € X.

It is easy to check that if u, — u, then u;, — u. It is also true that any weakly convergent sequence
is bounded. In addition, if u;, — u, then

[lull < liminf |||
k— o0

Theorem E.1.9 (Eberlein-Smulian). Let X be a reflexive Banach space and suppose the sequence fuehy | C
X is bounded. Then there exists a subsequence {ukj};';l C {uk}zozl and u € X such that Uy, = uin X.

In other words, bounded sequences in a reflexive Banach space are weakly precompact. In particular,
a bounded sequence in a Hilbert space contains a weakly convergent subsequence. If we drop the reflexive

assuption, then we have the weak-* convergence.

Theorem E.1.10 (Banach-Alaoglu). Let X be a normed space. Then the closed unit ball in the dual

space X* (endowed with its usual operator norm) is compact with respect to the weak-* topology.
Mazur’s Theorem asserts that a convex, closed subset of X is weakly closed. Moreover, we have

Theorem E.1.11 (Mazur). Let (X, || - ||) be a normed vector space and let {xX;};cy C X be a sequence
converges weakly to some X € X. Then there exists a sequence {y; }yeny € X made up of finite convex

combination of the x; ’s of the form y, = Z;{/lﬁ.k)xj such that y, — x strongly that is ||y, — x|| — 0.
Jj=

E.2 Hilbert spaces

In many situations in this lecture notes, we only use L?-based Sobolev spaces H*(Q). In such cases, the

Banach space also enjoys an inner product structure. Let H be a real linear space.

Definition E.2.1. A mapping (-,-) : H X H — R is called an inner product if

e (u,v) =(v,u)forallu,v € H,
* the mapping u —— (u, ) is linear for each v € H,
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e (u,u)>0forallu € H,
e (u,u) =0if and only if u = 0.

The associated norm is ||u|| := (u,u)"/?. A Hilbert space H is a Banach space endowed with an inner

product which generates the norm. If H is a complex linear space, then (u,v) = EU, u).

Definition E.2.2. If S is a subspace of H,S* = {u € H | (u,v) = 0 for all v € S} is the subspace
orthogonal to S.

For Hilbert spaces H, one can identify its dual space H* with H through the following theorem.

Theorem E.2.1 (Riesz Representation Theorem). H* can be canonically identified with H; more pre-
cisely, for each u* € H* there exists a unique element u € H such that (u*,v) = (u,v), Vv € H. The

mapping u* —— u is a linear isomorphism of H* onto H.

It should be noted that H* % H via the identity map!

E.3 Spectrum theory of compact operators

One of the most important concepts in the study of bounded linear operators is that of a compact
operator which produces compactness from boundedness. The notion of a compact operator can be
defined in several equivalent ways. The equivalence of these conditions is the content of the following

lemma.

Lemma E.3.1. Let X and Y be Banach spaces and let K : X — Y be a bounded linear operator. Then
the following are equivalent.

e If (x,),cy is a bounded sequence in X, then the sequence (Kx,), has a Cauchy subsequence.
e If S C X is a bounded set, then the set K(S) :={Kx | x € S} has a compact closure.

e The set {Kx | x € X, ||x||x < 1} is a compact subset of Y.

Definition E.3.1 (Compact Operator). Let X and Y be Banach spaces. A bounded linear operator
K : X = Y is said to be

* compact if it satisfies the equivalent conditions of the above lemma;
e of finite rank if its image is a finite-dimensional subspace of Y;
e completely continuous if the image of every weakly convergent sequence in X under K converges

in the norm topology on Y.

Proposition E.3.2 (Compactrcompletely continuous). Let X and Y be Banach spaces. Then every
compact operator K : X — Y is completely continuous. If additionally X is reflexive, then a bounded

linear operator K : X — Y is compact if and only if it is completely continuous.

Proposition E.3.3 (Composition and duality). Let X,Y, and Z be Banach spaces. Then the following
hold.
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(1) Let A : X > Yand B : Y — Z be bounded linear operators and assume that A is compact or B
is compact. Then BA : X — Z is compact.

(2) LetK; : X — Y be a sequence of compact operators that converges to a bounded linear operator
K : X - Y in the norm topology. Then K is compact.

(3) LetK : X — Y be a bounded linear operator and let K* : Y* — X* be its dual operator. Then K
is compact if and only if K* is compact.

E.3.1 Riesz-Fredholm Theory: Ker and Im of compact operators
Let X be a Banach space and €(X) denotes the set of all compact operators on X. Then we have

Theorem E.3.4 (Fredholm alternative). Let X be a Banach space, K € €(X). Then
(1) dimN(I — K) < o0, where NI — K) = {x € X|(I — K)x = 0}.
(2) R(I —K) is closed.
(3) RU—K) = NI —K*)* and RI — K*) = "N(I - K).
(4) N(I —K) = {0} if and only if R(I — K) = X.
(5) dimN(I — K) = dim(N(I — K*)).

Here, for M C X, F C X', we denote
M ={f eX'|(f,x)=0, Vx e M}, F*:={xeX|(f,x)=0, VfeX}

Remark E.3.1. The Fredholm alternative deals with the solvability of the equation u — Ku = f. It
says that either for every f € X the equation u — Ku = f has a unique solution, or the homogeneous
equation U — Ku = 0 admits 7 linearly independent solutions. In the latter case, the non-homogeneous
equation u — Ku = f is solvable if and only if f satisfies n orthogonality conditions f € N(I — K*)*.

E.3.2 Riesz-Schauder Theory: Spectrum of compact operators

We finally record the spectrum theorem of compact operators.

Definition E.3.2. Let X be a Banach space and A : X — X is a bounded linear operator.

e The resolvent set of A is defined by p(A) := {n € R|A — I is 1-1 and onto}.
e The spectrum of A is defined by a(A) := R\p(A).

Given 7 € p(A), by the Closed Graph Theorem, we know (A — nI)™! is a bounded linear operator on
X.

e We say 1 € g(A) is an eigenvalue of A if N(A — nI) # {0}. The set of all eigenvalues is denoted
by ,(A), called “point spectrum”.

e If 1 is an eigenvalue with Aw = Aw for some w # 0, then we say w is an eigenvector of A
associated with 4.

We now have
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Theorem E.3.5 (Riesz-Schauder). Let X be a Banach space and K € €(X). Then

(1) 0 € o(K) unless dim X < oo.
(2) o(K\{0} = o,(K)\{0}.

(3) The accumulation point of ¢ ,(K), if exists, must be 0.

E.3.3 Symmetric operators on Hilbert spaces

Let H be a real Hilbert space.

Definition E.3.3. We say a bounded linear operator A : H — H is symmetric if (Ax,y) = (x, Ay)
holds for all x,y € H. Here (-, -) is the inner product of H. It is easy to see that A is symmetric if and
only if A = A*.

Proposition E.3.6. Let A : H — H be a bounded, linear operator. Then A is symmetric if and only if
(Ax,x) € R for any x € H. In this case, we further have

(1) o(A) C R and ||(AI — A)"x|| < % for any x € H, 1 € C with Im 4 # 0.

(2) Let H; C H be an A-invariant closed subspace of H, then Ay is also symmetric on H;.
(3) Forany 4,1" € 0,(A) with 1 # ', we have N(AI — A) L N(A'I — A).

(4) [|lA]l = sup [(Ax, x)|.

[Ix]|=1

Now let S : H — H be linear, bounded, symmetric, and write

m = inf (Su,u),M := sup (Su,u)
ueH ueH
[lull=1 lull=1

Proposition E.3.7 (Bounds on spectrum). We have o(S) C [m,M] and m,M € o(S).

Proof. Letn > M. Then (nu — Su,u) > (n — M)||u|]|* (u € H). Hence the Lax-Milgram Theorem
asserts 7] — S is one-to-one and onto, and thus € p(S). Similarly n € p(S) if » < m. This proves
a(S) c [m,M].

We next prove M € o(S). Since the pairing [u,v] := (Mu — Su,v) is symmetric, with [u,u] > 0
for all u € H, the Cauchy-Schwarz inequality implies |(Mu — Su, v)| < (Mu — Su, u)/*>(Mv — Sv, v)*/?
for all u,v € H. In particular, ||Mu — Su|| < C(Mu — Su,u)*/?> (u € H) for some constant C.

Now let {uk}zo:l C H satisfy ||y || = 1(k = 1,...) and (Suy, ) = M. Then we have ||Mu;, — Su,|| -
0. Now if M € p(S), then

u, = (MI — S)™ (Mu, — Suy,) - 0

a contradiction. Thus M € o(S), and likewise m € o(S). ]
Theorem E.3.8 (Eigenvectors of a compact, symmetric operator). Let H be a separable Hilbert space,

and suppose S : H — H is a compact and symmetric operator. Then there exists a countable orthonor-

mal basis of H consisting of eigenvectors of S.
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Proof. Let {n;} comprise the sequence of distinct eigenvalues of S, excepting 0. Set 5, = 0. Write
H,=N(S),H, =N (S —nJI)(k =1,..). Then 0 < dimH, < o, and 0 < dim H; < o0, according to
the Fredholm alternative.
Let u € Hy,v € H, for k # l. Then Su = n,u,Sv = v and so N (u,v) = (Su,v) = (u,Sv) =
N(u,v). Asny # 1, we deduce (u, v) = 0. Consequently we see the subspaces H and H, are orthogonal.
Now let H be the smallest subspace of H containing Hy, Hy, ... Thus

m
I:I= Zakuk . mE{O,...},uk EHk,ak c R .
k=0

We next demonstrate H is dense in H. Clearly S(H) C H. Furthermore S (FI l) C A :indeed ifu € A+
and v € H, then (Su,v) = (u, Sv) = 0.
Now the operator S =S |H | is compact and symmetric. In addition o(S) = {0}, since any nonzero

eigenvalue of S would be an eigenvalue of S as well. According to the lemma then, (Su,u) = 0 for all
u € HY. Butifu,v € A+,

2(Su,v) = (S(u+v),u+v)—(Su,u) —(Sv,v) =0

Hence § = 0. Consequently H* ¢ N(S) C H, and so H* = {0}. Thus H is dense in H.
Choose an orthonormal basis for each subspace Hy(k = 0, ...), noting that since H is separable, H,
has a countable orthonormal basis. We obtain thereby an orthonormal basis of eigenvectors. O

On Hilbert spaces, the spectrum and structure of symmetric compact operators are quit similar to
those of real symmetric matrices in Euclidean spaces. In particular, we recall that any real symmetric
matrix is diagonalizable and the elements on the diagonal are exactly the eigenvalues, which also implies
that the eigenvectors of a real symmetric matrix gives an orthogonal (actually orthonormal after nor-
malization) basis of the Euclidean spaces. Also, the critical value of quadratic form is also an eigenvalue.

These properties also hold for symmetric compact operators on Hilbert spaces.

Proposition E.3.9. Let A € C€(H) be symmetric. Then there exists an X, € H, ||x,|| = 1, such that

A 1= |(Axy, X,)| = sup |(Ax,x)|, Ax, = 1x,.

lIx[|=1

Proposition E.3.10. Let A € €(H) be symmetric. Then there is a at most countable sequence of real
numbers {1 },cn+ Wwhose only possible accumulation point (if exists) is O, such that {4} are exactly the
eigenvalues of A. Also, there exists an orthonormal basis {e;} of H such that

X = Z(x,ek)ek, Ax = lek(x,ek)ek.

k>1 k

Proposition E.3.11 (Courant minimax characterization). Let A € €(H) be symmetric and have eigen-
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values lf 2/1; > 20> 247 2 4] Then
. Ax,Xx Ax, X
AF =inf sup ( ), A, = sup max ( ).
Eno1 yepl X (x, X) Ep_y xEErf_1 (x, X)
x#%_ X#0

Here E,_; can be any (n — 1)-dimensional closed subspace of H.
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