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SHERZALEAT 0SB AR, B 7 B A 2R SO RAEE BRI T IS8
I BEASERY DL S JUART 2 vh 5 e B AT 1) . DA I RO B, KRB RIF R TR R VRN IS
By mRRIERG ADBIROIRL T REEE, EATRIAT ER] DA FIR B R s R (4 1
BRhes A T e B2, MR TR TR B 22— R XX S G AT RS A )
o

0.1 {RMD HFIEMERAKIE

AR RATIC T W AEH . FHREQ c RYZ—1IFEE.
— EX 0.1.1 kMR 7 5
WA EELH . ST REXR KO RMD 742

F(0*u(x), 0 'u(x), -, 0u(x),u(x),x) =0, x € Q. ()

o
F:RYX(RHITXxRIXRXxQ =R

ALRHE, u: Q- RAERF L.

A E L BA MR B QR L meE (RIMERE P i 2 v DURARILAE — AN i) DR AL AS 5 ZE 11
FOAR A
B TORBAINHEE “LMH” HKMARIE. Xﬁ#ﬁ)’l‘%%ﬁa%, AT 810 N0, B S, Wa =
(ay, -, a) R L Eighr, TANCO™ 1=07 05 UK |a| = ay + - + ag.
EX0.1.2 RS HEMNZEMESIEE M
(&m%




N

Rt
A
it
<u
Tll}

(>(-) ;%gi:]“i (linear)é(] , %égzﬂﬁﬁj;&

> a,(x)0%u = f(x),

lal<k

HEda, (Jaof < k) # f(x) %28 (BuL k). #f = 0, NHKTRAF
K (homogeneous) & M 7 42, & M # Z 4 4F 5+ ’K (non-homogeneous) £ 14 7 #Z..
(*) A F &Pk (semilinear)dy, RIBEC A TR M AA KM, BPLAMH K

Z a,(x)0%u + b(0*'u, -+, 0u,u,x) =0

lal=k

(*) AMA&ME (quasilinear)dy, Z45¢ K M 49 2 KA R Bufud 2N 4, BPE
V- EVEN

Z a, (3 tu,---,0u,u,x)d + b(3*u, ---,0u,u,x) =0

la|=k

(*) LA IEL M (fully nonlinear)dy, ZHC X TR FHAAIF &M,

0.2 EHlF

RAEEAIN AL TH RS TR 1LV 1= By, -+,0,) RMEH T, A=0824 +82 =
V - Vi&Laplace ¥

FEIRL RN 1E
APREEH, AT B 10 R JUSRER M el o0 J7 R 0 0 2 OR A 55 FEAE T 234

o (fEHIHFE) du+b-Vu=f, (WaHE)d*u—cAu=f.

e (Laplace7#2) Au = 0, (Poisson T#£) —Au = f,
(Helmholtz /7 #2) —Au = Au.

o (MML'TTHE) d,u — kAu = f, (Schrodinger 5 H2) id,u + Au = f.

BRUCZ A, A e H I 2 W oy TR, Bl

o (Klein-Gordon /7 #%) 8}u — Au + m*u = 0, (m € R).
o (PHJEWTITHE) fu+ Ad,u—Au=0 (1> 0).
d
e (Fokker-Planck /7 8) d,u — Y. 5i5j(aiju) —V-(bu) =
i,j=1
o (Airy7FE) d,u + d3u = 0.
o (LRMEFMENFE) 0Pu— puAu— A+ wV(V-u) =



0.3 Amidor 77 FEH i e 1 3
o (Maxwell 7FE2H)
JE=VxB, 6B=-VXE V-B=V-E=0.

NI S 2 LR AR R T R (A1)

o CRLRMETTRE: LA fHRA S (u), 14 2 B AEZRE £ (w) = cuP, clulPu, p # 1.
e (Burgers 5 #2) d,u + u(d,u) = vé2u (v > 0).
(— 4P ERETTRE) Qu + V - F(u) = 0, Hrh Foy A 218 pR 24
(SPIEEFFE) 6,u + V- F(u) = 0, Hrhu, FAA &1 KA.
o (KRAVJi#E) d,u + d3u + 6ud,u = 0.
e (Hamilton-Jacobi 5 #£) 8,u + H(Vu,x) = 0.
o (ZHANFHI)du—AW)=0u>0,y>1.

et Vu _
o (MR/NHITH 7T FE) v-(m) =

e (Monge-Ampeére 5 #£) det V2u — K(x)(1 + |Vu|2)% = 0.
o (ANEEERRHE T FE4 (v = 0)F1Navier-Stokes /7 F£2H.(v > 0))

Ju+u-Vu—vAu=-Vp
V-u=0

0.3 wMPAENEEM”

5 —PDE#M, FATFEZEIGEEHIEEM (well-posedness), Rll:

(1) TIREMIffE7E:
(2) J5 RERfiME—
(3) FRERI LR IR’ 4R E R K] /1B 1E .

B Ja SRR TN R I R Oy E e S R TR ) 45 8 2 A R AR N AR
AR (fE— 1) REOCR AN . 55—, X TR 2 RERUL,  BATIIFA IR 1 e
ke FERXEEREDL R, BAIN TS AFREAT 0 I RAT EE AN Z . AXEN N, A (1)-3) WE
SCR SR Ao J5 e T UK . (EIEERD, BATUIRBAT ™R8 L “f” 135 Lo pilhn, 3,
RS NMAZESR “ff” ARSI, B0 2R TR ? X e nl B, (BAEE#E
Rk 1o IR ISR ZORM Nk R TR (R 2 DRI ESE T . XA, B U5
FERIE N (A — TR IZ s T e L HES: . AT RRE AT S 1 (0 A AR Ml ol 2075 R 1) oty S A -
IXTCHE A R Sy W RO . DRI, AR RO BRI o T R, e R eI RS ik 2 b
BR(D)-G)d A, BE 2N AL, JHES I ERSRIER . XWX TR
EEAES



4 BEE Gy

SR, BAVIFARE A TE LT ARG W MU A AEPE . DLER 147 1B A2 6,u+9,(F(w)) =

0 N, RIEHIME A FROGHE R A, FATHAR S Z i th e BRI TR SRR A e o A A Il
If = AR e, RO T RR AR A S Ak M 28 H I e R . BT DA, SR XS 7 R SR AT B AR A (R
XA I TR ERAAAE AR, RATIARAS “559407 e X, BRI B HTE R “ 55087 .
BEZ, RETERNSH A RES RN TRF ERSHOLRNEEmER. Mk, AR B
JETEE MRS (1)-(3) BIEIN, ZESE ) HIVE N TR AFENE . FsE b, RIS TR L i 4 fefs
WE B MR A AE R R IR T R, AR TR E — IR RS “5508 7 MAEENE, R85 FAEE)
ST 12 BRI AR B A G S PR FORIRAT TR EA O AR . e, AN ITERE
FAFAENE R EADGIEE (BRI W T 5. MR F IR 7 i82” XA E
IR N A, 45 7 ZAESobolev A [Al H i) ik

XK EITHE (RS EIEARER T ME, AVEE R GRS IR H0E & 1 (local well-
posedness), BJ7E—/NEEE . KT WIME RIS 8] X [A][0, T]A HIi&E e P . 7Eubdtnt B, FRATATBUIR
B PR I TR A7 AE PR A AAR BRI (B AT Dy, X 2 I 2 A 0 1 R 7 VR ), 3K R AN [
(i sk 73 7 R B B A B B T LA TS S e AR, s AL R e AR — Ok UL,
BRI RAEAENE, WITRE 4G 78008 MR UE B SR A5 2 — A “RRiEN " 8iF “ARr i
PHHEN (continuation criterion)” , BIUERH “ & ST N 258 PR A 5, W7 FE I FRAET )
ZIF T AR R b N L7 2 R . XA E R REERET, FAKRETHER ST
HENE - SWHEENYHE. FHE, IHARIA R HA R R M 0B K 18 5E 1% (global well-
posedness, B[S AT 5 I [A) S 3 8 ) Bl KN TADE e P, A IR IRATT R A TT IR — MR (AT
SRR IR N AR SR R EIL BN A Be SRS AR 12 Rr M I AR e 1, BARIE AT BLA3 B IE AR e
% (orbital /structural stability) F1¥T T 5 € P (asymptotic stability) 5558 M . it >k, FATH AT CLIE
B — L6 7 RE A A BRI (R AR A, B8 N 9y th oA R I AR, IRt e LR .



—Frimi T FiEE T

Al
d IIJ?
K

— i R B F(Vu,u,x) = 0B, Hrhu @ Q - REKRMKL, Q c RUE—
AFEF : RIXRXQ - R ZEATEHIRE. e, &5 (transport equation), Bl jZ U1
du+c-Vu=f I, @i E 8 —RK— Wi 7R, X BeRER N 2R &, xR T A E. A
B BAT I B W R R SR SR AR AR T A%, EAE e SE T 1T SRR BN T R i 2 B 20
i, FATETT DL R 2R K il — S d (A FR AR R 1t — B J7 B2 —Burgers /712, AT R YT fA 22148
T UhBurgers 7 12 29151 ) — 4 <3 B A3 7 R A I A7 6 1A AR — 2 ) .

FERENIESCZ R, AVl B ity fE M. Ay mgid = 1, WA1HED R
FE— Y8 N AR, Bl s S e Bk B R BEAAEAE, WAL %, x i B AN I )
Nult, x), HABHIEL Ne(t, x), B s i E B A B A PR R, x) LT, %
JE—NXE][a, b] € RA RIS, e 2], 2 X 8] A5 BN

b

m(t) :=J u(t, x)dx.

XTI AR R T, 192

b

d
am(t) = L o,u(t,x)dx.

S —J7 T, AE— MR AL B[, £ + de] N, 3 six = b T R Nu(e, b)e(t, b) de IR, T AE
Uiy rix = a1 R Nu(t, a)c(t, a) de IV PR 7 A e 2 AS 2

b
%m(t) = —u(t,b)c(t,b) + u(t,a)c(t,a) = —j 0, (u(t, x)c(t,x))dx.

Zitrm/ (ORI PARIBE, 153

b
J o,u+9,.(c(t,x)u(t,x))dx =0 [a,b] CR=>J,u+9d,(cu)=0, Vx € R.

5



6 FH—E — R AR
1.1 $fiEskx

A PFR i A R R 2 E B S ORBRE T RE O,u + (8, x) - Vu = f(¢,x).

1.1.1 ERHE
BATE e 18 H RETE 0L, Ble(t, x) NF AR Ee = (¢, -+, ¢g) € R e [BUWT T FHIRITHE
du+c-Vu=0 t>0, xR (1.1.1)

RAEEH, 7L LR Bl A7 10 SR N, H5 b, RATT LSS (1Le) - Vo = 0
Hiak, RV, = (3,0, . +-.0, ). iXKE, %

z(t) :=u(t+7,x+7¢) (r € R),

e 2R A

d
d

£z _ ou(t+rt,x+1c)+ Zciax,u(t +7,x+17Cc)=0.
dr Pt l

XY, WHEE—FIT7T(1,¢) € Rx RUTHFTEL, z()IE N EH R ECE FE. Bk, AEHR
T HuE R AR EL COR “REg”) ERBUE R AT,
P& B i, FATT A PR gD HMEE) R

[Gtuﬂ.w:o (t,x) € (0, 00) X RY, (1.1.2)

u(0,x) = g(x) t=0,x € R%

A, FRATCLUE 1 6HE E I, ) B ult,x) = u(t + 7,x + o) {Fmr € RO, BluldEf+—
FATT(1,¢) € R x RT MM ELEHE. MES 7 = —t HAAVIMESR

u(t,x) =g(x—tc) Vt>0, x eR%L
R X RS R R 2CH, BRAERN TRV € CH(RY).

B R ORIRATRABAE T AL S 7T L. BLf (¢, )2 45 7€ IR SE R B, 518 N7 /%

[6[u+c-Vu:f(t,x) in R, x R4 (1.13)

u(0,x) = g(x) on {t = 0} x R4,



1.1 FAIEZRIL 7

PO Rz (7) 1= ut + 7, x + 7c) (B YudfyAa Rk 2 i HIUED) AS P2 3, T 236 2 0 N 1oy o A2

dz
Fri f(t+1,x+70),

PR TR B -t BORA Sy, 153

0

0
u(t,x) =z(0) = z(—t) + f Z'(t)dr = g(x — tc) + J f(t+1,x+tc)dr

=g(x—tc)+J' fr,x + (r —t)c)dr. (1.1.4)

0
XA GE R TE SR — Yk Y% B 5 FEE FH 21).
M AEFE ORI AL AN BR By, AT DR RN TR SR . (H LI, iRk 2 BAR L7 7R
RIEPA—E X 2kt € REA & ), 1 HIRATAR D 5ER H g 1) B ARk ia =
— 5 1.1.1
&b,c € RELZ 8T I, KifhT H 42

Ju+bdu+cu=0 inR, XR,
u(0,x) = g(x) on {t = 0} X R.

(1.1.5)

R, 58, RAMRE T LR T2, HTb € REHE, FA 7B 2 5 it 7] DL R4S 1E
ZEHIN x = th + k (k € R). 2 Ut, XHMEEA E Mk € R, 0 bAEH HREAEE L x = tb + k E &7
B ANE D TR 2 z(t) = ult, tb + k), WA

‘;_f = —cz = z(t) = 2(0)e = u(t, th + k).

MAERNNk = x — tbIESHkil 2, FHARAYE 1S
u(t,x) = g(x — tb)e™ .
e, #e > 0, W“+cu”iX — Wi BRAVEAE S 77 72 1B Fé (damping) 1, 1IN 77 % 1 i 50 T+ I 18] A%
e TR EUE . O
1.1.2 TERHIER

AT e = e(t, x) TR L, AT FH A Ev(,x) € RXRY ffiffv -V, u = f.
XA v— B R, R T EM ARSI GV MR SRR E TR, AT A FE REd = 110150,
FFENOu + c(t, x)d,u = f.



8 ' —rmisi R

ENX 111 —H B FERFERIZE(characteristic curve)

st 4 7 A20,u + c(t, x)du = f, Ww\ﬁﬁ% = c(t, )RR 2 AR W B AR AR AR % 45 AL
BB, x) R HAE K.

WL, EIRE O TR AR B R AE (e, x)-"P I P R 2 — SR ELZR. X AR REUL S T RE, ADAESZS
EWME, FRATHEA— & fEIH T RRIE &L R Fut, ) EEMR(E, x) € R, x RAWEUE, HFE TH4I.

51 1.1.2

|7i+;9?7?7fiut + 2tx*u, =0, (t,x) € R, x R&GAE.

fg. DR AR T RE, P S, BATSRAR IR H o i ke

dx
— =2x’=>x=-—

1 cer
a rrc -

ﬁ%imcE&éﬂozmp?%LMﬁ

dz d 1
Tl (z (t, Y, C)) = (B,u(t, x) + 2tx*u,) — =0,
H 2R B A Hh 28 (t,—ﬁ)i, THHz(t) = F(C), o F € CY(R)ZTEER. WAERITEC = -2 - iﬁ
N, HESHC, 152
u(t,x) = F(—t> — %) =G(t* + %),

-
t=1

HAF, GRAERNCHR)F L.

-1’

B 1.1 R RAPIE R WHMES ELE {t =1}, e x = —H%Z Mx=—

N T EF(EG) T BARTE I, JATR E g @ M2 1. SR EA TR, RIS S ufERT a6
ZIt = O} EARMINZI{t = THOBUE, AR TCIES Eult, )EERE(E, x) € R, X RALH



1.1 FAIEZRIL 9

WAH. B, Z&C = +1, HHAVG Cufte = TR ZIBUE, WA RT NFME, FRATETCE T
SHu(t, x)fEx = —ﬁLE{@FME, RARE Mt = TIEZ R 50 #idx = —ﬁﬁ@%—iﬁﬁio

P52, BHEBEu(, X)IEEE(E, x) € Ry x RECHUE, WA ZUEAE— %5 S MR IEL AL
R 2E 20 e u it HUE. O

1.1.3 AEZ&MHFIZEKESLH): Burgers /512

PATTIEATT IR A1 — A 8 5 0 — B AR M AR A 20 5 F2 ] ——Burgers T #2. F &L
ki (inviscid) Burgers /7 F2 WA [H &, Hdp € C(R).

u+uu, =0 t>0, xR u(0,x)=p(x) xeR. (1.1.6)

TC K Burgers J7 P2 A £ i S o A SR RS (0 SP AR OT AR, 4 TR IR 2B BRI e v
BB, TORs Burgers 7R 0 -t 4 YA RS i) 4y 42 2 45T

BB SR R WM TS = ut, x(0). BT AR AE 2k, B TAT LI RS
Burgers J7 B80S 1E < (u(t, x(1))) = 0, MTTu(t, x(D)) = u(0,x(0) = @(x(0)). HiZLRKANS =
u(t, x(t), ®A1E

t

u(t, x(7)) dr =J @(x(0)) dr = te(x(0)).

0

t t

x(t) — x(0) = J

0

FIrLAx(0) = x(t) — ut, M Burgers /7 B (I AT T Ba 07 #2485

x'(r)dr = J

0

u(t,x) = p(x(t) — ut). (1.1.7)

AR, 1 EREENIER T EIRNFFIELM L AEIZ. H#52, R IELAE A, W2 AT
i (shock wave)?!, 1 Burgers /7 72 [ 48 $L# TV BEARAZAE (BRI AT BEXTAE Bt € RABAZAE), MHFIELL
72 13 AHAZ W B T Y ME @ ) B, BB T 1.

EHx,(0) = x,(8) — ult, X, ())EFNx,(0) = x,(t) — ult, x,(0)t4h HIIFFE L 73 Ak, FIC, . 7]
W, C RR? LR ZN/o(x(0) T E L, fE1ZH L LufE N EHe(x,(0). Frblin REARBxX,(0) <
x,(0) H.op7& FR U 1 95 bR £, A FRATTRL A IR SR RFIE R AE (X, T) € R2ALHHZS, a1 T K

Vi BLIY) “ORFAEZRARAS 2 e M ¥ B A SC. X0 <y e A 5 e 1 T W e A o — o, LA 1) g s S
2% Evans [3] 834113,
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0 X1 X

Il 1.2: Burgers /7 F& AN [F)RFHE LR AE A RIS 18] A AH 22 9 SE 41

AT 22 7T AAAT R AL L AR A2 (1 I 18] 0

_ %0 -x,0)
#(,(0)) = p(x(0))’

Flne(x) = —xBf, Bl A u = ut — x, FMERRER D = =, HAWE - 1701 R AR

t—1

H b, Burger 2N PRI AR5 5 75377 FEH 1) Riccati BRI A& A5 AH 7] 1 -
_ f511.1.3 *Burgers 5 ZHHJ Riccati 512

du(t,x) +u(t, )o,u(t,x) =0,  u(0,x) = uy(x). (1.1.8)
XE R, x R—EF TS, ult,x) T AR BRI B x iR E. Rty £ — B
I8 1 7 R . BT i 49 0] S B AT K % L — A Riccati %42, 3t 5L A th 4 A
du EFEARRITRAALT LY.

S, FEEWIGEALE o, B XN a B IHHES X (¢ o):
%X(t;oc) = u(t,X(t; a)), X(0;a) = a. (1.1.9)
IX ZE M Z T u R, P RN SRR ZE 7 F2(1.1.9) ] S HY

%u(t,X(t; a)) = du(t,X(t;a)) + %X(t; a)d, u(t,X(t; o))
=ou(t,X(t; ) + u(t, X(t; «))d,u(t,X(t; ) = 0.
DAL 3o P VR AR R AR FE A u(t, X (1 @) = uo(a). FHAREIRHIELE 7 HE, 15 2 %X(t; a) = uy(a), &i&

YME X(0;) = a, R EH
X(t; ) = a+ tuy(a). (1.1.10)



1.1 FREZi% 11
N RBLHERE. 2 w(t,x) = 0,u(t, x), X Burgers 5 F£(1.1.8)% T x R T 1] #5
0, (ud,u) = (0,u)* + udu,
FrbA w i 2
o,w+ ud,w = —w?. (1.1.11)
TE SRR BEVRRFELR T EUE W (o) = w(t, X (8 ), 17 BT TH ¥ 20 SR vT 15

%W(t; a) = d,w(t, X(t; ) + %X(t; a)d w(t, X(t;a))

=d,w(t,X(t; ) + u(t,X(t; a))o,w(t, X(t;a)) = —W(t;a)?.

IXIEAR A Riccati 72, HIMEHN W(0; @) = uj(a). # uj(e) =0, W W(t;a) = 0. # uj(a) # 0, L&

S TS = —1, W0 Bl ¢ BUYE AT WA

1 ! —t = W(t;a) = (@)

_W(t;oc) u (oc) 1+ tu)(cr) (1.1.12)

%E,%ﬁﬁaﬂ%%@@<@%ﬁﬂ&ﬁmﬁﬁ0<T%=_ < +oo 4T E, 3 H

0‘0)

lTl%n W(t;a,) =

5 I A, T8RE A B X SRR IR R a6 4 55 T FRAE wo(arp). DRI Burgers J7 R I i 7T RE AN 72 HH
T u AR B AR IC T R, T2 TS R 9, u 7247 PRI ] N & T8 55

MFHEL R LA (1.1.10) W AEE B [F — 15 0. X (1 a) = 1 + tu) (). XA BTN, ANFE 1
FAIELIT UG R AZ, G AN A RE DRSS BB . RIB (1. 1.12) P i Riccati /7 FEHERA A 11X — KR
PR,

Tﬁ%ﬁﬁﬁ%mﬁﬁw %ﬁfﬂ%@%*“%Mmmm _tanhx = ~£ ¢

e +e
ug(x) = —cosh™ ’x, u(0) = —

X0 <t <1, FRAEZ i 2

l:qin)

0. X(t;a) = 1—tsech®’a>1—1t>0.

Utk lim (o —ttanh ) = +oo, ATUXHMERE ¢ € [0,1), Bthf a — X(f;a) = a — ttanha, 8 R —

a—+oo

— BB R, ICHE A a = AL, x). ¥R EECE R0, X > OfF A1, AL A TE 0 <t <1 B,
Hi BT FE x = A(t, x) — t tanh A(¢, x).
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EZBATRET X x 5t KT, 152

1 tanh A
9,A=—202 _ tanh A4 A.

0,A= = .
1—tsech™ A

- 1—tsech’A’
€ X u(t,x) = —tanh A(t, x), W ATIGIEE 5 & Burgers 2R, 5L LN A0, x) = x, XK
How R VIME u(0,x) = —tanh x; XI T FEAR S, HEEAIEN HE U E R

ou+ud,u = — sech’ A 8,A + (—tanh A)(— sech’ A 4,A)
= sech® A(—9,A + tanh A3, A) = 0.

Frblaxwfsicgn th THITAIIX A 0 < ¢ < 1 LRSS, 1A a = 0 R RHIEZRH 2 X (¢;0) = 0, ik
X (1.1.12) T #EH 0,u(t,0) = W(t;0) = _1%’ Rl 6,u(t,0) > —co as t 11, [FIN} 8,X(t;0) = 1—t7E
t =1 WA RNE. WG AH AR BRI 270X LR AR, 3K 1E 2 IR 4 B W K R B (shock wave)
H ] LAY

5 HAVME N uy(x) = tanh x, {740 FiEFE AT ##15 u(t, x) = tanh B(t, x) &Burgers /7 1%
[P, Horb B e R E U B IREX5 #2 x = B(¢, x) + t tanh B(¢, x) 5. PLis o] -5 H

sech’a
d.u(t,X(t;a)) =

1+ ¢t sech’ oc’

Fr DA S8 AR R Ao P A2 R A PR IS 8] [X 8] #0 CRFF 6 A Ft, MR AE R 18] 1 ) & AR AR 1. 7R IX A
B 1 A RBAFAE LR AN T 50 T, B R FEIRBE (rarefaction wave) O i B AR Y, 1X P ZH )M 150 BH, X [H]
—™ Burgers /712, FIUGITE FEBRFE AR5 2 g RRIE LR 2 SRR IL B BUT, Wk e & gk AEH TR
S B 56 o A 30 2 1 [m) BEAAR A AE O

BE WP RN BB AR, B VBRI ? B A, JAT 2™
Fit S B AN S R LS, AT 2R 147k T 8.

SEn 1.1

S 111, a0 + 2)0,u + d,u = OB IEX T AR A? HH AL XXX, FEXO-F@AE
A.
I8 1.1.2. MFAEx0,u + td,u =0 (t,x € R), u(0,x) = e, F LI LOx-F @ F 7 2o 3 69 R &y 3%
FMAE—H 27
3R 1.1.3. £EF423u, +u,, =0.

(1) it 7Aea M. (RT: Sv=0,u.)

(2) FMBiku(x,0) =e*, u,(x,0) =0, THRYGBRAEHLE? £ER—7?

3@ 1.1.4. 3 AAEBurgers 77 42(1.1.6), #E#: [ udx A= [ u*dx # 2 X T A6 FEE.
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SRR 1.1.5. 3F ZAbBurgers 7 #2(1.1.6), H4#1{hp € CliH R’ > —C3HEAHHKC > 0 R L. iEH:
7 A2(1.1.6) /£ K 3%4[0,1/C) X RA CH##, 7t i R 3= 49t € [0,1/C), x € RAH

B.u(t,x) > — oy

RT: FJEv = G um B 4L, FHHESHEuNBFIEXR Lo AL T R—ANEHG T MY
Vi
SR 1.1.6. X u, £ R? EEA R X EaRB I, FEMERE A

d,u+ydé,u=0, t>0, (x,)€R?
u(0,x,y) = uy(x,y), (x,y) € R

(1) KdizamfdRl ARy —F8iF, FiEH: SEFE1I<p< oo, A [udllews = [Uollome)-
(2) EH Jyu(t,x,y) = (O,up)(x — ty,y) — t(O,up)(x — ty,y), B % duy#0 KA

10, u(®)||12w2)

m [ = ”axuonLZ(RZ)-

(3) % X R?* k#y Fourier T#HA (&) = ) S €75 f(x, y)dx dy. A AL, E,m) =
ﬁO(g’n + té‘)’

1.2 —4501E B A E %

ZRTRRATRAR T R AL 5 F2, BUAE I): 40 S BUE i XSO A 7, B e anf 2 — e
FE R R, B T WA AT 2 46, BB X I R s w42 R R, A TEA €
JUNA T A, ERERIID TR TERRZ AT, 375 28 1K 8 v 50 A2 0 B (1), 75 U 7 2 PO A 2 68 52 B
ANBEME—#f 2. — BRI, 1X N ) B 2 RARE A%, ARFTERATT LA B2k L A0 1) R A e 7 HE
(R 0 A, i V8 ] R A i g R A2 AE Tn) R

WA A Er > 0, XA A Ex € R_ = (—00,0), 1 € R E NI E. Z BT 52

u, +Au, =0 (t,x) € (0, 00) X (—0,0), (12.1)
u(0,x) = uy(x) onf{t =0} X (—00,0),
HrP¥{Eu, € C'(—0,0)4E.
WERIRATTE FER _EIXAN T REI KRR, WAVRE 2 v BRI R IE L hu(t, x) = uy(x — Ar). H
WERF IR BB TR, S OE R Blu, RSEGFHx < 0O EBENX. M4 > o, A7
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BAx — At < 0, FrRARERu(t, x) = ug(x — AR 2, x) € Ry x RUASHOL. W2 i,
A > OB, FRATA T EAE{x = 0} B 1E BIk 1)1 5L 5% AR RE € il X AN 7 FE.

HEA <0, ATEIFRIERut, x) = uy(x — At) e B FEEX IRt > 0,x < 0|t < x/A}H
fie. A = =172 801, TAMWEEGIT, Hrh I BRAE X8t > —2x} N IIAEATI SR =2 R A1)

WA E

T

1.3: RFAEZR ¢ = —2x (1 BR AN AE RE e — A AR ) [X 3

IAERA MR < ORRAFTTRE(L.2.1), MEA FRATTFR 2 b — AN A%, T~

u, +Au, =0 (t,x) € (0,00) X (—00,0),
u(0,x) = uy(x) onf{t =0} X (—00,0), (1.2.2)
u(t,0) = g(t) on (0, 00) X {x = 0}

Hrh g e C'([0, 0)) A4 E I R EL.

AT DXt < x/A3LRBE AU, x) = uy(x — At), WA EVIIRT E 2L 57
ZAfu(t,0) = g(t). WM ZKREAFLx = 0, AEBluy(—At) = gOMEEL > OHF kAL, B
ERE x < 0 #F uy(x) = g(—x/1). Pk, fEXE{ > 0,x < 0t > x/A M, TTIEWIMERN Y
Ault,x) = g(t — E).

IAEFRATT AT AR RIS 18 294 < O, A% 4 7 FE AT AR 1] /B (1.2.2) i

s, BATIE T BRI AT I D i, KR hE

\
/
=
W
ved
e
=
=~
=
N
m
2
X
e
L
8
N
X
T
8
()
=
~
iyl
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WU 7 RE AR A6 EAE X Sk S A SL), 11 FRATT L 1 45 21 A 2R8I I 2 g (x — Ae) gt — E)??F
FEECOR 1Y, JAT M A EAE A 2l = A} ER B ORIFC AT flchE. FRFARZRAS B (PR, AT H /5
FRTH MR R, x) = (0,002 5 HA CHES A etk R AT, (B 94t 42)

o PRBUMIESE: &t = x =0, ATE2g(0) = u,y(0).
o —irFHIESNE: FIH AR, A5 2

lim (6,u + Ad,u) = 0= g'(0) + Au/(0) = 0.

t,x—0

s 2, AWIMEu ML EgH 2 % g(0) = uy(0) A1 g'(0) + Aul(0) = 0 B, J7AliEffu(t, x) €
Cix([O, 00) X (=00, 0]). XA SEA RN EFMEH ERIEBS M SH (compatibility conditions).
KB sk 3 75 R — AR A IF) A7 AE PR PR I8, AT DRAAE 28 1375 ke,

SR 1.2

SIRR 1.2.1 BEEHEN > 2. AUWEX) = (w(t,x), -, uy(t, X)) RN K Jo iy H 48R 8 ) Z,
AERVNEN XN #E ZR. FaFRA B, IAF Eho T GNAME Hr 77 A2 28 5% 09 77 A2 20

U +AU, =0 t>0,x <O0;
U, x))=F(x) t=0,x<0,

(1.2.3)

HEP F(x) = (Fi(x), -, Fy(x)T &7z o9& AdH, £ PF, € C'(-x,0].

(1) & A = diag(4y, -+, y), HEP A <AL << <2,<0< Aoy < - < Ay. Bl 3R €
{1,2, -, N}, &AE 25w, (1, 0 il R 47

(2) *—fbF AR FENHRTEA e RV, GTAZA(1.2.3)F &m B VAR 54, F RAEFUE, x)H

BAE A A K34t > 0} X {x < O} LAk "E—A4 2 ?
SRl 1.2.2. kx € R, ¢ € CH([0,1])i# 2 A8 A F 4 ¢(0) = xp(1), 9'(0) = k' (1). F JE#MAAA ) A

u,+u, =0, t>0, O0<x<l,
u(t,0) = xu(t,1), t=0,

u(0,x) =p(x), 0<x<1.

(1) KEizp A E—C A%, JHIEWMEEIE I Ednfit&x € [0,1] A u(n, x) = K"p(x).
2 _
(@) &L E@ =3 fhult,xf dx, #9 E@) = S u(, 17,
3) Al x| <1, x| =1, |x| > 1 BHAERMEGKEFRATA, HIEA S x| < 185 AR 12T o
LR G = OB 89,
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1.3 *—MHriEitmid o AR —AsER

Wu Q- RERFMEE, HFQ c RUE—NFE, F : RIXR X Q - RELEN.
185 1.3.1. pe Ry zeR,x € RY LF = F(p,z,X) = F(py, -+, Pgs Z, X1 =+, Xg). X L&) piESFE
R ) 69 B AR AZAZ BURAT & B Fu b9 4 BE Vu(x), /R R B Hfu ks F. ZMBERFA T L EANS
AR KRF Y,

V,F=(@,F,-,0,F), V,F=0,F, V,F=(0,F,-,0,F).

Pd

A H BAEQIN RE— I LM T FRF(Vu,u,x) = 0. HQATIA S, W EAEL R 1T
T C 00 LW EINF5% A u = g, Hrhgie 4 7€ B3

—Br ARt m iy TR (4D EVBE R AR B, UL B (BLRAR )T
NERERFHEBEITE) AOGY: (RRBEETHZZ)D A IR 2 0 SEBR BB R b — B W i 77 1
HZ0 . A5 T E 0 R B AR A AEVEBAE, PR RO Z 0T S IR BRI %, fRIE R, — By
TIREAR W B AR (BIXT 21kt € RABAAAERIME), Z AT A 1E S FiBurgers /7 Fmt &2 — MR
aRifi7 e

1.3.1 $HHEZ%HEA
x & — M mis sy 77 R
F(Vu,u,x) =0 x € Q, (1.3.1)

FHAET C OQWE T % Mu = g. WALTRAVECRF, gl 2 45 52 6T B AL,

FRATTINAE A SR BT 5 T8 R R 75 100 AR AE 2R VR HE T B — R A2, S IEZRIE R A
VAR B MAAERM TR HIIE Tul)—H D E g, 2% Xk Py 3500 s, FRATAHRE]—5%
HIER M2 x € QA E—hix® € TIEE R, (1 ERA1R BN 7 @ Mk Fulii & Z i 261
HUAH.

AMRBOX 5% “EBEmthd” 22 HilhZx(s) = (x'(s), -+, x4s), S8 THATFX
[HI. Yu € C2(L.3.D)H—Mi#, 4

z(s) = u(x(s)), Pp(s) := Vu(x(s)), Blp'(s) = 8, ux(s), 1 <i<d.

BBz 7wt B S H AR IUE, Tp( )2 2 Vuit s S50 22 1 BUE. B 2k
B d B xadt 7 S RAETHER 1. i, X pisi R R TR R =, 195

dp' B d dx/
FCELENCOL SR
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SRIMIXARIE NI T ulll M S5, AR, 5—J5, AT PAE SRR (L3 D) P A x, K
T, 153

d
Z 6ij(Vu, u,x)axiaxju + 0,F(Vu, u,x)dxiu + 8xiF(Vu, u,x) =0. (1.3.2)
j=1

e, R BA T — B R GE = <)

XI(s) = 0, F(p(s), z(s),x(s)), 1<j<d, (1.3.3)

M#Ex = x(s)Ak, TATH

d
295, F(D(s), 2(5), X(5))35, 8., u(X(s)) + 8,F (p(s), 2(5), X())p'(5) + 8, F(p(s), 2(5), X(5)) = 0.

j=1

M pi(s) = 8, u(x(s)), *sRF1FHpi(s) = Za 0, uXi(s), P ETHA 153

j=1
p'(s) = —0,F(p(s), 2(s), x(s)p'(s) — 9, F(p(s), z(5), x(5)) = 0.

FATEXT2(s) = u(x(s))R-F15

d d
2(s) = ), 0, u(xX())X/(s) = D, p(5)3,, F(p(s), 2(5), X(s))-
j=1

J=1

— EX 1.3.1 $FERTE
FAVAR A T 4248 4 (1.3.1) A9 4F e 5 A2

p(s) = — V, F(p(s), z(5), %(s)) — VF(p(s), z(s), X(s))p(s), (1.3.4)
Z(s) = VF(p(s), z(s), x(s)) - p(s), (1.3.5)
X(s) = V,F(p(s), z(s), X(5)). (1.3.6)

P, SHEFEs € I, REZF(p(s), z(s),X(s)) =

— EN 1.3.2 4FfEehzk
HAVAR(1.3.4)-(1.3.6)% & 69p, z, x 8 B A#2(1.3.1) 89 45 42, H P x(- )Z‘E&?ﬁ’ 3% 442 (projected
characteristics), BP A 33 (p(-), z(+), x(+)) € R¥1AEQ c R4 L #% 3%
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F I, BATL PR LR T
EIE 1.3.1 FHIERIZEMEEH

Bu € CHQ)ARFAL(1.3.1) Qa9 ik, HBEx(-)i#%h 2 7 42(1.3.6), £ +p(-) = Vux()), z(-) =
u(x(:)). WIHEEHEx(s) € QW AT &s, HAP()iH L H42(1.3.4), z(-)ith X 7 42(1.3.5).

FE T R IRATT TR ZEX Sl 7 AR AH.(1.3.4)-(1.3.6) I L3 4 TS AE 26, 4645 n b g 3 eT DAY
TORAR— i 5 RE(1.3.1),

1.3.2 EFF=4
TEE MR LIRS HE T FRUL Y B, JATIE B — S I F, 4 BT L F R 2k . Sl MR 52 4 3F
2k R BB L.

U BRA M T FENF(Vu, u, x) = b(x) - Vu(x) + c(x)u(x) = 0, x € Q. NXINHIF(p,z,x) =
b p+c(x)z, HIMV,F = b(x). iZEA T, ITHE(1.3.6)51EX(s) = b(x(s)), B — MR Tx(MHE
WA TR T T FE(1.3.5) T LLEAE2(s) = b(x(s)) - p(s), IRAFHIFIER T 2(s) = —c(x(5))z(s),
BRTz()REM TR, FrLOIE LT, FriE4 i) R 75 Zx Mz J7 Rt e 1, AT EZAR Hp(s).

x(s) = b(x(s)), Z(s) = —c(x(8))z(s). (1.3.7)

— {51 1.3.1
& e AL

x0,u —yo,u =uinQ, u=gonl. (1.3.8)

HEFPQ=R, xR, ZF—ZMR, T =R, x{y =0}ZxEF4.

fi. MR BT R B A AT RE R RFR R OL: b = (=, x), ¢ = —1. IMRHIEER T FE N

HER AT

x1(s) = x%coss, x*(s) = x%sins, z(s) = z%° = g(x°)e?,

HAx®>0,0<s < /2. WATMAEERs > 0,x° > 0fFi 5 (x, y) = (x1(s), x2(s)) = (x° cos s, x° sin s),
MTTx = 4/x2 + y2,5 = arctan(y /x). [K LA

u(x) = u(x'(s), x*(s)) = z(s) = g(x*)e’ = g/ x2 + y2)errctan/x),
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O
F RN iR 3
RIS W)
F(Vu,u,x) = b(x,u(x)) - Vu(x) + c(x, u(x)) = 0.
RHF(p,z,x) = b(x,z) - p + c(x,2), NIV ,F = b(x, z), XFEHEX( ORIzl A2 17 FE R
x(s) = b(x(s), z(s)), Z(s) = b(x(s), z(s)) - p(s) = —c(x(5), z(s))- (1.3.9)

FONZR M 5 FE R B 48 L SEB B N Burgers T2 (x = (¢, ), b(x, u(x)) = (1,u),c = 0), ZAiHN LK

B AN FRFIE 2R 7T GE 2 AH3E, AT i R D BEARAEAE . X BLERA I 5 53 — N+

— 51 1.3.2
X IETTAL

d,u+9d,u=u’inQ, u=gonT,

EFQ={y>0 & L¥F&@, ={y=0}2xth.

R N EATAD = (1,1), ¢ = —22, BEMRFAEL N 12306 2 7 1%

HEHHEAS O 0
xMs)=x+s, x*(s)=s, z(s)= 1 _Z s20 1 _g S;&o)’

Hex*eR,s > 0.
A E (x,y) € Q, FATIEELs > 0,x° € REAF(x, p)VEEHSFREL |, Bl (x, ) = (x'(s), x*(s)) =
(x° +5,5). IRfEx =x—y, s =y, XFEF]

g9 glx-y)
1—sg(x%) 1-yg(x—y)

u(x) = u(x'(s), x*(s)) = z(s) =

IRBATREAEL — yg(x — y)—ELAFE, A ZMRIEEA 2L T H AL, 0
FRTEEIEL M R

BT, FRATT 0 200 58 B Hh SR R RFAE J7 F22H(1.3.4)-(1.3.6). HTFIEREA — M FE—HIRE
2, BATHIES H— I A ARAAE T AR, BEAR A A —M5] 5 A I s 9.
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— f11.3.3
% EHamilton-JacobiZ #28,u + H(x, Vu) = 0. st 4R 3£(1.3.4)-(1.3.6), &A1 T LA 2

xj = aij(x9 p)’ pj = _axjH(x’ p)

T AE 2 ) 5 A A AE Hamilton 7 42

HFEE. 29 =D pss1), Yy =,1),G(q,2,¥) := pas + H(p,x). Nifim] LLTHEG
V,G=(,H(p,x),1), V,G=(V,H(p,x),0), V,G=0.
XFE, (1.3.6)5t 28 il T =X

%'(s) =8, Hp(s),x(s)), 1 <i<d, xM(s)=1.

(1.3.4)5 48 i T =
pi(s) =8, H(p(s),x(s)), 1 <i<d, p**i(s)=0.
(1.3.5)4 K
z(s) = V,H(p(s),x(s)) - p(s) — H(p(s), x(s)).
O
0 1.3.1. ABIMEZRATARE kS £,
1.3.3 BEERRNESERFEEMEEE
AT RAE B SR fft i 1)
F(Vu,u,x) = 0in Q, u=gonl. (1.3.10)

HAFF, g iR, Q ¢ RUZFFE, T C Q. N T HALIEH DR, & A0 B RRG, FATE
BBEQA AR x RY, T C {x; = O — M4, JFETHN A Ny € R X — B A
A CHA T X IHQ, TATTAT I H i FAE R 5 H, W.Evans [3] #3.2.375.

BRI 3 AE 8, BT T T Ex(0) € THIARRFE(p(s), z(s), x(s)). FR4 B2
] A s AR SE IIRTIR S EX0 - = x(0),2° = 2(0), p° := p(O)N 4ii L EREHI MR MM, 4
REfH 195 B T FE(1.3.10) B M@ ?
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_ ENX 1.3.3 TAJRIFBL{E (Admissible boundary data)
HANAR(PO, 20, x°) 2 7T £ #F 89 (admissible), £ 45x° = (3°,0) € TH(p°, 20, x°)i#h R T A E M &
-

=g, p}=0;80", F(p°2z°x")=0, VI<j<d-1 (1.3.11)

BEZ, o EFMHRET QAR R @ FRE T RS, FAZRS] AT B Z a2,

IR 1.3.2. Fi 80 R, 205 F A R A R K Fe KA R XO0E — 74 < 49, 1252 pO 4l G AR M FevE—
AR A AR AR AE.

BT ORIRATIA: 45 5 vl BT LE (P, 2%, x0), EAE— AN 2 G R TBIE & v B AE? BIX
REETY ) sy € Ré-1 FRAT A SR Ty T RE2H(1.3.4)-(1.3.6), HATuR N

p(0) =q(y), z(0)=g(y), x(0)=y. (1.3.12)
WA FA T ZE AR B R K q = (qu(¥), -+, (W) F XML R R FEIT Y )y € THA
a0 =p° q;(»=9,8(3), Fq(»).g803).y») =0, 1<j<d-1 (1.3.13)

Her b, AT PAUERA, &0 B VFAE 2 JERFIER (non-characteristic), U3 A2 (1.3.13) 1 q 2 M

— .
— 5| 1.3.2
% 5T 5 F A AE(p°, 20, x0) it & A At

3, F(p°,2°,x°) # 0, (1.3.14)

W& ALY My € T, A2(1.3.13) 89 fkq(-) A Bk —. 2 5 4H(1.3.14) 49 LB A AR
(| Z03:5

SERR. BT g RN, FOEYIS80,8) = ;) (1 <j < d— DBELSE, RITAFE
H2qg,(MERqY) = (), -, q()) L TTFF(q(y), g(y),y) = 0 HIT]. #1T F(p°,z%x°) = 0
1 (1.3.14) 5oL, AS24qu(y) FIAFAEME— 1 7] oy B i) e 2 B 45 .

— EIE SRR EIE
EHHFED CR*"XR™ F: D — R™#HELH
e Fe C'(D);
¢ Z%E#’ﬁ‘(xm_yo) € D) /fi'f'%iF(anyo) = 0)
o 17 Kdet] = 10xo, ) # 0,

1
Vi




22 ' —Hrmisi R

R 754 (%, o) #9 —ANATIRG X H, 1273

o SEEX €G, THF(x,y) = 0£H A E—E, itk f(x);

* Y= J(x0);

o feCG);

o 3x e G, AJacobifeFZ M &g X & Jf(x) = —(J,F(x,y) 'L F(x,y).

[]

FEID 1.3.3. S RTAEXCH LR -FIZE, 4o LAEHIE S48 BV F(p°,2° x%) - N(x°) # 0, & F
N(x°) 2 x° € 0Q /ety iz5bikmE.

BUAEFRATT o] LR UG E P 108 i) /(1.3 10) R AE 45 52 1ix® € T C AQMIE H R A7 e e 7. 3471
TIRERT C OQAEXCAL ALY, HAL F#E T 1f{x, = 03; IR (PP, 20, x0) & il B VFiAfE, I
JEAERHIE R (1.3.14). 551 H1.3.241, f77E K Eq( )5 q(x°) = p°, HXMEE R/ F#iEy My e T,
Q(»), g(»), Y& T VLA,

BF IS H 0 5 FE4L(1.3.4)-(1.3.6) (FIEE A H1(p°, 2°, x0) 44 5E) 5 ME— R (p(y, 5), (¥, 5), X(, 5)),
i BB — DR ATRYT (p1, -+, Va1, 8) F= (X, -+, Xg) (TEXCHI—AN/NERIB ) SR, A2 T48 @ X
BN FR I A, SO R SR A TR R A£G AE 10 B 05y DA% SRR IE 2R 5% B i 2 8s, 1X )

DA 396 e B 5 BEAIE BH
— EIE  FERILARET EIE
KFEDCR,f:D—-R", #HA:

o feCY(D);

e B x, €D, 1E#det] f(x,) # 0.

Ty = f(x,) , AL BAE Xo 89— ANARIR U A=y, 89— MTRV | 413

e f(U)=V, B f U L&%4,
e g R fAU L&ERS, geCU(V);
e 4 yeV i,

Jg(y) =T fx)™,
£+ x=g(y).

— 5|32 1.3.3 EHERAHM
B(p°, 2°, xO) it AP A IEA R A (1.3.14). MA@ A0KFF XL C R, x° € T C R #9 47
BW, ABRX ERIF GARY i3t Ex e V, AR —0s € [,y € WHFx = x(3,s). B’
Hx —— (S,y)giczéﬁ-

2 R, 35 (p°, 2° x)i R ARRHIE I A 261 (1.3.14), M QI & 78 70 5230 1) mix, #R AT LA
B KL F Ry e T (FIFEIE I FEEXC) R RIRAIEZex, X IELE B S BOus ) it 1l
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X (Rxs € VE AL 2% MO BRI ) — N 5 i R BRI £6 L),

IERR. AT CEAx(x0,0) = x°. it g 2, = JATREUE W det V, x(x°,0) # 0, W EH e
R L. BT RITEZXMTI, BAERIMNELHx(y,0) = (,0) XHMEREy € THUKAL, B
DI i <d -1, xFIEindEx(y, s)i L
, 5. 1<j<d-1
0, x/(x°,0)=1{ " / :
0 j=d

1M 77 F2(1.3.6)%& M,/ (x°, 0) = 6, F(p°, z°, x°). AL HiZiHH {3

1 0 9, F(p’z°x°)
0 _ .. .
Vx(x°,0) = ) .
0 - 0 8,F(p’z’x°)
o] W, B4R I TR AR ORE 1t B 5 FE R AR AT . O

fait, ATER 7 XMERSx € vV, TiEx = x(y, ) REHE— iy = y(x), s = s(x). £ T RKILAT
Xtx € VAL 2 TRy, siE X

u(x) 1= z(y(x),s(x)), px) :=p(y(x),s(x)). (1.3.15)

PLAE AT DAUE BH J& 5B A7 A2 e 2
— T2 1.3.4 BEIEFEEMECIE
8 (1.3.15)% 89 5 Hu € C2 & 4L

F(Vu(x),u(x),x) =0 (x V), u(x)=gkx) (xernv)

) &

WERR. B, FATEEXCHHEM — AN sy € T, 285 il LUK g Hip(s) = p(p, 9), 2(s) = z(, ), x(s) =
x(y,s). BSGIUEM: £y e TR FEix°, WA

f(y,s) :=F(p(y,s),z(y,s),x(y,s)) =0, sel. (1.3.16)
HSL b, R BRI E (5 B 1.3.2) B &R Y

f(»,0) = F(p(y,0),z(y,0),x(y,0)) = F(q(y),g(y),y) = 0.
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BT CABAE R EERS, f = oBP ], XfsoR G ul 15
d d
8,f(¥,8) =D ,8, Fp! +8,Fz + ) 8, Fi/
j=1

j=1
d d d
=20, F(-3, F —3,Fp/)+3,F ) 8, Fp/ + )8, F3, F = 0.
j=1

j=1 j=1
Fir LAIX R B £ (p, ) = 0T R s € TI%OL.

2, AN A5 #1330 HF(p(x), u(x), x) = OXHMEEx € VIR, £ T K5t R ZiEHp(x) =
Vu(x)WHMEEx € VAL, ik, A5G0

d

8,2(y,5) =, p/(,5)3,x)(3,5), (1.3.17)
j=1
d

3,z(y,8) =Y, pP/(3,8)9,x/(y,s), 1<i<d-1. (1.3.18)
j=1

85— AR A5 AT LA BT (1.3.5)-(1.3.6) A3 b 55— AME% R, FEy e T, i€ {1,--,d—1}, JFid
d
ri(s) 1= 8,2(y,8) — ), P'(¥,5)3, x/(y, ).

j=1

BRI R R, WENEERRY

d d
ri(0) = 8,z(»,0) — ). p/(»,0)9, x/(y,0) = 8, z(y,0) — > p/(y,0)8;; = 0.

Jj=1 j=1
B R ORBATW =
d
Fi(s) = 0,F| >, p/d,x/ — 8,z | = —0,Fri(s). (1.3.19)
j=1
FREIEFZ R, MZEEr(0) = 0F] LLEEMASr (s) = 0 (FH GronwallANZE A AT L), 13 11 75 31 A8 2 11
EEE 52w

P AL R 20 R T BB I B SR S U SR, £Er () IRIE Xt s sk 249

d
Fi(s) = 0,0,z — Y. (8,p’8,x) + p’,0,x7).

j=1
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37 I, FA LSz RIE A Xy, RS 15

d
8,0,z =Y0, p'd.x) + p/dd, x.

j=1
—HWROL, HH(1.3.4), 132
d d
Fi(s) = 8, p'dx —8,pid, x) = 38, pld, F + (8, F + 6,Fp))3, x/. (1.3.20)
=1 j=1

P2 R EAL B T TP, XA LB A f(p, 5) = 0 Xty K15 2

d
8,,Fd,.p' +8,F8,z + )8, Fd,x/ = 0.

Jj=1

~.
INIES
i

AT (s) R aE X RP AT
BUAEFR A4 4 (1.3.17)-(L3A8)NEHp(x) = Vuu(x). 7E(1.3.15)Fruftideik = Bxt x5k 5

d-1
d,u=0,z3,s+ ), 08,20,y

i=1

d d-1 d
=Z ko, xka, s+ ) ) pka, xka,
k=1 i=1 k=1
d d-1 d
- Z_] 8, X 9, s + Z} 3,x*a, y' | = ;pkaxjxk =p’.

PR RIAN G — L8 J5 EB A7 11 5 H ) S S 451
— {5 1.3.4 FRZ&MEH
£ Y- X A0E

b-Vu=0inQ, u=gonl.

XL W AR A AR R E Sy T AR

x(s) = b(x(s)).

FHE. B LR =R O
(1) EJ7 5 —5KE R o, IBAEQA R RAE — A RN (ARG BONE ), R FAT =
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Case 1: flow to an attracting point Case 2: flow across a domain Case 3: flow with characteristic points

K 1.4: =FhAS[R) 1 0 A HSAIE 28

0QLFADb-N <0. B, 45EX® € T, Ja il A- /e M BER B FE TR A ME— 1w, Hu(x(s)) =
u(x(0)) = g(x°). AT A T] Ge s b ¥ 8 7 PR AL A X QH I (kg A & 2%
ERRED |, X2 RN 7 FR AR B UEAE 5 25 R 2 # IR AL,

(2) wn BJ7 5 sk E A B, W BB E T T RR AR B B SR AR th e R E N Q— IR (B TAEPIAS
FHIE A, BAEAN) |, IFFER T EAT = {x € 0Q : b(x) - N(x) < 0}, EHQ—K. ZIFHH T
CIRYECE: g Etib i i

(3) wn EJ7 =k B R . FRATTRA SE AT DLV & 25 Rk il Sl ik BN H AR, H 2 XA I8 1
fun] e R ANESET, BrAER ¥ g(B) = g(D). TiER, G M NTED 55 2 A AERFIE 54 1,
FIt LAZ R Ak ) S S8 A A 18 AN T

[l

— 1 1.3.5 FIEESENIFTELZ
F B AN F BT AL

G(Vu,d,u,u,x,t) :=0,u+V-(F(u))=0in Q := R, X R4, u=gonl :={t =0} xR
(1.3.21)

EPF=(F,-,F) : R > RIZXFaIEB/HBHH.

8. 2q = (p,pas1), ¥y = %, 1), WG(q,2,y) = pgs1 + F(2) - p, HEiM
V,G=(F(2),1), V,G=0, V,G=F'(2)p.
B, EAERY = (x°,0) € TAL, JEFHAEIL T4 AE (1.3 1) B RAE, Tt 77 R 0 7T LA 5 4
() =F'Es)(1<i<d), () =1

fREAFxI(s) = s, XU BHIRATAT LUK S 5 s f i () A2 e s AT k. b, ATERZ(s) = 0, N
Mz(s) = z° = g(x%), #MExs) = F(g(x%))s + x°. XU HBRF Ly (s) = (x(s5),5) =
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(F'(g(x°))s + x°,5) (s > 0)7& FLLk, W 1Z Huse HA.

EIE 1.3.4. A, e B AAMER G — A4 520 €T, g(2°) # g(x0), M C A &2 49 4% %5 4 4L 4%, 7T 7%
AEAITELE > 0483, B FREEFAL(1.3.21)— A& R SR ERIE & B A ARG G AaE. T2
FRAEEARRE, N E 5|3 “HM7 AL,

HAIGk Sz BETS BAORMESTFIER AL ? FsL b, X — Mg, F, TR RS i 2 ke =y
P, His = 4,
u(t,x(1) = z(t) = g(x(t) — tF'(2%) = g(x(t) — tF'(u(t,x(1)))) = u = g(x — tF'(u)).

P B b g BRGNS F, g /2 4514 1+ tVg(x — tF'(w)) - ' (u) # 0, W an_E &5 FEff s a] DA i —
ISR, x). Feal, #5d = 1, F(x) = x2/2, W E R0 #2195 ABurgers 7 F2(1.1.6) K 2
TR O

>R 1.3
SIER 1.3.1. ARk K Mo Tl by 77 A2

(1) x0,u+yd,u = 2u, u(x,1) = g(x).
(2) x0,u+2yd,u+d,u =3u, u(x,y,0) = gx,y).
(3) ud,u+d,u=1,ulx,x)=x/2.

SIRE 1.3.2 (Bt B HALFR R). A2 LB GE SV € RY, Ax(s) = x(s, X, 1) 23 F AL fif
x(s) = v(x(s)) (s € R), x(t) = x.

(1) = XJ(s,x,t) :=det V. x(s,x,t). 1EBH: 60 = V - (v(X))J.
(2) ER: p(t,x) 1= g(x(0,x,1))J(0,x,t)ik %% %M 42 (continuity equation)

9,0+ V-(ov) =0in R, x RY, o =gon{t=0}xR%

Fa: BRI (p(X,5)]) = 0.

1.4 *—4HFIEEFIERHCE 2

FES 1 L3A b —5 i 1,35, JRATT#ASHR 2 <3 1B A 5 A2 H) 4 SoR L BEAR A7 7. JUH: A Burg-
ers J7 AR, FRATEL 22T DATHE AR RO AR IS TB). T AT 1 SR 23 0] AE SR I [R] Ak R A 1 33 12
ettt a? A2 G, TR A RE DT A TE AR BEAEE IR RELE T~ 252 AT A5 “Bugk” A
“Rankine-HugoniotZ& /7 X P MEE [ 2% 10l . BT A 9F LA 78 5% Hamilton-Jacobi 77 #£ 1)
M2, BRI ERATFEA TS @ R Lax—Oleinik 2 32 30 TH & P E 7 FE 1.
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1.4.1 F9#EFRankine-Hugoniot5 4
e Y EA T TR
ou+0,(F(u))=0in R, xR u=gonfit=0}xR. (1.4.1)

wWo @ R, X R - RigHEAEZENIEHEREL, AT —BARZ MK R E (test function). P
Plodf o3 #8834y, A4S 2]

ud,vdxdt — J uvdx
R

0= f J Gu+ 0, (F(u))vdxdx = —f J'
0 R 0

R

—f j F(u)o,vdxdt.
t=0 0 R

WASuE S SGRCE

= 0. (1.4.2)

t=0

J J uo,v +F(u)6xvdxdt+j gudx
0 R R

AL, an R s Al ik (1.4.2) O80T, A E SR u B AT P, AT g1 3k a0 T e X
EX 1.4.1 FA45#% (integral solution)

|7%5<%1'£T%§é6 MKk Ho, By € LO(R, x R)H#H LT F X(1.4.2), MAru2 742(1.4.1)8 85
fi&.

Rankine-Hugoniot condition

] 1.5: Rankine-Hugoniot 2% {7 i &
PATEE T RFE & — PR IEOL (MR & R RINEE) | WA —MFXEY c R, X R,
— G M 2k C iz X L N A ARV, V. BATERGuRAEY,, V, R GH RE (5
REAEC EA WD FFERBuA T R4 DR — DR, H— SEAEY,, V, T e —BOELH.
PAETRA TV, o B — NI R 2, 6T (1.4.2) 80 F 038R 48, AT 145 2

0=— J J (B,u + 3, (F(w)))v dx dt
0 R
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SHEE MR B € CR (V) AL, FTLL 0,u + 8, (F(u)) = 0 EV HHE AL, UL RAEV A L.

BUE AT RE Ml A2 i 2 C_E R TRy, AU Ko € Co(V), (HEAEC ERDNE. BUE,
AR M (00 5 S, BT3B AR 015 2

OZJ J ud,v + F(u)d, vdxdt
0o IR

= ﬂ ud,v + F(u)d,vdxdt + ﬂ ud,v + F(u)d,vdxdt
\4

! v,

—ﬂ(@H@ﬂ%mwmm—”(@H@ﬂmmwmm- X7
vV

1 v,

+ J (yN? + F(u)NhHv de — J (u,N? + F(u,)NYHu d¢,
c c

HAPN = (N, N2 A& CH Ak, [, - deRFRC B — B2 5. NV ARV, w, u 77
R RUNY AV, — AL CHUR PR 1R, 388k, B3 2

J [(F(w) — F(u,))N' + (w, —u,)N?]vd€ = 0 Yu e C(V). (1.4.3)
C

LA, BATIAS 2t Z6C b i) i 2% 4
(F(w) — F(u,))N* + (u; — u,)N? = 0 along C. (1.4.4)

WA B ERCRBHMA,x) : x = s}, Jhs0) « [0,00) — REIGHEL, AT e
HL RN N = (e, =), WATT(LA4)T DAt

F(u) — F(u,) = $(u; —u,) in V, along C. (1.4.5)
85 1.4.1. RS 1V - R, RMNEL[f] :=f, = [LAfEHHXCHIBIK (jump), it o =5 H
M ERCHRE. XLf, [, RETFRCE LM, HMAEZEC L & a9 RIR,

PUAEFRATT 5] 2 sy 1A 7 P2 B B AN &
— ENX 1.4.2
A

[F(w)] = o [u] (1.4.6)

A — % F e 42(1.4.1):5 & Bk ¥ & (shock curve) C#9 Rankine-Hugoniot 18] Bf 5 4 (jump

condition).
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R RIAT LA Burgers /7 72 1K 45 1iE Rankine-Hugoniot 55 1F.

— 15 1.4.1
% AP AL
1 x<0
du+ud,u=0inR, xR, u(0,x)=g(x):=31-x 0<x<1. (1.4.7)
0 x>1

Wi, $E11.3.5, FATAT PLHE AT Sx0 € RIFFIEZAE NS Eh 21 RiE N
y(s) = (g(x"s +x%s), s=0

Lk, TR R fE N

HE R B R e =

Formation of a shock

K 1.6: B4 TRRAIE LR B, AT UG Wt = IRRFAIEZRATIE, BB ik

1Hm%%9EH&MTuLﬁﬁ%%METEEQ%LW%&WWMD=%QﬁE

1 if x <s(t)
u(t,x) =
0 ifs(t)y<x

\
—_
bad
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MawmEIZME R = 1,u, = 0,F(y) = i,F(ur) = 0, \IfI'E i /£ Rankine-Hugoniot 21F(1.4.6),

X B 1 i A] DA LAAR 73 1) SN A2 A O
1.4.2 FURME. BEH

TG B A R W R AR AN — A b8 B T AR AR 2 AT AR R S
— i 1.4.2
# P&+4n T Burgers 7 A2 49 #7148 [7] 2

0 x<0
du+ud,u=0in R, xR, u(0,x)=g(x) := . (1.4.8)
1 x>0
g, A, AT BRI, FUE X
1 x>t
0 x<t/2
ul(t’x): ) u2(t,X): X/t 0<x<t
1 x>t/2
0 x<0

A DASSIEu, , u, 7B A2 R 4 #, H9i /£ Rankine-Hugoniot 26 14, (HIX W MERITE & e A —F. Hpdk

AT u, FRAE JEYD BB (non-physical shock)ff, u, FRIEMER I (rarefaction wave) fif. O
u=0 / u=0
A “nonphysical” shock Rarefaction wave

1.7: AR R BB G ) 5L 51

#11.4.25 8], SRR AT R AR ME— 1, B/ SR “AEWBER) 7 fE, I ICBlsE
R B2, FRATTRE 75 BEH H SERG 1 01 5 R I, SR OR ~p AR A 7 A AR B ME— PRI 7 22 [m] 23X A )
A, AT EE G “ R 5%+ (entropy condition)” XM

[FHZIATHER1.3.5F A HAS, /Ll fix® € T C 0QRIIFC R IELL

y(s) = (F'(g(x*))s + x°, 5) (1.4.9)
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I, BRBulE R g(x0). [RIRIRATT M ATE, BE A ) B 1E A, FRATT 48 B AR AR AT S I,
SR G A2 LRI, SR, AT AR, X RT3 S T UG5 — SR AE 2R 3047 I TR 430 [l i A
XFERAN S B IE LR (AR 2. BULE, S usE [ T 2R C B R s b i 22 AR PR g, w, BRUEE AR A,
H e I — SR RRIE R A 10 I — SR RFIE R AE i AL A SE, 25 B RFIER T S, BA1218
BT AER CRG®RE (w) > F'(u,))

Fl(w) > o > F'(w,). (1.4.10)

EX 1.4.3 &M BK
|77F F XN(1.4.10)#% A 1E #8 & # (entropy condition). & 7 #2(1.4.1)89 R 5 fuil & 8 &K CiH%

& Rankine-Hugoniot £ #F(1.4.6) 4= 4 7 #4(1.4.10), N A C £ B # £ (shock curve).

WRFATH — D EEF & — B0, AR ROMISE” > 0 > OfH KA. BEIfF/ 4% 61, i
MRS Ty > u W B B0 Ah 4R 18 BT

— 5 1.4.3

% e AR 7] AL

0 x<0&x>1

du+ud,u=0in R, xR, u(0,x)=g(x) := (1.4.11)
1 0<x<l1
Wi, Xt e [0,2], FATAT AL & 1511.4.1-111.4.215 2| 22 JLfig
0 x<O0mx>1+:
u(t,x)=9x/t 0<x<t 0<t<2). (1.4.12)

1 t<x<1+§

Xt > 2, ATHRREE i B th 2 St s () Be B AE N ESL &, KA Au = x/t, fi
B u = 0, BRI IRATTE Z 50 1FRankine-Hugoniot 2514 (1.4.6). EE1T 5 A[13, 1% 2

[u] = s()/t. [[F(u)]]zg(%t)), o = §(0).

#E(1.4.6) R0, s(ORL=H L TTRE $(t) = s(0)/2t (t 2> 2), HATIHFAF Ns(2) = 2. BERIEHE T TR
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13s(t) = V2t. B, BAG 3 > 2008150

0  x<oO0mx>+\2t
x/t 0<x<y2t

u(t,x) = (t=2). (1.4.13)

fE RS I B pros O

K 1.8: #1430 RFE 2 = K]

1.4.3 *SEM—MEE
FL b, ATE T LA RSP EAR TR R RE A H il T AU OH 4 Hamilton-Jacobi 75

FEMI N2, I IRATTCIRIE B X s 2518, AR b RATT A HH 2458, HAVEGIE 2 W Evans [3] 1)

593.3-3.475.

_ FIE 1.4.1 Lax-Oleinik 3\
BF R - RE—H O RFRHK, #I06 1= (F), Bikg € L(R), h(x) := [, g(y)dy. W3¢
Fle#EH42(1.4.1), 24 T 4

(1) &t > 0hBx € R (R4 £ S THAME), AAE—0 Ly, x)ikh L
. xX—y x — y(t,x)
mm%L(7—)+h@%=u(——T——)+mﬂam)

yeR

(2) x == y(t, x)Z TR H K.

(3) (Lax-Oleinik X) sHE &t > 0, Hu(t, x) = G (%“”)xm%até«té@x € R& .
(4) 26 & ik X2 A2 (1.4.1) R AR R

(5) (EMBIKAET) BAEC > 0OEFAEEL > 0,2 > 0,x € RAREZFF X

u(t,x +z)—u(t,x) < Cz

=, (1.4.14)
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%A XABARE A &4

Pk, JATT AT LAE B Joi At £ S A e — k.
X 1.4.4 [&## (entropy solution)

HAAru € LY(R, x R)ZFEBETAZMAF A (1.4.1)689 M, £A5uRZ P AR/, ik
B BAEC >0, EFHEEL > OARIL-FRA LA eR, z > 0k

u(t,x +z)—u(t,x) < Cz<1+ %)

_ FIF 1.4.2 fERRAIME—M
RF AR — 86 05 R, W AA 17 A (1.4.1) 09 8 e £ —/NEME 6 & LT R E—4.

R IAER S ER T AR A B — R, A TS HE B 9] KR TR BB

11.4

S 1.4.1. &F(0) = 0, uZ 4 T F 2T A2 09 :% 85

Y
&

ou+0,(F(u))=0in R, xR u=gonfit=0}xR.

LI EABR BT ET > 0, ufe[0, TIXR EEA B L 5K B8 L&t > 0, sz [ u(t, ) dx = [, gdx.
S 1.4.2. B R &K
—g(t +V3x+12) F4x+t2>0

0 FAx +1t* <0

u(t,x) :=

& Burgers 7 #20,u + 0,(u?/2) = 089 L5 i .
S 1.4.3. £ Xt H 4w T Burgers % A2 — #9 J5 if

2

atu+ax<%)=0inR+xR u=gon{t=0xR,

H &
ifx < -1
if —1<x<0

g(x) = ;
fo<x<1

S v O

ifx>1



FTE £FEFHUERIGIEMRSGIE

KREN DA A P SN TR BAE SRR R TT % BRI ERE f - RXRY - R, 3041
T R TTFE O2u—c?Au = f, H (1, x) € R, xR, HH e > 0 FRfEBEE; LA TTRE du—kAu = f,
Hrb (t,x) € Ry x R, W4 k > 0 FRAERME T R 70> TFEA LI SR A, 388 3 R 1 2 )
HHERAETH O = 67 — A LT ERR. BN RAEAAEAZIE 2R3 (—4E) . RS (Z
4. N FUEAR (=40 KRB, AR E u —BORUARRIEREA T AR . B
— M, WOTRE (Bl R JERMERE O RS R WS B, Bl n] 4R AR R
BE. T SO A % 22 fh R B ) Einstein 5 R S5 S AR ] DLS BRI TR (D) 1B
o MRATTIERR T HIRYAR R ZEAR A LA, ] DU T 20 mE A i B R (R
KRR RIS (RAEFERME) SIS, #HlliKeller-Segel 77 #2421 Navier-Stokes 5 #2421 %545 .

2.1 —HEENATE

A RN SR AR SE ELZE R HLZRR b — 4RSS T FERIAE ) A 07u — c*03u = f.

211 —#EzshAENSY: ZikalsiE
R —ANBEE N, AT, HAAMME (R, RS MsZ0iRs. Eix

RIZRAFEXOy-~FH A, T H-FES NS TTH, HRul, x)REERE (yJ7ED B
AN .

/—'\ /——\

x=0 ~— \'_—'?:l

BUAE AT AR AR — e tHu R . JATTHUR AN — B X [, x, ], I HABGR T Wi 522807 1)
[R5k 1 GX G RERUINRSD, it LS ED

35
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Tx,, £)

M T ufoR KR T BT AR, AT I — NBsa e 3 BT [ 2 211 /)

~ To,u(x;,) — To,u(x,).

Xo

Uy

V14 ()2

T

BRI A AR e i, 158

Ta,u(x;) — Td,.u(x,) = j p 87u(t, x) dx,

0

piliprdis

Hoe A2 0 B G FE A e BT US4 T 1) S3ut, x) dx. T2433)

V[xo, %] C R, J poiu —Td2udx = 0= pd}u—Tou=0 Vx € R.
WMAES 2 =T/p, WAVRIG ) — 4L BN TTHE 0}u — c*02u = 0, HorheFR/EIH .
X AR S RO S TR S Y, 115 W Evans [3] BI362.475, AAAHERUAR

2.1.2 #fE5IE
FATTUAE ZE g 40 B ) 7t

Cu = 8u — c*Au = f(t,x) (t,x) € R, x R4, 2.1.1)
u(0,x) = p(x), J,u(0,x) =9(x) t=0, x €RY, o
Hord f(t,x) € C(R, x RY) B4 ERIIN ST, BAVEVITERI R @ FI TTHR . 04555 5 B 5Tk A ob
J1f I oTERIF T, BRI REQA DB udF v = uy + u, + us, S5 50 2 T = AN TTEE:
(W1) Ou; =0in R, X R4, u,(0,x) = ¢(x), ,u,(0,x) = 0 on {t = 0} x RY;
(W2) Ou, = 0in R, X R%, u,(0,x) = 0, 0,u,(0,x) = (x) on {t = 0} x R%;
(W3) us = f in R, X RY, u;(0,x) = ,u3(0,x) = 0 on {t = 0} x R
R, W BRI R G T TR, FRAV T 4E 5
Uy, Uy, Uy ZAIAIR R W 51 25



2.1 — 4RI 37

— 5IFE2.1.1 EshFIENT#ESEE
THA(W) MR uy = Wy(t,x), W, A T8 R AV A0, e EAPR TR S =
0)E B HALMI M. WA 4T % R AR L:

t
U, = a[(Wgo(t9x))1 Uus; = J‘ Wf(‘[,x)(t -1, x) dr.
0

X EHAVEIR W, (8, %) Fo Wt —7,%) X T L E (1,x) € [0,00)XR? #2 (731, %) € [1, 00) X R
(=204 %)ZALDY LA,

IERR. u, RIRBTRAMEE LAY, SCPr BRI W HIE S ATH

Ow, =0 (t,%) € R, x R4,
W,(0,x) =0, ,W,(0,x) =p(x) t=0, xeR

PRI A 7R B RO, A3 2] Ty, = [0, W, = 6,(OW,,) = 0, X ULHT u, A 5 05 2 55 ki 3h
JiRE. SRS TRIG TEu RIME, R R A (0,x) = 0,W,(0,x) = ¢(x). MTEHSu,0,x)i, &
7 2] W (e, x) 1£[0, c0) x RE G (R 18] X 8] e 3 2 PR, KRR Tt 3 7 12
BRHIZE {r = o} b, FIHTFRFE] 0,u,(0,x) = 7W,(0,x) = AW, (0,x) = c*A0 = 0. IX 3 ilF#]
Tu (WD HIfiE

B R KA Wlu, & (W3) (0. BUEERE e > 0, 3 Wit x) B U

DWf(T,x) =0 (t,X) (S R_,_ X Rd,
Wf(.[’x)(o, x) = 0, a[Wf(T’x)(O, x) = f(T, x) t = 0, X e Rd.

M oug IFRIEAFTBAE H u3(0,x) = 0 MHAFE x € RY #RMAL. 4 TR, us:

t t

O W et —T,x)dT = ‘[ O W syt — T,X)dT

atu3(t9x) = Wf(f,x)(t - T’x)l‘['=[ +J
0

0

=0

%t =0, ATRAFH] 8,u3(0,x) = 0 X x € RY AL, HATCAWIUE T (W3)KHME, B TRAER
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WE(W3) T A2 1R, % b6, u MRIE R —10,, TATH

t

A7us(t,x) = 9, (Wf(nx)(t —7,%)|,—) +J OFW pr )t — T,%) dr
0
=f(t.%) w771

t

t
= f(t,x)+ CZJ AWyt — T,x)dT = f(¢,%) + czAJ Wit —1,x)dr
0

= f(t,x) + 2Au,(t, x).

XA Ik B BN TTHE O
JEIE 2.1 (M EEE X PRI /Duhamel JR ). 4 R &AM ieu 80 R X XN EmFE 24, A

n—1 n—1

us(t,x) = hmz Wi, ot —t;,X)At; = hmz Wi, x)Atj(t ,X)
Jj= Jj=0

Eb 0=t <t; < <t,=tRXMA[0,t]XI%, At; = t;,, —t;, A := max At;. B&—4

ogjgn—-1
I, f(t,0)At; R wey & Rt AW fRrakey “F27 mﬁi%%ﬁxt]ﬁ% ok EENE
[, x)At; (X RARYE “zﬂl’;e_/?iﬂ” FAt = mAviF 3 49), Admafih &, JEF /f:,ﬁﬁﬁf_(wmﬁﬁiﬂf
us 7T VARLAE — kiﬁ%/kﬁﬂléﬁﬁ%éﬁ “RARY (Wt 2 fu, RAeAe K)o XA “SRRA”
ZrEAEE w R, % _FA-¥EDuhamel /R ¥ ,

2.1.3 REM—4EKENFTE: D’Alembert/ATN
BUAEFRATT LR H5d = 1R 9ME R Q2.1 )R IER . J55132.1.1, BATH - Hu, 547
T PR Puy, us BT PAHu, 5K .

(lu, = 87u, — c*d2u, =0 (t,x) e R, X R,
u,(0,x) =0, J,u,(0,x)=9¢(x) t=0, x €R,

(2.1.2)
BT e > 0 &N, MURELEL FrUl3ATT LEZRAE 7T “WAnmi” O =
(8, + ¢d,)(8, — cd,), LB BN T R N MER TR, HRFIE 7 u,, v:

ou, —cou, =v, ov+co,v=0, xR

EATHIME R uy(0,x) = 0 Al v(0, x) = P(x).
MEE AN TR AT LB u(t, x) = P(x — cr), R E R u, K& 7715 2

ou, —co,u, =p(x —ct), u,(0,x)=0, Vx€eR.
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BRI P AEFF AR S RE A 1 RA 30(1.1.4), Btn] LS

t xX+ct
y=x+ct—2ct 1

u,(t,x) = J YP(x+c(t—1)—cr)dl —/——rx=— J P(y)dy. (2.1.3)

0 2c

38, 5, ARSI 2.1.1 giaeit 5 By, us.

X+ct

1 1
wt.0) =50, [ o)y = ot e + ol —cn) (2.14)
1 t x;j—tc(t—r)
us(t, x) = o J J f(z,y)dydr. (2.1.5)
0 x—c(t—1)

R b =3 AN, 7521 —4ER S RRAME R I RIE I, ERFREIERA DUR(D’ Alembert) A 3K:

xX+ct

utx) = 360 en o —a)+ oo [ o).
1 t px+c(t—1) e
+—JJ f(z,y)dydr. (2.1.6)
2¢ 0 Y x—c(t—7)

N TAFRNE AR, BATLIAERVMEA LW RO, FS2 EIRATAT BLE S5 T & 2E
EIE 2.1.2

4w nflip € CHR),p € CHR)FRIAS € CHR, xR), &L B N RN X(2.1.6)4 h 49 & ik Xzt
RFAL (2.1.1) £ d =1 BHES B, x), HLEMi#HZ ue CA(R, xR).

JEIE 2.1.2 (T ¥ (travelling wave)fi#). % f = OB, BPE E—EF KA HAZ, ©EIMET LG K
S K
u(t,x) = F(x +ct) + G(x — ct).

RN RNKXF, HATT AT 2]

1

RO = 3000+ 3 | B0) 600 = 3900~ 5 [ v,

L F F(x +ct) A2 G(x — ct) D AIBARNE £4T B M AT EM . T — 24T R B3 7 A2 A E P AL
A9 i3 5T VARA B AN R ) cA2 4% 3 T o) AR B B9 AT LR 69 & e
1 2.1.1

. . cosx |x|<Z
K#Olu — 405u = 0, £ F A Hu(0,x) = 2 4= 0,u(0,x) = 0.
0 |x| > >
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. BAHEAIE I E (), T4 AT thu(t, x) = ~(e(x +20) + p(x — 20)R IR, (HIHx B
A AT, R T E B SR T WA e, (EX SRR R R A MR i s
BRHA S BOKRE W (¢ = 0) MRIITBA RPN E R EAHITE, ISR, ],
A2, PG = 225, EBAMTI A4

B2.1: 0 <t < SRPAMPBA A, MR = SRR

—

I
I
I
I
I
I
I
I
I
I
i
I
I
I
I
I
I
I
I
I
1
T T
2

22:t = %ﬁﬁﬁ’l‘ﬁ?ﬂi%@ﬁ%
R R AT AT PAS HE i 1) e ik =X

icos(x+2t) —g<x+2t<§
m
u(t,x) = %cos(x—Zt) —§<x—2t<§, Ve 1= 7
0 Hee s
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B0 <ty < %EHL, iZWi/l\ﬁ?)j‘ZEIXI‘Eﬂ[—E + 2t,§ — 2| HES. FrLLE p R 2

(

%COS(X+2I) —§—2t<x<—§+2t
1 1 V4 e
-cos(x +2t)+-cos(x —2t) ——+2t<x<L-—2t

u(t,x) =12 O+ 20) % 5 coslx = 20) IR 0<I<ty= =
;cos(x—Zt) ;—2t<x<;+2t 4
0 HeEts

\

i

2.1.4 —HEEHHENEREBRE

XTHMER (u, 8,u)|,—o = (@, P —HEF RPN TTFEG U — ¢?02u = 0, (¢t > 0,x € R) HANIT&15
B ) Rk =

xX+ct

ML@:%@@+CD+¢X—&D+§a[ »(y)dy. 2.1.7)

BUERATFEH AN, 105 RE MBS RE Al 2 TR AT AR AR .

L 455 1 (b, Xo), MAAEIX — R HUEU(t,, Xo) HKAT TR g, PRI FE 3 2
2. WRBAME N, prEX = X MLV HUE, A AXTIRLE (¢, x), fftut, x) R HUE 2 52 2520 2

[0 5 — N 1, R R EE(, xoIRAE B DR A F

to ) = S0+ et + 900 —ct) 4 35 [ vy,

BTt 6 (1 xy) A8 OB U FHIECAE [ — cloy o -+ ctg) MBI, RATFRx, —
Cty, Xo + CtoIWE Fi(to, xo)FIAREXda . [F3H, aniRAE{r = o} L[ X 1H][xy, x,], 3 mix,, x, 70 AERE
i = x, + ct, x = %, —ct, AT, IR A DL, BEBCH ARG, 0l
R 55 A 1y ] 0, AR = AT B 45— g5 A AT LA 1) [, ]
PR, T S0 M A AT BRI = T DB I, 0 R
8

KT AL RIS AT, RV fptex = x i), 2Tz
SRR Sl & cths AL (g = xEMAIRED, 2 TR AR B Iy — ct, x, +
celih CR— 52 SUH£D o A BTz
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(xO’ tO)

B 2.3: (x, to) A X 387 7 14

xX=x —ct

o e el LIE N e R E P g

t

X ={x; +ct X =x,—ct

X
X, X,

B 2.4: [y, x, iR E X 30 T ]

X =X, —ct X = X, + ct

X1

X Xo

P 2.5: [, x, | F R oo B X 4R 72 1

[FIEE, SR FA T BSOS/ N BEX TR 26, x, ], A8 A GXAS X 18] Y AW EL IR Bl o A ¢ 20 A 3 2 X
[Bl[x, —ct, X, + ct]F o BB RPN B X 70 3 B A DX 18] [x, 0, )RR o RO 2 A X 33

—YERHEAA — MRS, Bl = o, FANERRIE M IUR AR I0E R, LT
PUMEAEX = x AEMIPEN R 2 E LA G HEIR XKL F AL 3k . AR lx Bl x,, x, ], Wz XA

RIsEM X 3842 B B B ¥ A

iF
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xX=x —ct

Kl 2.6: W = OFF, DX JE] [y, o, |55 M) DX el Ho oA 2 gl [X

Frelan R I7HE(2.1.1) (d = 1) KIHMEH ESpt o C [x, x,] Hyp = OFJTh, J7TAZHIMRAE

X, — X
{(t,x):t> 220 1,x2—ct<x<x1+ct}

EAXEAWERE, XN EER) R,
A 2,13, ERF &, BLE “THERXB” WAEEEZKTY =0, BXAEHLERLER—IH,
BEABXGFE227, ZMNaA LS %R > 3HFHE, TN “FHRXB” LKRAEE;, MEd=
28f, XA “RERRBR” RAEE (BPEY = 0). ZAFEAAARER AR (Huygens’ principle),
HER= i GREK) & “LBAH7, Z2k B FREAZRM. RAVFEF2.2T 4
EARAR#—F it
MAETRATE FE— M E A2 L8 1901 1. xOe~F- 1] 1 AR X385 N R0 30 5 R R i

— f12.1.2

% @, € C=(R,) HZ ¢,(0) = p_(0). % &k T 72

U=t =0 (0> XD Ulme = 94 (%) (x 2 0). (2.1.8)

=] : Xd’ﬂﬂF%E‘(t,X) S R+ X R, ﬁjﬁIFU(t,X)%é;f)i @_l[_a’o] Fa §0+|[0,b] *E? (Cl,b >0A rl%?'#()

. IO N BMIIUR ARG ERMA TR, ERBANIVIRAT LA S B, x) = F(x—1)+G(x +
O C(EZATE 3 PR, 15 XA FRIE A RIS A 2 7 B0 A B (045, ik



44 W A RN T AT TR
AHBEUEAH] AR o 8T RID R EA LA XA EHEF,G, TATH
x>0: ulx,x)=¢,(x)=F(@0)+ G(2x), x<0: u(—x,x)=¢_(x) =FQ2x)+ G(0),

KR LR TTFEASH) F(x) = o_(x/2)—G(0) £ x < O B RRr (E7, BATHSEA T EREF (x)fEx >
Oif Y EARTE I, BEUONIRAT R ZE AR {e > |xPHRIESRAFITEE, Frllx—t > ORAATREROALA)D, A
K G(x) = ¢,(x/2)—F(0) Xf x > 0 L. F4x =0, AEFEIF©0) + G(0) = 9,(0) = ¢_(0). IXFE,
AT AT LAME AR S soan R

X+t

u(t,x) = ¢_ (XT_t> +o, ( > ) — ¢.(0).

(A itk §0_|[_a,0] Pl §0+|[0,b] (R E X 38N

X+t

_¢
{(t,x)EIRZ,t>|x| —asszo, ogst}.

TEE a=6, b=41F0RIRER, FRERTEINETR I RE X8 O

>

-8 —6 —4 -2 0 2 4 6 X

D

2.7:a=6,b= 4H¢?‘ﬂ1§¢’_|[_a,0] il §0+|[O,b] [ 5 X 35,

2.1.5 ¥ EHZ ERUEENAIE
ARATRATHE FRIEFE LR (0, 00) 3R AFE— 2k 7 FE W WTILAE 1] 23
U, — c*u,, = f(t,x) (t,x) R, xR,

u(0,x) = p(x), Ju(0,x)=9(x) t=0, xeR,, (2.1.9)
u(t,0) = g(t) teR,, x=0.
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PIEE EORFE, RXANTTRE W] DA AT — A s 52 PR30, Mifx = OMEHIIL A A6 AF4a 1 i AL (1Y
SEAEAEEN Zle (BRSPS WA . Fenlit, Rg = 0, WIRIRZA 5 5 b2 A5 MK AR
RATTRER S —A CEREER)) 258 M E AR IAT G 1 K AR Ay B 5 50 77 T2 A i R S a0 5%
KM DT =500, %€ x € RYr > 0, rU®, r; )X AN BRI 2 — 1 E
Lefr > O} LN TRE, X BU(t, s x) 35 u(t, x)EER T 0B(x, r) LRI T EI1E.

REITHREQR.1.9)56br ERFEHEg = oITHE, SN Lu(t, x) = ult,x) — g(t), ERLE
FEAZIAZE T . Batiu(t,0) = OFILFFMT, FATAT LB fftu(t, x) (1Fx € Ry HIERED
IEAR R AT R e, x). FATREIX A M) — MR IAB DURANXSERr EC 2B, an Ry
Ho, pHZAT KA (ERED, NWITRERFE 27 R (ERED .

PATIAEAEWMEMELE IR, 7 L @(x) = £p(+x) (£x = 0)2pER F AT IEHH . SRR, AT
A DLE SCPQo)RF (L, x). BLAE % FRa(t, x) 175 FE

iy, — iy, = f(t,X) (t,x) e R, XR,
] (2.1.10)
(0,x) = ¢(x), 0,u(0,x)=9¢(x) t=0, x €R.
FIFEBA DR A, BRATAT DA B HRAG T FE 1/
X+ct t x+c(t—7)
At x) = %(qb(x +ct) + @0x — cb)) + zic J B(y)dy + zicj f Fa,ydydr.  (2.1.11)
x—ct 0 x—c(t—7)

BEFR, BATEENu, x) = a4t x)| o FPuiBFHEK, X B FEE: FIENYIEe, A7k
12240, 00) B X, FTUATE Hlo, »'5 Hulff A RES, FEAWHAEN: x > cr F x < ct. Yx >
cthf, FATR T iR FER 1 (6,9, F) #k (0,9, f)

x+ct t x+c(t—-1)

u(t,x) = %(qo(x +ct)+p(x —ct))+ 2_10 J Y(y)dy + %f J f(r,y)dydr, (x>=ct). (2.1.12)

x—ct 0 x—c(t—71)

M x < cthf, FATHEMRAG(x — ct) = —p(ct — x) M1 2]

1 1
u(t,x) = E(go(x +ct) —p(ct —x)) + > J Y(y)dy (2.1.13)
ct—x
t—f x+c(t—1) t x+c(t—1)

J' f f(r,y)dydr+2icj J f(r,y)dydr, (x<ct).

0 c(t—-1)—x (=% x—c(t—1)
c

1
2c
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B)E, ATRENVMER WA THEEME RS, DUIEEE R 2 u e C%([0, 0) X [0, ),
X T B R AARAE A ., x) = (0, 0) AL FZESE vl i
o HELEVE: ltlrrol u(t,0) = ling u(0,x) = ¢(0) = 0;
e Cl: ltlrrol u,(t,0) = lirré u,(0,x) = ¥(0) = 0;

o C% ( 1)1rr(1 )(u” —cu,, — f)=0= c*¢”(0) + f(0,0) = 0.
t,x)—(0,0

FRREANBGEH e
EE 2.1.3 FEZFAHERERER
EA4hp € C?[0,00),1p € C'0, ), Zfhg = 0, BRIASf € CY([0,00) X [0, 00)) i#h 48 B M &4

@(0) = $(0) = 0 F= c¢"(0) + f(0,0) = 0, W ¥ A & L a9k 7 42(2.1.9)% A ffu(t, x), £ A& X
#(2.1.12)-(2.1.13).

SRR 2.1

S8 2.1.1. B AR, — P, = OF R R A “FAT A A EN”, BIu(A) + u(C) = u(B) +
u(D), £+ A,B,C,D ¥ xOt--F & Lay-Frwidf, LR FAEAx +ct = F 3.

K] 2.8: >1#2.1.1/4]

S 2.1.2. FEFTAE 20U, — U, — Uy, =0(t > 0,x € R).

(1) st HEM. (R BXyMHAELLGHRY>HT)

(2) BIAMER u(0,x) = x, d,u(0,x) = e + -, H S A2 Bu(t, x).
SRR 2.1.3 (— 4R TR RAT IR R). K F K ¢ > 0, ERA—LEINH AL 0ju — c*0u = 0 &9
fE—E LB N F(x —ct) + G(x + ct) EAAANAR T @ TR 2 mbyf Xo (RBa: FLEH#%
E=x+ct,n=x—ct R TAEFLEL,)
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SRR 2.1.4. FRFH—FIRF —A B RBA 6 RE 3 742

Uy — Uy, =0 t>x>0;
(2.1.14)
u(t,6) = p(t), 1 (£,0) = (&) > 0.
(1) BT FAite, pRANBMu(t,x) = F(x — 1) + G(x + t), 1 Hu(t,x) Ao, p& 7).
(2) *oApe(t, x), u(t, x)891E % & B #11Ee, P 4E[0, 1] X 18] P &9 3F 53k 2 ?
SRR 2.1.5 (— 4R T IERIRE I R ). B R — 4 T AZ A A IE) AL
Uy — C*uy, =0 t>0, x R,
(2.1.15)

u(0,x) = p(x), u,(0,x) =9(x) t=0, x eR,
HF e>0RLEEGFLH, @, € CO(R). & 3L
1 2 _c 2
K(t) :==| |d,u(t,x)|*dx, P(t) := = | |0,u(t,x)|*dx.
2 Jr 2 Jg

TE AR

(1) K(t) + P()AFeE, FHFIEAFTAZGH RAEEME (BIFG—IN FHO0F AR E-F 77 T 4)
Ay PE—

(2) BtxasKet, AK@E) =P@). (GRa: EAEXENRAKX)

io)RR 2.1

B 2.1.1. Kb T HA2M ey 8 X &k X

Uy — Uy, — U —U, =0 t,x >0,
u(0,x) = p(x), u,(0,x) =9(x) x>0, (2.1.16)
u(t,0) =0 t>0

HF o, A2[0,+00) LT A, #H2AEMEEHp0) = 1P(0) = 0 4= ¢”(0) + ¢’(0) = 0.
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2.2 SHEThEIE

AR 4ERR R A5 8] RY (d > 2) TFHIBE TR AIE R A, BI25 58 R U A, b, BeAl
TR T RE R R E 5

8’u — c2Au = f(t,x) (t,x) € R, x R4, 2.2.1)

u(0,%) = p(x), 3,u(0,x)=px) t=0, xR .
HERACE&H/Q2.2.0)%Ed = UEN THIARE, M5 —J7 R # Sl 7] LU AR AR FR R
HNx = rz, Hdr = |x| 2 AxBESINE S, z € SR AT (angular variable), [K A% 48
e Ael m e I B — 4R, ARG (AMOB AR BN & EE2ATH.
Fi8 2.2.1. AE SR T AR RMAIRERE H kb, Pl Zf e EEMNAX, = rcosd, x, =
rsin@, Mz = (cos6,sinf) € S'; =44y iti% F A 47x; = rsinfcose, x, = rsinfsing, x; =
rcos@, £¥r >0, 406 €[0,7], 2% ¢ € [0,27), Az = (sinB cos ¢, sin O sin ¢, cos 6) € $2. —
Fx e F G SR R R KT R F A3 [1] 8910.8 7 4% 2 o

22.1 REESIKE T

ANEAVE B f = 0. et HEAR Mg 2R, B HAEE ult, x) = v, r), HF
r=1x| = /X + -+ x5 A e E T oW R ATT R R, JRATFR E it Laplace B F
HEREERSY. B E A

X; X;
0.1 = =7l=>6xiu=drv7‘ 1<i<d.

fisk— ko, Wi

2 2 2

X 1 1\ X X; 1 X

2 2 ! i 2 i i
oy u = 6,vr2 +0,v (; +Xx; - <__r2> T ) = arv—r2 +d,v (; 7 )

XTFEFRMLEIdR AN, £33
d x? x? _
Au = Zaﬁu = 0% Z—Zl +g6,v - 2% d,v = 0%V + uarv.
P i r r 73 r
N—— ——

_r2_ =1/r
=5=1
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TR, RUYPHEEEEIHIEE W FEK

d—1
r

v — ¢ (azv + a,u) — 0, (2.2.2)

=Aul)Z [ 5y
Z A #EEuler-Poisson-Darboux 52

RATERE), T 0000/ 1, J7 Q22058 AR — M TR AR, (LR
VER Y = ro, 5155

2
8,V =v+rdv, 3V =rdfv+28v=>08V —c*V =r (dfv — 20 — c2;arv) :

PR R 4E%id = 3, B4 d — 1 =2, TRQ2.2.2)8%EE LR A L IEZ0. Frbixtd = 3514
W, BATEH TV = rofli 22 EHLr > 0} LR —4Epish 52, el U 2 #2130 4518 SR i
KBTS R, =00 a] BE 2 4k 3l 5 FE B A S SR AR 1 L«

PAERRATHE D, Rk “Frm” s, ROVEEERXT T FREMSELIT L P 5%
294k ? WM TS, REARAIFE S H—ANRUUT “RiplE” fPRg, fRSEEE
RPET—AEBE TELmAT SR 2r XN EE . FHL b, X 2.2.6)—MIE, Al
A DLSE SUfRu(t, x)TEBRTE OB (x, r) L BRI AR /-~ F 2 Sk A 3 H 1

185 2.2.1. #xeRLt>0,r >0, & 3L

1
U(t,r;x) := ][ u(t,y)ds, = J u(t,y)ds
3B(x.) Y 8B(x, )M A @R )50 Y

M ou(t,”) £R&E 0B(x,r) £ (BRAxH S, rh F2ORE L) 69RS>FH. EMEMNELT AR
L D(r; x), U(r;x) 2 A A 418 o, £ 0B(x,r) Lok & -F3,

TERMAR, U, r;x) M@ m B, R ERAIE @ xiX A S s T, *FxixX
NEGE YR . JRid S, RATRTLGERAEKE S 14:# E Euler-Poisson-Darboux 5 2.
— 5|3 2.2.1
B xx e RY, Ruib X742 (2.2.1), Lf = 0. MR \-FHUHL

an—c2(33U+EarU)=o £>0,7>0
U@,r;x) =d(r;x), 0,U00,r;x) =9(r;x) t=0,r>0.

(2.2.3)

XA E AR 5 FAE. SBERwE MO, ARG i i igJAIFEAd = 3 U =
rU 2B 2{r > 0} LI sh 7.
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_ 5|IE 2.2.2
FERI 221098 TF, U0 r;x) =rUrnx) (FEREZL & =rd, ¥ = rP), 424 d = 3,
WA T A2 (2.2.1) (HeBE 3RS =0) TS

8’0 — c*3;U =0 t>0,r>0

i ~ ~ 3 (2.2.4)
U@,r;x) =d(r;x), 0,U00,r;x) =¥(r;x) t=0,r>0.

LSRR ATTT BAFH 5 P2, 13005500 T Bk O, TR ARU RO R SRR IAELERE, FRATAT BLi P
A BRTI A o DR (72 (IR — 00 35, x).

u(t, %) = lim ][ u(t,y)ds, = lim ~U(t, r; %).

=0+ J aB(xr) r—0, I

R, WMRWREECCT A Eyy L), WA EAR IR IR 2 IR AT o
PX—, ATEEER MG =4 s TR ZE U5 2.2.17

S13E2.2. 189uERR. UE B s o ) D IR w2 AL 170, U I R8s

WS, BexeRY &MA T X&Z

3.U(t,r;x) = 1][ Au(t, y)dy. (2.2.5)

B(x,r)

EF Fon fOVAY 1= —— [y f()dy k7 fEFBx,r) Lo RF4.

vol (B(x,r))
B ERATRE WX AW 5 B, AT RS/ EUT 4.
Wi = 3152217 HOIERR. TERE] vol (BGx.r) = ald)r! = L(0BGe, NINRTIHY, A1/ 5

1
Pudy.
c?Arca(dB(x, 1)) J g

0.U = — ][ du(t,y)dy =
B(x,r)
R G AR A R R R (L5 #EB.2. D) EE UG — MR

1 1 '
-5 U = d*udy = o%u(t, y)ds, | de.
’ ’ CdeC(d) JB(x,r) g CdeC(d) JO (Jag(x,p) [u( y) y) P

R —1ko, A5 2

1

0.(ri-19.U) =
A(r*10,U) cda(d)

J dtu(t,y)ds, = c‘zrd‘lj[ dtu(t,y)ds, = c2rt1o;U.
dB(x,r)

0B(x,r)

bR S IR e, AT 02U — 202U — 22U = 0, Horbr > 0. 1 5 FE(2.2.3) 4]

r
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AT LERIRIE . BT ABLAE A R RIIE B B TX AN S 1.

TS BUIERA. FRATIUAE T 230 (A FROB(x, r) LD i AR Fedbon (Blx, )LD RF 5y, #
i Ex — Rt R Re RO SR A B e B (vl B.1.1 B0 B.1.2) . fEMLZHT, WATHERETH=
RO UMIANRUAL, MAEURE R, R XA 4k m e i) R EBCEAMr A o8, SRS
ARARTTAE . Pt ABAIA G EAR B e, KR X AR A LK. BAVMERERyY € B(x, 1),
HAFAEME— Iz € STy = x + rz. QIR E i Jacobianth 2 AT AELFE 59 dS), =
rd=tdS,, X HEHI(d — DIRTT AR Y AR A B2 (d — D4ER . TRIES

1 y=x+rz 1

£, y)ds, e
da@DWFljBuﬁu( y)ds, da(d)

Ut,r;x) =

J u(t,x +rz)ds,.
4B(0,1)

BUETHSE o, REWURE S 1, R ENA

a9

— da(d)

1

0. U(t,r;x) = m

J’ d,.u(t,x +rz)z;dS, = f Vu(t,x +rz) - zdS,.
4B(0,1) 0B(0,1)

B NRBAHER R b y-A R, HThEz = ?'I‘%%‘%H?E OB(x,rTEY = x + rziX— R &t
BBRASNERE, FATH AT LUHEE 3 (Al B.1.2) B2 FATEZE R LE .

v 1 o y-Xx _ 1
o.U(t,r;x) = —doc(d)rd—l LB(”) Vu(t,y) . ds, —doc(d)rd—l JB(”) Au(t,y) dy
— =V-(Vu)
=N at yEOB(x,r) _r 1
d vol (B(x,r))
r
2 auepay.
d B(x,r)
]
222 RFR*AHPRUEENFFEKE
W e g 3 (51 2#2.1.1), N T R\BETFEQR.2.1), BATHR TFHEe(x) = f(t,x) = OFITEN
u—c*Au=0 (t,x) € R, x R4, (2.2.6)
u(0,x) =0, J,u(0,x) =9(x) t=0, x €R%L
P51 #H2.2.2, FATVFNIE Yd = 30T FE(Q2.2.6)fFu(t, )N B EU = rU D EH 2 U 712
80 — c*32U =0 t>0,r>0
(2.2.7)

U,r;x)=0, 3,U00,r;x)=%(r;x) t=0,r>0.
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PR EZpOT IR RIRIE I CEM2.1.3) /58 U EARIEAX N

1 r+ct
Ut,r;x) = 2—CJ P(s)ds, 0<r<ct.
ct—r

BRI — ORFIOAIR, BAL KBRS FI R, 88 = lim ~ Uik

r—-0r

u(t,x) = = lim 1J W(s)ds = —‘P(ct) - t][ $(»)ds, $(»)dS,.

2Cr-o0, 1 9B(xct) " 4o -[ 3B(xct)
VER, XMRIRERESE bR B S 2 TR R A E S . LN BRATEAS R T O IEQ.2.6) %,
RHTFEQ2DXRSf, ) = O M (BE ARSI FE2.1.19 u,) o« #2 F R 51 #2115 nT A5
FFEQ2DE=4EE N FRIER.

fiE ) RIE AN (2.2.8)

8’u — c*Au = f(t,x) (t,x) e R, x R3,
u(0,x) = p(x), 3,u(0,x)=3%(x) t=0, x € R

u(t,x) =0, (t][ o(y) dSy> +t J: P(y)ds, + J (t— T)][ f(r,y)dS,dr. (2.2.9)
dB(x,ct) dB(x,ct) 0 0B(x,c(t—1))

FEk(2.2.9) ) T R EE > w MR AVE B /R E K (Kirchhoff) AR . FRATTIE I 1 925 18 1 7] LA LR
ERAAXFMO, L

f p(y)ds, = ][ p(x + ctz)dS,
dB(x,ct) 9B(0,1)

) (r][ () dsy) - ]L o(»)dS, + ][ Vo(y) - (y —x)ds,,
dB(x,ct) dB(x,ct) 0B(x,ct)

BRZAMERE S Z A “Wr 57 MUEMISRL, BeE T BLEAT e M. BEmBRAIS BIHRE R AW
— RS AR

u(t,x>=][ () + Vo(y) - (y = x) + () dS, (2.2.10)
dB(x,ct)

1 J fa—-ly- xl/cy) dy

47rc? Br.ct) ly — x|

AR 458 T A gy ik
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EIE 223 RPUEDNHGIENEIAY R
{%i@ﬁ@e(ﬂRﬁ¢eC%WW%%fecﬁ@&ﬂxwxéﬁi@um%m%&

Hu(t, x)t AR 2 7 A42(2.2.8) 898, H B Zu € CX([0, 00) X R?).

A 4Ed = 2, AT AR s 4E O ARl a0 b T B e B B RE TR
111 SR A — 4B Bl T RE BT IR VBB 4E 7R (method of descent). HARITE, BATAT LAE 4k )5
FEALAE & =4 50 )7 B AE P 1l {x; = O} ERIRR . Oy 1 i, AL TR ATHEFHRBS T =
OV, AEFFIRIIIELLAIIRTT L ek 73 i 5| B ELIRAS U 0 R A 5

diu—c*Au=0 (t,x) € R, xR,

(2.2.11)
u(0,x) = p(x), d,u(0,x)=3(x) t=0, x € R%

BEARA, 1= 02 + 8. BIEL EX = (Xy, x,), BATILA(X), x,, X3) = ulxy, x) FHEME X, . FAi1%k
1 = Yk o] J

87t — c*Ai =0 in R, X R?,

) (2.2.12)
alt:O =9, ata|t=0 = 1.

KA, 1= 02 + 82 + 02 it X = (x,,X,,0) FEFIH/RERAR (2.2.12) 135
amﬂ=f () + V() - (¥ — %) + t9p(p) dS;
0B(x,ct)
Hh B(x,ct) ZUARNERLD, KE Nt =K, 0B(x, ct) C R® ZIXABRIIAL . IIERATIEX
DN ZHEERB B {x, = 0}, DRIt B30 1 18 ) i 1 AR 0 A8 B AE T THI {xc;, = O}PN A [R5 i) AR
57 ot B Jacobian, FATEIEXT ERTHOB(x, ct) LAYy = (3, y;), BATAT LI E =0 2140 E
AT BB, o RIx N B FERFE

1 = X1)* + (0 — X2 + (3)° = (ct)?

=7 1= 2/ (€0 — (1 — 1)) — 0y — 3 = £V (@R — [y —xP. y; 20.
R, ZE9E =42 ) RGO B R, ORI FIR? x (YT, el TAT FIFF S5O F 1L 4 21 S48

_ ct
dS; =V1+|Vy(y)l2dy = :
Vet -y —xP?

Ut S8l i x; = y(vy, 2), HH (01, 12) € @ € R?, BT TR, WECH T M 15122795,

Area = I f \/ 1+ (8,,7)% + (8,72 dy, dy,.
Q



54 o e el LIE N e R E P g

[F I AL E R, AR =47 A P (BRI 0 B(X,, cf ) #5453 4L 1 N IIB(x, ct)if, FRATT2
DR BT PEER RO (RO EATME NS Hih i iR IA A IS XD, Pl e
HIX IR sE b RN BAE RS . IERT B3RS MO BAME H8(2.2.11)#Ed = 2500 T
I, e IBHA(Poisson) AT .

u(t,x) = dy vVt > 0,x € R? (2.2.13)

2 J e + Vo) - (v = %) + 1h(y)
et J pecn V(e =y —x|?

A, M oI, AT DORAGAREFF A (2.2 D R E 5

1 co(y)+V<0(y)-(y—x)+t¢(y)d L1 J [,y

u(t,x) =——
278t ) g eny V(et)? — |y — x|? 27C J ooy Vet —1)2 — |y — x|?
(2.2.14)

dydr,

Hfcx,t)={yp, 1) eR* : 0<t<t, |y—x| <ct =)} ZRALL (x, )T AL FHF{(x,0) :
ly — x| < ctPNEFRIEHE. AT gs RAER R AR e,

EIE2.2.4 RePENHIEVIERIAE
|7?/a‘55€7f<ﬂ4ﬁqo e CR),p € CRIFBRAS € C2([0,00) x R?), £ & X(2.2.14)% th #

Hu(t,x) RN FTA2(2.2.1)d = 2HF LT 8%, F+/4 TCX[0, 0) X R?).

X ERd > 4, AT FTETE. 2d = 2k + Dyap 8oy, AT DUz an T 7 g
X UOAEAF & 2 H4{r > 0} b —4ERah T 12

k-1
0rix=(33,) UG, Uerni=f  u)ads,
dB(x,ct)

R 0 D B 2D R i N i M E A

52 (1ar)k_1 (P11 () = (%a,)k (FF(r)

r

EECHE B DUATI IR R FH B4Rk %, FAAAZ W.Evans [3, Chap. 2.4.1(d)-(e)], AL A FEA Hi ik 5.

2.2.3 KETAERNRBIRR

T4 > 205F IR RE(f = 0), B/RERAAAAMR KN, WAV He, p LA XK
S (BB IT ALK SR P, AL — o R HIRBIF . ATTHATUd = 3445
H R R A 5

HERE — OB R A R .
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— EIE2.2.,5 RIFHCERNFIZERIIRBIRR
& fdd =3, EFh 73‘7%;(2 2D)FERASL =0, Wihp € CX(R?),p € CARHEL—_F I %
FAEFKBO,R)N . N ALETHC >0 (RBR) , EFIEEL > 0,x € ROKR L RBAEIT

lu(t,x)| <CA+1)! [(1 +1)7! nulgx lo| + n}gx |Vo| + n}gx [¥]]. (2.2.15)

WERR. HERERAA, HATH

u(t,x) = f e(¥)+ Vo(y) - (y —x) + tip(y)dS, Vt>0,x € R’
dB(x,ct)

1
47(ct)?
Xy € 0B(x,ct), HANly = x + ctw, HH w € S*, WMENFTFEMIIES B, ={we S
|x + ctw| < R} IR/

Wis. E A S? Léh & @A < 47 min {1, R?/(ct)?.
BAVRAR KW AL A e > 10, 38l S Frid A S RN FRE RA KT

2 2 2

R R R
[u(t, )] < = max [l + — max | Vel + - max [$].

M2 e>10 1/t <2/A +1), RANRIEHRATEER L.
20 < t < 10, XHFERE KA XS5

|u(t, )| < max || + ctmax [Ve| + t max || < max || + cmax |Ve| + max [p].
ﬁ‘ﬁJH:EHL% — <1, FriktATn] BAZE Tf—ﬁb“mﬁﬁ%)\—Eﬁf*éﬁzumﬂﬁﬁﬂEﬁénm O

F102.2.2. AR EEAHTIRESITRLAOC MR BRRE, KRMNELEFITEKEAQ+1) 1A
A TX AL > o B R BAE T, H MBIt = 0L/t F M

EAR W E S ERAEY: FAEWEC > 0f#45(B(0,R) N dB(x, ct))MHAAS C'R*, AJit b
BRI AZEMRIMARATT R R R A, miX A gt 50 c RMEMER
A& T AL ARIIER, WoCH) “FRIMA” (= 4EHausdorfflll ) ANHISZERAFI RN . HAk
UEBA AT LA 22 [ Math Stackexchange [A#% https://math.stackexchange.com/questions/58456/

surface-area-of-a-convex-set-less-than-that-of-its-enclosing-sphere THIRIZ,

IS BOERR. ATRE, AFE, (THe, €y WXMEEN0 € E A | —wolet < [(x+ctw) = (x+
ctwy)| < 2R, BV |w — wy| < 2R/(ct), IMLE, L& AE— A Lhaog N0 B 3K e BL 1T
46 <2, MiweS : |w—wl <8 WHEN 6% FLEHE 6 £ ww, K1JMA, N


https://math.stackexchange.com/questions/58456/surface-area-of-a-convex-set-less-than-that-of-its-enclosing-sphere
https://math.stackexchange.com/questions/58456/surface-area-of-a-convex-set-less-than-that-of-its-enclosing-sphere
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| — wp|? = 2(1 —cos ), PRV ZAHNERERIHR. 2 et > R BFFRATIL § = 2R/ (ct) < 2 A

2R\>  4rR>
.| < (E) =2
M4 ct <R, BEEAEHEBEANBRMW ARG THA |E, | < 47. O

AL R R b ax A~ g R SE XA 1 S2 bR _EAKE T HME CEER RN, FsE b, FRATAT BAIE
A A T WIME SR R/ s R Al h, g5,
— FIE2.2.6 *RIFBVETNAEBIRRIRE
XA R > 2, TAEQR.2.6)8ME 9 =0, P € CO(RHAEM FH#HHAERI LR T, ul
TAERI . M BAEFHKC >0 (UR#d, c) £33 E&EL > 1H

14]

1 2

Vx e RY, |u(t,x)| <Ct T ZJ 185p(y)| dy. (2.2.16)
Rd

k=0

ZHFRANERR. ARG BA R, B — iy, FATEZ B, x)92 bR B R
TP speeer XA BIBUE, it ARATT AT DL INT G Ky € C(R3) W A2 0 < 1 < 1, nfEB(x, c(t+1) N
fEAL, ERN\B(x, c(t + 2)ZAMEAE, H|VylH—8 LR, RS, B RRNREA R
1 e By T LAAS B[R FE R B 5T

SHIREY € 0B(x, ct), AT LLEH S iy = x + ciz, z € S, TRE/RERAXTLLS K

t
47c2t?

t

u(t,x) = J P(y)dS, = EJ P(x + ctz) dS,.
dB(x,ct) 0B(0,1)

HARSEE, ﬁﬁbj llm P(x) = 0. AN A TEI P(x + ctz) = — [, d3p(x + sz) ds.

x—>oo

(2
FREIRERARBEL L FER
t o0
u(t,x) = . L J;Bm,n d,(x + sz)dS, ds.

Xts > ct, JATHL < s2/(c2t), N

ut,x)| <
U < o |

_ 1
T d;ert

f 52 J |0,(x + sz)| dS, ds
3B(0.1)

f IV(y)|dy (R PRERIR, W51EEB.2.1)

R3\B(x,ct)

L f V()| dy.

<
BN 2
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SR 2.2

SRR 2.2.1. &u(t, x) 2 4 T AP AL & %

u—c*tAu=0 t>0, x €R3

2.2.17
u(0,x) = f(x;) + g(x,), u,(0,x) = h(x,) +€(x;) t=0, x €R3, ( )

£ fog h ¢HRALZHRB R, T Hu B X AR X,

R AR TAGER I =4 R AR —4 A,
SRR 2.2.2. K 2252 meg i ARd =2, 451k =0, iIEASTAENRAEIAY KITEA R
BAE

lu(t, x)| < Cpt™'/? max [P]. (2.2.18)

2o HCp > 0 TR, C.

R BARARTAr = |y —x|, REIT#BXx,ct)E T4 O4B(0,R). &2, MNikitr <
x| + R < ct, EIRMAH KHFABO,R). £5, Wt < |x| + R, sLiHE 2] AL AR5 B4k
1 H0B(0,R) N B(x,ct)®INK, iz &EA ) Ko, rfectty XD RLF R a, £ AZFER
%8 Poisson /> X, P 0994
SIRR 2.2.3. & Hu(t,x) = 0¥ H g € C, x,y € R4, st T HA2 AR A a9 fg,
Hob|y|Z Mt % F GEkRME “LHER,

(1) #3742 d}u— Au=0.

(2) Klein-GordonZ #2 0}u — Au + m*u = 0, X Em > 0& % 3.
(3) Schrodinger 7 4% id,u + Au = 0.

(4) Airy 742 8,u + 8u = 0, A5l hd = 1.

jo)RR 2.2
IBIRR 2.2.1. L9 2 H2.2.569 — £ H 0L, HPBIXAMEp = 0,9 € CX(R?).
(1) RGBT &R TIER

r

u(t, %) = — t
Y 0Vit2—r2

J P(x +rz)dS,dr.
3B(0,1)
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(2) BB HAERC >0 CREHMP), #7340 T it A
C
hans—(f|wwaﬁ1wwwmﬂ.
NCANE R2

Q)89 (V)& L ORY [ AFMS,  + [, =30 a0t Fa Z g L £ Mo 3 F— 365,
Fr<t—eft()F e oE, RERe> 0L N EFEEIENE R,

[B]R% 2.2.2. KR >0, P € CX(R?)i# £Sptyh C B(O,R), FHiXuA 4= T #0418 7] 22 69 g

u, —Au =0, t>0, xe&R?
u(0,x) =0, u,(0,x)=13(x), xeR?

SEFE R —Bx e R

(1) iE8A: %t > |x| + RuT,

u(t,x) = LJ P dy.
N e
M

WM = [, p(y)dy, N hm tu(t,x) = —

N

(2) #M =0, JEH
. 3 _ 1 _ 2
lim fu(t,x) = o JRZ |x — y|*¥(y)dy.

t—>+o0

RT: B5F$ze[0,1/4] 0, GATHC>04£F|1-2)"2-1-(2/2)| <Cz%.

2.3 BEE: KMAREMAREERE
1T R B % 1 o 0 7 AR 1

u—c*tAu=0 (t,x) € R, x R4,

2.3.1
u(0,x) = p(x), J,u(0,x) =9%(x) t=0, x €RY, ( )

PTG RAG W A ) B NRIE 3o 32 T ORI G DL F2 P )

1. 2578 /. (ty, %), FAAER — s B BUE u(to, o) AT W (B g, P IR 73 ?
2. WERIAMELHME @, prEX = x, ML HIBUE, AEAXTURLEE(E, x), (e, x)FIHUE 2 32 25700 2
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231 R, RMEXIE. REXE

YE L, > Oflx, € RY, ATE XTREA(ty, x HFEHE CLFRE 1% S 89T 13 S b (past light
cone)) U1 R
K(tg,X) :={(t,x) € R, X R4 : 0 <t < £y, |x —x,| < ety — 1)}
MIEIRE RARATAR AX P UUE H, w402 =450, TR Ru(t,, x,)56 4 A
EAERFERE <R WRIERsr s, BRI R X3

D(ty,xo) = {x € R? : |x — x| < ct},

2 X IR (e, X)TE B2 (L, X SCHUIRFRD ST . 55— 71, 7Et = t I ZIZ /T, WHMEAED(ty, x0)Z
B RS J JoF il A MR

K 2.9: TR (o, x0) HIRF AL HE R = &

JEIE 2.3.1. R E3D, € RY, & M4 2 RiL R KRBT A 69(t,x) € R, x R, A& Fu(t, x) 89 R #1 X
B (UAED ) TEEALD N E (1, x)H & 8 R S AARNED ) 2 & K 3%, L2 LA

Fp, ={(t,x) e R, XxR* : D(t,x) C Dy} C R4,
FATE A LS X HORE . 4a5Ex, € RY, FATE SREKSHE(future light cone) T, N
T, i={t,x) e Ry xR 1 |x — x,| < ct},

XN Bx IR X . "L, fEx ALt N I P sl AE e 1] P 22 20 40 4% 4% 21 5 x A Bl et () 3
Ji e
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\\. '_f'
\\. V4
N
\\ ’
\'\ ,ﬂ/

\\ /
——— L f/—c-
(9 /

N\ /
\ ‘J -I &0
\ y /
R \\ F,

2.10: RixoALHME I FE 0 [X 35K

[FE,  FRATTHASHET HA 52 e DX IR A6 X 48 [8] LA 40 F o8 &R
Jo, i={(t,x) e Ry xR? : x, € D(t,x)}.

FA, 25 ER XD, FATATLAE XD A SZAR X 15y

Ino = | Tx
XoED,
WRBATHE— DML IR E RARAAA AR, SE RO = 4R DR —4E5 i — A 22 31
d = 30, u(ty, xo) ALK T VIMEAE H g X IR A B RIER 4y, BIOD(ty, x,) = {x € R? : |x—x,| =
ctod; Tid = 20, u(ty, x,) W HUERK T HIHELEEEAD (8, x0) N INEUE. B, REVIEe =0,9 >
O7E FAN X IR D, BAH 57, 3F BAERIN\D, A = 0. 5%)E x, & Dy I HAC dyyp diae N HX, FIX
$RD HH D A5 14 B AL P S T R B

K 2.11: [XIHD, A FIHIHE DT mix AL 5

TREAE
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o d=23:

(1) 0<ty < 2= 3% 2K AD(ty, o) N Dy = B, HETT u(ty, x,) = 0.

c

(2) = <ty < %= R Dk, Xo) N Dy # 0, T ulto, %) > 0.
(3) to > 2 IXEIHA OD(tg, Xo) N Dy = B, T TUH ulty, %) = 0.

4

o d=2:

(o<t < dnin . 18]y D(ty,x,) N Dy = @, A u(ty,x,) = 0.

c

(2) t, > 22 KA D(ty, x,) N Dy # @, AT ulto, x4) > O.

4

AL, ZHERBR “RERE”, BB S R EA SR IRE) . X PR 1R A A
W FE AW EE S AR AL IR . X P G AR E R B HT R B (Huygens’ principle). 11—
YENE AN 2 RS SR, AR R A

th ty
/&\
& >

P 2.12: A B R E

A1 2.3.2. LEMBTURABALETFHBANRRALL, —ANALTRZB T8 T, ad
FE EELZEHRETRFTET . mB—ABFUNREFHGAD LR — 5K, HAMHKR
RERHRBBZA, BRKBIAEEE, FIARAEXRZEEAFLEZERAT, ZRAE_%
FRPFRABETAT .

2.3.2 gEEfh

AT B A 50 R BRAR IR B (1 FAE, %A TSR MR R, T A
S HEERIVE AT, XA AR R E G R LR R s FE 2 & A 1. fEHRUER 2 JF, FRAT1G
I HI R EA TR E B AT E: Gronwall AR
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_ FIE 2.3.1 Gronwall NERBIR ST bR A<
&n 1 [0,T] » RAE {69283 % 4R et R T HF X n'(t) < d(On(t) + P(r). FEF ¢(t)
Fo () £ [0, T]L3E 7 9 Lebesgue™ #R Rk, N A

;7(1') < efé $(s)ds

n(0) +j zp(s)ds] , vt €[0,T].
0

FAlx, FE[0,T] LRy < ¢nHn0) =0, Nni[0,T]LEAE,

BV EI0, T) L RAANES ), RARAHERE > 0. A7(E8 > OWEZ: AFT0 TINMIELRTA IAIFIX
A{(as, b)Y, EZ(b - @) <8, ?Jnﬁzmm—n(an < el A “HEGNET A C—BOESNE”

Mo, S L, Q@XTJE uiﬂlmﬂﬂf&\i—ﬂﬂﬂ’l (BIEE—ANTNE), HRBdxhE st 24 57 X B
-3 AT JE I 2 IUMLIK T8 70 b B

AERR. U AR, Bl 113
% (n(s)e8010") = =90 (3 (5) = P()(5)) < € HOUY(s)

X JLT-Ab A0 < s < TR . RIEAHMTE R0 < t < T, HAER 40 36 A 58 L4

t

mmfm®m<mm+Jeﬁﬂwwmmssmm+f¢GM&
0

0

S, BATHA R R Gronwall AN E .
_ FIE 2.3.2 Gronwall NERAPFHESER
KE)R[0,T) Lty Lebesgue T AR 2, B A £3E R % C,, Co 8 13535 LT 4 & 89t € [0, T 2
BYOREX EU) < C, [, E(s)ds + Cy. WA

EM) < C,(1+Cyte™t), ae.t€[0,T].

FAH, ExIL-FLALS e [0, TIHER) <C fé E(s)ds, MEA[O, T] LR A SF TE,

SERR. 4 n(0) 1= [LE(s)ds, WA 5 < Con+C, i LA E € [0, TTRE. 3R B IA I Gronwall A
e wel
n(t) < S (n(0) + Cyt) = C,te“,

F 2155
E() S C(t) + C, < Cy (1 + Cytet).
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[l

18233, w EANTRFX (LAEAFE AN FATREZELTAZ (LARIFERTA) &L
RREE . A, RMNEFE—NELTAEBORKEEGEKN, FEFESHTEEINIFY
“RRIBENT, BPEMT “FTHRGMBAET MHRLRESEENLT LS LREEANAZ AT, N2 AK
FAR” ZAEGLE . tol, deRP(t) X To A AR ZAE, &AL LR Gronwall < 5 X it
HEhmiimegFa (LJHM23.4), £RRg A2 #ESIFERMPAGS T, LLRKBIER
M 75 A2 69 AR F 318 R — BB T IR IRE, EAEEE 2 2 — A XA Gronwall B R 5 X
PR

t

E(t) < P(E(0)) + P(E(t))f P(E(s))ds= 3T > 0, 1£4% sup E(t) < P(E(0)),

0 te[0,T]

HEF PC) AT—AXTHETAE>EH (BRI FHN) 2AKX, #H 5 L[18, Chapter 2].

RETESARERERE
TR E TR (2.3.1), IRt e, vl L Ve, € LA(RY), HAETI5mhb k510, -4 ] LIE
W' B B o T A e 2 s e ), Bi4

E(t)=K(t)+P(t), K(t) := %J |8,u(t,x)|*dx, P(t) := gj [Vu(t,x)|? dx,
Rd Rd

Hodr K(8), P(¢) 5 B RRVES BRI BE . 45E(0) < oo, NI AT LLIFBIE(t) = E(0). ilF Bt A2 & &
B, RATT IR TR BRI 40 AR 4 A1 FEAS B AEBHE! () = OBP ],

E'(t) = J d,ud’udx + czf
Rd

Rd

Vu-0,Vudx = J

d,ud’u dx — CZJ Au - d,udx = 0.
Rd

Rd
R, biRfemETFEULTEQINMANEEES 7 Q3. )BREEMMIME—E. FHL
by R g, u, RTFEQR.3.) A FIWME (e, )RR, MEANMEEZFw 1= uy — u, TI5RT LA
M77HE, HEVELE, #HMwl,x)MEELIERNE, XRHAwSEME, XHRAERPIEZE,
FrbAX AN EERGERE . [FHE, FRATW AT POIE I sh 5 #2 (2.3 DX WIME & gL asivE . Bk
Uy, u, e R (2.3.1) BT YIME (e, 0,) F (@, 10,) BIEIE, WEAMIRNZEY 1= u, — w2 FFET
BITRE, WA (91 — 20 1 — ¥2)o BLIRERSFER Y

1
—J [8,0]* + ¢*|Vu|?dx =
Rd

5 J 11 — ¥, |* + V(g — @,)|*dx.
Rd

N

FrELAERV (0, — @) F1 9y — o, (LA (ROVEECAAR D, A AFHMER L, v(t, X)X N ATRERE() (RIE
WAL Be—EHRFRAN.

FETFRBATEN “ATOIR” x € R ¢ |x— x| < ety — )} ERTREE I T (W e 5L IR, 1%
LRV SEPR LAE T R e T RE M A PR AL HR
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— EIE 233 FHIREBERE
R HAL(2.3.1), FH AL, > 0 47 x, € RUEFAMEp, phfx € R : x — x| o} AR,
W] e 3t B2 69 fFu(t, x) e T il b P lah &

K(tg,x) :={(t,x) € R, X R4 1 0 <t < by, |x —x,| <ty — 1)}

MERR. RFIEES LR R P 7 b (RN IEEA IS XD oru = OBl AT .
%U:Hijn %él\méﬁiﬁd = lﬁﬂ" ]ﬁ%ﬁ[iﬂﬁigﬂ—iﬁfﬁt%gfm[xo - c(to - t), XO + c(to - t)], ii%m‘ [JXTJ‘H)\E{
—AENE DL A 1 R P

2T R IUIE IS R R A T FR AR I RAA U o 58 SLe(t) A eI ZIXE R “IKF) 77 B(a, c(to—
1) :={xeR?: |x—x,| <c(t—t,)} LHIRE R

1
e(t) = EJ lu,|? + ¢*|Vu|* dx.
B(xg,c(to—1))

WIHME A, PIE “JEFE” {t =0} x{x € R? : |x — x| < ct,} FAHE AT X He(0) = 0. KW AEIE
Be'(t) < 0, HLRe R He() A G FE M 1445 Hie(t) = 0.
TETHEE (O, FATTE = 2R 45 XA MO (8] ¢, By AAE SR F I I8 75 2255 180, ¥ AERR 43 X I3k
GO, RTXWNBIXIBHAR SRS, BOTEWOTAR, H YA 55 .
— 53 2.34
FE—EAFRR Q) ¢ RILEVCURM T A%, RALR L2298 5GEHN N, 4
RoQ(t)iz#hik & Av. NA

ij f(t,x)dx=f atf(t,x)dx+f f(-N)dS,.
dt J o )

oQ(t)
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R, B gsd =18 Q@) =[A®F),B(t)] #, L&A X T &

d B(t) B(t)
- J ft,x)dx = J 0, f(t,x)dx + f(t,B(t))B'(t) — f(t, A(t))A(¢).
dt J A)

Pk 5| 3, FATAT LR

1

e'(t) =J utun+c2(Vu)-(Vut)dx—c-§J lu,|? + ¢*|Vul*ds,
B(xg,c(to—1)) 9B(x,c(ty—1))

HARAIFIH T HE XIS AR | x — x,| = c(ty — ORI E R —c, XF B — 4 X 8] 117 5 0
EA(t) =Xx,—c(ty —t), B(t) = x, + c(t, —t).

fEe' (O — AR, A1 80 (WdriB. 1.1 w15

J wuy +c?(Vu) - (Vu,) dx = J wu, —c? V- (Vu) (u)dx+c J u - <Cc3_u> ds,.
) ) N ON
B(xp,c(to—1)) =3 d,udu, B(xg,c(to—1)) =Y, 00 u=Au 9B(x0,c(to—1))

gt LR RIE, 52

cou
f |ut|2+02|Vu|2de+cf u, - — ds,.
0B(xg,c(ty—t)) 0B(x¢,c(ty—t)) oN

fEfJa — WA SEAE A AT

e'(t) =—

N o

ou 1 ou 1
- ()| < 5 (|ut|2 rer |2t ) <5l + 2|vup),
XAl DA H
e'(t) < —%J Iut|2+02|Vu|2de+f %(Iu[|2+02|Vu|2)de =0.
0B(xg,c(ty—t)) 0B(x¢,c(ty—t))

JEIC 2.3.4. LR AW, A ELB(x,, cty)Z Ih 8 AEL B 2 Z AT kA fu® AR, XA
RRET A ABRANB “RATHEGBERTARERRE . 25, 4o LI A2H IR 7 42
fReg 2 XER X, ZAETARE B AEXREEH T4 L, KFRELFA2.3. 12 £ —AF,
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SR KB IERIREE AT

WRINITS (¢, )AF, BABAIAF ARG RERSE, ERBAIIIA T LU Gronwall A5 3
RAGFRER R KIE R . A58 ML Re G i

d’u — c*Au = f(t,x) (t,x) € R, x R4, (23.2)
u(0,x) =0, 3,u(0,x)=p(x) t=0, x€R, o

HRB() = [0 18,(t, %) dx + < [, |Vau(t, %) dx. ELEz 18

E'(t) =J d,u(du — c*Au)dx = J o,u f(t,x)dx.
Rd

Rd
Xof I 8] A2 B AR 0 45 21

t

E(t) = E(0) + J J ou(r,x) f(r,x)dxdr < E(0) + J 10,u(T, 2@yl f (T, r2rey AT
Rd 0

0

t
< E(0) + sup ||6,u(z, ')“LZ(Rd)J 1/ (@, lr2may dT
0

o<t

F Young %2, FIXHMEES > 045G

2

E(t) < B(0) + & sup [[8,u(t, |, g, + 1( ||f(T,')||L2(Rd)dT)

o<t 5 0

< E(0) + 6 sup ||d,u(z,-)||?

o<t

t
T 2
L2(Rd) _5 JO JRd f (T, x) dxdr.

Z55ET > 0, WILxft € [0, T EWh S, JHHLS > 078 70 /IMETA3 A T B ST A SR, A )

T

sup E(t) < C (E(O) + TJ

0<t<T 0

J fz(t,x)dxdt).
Rd
[FIAESE, FRATATPAXS T RE(2.3.2) &N — N5 e #12.3.3 RIRTEE R . B 2 R i € BRI v LA

e'(t) < j du f(t,x)dx < e(t) + lj f3(t,x)dx Vt € [0,t,].
B(xg,c(ty—t)) 2 B

(xO!c(tO_t))
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H GronwallANSEA AT FH BEEZ RAE “/KFUI A7 BRI KSR
to

sup e(t) < C (e(O) + tOJ f f2(t,x)dx dt) .
Rd

0<t<ty 0

SRR 2.3

SRR 2.3.1. ERIF AR FH FALQ2.DRASf = 0, Wfhp, pEHA S AKX, Fl: FHOGMLTLR
% TFt,x0 50X 7? BRI,

R g0)ASAXNY LY G A&k EFFKES kiY % F1547a%8H0%g = 0.
SRR 2.3.2. B9 4T 693 75 A2 (beam equation) £ % A A — AN AF
utt + u’xxxx =0 in (01 T) X (03 1)

u=u,=0 on [0, T] x ({0} U {1}) (2.3.3)
u=p, u, =19y on {t =0} x[0,1].

SRR 2.3.3. iEH: HEETFTHDER, e T HARESAA—ANAALFER ue C(0,T]x[0,1]).

u+Dou—3du=0 te€(0,7),x €(0,1)
u(0,x) = p(x), o,u(0,x) =9(x) x€[0,1] (2.3.4)
u(t,0) =u(t,1) =0 te[0,T].

SRR 2.3.4. % 3E T

KBHHKEDHLAARFXNE () KCEW)P, EO)<e3, ¥ p>1,C>0,0<ex
1. X T, :=inf {t >

0: E(t) =10}, £ T, 2 27D,

A
SIRE 2.3.5. R ARBIMEOHBLLSFXEW) K CA+1)CEQ)P, EO) <&, X+ o>0p>
LC>0,0<e<1l. LT, :=inf{t>0:E(l) =103}, Xt T, 9 TR, 2N o> 1,0=
1,0<o <1,

T AR B 258 S br EAEE W T8 2 R o005 RE B/ INEL I I TR)AT D9 s 2 21,

BB ) “3ESE 7 k7 BiE M “bootstrap argument”, 1% 75 15 1 R B AN RUA 7] 25 WL M 45 51 1)
H[18, 1.2-1.3747].
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jo)&R 2.3

[ERR 2.3.1. # jE4e T =4 & 1K 30 7 A2 69 w048 =) A

Ou—Au+u’=0 t>0, x €R3
(2.3.5)

o(x), d,u(0,x) =9(x) xe€R.

u(0,x) =

(1) iE9: %= F 2 LHEDRAFES,

1 5 o ub
E(t) := =(|0,u]* + |Vu|?) + — dx.
s 2 6

(2) R ty> 04 x, € R, XTI EA(L, X)) “iLiERE” A
K(ty, %) :={(t,x) € [0,00) X R? : 0 <t < tp, |Xx — x| <ty —t},
% AAEOIK (L), x0) 09 B HIA T AT(ty, x,) :={(t,x) €[0,00)XR>3 : 0 <t < 1y, |[Xx—Xx,| = t,—1}

X E A ERRERA

1 u®
e(t) :=J —(|atu|2+|Vu|2)+de 0<t<t,.
B(xg,ty—t)

(2.3.6)

TE B : ]
1 J 1 u
=|8,u)y — Vul?> + — dS = ¢(0)
V2 vt 6
£F = %
(3) A Q) iEHZF AL FTRELAF T H2II—FHHLE R,

Q)M T: HHe(O)H 5 RIEMESE X AQBITIE, LERDENMF24HIE K1/ 2
olEl 2.3.2 (R RE BN TTIEN A BRAEFEIESE). RAx) € cl(Rd RAxd) 523t AR 4B %, A AEF
$0<A<KA< 4o, EFEEXE € R HH AE? < g AX)E < AI€% #%u € CX[0,T] x R~
o TR 2 HOR B T AR AAE ) AL 6 fE
0?u — div (A(x)Vu) =0 in (0,T) x R, u(0,x) = p(x), 3,u(0,x) = (x).

(18,u(t, x)|* + Vu(t,x) - A(x)Vu(t,x)).

l\)lb—l

EXREEE e(t,x) =
(1) 329158 & F 18 6,0 — div ((GaAGO)VH) = 0.
(2) HHEEHEAEN € R, ENMEEAEFH |GAX)Vu - N|<VA
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(3) BEx, € R¥=R >0, H#4

ER(t)zf o(t, %) dx, O<t<min{T,£}.
B(xg,R—VAL) \/X

IEB ER(t) <0, #tmik#l: FeB5YPaEBx, R)TEHAE, W ut,x)=0 £k T a4 X%
PR L

|x — x| <R—\/Xt.

0 <t < min

r, XL
VA

BRI, FrAZARRT T B KB B 69 12 48 ik F AR AL

2.4 EFEUMTHRKBEALE

MR BE B AEE R, WU N AR R I MO 25 B I AR RN A A N AR A R Pl
A AR IEAT, R ERTR .

mE - WL HFOFRAR| | AR RER

t=t, t=t, t, <t<t, t, <t<t,

SLEMARQWAT I —/NRIX KD, fER] (8] B[y, t,] EXI DA H e & s fE e, 152
J cp(u(tz,x)—u(tl,x))dxz—J2J q-: Ndet+J' J pfodx.
D t

X u(t,x) R, p VMR, ¢ R, q ZRGRERE, fo RAEERE . R ERE,
FE—E kM, RanrESRERERILELL, Hq=—-aVu, HHSHEREE a > 0.

PEA Ay AR B, FRA14S BT = O 8] X 8] [ £, 6, | AT R XD ¢ QF

t, t, t,
f f cpatudxzj J aa—udet+J J pfodx
9D t, 44D ON t YD

=J J (V- (aVu) + pf,) dx.
4 Jp
R A B AR A S, Bl cpdu— V- (aVu) = pf,. R ¢, p,a ZHE, HHL k=a/cp >
0, f = fo/c, AFEIFNITHE ,u — kAu = f.



70 B AP R Eh T R A RO AR
2.4.1 EMTHE KRR B)HRFTE

WA € REEH, FREMD TR + Au(t) = OFIEu(t) = e'u(0). % EIEFKIRTT
Feu' + Au = f, Wl LR B0 sk g, BB u() = C()e SR JE KFC (). XAl )R
RANEERTH R A S () = (C'(t) — AC(t))e™, TRANTTHY + Au = f2ZJaHi1F 5

t

C'(t)e ™' = f(t) = C(t) = C(0) +J e f(7)dr,

0
I A7E AT LA E HHu(0) = C(0). IXAFMIEARFHRE o ke’ + Au = fIIRRSE T

t

u(t) = u(0)e™* + J e~ AU f(7)dr.

0

TATRI, RGBT E L AKX R My EFEEEH (2D RBOERAD,
2 AT FEA LR 0 s AR R AMERIER. TRRAIMVB AR M EEEEG T XA—#F
HHAEFF IR RO, u — kAu = fHIfE

t

u(t,x) = e*u(0,x) + f ek=DA f(7) dr. (2.4.1)

0
Zb B AR R FRATTFEAT R SR BEHE(—A) XA R O E R 5, S 5R X
T FEIAAT] LUS Ru(t, x) = e2u(0, x) 02 Fsz b, X a] DL 5 R VR 37 AR ok s2 I .
AL AR P R Y R A AR R B LR —,
A S N7 AR R SR e i 5 2
u, —kAu = f(t,x) t>0,x € R4,

2.4.2
u(0,x) = p(x) x € R4, ( :

A RN AR IR, 1EIE S EMRCAE M. N7 BRALER S, FRATEEEY)
He € SRHLASMERL > 0 f(¢t,-) € S(RY). IAEXS XA BAEMIL A H, FFidu(t, x)KHLH
A Hya(t, ). Paam el C.1.3()FF 2R Tt W o 7 18

, +kIE1Pa = f(t,€), a(0,€) = ¢(&).
FiILFE Lhe™ 1 (R R Fi%) Eiﬂ/}EﬁE%(etklflzﬁ), XA AT S R AR N

a(t, &) = e KEP (&) +J f(z, &)e~t=DkER qr.

0
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BLAEXT b RAE R SI A B, R @ BEC.1.3(3), BI(F8)Y = —=(f * g), AT AR 1Bl &k

(2m)2

u(t,x) = 1 — (e~ ™) % o) (x) + - J (f(z,-) * (e~ ¢=KEFY) (x) dr.
(2m)> (2m)2 o

SEIE 2.4.1. 4 AC.1.3 (1), ZAF R —Au(€) = |§'|21?L(§'), B st B RAT R L7 ePu = (e Kl acg))Y
(E Y 34 Schwartzdy B R SLXHMATITAY), AR A AT RAVIAF 09 R A X(2.4.1) 3hITIZ % 3 3 %
2T o HTk{e) B ARME B F2E, emu#ﬁiﬁ’ﬂ"ﬁllxu(O X)HAGRR, RWRELTPTTET E
Mo BRUZI, MALTUARNTAEAN L Xzt 487 (FR LA KKK S 8 B F 5 47

¥ & Littlewood-Paley i), iX £ JUAT EH H AL 2 P 24 A 2,

IAEFRA TG VT St IER 1 o= C=oKISP [y Sr i AR e . X S KT o R s % (B
FIIREON T I I AT R R D A S A ey B i 1 3.

5|3 2.4.1
|7/?\ q)(x) - e_g, D]'] %]_ (i)(f) = (I)(f)

WERR. HRRATEIE —4EMTELL, HROHIE A1

<i>(§)=ij e‘ixfe_%dszJ d ( 1 ‘”"5>e 2 dx.
V2r Jr \ 27 —i§

@(5) = —LJ\ %e lx§(xe 22)dx = —E\[T_FJ e~ix¢ (—ix®(x)) dx.

PEAEC.13 (D&, FRABET gldcp(g) K PEFATIRAS B — AN 1T LR DI 3 1k 4> 7

<‘

o4 edE) =0, &0) = LJ O(x)dx = 1,
d§' 27

EHELHRR B(E) = e 5 = (&), X L) HEEE M (I2.4.1) |
— AR d > 1, AR [x]? = X2 + - + x2 F—4ERZ %H@J

“0-117



72 g LAl BEh T R BT R
TR e e = o 50 = d(yakiE), FLA 7 HIC. 132 MR (42 = 1\ kD)
%)

|x|2
e 4kt

X

1 1
b =
(v 2kt)d (\/ 2kt ) (V 2kt)d
EEREu R, PR RNTTEQA2)ENIE . PRI J9Schwartz bR U fif a0 T Rk =, Epk
FAEARA A I (Poisson formula).

(d(V2ktg))¥ =

x-yl? ' _ by
u(t, x) = — j e_%qo(y)dy+j;dj e wen f(r,y)dydr.  (2.4.3)
(47ckt)> <R 0 (4mk(t — 1))z VR

TAVFRK (L, x) = — de_%?ﬂRdﬂPi&EﬁE’J%ZIKﬁg, W RIERAZ. 20k, FRATH X WHERM
(4rkt)2

ISR Schwartz B B R 13 T HOrBRRINRIA TS, (L5 — 7 IR A VR ARSI (2.4.3)
BT IF A B, £(¢, VIR Schwartz OB A3 HS% b, gt It
SEHL [ € CUR, x ROFAE IR (R ST R T B, ST 0T LS
BAQ2A R T RO AV QA DR, EIEY RS

24.2 ABSREIMERR

AN F— /N RPN Rl FELRE, f € CAR, x ROEG KN4,
WA 2.43) 25 T HRITTIEVIME N E(Q2.4.2) B FE. BARRUL, FRATAT LR AR AR B A ] 2
PIGAE: f=0,0#0F f#0,0=0.

T RIRATN A B 1 T B A o
— Rk 2.4.2  BAZAOMER

A K(t,x) = — e A #AE, WA e TR A
(4mkt)2
(1) K(t,x) € C*(R, x R%) H £ R, x R LR A iE ;
(2) *E&Et>0,x € RY, #A9,K —kAK =0
(3) MEZL >0, A [ K(t,x)dx = 1.
(4) *HHEFS > 0, &A1A lim Six>5 K(t, %) dx = 0.
t—0,

JEEA. (D). (2) ATLLESFEIEA, HAAARFEEIR. (3) BIFBII AT DL B e A 5 B4 52 o
Le =\2kt, MK, x) = e 4d(x/e), Hrh d(x) = (V2m)td(x). XRERIMELE Sy = ex

d(y)dy = 1.

1 [ . eyt
J K(t,x)dx = _dj q’(f)dx y=x/e, dy=e""dx f
Rd €d Joa €

Rd
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(4) HUEIH AR, FATFIE |x| > 6 T |y| > 716 = 8/ 2kt. KA

J K(t,x)dx = ! J e_% dy.
|x|>8

(V2m)d Jiy> 2
LT oﬁ& > oo0. I & € LY(RY), $ELebesguef 4> L0 HELE L2, [HHIE (4) WAL,
OJ

WLAE AT CLUE B R 4518
I 2.4.3
R HA2(Q2.42)8 g € CR)ZEA R, BASf = 0, M b iasi X (2.4.3)% 69 & 45 X240
1419 22(2.4.2) 89 H R AR

SERB. b At
u(t, x) = f K(t, % — )p(»)dy.
Rd

SRR IS, R &G AR A X e > 8} x RY_F 2 — ey,  PRIAE b IX 3 B A A #2
AR FHFN T . Ali2.4.2(2)%HI K — kAK = 0, SR FREREDE K > 0F

ou—kAu = J (0,K —kAK)(t,x — y)p(y)dy = 0.
Rd
B RUE: XHMEES E X, € Rdﬁ}i_)rjrrlo u(t,x) = p(x,). RKEDEIE M [ K(t,x) dx = TVRip(x) 5

N

|

t—04

o(x,) = J K(t,x — y)p(xo) dy.

Rd

IR R IS > 0, AL

u(t, %) — p(xs) = J

Rd

K(t,x — y)(@(y) — p(x,))dy = J +J :
|[y—xo|<6 |y—xo|>8
K58 Ay, BAIF Al AYE (&lex)| < M) Fnii2.4.2 (4), 5324t — O

<2M

- 0.

j K(t, % - y)(@() — p(xo)) dy
|y—x|>8

f K(t,% — y)dy
|y—xo|>6

X, BATAT U @fiEs . Fse b, By — x| < 6} ZEE, FrlleWTE{ly — x| <
0} b —HOELLN . NIk, £45e > 0, BATLAEK RIS > ofE 15 H E | y—x,| < SHT [9(¥)—p(x,)] <

2L cbesgue U4 IILERTESLIE R : 75 € LIRY), WA ERe > 0, FFAER A KR, (A, 19O dy <.
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e XM, W MRS EA W A

J‘ K(t, % — Y)@(y) — 9(x0)) dy
|[y—x|<6

< EJ K(t,x—y)dy =c¢.
Rd
O

IR 2.4.2. E@REARAXRLH TQADGHRME CTUGER R R— A RMR), WEF
LG FAREART SARMBR. Ad = 1,0, f =0H P, 4o L8 BRI, X)L i 2K AL

B d\" x2" _|exp(=1/t*) t#0
0= 3 (5) W05 €#0. m0 =1 T

AL IR BT, BATIEREUE W TR MO s, H B T IRAE R L
HIL 244 HIBWN
|7Eiij£2.4.3éﬁfﬁii’yﬂf, WA A X4t A u(t, x) € C*(R, x RY).

WERR. Mt > 0B, FATH

0% u(t, x) = J 039K (t,x — ¥)p(y)dy.

Rd

FL b, FOARTHERIES 6, LSRR E DR {t > 8, x € RY} _E—Fuiicdl, Htmr
DIFER 5 RS, BT K@,x—y) >0 NEFKAIM, #§u,x) € C°(R, x RY). u

it 2.4.5 FIRMGIBER
BAAZQAWRAS =0, MlpARLMIE A RESE D, BAEx, € RS> 0 iFphk
KB(x,, ) NEAE A E, WIAEE: > 0,x € RY, Hia4nN X4 6983 Zu(t,x) > 0.

UERA. U R EAL A S B SR A AR KR AT A IE 1) B A O
R 243 FE-ARFROFT LBESH. LSRR, WRMEKTREY THT L
— T, BRAE—FEA, RERA BB K, RRARTR LR TR A
R EAZ—.
243 RARENHEMR: TRER, FlEME—1t
B T RIABULS = OIFHe T BRI L — ool I BERIE R
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iR 2,46 HUSIZHTERIESR
3% u(t,x) A8 iARA X (2.4.3)% 8 HA2Q.4.2)Ef = OB 4.

(1) % p € L'RY, WA [u(t,x)| < Ct2 foq lp()] dy.
Q) #¢ € LRYEA{E| < 11F HGE) = 0, M ik 2 |ut, x)| < Ce™.

HERR. (DA PLE#EHu(, x) = (K(t, ) * @) (x)15 3]

1 _ly=xl? C
el < —— | ey <o [ty
(4rkt)s Ima~—— t472 J

<1

with C = 1/(4mk)/2.
Q) FIE B2 0E E Bu(t, x) = (A, €)Y = (e~ MEPp)Y, T4

1 ) 1

ju(t, %)] = J ix£mikIET G(£) dE | < J ~HIEP (&) dé.

o (2m)d w peId (2m)d we POI
B 6 € LRY) FLAEE| < BETHGE) = 0, LB/ A 0 F A

—kt
u(t, )] < f |¢<§)|d§<Ce—kfj 66| dé
(V2m)d J g1 Rd

Hhc = (V2r) [, 19| dE. U

SEIR 2.4.4. LIk 2R A A2 09 FRE E — AL AO(), Wik B FAZOM T ) — 2, @
L AAB R A IKIE b (FPp) LR HE = 0), KRAVT LT R BHRZMR, WX TRH
GAREEMEG, FEE, XAGTFAHTAGTANETARE, HoaH R R K
YA, Tk A B A, M TA R, @R BRI A A A
3 I, B AR KR A R A AR S AL, AT A B R B
WL2TE R A A ST, T T VA AL A ARL R S o (— A AE o B 09 1 R R E A9 3R 5 00 4% 3 T M
B A @ AT LT,

W 7 TR TR 53— AN U s e 7 R vl CA et (Rl i f il 3, (B BT R ARG . L
PRk, WURLAET > OB %0 Ru(T, x), BATT 75 07 LUK AR 1] £ 10 (time-backward) 1] J0% ]
fEu(0, x)I0 J5 R ? IX X AT FESEANIERA T, BF [R)3] [m) F8 5 F2 AT DAAN T A2 AE 0T #1048 1) 3% A0 ik .
fian, RN b

u,—u, =0, (t,x)€(,T)x (0, ),
u(T,x) = p(x) Vx € [0, 7], u(t,0)=u(t,7) =0Vt e [0,T].
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¥n e N, Bell g, (x) = 5, A in - cofit He,(x) — 0. ARMTHRATLA LU, (t,x) =
X nAT-0) My s toolif, FAMTE WL < T, u,(t, x) — oo.

" RO R ASEE I, ROV EIERI A A G B B, B
FrIX A Y[R — A ROT BRI AR A0 SRAE TN 21058 A5, A EAFET N 2 2 B th 58 A AR 4
— Rl 2.4.7 BlEME—

FOQARIFHHRXIK, LR HOQ. #o,w e CAQp) (GTF LM FA) Ao F HAL0 M

u, —Au=0 in Qp

u=g(t) on [0,T] X 0Q

(2.4.4)

EatitgEx € Q, Hu(T,x) = w(T,x), NEQ P8 =w.

XA LA MR RIS (R Z & 8D, L2 TR RIEYIIRI
ZIMAE S, PTUAa Qo \Qr ERE BIFATEE . JA PR I BEBIRIEW] 4518

MERR. 2e(t) = [, u(t,x)*dx. FATIAE X Mi&e(T) = 0Me/(t) < 0, X ZRAELIF Hle(t)1E X
[0, TINE N E . IAERATE—D o tfre( Ik, BEaiHHEWH

e’(t)=2J uutdxzzj uAudx:—ZJ |[Vul? dx.
Q Q Q

R IR TS 2

e’(t) = —4J

Vu-Vutdx=4f
Q

Q

(Au)(u,)dx = 4J (Au)? dx.

Q

A Cauchy-Schwarz$%ﬁ , BAEAE
(€'(1)? <e(t)e(t) Vte|o,T].

AR AETRUEe(t) = 0. He()RIELLNE, WRFAUREAE/EL < ¢, < T, 1511, 1,) C
[0, ] e(t) > 0, M 4t, < t < THAHe(t) = 0. MAELF(t) = Ine(t), NiA

e(t)e’ (t) — (e(t))? 50
e2(t) -

A F P XA _Ef ™ R BAS AT BE R SIIn0 = —oo, HIILFJE. Bk, (FHLs,,s, € [t,t,] LA
A € [0,1], AR LAUEFA

'@ =

FOs, + (1= 2)5,) < AF(50) + (1= A)f(52) s, e(As, + (1 — 2)s,) < e(s,Yhe(s,) 2.
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77

AL s, = t,, WATER BN ERES, € [t,t,) 10 <A <1, e AERe(ds, + (1 — t,) = 0, iXF

BHe(t) = 0 in [t, 1,], A JE -

>)ER 2.4

m

S 2.4.1. iEA: [De
SR 2.4.2. ARFIEFF B Pklé’n}*]ﬁwi:*u\ﬁ%o

(1) %Ry > 0, HIF,(E) = VKT MALEE € R 2oF L T
(2) # Hodo T AR A RARE B K AKX,

Upy + Uy, =0 xeR,y>0,
u(x,0)=p(x) x€R,

Lo e SR)ZL M, Mo E—HIKIARL,
(3) EH: HERY > 0F [ lulx,y)| dx < [ lp(x)| dx.

3@ 2.4.3 (Cole-Hopf L ). %a > 0,b € REA R FHK, Kifde T MEAMKTAZ,

du—a*Au+b|Vul>?=0 >0, xeR?
u(0,x) = ¢(x) t =0, x € R4

bu
Bo7: FlEv=e 2L HA4L,
S 2.4.4. Kf#E4e T A5 Burgers 77 #2

U —a*u, +uu, =0 t>0,xER
u(0,x) = p(x) t=0, x € R.

EXPae RELZWTH,
R FE(t,x) = 1 ult,y) dyik R e A2,
S8R 2.4.5. it H 4 T FAH R Mut,x) € C3(R, x RO 2 X & 4 X

U/I

o,u— Au — (u)|Vu|2=O t >0, x €R?
U'(u)

u(0,x) = p(x) t=0, xR,

]

SRMIEVE R AR R B T T T A, SRERH IR E I GEH4.2.2) AR LR 1R

AR ERAMEE, XHERAEHR, Bl LouvilleE B (GEF4.2.9) B4
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EP0<pe CRHAA FELLZHK, U:R->REAFIHKHLFZU > 0.
e FEU(Ex) = U, x)).

SIS 2.4.6. KMEMERZHAL, A Fi=vV_1, u:R! > CREMAI B, o € S(RY).

idu+Au= f(t,x) t>0,x€e€R%

2.4.5
u(0,x) = p(x) x € R%. ( .

SRR 2.4.7. FERAEFFTAZu—Au=0,t €R,,x € R4,
(1) 3EH: Zult,x)RZHAA0M, NAHEEEREH € R, FHu(A®t, Ax)4 2 % HAL49 .,
(2) Kb 2HF deu(t, x) = v(|x|?/t) 89 &
(3) &H(2)F 89 —ARRK(t, x), AL > 048R A [, K(t,x)dx = 1.
SIER 2.4.8. FJEFRRAEF AL AR AL, BT AZQA42)ES = 069 B, b € S(RY), |
AN X (2.4.3)% Hf, a9 fE A u(t, x).
(1) iE%: BAEERC >0, 23 ut,x) — p(x)| < CVkt3HHEEL > 0,x € RUAR
Q) Fl: ()F eVt 2T T Aek i Ake?
(3) EFH: HATHC >0, 1£1Fsup |u(t,x)| < Ct~ 4||¢||L2(Rd)1ﬂ}_%t > 0R% Lo

xeRd

®’r: (1) Z&[p K, y)dy = 1, Fe(x)BAF [ K, y)px)dy: (2) i & ARG ITAR M
(3) FruB ()" % MAG ot T b9 2 LA B ut, X)| < [pa 10, E)]dE, RAA(L, E)8 & K KB
A Cauchy-Schwarz 1~ % X,

o) 2.4

I“:—'JEE 2.4.1. ‘l’l’;"%’-—’kﬂ—]“]\;] ;@ﬁﬂ@{{_u(t’x) c CZ(R+ % R)%Ei\.%lﬁi‘\

U — Uy, =0 t>0,x>0
u(0,x) =0 t=0, x>0, (2.4.6)
u(t,0)=gt) t>0,x=0

HAPge CHRYAR, HiHZg0)=

R Au(t,x) = ult,x) — g(OF R X0(t x) Aot ) R4 L3848, ARG AR XK
R0
B8 2.4.2. #Q C RIZRAREHELARKE, ut,x) € CX(0,00) X Q) N C([0,00) X Q) £ 4= F 7



2.4 AHNTMARHOR AT RE 79

EEAS)
ou—Au=0 t>0,xeQ
u(0,x) = uy(x) x 0
u=20 t>0, x€0Q,

AP u, € CHQ%B R, iER: HEFHa>0 (RFEEBALHX) #£13

J (u(t,x))?dx <e v J (ug(x))? dx.
Q

Q

B A FRRQ, Fflsq =0, Wik BAEFHC > 0AF[, f2dx < C [, |VfI*dx. BFH T
AR EMT “BARSEARTIE” R FFIEPEIAF L,

)RR 2.4.3. £ f #08HFATIEHAQ.43)89458 (LTS X Ft—=A R,

BT Rk = 0. TitHF0u — Au = [, [ K@, )0, — A)f(t — 7,x — y)dydr +
S K(t, ) (0,x — y)dy. 5’*)54%f0«f1%5¥f0,f5, Xt G RS o
)RR 2.4.4. FEZIANMATAEIu—-AW)=0(>0), xR L Pu>0, FHy>1. FEHT

EN:b)
o= o(2)

(1) Fa+l=ay+26,iE: av+ LBy -Vo=AW") =0, £ Py =1tFx.
Q) B EET, Fa=dp, LoRahEi, +Hult,x)m kX,

io)@ 2.4.5 (Laplace /7 1£5541: Burgers H £ TCAEARIR). &% #e > 0, F B A5 M Burgers 7 42
0,uf — ed2uf + ufd, u° = 0 in R, X RY, u%(0,x) = ¢°(x) on {t = 0} x R¢. (2.4.7)

Uith R 69 7 A2 VAR 2] R2.4.389 75 ik R KR, A i 1Fus o9 & ik X
(D* &k, ¢ 1R > REZEZLZH, (EFZEMEK, kESZREK, WEAC>O0, £/

x| = ooff, [k(x)| < Clx|?, [£(x)] < C|x].

HARR G ERE— 8y, € RIEFK(Y,) = hm k(y). iE9A:

(Ve k0)/e g
£(y,) = lim Jo€(¥) y
e—=0 f[R e—k(J’)/E dy

(2)* RQ)& 7 kit H KA Burgers 742 (BP(2.4.7) e = 089 1F L) 69 #&,

SEAE 2.4.5 (WL A H 0 Laplace 715). &3 W AP | N2 BHHwI(x) = [0 F(1)eO drty
52 LaplacefR %y, HH KA AX - cof WA ITH . AWME, R h(t) £ [a,b] LEA L1, &
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HRAM, % x - oo I, 5B E O fFiARD A [, BiEBIk [a,b] T HERFEKTS,
B A Laplace #2490 #9 £ B ak & B ¢, T KA, %% KMAAEARE a 5 b LB, LA IR
B, Tiddia & b R—a A E. LR SRTATE T IAS, 5RALS RSN
TBHEE f(0) £ 1, BENA Y,

F(exp(—zh(e))

K 2.14: BARR A AS

EFE ERMA
— 5|3
£ 4K N [a,b] F, W), R'(t) BEES, W(E)£0,[/(t) BEES, f@)- f(b)#£0 W

b
1
I — xh(t) — (_ xmax(h(a),h(b)))
(x) Lf@e dt=0(_e

B — 4 KAV VAIE B % £ ARG 69 #7 U & T
%3  Laplacef2%H 2 2

T AR

b
I(x) = J f(He"Odr  x - oo,

LW [a,b] ¥, W)W BLEES, W) =0,h"(a) <0, BEa &HRKIMA, W) E
HEEETAE;, f'(t) HEES, f(a)#£0, KAVFHALEAT

Hx)~jx¢wm@h/2x;2ay

W R A — ) B ARy ERL, BEEI(xX) = [, f(2)e"Pdz, ¥ f,h: C > CH
2R H CHHF TR HZ. ARELEX - ol BB S0 7 EFMAAERET R & (XAR
“YBk7), AEHHITEES R E 2B (PR, Airy S HF) 9HLTAEFTE
£, mX BB HNEFSWEAEN TR P R, LaplacefR 52 ¥, mRETMH X, UA
ERENSHINGEFZRSNIEMERILRAE LA RS XNGARFO TR, BAHZEA.
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2.5 EohBFENEMLMEE

FE AR L AR 455 SR AR IR R 2 18] R AR, BRATTSERS B RS R 57 () E 554
R [ BT A5 2 A R B S M AR B RIE e AR IR 5 w] DAHE BIPsh Jr fE B ? ik
e, A AL AR HORAG IR 15 5 2 AR A IR R B R A (2.2.100 ke A K (2.2.13) R & ?
FEITREN 5, WO B BRI _EAF I BEARE A B . BUAEBRATT 5 8 T A [t

u—c*Au=0 t>0,x € RY,

2.5.1
u(0,x) = p(x),0,u(0,x) = P(x) x € R, ( :

N T I ARSI AR, AT B e, » € S(RY).

2.5.1 FiERIKEE

BRAE AT P 7 72 P A BAE L AR B, T —Au(e, &) = |E120(, §), TATHA ] — 4%
T AR SR A B U5 R

7o, &) + 1EPa &) = 0, 0(0,£) = ¢(&), 6,4(0,&) = P(&).
ER N RIEZ TN A2 + €)1 = 0, IR A, = +icl€|. BltL, FETRRAMEARN G TS

sin(ct|§])

p(&). 2.5.2
] P(&) (2.5.2)

u(t, &) = cos(ct|ENP(E) +

BN REEF A A, X — RAEE IS RN E S, AR ERAT R
wd = 301E 0. EERRER— 2T 5 AR

5|3 2.5.1
ESEPRRIP G EAz sk d, M)




82 o e el LIE N e R E P g
AN PRI AN I BE? S e g ) T SR BRI A i T (IEAE dose) (8 S AR

Tou(®) = @mm%’f'.

PUAERASG IR 31 AL, IR RO ML A e, K Heers, A5

SINCLED gy = SNCUED 4 5oy) = (e J e-1H3 d45, = (t(€))(V27) dom(ct).
| g ar ).,
B SR PSS 4 (B, 1,3(3)) T 49
— 1 —
dos.(cté) = @ doap(0).en ()

TRH

. ( t )A n 1 -
s1nc|c§||§ | B(E) = (V2m)3 (& ))@ o). (§)-

B e L AR S R BT (A RLC. 1.3 (3)), A 115 2

1
47(ct)?

(Sin(C”fD (t) = (dO'aB(o,ct))(x)

clé

1
tPp(x —y)ds,, = f tp(y)dsS
J' 3B(0,ct) Y An(et)y 3B(x,ct) Y

¢<§>) ) =

_ 1
47(ct)?

= ][ tPp(y)ds,,
dB(x,ct)

T 33X TR 4072 i R B e 24 30(2.2.10) Hf o STk 0345«
FAUH, Fefi 18T LAt Scos(er |€)@(E) I ML AR . H92 b, 3 H 7 v Fleos(et |
zzaﬁ%%atcm(fgf“), M7 AR 33 R R A R(2.2.10) 1 FH o BT ik 1354

C

(cos(ct|ED@(E))” = 3, (Sm(“'g')@@)) =5, (1[ o) dsy) -
c | g | dB(x,ct)

Tl T B A SR UE M 51 BE2.5.1 7 o W SRIRATEL A v B ot T U0 BE AR L AR A, R Aem R

ERERSE, B f € LY(RY), wRE FKIIIE, FRATT AT UK B o AR AL A

d

ME) = (\/E)—dj e du(x),
R

RO ANE LBERS * W) = fa f(x — ») du(@).
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IR AL B AR BRI, SR AAE T EM R BEA T REIEE . D8 T S AR AN A, FRATTRT LU [
BEHEFLR(0,0,r), r = | &, RERHUAT A 0] RBUA S5 942 7] BR AR S AR e o 742 7] R 2 HA) 49 57
HARHATI IR AT I BB (SJREC.1.3) . A G XPifra, (En] 5 RATAR B 45

51382.5.1893ERA. T R3] — AN e 4 O RIFIAERE), BT RS 7 B D SR & FUYE 7
FE(T = 77, T2®ANAE

J e ¥2dSs, Al J e 72 45, 7 J 77 ds
52 s? 52

XU FRATTAT AT [l B E e % B 45 2, fl AT I [ 5200, 0, 7), r = || DUAERE A FFiH5E i o, €00z ds, .
R, BATE BALERTES? B 5] 3EERAL AR z, = sinBcos ¢, z, = sinBsin ¢, z; = cos O, A1 0< 06 < 7,
0 < ¢ < 2. BUFH MM T B4 H id Jacobianhy dS, = sin 6 d6 d¢. T4 B AR 2wt 4% ik

1 1 27 4 1 1 ir —ir 1
—_ ei(0.0,)z ds, = — eircosb gin 6 do dg s=cos® 1 oS ds = € — e _smr .
47 ) ar | Jo 2], 2ir r

2.5.2 gEEMSIRE

A FHE L AR #7315, FATFRME T PHEBE R E(t) (= K(¢) + P(t) 25 HE, Hf

K(t) := %J

Rd

Bu(t,x))*dx, P(t)= %2} [Vu(t,x)|* dx.
Rd

B2, AT DGR M8 ]t — 4o, BNREK ()R BEP(¢) 2 Wi 2143 11, ED}LI&K(:?) =
lim P() = E(0)/2. [ ZARATAE ST /214, P HME FA B SR I — 4R 7 B R B 1 2RABh ) &5
W, N B 7R g Ak B DUR A RNIX A B AR A B8R R . (HIEIRATE B YIME
seSchwartz PR £, HoRDHAEIE, T HAERR S FERNRIEABEME R, RN —4E1E
BUAR R 79 KRR R AT o DRI, FRATT A BR 4R B — AN AR T3 7 R A ) S ARk =N 7
W, WA T ARIEN] “ REEETIL Y r JE

AR AT & Ao, &) I3k UL A 37 A 6 1) 4 Joid (i L C. 1.3(1) F € #C.1.8(Plancherel 1H
)T B 7

K(0) = j |ata<r,§>|2df=§j (= clglsin(ct|£g(&) + cos(et |EDPE) dg
Rd Rd

N =



84 o e el LIE N e R E P g

PAL

2 2 1 2
Pty =S f |§|2|a<t,§>|2df=c—J €1 [ costetigng@ + DD 5 ) g
2 Rd 2 Rd C|§|

BUAEBA MEIK (O)FIP() B — I SRR . Bl nsh REK (£) il LA ik

K@:%f

R

18 Plo@) LD gy p Lt coSZElED o

-1 f CIEIGEDE) + P(E)PE)) sin(2ct |€]) dE
Rd

-1 J CIELIGE + 1B dE
Rd

- %f (@IE6E - HOP) costaarlg g - § |

R

IE1@EPE) +P(E)P(E)) sin(2ct|€]) dE.

2, MG EGmEC.13()MEBC L8 KI5 — M55 AU AT I8 H5 T E0)/2. 1
ERE AT > oISt B %, X 7] LLHRiemann-Lebesgue 7| BIETS He b, AT
e AT BN A RAT [0 f(E) coset|E]) A€ 8L [ f(€) sin(2ct|€]) dEMTE, Hf e S(RY).
AT AR R AL BT HAG T, BIAE = rz, Hh r = |€],z.€ S, U

J f(&)cos(2ct|§])dE = J rd-1 (J f(rz) dSz> cos(2ctr)dr.
Rd 0 §d-1

Nrat [, f(rz) dS, M cos(2ctr) #EARF BRE, i LARATISE & —4E5 DL Riemann-Lebesgue 5|
B (4 FLC.1.3(4)), B

lim j f(x)cos(xt)dx = I1|im f f(x)sin(xt)dx = 0.
R t|—> o0

[t] =00 R

XERIE T tlim K(t) = E(0)/2. MK (t) + P(t) = E(0)&~FlE&E, T L)Ltlim P(OFE HAETE(0)/2.

EIE 2.5.1. R BEA B THRRBEG—ANTFEE, FTF L, KRNAREHFCEETHEPY
IE, TAFHEmERYGTFEEREF X (FERBLFE—ANDHAOERT KT, meity
RBRMAZEFTHRAERR TR THORTNE (Pl T, KelvinT 25 5) ., X ks 475 3E
SRS AR KT AT A RAS T KBERN. EART AL R Evans [3] 8. 12FHXFH,



2.5 PEITREMMENI Tk 85
>R 2.5

SIEn 2.5.1. # BRI+ #9Klein-Gordon 7 A% &9 #7148 =] 22

Uy —Au+mu=0 t>0, xR
u(O,X) = gD(X), ut(oax) = l)b(x) X € Rda

A+ 0,9 € SRY).
(1) =A< E(t) = %I[Rd(ut)2 + |Vul|?> + m*u?dx. it%: E@)AFEE.
(2) R@Fa) B i fR b9 4% vt T #0(€) 49 & ik X,
(3) iEBA: lim [, |[Vul* + m*u?dx = E(0), #tmiz 7 A2 LR ik E#LH5 RE
t—+o0

lim lj |[Vu|?> + m*u®dx = lim L J (u,)* dx.
t—>+o0 2 Rd t—>+o00 2 Rd
R BF T E # 3 4% Fl Riemann-Lebesgue 7| 32,
SIER 2.5.2. F AR aGE A A
u—Au=0 t>0, xeR%

253
u(0,x) = p(x), 3,u(0,x) =P(x) x€R4, ( )

L bmniiy, e RE I ABHH, A XEXAEKRBORA. L EEC) =E, LVE > 0&F %,
& A A% 77 (Virial potential)

V() =

N =

J |x[2 (|8,u(t, x)|* + | Vu(t, x)|?) dx.
Rd

(1) 3£ : FEFEL > 0AH V()] < 2E(R +1).
(2) RE%-T lim V"(t)&9 B4,
t—>+o0

BF: (DA AAREER A, )V ()0 &k X,

el 2.5
[E)RE 2.5.1. % &85 K X3 F — 2% M K 49 Benjamin-Ono 7 #2

o,u + FH(3%u) = ud,u, t,x € R.



86 FomE e sl AT
PRI HH u=ult,x) : RXR > R AEME, B3t Er > 0Au(t,) € SR), HAHilbert®
#e, HRAA: Hf e SR), HIH()E) = —isgn (E)f ().

AHABAX C g F AR B # a9 Hilbert T 4645 K . FAE K 4. & LE(t) = fR(u(t,x))2 dx, 9 : E(t)A
Fiog.

ﬂ

2.6 EE%*\\E{T

R 1 7 R AT R TR 3 () AN ) B O O O LA ). B, BEE TS5
hﬂ&ﬂﬁﬁ%%?é%ﬁﬁ MR IFERT U, —HRIOSERERS A O )
O ). Wit — e — B IR AR ? AT AT A RHFAGT (oscillatory
1m%mDﬁAEﬁﬂ%ﬁﬁﬁﬁ\ﬁ¢%#%EKM%A%%ﬁLL@@MMﬁ Hse b, &7
(6] T R SR 2R PR 3 RE AT SE 15 7 R IR ] LSRR AR B, A Sy A HRIR L
il a0, BETT AT DAV SRR AR . e P, T AR RT AR T R A £ S AR
oo WeBh T REXT HET, B E V5 U7 RS IR, T FE T 00 PR S0 R ) S i A L B R
Tz A 2 DT EHRAEE, B2 AR HRAEF R, IR Z I IR 2
WAINO(™3). T HE TRV 5 B R 7 12 P10 LA LT SR BE, A5 4F D 7 — A LR AR
HI75 1A, PR sl 7 R AR A 38 e 2 L B 15 T R MR O(t72). AT FATRAE X — sk

HATiCu, v TR € T T RE MR, H e i T R IIHME N, BT R BAMER Y = 0,
c = 1. JUSRATT AT DAL HE SR 5 REAE (1 e 7 A 4

at, &) = ¢(&) cos(t|E]), U, &) = e MEF@(E),
VER ST I AR e (AT T A BE A ey 2 ) R 0

wex) =33 | emsaeas

+ Rd

o(t, x) = f DG (£) dE.
Rd
TR, o EET LS R S SRS B

I(A;t,x) :=J' A&y () dE,
Rd

X HIRATFRO N HHEREL (phase function), Y NHREIE (amplitude). — R FA R W& A KL

LRI RE . NATTIGER A) R Wfel 2 %2R T B % AR R — oo IHNEAT N .
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2.6.1 RHMOMREMEIT BIHEE
AHTHA 1 e Bl B0 — R G R

I(A) =f e ™) (x) dx, (2.6.1)
Rd

Hhd e C®(RY), p € CO(ROZLEMRE, HAWIEIKO € Spry.

JEFEHEE (non-stationary phase): TRURFRIR TR ZIMATRL
YAH R OB A G A iy, B £e > 0, (H3XMERE x € Spty #EOL |[VO(x)| = ¢ > 0.
LI BATTE B 40 T 4518

— fpER 2.6.1 JELEARE
KO € C*(RY), p € CP(RAL K4, HAALT e > 0, 1E£FHEE x € Spty AR =
[IVO(x)| > ¢ > 0. MFEEN € N*, #R G 4% ey > 0, 115

VA>0,  |I(A)] < cyAN.

WERR. MEHRAERIE, AMENNERCBE AP IREUE: G0 “ IR UG w3 A A A X
W AR R RIS, B LAESd = 1ITE O], FA1HnE

%(emcb(x)) — Mq)/(x)ei/w(x) .

FTUIR S SFL = — =, WA S FFILEA?) = e, 5 s T

il 1 1/1 _ i il d
JRe ¢¢dx_f /‘Lq)/( (j[)) ¢(x)dX— IR l/le ?—— <CI)’( )l,b( ))

M T (x)] > c, FﬁL)ﬁﬂ‘]ﬂ%%@gb(x)%ﬁi%ﬁ%%mm B, HEENEERE, [0
T AEN G DL RPN, BATA HERE LA AL = i(a - V), Ha = % TFATI4E
IHEL(e"®) = e*®. T2 A7) il 153

J eilcblp dx = J L(ei/w)w dx = f eixlch*(w) dx,
Rd Rd Rd

KAL) = ——V (@) FLELA(RY) MRS T, Z BT R Rl 2 FA S
[l R, EE?lV(I)(x)l >c> 0, AT LRSI Bid e, BF|0@AN)HIZERGEZ O



88 BE R E AR R
FIE 2.6.1. #—F3, KMNTAFEEGHROEALTHERELK L, Bl

1(¢) :=J e ®* g (x, Eu(x) dx.
Rd

BuA HFHEKE, RMTAEMGEF|I(E)|FEZTON N R AR E, 2EIF EEUT AT, &
IV ARST CAEAF, RBLEAF RE RAFON F KB Lud) “H AT (wave front set)” (T 2 fif
A CFFT MY, MABEHE ML T QVRBEEZTOA N RBEF, BRTASE T i
OB F AT X[19, %837, 7132550]. X B # S04 £ M R[19]89 3 B F i B & feth o f
g CHRBWT Fo CRRFW” AT A Lot X — T B RZ @6y, KA R A
AogEHAZ —,

IEHEEL (stationary phase): HEHIER SMHLRBOA ) NRBIRE
R B T REA R B 1S TR S R A TR, IAH R BB B A I 5 A, AT |[Ve(x)| >
¢ > 0 XARMFM. HiZIEF BRI, WIRE G AR 1) E DTk &8 2t B i 5 s b
76 2 I 5 s ) 5 AT AR AN AR TE ARV — R IR PR 3
_ fpEl 2.6.2 ZEHEEL, Van der Corupt 5|

B AZ A B £ i R VO(0) = 0, VO AESptp Lag K v A dE R, H R IXDE0L d9Hessian4E [F
JEB AL, Brdet VZD(0) # 0. W 3HEZEA > 1, s 4 T 455t

_d
<CA:

J eil@(x)¢(x) dx
Rd

B AAFEASHOIERR. 550, W RIRA TN 1E I S AR TaylorJEFF, WIAT AR H] &(x) = x*n(x),
Hrn € ¢, xR a0x;x MR B 2 0. JATTHFIIE, RTREXx = (x), -, x )HE——
RAVE AT LS AR BT Q(x) = X3 + -+ X0 — X2, — -+ — X2 PIRRAERY, 1 e1Q0m() J
ABERAFE IR, BT LAE Bd A e g, FbLIRAT R R d = LIS BIE IR
FAE IR W IR BN FRHERD” XA v USRI R, HE5R8W0F )Morses]
#, EMS L.
_ 5|3 2.6.3 Morse5|IE
Z 485 F D (y)i#H L D(0) = 0, LR 22 CHIFELIER 2. WAy = OALGFAE—NRFGE
TRy > P, EFEIHLART R

I P 2o .
O(Y) = ST+ + T = Tp — T

BT RIBATFE R = 100150, BIREGRG [ e*Pp(x) dx BEEmRAbTh. BT o dFR1biim 5+
mx =0, PrBARAIA B HCIR A “RR T HIR R B 57 1 5 AR S AR SEAR A TF . D,
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im|

2.6

R

Uy 89
FAT3 G BT o € CR(R), B1E(x| < BEITHUEE AL, 7E{x] > BIUETERE, Bk
(5, SRS T DAY A T )

IA) = J e*PP(x)p(x/8) dx + f e?®P(x)(1 — p(x/8))dx =: A+B
R

R

Hp s> 02— MrErwEE. MATD, RNFFERAERZEII LA, HTp(x/8) T(-26,26),
BT A

26
|A] < max |z,b|f dy < C'6.
-26

BRI W2 B i 5 s v ARy, B idi2.6.1, A 115 21

|B| = j (L (P(x)(1 — p(x/8))) dx| < j LN @A = p(x/8))| dx,
R |x|>8
. . 1d, 1
HABL(f) = =2 (= f).

LB Spryp C [—M, M. i1 Taylor & 3 FiHessian 7 | () {F 38 4 P (B 4b F6 0 () iR B 4
%)%u, ﬁEC” >0, 'Ti?%l‘ |CI)’(X)| > C”le 73?5 < |x| < MEF"I‘EE\Zj }mﬁ;‘%%@%ﬂz$ﬁ@§&(ll*)N (¢(X)(1 . p(x/5)))
SEEN = 1L, A B T 15

- o)
L G~ px/8)) = — = (¢<x><1q) 'of)(X/ >>>

_ i [ =¥ )p(x/9) N 5_1¢(x)p’(x/6) _ P)A = p(x/9)
A /(x) @'(x) (®'(x))?

= IL*@)A = p(x/6))) | < CATH A + 8 Dx|™ + |x]72].

HAENIK, AILSRPUER
[N @A = p(x/8)) | < CAN [+ Vx| + |x| V]

FITLL, 240 < § < 15,

M
IB| < CAN f 1| "N8N + [x|2V dx < ANSI-N,
)

KA, BRI, FATEE] |IA)] < 6 + ANSI2N. ik, JRES = 1/3/A, TATHAS SR (5 ok 2
O



90 BoE A s AR
2.6.2 HENEREIIMTER

AFTEATAT AN VTR F S (B2 a2 e ah 5 R A B s 75 5 R A X S DR AN [F] . R ar
AR, AT

u(t,x)=Z%J

+ R

X ~ 1 i(x-E+tT) 4
eetipE)dE = 3 5 j e!®4219¢(£) dor,
d + Rd+1

o(t, %) = j (S (£ dE = j dEEHOH(E) do.
Rd Rd+1
RET :={¢& 1) |€] =], § €e RY c R (), P :={(£,7) : 7 =—|€]?, E e RY C R (i
VI IR A ] R AR T, dop B doy 43512 T BT 2 Fae S e, 2,
S YR P R e 1 R P A T DU A S 2 T 0 B ST ) T 4

u(t,x) = (¢ * dop)(x), v(t,x) = (¢ * dop)(x), (t,x)€ R,

AATRATE & — R 2 H i T
M :={(x',x441) €B : X441 = h(x")},

HorhBjE LUF s BRI — AR, b2 6 8L 1 2 h(0) = 0V h(x)|v—o = 0. #iTaylorE
o, BATE

h(x') = Z X X; + O(|X' ).

1<k, j<d

IAETRA e i A An Tl (AT Morse5 | #), A %

N

d
h) = 3 3, 4,2+ O(Ix'P)
j=1

HITE, A MR EM (72 IR /AL FI E IR (principal curvature), efiA, - L, FAEM S HTHRZR

(Gauss curvature).

WAEFRATE [EM B 75T ) Lebesguelll B do, Hojifi i XHMERM FEA B CEMIES RS, K
3y, f do = lim — L enyee F A, SKELF R FEMIB)— AN AR e (U RELEAE AT o 820 ML 2 0 T
IR A, AT ENE

J fdo= J fO& S h(X")V1 + |V h|2dx. (2.6.2)
M Rd
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— EM 2.6.1
&Y € CX(M), HAARM dadu 1= pdo (P € CP(M)) 89 & du X EaMEd— A ¥ d

M) & (surface-carried measure)®.

XA AT B PR AE R T OCRI R, BRAC R B2 P KX AR T G 3 A S A i el o D R i O 2 P D
— PR

A EEA I
el 2.6.4
FduAM C R4 Loy —/ 3 3Ed @) &, BEM&9Gauss® £ £dudd L E AL LIER, 1

|du(®)| = O(I€]74%),  as |E] — oo.

MERR. AWK = (X, k(X)W1 + |[Voh|2 € C2, MFRATH Lk dus 1F

(/1;((5) — J‘ e—i(x/,§’+h(x’)§d+l)lp(x/) dx’. (263)

Rd

BUAEBA THEE AR BT AL () 22 ) 53 R 3050 R N Ega| > I I}, B M £l < clE 1},
Horb e B A7 E B e /e

TEETERIME | > € IR, BATGHE B FENIERL, SR (L I A8 3 (14 L 88
Hogh vl LS 1
x' - §"
§d+1
M@K HessianJE 1B 14 (IX /& Gauss H % JE Al Vi,fb = —Vi,h HELRUERT), #8 Van der Corupt 5] E
(fr/5i2.6.2) Al 15

—i(x €+ R ) = AR, A =g, B(X) = —h(x') —

|8y > € 1, [du(@)] = 0(A-42) = 0(,4%) = O(I1E|42).

TR B E 4| < €'}, BATEA = |€], (') = —h(x '>ﬁz;; _E i v (2L )‘
HeT /N IVx/hI'ngf' 1/2, FiLARAIEE] |V, @] > 1/2. HEr 2.6, 14,
| Egnl <€ |, 1du@)] = 0(I€]1™N), VN e N~
HUN > d/2B[HEEE, O

FFiMorse5| BRI AAG FIRIUERE, FATAT LA R0 R s



92 o e el LIE N e R E P g

#iL 2.6.5
BEMARM g ey @, HAEXFEHENE doy, 9 X ERNGE— SRR AmANIERG T HE
A

1§ doy (&) < CIE|7™? as |€] — oo.

WAEIIZ g 155 77 RS AL PR T MO R A BRI T, 7 W 51 77 RS 2 Py e b T g R+ e
HOHEND . ARV E B RZDT e PR, el R - DNIERRN A, i iAamp
R TR W RIS RGN HET A, SO T I0 EE 1 8 7 AR e 1) S U 3 gk
AN/ 28y, SXIEEFARRE T Bl RE R RE 1 T REAR ISR IR R AN X B
A8 2.6.2. A% EmXBaEH RAK A E, B RAVEIE LI @l E AT 2ot T el TRk
ABIRT BB hEA R L0, ERAEFITAZEHFTAANBE, pRALERRXE (BN
—ANAE R 89 Lebesgue T ARB KA 09ME et TR TRRBI BT A A R L &), Ak, KMNTEF ZAEM
o2 18 ¥k £ L T Littlewood-Paley % i 69 42 7 i R IE B ;R A& 09 4518 . ARG 4957 T A A L Sung-
Jin Oh #£2018F £ %4 5 &9 —/~Noteshttps://math.berkeley.edu/ sjoh/pdfs/dispersion.pdf.

P2 RILATRS BTN 35 AR EEE— B B0 br . Bl C2RE), ai2.6.42 — N EHERIRLE
W BERESERNRREa, TAREA M. %%ﬁ%ﬂ%ﬁﬁﬁﬁmﬂﬁﬁﬂﬂﬁ JT VLIS 5 B 5 A
BRIy, PSR G SR — DL 8 ml [ 8 B K i . By e C°°({ < €] € 2, fEHEXHME
mE# O%Kﬁzkez x(27%&) =1, 5 X Littlewood-Paley % & T

Pof(€) 1= x(27*Ef ().
?% AP AT S MR — N SRR, R B = 26y IR B X I

=< Inl <2

/

[\

HIE S R
BESE AR B iRy (§) = —|€P, HiHessian 9Vhgy = —21,, 7 EMIBADIET 902K 1 305 1
AR, 4
Kt x) = Caf D (27 dE,

Rd

Horfreg AT AR 3 — 4 7 e AR B HRE = 29T 15

KN, x) = cd2"df e () i,
Rd

2279t > VHEE RV AL B SRR — AR A I, SR SEAVEBA 115 21

|K3(t, x)| < C2XI(1 + 2%¢])=4/2. (2.6.4)


https://math.berkeley.edu/~sjoh/pdfs/dispersion.pdf

2.6 RGN 93

2270t < I AT AF 3 F — MASER . 55 A0m B LR 2 RSB, W ARALAR B AESpe b
HA ST MMEEN e N*, RE R 715

IK3M(t, %) < Cy2RI(1 + 2F|x| + 2% [t])7V.

BUEFRATRTISR AT o Hil 222 |¢] < TRMIRIER 70, B THEAR Y 24 < Cle =42, FEH ML
1, BER g, = 278 x/t RATE2R 5 (x| /|t FIFTE AN EE Y R, B E 2 R ERA
FHABHT ko 75 ZAE T (2.6.4), HAEMIBHIA S HSETCle|~42, HRMBIRN > d/2, AR
i TE IR U RBOR A, AR RIC e~/ TR e B M BEE WAL A2 |K5M(t, x)| < C|t| 42

IXAFNRAT T T8) SR AT IR N B 5 15 T R 45 R A 1)

2
K50 (¢, x) = (4mit)~/? exp( 1] ), t>0) = [[v(®)|l[oma) < Ct‘d/2||go||L1(Rd). (2.6.5)

HHE S KA

BB 7 AR SR TP A B Ty i={(€,1) @ T = =[], € # 0}, HEMITAIEA N,
1L T ) R I ARG AR T R R ER . 7EE # o, IR

VD = |§|( _%)

RAERERIMONd — 1; EAESEREER — 1M A5 A EARRIE, R A ERRHEE NS . X
ANFIRFAL 7 1) LA HE T (0 ELRRERT5 7)o AR (4005 = AL - A% O

Kf(t,x) 1= ch eI EEED (27K E) dE.

Rd
TFRREEIRE = 2w)a, XADBUIAT LS

2
K (t, x) = g2 f f 2 wxt) v (pay)rd—1 do(w) dr.
1/2 J sd-1

x| S AT, ARG SR x| 5 (e FIBTET S5t B AR AR G HE R, MR X (d—
DA R M. 45624 < INEREb T, 1T1E

|KE(t, )] < C2+4(1 + 2¥|¢])=(@-1/2, d>2. (2.6.6)

RKIEARd — 1M AEF MRS B vl ERr s 45 R
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BUEZS [ — IRAME BB T fE, HdN

u(t) = cos(t| Ve + Sinl(tvllvl)zp.
XH PV R EREHAR A P(ENFE). fEAliteIVIP, fi, FTHEAZ A AR B8 BRS T

Ko HETEP, FIMIZE YA FAENT; IXAREAE(2.6.6). FLH Young NG, JHHER |V EBKM
B bR T2k, A

()| Lo (ay < Ct=@=1/2 Z 2KE@D2|| Py o] 11 ay + Z 2KE@D2)| P || ey |- (2.6.7)
kez kez

LB, Yr&SchwartzbRH, WA 3 AN NS, L ([u(®)]|pooqmay = O @D/2),
Fid 2.6.3. IR T AR X o Hd @t EL2MEERET. SHENEMER, “—ANEERE
B ETTARFNRR” ZeAR2.6409N %5, o, aEfe K i i B3R iE) 2 L0
5T, BLFELE—FEALFHOL - LoF1(2.6.5), mebcMEFEBELE LR
IR, BHREs FAENGET2.6.7)E e mE— M ARG RMERT, REHEN,
AR HERRT—F,

SRR 2.6

SJEm 2.6.1. &® € C¥([a,b]). & LI,(A) = fi’ 90 dx.

(1) &|®'(x)| > 134 ZFx € [a,blAF AL, FEA: FEZL > 0, AR F X |L(A)| < 3/4.
(2) #|"(x)| = 13 Ex € [a,b]#r =z, EH: JEFEL> 0, iR ZAF X|,(1)] < 81712,
(3) £Q)8BILT, ERA:

b

J e**®yh(x) dx

a

b
<8172 (J [%'(0)[ dx + IlP(b)I)-

SIEH 2.6.2. Airy B389 LK

. 1 i(£+xy)
Ai(x) = o BCAE dy.
R

TEB e T 45t

(1) do b/ SR RMcaREY, B3tiEx € R, Mk lim — 7, ST dy B

N—ooo 27

(2) BT HC > 0EF |AIX)] <C, JAI(x)| <CA+ |x])~V* *sHEEx € Rk Zo
(3) Hx - +oobt, HEZEEEKKARA |x|k|Ai(x)] — 0.
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(4) A Airyeh 2 & T Airy 7 A2 69 fif
du=3duinR, xR, u(0,x) = f(x) € S(R).

W37 fi it osup, [u(t, )| < ClEI™ fllpaay-
(5) & € CE(R), EHA:

f Gy () de| = O(|€]713), as |£| — oo.
R

1o 2.6
BIRR 2.6.1. ERA: ¥z 3R @ SO L ad iy w2
Gei(€) = e, (I€]) + e Fla_(|€]) VIEI>1,
b o, AT Y R

a1y

105w, (| <Cur™ =2, Vr>1,keN.
iB)R% 2.6.2. ICRIF I E(EHAB, 1, AB T HF. EH: BLEFHC > 02137

T < CL+ €D

FAE T AR A5 A A6 5 (P AR B 40 24 &) #&, WIFAEC2.3.,
7 5i2.6.3-2.6.41% % W.Evans [3, 554.5.3°17].

iB]FR 2.6.3. i%a € CP(RY), ARIEF F o Ex AT E, 1E9: Ye— OB A F L&k X

T
lzsgnA

1
(2me)d

J exNa(y)dy = (a(0) + O(e)).
Rd

det A
H dsgn AR 77 [ ASY EAFAEAE /N RORE R AFAEAEAN L
SRR 2.6.4 (P BEF B U A SR R). 150 < e < 1224, F Bk H AL e m{h P A

8u° — Auf =0 in R, X R4, (uf, 0,u)|,—o = (g°,0). (2.6.8)

FBIX g (x) = a(x)exp(ip(x)/e), & Fa,p € CX(RY), LA&Spta T EAVp # 0.
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(1) 39 FRBBU(,X) = 2(050,%) + E(0,X), %P

1 1
@amﬁ=———f‘[a@wfwmmmy&,%OJJJ%=QF%%yiHﬂ+p@)
e ) o)

(2) Tty > 04k DEF, HH He — 0B us(ty, x,) B9 IR o
BT FERPPAA2.6.30925 1A Morses| ¥,

2,63 BUKESIMHHF—

N RIE AR R D T PR f TR0 R PR ST AR A TG 53 e AR 3R RURE IR . TS THI P TR A
Ao —REMZHE YIS R i B IR R B ARSI RE, SCE T2 AR
3 ) B B ISR I, ATl T P 45 R B B B RN T XA ST M AL R B . B o
HKakeyald @l .

&S ¢ R At E, dogfHMENE. #F € SR, MF| ARG E L H
XM IIF € LP(RY), HH1 < p <2, Hausdorff-Young &5 R AARIEF & — N L FAb ik e X
WILP B, 1 SAERH [ Lebesguelll 5 N2, FTLLF| %A B s L. B2 MBREIEER (Fourier
restriction problem) "] [¥]:2&: M2 GETS LRIE

1 Isllzas. dog) < CIIF ||Loqmasy

X HLE G M p, gL ? AR TE, XA TR E S SR E T

egwm:=fﬂﬂMk@Jm%@x)
S

G EIBESLY (S) > LF (R T, A2 (S B T, SO A B T AL e
FRRIIE R, M TE S BT AT U B T OB T T R U 50— A
G % LA A Gauss 1 5 T F Tormas—Steinsi L ) — A HL i 1R

I€ s8]l r2wararagany < C”g”LZ(S,daS)'

B _EIRFEAR AR T ), 37 i BR ) 5 AR UK B o P AT WD RERHR B el — D, B3R
HARRG T ESR i T AT HE 10 Gauss #14, AREEIEN AT BA ARy A O HEm ;i
FH S BR A T B AT AN R A i S AL

MecapZltube: SHZZ 8] SYIR =SB HIXT B2

] — MR E R ER > 1, H46 = RV fEAFIERGaussli R F, $ED)1A
Wy EAR 2 NS Wcap . 45 & grtcaply, IHFAEZRIMTLIT I S Bt = h(§), W TaylorfEJT 3£



26 RGBS 97

U HYIAAERELOGN, MIRVIFRLIR, ARG, LRI f— %
[RGB LGEEGHT, T LI5S A 2 )P R RO BORY s BT BldEcap
B TEEIE TS = RIS, BRI

§X - XX
—_————

d MY
H (8 7 AR (AN E VE SR B, e AR BRIN 2 rhont L AR A B o 4 U

571X X8 1x52=RY2x .- x RV? xR,

d MEIR T 1R d MEIE 5 A

X e R EZINR . B AR L R 2 [KIR-tube,  FLAHTT ) HSTEO AbHIVE A B HE .

KR NEGIREZAL: —cap O A E tube )7 15 REE, FEAME KA E . L EA
K BRI REL, BEESFMINA AT S8, ARSI K O B [ tube.
THER (A6 < R A

(cap 6, IHNIE v) <« Pl gy, <«— tubeTy,.

B e] . M B S-capf . A EE A 77 g AN (¥ R-tubes

Y [ 7 g;¥1? iﬁﬁv:%%fgét
X) //// 61 .
0 ) ;;Z:::@;
‘ s > ﬁﬁﬁéégﬁ_ﬁt
. 64\
65

P 2.15: A 25 8] ) S-cap 78 55 5 Y HE 25 [A] HP I R-tubes. AN [FcapMiE 7 IA], S50 MO U AN [ () A
&, XFRANE T A B R-tubess  [F]—Ncap HAf 78 tube ) 7 R AR, 2088 25 0] S 40 v 49 31— A
H P47 Jtubes.

N AN EER RGP SRR AN A R fEube N . V5L AE], B a €
CE(B(0,1)), FHHE MK &

gov(§) i=eV4a (—f _556) :
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Hrbcap O NE,, TABIE Fe VA A 7Er = OB SEH7Ex = vIftiT. e Lo

Esenov(t,X) 1= f ei(x-g—r|§|2)g9,v(§) dé.

Rd

(EASTR B £ = £, + 8y 13

(E'Schge’v(t,x) = 6dei{(X—V)'fe_t|f@|2} J eilye,v(ﬂ;t’x)a(n) dn’
Rd
Hp Wy (g t,x) 1= 8(x —v —2t&,) - n—t8%|y|*. Bk V,¥o, = 6(x — v —2t£,) — 2t8%n. FEMER
FE|t| <R, §=RV2N, At|6* < 1. Bk, HE |x—v—2t£,| > RV, IBAMAKLT 9t A I
FE, MH [V, W, | 2 8lx — v — 2t |. XA X2 Lo 3T

V, Yoy

L = . Leilps,v = eilps,v_
llvnlpe,vlz

\Y%

”
LR R R IEa b, It Swbe W EEAG TG I, ([FRZXMEREN € N*, B
.8Schg@,v(t,x)| < Cno84(1+68|x—v— 2t§'9|)_N, |t| <R.
R UHNZ I AR A% S E fErube N, T
Z L fEtube Ty, 1= {(t,x) @ |t| <R, |x—v —2t&,| SRVINEBEIEEI I

XA tube Ry x = v + 20€,, KEEN R, B L0 VR
B, —Acap T RS A W SR R AR VF 2 B 0. TESEBRIGMEAL iR eh, T LLibvE
BRI AS RS £, Bl v € 57124 = R12Z¢, SEA SR T AR S

§=2.8 8 =2,8vwv 8=, &8y
6 v 6 v

DRI [] — A capof N — 507 I AH A A BRI R~ F4T tubes,  TIANZ R0 N —HR tube.

S, XML - &+ th(€), FIRERTHE R B AL VR LA 8 R x ~ v — tVR(E ) 1%
. WYNHRIAE) = —|EPS hx = v + 2tE s FRAMEFIIZN N x ~ v tlg%' XoF A T 2 5 R 1
TE|E| ~ LA, FHRMARE PG T HERVAAS ) BEE TR, IE TR EASMAL 7 5 25 8] &)
AL, A REAE 4 il ZR dh TR ) cap TR IE 7 M . BE L AACHE, AT HE TRV B SR X ORUBE 1) 891 %62,
HEBRMERR X RV X I R MR FEA > BI9E6I5, A 15 BIBAIIN 25529 R Y2 1)
R,

izﬂjcapﬁj\ﬁﬁﬂﬁfﬁ “JEEE:_FEHEIﬁﬂ_,ﬁ[E]'\]Littlewood—Paleyﬁﬁg” : jE]'f:JELittlewood—Pa.leyﬁj\ﬁﬁ
SelX 7P IEE RN, AR E BN, cap i MRFFIX 7R TT 1) o A5 AN [F) BRI BUF o R 8 S SCER HL
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AFHZZ, MIPlancherel{E 25 45 H B FE A H) 1E A8 P

2
= > ||Fol2..
JEEC

TTAELPZS A, 455 p > 20, FERIEEXRER A ST, IREIPE M. P BB S de-
coupling FHY ) — ML O A A TEL2UAAN, RRlcapZ [IEAREE T 2/ “JL TR 2 X
AP, BRI 0 — 4 £ 2t T30 3R A BEORE 0 TEAS e . MY SRRk

MEREE SKakeyalo]@l

WAL I3 AT 22 R ) 1) A A O W B S (R R B AR T LA PIAREARONS . KIENTINANE 4
DA o > AHEE, MEATTHI S RAR AR B0 2

5d+1

T, NT,| S

J7 [ RAS AR, BN, (HSFZ AN 7 A B4 R B, PR AR AS B4l vHAS 2 DA ] s
HE, Xtol 7 Kakeyald @

N 4275 [l K akeya & 5 DLRA A5 Gauss 32 (10 #f  9RY s 064 T A0 JR) 306 T ),
07 18 R 4EBOE 5 AR 1A B4 S AT VLS . A TEBK € RV E R J7 10 B — 2k S g B, wl
FRK KakeyafE . Besicovitch#4ifi % BiKakeyafE i] UL H A Lebesguelll £ % . Kakeyaf5 1A Hausdorff4
B S5 Minkowski4EEr AP R IR, EATEIT S KakeyaE N B A i K 4E%d + 1. %ﬁz@/\ﬁEEJ%XT
JS2E) A2 HN T € EMinkowski/E ;7R BALERI_EHC—MRCKIIS 77T 4, EEALISANTT I
MEEATT [ & R BN, B NSIANET,, WX ERe > 0, JH4H

> C, 406°

X LGN E THORRES, 546 = R7Y2, B33 E 0 HKE AR, 1 NRVPIIME . Fik, R
%J1Ei+¢7ﬂﬁﬁﬂﬁb§z@ﬁ%’£ii}#%¢ HKakeyaZl & fE 2 AP EIE S, & H AL EE
(RPN THT o P2 14 K ) Ay 116 LY B 45 10 T 5 ) Kakeya bl K bR B 1 B AL S B
1t

Fid 2.6.4. B £2026%F, KakeyaE A 2 — 2 F Lk, E=4 W £k, Joshua Zahl 3k,
R (A A) 69H 7T A Wit L https://arxiv.org/abs/2502.17655 AR Larry Guth 4947
#* https://arxiv.org/abs/2604.03416.
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100 o e ol LIE RN e R E P g
WS OB ENEREASHEEXR

a5 MR POFFITHE R MZ OIS . 9 TR 5 RTIC S ¢ ROVl 4R d )G S IRIE
LA Hn > 2 RonW B (] i 4E 5

(1) MENTTFER) Sogge FERAIBIHIE
, ) p 2 p
% p> 2B, MAENTE: HH{ERe >0, BT
1"V E || Lo 2y < CE’P’””F”WSP‘%”‘P(R")'

55 18] 58 I Z ) — AR LPAG VAR L, I 8] P 2548 43 i R Sobolev i B FEAIR 1 JLF-1/pbirs X BLR
FAER/NeBR, AT 3 s ) AL

(2) Bochner-Riesz35%8. & X y
SeF 1= ’(1 — ﬁ) F(f)]
RT T R2 )

1
a,(p) := max {n
P p

» RE na > a,(p), LA KTR > 0—E M1t

M1<p<oo, &

W=

(i

sup ||SgF ||l owny < CpanllFllLo@n-
R>0

I AP B = o, (p)ilE & FE 8 5 A A 5 ()AL B, 2 p = 20, o = OfAi i1 HiPlancherel{H

SR
(3) BIZMRFIMEIFRE. WS c ROEZOCIHHE M, HGaussiii RAMEART . & SGEHF T

E5g(x) 1= f e g(£) doy ().

S

2n n+1<n—1

2

>
125 q

b

I€s8lLawny < CIIgllLrs, dog)*
55—k B I B A ST AR AR TG S I A R, B AN Rk B g R E— MR
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/Nicap b3 i Knappil 7. $Fld, r =20, 2 AKAFS

22(n+1)’
n-—1

XAMVEHE C 4 H Tomas-Stein € BLAG 3 R P45 AE B IE AR MR O )72 —Mr ook 21 58 22 48 4
(4) Kakeyad&28. 4T, 5(x,) C RMERTTA w € S KE N1, A NEHtube, E L Kakeyatl
KET
1
MsF(w) := su J |F(x)| dx.
° xoe[g" | T,5(x0)] T,5(x0)

Kakeyatl KEREGEW 5 . M{EEe > 0,

||M5F||Ln(§n—1) < Cg’n5_£||F||Ln(Rn), 0<d6<1.

AR L Kakeya 5 8817 5 . HK € RS EATT A LK — 26 A2 B, WK i Hausdorfi4k
HMMinkowskiZE B S Tn. T AR B& B THE & XA T LT 45

RSt s, FEAEANIR] 1) B B AE R ERR XS RS, EaR AR R A G0 T B e 255

R | = [Bochner—RieszB48 | = [ M7t IRAIERSE |
U
JUfAKakeyaE 48 | < | Kakeyatlz KRG AR

KRR MR A Z MFECALEE, FEARRI AR A . Aok, ATH A Q2
B K akeyaZlUfli TH. 2 ZMErubefliTHEL decoupling fili tH 23 3R 8 /3 BRI PE M 11X & B (1 IEBA
Jiid, AR BRI R A DA R B USRS AE, R RO TR TR — 1
FRIAN TR T = gl 2 A (AT S A W e A P B A TR vh O R A 4, LU A L AT 70 8 9 s e A
2 DI ALIEAZ
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FZE —YAERENSEEE]

Hil— B AT G T A e SR AR R R 8] Th e s T R TT R, HE i i — R RUE RO ANH L
Fo IR BATR CLE A FIRAE Leik . (S0 AR Bk S5 D5 2R MR o B s i AROAR 2 A A 1
FEAT T DX IR 25 PR AR > T RE SR A, B — MR R AL . — IRA PR K52 k3. —
AR AT AT SRR . AR E TR MR R R XN B T RE . TRE S Laplace 5 RE HISK AR J5
%, HBRRAE B A SO ZREE IR & 0 Hr AR IR R 0T SRR AR, RS
R EDURIR T 4ER SOl A E BRI A B ACEVA AU R, RIS AR [ 1
ERFIEAEAR Y B, IR SO HE AT T i AR, BT T 2 e AT AR )

31 BAENSBETES

AT IR A SRR —4E X TH) s iR, HA AR BAT IR BE 152 4k3h. N T
TSR, BAMRBXEAQ = (0, 7), 5 BT i A Dirichleti B 54 10— 4ER 5

U, — cuy, = f(t,x) t>0,0<x<m,
(u, u)li=o = (p(x), P(x)) 0<x<m, 3.1.1)
u(t,0) = g,(t), u(t,m) = g,(t) t=0.

MAREEE, JATA DRI AR g e — o BRI R 3RATTRE “ SR AT A~ fidt i) IR T 2K
TR0 SRR BRI A sl 6 7 A2 (3. 1. 1) A ME— i

3.1.1 Dirichletihl{E&H
PATELEES = 0,8, 8, = 0, Bl A Dirichletil L 2 A4 11 55 VR 5 7 F2

Uy — Py =0 t>0,0<x<7,
(W, u)l;—o = (p(x),P(x)) 0K x <, (3.1.2)
u(t,0) = u(t,m) =0 t>0.

103
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PATHAE “T " i BA LR B, Blu, x) = TOX(X), WELANTEG.1.2) 3

T"(t) _ X" (x)
c2T() X(x)’

T"()X(x) = AT(H)X"(x) =0=>

ﬁ¢ﬂgz SR edie, 20— il —# MR TR B TR, 2fF-2. T
AR EIT, X% Bl 2 — A R i

X"(x) + 1X(x) = 0, X(0)=X(7)=0 (3.1.3)

Zil
T"(x) + AT (t) = 0. (3.1.4)

ARG L3)E X, AT LIERA > 0. Fsg b, AT BIETT 12(3.1.3) Il e LLX ()24
JREQ ERR 13 5

J‘XTX+AX2d ———J'((XQ”+AXﬂdx—
0

0
R <0, il fEiX =0, 58w = 0, 1M EMEIFA EVIE %M.
A > O, ELACRIRE W T 15

X(x)=0C, cos(ﬁx) +C, sin(ﬁx),
ARNIIE XX (0) = X () = 015 2

C,#0
C,=0,C, sin(ﬁﬂ) =0 sin(ﬁﬂ) =0=>1=n% n=1,2,--

XA, AT DA B0 57— R (RS G B 4
A, =n? X,(x)=sin(nx).
BUTEARASIE I ARNTHI TR, BERER A SRR HIT, (0):
T,(t) = A, cos(cnt) + B, sin(cnt).
Bk, BAVER A5 TR

u(t,x) = i T,()X,(x) = i (A, cos(cnt) + B, sin(cnt)) sin(nx), (3.1.5)

n=1

Ho R2%A,, B, M AZ Y He, pRIGE. sk b, AL REER T LI E (BIE B4 =



3.1 PO BEAEL 105
0, LA AEQ uty I AL 2t 4t = 0)

2 (" . 2 " :
A, = - L ¢(x)sin(nx)dx, B, = p L P(x) sin(nx) dx. (3.1.6)
IAEBRA TR AUA TR W Bt BT 25 8
— EIHE3.1.1
B #mitip € C3([0,]), ¥ € C3([0, 7r])ith % 48 Btk S

9(0) = p(7) = ¢"(0) = ¢"(7) = P(0) = P(7) = 0,

0| 77 4£(3.1.2) A —fEu(t, x) € C*([0, +00) X [0, 77]), & & XA

u(t,x) = i T, (H)X,(x) = i (A, cos(cnt) + B, sin(cnt)) sin(nx), (3.1.7)

n=1

¥ R2#A,,B,FT

T

2 (7 _ 2 .
A, = - L p(x)sin(nx)dx, B, = P L P(x) sin(nx) dx. (3.1.8)

WERR. AR AT B0 IHE DB AR A R 1, B st AN f RIS RE . X BUIE
W B VU E R HLA,, B, AT EMEm AR VE A (DRAIEAR X “ MRl Abi
LA RE ), AR A BB BAT C? x C2 IR .

E—$: MYMEMEEIMEBRF. EZhiitiEd, RITCALRIEA,, B, 7 2 a0 T4

o(x) = u(0,x) = i A, sin(nx), P(x)=u,(0,x) = i B, - (cn)sin(nx).

n=1 n=1

T RATA G T[0, 7] ERIWME, A DAE o342 WME IE 3 AR i 2-J8 B ek . o T 3RA1T
BRI EA CX([0, +00) X [0, ) FELE AT G, B LUIAAE 26 14K BHu(0,0) = u,(0,0) = u(0,7) =
u,(0,77) = 0, #HMip(0) = ¥(0) = p(xr) = P(xr) = 0. Lk, FATA LU, pIEF SR B F)[—7, 7] b
7R, AR IX — AN R E 2 HE [k — D, Qk + D], fif5e, wA8 k275 4 %

Uik LA A 40 2 B A 77 X, DR DAk R A 4 ke 1 o 0 8 57 SR BRI LT R IESZ s B I, X 5 3T
Z AT 2SR T A5 R IE W 5 1 -
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BT, pRETEREL FTlle(x) sin(nx), P(x) sin(nx) AR E, XFEEHE

T

p(x) = i @, sin(nx), ¢, = % J p(x)sin(nx)dx = % f @(x)sin(nx) dx

n=1 T 0

P(x) = g:l Y, sin(nx), ¥, = % L P(x)sin(nx) dx.

52 507 R AR B3 e, @S RIT L, [EH A, = ¢,,cnB, = ¥,.

FL: SHYMEMESMSM. BT RIATTE L VIHE 7 L0 LR S %, 1
fRAETHAEL0, +00) X [0, r N B A CPRlftE . L BIiE B, AICESEH TSR uflu, 76 M 5
ﬂL(t =0,x =0t =0x=n)BHELMERKLE T ok, ﬁﬂ%%ﬁéﬁ?un@ﬁ%ﬁﬁi%i—iﬂ
gL, Aa4x =0, AU (0, X) = u, (0, x) = 05t 29" (0) = ¢" () =

B=4: VMENENM. NTRIEMEMAST = 0} x {x = 0}t —= lek_ SEIK QP
FRu, 0, ,u M 07 ST AR — B, ARt AT B, ML TR, K
T =2, n*(A, cos(cnt) + B, sin(cnt)) sin(nx). A 7 RUE—S0EUE, FATESRBIME @A) 7> 51l H
ﬁ@ﬂ@MEW@ FHe b, nica,, b, Ne" (x) " (x) KIfESLH 28, AP IEASB, =
™ FlA, = —2, Wi

(C )3
2 2

Z n2(A, cos(cnt) + B, sin(cnt)) sin(nx)| < C (Z M) < C(Z ap + bz)(z i)

~ n n ~ n = n h " nZ :

Al FParseval B 5530,  FATRITEA LRSI . S0, AT AT LA IEw AN e 18— K & 206 B2 37
I AR — itk O

IR 3,11, F b, AT AAENHABIET AR S g € C2, ¢ € CL, X 5742 2Rt AL
B FRINEKARR, 12RIEAT EFA TR . EXAMBRIRT, &AE Z S mEE L s

P(x) = —0(—x), ®(x) = P(x + 27), Y(x) = —¥(—x), ¥(x) =¥(x +27), x€R;
D(x) = p(x), ¥(x) =(x) x €[0,x].

L EAVT AR A N RN XKBAREAE A (D, V)94 3 H A2, CCHBAU, f RATE K6 ul
T AMAEU [0, r| X 18] L ag FR ). RAVR 2 = 48501 9 4F 51 A

SEIE 3.1.2. FH R A0, m]ek A — AL 49[0, L], AR A 3T R 694 IEfA R A, = (””)2 HAERFAX (x) =
sm(Tx), Xt 694 et R KA

L

2
0

L
. N 2 . N7
p(x) sm(Tx) dx, B, = I L P(x) s1n(Tx) dx.
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— 5 3.1.1
A BATVRF— AT

Uy — U =0 t>0,0<x<m,
u(0,x) =sinx, u,(0,x)=x(r—x) 0<x <, (3.1.9)
u(t,0)=u(t,7) =0 t=>0

. MRAEZ AR, BATRE R RAT A

u(t,x) = i T,t)X,(x)= i (A, cos(nt) + B, sin(nt)) sin(nx),
n=1

n=1

R KA VM e(x) = sin xAlp(x) = x(m — x)KHI T 2 A, B,. TEEFH3.1.1, RA1E

2 (" . 2 (7. 1 n=1
A, = —J @(x)sin(nx)dx = —J sin x sin(nx) dx =
T Jo TJo 0 n=22
PL &
B, =2 [ geosinnrydx = 2 [ x(x - vsin(ux)d
"= 01,bx sin(nx x_mr Oxn x)sin(nx)dx
2 (7 d [ 1
= L x(mr — x)a (_ﬁ cos(nx)) dx
2 S
= _ﬁx(ﬂ — x) cos(nx) . +ﬂ L (m — 2x) cos(nx) dx
=0
4 0 4 o 0 n=2k
=—Wjoxcos(nx)dx=ﬁ(1—(—l))_ s P
(2k—1Yim
Fr AT7 RE HIf# R
u(t,x) = costsinx + i __8 sin((2k — 1)t) sin((2k — 1)x)
’ = 2k —1)*r '
[F] B FRAN Tt AT DA B B2 00 UE AR A2 A A M 2 A O

T RIRATAE — A O T RAFE3.1.1), (HF L AL AT S — BB AL f = g, = g, = 0X
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ol 5 fi] B0 (5 L o

f#0,g,8 =01ER

AR AT S AR W IETFIN, Ry A8 I Duhamel SR AR 7 72, (R FRAT0 F 2
FLHFLEQI “HRANTTIRT , T4 DAL 3R AR 2 A HRE A P B VLR A SR B
FA M BB AR EL A 1 F R

u(t,x) = i T,(t)sin(nx),
TR f (¢, x) AN AL g I 2
f(t,x) =] fo()sin(nx).
n=1

R, KRR IEZPERIT RTINS, BOu{sin nx},en. L0, 7] (576 25 1IE A2 3
L, fIIREXRNBBITRE, 52 R 5T, o 5k

T, () + 2T, (1) = f,(1),
XA REA] DS w502 G vkok i (Wl 2R T, (¢) = C,(t) cos(ent) + D, (t) sin(ent), ZA 54 [A]
W 5 R B AR L CL(0), D, (1))

t

T,(t) = A, cos(cnt) + B, sin(cnt) + % J fn(©)sin(cn(t — 1))dr.
0

EHERE f,(0)FT i
fa(t) = % f f(t, x)sin(nx) dx.
—RRIER

g1 g # 0, RATATLURA A LN g1.g, = 0 OHIBL. &
(e, %) = u(t,x) = (1 = g () = Z&:(0).
S AT BB i 2 7 R

X X
b = g = f = (1= Dl - 2l o)
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I
0(0,%) = P(x) = (1 = )g1(0) — Z:(0), ,(0,) = $(x) — (1 — 2)g}(0) — =g}(0),

AFFAR v(0,1) = v(z, 1) = 0. XA S # 0,8, 8 = ORITENL.

A, FATAT CATS B B A Dirichletids 5 254 13 80 7 FEMA I a0 R 2518
— EIE 3.1.2
Bk #1{he € C3([0,7]), ¥ € C*([0,7]), f € C}([0, c0) X [0, 7r]) i#h & A8 & 1 514

9(0) = £,(0), ¢(7) = g,(0), P(0) = g,(0), P(7) = g(0),
g, (0) — c*¢"(0) = f(0,0), g;(0) — c*¢"(7) = (0, 7).

W] — 4 B 75 A2
Uy, — cuy, = f(t,x) t>0,0<x<m,
(u, u)li=o = (p(x), P(x)) 0<x<m, (3.1.10)
u(t,0) = g,(t), u(t,m) =g,(t) t=0.

A E—# u(t,x) € C*([0,+00) X [0, 7])

t

(o] . 1
u(t,x) = E (An cos(cnt) + B, sin(cnt) + - J
0

fo(7)sin(en(t — T))dz') sin(nx)

n=1

X X
+(1 - ;)gl(t) + ;gz(t)

L 7K A, B, [, Bhe T2t R4

Aféﬁxam—u—ﬁgw—g&@ﬁmmmm,

Bﬁ7%ixwm—u—§g©—§$®ﬁmmww,
_2 "
=z

£u0 =2 | (0= - D80 - 280) sintnn) .
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3.1.2 BWAGIT: K. ik
% FE A PR BE 1) — e 3% 3

U, — cuy,, = f(t,x) t>0,0<x<m,
(W, u)l = = (@(x), P(x)) 0<x<m, (3.1.11)
'bl(t,O) = gl(t)’ u(t’ﬂ) = gZ(t) t > 0.

JIREMIWHME R 7R 5% B — mATIRIN ZIRI AL A% () LA A AT 4R I 2 )38 2 (IE L T9). Dirichledcd 26 #F
gy T sz S R ARAL L (g, 8,), ARTFIRIS (¢, x) RV ERIAESZ L1477

oy B AR AT LA N BT REMR A B AR IE R TR RS DU = g1 = & = )R]
CAALAE SR BN, 4RS5O A M A] LA R IR LR

BlF—: TR

Nf =g, 8 = O, RISZA M [ A s, HEAMIEREZ E. B, &R EE
IS i o] DAL E B AT R e IR I BESR M B n . s b, MWRRE AR

u(t,x) = i T,(H)X,(x) = i (A, cos(cnt) + B, sin(cnt)) sin(nx),

n=1

FATVE A — X, ()T, (O)FRES i T

u,(t,x) := X,(x)T,(t) = N, sin(nx) sin(cnt + «,,), N, =1/ A%+ B2, «, = arctan 2—:
5% FATEE six, B, (O)RE—MZ S fEERsh, HIRE Na, 1= N, sin(nx), i)ﬁﬁa)n =
cnFrEE B K(natural frequency), ¥IUEMIA Aa,. Fral, W a, =0, MEx =0, n—lﬂ /4
WA @, = 0 O, fEx = 5,2 BEUT A g, = N, B, AT, ﬁuwzm&mwm
HIRIE%; EEE L, @Zﬁ*ﬂ/ﬂiﬂﬁﬁﬁﬂﬁﬁﬁ%%xﬁl% N “BESIANE)” MIEIR . X KB
NYFEGE (stationary wave). FLUNH WL 5Z SR 28 AN SR A8 0 e R 1 5% b i B i A A v (1 B i ot
TR, BIEMRES R[8]E & H4.27 (BEEHI T,

BlF=: Hik

Mf # OB, FATH UL RSN ZIBHREN (forced vibration), XN A 2 B AT U 1) 2 4k
(resonance) L 5. MWL Lo, FLHRIGAE 7 2o o A B AN 0 AR 55 T e HAEH M R 4
1) [ A AR I ?)ETFEiJJHEI"Jfﬂgio 5] a0 — AR A i [ 5 1) 5% e A SR AE — AN JE A 14 S R sia ik
51, ABUIXAN RSN IR S % 2R i A AE IR A S, AL = A LR, BPsZek—uk s
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PRI MRS Bt 5 I 8] A S KT T 55, X ARAEIE — I 2 S B2 R . RLext TR 2 TAZ ]
BB, R ) R UEILIRI G R VE B S Dy I a6 SIS R TE X AN ) [T A A
o, WIERFE—ARLE . (ER A S b, BlndE iR G B, AT HEF
H IR BLGORIAA, Bt DARFAEAEL (R G A i S A U7 A AR JE AR L L LR )5 T AR A
HEEMINH

BNORBEATAE S BRI IEIX — i, ARSI IR f (t, x) = A(x) sin(wt), HAHK
[ 7€ e (I EIATEERBA0) = A(r) = 0). TAMRB T EKIVE e, pFIiLlEg,, g, H2EZE, P
B RS A AN IR RCR o BRI, TR

u(t,x) = i % sin(nx)J fn(0)sin(en(t — 7))dr = i % sin(nx)f sin(wt) sin(w, (t — 7))dr,
n=1 0 n=1 " 0

AL A ESTREERITRAKX) = Y a,sin(nx)fF 21, Hi g, = %fg A(x)sin(nx), w, :=
cn. SAEXT AR R ERRAL AN 22, 153

sin(wt) sin(w, (t — 7)) = % (cos[(w + w,)T — w,t] — cos[(w — w,)T + w,t]).
1. e #w, (n=1,2,--): EFEMS 15

J sin(wt) sin(w, (t — 7))dt
0

=t

—1( sin[(w + w,)T — w,t] !
2 \w+w, " " w+w,

1 1 1 . 1 1 .
== - sin(wt) + — sin(w,t)
2[\w+tw, w-—w, w+tw, w—w,

_ wsin(w,t) — w, sin(wt)

sin[(w — w,)T + cont]>

=0

w? — W},
e
> a, ) . .
u(t,x) = ; m(a) sin(w,t) — w, sin(wt)) sin(nx),

B i % T I ) 2 — B0A A1
2. MEAFEk € NG w = w,, MIFEF R EL

sin(wt) sin(w,(t — 7)) = % (cosRw; T — wit) — cos(wyt))
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S I S AR ook, B Ay LA

sin(w,t) — tw; cos(wyt)

JO sin(w7) sin(aw, (t — 7)) dr = 2w,

HET
u(t,x) = nZ#k m(w sin(w,t) — w,, sin(wt)) sin(nx)
+ %(sin(wkt) — taw, cos(eyt)) sin(kx).
w

k —
TH

Rk, RN R 0 5 ZREN A B AW H w, = cntlF, A4 ZYREN A IRIE 2 BEE I 18] 45
KT 55, MM EA FRIN A AR . g R R W sl 77 R AN T B i 2 SO B 3

3.1.3 NeumanniZI Z&4
k% T Dirichlet B4 52644 LAAL,  FRATTH ] DATE 18 7% € Neumannil L2640

Uy — Uy, = f(t,x) t>0,0<x<m,
(u, up)li=o = ((x),P(x)) 0<x<m, (3.1.12)
ux(t90) = gl(t)’ u'x(t’ ﬂ.) = g2(t) t ; 0

N T TE, BAWIREBES = g1,8, = 0, MR AR A — 7 SEALAI B XK il AL g iX A e g
M. L F RN, R AL E AR, L% MHu,(t,0) = u(t,7) = 0RWIZH
i R B AE AR B E AT, AR SEIRB AR A s, Rt BT AN AR A 9Z R A1
aR

AR B B AR 1 43 B R SN ffu(e, x) = X(0)T(8). B b —45 R DirichletiZ1 & ] 1
Jiid, BAVSBIEAE B RS

X'"(x)+AX(x)=0, X'(0)=X'(mr)=0 (3.1.13)

F
T"(t) + c2AT(t) = 0. (3.1.14)

Fofbh, BATATLGEFFAEML > 0. {1 Neumannil R &M Fo A = OULRE BT~ (045
i, FFATARANT R HRHE BRSO X o () = B8, BRELT (1) = Ao + Bot.
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A > off, TIEAR3.113) A EAE
X(x) = C, cos(VAx) + C, sin(V2x).
TR I R R
X'(0) = VA(=C, sin(V 2x) + C, cos(VAx))| o = VAC, = 0,

X'(m) = \/Z(—C1 sin(\//Ix) +C, cos(\//Ix))|x:ﬂ 2 sin(ﬁn’) =0=>1=n

SHE—IE ¥ ¥ n, ?ﬁﬂl‘]ﬁﬁ?@f”ﬁ?ﬂ%ﬁ?—:—;E"Jﬁ?ﬂf{ﬁln = > FAIFFAE R EX () = cos(nx). &
BT BRI T 1) 75 7% 0T LA AS ) B 1 R0, (8)

T,(t) = A, cos(cnt) + B, sin(cnt).
T, FAVEA ERA T (3.1.12) 1%

u(t,x) = i T,(t)X,(x) = (A, + Byt) + i (A, cos(cnt) + B, sin(cnt)) cos(nx), (3.1.15)

n=0 n=1

KA, B, e, YRS 28 E, EATRMEN

A, = %JO @(x)cos(nx)dx, B, = % JO P(x)cos(nx)dx (n > 1), (3.1.16)
a=L [ owax, B =L [ v 3.1.17
o= 7] oot =2 | veoax (3.117)

B, YfRAg, g F RN, HEHKBHFEG.1.12)?

Sl 3.1
SIER 3.1.1. K Ede T B2 A Neumannill - &4 649 :% #h 7 4%

Uy, — Uy, =0 t>0,0<x<m,
u(0,x) =cosx, u,(0,x)=0 0<x<m,

u,(t,0) =u(t,7) =0 t >0.
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SRR 3.1.2. HE—HBRTARGE A TAE, EFFikd e (0,2)

Uy — Uy, +du, =0 t>0,0<x<m;
u(t,0)=u(t,7)=0 t>0.

Kz FHAEEA B XeRu(t, x) = T(OX(x), F LAt - +oofitiX L AFa91T A o
SIRR 3.1.3. FELF RASAA LR T AR

U, —u, =0 t>0,0<x<m
u(t,0)=u,(t,7)=0 t>0.

(1) Ceyd 2t 22
(2) 4 MEu(0,x) = @(x), u,(0,x) = P(x) (0 < x < 7), 4o AT H @A L @ 4945 2ot 7 42
SRR 3.1.4. AR
un—uxx—%uxzo t>0,0<x<m
u(0,x) =0, u,(0,x) = cosx 0<x<m
u(t,0)=u(t,7) =0 t>0.
R Ao(t,x) = xu(t,x), BiEvik Zo, — v, = 0.
SJRR 3.1.5. XA, BRFHK, KT H4
Uy — Uy =0 t>0,0<x<m
u(0,x) =0, u,(0,x)=0 0<x<nrm
u,(t,0) = At, u(t,7) =Bt t>0.

SRR 3.1.6. FEFME A G LKEA R TZ R AN T8k TAL

U, — Uy, = cosxcosSxsin(wt) t>0, x€(0,7)
u(0,x) =0, u,(0,x)=0 x € [0, 7]
u,(t,0) =u(t,7) =0 t>0,

b w>0RFHK KMAALH T o HITERFTRGB—FZAR? B sup  |u(t,x)| < .

t>0,xe(0,7)

SIER 3.1.7. #MEiEAn3. L 1ATA, SR E311Ee € Cp € CLEAHT MY,
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SIS 3.1.8. ENHEEH, a,c, € R, ukhe T A0 4069+ i

d’u — diu =0, t>0, 0<x<m,
u(t,0) =u(t,7) =0, t>0,
u(0,x) = p(x), Ju(0,x)=19¢(x), 0<x<m.

h@m

Hb o, 9 st BHEFRAANNRIER, 2 L=
E(t) = %J (18,u(t, x)* + |8,u(t, x)|?) dx.
0

(1) iEB: [2718,u(t,0)2dt = 4E(0).
(2) iE#: £ 0.ut,0)=0 &t €[0,27] Rz, EH @, BHE

3.2 HMAFENTETE;

Xt AR BRIX B]_E AL U7 R, AT AT AU A ] 0 88 A2 Bidont He b AT SR A

3.2.1 Dirichletih &4
A EIXAQ = (0, ) N B #UE S 5 72 B4 48 A &

u, —ku,, = f(t,x) t1>0,0<x<m
u(0,x) = p(x) 0<x<nm
u(t,0) = gy (t), u(t,m) = g,(t) t>0,

He k>0 2% HE.

m i PAE AR f = 0, g = g = 0. MAHRT, FATH KRR

u(t,x) = T()X (x), HEmA2n T 7

T'(6)  X"(x)

T'(HX(x) - kT(t)X"(x) =0=> O - X0

= -1 €R,

SIS X (o )iy A2 TN H sk o) T R

X"(x)+ AX(x) =0, X(0)=X(n)=

HAE

I

115

(3.2.1)

|75

RANTTREAZ HT BT RS DU AR R, AT U RFEE NA, = n* (n € N¥), R 3
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NX,(x) = sin(nx). RATHIHEBRIT.() + kn®T,(t) = 0, BMAET, (1) = Ce . FHitt,
J7 FE P ] LS AR .

u(t,x) = Z C,e7*"’t sin(nx).

n=1

BN RFUE A RAMER I EC, FIBUE . EEMF %t =0, 153

o(x) =u(0,x) = i C, sin(nx).

n=1

(LS — PR, C, SE R @ IS R BIC, = 2 17 o) sinax) dx.

i 3.2.1. bd@wE— P RIEEZFe(X)EE A (—m, m)89 R dk, EFRMNT Afrpk T id
Zet B d. ERE Zp0) = o) = 0. MXMFFRLT ALY, BARMZTHGLZ TG EH
i, ZMu(t, x)2(0,0)&k#E %, #mF2u0,0) = lirré u(0,x) = lirrol u(t,0) = 0.

X— t—

g, g, # 0, RAIAR LA B SHERBIE Hu(, 1) = u(t, 0—(1 - 2 ) 10— S04
DR UL, R TR B AL T A5 YA

vt—kvxx=<1—%)g;(t)—%g;(t) t>0,0<x<m
X X

v(0,x) = p(x) — (1 — ;)gl(o) — Egz(o) 0<x<mw

u(t,0)=uv(t,T)=0 t>0.

] A A SR AR T f (8, X) # 0, 81,8, = ORFHIAESF IR T . — R UEIX MR A— 2 B2
B2 BRI, (HR BRI T LUR A {sin nx}, M L0, 7] (1) 5848 IEAS FRIX — 3k, 4 fRRIFR
ER A ]

Ftx) =Y fu®)sin(nx), fut) 1= 2 J (¢, %) sin(nx) dx.
n=1 0

T

[7 I AT A FE 0 S J T X

p(x) = Z p,(t)sin(nx), ¢, := % J p(x)sin(nx) dx.
n=1 0

SRR I Ru(t, x) = 3 T, () sin(nx).

¥ ERIFARNRT TR, BREMD HIET,) + kn?T,(t) = f,(0), FHYHENT,L0) = ¢,.
HEKR A 15

t

T (t) = @,e ' 4 J fo(De =0 dr,

0
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3.2.2 NeumanniZIFFH

BOH Bk > 0, FATHTT LR EH Neumannidl 5 26 AF I AT 12 .

u, — ku,, = f(t,x) t>0,0<x<m
u(0,x) = p(x) 0<x<rm (3.2.2)
ux(t,O) = gl(t), ux(t’n:) = gZ(t) L ; 0

WAWIRATHRE g = g, = 0 BINTHOL, 7525 8 5] k4 By bk 2

o(t,%) = u(t, %) + 5= (7 = %) (0 = (1)

e F A TF IRAL
2 f(t, x) = O, ME— A [F) Z AL B2 5 A1k R 2OAS 7 2 {sin noc}. BATTRG EER A

X"(x) + AX(x) = 0, X'(0) = X'(x) =0,

HEN X,(x) = cos(nx), n = 0,1,2,---. TH T, = Cpe . FrLliEN

u(t,x) = Z C,e~ k"t cos(nx),

Horp €, () R ST - 25 B0k 5

B[ )MMENFR, BATERBRZ AT PR, f(¢, ) Fult, ) RIT R TZHE, X2 it
I URFAIE 8 2R J9{cos(nx)},en. S Dirichled F5E AR, BUAEA, = OBRRFHEAE, Fir DAR 2
AN I — T

>R 3.2

N
>

X

SRR 3.2.1. s #AEF IR, =u,, (0< x <m), Wiiu(t,0) =u (t,71) =0, KEEA LT =L H
89 fFu(t, x) = T(H)X(x).

SIRR 3.2.2. KM tu, =u, +2u(t>0,0<x <m) EATELHHXNM, LAFEH
Au(t,0) = u(t,7) = 0. ZEIEAH LT % A A6 FEAR#H 2 u(0,x) = 0.
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SRR 3.2.3. F A A A Neumannil FF a9 #tEF 542, ¥k > 0= FHK

U, — Uy, = k(1 —u) t>00<x<m
u(0, x) = o(x) oO<x<m
u,(t,0) =u(t,7) =0 t >0.

KR AFAL, FHHE lim u(e, x).

t—>+o0

SR 3.2.4. XA BERRTH#, A B X2 LKMo T 742

U —u,,, =0 t>0,0<x<m
u(0,x) =0 0<x<7m
u,(t,0) = At, u,(t,7) = Bt t>0.
@ 3.2.5. & Ehe T #AEF HALGY A0 A 9 AL
U —u,=0t>0,x€(0,7); u(0,x)=¢pkx)eC*([0,r])0<x<m; ut0)=u(t,7)=0,t>0.
(1) 7E8H: ﬁﬁié@ﬁz’%iﬁaiﬁ%ﬁfg u(t,x)?*dx <e™? fg o(x)?dx.
(2) IEBR: BT HC > 0EF|ult,x)| < Ce ' 3HEZEL > 0,x € [0, 1] Zo

R AREAREELAS, AL &, TRATE 2 AParsevalle F X; #(2), &F ALK
PARIZ T o € C3([0,7]), EAZABHRHE ot RBEA EAHFGN?

SI88 3.2.6. & K IR(0,27) LA SR B-H A2 48

du=20u+u+v, t>0, 0<x<2m,
d,v = 1002v — 3u — 2v, t>0, 0<x<2rm,

LB 5%k NeumanniZl 7 &4 8, u(t,0) = d,u(t, 27) = 3,v(t,0) = 3,v(t,27) = 0.
(1) Zu,vF Bz EEx, FEBERX Tt T2 7 ko 7424, iE9-F4 % (u,v) = (0,0)

R B AL R A o
2) fneN, FHEF 4

u(t, x) e nx

=e CcoS —

u(t, x) b 2
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89 M, FHIEBA AR & B9 4ETE A

" 10n% |
-3 22—
4

(3) M Gn = 16, JRAZL A A KL 19 45 508 K 69 7 19 3E TR MR (R AR T x).

(4) I RIRAANTAZF QT A KI510H A E — /N F d, > 0, IERARTRGMBLEH/ER
o

3.3 ORER4FTR X8 R IE R0 5 2

A BB E X IRQ A 2 —Au = 0, FATH AR XIRQA A AT . AR BB A2
BT 5, IR AR SRR, RPN S B4 DU ek %W . AT A
PRI B — B S HEE TR S B A OR AR — SRR O, 1N AR R 1.

3.3.1 [EZMNBEEHOKE
T8 Set s AR A PR LR B S DX e (0 B i 2 2R M e AT AT
CARIBARKR(r, ) BB S AR T H2e, ik i

5, =5 +%, o = g—;aﬁ@

dx dx ayae'

[BZ AR AR E XNx = rcosB, y = rsinf. ZEM r =/x2 + 2, 0 = arctan(y/x), EAZE 5 015

or X X 0 y

- = =_=cose,—r= =X=sin9,
ax 1’x2+y2 r ay 1/x2+y2 r
@_ —(y/x?) __l__Sine @_ 1/x _ﬁ_cose
ox  1+(y/x)2> 2 r 38y 1+@/x2 2 r

EFEUT 2 — B 3 HU AR AR B R IE 3

d, =cos60, — gae, d, =sin@d, + corse

3.
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ENREE 2R

82 = (cos 63, — gaey
. . 2 . . 2
= cos? 092 — Zsmecos@ara@_l_ sin 662+ 251n6cos@ae+ sin 96,,
r }"2 0 r2 r
LLK
a;:gme@+cf6%y
. 5 _ 5
_sin? 03 + Zsmecos@arae_l_ cos 662— 231n6cos@ae+ cos Gar
r ]"2 0 r2 r

P AR NS 2R _E A IR AL bRk 5
1 1
A = 63 + ;ar + r—zdg

— f13.3.1 EZERNEMEH
KQ=B0,0) AR EARS, ah FROGFRAHE, FELT T4

Au=0 inQ u=nh(6) onadQ, (3.3.1)

B P hA AR 2m b9 B B

R, W RBATA AEBIX AN A RRIICHQ) N CQMR CIRAZLE) ME—H. F9 b, By, u,#
TR, Wo 1= uy — w2 Av = 0Flv|sq = 0. T & FIRORAE [ 28 8 g &L R n] 15 21—
P KRS T ReEIEREY], RIof 7 FEPiL RN 3fe Llo, 2 5 7 AR 715 21

0=J UAudx:—J |VU|2dx+4[ Ua—Ude=—J |[Vu|?dx = v = FHL
Q Q oQ aN Q

MolAE RS, FrURIEMEIESYE, vHCRBERE. BT RBNTHSBEEREERBIE, &
Bu(r,0) = R(rO®), 4 u, + lu + rlzu@@ =0 &

RO + lR’@+ lR@” =0=> _M = G)_H = -1
r r2 R C] '

it CAEAE it R B AN o) 7
®"+10 =0, r*R"+rR'—AR=0.

XTEREO, R L2 A, BT LA 06 + 27) = 0(6). [FIHTH & T IRATA LA H 4 = n?,
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0(6) = Acos(nd) + Bsin(nd), IX En ] BUEZAE L. BT KRBT neREXT BIFIR,,:
r’R) + rR, — n’R, = 0.

Hn = O, AT AEASR,(r) = Cy + DyInr. Hn > 10, HTHZErAES, EAITUMELES
it = Inr34Z,(t) = R,(r). N1

240 = RS = iR, Z00) = RICHDR + RYDST = PRI + R, (1)

HEMERIZ) () — n?Z,(t) =0, 15 Z,(t) = C,e™ + D,e™™, thEI R (r) = C,r" + D,r".

Z I, AT 3 B AR B R AT 15 45 A FR) AT B8 BCR AT I R A

u=Cy+Dylnr+ Y (C,r" + D,r™)(A, cos(nd) + B, sin(nb)).

n>1

EIC 3.3.1 (AL 7261 F RFIE B LR ). ﬁuJ:iﬁiiiﬁ%ﬂﬂ;a%)ﬂi' T&UT$+ ——EF]
AT ST 694548 R 3 R M R LA(T) R — BB AL, B =T WA L 5 7 A2 46 10, %@7 4777,
TN HEANVAE BT 20500 & L 20 ML A 1Z LA ) %ﬂéﬁﬁﬁﬁﬁiﬂ’%o

BEMERE. RANEED FRE AR Sr = o TTREH 270, FNInrfl rrdfies . s
&ﬂ]ﬁr—ODDL CIHFEAME : uBEFR. A8 I In r Flr 5B 2R M R, 153

u(r,0) = —A0 + Z r"(A, cosné + B, sin nf).

n=1

X HRZHA,, B, B REUf 2. ERFDRr = a} LA A u(a, 8) = h(0) HAEH LM R 5

h(6) = —A + Z a"(A, cosnb + B, sin no).

n=1
BRI GG

27T
A, == J h(@)cos(ng) dp, B, =
0

Tan Tan

! J h(@) sin(ne) do.
0
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4

3.3.2 AMRANFIEVIER IR

EbfE i AT At — DA . Fee b, RATHEMH L R B RIE AN S 2

27

f h() cos(n(6 — @) dp
0

27 [ n
ur0)= = [ n(g)dp + D ﬂran
n=1

Jo

-1 Ln h(p) (1 +2 i (£)n cos(n(6 — @))) de

27 : n
1 rel(e ®) re_l(e_(P)
_EL h(go)[1+2< ) +( m )]dgo,

KRR ERE —PHET ™ +e™™ =2cos x.
BT R WA r < a, BATIE 20 IR US4 5FUST, dkSeit5HA5

n
rel(e 60) re_i(e_qo) rei(9—§0) re_i(e_qo) a2 p— r2
1+ Z =1+ ——— —— = ,
a a—rel®-9  qg—re-i®-9) a2 —2arcos(6 — @)+ r?

Mg A X~ 7 3

27 2

1 a-r
u(r,0) = 5- J M) G Sarcos@—p i 2

2

dp, r<a(hZr<all). (3.3.2)

G IRAE B iR 2~ 3.

FEVN R PR

a? —r?

PP, (0) := (r < a)#iFRPERIELB(0, a))7AKA#Z% (Poisson kernel). VHFA A
a2 —2arcosf +r2

A(3.3.2)%5 H HI o] DARAE vARA KL S0 E B, 3 — 23R4T LLE A fj” P.(06)d6 =1, FFiE
FHIEYI[EI# PR (non-tangential limit) JE&: YA A RIEL T FHA LA )

lim u(x) = h(x,) Vx, € 0B(0, a).
x—X(, X€B(0,a)
HZ b, AR —RIBILIESF (approximation to identity): XS — a_ i, HEP,(-) = h)(®) -
h@)IXFERU SR &R (WSO IR T hAR S AR B0 s E¥%h — P, « WIUE—DEF, W
BAEr - a R EFHE T
WEBHAEDI I PR 2 A, FRATTSE AR R B A % B A4 o
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_ fhRl 3.3.1

2 2

a
—2arcosf +r2

-r

sm‘o<r<a,eelR,é\P(e):= Up

(1) Xﬂ% &r<a, #P,6)>0.

@ - _ (2" P(6)d6 = 1.

(3) P.(O)A{r < a} W iy ifF= Ty #.

4) dEm@mE lim  u(x) = h(x,) Vx, € dB(0, a).

x—-Xx,, X€B(0,a)

(4)H9IERR. (1) T AEHE HIok A, ()58 UE N AT AR RIVEAR X R s, (B)RIIEIT W] LU
PR T IERER, A — I, BATEE BAT M. T RIEM@4): S EE 16, # 2kn(k €
2), 7% & — M AR FE AL A F R a i) E A2, #RQ)FATAT AR ZEE IR

u(r,6,) ~ h(6) = 5 f P.(8) — 9)(h(®) — h(8)) de.
0

DERMNFE DRI : 2 — aFe 73/ DI, POKIEIGEZILT “H£HhT” 6 = o
. LR, FATAT PR Z I RIE G H HOANFEUr 2 B, A

~0

a?— 2 a? — 2
|P.(B)] = = < 1.
(@—r)?+2ar(1—cos6) (q—r)?+4arsin’(6/2)
——

~0

s, Hr—aftn/D, BEflEe > 0, ATH AT LIFRBIS > offifs VO € [§,27 — 5], |P,(0)] < ..
PN RBA I |ur, 6,) — h(B,) |+ HLH #53

1

A9
€
[u(r,80) — h(Bo)l < 5— f P8 —¢)-edp + — J |h(p) — h(6,)| do,
|p—6o1>8

27 60—5 27

HA s = At HP, @)/ NMELH, B— et h—BUES A . IONREA A1), Bl
MIEFEEHC >0, #5 FiRFISCe. O

SEIT 3.3.2. AHROQ% R L H(O), 4o £ A2 09 MR A WA KHRQ N 69 FFIFEHA(harmonic exten-
sion). ¥QRR A, RASRKB., FFMEHKHXBIE, KMNTAE XL AFEB £ KX,
3t — A KI3RQ, B X KMIFAE IR PR A RT AR AR, HRAVVIARTT LAZ LA AZ, HA) A&
oy R T R TALRAT AT, BAVE AL HE B A — it
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— 513.3.2  EESMXERY TR E) R
AR #H T2k, RAVBFET VAR B & 95 K 3509 18 Fo 2L 45 2] 2

Au=0 in {r > a}
u = h(®) on {r = a} (3.3.3)
u%—ﬂ, asr — +o00.

7. [BHZIATZ AT R ARFR R IR R AT T B A I R
u(r,0) =Cy+ DyInr + Z(Cnr” + D,r")(A, cos(nf) + B, sin(no)).
n=1

AT BUE BRAVB SR AE TC 55 AT AR AR L, BT AN 2 @ i L A S Min r O 50, T2
T FRAR
_AO S -n ;
u(r,6) = = + gl r(A, cos(nb) + B, sin(nd)).

RN T %A u(a, 0) = h(©), Tl 115 2

h() = % + i a (A, cos(nb) + B, sin(nd)),

n=1
[RtA,, B, 7] LA HH R A8 57 R 500 5

a" 27 n

27
A, = —j h() cos(ng) dg, B, = & f h() sin(ng) do.
T 0 T 0

A, PATPHE B A B vAAR 2 (3.3.2) LT r, a B N1 /7, 1/ af5 3

r’ —a?

—2ar cos(6 — @) + r?

27
1
u(r,6) = EJ h(ga)a2 de r>a.
0

3.3.3 fZ[EVEFNER BHIKAE

AT AN TR AR R R 22 ) P (4 e 8 A R B (B AE AR AR AR F AR AL B0 € SO, 242 [H] 4L
N2, FATTZ BT LIS (R Laplace 51l AL bR am iR 25 B FITAT 5 5 0 1) 10145 21

1
Upp + Uy =0=0,(0u,)=0=>u=C/lnr+0C,.



3.3 SRARRF IR X I P 1R 1R A b 5 125

X — MBI [ERY(d > 2), FATE AT LA Au = ORI A g . AR A B Elu(x) = v(r). Hr =

\/ XD+ e 4 x2H AR

oA NS 2

or 1,, o=t X;
a—xi=§(x1+---+xd) 2-(2xl-):7 x #0.

2 2
dou=v(r)= azu—v”(r)ﬁ+v’(r) 1 2
U= PR r2 roor3)’

M FATIAF 242 7] b8 HOK Laplace 57~ LL5 B 2R K 50

Au=v"(r) + ; 1v’(r).
FRRFHFI TR Au = 0 LAWK A 0 T FE
-1
v"(r) + . v'(r) =0,
Hfikn o' ()] = =2, HTMi7Ea € REER'(r) = —T5. BbLtTr > 0 A1 1
blnr+c d=2
v(r)=1 ,
- +c d=>3

_ EMX 3.3.1 Laplace/53ZHIE A ##(fundamental solution)

- —%hﬂﬂ d=2
d(x) = 4 , xX#0
1 o1 d>3
d(d—2)a(d) |x|d4-2
# AR Laplace 5 A2 49 & AR, X 2 a(d) 1= F(’i/;) AR 45 AR, F B DI £ K — A

I3 42 A —Au = fIA B £ £ E WM.

AHEUERH, Xfx # 0, fAEHEC > offifs

Vo) < Clx|'™4, |V2O(x)| < Clx| ™.
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>JRR 3.3
SRR 3.3.1. HQCRPR S A&, KA

Au =2in Q, Ulzo = 2X;X,.
SR 3.3.2. 2O C RPRRIFR{(x),x,) 1 1 < X2 +x; <4} 742
Au =2in Q, Ulzo =2|x| — 1.
SRR 3.3.3. RQCR2 R AE, KRG HA42
Au=x?—x,in Q, ulsq=x,.

SRR 3.3.4. il 5 A2Au =0, x € R RZIET LY, BatdxdEX T H0, 4u(x) = u(0x),
W) w7 Av = 0.

3@ 3.3.5 (Kelvin Z4ft). 3tx € RI{0} (d > 2), &AE L€ X T EAZ K\ 69 R B AX 1= ﬁ
2 U H FHu(x)t9Kelvin & # 4 (Ku)(x) = u(x*)|x*|92? = u(lx%)lxlz‘d. #RIn T I RIEH: do
RuA FAz KA GG RF L2, 0 Kux%ﬁ%iﬁif’]‘jﬁéﬁi}%ﬂ&;%io

(1) &1 < i,j < d, iEH: a—xl = Ii—l— lel EEH S, = 1ifi=j,6,; =0ifi # j. HHiE
VX (V)T = x|, - F I, &d x d #4275 %,

@) RIERA: M) =202-d)=.

(3) EH: AKu(x)) = Au(=)[x|*?) =

x|

SR 3.3.6. X0<w<2m, TXBHBRZRW, ={r,0):0<r<1, 0<0<w} FEHHK
= . 7f
u(r,0) = re sin =

(1) iEFAuEW, ¥ iffe, FHERKXANG =050 = 0o LHESHIUEAE,

) iﬂEEU*] |Vu(r, )| = grf-l.

3) At <. w =750 > 7k, |Vul£R&r = 0L ITH, FHIAZL—FF AT %
BT A RT AR AR IR R e o B B 32 R 80 — Y i SR T Ak .

34 SRTEZENBFRIE: fFIEREANTEERM

FER 73 AR BIRR MR T RE . T RE. Laplace JjFERY, FRAMEER Hltﬂ AL S ]
FEX" (X)+AX (x) = O IA(E AR g o X B A AT AR Bl 555 — —E’JEF#?IHE AL AE A, X
N2 R ARFALE BRI 28X, (o) U AT LA —2H “ e, Ffﬁ?%%ﬁrﬁﬁi‘%ﬁiﬁﬁﬁiﬁﬁ%ﬁm (o) F) R I 4
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BB AR — ST AEHIE . JRAHRE B e — T IRIX 15 DL ﬁfﬁ/ﬁiTu
Xﬂ%fﬂﬁllﬂuﬁ R ZF%MI]HW?M?ET‘?UR“PE’Jﬁ?ﬁliﬂi 3?4#——5‘5%)552( AT
R CXBLT i DI A T, R TEE R R B, I X SR R B

341 —HHHEEDI: Sturm-LiouvilleFEif

SHRFEAE A X (x) + AX(x) = 0, 0 < x < 7, WS FAT¥ € Dirichletis #2644 8% Neumannill
FEEAE, IS A RFEE ATREE B8 BCER v DU ST H S R . (HR an 2R 4 A 8 — M IR obinidl 51 2%
4, BRI aX' + bX |30 = OB, FFAEME S HRFE bR BOR 06 BE B AR, (EAPART AR W R 4518 .

_ T 3.4.1
i%a,,a,, b, b, 2 02 F 4, Ha,+b,>0(=1,2). WHEKH» AL

X'xX)+2X(x)=00<x<m
—a,X'(0)+ b, X(0) =0 (3.4.1)
a,X'(m) + b,X(mr) =0

89 A R dm T M

1 FAT AR A % A 3E AR . HAIH, b+ b, > 0, N A kA AL R K E 5,
2. R M AL A 2 60 M AL b B R B 4G, B EMAEAL, £ AR LIRS
#X,.(%), X,(x), A

‘[ X ()X (x)dx = 0.
0
3. ARAFAEAE A A — AN 8 38 B+ 00 89 7 7]

04 <A< <4, <, limAd,=+c0.

n—oo

4. {X, ()} e AR L2((0, M) —4a 3k, BpiE &% = f € L*((0,7n)), HAaE—8F7{C,} C
REEFf(x) = Y C,X,(x), B.C, 0918 %
n=1

(f, X»)
(XI’I’XI’I).

C, =

1iEEH FATHRAUE(1)-(3). 4)FHEBMKEZ R g5 w, ettt . & aRATEFHIEEL €
WA RN UL E L HIX FEAE(0, ) LA ), 153

T

J X"(x)X(x)dx +/IJ X(x)X(x)dx = 0.
0

0
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SY IR T4

V4

J X”(x)X(x)dxz—J 1X'(x)]? dx + X' ()X (x)]| .
0 0

0

XA S E, RAITAEX(0) = —X(O) PN X'(7) = ——ZX( ). R, XEME Ta,a, # 0, B0
7E 3 A AR ik Dirichletill 7 4 #F ﬁ‘ﬁﬂfﬁ/ﬁzauﬂ%ﬁ T . TR AR B T I AR K

b, b,
—a—2|X(7T)|2 - a—1|X(0)|2 € R.

EERN AR5, 158

T -1 T b2 b1

A= (J IX(x)IZdX) (J 1X'(0)]? dx + —=|X()]* + —IX(0)|2> ER,

0 0 a, !

A T A R — IR, BRI LR A > 0, XiE 1 A ARRREE B o EE 1 S 2.
R RILATIHRA = ofgfE L, MLy v EUFAS X R (X (x) = A+Bx. 47 by = b, = 0 (Neumanni/l

FEAE), A EIX (x) = conste—NMEEME, #HMA = OFfSL2FFHIEE. H2&2b, + b, > O (A
Wib, >0, b, =0, M a, > 0), ZAH

0=—-a,B+bA, 0=a,B=>A=B=0=>1=0 RNEFMMHE.
IXFERUE T (1).
R RIEMI(2) (IEAEME), 76X, X I J7 PR 14 % H e LAX,, X, A (X BTG 2 22 kA
T, PONERIEIHFIEE AR S HD, 152
A f X, ()X (x) dx = —Jﬂ X,(0X]'(x) dx,
0 0
A J ' X)X, (x)dx = — r X, (OX)'(x) dx.
0 0
—H IRz A, 5F)
Ay — 1)) J: X ()X (x)dx = — J: X,(0X] (%) — X, (0)X]'(x) dx

- J (X, (0X, (%) — X, (x)X](x)) dx.
0



3.4 rEARLENBUAEE: RAE R BRI 5 & IR 129

=X () X (%)

SRIGFIA T RE-X" = A.X Al 15
X X0 JERITIRE =X = 2, X ;715

2I(x) = ‘

A — AI)J X (00X (x)dx = J J'(x)dx = J(r) — J(0).

AEAR X = OUb 1 id 5% A4
—ale;(O) + lek(O) = 0, —ale,(O) + lel(O) = 0.

HT a; + by > 0, XN TR BEIR T (ay, b)) ITFREME T RRALL A AR T, XAk A R 500
B AT T (0) AU . U, AL ISR () = 0, PRIL3A 1A

T

i = 2 f X ()X (x) dx = 0.

0

HI TR AEAE A, A AHEE, i DURFAE B8 30X, X IL2-A AR %, RIDA PR .
G)FIEMR ELEE R WARTEH, #ie BEMAODEM M. Y AHS Mg Hid R,
WERFEWERE . B BAVREX 0 2 1 7 7 FEd f# oy

X(x) = C; cos(ux) + C, sin(ux), u := \/E

RNL KA H
b,C; + (—a;u)C, = 0, (b, cos umwr — a,u sin um)C; + (a,u cos um + b, sin uw)C, = 0.

FIREHL, a0 BT RE ] AR SR T (Cy, CORIGFIREME T REAL, e AEEME, Bl R EUEREAT S
EWAE NN E A NECE

(a,a,u* — byb,) sin um = (a,b, + b,a,)u cos ur.

. a; = a, =0, by, b, > 0 (Dirichlet): 1, = n?, X,,(x) = sin(nx).

b, = b, =0, a;,a, > 0 (Neumann): 1, = n?, X,(x) = cos(nx).

a, = by = 0 GRABLFEA): 2, = (n = 2P, X,(x) = sin((n - Dx).

ay = by = 0 (RATHTEN): 4, = (n = 2P, X,(x) = cos((n — 2)x).

HAH a, =0: tanumr = —Z—j/,c. A, € ((n— %)2,(n + %)2),Xn(x) = sin w,x.

HA a, =0: tanumr = —Z—i/x. A, € (n— ;)2,(71 + %)2),Xn(x) = sin u,x + Z—i/,cn COS U, X.
WA b, = 0: cot urr = Z—j,u. A, € (n—1)%,n?), X, (x) = cos u,Xx.

o N o R B

HHA by, =0: coturm = %,u. A, € (n—1)%,n%), X,,(x) = sin w,x + %,un COS [, X.
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9. 44k a,b, > 0: cotpm = —22 Db SRR T uh g, HeEu = o, Mt

arby+aby (a1by+azbi)u

T —o0, fEu — +oolif &L Ty = ﬁu. AT En, FFEEu, € (n — 1,n), FHEREL

X, (x) = sin u,x + %,un COS Uy, X.
1

]

T 8 B — ZERFAE AR 7] 82 Sturm-Liouville [ @8 B —FRp IRAE 00, S-LInJ U BRI W H B
) B etk W il oy 5 2

—(p()X'(x)) + q(x)X(x) = Ar(x)X(x) x € [a,b],
HinF %N
KX(a)+LX'(a) =0, MX(b)+ NX'(b) =0,
H K2+ L? >0, M2+ N? >0, PLK p,q,r € Cla,b], p(x),r(x) > 0, Hp(x)—Fr&Es:n . Xt
KEWT TR, ATEREW KA AT
Y'(x)+ (A +q(x)Y(x)=0, x €0, 7]
(o e, it
Y(0)cos® —Y'(0)sin6 =0, Y(wr)cos¢—Y'(mn)sing =0,

X LT S BAT L i E o R R . S-LIAE iR @ B S e B34 25480, BR 7 A
TEAEA— @ N 1 (BRAERATA BT E B Fa; + b, > ORI
B2, RRAEAE R SO R AR BR B ) IR A M, AR RIS T 1 2 L2 L B B (self-
adjoint)E T,
EX 3.4.1
EMAESHTL (BRAFFHAL( QLG AR T, REFEEANHES, g € LX(Q)
(i R 25 R B RFAR) A (Lf, Q)2 = (f, £8)12q)-

FEIE3.4.1. 23412 B R B HLA(Q)- AR LRI L, B(f, 2w 1= [y f(X)g0x) dx.
XA R A RMIAAL ol QLT HBIEERE — 2K FAh.

_ #ER 3.4.2
%R KBQ C RY, F BN EFLOBIEMARMLX = AX (AREHSR). EEGAREMH
TLALX(Q) LW aHETF, MA

(1) L AR AL B 5244 ;

(2) RAFAEAEAT 2 69 45 48 B AR LA(Q) ) R E LAY
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(3) HLAAF R EH, P ETHRIL AR FHGRIS € L2(Q), HALS, ) = 0k =,
N L& A ARAFAEAE S A F 51 52 30

MERR. XA EHAIER 5 Z BT R —X" (x) = AX()ERLS, ) = (f, £f). WfR—RMDHETL KT
RAEAE AR B, 0 el B RS

Janwx=Jfﬂhw:m—DJ|ﬂmx=o:AeR
Q Q Q

RUEN] T AR B O S IR PR AT LERGIEN . ¥ f,(0 = 1, 2) 702 f R THFAEAEA,
AR, 48 B AR

Lf,f)=nLf)=> WfLf)=U1n40)=> (4 —Az)Jflfzdx =0.

HLRAEGFUER, MBQ)PERBRRS Affdx =4[, |f1*dx > 0, #ifia > 0. O

342 (FAORERFEEZSRE: 7BEREZXIRE

AR E B3 A4 NG R HE 2 — A F XIHQ ¢ RAE, XFRd, %ﬁﬁﬁ?—:—;m%
Bl (=A). Jy 7 fafE, AN R Dirichlee ZUE XA HITE I, i Neumannil 5 2 {F MR obiniZl
FRAFIRE DL AT B BAT B2 . AT AR % O 45 IR R (- A) B F R EFHEEE 7R3,
S b LA FATE FH 73 B AR B SR R A Tl 70 5 R AR ) R AR = R 4% R (— A) ST R AL B 2
RIETT, B LA (QRIFRHEIE RS EE, B —4EIX [8](0, 7r) L IR IR A LB (9 S U T
FEJRERIIRIE 2T, B Galerkini@ UK IE 2 70 AL EVA M HE—DHE) ™, EAE W) TR B
WRMAAEAE T S AR 2] 7 B EAEH

225 BB N RFAEAE ) 7t

—Au =Au in Q, u=0 ondQ. (3.4.2)
., HEADirichletil A& AHS, —AZL* FRIEEHE T
I1.B.P.

(—Au,v)z—f Auv dx ===J Vu-Vdez—f u-Avodx = (u, —Av).
Q Q

Q
R, v = uIHERBuN(—A) R TARRHE R EL U (—A) R AEE B AR S s

/IJ u?dx :J [Vul>dx > 0.
Q Q

b, RAVEREUE U ARFEE B ™M IEE AR, RRA = O RRHIEE,  IAFAEXT L)
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AMEAZIFHE R B, B B R VY = 0 > u = B8 HulLEL%, FrilixAwEHA
REe%, T

R RIANIBOREHE3.4.103)-(H I 4538, FUEUHRKBIZNEZ s i e, oAb 2.
— EIE3.4.3
HQ C RGEAF Rk, LA FARF, U

(1) —A (W Dirichlet R A & ) B94F A8 E A E R &, BAR—AFIH#3E 2)+ootd 7
(XA T 4R THSA)

0</11<A,2</13<'“, llmln=+oo.
2) LX(Q) B —mitk EXAw ), £ Fw, € C°(Q) (k € N)RA I B 6452 H 30, 277
#2

—Awk = /‘Lkwk in Q, Wy = 0 on dQ.

JFIC 3.4.2. Kesehzded, kA > 029k, I TFHHIH 4 T X A9 & b3 ARAH B 1 i  HF
#R AR 2
d
Lu :=— Z 6xj(aif (x)d, u) + c(x)u,
ij=1
£ Faic e C®(Q), IR EHMHER F M, Fe(x) > 0EQB R 2, W KAV T AW T £ 442
{81, > 0.

JFid 3.4.3 (Neumannid L2 1A/ ). 5 4% 4244 9] 22 49 i&ﬂ%{%fifaNeumanniﬂﬁ%f%:—;bg =
0, MA, = 0 A (—A)HAEfh, TR IR I AEATIER T, ©HE3I43F L CERIAR
Z ((2Q)¥F 89k € N* &% &k € N).

JEIC 3.4.4 (Weylfd)., % B 6tk o H T 694 448577 2] A4 32 P L & &, X2 H HLaplace
ARG TUMAER S N E T A4 “428 7 (steady state)1F L, Wl g5 742, KA HAEF
Fo RTAFIALB LA —NMAREMRGZE X BH. Weyle i, 4 BRI, =T LAIEH

d

/15 d
lim — = (27)

L R A— Y 0 1> 5k o
n—oco N Vol(Q)o((d)’ OC(d) =R ‘#‘YTS"{ a4

BT ASFE T e R 09 2 F 9473 L[19]49 %797 465304 5 8271 49 € :.541.

N THTFRAT3E— B FU(—A)HE T 1 ERFE{E (principal eigenvalue), BU&/NRFIE(EA,. FRATHIIE
HHA, 06 € s SR B RFAEAE,  HAFE R A EQN AR 5
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_ FIE 3.4.4 (—A)EHHEERIZ 57 [RIE(Variational Principle)
%A, > 02 (—A)H F (#F Dirichlet A8 5 4) 69 4 4E4E, WA 4= T EL R Lo

(1) (RayleighzrX) %A :={w € C2(5)|w = 0 on 0Q} A % % % (admissible set), W A F 4F 124
LA R

S IVw(x)*dx
A, = min .
weA fQ w(x)2 dx

Fh, LK

A= mijrllj |Vw(x)|? dx, A = Iw € C¥Q) j wx)?dx =1Hw =00ndQ;.
weA’ Q Q

(2) (BT = HFAEEH) (1) F 8 K AMER AwBoRA, A4 IER Rw, A 5], Bw AQR T
T XIS R w, & e T H A2 6K F

—Aw1 = /11w1 in Q, w, = 0 on GQ.
(3) (AL R ¥ FAFIEE) Fu € AR ST FAEH R
—Au = Au in Q, u =0 ondQ.

Myl & Rw, 89 F $ 4%, BPALETRCEFEQARBAU = Cw,.

SEIT 3.4.5 CRRAE R BADRIEME). — Ak 3t, = IZATE 89 25 F 89 H 8 % M Sobolevs I HL(Q) ¥
I, A2 EQI LR AT, A 24 F E N2 2 (Evans [3, £ 26.3.6) % Plw, € C°(Q), FrAXxE
FATIARC? F $ A A I2 8,

EIE 3.4.6. Q) APARIEEFL0<A <L <AL < XE—ERNAQ=(0,1)8FALZZLHE,
JFid 3.4.7 (Neumannild L2 - ). & 45 4244 ) %E’Jﬁiﬁﬂ%{%fifaNeumanniﬂﬂ%f%:—;bg =
0, i, B R BRI, W) 6953 AR AW € CQ) 1 fywdx =0, w £ 0, 2], =
0}, 72 6 (1)MEAn KR . 3 (Q2), B EAIEEL 4B B R B AQARBRES, —/4
AR 0 RBIAQ = (0, 7)8, D EAFIEEL, = 13 B 84 IEH A X, (x) = cos x. 3F(3), 4,4
T—R A EFAIEA, BlieF EQ = (0, 7)* 0, cos x, cos y#t & FAN & 1 T % 89 8 4,

Vw2,
JERR. Wui BI[w] = — 2 A ML T GBI TR, I

w720,

CIVwliz. g,
m=1I[u] = min ————.
wer [[wlg)



134 B YEE R B AR

F—%: ERAIw]RNMER-ANEFFEE. Flv € A, B TuwdMMe7, Frel3kAiTaeL
Yif(e) 1= I[u+ ev]fE eI R EifEe = 0L B /ME, XFERITEHIA f/(0)=0
F—J5i, AT R E 2 LETH f(0) = 0FFRERN . FHEL L, BAITH

Jo IVul? +2e(Vu) - (Vo) + €| Vo[> dx
Jq u? + 2euv + e2v2dx

fle)=

HimxteR 2 5, Hoe=00]15

(f5 2(Vu) - (Vv) + 2¢| Vo] > dx)

) = (Jq u? + 2euv + €202 dx)

([o IVul? + 2e(Vu) - (Vu) + 2| Vo |*> dx)([,, 2uv + 2ev* dx)

B (fq u? + 2euv + e2v?)2dx
) _(fQ u?dx)(2 [, Vu - Vodx) — (f, |Vul* dx)(2 [, uv dx) ~
f'(0) = . wdxy =
fO)FIEX A7 0b 20, KIILFRA1/5 2]
2
Vu-Vudx = MJ uvdx = mf uv dx.
Q Jourdx J, Q

an B AT 3 B ARy — IR, 153

J (Au+mu)vdx =0 Yv € A,
Q

KR —-Au = mufEQNAERRAL, MITmRZ—AGE FIDEFAF)FIRFEE, u 20T MR AL R AL
B RIAEY m = A, FATCHRRAEAEA X0 S FRHE R B w ;. FETT R —Aw; = 4w, PIiA R Bw; I

AV AT S

A-J lw:|?dx = —J (Aw-)w~dx=J |IVw,|2dx= 1, = V0,1l > IVull; =m

! Q ! Q " Q ! ! ”wj”iz ||“||iz
Fr Lhm B EUE AN 7] R tii( A)RAEFT—ANMRAEE, TTmAS & H O XGE(—A)RIFFIEE, I LAt R e
e f /NRHIEEA, . R, XA 12 BRI [w] BRI Fua A 6 B R REAE AR 1] @ R A, X At IE I
T ()FIQ)IRETEE 5
FL: IERAEFEEMNFEREATS. IAERIME ER/IMEFuildfFw, . FRATHUEH]

“XBQW, EAlEFw >0, ZEAERAw, <0.”

BRI =
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B, Ew?, wr i H w4 B3R, A2, Mws R, A 44 A LA

TR S 27T, AVEEBEWREMAL, RS KAEMN A FHEL L, 6% MEk
R (HE184.2.5) 8t At ELEAE HIR AN TARE R 4518 . R RAT H am i R B 2518, HAERDB 1
A LA 42,275 58 K
— EIE BIRERE
HQ C RIZEAF KB (H Rt fe i @42 F 24), u e CA(Q) N C(Q).

(1) %2R —Au < OEQAE R L, LA E X, € Qith Ru(x,) = max u, Wufk Qb X F18.5 4.
Q

(2) 42 R —Au > 0EQRER L, LFE EX, € Qih Ru(x,) = minu, Muf Q7 #1E5HHK.
Q

“WiE + BAERE S w, AT S WIER. ROVEFw!. BIEN S RYEQNE-Aw! = Lw} >

0. WRwHEQNIE K TE, MARMw EQNIEIE, it CLMIE. B EFEY, € Qff
Hwi(x,) = 0, FHL I Hw! ME/MEEQN AR, T—Aw! > 0, BT YRR E R Q) Hw H N
%, AR ERNCEEN T HEw (@@Fw, B EEQNARIENIER, T2%EHw, < 07EQH
R &

ARHERR AT 5 Gtwr . R, W EQIIER T, TF4 W8 w, EQI I 61,
LRI, BIBETFEX, € Offiffw](x,) = 0, KHEW w] MEMEEQA AT, -Aw] >
0, FF LI 3 M A S5 Q) A wi tE R % o TTRSAE B HOR A R 00, BT AR “w, TEQNEIE” Al
“w FEQIIE I IR, AL
WS HOIERR.  CAIEMINT S, BATRGIE M w . = 1 FEAE X

A :=J (w/)*dx, B =J (wy)dx=>A+B=1, A,B>0.
Q Q
MR BRI EE . S E L AIA,, A, BRIE X, FATA
A =J [Vw, |?dx =J [Vw; — Vw;|*dx
Q Q

:J |wa|2dx+f |Vw1‘|2dx—2J Vw! - Vw; dx
Q Q Q

=0

lelJ' |wf|2dx+/11J lwi|*dx = 2,(A +B) = 4,.
Q Q

XSRS, 5 BRI f* 1= max{f, 0}, FHAS 1= max{0, —f}. BMfE20,f = f+—f|f| = f*+ [
IMRIESTZIG, wil— SR LI fUESE, HBANVRFT URE —NTRWELZ G E LV, Ak 2
W.Evans[3]% 1.5 > 18, 53— 7T, BAIIET 07 REIEID3.4.58T8 ZAEMwEsehr EET0o(Q).
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HATER G —AMAERBATHE T4, 18/ IXFETE BT ARS8 & Ukoar, K1 3

IVwilll, L Ji o h i
A = = wi A X L AL TR 8 1 i

[lwill7,

B=4: EPAEFHMEERBEREE.  Fiku,, uy A L HRF AL ] 2L P

—Au = Alju in Q
u=20 on 0Q),

H(2)%13E [ u, dx # 0. FTUAMFIEC € RIS u, — Cuydx = 0. TMRFIE(E il 02 e 1% vl /i, T
Pluy — Cu, 2 [ — MBI B . IREQ)R B Wy, — Cu,ZEQRAEAE (B0 u, —
Cuy /AN R —MRHER KO [ 4Bl @ EQAEIEEEE /R, X585, u,—Cu,dx = 0F
J& o FTPAuy—Cuy = OFEQWNAERAL, Ak 2 Ui, X R AR 723 ()& — 450, A 2 B s R .

O

JEIC 3.4.8. (1)89E 8 75 ik AR ARME T 93 7K (calculus of variation). X A7 k4R E T —ANFF a9 &
Ttk HAEG BT AERAMEEN R ELZRHAELT XY REHTORPMT. 503, J[w] :=
IVw|?, = A MAREAL R E, CTURTHECHT ZLNH LR HFELYk, AT I 34630
A=l KFL, EoraFhiFalthmsr 7RALE RS, FTRENIRTILITEZ R
E R

i 3.4.9. Q9 MR L2, HKIETHIEARZES THY, IREAMZISH PR AKE
Tayik R e Eit, FQAR, M-AKERLZHKY, EMELLEFFIEMLE R—AFF].

SRR 3.4

SI80 3.4.1. 3% p(x), q(x) 2[0,1] L% % A& 3, RN N E. ¥ & HIEME RS
—(p()X'(x)) + q(x)X(x) = 1X(x), X(0)=X'(1) =0.

IER: RRAFARAARS B 6 A AR AL (0, ) F R ER S, EARAFIEAE A ERHK. (RFx: I
HEFLX 1= —(pX') + qX E%RAFEM4TALX0, ) LAtk T, )

SR 3.4.2. EREIAANMBILT, EW: EF) > 2, A5 R 6945 IEE Row; L 2QRN LT,

SIRE 3.4.3. 4o R4 AL %@(3.4.2)2@éﬁiﬁﬁ%{%éﬁ&ﬁmobmiﬁﬁ%{%:j—; + a(x)u = 0 on 9Q.
IEB EAFAEEA R X

S IVw@)|?dx + [, a(x)w(x)*dS,

A =
1= e [ w(x)? dx
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b A={weCHQ)NCHQ) : wZ 0} X Z R ILT 89 B 12 R 58,
SIER 3.4.4. %Q C RIZA R AFOH R KK, ult,x) € CX((0,00) x Q) N C([0, 00) X Q)2 4 F #
& FALUY IR,

u—Au=01t>0,xeQ; u(O,x):uO(x)eC(ﬁ)xeﬁ; Ulzo =0, t 20.

(1) JEFA: [ (u(t,x))*dx < e7M! [ (up(x))?dx. £+, > 02Q L& (—A)H T (# Dirichletil %
Y8y T4, (R AL TS Z®,)
(2) EAAAERAMAu AR P RF TR L?

SR 3.4.5. 2Q C RIRAFAFGHF R, ut,x) € C3((0,0) x Q) N C([0, ) X Q)R do T #
1 F HAL0 R o

ou

u—Au=0t>0x€Q; u(O,x):uo(x)eCl(a) x€eQ; —
ON |34

=0, t=0.

(1) ¥ HEZL >0, [ ult,x)dx = [, uy(x)dx.
(2) P MEFL 20, [, ut, x) dx < [, [uy(x)] dx.

ﬁﬁ:ﬁ%ﬁ%mﬁﬁ%&ﬁz%%;ﬁ@x&%%qﬂ#+@—uqm

S)% 3.4.6 (Dirichlet 5 70). 20 C RIZARCHIFRFE, LR LS € C(Q),g € C(OQ), X
B2 is 8

I[w]::f %lelz—wfdx, weA :={weC¥Q): w=_gondQ}
Q
JER: uRI[ | EA LT (BrI[u] = inEI[w], u€ AL B BuRlzH H54269/F
we
—Au=finQ u =g on Q.

BT KAFRAFIAR ALK EZ; 4j) =Iu+ev], EFveCceQ), KB+ Hj(0)=0.

jo)’% 3.4

BIER 3.4.1. & 23 A44BIRT, A, AL ERBFIEL KRG FEE TN, 344004
we%EkH: MEFEL#L A, NI ={0}

(1) 1EBA:

: ZIQ |Vw(x)|* dx
A, = min

[0 dx w#O0, wlzg =0, w€C2(Q),J wodx =0YveZ, ®--- P, .-
Q

Q
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X P AT IR BRI T 89 B R
(2) A Alm A, = +ooF T 5 vt 2 £ 2% F 49Bessel I~ 3 X a9iE9, FiE®: HHEES €

H)(Q), Bt A f,Vf € LA(Q), flsq = 089 2AKKISf, LA

lim

n—oo

n
f-= Z CiW;
j=1

L2(Q)

Hobw; R E SRR S, ¢ i= 2T e £ G e 2ot R

s
)R 3.4.2. AHAER(-A)FEAKRNEERBQEBRR DG ZETNHALER. FE—RALRFLFHRX
BO>(t) ¢ RY CHTABHAARM A Hr € R, B AT, A ROQU)HA R E Av. HiE
BT, BAVE BAFLEEL = A(0) R L3 2 a9 HF IR K w = w(x; 1), BP F JE4e T 45448 9] 4

—Aw = Aw in Q(T), U.)|aQ(.L.) =0.

;["_t%?»ﬁiiy"; ||w||L2(Q(1)) = 1, /‘l,wi%f,xéﬁil'%l;&ég(o iﬂ:—%!

‘|
dr 80(7)

HEP v .NRAR Q) k@& K.

R AR AR AT = [o,, [Vw)[> dx. KB AR K(B.2.3)KFEIER [, 0| Vw(x;7)]* =
20 (). T—F PRE ZIER ||w|| 20y = 1 RFEF %Hw”iz(m)) = 0. ZALLI R QY K4y 42
¥, (—A)BRFIEERT ),

a—w(x; )| (v-N)dS,

ON




—

Jduy

NE HRXERE

5

P b — T 25 1 W] SRAE— Y- X 8] B — Bk DX N 1R LSRR PR Bl 0 7 R IAAE
A SR, X —BHA FIXIQ ¢ RY, FATHERLS HAFAE s BOR 10 8 URIE S, T AE R 2
AWM IEZYEN Ry ML T (g EIX S REEIE RSN I, OA K THIEE BN iR E
HEERE AT, Bl BT RKER M RGEEAT S AR AMMETTT
FE AN Laplace /5 F2 AR KB IR B AR UIX — W . FiE RIS, XEsh e (B0 X0 B i /7
) ETIEE LR T AT R E IR PS8 1. Fsg ERATT&FH BB OAE IR PR AP AL
RIS CHRAERREE X (BT, REREIRE AR X
T

4.1 HBIEMRKERE

ZRXIBQ ¢ RINHIPMES Ty, — kAu = f (k > 0). WHRQ = RY, AT L A H
ARG E A HEN - X, BB ARELESH. M THESTE, 341
AT DGR A RE R 71X — PB4 R 08 5 B s vh e AT ERAT R A A g T 7 R 1 55 )
KAG SR 3T A R OAE R 3, 5 38 R B B A0 T #ue ST R P IME A, ZE A
THarnack A5 UG RO E0A FEA T IE R THE . ASTF b, 3RATT 508 1 A R 50E B s A A IR
H I Harnack NS5, #ufe RTTRERIRA LI, BEAKT] 2 WEvans [3] FIZ52.375F567.175,
IBE 4.1.1. 228 RERQ C RY, &A12 3L

e Q; :=(0,T] x Q c R4, #1454 & 4= (parabolic cylinder).

e I} = Q_T\QT = ({t = 0}xQ)U([0, T]x0Q), #- 1 J4 34 - (parabolic boundary). %= T & Ff T,
Yot T VAR #od R A 69 IR (R mds %t = 0) H= “ME” (FRx € 0QIT4Y
AfE) #HFE,

o u(t,x) € C}(Qr), AHutE At xt9HH X FTxTEACH), XTtEERC'H,

4.1.1 AFGIEBERKERE
STTIETL =0, —kA (k> 0), BATH W FEH

139



140 FINE R R

4.1: —4EIX T8 Q = (0,¢) MITEHL, HFH &> B N8 5Ty

RA \—/rr

The region QT

4.2: — R X3 Q X A 5

— EIE 4.1.1 AFENGERKERE
K u € CHQ)NCQp) £QA#HZ du—kAu < 0. Mubd R KALL Z EJodh il RT, Lk F]
Bp

maxu = maxu.
Qr Iy

&n},‘%"#“l’é’l“ 0" A= 07, M| LR 258 3F |u| ik s e R FA P “< 073w > 07, I E
wWEER P Ay “RAMA” Bk “RAME” R .

RXAEER LB ERAKETIM IR A AR, W2 W R R Beu e, ) I BT T 5, X0) €
Qrik B KME, HamAx, € QI AELTFOQ L), 0 < 1o < T. HTulty, xo) Rult i KA, Fr LA

V., u(ty, xy) = 0, Hessian /7 FEV2iu(ty, x,) 5 5E = Tr Viu(ty, x,) < 0= Au(t,, x,) < 0.

XIS T 2 e DU A A A 175 DL
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o H0<ty,<T, N du(ty,x,) =0

o ¥ ty=T, N 8,u(T,x,) > 0.
Tgin BRSBTS R 6,u — kAW x,) = 0. XILTHCAFR T E: HATH
RZE > Bul N &AE S >, N T EBOXEREH “Ial]—17, AT LB RS AN s,
TR FA A i aZe e oV B FRATTAR B () 451

UERR. FRATTSI R BB Hu(t, x) = u(t,x) —et, HH 0 <e < 1 —N/NEE, o
0,0 —kAv =0,u —kAu —e < —€ < 0.
X TEAR S FIE e, o RE D e, LIA R

max v(¢,x) = max v(t, x).
Qr Lp

A, WHu=v+etn]1H

max u(t,x) < max v(t,x) + T = maX v(t,x)+eT < max u(t,x) + €T,
Qr QT Ty Ip

XHEBMERE A To<u. HTe> 0 2EER, 2e - 0, B 58 max u(t, x) = max u(t, x).

Iy

Or
Fralth, #0,u — kAu = 0, W—uthii & FFEREE R, S Emax ju(t,x)| = max lu(t, x)|.
Qr T
O

IR 4. 1.1 (RO R W AR AE). 48 R LB A — AR T2 RO 3R MR AF (f = 0), AF LR
JE IR 2 09 A B ARG AR AR B L S B 2] RE RAT A A k. B sk de R AR A0 4G B 2 AT 9
BA—RBER®S, RATTBENRZE, RIFER A wATF EREINIRMR, TNt = 08 R KR
B BN R AR, BIANMRETUREMBAR “RREHRE” 95 —FHB X, SAFFRHAER
bo BIEZMR G H) ARG A R 4G R AR, B 5 RAEF3.1.2T KA T8 2RI E 0
2091 F 75 m 3 E o

WRFATE RS T UE N Lu 1= d,u — kAu + cu, HHce(t,x) > 04 E IR, LWLl
AL RS L .
— IR 4.1.2 RIESHIEEC > ORTHSSIREIRIE

W u e CHQp)NCQr) £QrFi#HA du—kAu+cu=f, Hdc>0RAZHIE{HH, N
(1) EQAAf <0, Mmaxu < maxu 5 (U9 IE 3R K AR oL & 12 Yot 30 71k 5))
QT Iy
(2) EEQAAf >0, Mminu > —maxu~; (uby R &AL 7 Iih il Tk 2)

QT I'r

(3) EEQAA f =0, Mmax |u| = max |ul,

Qr Ip
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& ut = max{u,0} #= u~ := max{—u, 0} 2 F Huby E3fF= 7 3R,

HERR. R AEEA(L), 2)-G)rT LLEZ MDA W, m(DFUEH Sc = oG A2 (0. F52F, 3K
ARG FEAE “HITRMINEL” f < 0OZ R oL, BUEEEHu € CX(Qp) n C(Qq) TEQ, i A
d,u—kAu+cu < 0. WWAHRATH RIFVEIF 18 : RIBEAETE S (L, X,) € Q15 u(t,y, xo)EufEQ, I
MIEERKIE, A4 10 BRI R

o V,u(ty, xo) = 0, HessianJ5 FEViu(ty, x,) F75E = Tr Viu(ty, X,) < 0= Au(ty, X,) < 0.
o 6T, %) 3 0, BT T K B AR 4
- 7 0<ty,<T, N d,u(ty,x,) = 0;

- % to = T, )I_\IU atu(T, xo) > 0.

o cu(ty,xy) = 0, XAEKE RN Hulty, xo) & LK
AR, 13310,uty, x,) — kAu(ty, x,) + cu(ty, x,) > 0, X5 %,u — kAu + cu < OTEQ H{EAK
ST JER . BIIRATTE “HEsrii” f < OBITEHL MIER] T max u < max ut.

Qr
WERIAE R 0,u — kAu + cu < 0, FATH A UCRHPLENE. X780 /MU H Be > 0, Fdl1E
Xou(t,x) = u(t,x) —et, BEAZHHHEH

ov—kAv+cv=0u—e—kAu+cu—cet =f —e(1+ct) <0,

R v max v < max vt BAE, Wy = v + erfF A
Ir

Qr

maxu < maxv + €T < max vt + T < maxu® + €T.
Qr Qr I'r I'r

i %e — 0, RIONPTK. O

5 559 R KA SR B AR A, XSRQIN I @ 1 T 5o 20, Bl DL 3a AR B R BEG — M i A S 0T
FQHR LM . HEBQAAEENE, WHEATATEnsRLE 18

“UlIBRABTE Y 151, X0) € QriBE] = u(t, X)L, %12 BT BEREQ, PR H . ~
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rd

Parabolic strong maximum principle

4.3: Y0V AE SR B R

I AR ARRAE “smARAE R B . ARURREIS R B R A, Se R E R B O R . TR
FATHAB s KA IR B 2518, RIS % .

— EHE 4.1.3 REFHIEEC > ORERRIERIE

HQCRIZRARREIK, Hue CHQp)NCQ)EQAHASu—kAu+cu=f, £¥c>02%
FRSRECE

1. £EQ AR <0, Rufidody M6 A &(t,x,) € QA2 AR KME, WukQ, AR

WA,

EEQNAS > 0, Bufe sty B4 69 A & (L, x,) € Qrik FIHEE K M, MukQ, A2
AR

SIMRAE SR B — AN H 2 o IR, BREEE R TR (comparison principle).
— EIE 4.14 HRESHENLLREFEE

Re(t,x) > 0L R kE, X MoHTLALu =0,u—kAu + cu. Fu,v € CH(Qr)N Cc(Qy)
i

Lu< Luin Qp, AR u<vonly,
] 72 B A Jodh [ A 49 11 ©.Qp F AR Hu < v.

P S B PR E B AR ] 2, B LR u — o FH 39 AR A R BRI AT, PRl AT I 250 e . dhautt
25k, AT DAIE B F X Sk 3 #A A%  J7 RE AT T2 ML 1) U P I — PR AT 4L T A A I B R
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Be(t,x) > 0, FHHEIE

ou —kAu + c(t,x)u = f(t,x) in[0,T]XQ
u(0,x) = uo(x) onf{t=0}xQ (4.1.1)
u=g, on [0,T] X 0.

Fu,v € CHQp) N C(Qp) 7 BRI R (4. LFEYIE Fuy(x), vy(x), IB1E Mg, g, LT IR, MIxfu —
vf FH 55 8 KB I EE A 45

max |u(t,x) — v(t,x)| < max max luy(x) — vy(x)], m]aX lg.(t,x) — g,(t,x)|¢ -
ar

4.1.2 HAHEVHDEFREMN ST
BT S FRATIR) B0 1) 550 AR J5 B IE B — 3 5 T

TBBMEIABARGE S

_ PR 4.1.5

HQCRIZAREB, u € CHQr) N C(Qp) R FA2(4.1.1)#9 %, 1)

max |u(t,x)| < AT + B,

Qr

H,+ A :=max|f(t,x)|, B := max {max |u,(x)|, max |g,|t.
Qp Q [0,T]x8Q

MERR. FRATE S A B B Bw(t, x) = u(t, x) — At — B. RUIE, 4R BB e TRl 1 “
7 SIRKE B BT R R w2

w, —kAw =u, —kAu—-A = f(t,x)—A<0 in Qy,
PLK
W(O,x)=u(0,x)—B<0, w|50=g_B<0=}'w|FT<O

Xt w IO FH LA S B AT 5w < OFEQIE AT, Blu < AT + BAEQfE T
Kohtth, FRATIud sl—u, 7T LFEN —uf — B —RE I, Bl—u < AT + BEEQfE KT,
X |u| < AT + BEEQIH KA. ]
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R ], RIVEBATANFIIE A S XA (12805 BRI AR ) A i) 2 s NRaA 50, AR W]
Pt Tl R = B ARG RGE R . X — S RS EAE, Ja & B S I RARIE LU,
ReZh B P A {5 R LA R i ge Ak T HE R 7S A T

BN ORBATUE AT F X $5k A 8% 5052 (R A AT IRk ] AEAT $R BO I

_ fRR 4.1.6

Hu € CHQ) NCQAA REBQ C RIA 4T H 4249 %

ou—Au+cu=0 (t,x) eR,. X Q
u(0,x) =g(x)eC(Q), t=0x€Q (4.1.2)
u=0 t>0, x€oQ,

Hbe(t, x) R E 4% H K
(1) FHEFHcEFe 2 ¢g > 0BmZ, NAEFHKA > 0EF|ul,x)| < Ae o'3H{E
#(t,x) € QAR .
(2) %82 O,E]_C%—}Ji{ (71}'\’)4‘3”’: ﬁl ), mu > OXﬂLﬂ"i—%(t,x) c QTJ#SL_;’L-Q

WERR. FRATTVY PR A B A 3 A B e R R R OB R B 26 . B4 € REHHLL WIRFHB &Y
(e, x) = e Mult, x) IR, A28 TR TS ol 2 g 3R

Jdv—Av+(c+A)v =0, v(0,x) = g(x), V|30 = 0.
X (1), FATHA = —co BRI AT 15 2]

ov—Av+(c—cy)v =0.
N————
>0

W2 FaHER4.1.2(c > O RAE SR 2E), AT 143 21

max |v(t,x)| = max |v(t,x)| = max |g(x)| = max |u(t,x)| < Ce "
Tr Q

Qr Qr
—

=:C
XFF(2), FATTPAEA = 1 + max |c(t, x)|, fFEFEMN TR Ec + 1 > 0. #EHEIR4.1.2(c > ORI 55%
KR ), FRAFH

minv > —maxu- =maxg =0
Qr I'r I'r

Hrhg > 0% Mg = 0. XHIFH To > 0EQ TERSL, w2 k. 0
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SFIE 4.1.2. TSR, < ORI, X bey > 04K 2 B AL M LA T AR
I K, FEE, Biffc, =0, &AL LLEIA M LA B Z 6154 Z R F, {229 k% 7]
AMEET Y, F S A4.1.4F2 9] 404.1.1.

FE )R HYE ST
AT G, FATUIE B R 2 A REH (1 A5 FEATIE 0] R A 32 s A
_ Rl 4.1.7

Q= RY, u € CHQp) N C(Qr) R 4e T AL 1P A2 49 A R

ou—Au= f(t,x) in[0,T]x R4
w0,X) = uy(x)  on it =0} x RY

(4.1.3)

]
max |u(t,x)| < AT + B,
Qr

AP A:= max B :=max |u,].
i nax, |f1, 1 ||

ERZ a2 /T, RAVARE — M RIIEE. N T RGRE [, A1 = 1AH], BLEEE
WA |u(ty, x0)| < AT + BRHMER(ty, Xo) € [0, TI X RERAL . FATIFHTER A JCFH X 42k, 11 i K A i 22
XE RS BT AR R XIBOL, A — MR EZEN R 2 M RIE#BQL 1= (=L, L),
NETE (tg, Xo) € Qr» FRAFIEL > 0ffif5H(2y, x) € Qr € QL.

t

e al —
ps

Kl 4.4: fEx = £LACBABAERI AL T

BRI B PR, BATVIERME LALLM 5 1 DX 3 B A P AR OB B, I8 DR D R A X 4k
Wi EAAE BERA: FAVEAFIEuEXx = LA B, 455E 1) E 2B B A B dfmax |u(t, £L)].
AL, BATHEA E B IS D EIE R B R L (SRR X R Q. ERE
{5 A R A i P o LU 3
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HUERA. 8L =9, — A, BEHEM > 03 /& |u(t, x)| < MTE(0, T|xRUERLSL. KR > 0, 5-FFETE(0, T]x
B(0, R)E B MNw(t, x) = At + B + vg(t, )RR EL, Hbvg— e fimBims, fEEmakile
HIBRE S E . IERATCH W MME R

o Lu << ATEQ,T]x RA4EKAL, LLKu < BYE{t = 0} x RARRAL,

e w(0,x) = B + vz(0, x)7E{t = 0} X B(0O, R)¥ ., PANw > v 7E(0, T] X dB(0, R)AT. .
KT 5 B bR Bog, TeA 14 B 2

e Lup = 07£(0,T] x B(0,R)¥T.,

e x(0,x) > O7E{t = 0} X B(0, R)¥L, vk = ufE(0, T] X 6B(0, R)K AL,

e R — ooftf, Hvg — 0.
WRIXBE R A AE, MATRMTR B S B R Lu < A < LwTE(0, T] X B(0, )& A Fu < wiE(0, T] X

B(O, R)M il FEplar . B EE R R ER 1S Mlu < wfE(0, T] X B(O,R)KAL, FRALLgl RN —uts 2%
K)o MR 2 (¢, x) € (0, T] X B(O, R)AL AN N AZE

|u(t,x)| < A+ Bt + |vg(t,x)| < A+ BT + |vg(t,x)| in (0,T] x B(0O, R).

AR > cofft R IRAARE 45 5.,

£ RS EUH 2 R SR (4 B R g, X B FRATT T A AR T R ST A(|x|?) =
2d, XFERITERL AT LA 1 L(|x)? + 2dt) = 0, Wit R HE T “AEIER” . BT kb E5F
SUNIERT P G u&;igl vR(t,X) = 0. REFRANIT LA T M /R?, FHrrMANE I — TG T E X

XFERYTE, AT “ER T AN Bl R g (e, x) = %(lxl2 + 2dt )i AR BATI A EOR O

SRR 4.1
SIER 4.1.1. LEHL > 0, 32QL = (0,1). ul(t, x) € CAQL) N C(QL) & 4w 7 4 44 i

ul —uk, =0 (t,x) € QF
ut(0,x)=0 x €[0,L],
ul(t,0) = g(t), u"(t,L)=0 t€[0,T],

HF g(t) > 0.8 HEEL, < LA=(t,x) € Q?, ulr(t, x) < ul(t, x)Brk .
Rw: BF T AR R,
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SIE 4.1.2. Q= (0,1), h > 02 % 4. uh(t,x) € CA(Qp) N CH(Qp) R4 T H A2 60 iR

ul —ul, =0 (t,x) € Qp,
u"(0,x) =0 t=0,0<x<1,

W'+ h@-u")|,.y=0, u",.,=0 0<t<T.

(1) 3E8: 0 < ult,x) S 1EQF B L.
(2) B HEE(E, X) € QA0 < hy < h,, FAUM(t, x) < u(t, x) & .

BF: (1) ARGEHRIERUr A0, T] X {x = 0} Lt R MARTAIE A, & KARTRALL (2)
Au(t,x) = ul —ul, i Fosg R & B, 2645 (1) 89E 9

SR 413, 8 R > RREFIFHMEHE, Q ¢ RIRARKERE, #H#T > 0. &u € C(Qp) N
C(Qp) R4 T AL 89 iR

ou—Au+ f(u) =0, in Qp
u(0,x) = p(x), t=0,x€Q
u(t,x) = g(t,x), t>0,xe€90Q,

(1) &f € CY, AEHERAMN» H T Lu 1= d,u — Au + f(u)# & RIL,
Q) 4o BAMBIRSfES, EY LK TSR,

SRR 4.1.4. FE— T4

u, —u,, = 0in [0, +00) X [0, 7], u(t,0) =u(t,7) =0(t > 0).

(1) E8A: SHEZFa € R, v(t, x) = ae' sin xi# & L& 7742,

i X x €[0,Z%] . .
(2) FAEEIAu0,x) = 2 IER: 3R e R AR F X
T—X XE€E [;,71']

T
e”' < max u(t,x) < =e’’.
x€[0,7] 2

R Q)RR EAIERIE, TR T RGEE 4.

SIRn 4.1.5. 5% E—4% X HQ = (0,L) L4 TF 7 A Neumann X Robinil F & 69 #7542, &u €
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CA Q) N CHQA T I

u, —ku, =f (t,x) € Qp;

u(0,x) = o(x t=0,x€|0,L|;

| u0.3) = ¢(x) [0,L] 1
—u, +at)u=g(t) 0<t<<T,x=0;

u +Bu =gt 0<t<T,x=L.
\

HPk>0-%F&K, a(),p) >0.

(1) %1, 0,8,8 =00 HEE(l, x) € QR 2, ER: u > 0L EE(E,x) € QB .
(2) A#F :=sup|f|,B= max{r[r(}'c% Igll,r[r(}% Igzl,r[réagc lpl}. IEBA: B EAURMK, L, TH % HKC > 0,
Qr ) ) ,

4% |u(t, x)| < C(F + By3HE&(t, x) € Qe & .

Bm: (1) eBikg, g, > 0, SLHEILT B BGERIEM LS, —ARE L E B2 u(t,x) 1=
ut,x) + ¢ [Zkt +(x— 2)2]. (2) % &#H B & Hw(t,x) = +u(t,x) + Ft + Bz(t,x), & ¥z(t,x) :
1 Ly
SIER 4.1.6. A% E— K HQ = (0,L) L4 # # Dirichletid F & #H#9 #h 742, ku € CHQp) N
CUQ) AT HIR.

u, —u, =0 (t,x) € Qrp;
u(0,x) = p(x) t=0,x €[0,L]; u(t,0)=u(t,L)=0 0<t<T.

(4.1.5)

(1) JE9: r(n%( |u,(t,0)| < C, r(nz;;)( lu,(t,0)| < C, £+ C > 0fXUIR Hig, ¢’ #£[0,L]49 LR,
0, 0,

(2) #F&ku, € C(Qp), EHA: max |u(t,x)| < C', £+ C > 0fRIR i, ¢ £[0, L]89 L5,
Qr
#r: (1) &2 @) = oL) = 0, &A1 u0,x)|, HRLERZFE|ul,x)|@F, RER
TR AT E |u, (8,0)| 89570 2)F JEv = u, HROKTAL, FH Ao A24.1.5.

Io)RR 4.1

B15E 4.1.1. 54414, Bk H0,x) = uy(x) € C([0, 7]) i Rug(0) = () = 0, IEH:
BRETHC >0, £330 ## 2 sup |u(t,x)| < Ce™.

x€[0,7]

#’r: Fruy(x) 5 3 A84.1.4(DFME F RAS A A, TR KRR AMEC 89 R B FT 12 o
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4.2 FHFRHAIERER

FE— WX, FRATITCT R AT TR A o B 1) 8 RIS, (AR FRATTS 28 mT LA IR AT e K )3
B, BRE R, BAREANTE. Harnack NS E 2 ST, AT — 5 HE
ZEER 7Y

4.2.1 PFFMEFRHEFERE

H A PRELH P IE B, XA TLEATA S R S WO c RYE—NEER
T4

— EIE 4.2.1 FMRHBHFEERE

Ku € CHQRAA T, N3EFEWRB(x,, 1) € Q, Rt T %X

u(x,) = f uds, = J[ udx.
0B(xo,r) B(xg,r)

HUERH. S ufEBRTHIOB(x,, r) LK FHME N

1
o(r) = ]f u(x)dS, = —f u(x)ds,,
B (xo,r) da(d)ri-! 8B(xo,r)

Hrda(d)ri- 2B (x,, )R . FTATEAEHE (r) = 0. BT XA AR 7 X 3800 5 THI 9 R 25
AR A » ﬁaﬂ]Tﬁ@E%ﬂiﬁﬂPEﬁrazijzﬁvar, BT LS [ R AR B 8 Hex = x, + rg, HPER
HOB(xo, )AL — mi BB 'S B Wix, + rzfE, Hiz € S Bk Ei—5. BmFEkm
se(d — D4Eni@Eahm, FrbIRATE dS, = ritdsS,, XA 3

X=Xy+rz 1

p(r)=—— dad)

J u(x, +rz)ds, = ][ u(x, +rz)ds,.
3B(0,1) 4B(0,1)

xR, EEEENIT S

d
¢'(r) = Z f

=1 Y dB(0,1)

ou(xy +rz)z;ds, = ][ Vu(x, +rz) - zdS,.

8B(0,1)
PR Rz mE 4 B xR AT 1R

X=xy+rz

@' (r)=——=

][ Vu(x) - =% ds,.
3B(xo.r) r

BRI B A RVEEBRIOB(xo, 1) £, XA X — xp XA R R ZERE A ANE A, BB
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[SSEENIE SN ﬁﬁu@%ﬂlﬁjﬁ%x € 0B(x, ) HAL I BRALSNERI R . HE I 7 B (A iB. 1.2) 5

5_u(x) ds I e B 1

0= | —
= da(d)ri=t J spery ON da(d)rd-1

f Au(x)dx.
B(xg,r)

Tt Q R R BR B (FEIX 2 i (4 5 58 4 g 20 AR BB 8D, BrUA LA i A%,
Mg/ (r) = 0, KA H(r) %5, HAHulESNE, 4r — 0,735

u(x,).

r—0,

p(r) = lim p(r) = lim ][ u(x)ds,
r—0, 0B(x,r)

P2 RAE W (o) 155 TAAFRA 0 (0P 248 . BRATRI AR 73 IR A Fr 7 (51 BEB.2. 1) AT AT Ky
Bk TR 2513 21

J u(x)dx =J (J u de) do = J u(xy)(da(d)p1)de
B(xg,1) 0 \Y dB(xq,p) 0
= u(x,) - (rfa(d)) = u(x,)Vol(B(x,, ).
[l

12 4.2.1 (5Poisson AR R). AAT@FT, KMNASHE 2 AT AEFHAB0,0) c R* L
AAEAN(O) R F K 5 b9 2 X R K XA

27 2

1 a?—r?
,6 == h d 5 <a.
u(r,0) 27 L (go)a2 — 2ar cos(6 — p) +r? $ T=a
Ar=0, TiF
1 27 a2
u(©) = = j h)% dp = J[ hds,
27 J, a’ 3B(0,a)

X HifFe B ECFEREGLZ RS, FFRLE, ESENRAKNLTRKEF AR50 2 X EE

X, 12RIEF E 4.

— EiF 4.2.2 FHERENEE
& Hu € C*(Q)ikh RITHEZHKB(x,,r) € Q# A

u(x,) = ][ uds,
0B(x,r)

AL, Musk # QL6 Fn S 2,

MERR. BOIEEE, WRAuEQWNAMENE, WHAuBESNER, FEERB(x,,r) € Qffif3Au > 0 (X
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BAYIBONIE)EB(xg, WIEKAL. EREHFMNNEE To'(r) =0, HMFHTE:

0=¢'(r)= 1 J Au(x)dx > 0.
B(xy,r)

 da(d)ri-!

]

Fid 4.2.2. T8 b, s RHusICP(QBRILT A#E—F 351 Hu € C(Q), 121ZF a9 IEA N & & B
M EBIFPANBEBRLBTT TR, L4211,

4.2.2 BREIRIEFHopf5|IE

AT BRAT TR FH VR R R 5P 1~ S50 TR B SR 1A B 1R A0 R 5 1) s b A i

— I 4.2.3 FEMEHARIERE
B u € CAQ)NCQRA R EQ Lo A8 5 .

o (BIM KMA/R3E) mﬁaxu = maxu, mainu = 1’1’61(1}11 u.

o GEMAMARIE) £QREBE (BFHRER), HALEX, € QM Fulx,) = maxu (&
Q

#Hu(x,) = minu), Nul QW &2 2 F o
Q

WERR. IX BLIRAT] R B AR AR R 2, T 959 A RAE SR B IR R 5 #ve S O7 FE OAORAE JR HE (e P 4.1.1) 28
L, FRATTREAE 2] Ai4.2.3.
SARRAEN fix, € Qb Bu(x,) = M := maxu. NXT0 < r < dist (x,, dQ), VF &I FME
Q

P
M = u(x,) = ][ u(x)dx < M.
B(xo.r)

AT O BA M u = MAEERB(x, )R . XRHEARC 1= {x € Q : u(x) = MPEQIIT
T, BOHERX, € C, AT REHRE]— A BRB(x,, 1) C C.

BT RIEWICR QORI T4, A RIEMZ45 18, WHQRIEEMMATEC = 08#C =
Q, MIMERBRREYx, € C, FrLACHE=, i A BESETQ.

CHE AR HIE W IF A A, ROACA B 2 L i SR {M MEIE B2 R B T 1Y )5 18 & (pre-image), 1T
SR BN E X2 — e MR EER TN AR, T DGR 152 QI (XS 748 . 0

BE. LR TQO AR AN AT ? FELERMARETQEAGRIEL, 28 EFIAR
1912

B, AT E LR
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_ EE 424 L/TRAMKRHNSERAERE
RO CRIRHRFFE, u € CHQ) N C(Q).
(1) ZEQFEA—-Au < 0 (LI FRuAQRN 49 TF F2(subharmonic)f £), W maxu = max u.

oQ

(2) EEQFEA-Au > 0 (LB Aru QR 6 LA Fe(superharmonic) £ ), W'] mlnu = mlnu

€ BRI BA 1 2] i 4.2.3.
_ EI4.25 L/ TARMEBAREKERE
KO C RIZAR KB, u e CAQ)NCQ).
(1) #EQFEA-AU<0, LEEN X, € Q EFu(x,) = maxu, Nut QW &2 2% K.
2) #EQFEHR-Au>0, LAEENEX, € Q1 Fu(x,) = mgilnu, M ufe QW b2 2 F o

1% 5 A A D B A E B 7 B0 R Bk i Hopf 51 2 .
_ 5|32 4.2.6 Hopf3|IE
#OCRIAFRFE, H¥u e CHQ)NCUQ)E#H L

(1) (TiEF) —Au < 0EQF 18k L ;
(2) B Ex, €0Q, EFulx,y) > ux)M1EEx € QAR L ;
(3) (xo&t 89 NERFAM) B AEFTTHB C QiEfFx, € 3B.

| j—;(xo) >0, AP NAKBEARF Bx, € IBA W EAZ I AmE,

& 4.5: WERZEAFRE K

“H0pf§|ﬁ:/1ﬂ425” ROUERH. AT AR, Q)BJIE R Fituifli—u. id M = maxu £
={x € Q : ulx) =M} IAEHKIUEE, fRikuz M, HFEXEEGV (=xeQ:ukx)< M} b1
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ERAED Ty € VTS dist (y,C) < dist (y,0Q), H H 4 BREROD AYHIEEV N HKRNER. 1XFE
ik, BARAE Six, € CfHf8x, € 0B, Hu(x,) > u(x)*{EEx € VEROL GX 2 HCHVEE X5
[T

Kl 4.6: “Hopfs|Hi=w24.2.5” WIEH

YEHopfdl ., BMIAFIT(x) > 0. HIX Sufix, € QUIKFIRKMTIE, FHutEQhp
P ETE BV R R — HLAE T Vulxy) = 0, Wil (e )b A E.
ARV RAE, TR o — BAEQIN MBI, uil AR EE . O

KT Hopf 5| ALy, "ERERIFAMERAE: W0 Rt XIEL 710 mix, LIk B KAE, MEQN
PR X I TT s wlHUE N 247526 % A A B AN T 48 1) (5 AN AT BEAE 1 J7 RGA 31 e K
fED, ﬁ?ﬁiﬁﬁﬂxo&iﬁ’ﬂ%ﬁiﬁ%iﬁj—;(xo)ﬁﬂﬁ%%ﬁE‘Jo FA MR CHAREGSEZ) Kk
W%j—;(xo) = O, AT MR ZIBE] “ufEx EQN FRIES — DB PUEA SR IXFMEOL, B
I AT pR B U > AR AR (A R XS N R R AT R B0 2 B B, W o HE e, L
#4.2.12) . AN, EiEHHS—;(xO)%FE%EE‘J, S 5 B N 53 P P A2 3k H B R A

Hopf3 | FRAYUERA. Oy 1 75 8 B A& 5 Bh ek 8, AW BEKBANB(0, r). HHopf5| B AR BL(2), FAlT
T B 3 1l ) pR B0 A AR R TS 0/ VIO < € << IAL

(1) u(xy) = u(x) + cv(x) X x € dB(0,r) U 3B(0,r/2) L.

(2) —A(u + ev) < OFERTEIXIRA = B(0,r)\B(0, r/2)LAL.

(3) vlasor) = 0, Vlspo,/2) = 0, :—;(xo) <0.
R RE R IS X R e E, T S5 AROKE SR BT 1S u(x) + eo(x) — u(x,) < OFEAHERELASL, DA
Fou(x,) + ev(xy) — u(xy,) = 0. FrPAEEu + cv — u(x,)Ex AL ) A% a5 Bobh ig 2 AR,
BEAH B2 (e > —e () > 0.

RE A Bl o B0 T LLEEU u(x) = e PP — e[k, Hidhx € B(0,r), A > 02 —MFE
7D KIE S BEHETE —Av = e (—422|x|? + 2dA), IS B E IS T K
2, HEMGRIT O, Bril R 23T 258, Bix > i, A4 —Av < 0XF
fEEx € AROL. TR (L), (3)1H: 5 #6 2 AT LA E A O
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12 4.2.3. BE AR P ZAARAFA: A ABIEEDKBO,r/2)? A A BB qee A X
A 69 4 ) Ly Z (9] o 3L (barrier function))?

o MH AP, FRELEEDIKRREATRIEALERRYix € QMEERIRE “—&H” ¢ > 0,
AT RMBEL ulx,) —u(x) ZAAH “RE KGRR” BN HHKeo(x). LRERH, £5
D IRB, RIRAAR 0B(O,r/2) Lty ExBx, 52V AEr/2, XEAANARLEE, Tk

S > 0£4F max  u(x) = u(x,) — 6, XTI F LS ), 5 max |v] < &
X€0B(0,r/2) 0B(0,r/2)
SEBP T,

o W HIAFAL, IR R, AANE BRI A RA GRS (RBES) LEH=
5% (Fr—M$H) 2543535 GHRiEHEA2PHAD > 0iX ¥ ). £ FGaussian
kernel®) iy e AP a4 R SR BB A, CHBEALOAKBLALAKGLIAX, @
Alx|? 75 K69 B RE T L AT 2K

SEIR 424, £ E—AERPHFH S, AMNRET “oW” —iE, & 5Hopfs 2494t A 40
Xo $§§J:HOPfgliﬂ%‘iﬁﬁ'ﬁ]i}aﬁﬁiﬁl%&ﬂﬁ CRIME” ) T e R E| AR KA LA ATE R G E
“BLE” mAskt. M AMNATLRRGHEHHK, ABHFSOKFERLH, FHTIR
MR “TRAE” AF wm AR, TURFEL(X) = 0}TiES “Flk” AROQFHL > 0K
HAEIBO,RIE A 2. %Ak REFARMEA “BIL”, L4 BTETE AR A W Hopf3]
2 Carleman /& #4912 9, WX EHTIHEY “OME” KIF LR FTHRER>ATAAG “WdHHE”
(pseudo-convexity, & B THormander 4 #)

ANFIBG, WATEENHE T Lu 1= —Au + cu (c > O HHLBLHIP R FEE . AR I

HBIE T4 28435, SUENI ik e = ORI JLTAA, WA RIS

4.2.3 HarnackPEE3

PR R, FRATIE Reh v R A R 0 “HRiE 7 .
— TEIE 4.2.7 HarnackAEFER
BQ C RIAFE, V. QRAEBNETE. WAL T 42 dF 38 Hdist (V,0Q)89 F
#C > 0, 153 Q ey EATIE R A B ubl A

maxu < Cminu.
14 |4

FAld, sHE&Ex,y eV, BEFHKC > 0EFCu(y) < ulx) < Cu(y).

E%J%N%:i%d%ﬂ&#ﬁ@ﬁmyevﬁ%w—ﬂ<nﬁ#%ﬁm%ﬂcmmy)?

=]
X

u(z)dz = 21_d][ u(z)dz = %u(y)-

u(x) = J[ u(z)dz >
B(x,2r) B(y,r)

1
(2r)da(d) JB(y,r)
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BRI, XV R R BN r R 5, y, BROZ AN /29u(y) < u(x) < 29u(y).

B RBA A AR BV EEN A, BT VRIEBNEE, I TLBVHA
PRANERE ST, WX BB Ly, BRI Ar /2, HB, N B,_, # 042 <i < NEAL. T
R FIH R A B u(x) > ——u(y)FHTEEx, y € VIR O

2d(N+1)

K 4.7: H 258 R PRI Harnack A 2 A~ = A

i 4.2.5. ERIEA R ARBIAF R Huty-FIERIE, de R BANFF—AH T 3 mx — AL 69 4% B 5
d d

HF— Y 08,0, + 3 b, +c, £F{al}R M ERWGEAATE, WEHERERAERL. F—
i=1

ij=1 =
7@, i]lﬂ RFARMEAERZ RN EiZ 5 £ FHarnack "5 X945, N-FHAREELLS R A HF
B HELEMAR L. —MIFIT, RAVHAE T AR B AR T 3918 )R $2 69 7 ik £ iE ¥l Harnack 1~ %
X, % T EARNEAT R A B A&+ (logarithmic gradient estimates), BP 44 3% 4 8 & 2 5t B 55 M KA R
iEH|Vinu| < C, Z N0 2 A4 F B Harnack RS X (4 27?), AR ELERTuk
MAAE B A9 IL4I38HANLB T X —TF ik,

4.2.4 #BEfitFAILiouvillexEIE

TS PIEME R . KA R EIE e Harnack N2, AT A BE1F 2 A1 8 Blu 5 1% 55
flithe WNEREIEFRIAEE, WRAMIT—DNREAEESR, WFHENZRE FHE LA
oAbt M BT ie e, FRATR N R T A E A R, P b AR 8 A BR R S A
i, NETE R MR TR Z mM? BB — R eERE? FLh, RIS
ZHAITFENTRARREL, Z SR EREE BN, FRATE 2 AT DLIE A 1 A0 R 00 & ST R L
BT Ex, € Q, W& HurEx, 11— A3k A 1T PLS B— AN 06 T (e — x0) 1 — BSR4
R utExo A 1 2 B R AT 2 110 — AN ARk ) — B0 S B T (x,).

ANTIATEBINF S “wEQW AR RE, Wu e C*(Q)”, HFLAEHS ILEH 4.2.11.
Pk, FRATTLEA/INT S X0 YR A0 ek B - B S ORGSR R R X Al o1 7R T — /N i e B
4.2.12 IF B R T BR B 1) S fE AR
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NS |
_ FIF 4.2.8 #EMET
RuRFEQR GG RAF T4, WAEF A Rk, EFHRB(x,,r) C Q, EENH Ak % E 15
ra, G AR, k6 F HC, > 0O F4 T R F X 2

C
()] < J ()] dx.
P ) Bexgn)

i S 1 %+ dk)k
JV"‘yi&, ’%Q/ﬂ‘]ﬁco = %, Ck = ) (k > 1)

XN EHMGERE EEER, HEh EAREIRE DL = 10 UR 5 F B 3880 .

S E AR W HER
TIE 4.2.9 LiouvilleEIE
(Rdiéﬁﬁﬂi}aﬁﬁﬁzﬁuﬂﬁ%%%ﬁo

IERR. ZHEMuREAE, R B eSS AT WA L ul < M, IFREIE Rx, €
RY. fak = THIEREE AL TS50

dac dc,a(d dc,a(d
[Vu(xy)| < d—;J‘ lu(x)| dx = ad) 1 y f lu(x)| dx < 12(d) -M Vr > 0.
F By r a(d)r J pe,) r
A1 = +o0, BIH Vu(x,) = 0. T x, ZZfEE, FTblu R AE L% % O

FIC 4.2.6. a9 Liouville© 2 5 E A @9 Liouville 2 AR LR ARE &, BH RIFAHREL
# (BEENEFERCLAL) LR AFH, XAEA LR H AR I Fe R 2RAT A Fo R o
Fi8 4.2.7. 5 Lk, Liouville® 2 ¥ 89 FARX T LAS A 4o T AAMRIRZ —

(1) |u|ERFZAGHEKZ R TEEEK, BP|luBx)| = o(|x]), as |x| = oo

(2) ugAmA R,
HAVICLE R HIE G AE ) 428 TR L, AXH)TERMNAREZIEAuEE— 2 ENA—WRF
HEARIPT, MRXTUREHERLTELTASL = 1,r > o0 B#EFF, AESHFHREFIES
Flu| BT ZAEKAO(x|P) (p > 0), Wut AFRAREIPpKEZAX, ©IE LR EAE
TR EK = [pl+ 1,r - co®FABPTIFE, SN H427; mAEFHQ) TN TUAR4i%u > 0
(A 27) BAR ] AR42.66948.

BUEIEIIBR G Th, XBERE Tk = 1010, — 52 W Evans [3, 2900 % #2.2.7].

k = 18 EATHIERR. BufEQNRRMEE, WIMERL < i < d, 0, utB2QWRIRMEE GE
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EIRXAE AT ou € CPRBRBAS 2D o A3 Vafi -T2 {5 7 345 2

d
Vu(x,) = ][ Vu(x)dx = oc(ii)rd J Vu(x)dx.

B(xo.r/2) B(xo.r/2)

SR ER M EEPIR D, EREIA 8RN u(x)IZRIE R . ILEFF Gauss-Green A 2 (i
BB 1. 1) % SRR 4 e A i AR 45 3

24 2d N
() J Vu(x)dx = 2y J u(x)N(x)ds,,
B(x0,r/2) 9B(xy,r/2)
BT LA ;
2
[Vu(x,)| < el Area (0B(x,7/2)) - r(n3>§2)|u| = aBr(g%z)lul,
Hrf Area (0B(x,7/2)) = da(d)(r/2)*". 5 FRIATEH |u| A ﬁj\fhﬁ%J max lul.

B(x0,r/2)

ERR, #Fx € dB(xy,r/2), MB(x,r/2) C B(x,,r) C Q, FTLAXHIXA I5x € 0B(x,,r/2), FATH
FH 248 JR 345 21 lu () | I a0 F Ak 1

1
lu(x)| < 2@/ JB(xO : lu(y)ldy Vx € 0B(x,,r/2).

e HARNA VUl G TH LS 2 JRAVEZ 4518

Va(x)| < 28 J u(y)| d
u(xy))| < ——— u(y)| dy.
U )yt Jy

e EHPERS, JAISLhr EC&B2 TNt
_ #nER 4.2.10
%u € C(QRFEQA 89 AF L4, KB(x,,R) € Q, N

d .
VuGe)l < & max ul,  1<i<d.
B(x0,R)

MERR. UERE AR AN E #4280 R, R A /28 R B AT 45 2]

1
a(d)Rd

Vu(x,) = j UGN (x)dS,,

9B(x¢,R)
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BT ) J
Vu(x,)| < =————— - Area(0B(x,,R)) - max |u| = = max |u|.
VIS o1 e, B) o RO) e Jul = g s

]

TR R, SRR A B S A R B E R . BRI an B ARk )
BZ2OA LR/ TR, Hlliux) > —Clx|P, &5 HEER 1 814.2.7 —FEE Bluf IR B IS pir) 2 T
AWe? BREEHTW, FHEETATT LR RS THS Blur[p] + 1 LA B SEE AE, Ok
B B2 1E 1 14.2.9 % FLHE 18 (51 814.2.10).

4.2.5 *FEMEFISCREEATE
TR B BK B 25 8] FF 45 N B VR A0 pR B0 2 6 B, 1208 B 75 2B SR B3 G R E T
BT, HE—20Hh, A ZEE WS AT, FRATTAT DAIE B R AN eR B0 A& SE AR DT R AR
_ I 4.2.11 EEMH
Fu e C(Q)im kT3 f, B

u(x,) = ][ uds,
0B(x,r)

SHAEEB(x,, 1) C QA AR, Mut RQEWRAFHE, Hue C®(Q).

MERR. BT QETFE, Frbhakdi] R ik
VO0<ex 1, u=u,inQ,.
EKHu, =9, % u, nHEBIFEXEFLEF, Kk Q, :={x e Q : dist (x,0Q) > ¢}. 5

JA%e - 0 HIR BB EEQ .
[HEx € Q., FATH AR FI AR 7R KT o (x):

xX-y

u(x) = J n:(x — y)u(y)dy = ld J Y] ( )u(y) dy
Q € JBxe)

&

1 [ 1
= g_d_[ 77||x|=,;/g (J udS) dp = E—dJ 77||x|=p/gd05(d)pd_lu(x) dp
0 0B(x,p) 0

= u(x)J’ . dy = u(x) - 1 = u(x).
B(0,¢)

IR, AR TR AR, BN AT R WERTTR [, BRI, TS50
PR 2 U R AEGB o, p) % AT B O P BB VB 2% BRE 40 m
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P& ORI TS B8 2 Ak T 25 0 B 98 A0 R B0 S AT 12k

_ EIFE 4.2.12  SCfRTM
HuR QM AFGH, NuRQEiERITGH, Bt Ex, € Q, x84 R(GLIEO), £
2

u(x) = Z o L;(xO)(x X,)* Vx € 0.

a

Ak by K Ae R 3 Ak S T A ARab) KA, B Ral 1= a !yl

MERR. [Ex, € Q. 7 T IEZR B GERINESE, FATH ZERAER IR () FEx, 1178 73 /MR R (A
gricfEo) A (—E0isL, Hrh

A €]0,1].

RN(X) — u(x) _ Z Z foxd u(xo)(x xO) _ Z a“u(xo +/'L(x — xo))(x _ xo)a’

|
k=0 |t|=k la|=N a:

S, FRATN A |x — x| HI/NE, DL 0%t xo M 0T A FE A TH SRAE B AR 2518

B EA T, ﬁtﬁj%ﬁif%?ﬁﬁﬁ{Eﬁ“y\HjE’J.%l/rdJrkleE ﬁkﬁ’]mi‘{tﬁzﬁﬁfmﬁ{)ﬁﬁﬁ
2 (HArND, U EBARERE. B ERE, B = —dlSt (x,0Q), M : (d)de(xOZr)| u| <
c0. X{EEx € B(x,,r), #A1EB(x,r) C B(x,,2r) C Q, TE’F%}AWEIJF ®AE

rflax)|6“u|<M Kk . id/r)k V|a| =
B(xy,r

HTkF < ekk!, k! < dFoy! - ay! (FI1Zk = |a| = a; + -+ + ay), A5 2

k
d+1 42
max |0%u| < CM(2 rd e) al

B(xo,r)

RLILLE PR R IROIEFF e 50 /)N, f13VX € O, |x — Xo| < 5= FHARARTARY () H

2d+2d3

N
d+1 42 N
IRy(x)| < CM ), (2 d e) ( d ) <CM/2N - 0.

d+23
fom® r 2d+2d3¢

4.2.6 FMRHWATETR

A EAT A R B IL AT e [PZBATETH SFERIN{OFRIAR A1 R AT BR B CEAED) IR
AL IR R A 3 1, TR A 5 HOR AT . ASTIEB S50 RBCR I A B A 15
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PEAT AV A R B RE R A i 9 I 23 1. B 2, BATRAERT: an2R 50 FRB(0, R) N A
PR AICLE i PRI G T 5 AR A, TR R T 57T A

— EIE4.2.13 FAMRBHITEFTS
EuA £ SIKB(O,R) := B(0,R)\{0} C R4 (d > 2) A &y ifF= i, HiH 2

o(|x[>") d>3
X) = as |x| — 0.
o(In|x|) d=2,

WMufex = 0L A 2L, BPuife3RB(0,R) M 2 AA i #.

IEBZ R R, ROV REAUA — T K. &%, BRBO,R)ZEH X, HEimblk KR e,
EIMERTEN T, BO,R)NHIAM KL R A ME—. 55— 7, ﬁéﬂ‘]lT%ﬁﬁ%%u%&H’]ﬁ
RS B EE N E AR, A Z(.2.9)FR. ATPL R BT (5.2.9)45 H X
PAIES GEfEo) Bim),

MERR. APiuft 2503RB(0, R) ZFELER, FFdv A A(5.2.9)4 K I E U] 550 ) FEERB(O, R
WAL, EDEB(O R)FHSLAL = 0, f£0B(0,R) F v = u. #£B(0,R)F 4w = v —u, HicM, =

am(ax)lw(x)l M := max lu(x)]. R RAE BT v| < MAEB(O, R)TE AT

P RIEYw = 07(£B(0 RYFERSL. N 1 RUR BRI, Hfla FoRIRBd > 3 (d = 2/
DUIETRIEAL). BUAE BN TR AT 25 O BREEL R O B0 BHZ I — 28, FBRwAENBIXIRA, = {r <
|x| < RYEHEMATHN. AAENE XL FOA, b, i oL

pd=2
lwx)| < M,——— ondA,.

x|z

FHer b, XML S| x| = RE, BH#EE XFATEw = 0, FrbL X A TR
S ﬁEWTWJL?{le = r}J:, ZAE fQEEM E’J%X%ﬂ%%ﬁiﬁo A, &7 B 7 x5 1A A X,
wA

d2

|w(x)|<M| =g Vx € A,.

e, JATH

M, = max |v—u| < max lv] + max lul| <M+ max |ul.
3B(0,r) dB(0,r) 8B(0, dB(0,
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R AN AT, FAT75 2]

d-2 1

r
wx)| < M + r?-2 max |u in A,.

PLAE R R [ E x # 0, ATEI LS r < |x|, Hikr - 0, Hi15 2 |wx)| 1) EFERSEIE X
BRI T e S BT R AR TR T AR, X R Pwx) = 0, Aflw = 0, u = vfEED
ERB(O, R)MEREAL. R IRATTAT LUK u st 4 21 S5 ni A3 E4E 4 To. O

SRR 4.2

SRR 4.2.1. #%Q = B(0,1) C RZR Z{Z A&, Hou(xy, x,) i L AEQRA R ZAU = X1X,, ARuUlzq =

0. # #u(0,0).

355 4.2.2. %Q = B(O,R) Cc R%, u € CH Q) N C(QEQAHZFHH—Au + A - Vu = 0F 2 R 5

Pulzo=0. TEA=A®X): Q- RIZHFF, 8@ SMHEHE. ER: ulx)>0EQFER L,
R FIEHPDHEOX) = ulx) + e(eMR —eM0), L he >0, M :=1+sup|A|. i+ Hvay 742,

Q

R BAERIERY > 0EQ LB R Z, ®E4e—0,.

SR 4.2.3 (VAR E A S5 HAE L BE). 2Q C RIRA R AR (KRLAKB) . HHu € CHQ) N

CQAQF T AFREK, FF—Au <0EQA B R .

(1) 3E#: SHEZHRB(x, 1) € Q, RZUX) < fp,,, u(y)dy.

(2) #E¥: maxu = max u.
a 30

(3) iEH: Fv e CH Q)N CHQRQAtIAF %, N |Vu|£0QL; & B F KA.

R (DA AA R -FHERIZGIER. (2) RIiEA—Au < 089HF N, *—RFRE &L
Fu(x) = u(x) + elx|?. 3) HHA(Vv|H)FHERACIE R o

S]E 4.2.4 (f7 3477 #EDirichlet i) @ iR 11 ME—1E). % f € C(ﬁ),g € COQ), uRARRXHQ Cc RIA
#9 Poisson 77 #2 09 %
—Au=finQ, u=gondQ.

I B AEARFQ F KC > 04 Fmax |u| < C(rr;ax |g| + max | f]).
Q Q Q
S8R 4.2.5. %Q 1= B(0,1) c R, u € C3(Q) N CL(Q)i# &
Au—-2u=1 inQ, ulsy = gx).

X EgRIOEMELHH, EW: HAEFHKC > 0 Fmax u| < max lg| + C.
Q

R A KT HA >0, £FAW?+ 1|x]?) > 0.
SRR 4.2.6. iR AEA4.2.10F, FEBRZu >0, VA | Vulx,)| < %u(xo).
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SRR 4.2.7. 5% p > 0,BX ue CH(RY) & R4 ¥ ayiRA S8, HAELEC > 0EFHEEx € RUER
Alux)| < CA+ |x|P). iEH: u &R RHIABTpE %5 X,
SRR 4.2.8. FuRARIF &G AF L . B Fuib L AT AR PAET A, Wus 2%

(1) 3IFHC>0,p>014F |ulx)| < C(log(l + |x|P) +1) Vx € R
(2) 3 F# CeR, u(x)>C Vx € R%

SRR 4.2.9. ZuRRIA GG AF R, BHEETHC > 0,p > 0MfEFulx) > —C|x|PAHEEXx € R4K
Z, MuRRZETARTp) %R Ko

R Lv = u+ Clx|P, Mo > 0. H#BHEAETF-FHMEBR R, HEERRAKY S T
FRaA |0%u(x)| < rd% Saer W) dy, #I FodF GHERA ()| < u(p)+2C|y|P, FTAA [ [u)] dy <
vol(B(x, m)u(x) + C [y, ,(Ix| + )P dy = O(rd*r). Fr vk %k > [p] + 18471 — coBP 7T,
S0 4.2.10. Ku € CO(RY)AIF A LRI, C € REL RN FHK, HAu = CHEZx € RIK
2o WEH: uRTARBIL ZIREY B R K

R w =u— —|x|’, KB 4.2,

3@ 4.2.11 (Harnack AU 5E). %u > 02 B(x, R) C RY A 6982 £,

(1) 3£ : HEZEx € B(xy, R/2), s 3T B A B AE |V Inu(x)| < % i=1,--,d.
(2) AQ)ERA: *HE&Ex,y € B(xy, R/2), #MAulx) < Cu(y), & F1% % HKC > 0OUR M 4 dF=
¥ #%R.
B7: (DAIA42.60 RS Q) TALRLEL3.82)6 68— NEiTik,
SR 4.2.12. 329 AR KB (ARASAR) LR SR RESAR A, MWiaAE,
R ANERATRECE—HZIE, FEY {x € Q 1 ux) = 0} EQPBF LA, L FFE

2R B R BT EAE Taylor BEE T o E TR R AR EEH—ANRE, Woulx,) =0 *E&%
F A AR o

o) RR 4.2

B]RE 4.2.1. AALZ ) AL3.4.440 P R4 1189 & e ko RQ C RIZRAFABOAFRXIK, FIEH
T AL
du—Au=0in[0,T] X Q, u(0,x) = uy(x) € Cl(a), Ul = 0.
(1) &4, > 0 (=A)HF (¥ Dirichleti# {8) 89 LHAEAE, w, € CX(Q)AX A, 94 IE 4. LY :
E8u, € CH(Q), LAEFRAB, HFAW(X) < uy(x) < Bw, ()£ Ex € QR =
(2) iE: BAEFHC >0, Asup [u(t,x)| < Ce M IHEEL > 0k 20

xeQ
®or: (1) AHopf5] 32, (2447 FIAE4.1.169 7 % i R 3,
SEID 4.2.8. AALHY 2536 S R Btk S anfiu, € C(Q)AR AR 2, 122X E % 3| Weyli1, ~ n?/4(ix
3.4.4) R AL B HOE K B ||lw, || < CATV o5, S E A REBGL-LO 4 (e ][ <
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Cta|| fllCEA R ARIP AR 5HIEH, 122 F &R L4 21H R KR H ), (2EHX sk
W RGN E GEEie, it Ry ETH) C2T8AHLNTER.
)8R 4.2.2 (Hadamard =[5 H). XufR? LayifAH4, M(r) 1= Ilnlaxlu(x)l. IEH

logr, —log |x| log |x| —logr,

lu(x)| <

M(r;) +

M(ry), YO<r, <|x| <1,

logr, —logr, logr, —logr,

)85 4.2.3. %Q = RI\B(0, 1), u € C2(Q) N C(Q)i# &
Au =0in Q, u =0 on 0dB(0,1).

(1) #d=2, _ELlllim u(x)/In|x| =0, iE¥: uEQREHE,
2) %d>3,ﬂl|im u(x) =0, iEH: uEQAREHE,

[x|— 0

(3) #d=>3, ﬁmﬁs’kiﬁll'im u(x)/In|x| =0, REFuEQARFEEETE? EHMRGLL,
X|[— 00

R: F 3 A3.3.50 % 124.2.138 it
E]RR 4.2.4 (S5 = A, HQ C RIZRAF AR GH R XK, &u e C(Q)i#H 2 [, uAp dx = 0%F
HEP e CP(QEMR L. EM: utQLeiEFRH,

R FEuLF @R, (= u*xn, P ARRBIFTZLHERALRT. TLHEHAU A
X3RQ P ayfAn s, LAQMEERE TR LR —EAF R, ARBMRe - 0IEHARA MR LR
BT R 8 iR Aoy 2
[EIRR 4.2.5. #Q C RIRAFAFOAFRH. S u e CHQ) NC(Q#HLAu = 0£QF 2R,
B AN RIQH —AFERFHAT C QLR = 2 = 0. 4E9: ulsHE,

R FE—ABODFRF IS0 DT RU, BMNEU N QL@ dutt Titds, KRB R FIE
AultURZBAF R H BT (BFEHMFL2). Ak, R45XU = B(x,,R), £ Fx, €0QnT, REiL
Ry = dS = 0 AFEUAEU R RBA DK, KEFHMWRLGIES A, BHAH2IERLHR
%77

4.3 *HERIEFRIHKERIESHarnackHhFEI

T FRATIR P R R B 1 2 A SR B S SRS T s AR A S T%Eﬁﬁt\ Harnackf%ﬁ%ﬁ
BIZ R IR (- A) 57 e — AR B 0y 57— X aY8,0, + X b6, + ¢,

i,j=1 i=
BE AR 2 ¥ 7% € Laplace-Beltrami & X7 B AR A I 2 . Harnack A58 NEESH R RS,
P JEBEAN R, DRI FRATT 75 22 5 R AN A8~ 3B iR BE 110 T V2 SRAIE B IR B0 il v, 1 IX 5
R TR LAE SO R BE A b, R B IR IR R
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A7 AT B A 5 R B i o o0 57 AR A SR B M Harnack N3850, 0Q ¢ REGZA AT
%, ue CHQ). XLNEA TN ZHr vk i 551
o WU EAEM FIEMIREEM . S9MAFAENE)

d d
Lu=— Y 8;(a(x)0u) + D b(x)du + c(x)u (4.3.1)
i,j=1 i=1

o MO (R T (B U L i)
d d
Lu=— Y, a/(x)3,0;u+ Y, b'(x)du + c(x)u 4.3.2)
i,j=1 i=1
Horb 28, b, (1<) < dRATIEI, (o) HERFT I
~ ENX 4.3.1
FAFRE (4.3.1)R(4.3.2) 2 LMY EFTLA(—R)ME 0, RIGHLT RO > 02

d
D ai(x)EE 201 ae.x €Q, VEERY (4.3.3)

ij=1

BEZ, WEEx € Q, LW i 55wl S E REBGERHa' (o) SEXARIEE 7B, H
B/MFEEA/NT6 > 0. 726 FOT4E L, Laplace 51 i — MX RIS T

N TS RIE, AT R A EinsteinaR A5, BIE & fabs R EXHZ bR R A, FTLA(4.3.1)-
(4.3.2) AT A5 RG

Lu = —d;(ad;u) + b'd;u + cu 8¢ Lu = —a'/9,0;u + b'd,u + cu.

P28 B AL B BEAS T T LG A “BRN” WIS L = —A + c(x), FFAESEAT Z )5 BAH R

4.3.1 HRE/REFHopf5 |38
AR B SRS B I (il 3 5T L(RD A 5K (4.3.2) (w3 7 551 ) % 82 () A AL S 3 AT Hoopf 5
1, HA B R, b e e C(Q). HQ C RUEHFIFE (RBiEH).
EIE 4.3.1 SHRKERIE
#%u e CHQ)NCQ),c=0.

o ¥Lu<0E£QAERZ, Mmaxu = max u. B AR uZ T ## (subsolution).
Q
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e HLu>0EQAEMR L, Mminu = Igllnu Bt #ru & L& (supersolution).
Q

A, ELu=0£QRE KL, M max |u|=nggx|u|.
Q

MERR. SEE4 L TEMISRL, BAIIRR A IEhE

BisS. FLu<0EQAEMR L, Mmaxu= ngaxu
Q Q

SR BT & B RAEBA (1), UAE(D MBI R A Lu < 0, BT ATRATH [EXTulE /NS, & Luf(x) =

u(x) + e, Hrho <e < 1,1 > 02— MRS KM E R BERTHEAGE: Luf— PR TAn=
R, L IR IR O T

Luf = Lu + eL(e™) < 0 + ee™1(—22a™ + Ab") < €e?1(=2%6 + A||b|| = (q)-

FITEAHATE 73 KI, A Lu® < OFEQWE AL, HE T 5 Klmax uf = max uc. ffiie > 0, FrLA
Q

max u < max(u + ee*) = max u® = max u° < max u + max ge*
Q Q Q oQ 0Q oQ

Le—0,, ?kﬂ]ﬁﬁ%ﬁﬂ’]émmmaxu = maxu.
ok L BRI NS . filﬂfﬁ%: FAFEN fix, € QffifFu(x,) = maxu. WAH
Q

du(x,) =0(1 <i<d), HessianJ7FEVu(x,) <0 CEIUE) = 0u(x,) <0, 1 <i<d.
HalEN AR, WIATCAIEAEZER S 0. BN AT P4 &a” > 643 8 Lu(x,) = —a"d’u
0, \TfiLu > OEQWIERL, SWiEHIRET E. —KRIGHLT, EE?{aU};JH%EmE’J;&ﬁ% v
W, I ABAFAEIESZTTREO = {o, Vi 1S
0A0" = A, A =diag (;,-+,4y), A4, =6,1<i<d.

I, FATHRAER MR y = x, + O(x — x,) 155

O, u = Z 0wl s 0305 U = D 04i(8y,,,U)0y;.
k1l
It LAFEX A, FRATIEAS
d
Lu(x,) = —a'0, 0, u = —(0,a"0,;)d, 0, u = — Z A0, u>0
k=1

XI5 WS BRI & - 0
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LI REGH B > 0, FATTIIR T PLEH 5#E184.1.2280I 4518, IEM 7k S e Fi4.3.15% 4
—Ff, A2,

— EIE4.3.2 c> OMSSIRKERIE
Fu e cA(QNCQ),c>0EQRER .
o FLu<0E£QNERZ, Mmaxu < max ut. BPudddE i R KAEA LR Lk 5],
0

o FLu>0£QAEARL, Mminu > —rr;axu‘. BPudydE B s MAA DT LK F],
Q Q

AR, FLu=0EQRERZ, NAmax|u| = max lul.
Q

X B 2(4.3.2) B R ik B85 L, JA 1 AT L S Hopf 5| BEAT S8 IR ()58 . IEVA 5L =
(D) HIFIAI R B BEAbng 2%

_ B|1 4.3.3 Hopf3|1
%u e CA(Q)NCHQ), c = 0. &k

o Lu<0EQN BRI,
o BT EXY € EFux) > ux)H EEXx € QR ;
o QXA R N IRZAE (interior ball condition), B & 23X B C Q¥ 1$x° € 9B.

) 2 (xo) >0, EPNARKBEDF EXOR/ Gz ERE. Fe > 0, N Fhe & Fu(x®) >
5”‘TV/\4%1EH*%€1’J?$1’6)5&4

Hopf 5| B4 7] DT H 9 b A )5 28

— I 434 BRKERIE
EQCRIZAREB, ue CAQ)NCQ),c=

(1) FEQFREALU <0, LAEN Ex, € QEFu(x,) = max u, WufEQN % A2

Q) EEQFEALU >0, LAEEN Ex, € Qi Fu(x,) = m1nu Wu QW 2R

Y > o, FRATHA KL
_ EIE4.3.5 c> OHSEKERIE
HQCRIRAFREHR, ueC(Q)n c(Q), ¢

(1) £EQP ALy <0, A fx, m%—u&xoatwuxa B KA, NufQl A
(2) FEQPALu >0, L& Ex, € UEIFuftx sk 2] JE E & ME, , W] uEQI*Jz% éi’(

Pa RAE B, FRATAT DAHE A A X Q EA A7 Lu = fDirichletiZI{H (BI%5 Eu|zq =
gD I AR ) P — Pk AT S A AR AR A IR ZRALL =) 4.2.4) , 1T 4E 2% 1 W Neumann 55
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i, Bl NeumanniI{EE A, HREWTRERIEZM, KM KAE I EEE Neumannil 444~ —
AN AT ﬁﬁ%éﬁ%Robiniﬂﬁ%#(:—; + a(X)u)lso = ghtts FHEERalEIE, WA IR
5315542 A28 . X EBRAITXL = —A + c()[NEW I F 4518, Hde>o.

_ fPRR 4.3.6

#Q CRIZHRER, c(x) = 0H R, a(x)=a, > 0. EFu € CHQ) N CHQ)A 4 T H4289 /4

= g(x), (4.3.4)

—Au+c(x)u = f(x) inQ, (2—; + oc(x)u)

oQ

£ fghES R, WA max < C(rr;gx lg| + max LfD), % #C > 0fR#id, oy, Q89 A 42,
Q

JERH. G = max lg|,F := mgxlf(x)l. FATA EIERIE B 2 —Aw + c(x)w < OB ER
FuwfFEHERIgEwE W AMERE (20 E4.3.2) Hgw. SAGRQEAADH B
B, Awx) = ulx) —z(x), BAIFHEEH L

—Aw+cw < f—F(L0) inQ, g—;\‘; +axX)w<g—-—G(L0) ondQ. (4.3.5)

EHERQ A Az + c(0)z > FURATOO A + a(x)z > G. FERFIA(XP) = 2d, FIUNT
BN, TA () = S(D% = %)+ A, HerfA > O AMFFIE MM He SRE BRI e B
AelEHF CRE—AZID AR Fez 2 JEA B RS FIE . 3 FoRIRATE I 10 57
SAETEA, HiEES

oz

F F
N + a(x)z = — ﬁ(zx -N) + a(x) (ﬁ(D2 —|x|®) + A)

F F

FRLEATANRILA = (G + S(d2 + 1)), FATEAE IS th B OHIBI B HL. BLAEICRERIE o <=

w — zJH S F4.3. 203 B w ) (3 G0 BRI — S A2 FRQHE], APz fExy, AT (x) > 0.
B33 — T AR s s
T3 %0) < (o) + alxo)w(xo) <0,

XS5 w(x,) <0, Mifiw < 0EQ FHERESL, Mifiu < z < C(G + FXEQ FIEK L. O

TENHER, FRATAT AT 2(4.3.6) 8 HOME—PEATXS PRI, A8, OME B IE SRR
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— HEiL 4.3.7

HQ CRIAFREB, ¢,(x) = 08 F, ax)=a,>0, (i =1,2). Fu, € C3(Q) NCH{QA%T
75 AL 69 iR

=gx), (i=1,2) (4.3.6)

—Au; + ¢(x)u; = fi(x) inQ, <% + oci(x)u>
Ele)

ON

AP fLg kLR NA
max |u; — u,| < C|max |g; — &| + max |a; — o,| + max | f; — f,| + max [¢; — ¢,]|.
Q oQ 30 Q o

P EHC > AR T d, ay, Q# A2 A0 f,, 89 5% K AR

A 4.3.1. AT RE, RMNERARKMEREFIFERLEF TAEAE— KAt E, BRAE
EBRMEGE— T R, Blde, EFEFRZOFRFAZLMERA (f =g=0891HF), KAT XL
R R A E A RIEA T AL E— M, B HAERL RVAuRE RS FE &8, RHFTAATE
FhafTiEl, FRLE, REFTEFRBAREN T EEARSZLA. BHOITFARAELE TRERE
BT, mATH RAIERLP A MRS ST, RS Em. mEH NI AIERBBEL>HETE-H
W T, LA LMe &M, ATH A AT ABREN TR F, AmKEFHH 5448
fE3t, X R ARALJR IEXE A E] A9,

RE, L£HZPFIENA LG NIy HAZAA R KALRIZ, Bl F312T 60 LR AL
HE LT R TAZNMKRIE, TR FNE TAZMER 2 AE T K K R $ESobolevii N & H 3% 1T 4%
WA G FE R ET (FAC.17), 2EREIANBEMELT GGG HTFAZRAFHTF X T L
R ¥#ew & % 7k (H ChristodoulouArKlainerman%- i), BPUA “RE B TR A XREN”
EHHFREEFH,,0,, ERIESobolevik NE M HEAMEIHILT, AF X TP HHHCE “m
7 AKX TENE., RRRAET, IRAFRTUEEED TAEZRKNETAHIETAE AGITL, Fle
A 72 Einstein 77 #2 7& -F A i = (Minkowskian) it 21 69 /)N . 3h B ARAL 2 M 09 GE PR #L R Bi% 7 Rk kA
— KA. ATIERBEADTAGELREL, TEELA -t oM. 2H9H
A ph k[ i de T HE L

¢ Jonathan Luk. Introduction to Nonlinear Wave Equations, Stanford University. https://web.
stanford.edu/~ jluk/NWnotes.pdf

e Qian WANG. Lectures on Nonlinear Wave Equation, University of Oxford. https://people.

maths.ox.ac.uk/wangql/Lecture_notes/nonlinear_wave_9.pdf

e AN 2548 19 TR 4G 1F B 2 19934F 1 Demetrios Christodoulou #l Sergiu Klainerman SEHT, 4= 60071, EN
L% Kk “The Global Nonlinear Stability of the Minkowski Space (PMS-41)”, Princeton University Express. J&>k Hans
Lindblad Fl Igor Rodnianski 7 & 31| 1 2*Einstein /7 F£ 7E 1 1 & J (harmonic gauge) I 7] LA i B “ 55 214 (weak null
condition)” FIHNZEYEW BN T FEH, MITPEHIE I 4A%5 2177570, W Hans Lindblad, Igor Rodnianski: The global stability of
Minkowski space-time in harmonic gauge, Annals of Mathematics, 171(3), 2010, 1401-1477.


https://web.stanford.edu/~jluk/NWnotes.pdf
https://web.stanford.edu/~jluk/NWnotes.pdf
https://people.maths.ox.ac.uk/wangq1/Lecture_notes/nonlinear_wave_9.pdf
https://people.maths.ox.ac.uk/wangq1/Lecture_notes/nonlinear_wave_9.pdf

170 FIE ORI
4.3.2 *Harnack™NER: WEHHBEMLIT

WORAE RIS T AR 7 R AR B BB i o, 43 T ORIRNTARE — D4l AR IE . AR5 e
Harnack A%530: 7RI B A F-F X, Lu = of93E 58 I fe/IME RN B K AR A2 AT BT
_ FIE 4.3.8 HarnackT™EFH
WO S u € CQRTHLu = 0EQN IR, AP HFLEAHX(4.3.2). BV e QREFA T,
W) B A2 #C > 0(IAR BV Ao L oG R BOEAF e T I35 Xk =

supu < Cinf u.
v |4

5 R 2 ) Harnack A S N CGEHE4.2.7)H LG, RATIAEA A P IOEF X —HEZM, M
12 #4.2. 708 “TRERIL” AEAE 22 5 FRBAIN BIEMA Harnack A FEX M — BT i%: 38
¥t E {1t (logarithmic gradient estimates).

BT RBATAYHE Beu > 0, HMF LI E—NEEDRBIu + ¢ > 0. &V € Q, AT EiiE
BIFETE C > 0 8175 u(x) < Cu(y)MHMEEx, y € VL. XM RS T3 In “E")| <C 5@%/\
HHC > OOL. BUEF O i Hig(r) 1= Inu(tx + (1 — DY) ARG A e B EE AL N A5 2R
i (P EZEUEIE A% D

=Inu(x)—Inu(y) = g(1) —g(0) = J gdt=(x-y) J Vinu(tx + (1 —1t)y)dt,
0

0

u( )
u(y)

PR A LA NUE DA AR5 CT > Offifsup |V Inul < C7. ] Tt 4 FRAAF B T ok 22
FEILRERI I v 440 R ROBE BE A1

HIABYFR 1T 2 TR HE ZK Harnack A5 2 HE B 5 6 % 4000 000 £ 1 2 T3
EFRATTRT LA AR L, B AR  Harnack N2t . #ufi AT, Wo <= Inwilti
—Av = [Vol?, Fidw = | Vol AT Aw + 2Vw - Vo = 2|V20[2. B L BRLHAL AR ol b
VFs T AT BLFH 3 B004.3.3 15790k 52 GIE ], S5 0 58 A AT 40 (A S

NT REANDERIRD, 2T RBAMRBED = ¢ =0, u > OCRIEHHarnack A5 7EIE Y
KE, FATE LR R Harnack A1, A8 D0 AR 4 B sk BOR EUW) 775

HUEBA. &b' =c=0,u > 0. v = Inu, WEZITHTE
u=e" du=edv, 0;0;v=e"(d;v9;v+3;0,v),

N Lu = 0 13Fa(8,6,v + 9,vd,v) = OEQPT KL, BELw = aidvdv , W EXKMHw =
—a8,0v. & N RIAME LI 5
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4.3 R E TR R P 5 HARNACK A 5
(4.3.7)

A bk 2ak9,v. 0|
62
—akd,0,w + b 3, w < —?|v2v|2 + C|Vv|%.

W s PR S BRI IR, FATE R B e RE B WS oL R e AT A .
LI BOGE BT R € CR(Qi R0 < ¢ <1, ¢y =1, HE Lk iz = SfwiwiBUE )&

].]II|'

]i;lﬁ

PRAEV B . iz ER mix, € QIR HENE, M1 < k < dfdw(x,) = 0, I
0= akz = §46kw + 4§'3w6k§ = §5kw + 4(6k§)w =0,

5kalz = §4akalw + 4§Sal§akw + 12§Zal§ + akgw + 4§36kal§w + 4§3ak§alw.

PLK

BRI E
- aklakalz + bkakz
=§4 (—aklakalw + bkakLU) — 12akl(§'281§'8k§)w - 4akl(§3ak§)alw - 4akl§3akal§ w + 4bk§36k§ w

=¢4 (—=ak9,9,w + b*o,w) + O (3| Vw| + LPw + |Vu|$Pw)
Hrg 5 — i | Vol 2 HAZER [bY| < C|Vu| 4.
fEx, € Qft, FATHz =0, —a¥8,6,z > 0 (K JyHessianFi [ V2z /2 - 1€ ), Fir LA 2
0 < ¢* (a9, 0w + b*ow) + C' (3| Vw| + ¢Hw| + | Vvl |w]). (4.3.8)
#5(4.3.7), (4.3.8) DL —EhE %1040, 152
0 <TI0l + CIVOP) + € (G 1Vl + Ll + V0l ), at %o
(4.3.9)

T w = —a9,0,v, FATKPr L1532
SHw? < C" (VL2 + &3 Vw]| + Cw + &3 Volw),  at x,

N ARBAV A EASE A1

o £*|Vulw = ($3|Vu])Xw < ewd?*| Vo2 +wCn? < g§4w2+C(s)w§2. HALFRATH T A7 el Young AN
o ¢HVw|. [HZEATA O w + 40, Lw = 0, EEM|¢Vw| < Clw|, Nili¢3 | Vw| < CE2w].
2

2, PLEG|VU? S w, B Hw = aYd,vd,vfF 2.

o V> < &% Vul? < o
8RN (4.3.9), BHEFAEFEC,, C, > 0, & > 0, S EX AL RGL C4w? < Cred*w? + C,¢%w
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HiEle < —, HEICw? < 2CZ§2w T fEx b 2z = C'w < 2
CrwfEx, X B KLy = 1, > O|VUPHITEAEC, > Ol 2| Vu| < C,.
R 3K FU A E 7 5 E%ﬁﬁTﬁ

C,¢* £ 2C,. HTz =

alw = alaij(aivajv) + 2aijalaiv ajv, akalw = ZClijalaivakajv + 2aijakalaiv 5JU +R

HHIR 1= 6,6,a" 8,v9;v + 28,a6,6,v3;v + 28,a8,0,v9;v, HiL: Xfe > 0, WILIR| < C(|Vv|* +
|Vu||V?0]) < €| V20[? + C(e)| Vo |2 RILILERS 3]

—aM8,.8w = —R — 2a"a"(8,0,v)(8;0,v) — 2a'a3,8,0,v d;v. (4.3.10)

IR — ] DA — BRI 26 R3], BN RO B oV b2 A% 108 I SEXTRR T B, SEfE 7
MePfif3{a"} = PP, #1A a¥aV(8,0,0)(8;0,v) = (V2v - P)- (V?v - P)T > 6%|V?0|*. (4.3.10) " 28
TS T =3, AT BRI Hw = a8, HEEH

—a"a'i5,6,0,v0;v = — a¥d;va'*4,6,0,v = —a¥d;v (6 (a¥3,8,v) — 3;a'3,0,v)
= —a'd,;v(8;w — 9,a* 4, dv) = —Eblaiw + a9,a™d,;v4,9v.
TAE LRI (4.3.10), IE5G RIS TH, S5 2]
— a8, 0w + b*d,w < |R| — 6%|Vv|? + |a¥d,a"8,;v8,9,v]

2
< |R| = 62| V?0]? + C|Vu]|V?v| £ €| V20|? + C(e)|Vu|? — 82| V?0]? < —%levl2 + C(e)|Vul?,

HrpRATH 2 T wref) Young N5, FfHle € (0, —)Tﬂﬁsﬂﬁlﬁﬂﬁqﬁi’ﬁ W 5 UL O

JEIC 4.3.2 GBS Aw IR ). % L F A1) iMJr LR L B @ Ae 6 ORI 4, T AR
1A B AT (31R24.3.3) APAEIRR2RH AL CHKR? ZAFT AR L F Harnack 1~ Mi\ﬁﬁ
EA R @Ak, AMEIXL = —Au, Q = B(0,1), V = B(0, ;), XA B EpiH R0 < @ <1,
oly =1, &N nLJ?FA(gow)Fri'

Alpw) + 2Vw - V(pw) = 2¢|V2v|? + 2(Vep) - (V?0) - (VU)T + 2wVe - Vu + (Ap)w

4|Vo|?
0| V202 — 2|Vo||Vu|® + (Ago _ %) Vol

d 2
FikBp = (HFELTFX V)2 2 Zafv i(Av)2 = % = % ) T VAIE A A(pw) + 2Vw -

V(ipw)E A AMR#vE TR (BATRF—AITHALFER TR V| R R, ERAAZHN EWHT



4.3  HEE TR KAE R 5 HARNACK A Z: 1 173
KEFX, %—2HTR)

A*w) +2Vw - V(§*w) > %S”‘WVUI“ — 883 VE||Vul® + 4¢%(SAS — 13| VE|)|Vul?

4
%§4w2 + é—d _8|VE|E + 4L — 13|VED)E > —C' Vi € R.

t=¢|Vu|

AMMEARG ig““wziilﬁx% h R A EMN BT R K. BIRCWE N Sx, € B IRE
BRAL, A AH V(W) = OABAC W) < 0Ex &, #miFE Ctwi(x,) < 2C'd. EIAC LA
R T R BT B3, Ewxg) = 1, W Cwd(x,) < 2C7d; T W HEAVH Cw(x,) < CHx,). Ptk
AT AR B A PAR R AY F $C > 0113w S CAB T a2

o R EAV W = SRS, W& Hob

A*w) +2Vw - V(§Pw) > %QTZIVUI4 — 4JIVE| VOl + 20AL | V*=16] VE|?| Vo2,

TS, LAREXEARTEAL =C|Vo|® 2 AKX (BAHATHETFREGT), EmA
REARIE TS X A MR B8 T RA it

SRR 4.3

AT IJEHBRIZQ c RIZBFABHAER X .
SR 4.3.1. Rut T —-aV9,0,u = 0EQR I XFEMH, a’ e CY(Q). iE#: max |Vu| < C(I’Ing |Vul+
max |ul).
90
R Av=|Vul* + Ww?, BBRAS KUEFLy < OEQF B AR Lo
SRR 4.3.2. RuR HHE—d0,0;u = fin Q, ulsg = OR LA, AP AR, Bex’ €0, &M
HRC? ) w A x4t 49 9] & 24 (barrier function) 2 AFwik &4 T 54+

Lw>1inQ, wx®) =0, w > 0ondQ.

IE: EwRAXOR e — AN HE, M BEFHC > 04| Vu(x®)| < C|j—1“;(x0)|.

S8R 4.3.3 (WEEEMGTT). %u e C3(B,) N CY (B R #4253 B, A 8 AFH 4. A -FHERZIER:
BAEFEHC >0, ﬁif?ﬁnéax |Vu| < Cna1§x |u| AR <o

R BRI R = {? € CXB)RAAAEC > 0 TAF XA(p|Vul?) = =C'|Vul?, 3
P 424 3.2 AT L. REFAAW?) = 2|Vul|* i3 2] 4k,

SR 4.3.4. E 437,
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SIER 4.3.5. %u, € CA(Q)NCQ) (i = 1,2) R4 T HALHY iR
—Au; +¢;(X)u; =0 in Q, Uilsq = &i(X%).

Zey(%) = ¢y (x) = 0ag (%) = g,(x) = 08 sk 2, EH: u (%) > u(x)EQLEE R .
R KiEPu, >0, FF jBu, — u,#h R0 A Fe {0 K4
SRR 4.3.6. B Cc ROZRF(ZR, u € C]B)REAELHELZu0) = 0. iE¥H: HHEZFa > 0, &
Hx, € BIEFAu(x,) < au(x,).
R RiEE, KGR 2435,
S8R 4.3.7. REEgHd > 2, Ex, € 0Q, Fiu € C(Q) N C(Q\{x,})i# L T H 42

—Au = f in Q, ulaQ\{xO} = 8.

XE2f e AAQ,00Q LM ELHE,

(1) EAH RAR R —I
(2) %&f =0, AL HM, > 0147 lim |u(x)| < M,. iE9: sup, |u(x)| < max{M,, sup |g(x)|}.

X=X O\ {xo}
' ()R AIERFRFTAL(S, g% H BV F AL H Rl HE, H R EQ\B(x,, 8) L% &4k
B Fwx) = e|x — x,|> ¢ +ulx) (d > 3) X wx) =c(nD —In|x —x,|) +ulx)(d >2), E¥DH
RIBQ AR, ZBRKES - 0,6 > 0. (2) £Q\B(x,,8) L AMIERE, H4A4S > 0.

o)A 4.3

[518% 4.3.1. #%Bg = B(O,R) C R?, ¥ #R < 1. % Bt T 742

2 — x2
Au = ; 21 4 + 1 -
X2\ V=Tnlx]  2(—1In|x|)3

S b & 3R A By L S (e R RC AR L BUEA0). Aulx) 1= +/—In|x|(x? — x2). iEH:

(1) u € C(Br) N C¥(B\{ONAEBL\{O} F i# % _Lif 7742, HAE# KBz EAu =y —InR(x2—x2).
(2) lim &?u = oo, #MFE|u ¢ C*(Bg).

|x|—0
[B18% 4.3.2. iEW: 43,1 49 HAL LA B T CA(By) W+ AR,

B Rilk, ZAEXEMFRR € CA(By), W% Bw = u—v, L Puty 2 L9 443,15
Ko T RwA A5, 3o BEBN\O) LA R, AN Z 42135338464 A E & L 6hiA
Fady 0, M TFCA(By). X5 9 #14.3. 169 8 F /5 .



hE UBHIERKEE

\np
JdUy
|

FESE =55, FRATRHFFIR XSk A TR AT R 02 AT 1 B3R A FERAT AR RO (OURAE
FITRE HRR TR FEA7S [ER LA AN N DirichletZ {# ) & () 2

—Au=f inQ, ulzo=4g.

HI 5 R B 2 ] LS AR AR SR IR f 5 (- A) TR MRORG R, 5 (K U AT LA Bl b o £
N, RS AR BRI — S B R 2R T i) < AR

5.1 EREEZEERAKEE
B0 = R, AU ~Au = £ 11 SRHAR T AR L f 1.

_ FIE5.1.1 RIPPHRIEBSTE
R Hd > 2. AR f e CHRY), & Lu(@x) 4T

—— Joe In(x = yDf () dy d=2
1 fRd f(») dy d > 3 ’

[x—y|d-2

u(x) = f O(x — y)f () dy =
Re d(d—2)a(d)
m

(1) u € CH(RY),
2) —Au = fERIF 8K =,

MERR. (D)RERIIFAN S, KRR VAL L BACHIAT R, BBl BLE SR S ok 2
R f b, e b, 1A

u(x) = J O(x — y)f(y)dy = J B()f (x - y)dy,
Rd Rd

175
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el
u(x + he;) —u(x) f(x+he—y)— f(x—y)

BT f e C(RHAAEIE, L&A

fx+he —y)— f(x—y) sk
h

ARG A T AT AERR 5 S %H%li_r)réfciﬁ%:

d,f(x—y) in RY, ash — 0,

6, ux) = f O3, f(x - y)dy,

Rd
A, XHMEEL <, j,<d, ATH
0,0, u06) = | 993,28, 1= )d.
Rd

A x5 1 B B S R A

BN RIEMu ZRIPAIBTTRERIE . TIEEMRZ, HEAHELaplace 1 1F BN T LY
I, BATHZHEA IR, HLaplace T H M BIEEA RO £ (FONEATEH-A® = O£
LAAMA X SR, B R OA S I A BAT A, I ASRATIAE 23 B AR 00 2 Bl 5 B2 4 s i) —
AN/INBIEB(0, €), PR A AL T+ B(0, ) F i i AR 7

AR Audfy 7y BREEUL R R AN B SR R KR . AR, T,

pu(x) = f S(AL(x - y)dy + S(AS(x - y)dy =: L +J.

B(0,¢) R4\B(0,¢)

HSEHRA AT DA B SR SR R i ER 2y, B, BT /ME. S EIRATA

Ce?|lngl d=2
[I| < max |Af] - |2(y)| dy < .
R B(0,€) Ce d>3
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BCHLf, o 1) dy ST DUBIT AU A A bR 27 (31 BIB.2. ) Sk, DAd > 3 v

€

1
|¢omdy=JJ’ PRSI S
J B(0,¢) 0 JaB(0,1) d(d — 2)a(d)

=®l{1xi=p}

£
52

1 J do =
dd—2a(d) )" T 2d-2)

= Area(6B(0,1))-

da(d)

X, BAA B AR AR TR RO L. B — IR R AT A

Je = O(y)A,f(x —y)dy
R4\B(0,¢)
of
=— Vo(y) -V, f(x—y)dy + qI>(y)a—(x —y)ds,
RA\B(0,¢) 3B(0.c) 4
=:K. +1L..

X HysZ8B(0, o) KA A E, KNE SLhr ERAXIER\B(0, o) BB ALSMNERIR. | T @E4E1A
B, |0f | Xk Te Bt (DN R ESOESREL Frllba i), IaBATar UL B A
N BRIDYERTHOB(0, ) I HIAR L O (e, T AAEAEER HAB(0, ) FIF N O(In £)ZO(e*~9).

Cellng|] d=2
L] < max |Vf] - |2(y)|dy < :
R 3B(0,¢) Ce d>3

X K, BATH R AR, WEITE AR = 01 2k, it LU 75 243l 7 30t

30

() - y)ds,

K, = mmwfu—ymy—f
RA\B(0,) " 3B(0,6)
=0

od

=— —(¥)f(x —y)ds,.
f 3B(0.5) ov Y

IEBRA T Z TR MESE— B4R . T B0, )2 —AEkk, FFLLEhR by € B(0,e)iX—

i L PR LR XS, Biv(y) = =2 = —2 VR, M S ORI

(77 T SRR IR, T 48 AN 5 JR ST S R IR AN BRI (2 2 Se. TIAEAB(0,¢) [, FATHT LA

ﬁﬁﬁﬁgwmm<wm>3%m,d:ﬁwwﬁ%%%—ﬁm>:

1 1 Vi Vi
2-d) =

0,,2(y) = dd—2a@ Oyl Iyl da(d)|y)e

Vy #0,
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NI]

1y _ 1y
VS @b T d@e PO

IXAF IS K, LT 1A R e T AR T

oL} 1
a_v(y) =v.-Vd(y) = W on 0B(0,¢).

H T da(d)e™" 1515 T BRI 0B(0,€) MIRMEAR, BT BAK, SEFr_ Bt & — fAEBKIIOB(x, €) LA 71
WlE. B¥40e — 0.0, HEfFRESAE, 2B T RSB AR R AEER DAL R HUE, B

K. = _]f fx - y)dS, = —Jf f)dS, = —f(x), ase—0,.
4B(0,¢) 0B(x.¢)
0

IR 5.1.1 (ME—1). AAVFARRFAERI LR FTAE-Au = fOBEAE—MN (FRIaBILER
AR, TRARANAZuAZINFTAEGE, IRAFEEAB e R, u(x) + Ax, + BEAF —A~F 42
a9 % o

IR 5.1.2 ( “HEARMR” PR, F Lk, AAMOTUMAMERIF 6 HTAE-AD = S8R (EpHh &
XTF), HAF¥6AHR ELEDirac delta “H&”, CERFLERERMZEGELZT, BPS* f = f. KX
NAEFE, BAVRESHFEU Y TAZE A

~AuCx) = j A0 — )W) dy = (6 % ))x) = fx).
Rd

AN E RN “HHR7 (A T LHHK7) IS RRE, LStein [16, F=F].
SEIE 5.1.3 (). 3 b, {5 B HAMA e T F AT

o KAMMOT UAAER S G S BFT F ARG EGH 8 H R R CT i F 2T 27 ).

o R ELBRRARGHZHEK, XEHAKRLRTELGG LBV - v =0, BPHELENFT42,0 +
V- (ov) = 0P E RpF THANTIL. mBEHLRUNEAV XV =0, FMHIEMNT AFL
"B RP B HGME, v =V, THEGIEV .- v =0LFNTAP =0.

o Ta Y, wEIEA 8 5] ) 2R (self-gravitational star/planet)éﬁ EAHHAZR@E N, LHRA =
—47Gp, ¥ G > 023 h F 4k, pREKRNER

S]E 5.1
SR 5.1.1 (Poisson 7 FEIAAE M) @I IE A ). ZufEKB(0,r) C R4 (d > 3) N it B Az T 42

—Au = f in B(0,r), u =g ondB(0,r).
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BT8R 2 (= 3 4.2.1) 09880 7 %, ERA:

1

1
d(d = )a(d) L(W) ( X2 2>f (%) dx.

u(0) = ][ gdS +
3B(0,r)

o) 5.1

iB]E 5.1.1. & f € C2(R?), Spt f € B(0,R), £ ¥R > 0. & A Newtonfz #

1 f») J J
= d 1= dy, 1= dy.
u(x) 4ﬂhﬁx—ﬂ Q R3f(y)y p Rgﬁ@)y
iEHA: x| > 2RE,
Q X-p

2
= < 2 .
prrp iy E + R(x), |R(x)| < e JRB lyI?lf(y)| dy
FH3E B IE B

Q=0 = uX)=0(x|?) (x| - o),
Q=0, p=0 = u@)=0(x["?) (x| > o).

5.2 B{EEBRIASIR R BT

=5, BATIE 1 AERFIR XIS SR 45 %€ Dirichlec {8 B AT R AL, 10 A5 I 25 RE A
— X IO C R RAENL T

—Au=f inQ, ulzo=4g. (5.2.1)

2 Q2 Y B AR, FATE VAT R B R R A = f. XFEA U — ¢HLEQN
AT e, B LR AR AR, 15 R R

Au = x* + y*in B(0,1) C R?, ulsp1) = 0.

4 6
ﬁzﬁw&ﬂifmq_z + §—0) = X%+ y*, FrUAsh R R
———
=:¢

Alu—¢) =0, u—¢lspol = 12 30°
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11112 7 A% AT DALE R AR A T 15 21 2 20
SRR — M DX I Q, BAMRAEIL B “HFR” PG —AP = f, Fr LA 20 5 b 7R SR A — B IX 42k
S EVAZ DI

52.1 BHEHEHES

SaiQ ¢ RUELFIGHIIA X, ATA B — A HE TR A SR &R
(VEZWIYEIN) 2
—Au=f inQ, ul|zo=2g.
AL, FATEMZ 5 — GreenE 25 (7B 1.3(3))

ov ou
(uAv — vAu)dx = J u— —v—ds,.
L 50 ON ON
ZAEEAT i [, uAvdx Al — [ vAudx & B8 —IRE 3], BT RERIEREE.
Wu € C2(Q), [fEx € QKA S/ Mie > 0ffifEB(x,¢) C Q. FLIEFRATIEEE 45 X 15
AV, 1= Q\B(x, ¢), & —GreenlHZE X R E A u() Moy — x), T2H

oo o)
J, womat - - ey = | wnigo-—x-eo-nigmas, 622

av,
HAN ROV I HALANE R &

A MREZR RS, AL BB AR o BN AR 7 X482 5 56, AR g0 DX Iy ok BA X
P, KON EARMOE )R S B A w1, (R AR f T E . W — U7, AT E
5. 11U TR R I, (5.2.2) WA b 55 — TifEe — OB FIARPBR 2 u(x). F5L b, RATH

od ou
|, gpe-0-ev-nimas,

od ou od ou
[ SO0 —er 0w+ | a0 ey -nFmas,

PAL

ou
o(y —x)—(y)ds
J 0B(x,e) dv Y

Celne d=2
< Ce® ! max || = ,
0B(0,¢) Ce d > 3

A
J u(y)a—q)(y —x)dy = :f u(y)ds, — u(x) ase — 0.
3B(x.c) dv

0B(x,¢)

Horhy R ERMHOB(x, o) HLAL ML B, XA A0B(x, e)1E OV 1L S [ 5E 17 5 EAE NB(x, €)ill
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G R 5E A o

MAEG.2.2)H A, H—HHRIEAO(y —x) = OMERY € VKA. BT LATE(5.2.2) P i Bk
e — 0, FAI1#53 2

od ou
—| o(y-x)Au(y)dy = —(y—x)—d(y—x)—(p)dS, + .
L (y —x)Au(y)dy LQ u(y) aN(y x) —P(y —x) aN(y) y + u(x)

FATEu N5 — GreentH 45 2 ik [ H K

ou od
= d(y—x)—() — —((y—x)ds, — | ®(y—x)A dy. 523
u) = | 00 -0F0) -u -2, - | oy -vaumdy (5.23)

B2, WORARBLIA T R I I Fy B, (5.2.3) RIS AR, RIA3% HL T u I NeumanniZ)
fF, B fiL i, RN, F9 b, XIS 2.0)K B BT B [ B Dirichleti) {8
AINeumann {1, 75 W% RS A HORSE I, ARAATFECERR . A Dirichlec i TG &, A1
T A % (5.2.3), SRR A R i % i, AT E i € QAT B3|
I —/MEIED (correct), 1ILAEY*(y), ﬁ%)‘(?ﬂ@(y—x)lyeagftﬂlj\] S ) R FIIE 41 (1 Sy y 28 = 1) BR D)

—AYp*(y) =0  yeQ,
P =d(y—x) yeoQ.

fait, FATHHZE —Greenfa s, 133

%"

ou
()~ By — X)=1-(3) dS,. (5:24)

—J F()Au(y) dy = f u()
Q Q

PAEFRATTA] DL SRS ARk T
EN 5.2.1
R 3R Q3F &2 6948 A F £ (Green’s function)#y & LA

Gx,y) :i=2(y—x)—9p*(y) x#£y, x,y€Q.

P, JATATLLH A, ul ;o MR EGE Hu(x) KA

3G

u(x) = - LQ w3

(x,)dS, — J G(x, y)Au(y)dy.
Q
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_ EIE5.2.1 AP FEDirichletiZ{E o) R FRIAT
Fu € CHQ) Ade Tz % FALGY R

—Au=f inQ, ul|yn=24g,

n A
Vx €Q, u(x)= —J g(y)g—f]

oQ

(x,y)ds, +J G(x,y)f(y)dy. (5.2.5)

Q

FEIR 5.2.1. LA AT AR EAZ B b A A0 = 8,8, I LALLM AHHHC (BRx,
A A yus 3 ¥ A E AR A AE 4o T 75 A2 69 1R

~AG =6, inQ, G|sq=0.

WL, RMNTAELQR AT, EEAaER TREABEHG|;n=0), mEX € QA —
AR A E BT, XEMERAY € QR BIZEE TS AGE R HNG(x, y).

5.2.2 BMRERBAIFSFRE

MR BRE A X FR M, IXAERAME AR T B 2 R 2,
il 5.2.2  AEMRR B AT AR
|7i%{£%x,y €EQ, x#y, LAGKX,y) =Gy, x).

HERR. [HEx,y € Q, x # y, FHWFE 5 /Mie > 0ffi1§B(x,c) UB(y,¢) € Q LK B(x,e)NB(y,¢) = 0.
1t v(z) = G(x,2), wz) =G(3,2), z€ Q. N Av=Aw =0 7£ V := Q\(B(x,¢) U B(y,¢)) T1EAL,
HAEIQ FFHv,w=0. #i% - GreenfE 2R, A

J ) V(2)Aw(z) — w(z)Av(z)dz = LV v(z)g—;:;(z) - w(z)%(z) ds,.

EREDSETF RTAL, TAVEL T OV H w4 [X 50 5o Q MK 0B(x, £)UdB(Y, €).
o, wEdQENE, bl

dw

3 (z) — w(z)a—v(z) ds,, (5.2.6)
v ov

f w(z)a—”(z>—v<z>a—w<z)dsz=f v(2)
5B(x.e) ov ov

9B(y.€)

Forys 23X A BRI AL RE R R . Tw Ex &6 B, v(z) = O(z — x) — ™ ()T P* ()t
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AR, P AR 2 BE5. 1L LA IE M AR A

Celne d=2
< Cedt max lv] =

J v(z)—(z) ds, .
8B(x.€) 0B(x.) Ce d>3

ov

Ji—Jrii, (@) = @z — x) — ¥ (=), IHHE A

J w(z)g—v(z) ds, = J w(z)ai)(x —z)dS, — J w(z)ﬂ(z) ds,.
B(x,¢) v dB(x,¢)

5B(x.e) ov ov

H TP EQN & J6TH B AL, willfEx e, Fril XS Z0ifEe — obf IS S® % . RIIRATAH
: f f L
lim w(z) (z) ds, = lim w(z)=—(x —2)dS; = w(x),
€04 0B(x.€) €04 0B(x.¢) ov

Horb i f5— 2P BRI 598 5 2 315, 11T IE B 2R 8L
Et, BATEH T 2e — O, (5.2.6)1 1R E w(x). ZART LIEH(5.2.6) A 1A WS Fu(y),
XHERHG(y, x) = G(x, ). O

5.2.3 BEANELGRTE

AR BRATIAE 24 25 8] RER AR P AR R X3 PN T S0 A R K ) B AR A 3K
15.2.1 FEEAIEIREE

fe—RAFR KB A, BRHRCx, )R A XT AL Xt F ik, SFEBRERAFZ R GHF
%0

Q=R ={x=(x,,x9) €R? : x4 > 0}

B8 5.2.1. 3 Ex = (x; -+, x5) € RE, &AVE L€ X Tixy = MR EAX 1= (Xp, -+, Xg_y, —Xg)-

MEHS 2 1M BERAE, AT R TR B 23 [RIR A RLFRIAE AR B A “ABIET” 9~ (3R
B MG 1) DUBD R A D fEx € RIS B T E 2 [ x € R, Xy € oRY,
LYH(y) 1= (y — %), MIfi

AY*=0 inRY, 9*=d(y—x) ondRI.

EXFEG(x, y) = (Y — x) — D(y — X)FL N 1Z 2 FA 1A E AR R B Rk K.
SFi8 5.2.2. FX FRAMRBEG T EFRERAFEF R IR, AEREGFILHP),
AMNEFR LALLM T BEHF:

AR —HERG ECTREX € RIL, dix; = bR — Mg Fh-Fa, K&
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B o

mEMESPHE RO LBET, BHEGEH P TR IZEN T THELGEG N . Az Pxi
H—h ERe B0, XRA—F AL, BRI EET. mEKSH T H—0(y—x)tat B XAk
R R AR,

_____________

/////

B 5.1: P “HRRET e
BN R R R A AT R I RIA 30 R BE5.2.1, BAT A v AR s B A 1
LT BUESNERIERZN = (0,0,-1), FTLL

2xd 1
da(d) |x — y|¢’

SE(6,3) = =0,6(x, ) = ~(@,,(y — ) ~ @, (y — ) =

L W A RORY R Mg K IR AR, Bt
—Au=0 inRY{, ulp =g
J 5. 0.1, FARS I AR AR AR 4

2x4 J g(y)

oD ds (5.2.7)

— vld y’
aRt}r |x yl

u(x) =

HHRE K(x,y) := 2Xa 1 B HRAE B3 2= [B]AY; A% (Poisson’s kernel).

da(d) |x—yl4

— EIE5.2.3
%g € C(RINRL A RELF[H, uh KA X(5.2.7)4H, WeiHL
(1) ueC*(RY)BLAF:
(2) Au=0£RI ¥k 5,




5.2 JAE In) KR P R BT %
(3) (FEmmMmR) HE&Ex, € R, Mz lim  u(x) =
X=X, xeR

185

g(xo).

TEB e B B, FRATVSEER b ks
— 5|IE 5.2.4

SEREL /N AN AV XIS N

tHEFEx € RY, R[50 K(x,¥)dS, = 1.

SEIE 5.2.3. 4o RAM T B 4eifl £ 302 W %2 QAN H RIAF S
g=1B", ZFLKMNGEIA5.2.6iE0 . IEKMNEL

MERR. [HEx € RY, Mx, > 0. #iPoissont% Rk, FATH

HeE—m, MAEG27)F45u =

bt — AN AR HAIE .

+

Horbx!, y' o3, yIIEI(d — DA SR R 1 &

2xd 4[ 1
K(x,y)dS, = d
LW (x, ) dS,y da(d) J s (3 =y P+ x2)i2 Y

AR By = 22X 5 5

Xd

2x4 J 1 dv = 2
da(d) Jgas (|X' — y'|2 + x2)4/2 Y da(d)

BRGNS BRI R B R R A, TR AR AR AR (S BEB.2. ) THE A A,

o0

=(d—-1a(d - I)J

dz’
(g2 4 1)
Rd-1 2 + 1 E
(2 + 1)

ER =

—dr =

P
O (p*+ 1)

d-Dad-1)_1 d-1

(Wb
—.
R+ 1)2

53

d-2

—dp.

(d—nmd—njm P

2 r+1):

HAB(p, @) Betatki B, HiE UNB(p,q) = [y

(1+ )P+q

B(5,

>~

x (p,qg > 0). BAE, TATFIHB(p,q) =
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I(p)r'(q)
(p+q) a(n )_r(— +1)

B T(x + 1) = xT(x), T D =7 B3

2 (d-Dad-1) s, d—1)
da(d) 2

J K(x, y)dy =
oRd

d
2

_@d-DTE r ICEHC) (TG goq TG TG+

d

= . . . =1
d - =+ Vro 4+ 1)

HH Gamma R B 1€ XONT(s) 1= f;o t5=te=tdt, s > 0.

EIE5.2. 380, EARBANTEZRS, SHMEEMY € 0R?, K(x, p)ENK TR EUZ A K 3. H
Sk, T R E e, B BRELG (e, p)TE Ny BT ERBUR R AR B (B T Ry = xIX— ). kg kiR
T FRE (A 35.2.2), TEZS 2y, GQx, p)TE xR 21 B A 2 A A R B (B T fEx = yiXx— ).
BT x e R4, y € dRY, FATFIEXMEZE [ 2 My € ORY, K(x, y)VE Fx 1) e £ b 2 8 F1 ek 4
% B[ pe K(x, ) dS,, = DERX € RURSL, BT g7, FrhRiE(5.2.7)% th fu thid
EEE NI
)| < max gl | Ker,p)ds, = max g

oRd oRd oRY
NFNEREMY € 0R?, K(x, WIE xR EZ AR G2 RE0, Hef i, Frblf]
B IR T 15

Au(x) = J AK(x,y)g(y)dS, =0 Vx € RE,
oR4

XULu € C(RY).

P KRR R AR PR lEx0 IS a[R{d MEE e > 0, WATHS > 0, HFHE |y — x| < 6,
y € oRL, Wifilg(y) — g(xp)| < e IX— SR FI FHglEx, i B /INT IR N I E SRR B . FRATT
ﬁ*iﬂmﬁ?%%m\ﬁ“ﬁk “ibl_xoﬁi‘” %D LB x AL B AT, BN My IREEIR A
R, THMAZK (x, )45 B I HUE IR AR B AR T fit il

R A A R AL |x — x| < 87210 six, FATE

K(x, 9)lg() — g(xo)] dS, + f K(x, 9)lg() — g(xo)] dS,
ORI\B(x,,0)

() — g(x0)] < J

ORI NB(x0,5)

< EJ K(x,y)ds, +2madx |g|J K(x,y)ds,.
oR¢ 9

Ry ORI \B(x,,5)

=1
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é N
B Lt ey ) K6 ) ASy, BT Ly =%0] < 1y =1+ < |y=2|4+-|y—=xo |, # Tl [y —x] > ~|y—x,.
P LB

K(x,y)ds, < def |y — x,|7%dS,,.

J ORI\B(x,8) OR4\B(x,.5)

1M f5J5 — MR AR A IRE R XS B A s, 70 BRI 2 () AE B AR B S, mT R
ARBRIERD, ITBAYxy — O, %A 5 Ntli#a 0. O

515.2.2 Tk ERIASIKER B
|74\%/£$4iﬁ<3 := B(0,1) Lty iAfitap A, SF TR EALEM, KMNEEEZRILHED

“BUR” R IAEM B, mITHRGFAMT, AR ZHm CRE R

185 5.2.2. tx #0, BX 1= x/|x|?HAREX K T £ 5K @IBHY R iE & (inversion point).

Kl 5.2 RIERIUIR R WER, BPEyRL2EY] .

PRI T BT IRAB LT ¥ (), = 2
AY*=0 inB, Pp*=Pd(y—x) y€B.

BN EAREEE R ER N x € BRI A E R EBIERAMN ix & BAE. A@ik s gERd > 3,
BT O(y — 0)(TEN y MRE)Ey # ZA 2R, TRA(D(|x]|(y — %)) = OWERy #
XL, MM @(|x|(y — ) TEBINZ AR 2. N E Nx2x ok T-oBII R i, ATAXH TRy € 0B,
BAI1EGAOxy « AOyx, Kt |x||ly —X| = |y —x| - 1= |y —x|.

BERA T2 B IETU*(y) = (|x|(y — X)), M

—AYp*(y)=0 y€B, P(y)=P(x—-y) y€eIB.

JIr LA B AL BR B B (R A& AR BRI B SRR A G(x, y) = @(y — x) — ©(|x|(y — %)).
PLAE AT DATH A MR SR B GTEBRTHIOB A ME M S T« R EITEy € BRI A AMNE A & IE
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ﬁﬁ%yﬁa,%u%ﬁ%@%qu1ﬁﬁﬁﬂgi<¢wﬁﬁ

oG (oL} 0 - 1 X —Y; |x|*(y; — %)
—xy)=—Q@—-x)— —d(x|(y — %)) = + -
3y, Y = 5, 4, ¥ICy da(d) (ly—xld |x|4]y — %[
x=x/|x|? 1 Xi— )i + yilx]? = x; __ i1 —|x]?)
da(d) \|ly—x|* |y—x|d da(d)|y — x|@’
BRI FRAT 115 2] 5 e
G 1—|x
—(x,y)=y-VG(x,y) = ———— "
N &=y V6. y) da( @)% — Y|

B LLEIE, 2SA4EAd = 20 th ] DU FEIFEREE A . BT ARRAT T A5 B0 (5 3K B B i 1 Du g 1)
UESEAGD TS S ua v VAL I 2 i

_1- lezf 462
4 = G2 S spon = Y18

dS,, Vx €B. (5.2.8)

y,

AR AL EREUR A2 NRINERB(O, R), AT H F ZAR A BT Ha(x) = u(Rx)R AL B AL ERB. By

ey
_R?- |x|2J g(y)
u(x) = @R | 350 2= 17 dS,, Vx & B(0,R). (5.2.9)
2 [+]2
BRI Ce, ) o= o R FERB(0, RYR BEASEARE, LA, 201 DL
TR
— EH#5.2.5

iXg € C(6B(0,R)). sh&u &k X(5.2.9)% ¢, WA

(1) u € C*(B(O,R)), Au =0 in B(0,R);
(2) GEP @A) S Ex, € OBO.R), Az lim  u(x) = g(xo)

x—-Xx,, X€B(0,

&R 5.2

S 5.2.1. ZQCRI(A 2 2R AFAFNAEREE, £XD :=supflx—y| : x,y € Q}HQH A
. ABRx € Q,iEWN:

(1) BARBHAGCGx,y) = d(x —y) — P (RE—8, LiHL[,, Z—f](x, »ds, =-1;
(2) Bd238, EEy#£x, ye QA0 < G(x,y) < P(x — y)mk L;
(B) Td=28,"dEEy#x, ye QA0 <G(x,y) < —iln x5,

D
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SIRR 5.2.2. XQ ={(x1, %) : X, %X, > O}RR26GF — %k, LA A
—Au=finQ, u(0,x;) =g(x;), ulxy,0)=h(xy),

EH: Gx,y) = d(y—x)+ (¥ +x) — P(y — %) — D(y + ) Q3 & A& F . L P d(x) 1=
;—; log |x| EAME, X = (x;,—X,) A8 x = (X1, X,) X Tx, haystAr &
SRR 5.2.3 (BR B Harnack A" %530). % uA H] #B(0,R) c R L&y 3E 5 A= R 3o

(1) 258 X(5.2.9)iE %

a2 Ry 0) cur) < pe-2 B+ 1Y

R+ %D ®—

(2) F(L)EM: Vr € (0,R), A= 7% Xsup u < (ZL) inf u.

B(0,r) R-r" B(0.r)
SRR 5.2.4 (Schwarz/ S JREE). &B* :={x = (x1,---,x4) € B(0,1) : x; > 0} #4232 L F 35
(1) &u € CA(B+)AB* M ¢ Ffy Ulsprap=0p = 0. %

u(x x5 =0
v(x) 1= ) 17" vx eB:=B0,1).
—u(xy -+, Xg_1,—Xq) Xg3 <0

L v € C*(B), AfmvAB_E&GiEF 5,
(2) 4= I RABZu € C2(BY) N C(BY), viL— & A& B_ L 69l 4ok 4 70?
#: #) BPoisson’> X,(5.2.9)7T V}(?é‘ﬂiiu%/iwlxdzo = 089 iAF R H, KRB M KAELR HE
lw = ufEB+ Llam sz, EMLEETFRB &3t
@R 5.2.5. B E 325.2.5.
S0 5.2.6. EH: LFFERIF ﬁ@ﬁﬁi}ﬁﬁﬂ@ﬁfi%‘iiﬁfﬁulam = gt A E—0), X¥g €
CRIHRAFESL LK., (RT: MASchwarz R 4H/7H2,)

5] 5.2
BIEE 5.2.1. HE AL d>2, S =S CR R ERE, BR feC(S), TSRS EE
23k B 1 a9 iAAE 45,
(1) REEK m>2, EW: AR Ly mkSAX p, LELRKARAETL m—28%5AX
q, 4% P[pls] = QA —|x|)q + p £F423k B Flam =,
Q) RFEAEIFTSAK p, W7 [xPp(x) R 47
BT S—ARHIAE m—2 05 RX q B LS, (1—|x]2)q(x) 2 B A&HEFL
#?
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ik A EHIES
B SR A28 — B il ¢ 1 AP SCR R RS 5

Al ERTS

Re=d4E SRR L HE S ER = R

R X AFRIC X = (X, -, X0).

UEESQ CRY, RANLQ = QIR Q = QU aQ = QA

B(x,r) c RY : Plx € RENERL, r > ONERIITFER. B(x,r) ﬁﬁzB(x PRI, Blx,r) =
B(x,r)\{x} =llx € RENERL . 1 > ONEZR L IFER.

$4-1 = 3B(0,1) = RA4F1)(d — 1)%‘@%‘13@

a(d) = R AL ER AR = = SR,

—{xERd x; > 0} = J:#Z IETJ (ANEHFD
e; = (0, -, 0) =i FRIEAL BRI &
w U,V %Rdﬂhﬁﬁﬁﬁ/\%%, BATICV e URIBV cV c U HV BUKE 5. IR
MV ERETU.
Y5ET > OFIFFEEQ ¢ RY, AT QX R HEE ~AQ, 1= Qx(0,T]. H¥maF AL, 1=
Q'T\Q'T'

A2 RFHEXENICS

REu : Q - RXEFEux) = ulx,, -, x,) (x € Q). ATHu QNI RE, ZIRuffQW
T BT EELE A L

Wu, vEREREL, FATIdu = v FRufESE To. A 1du 1= v B & LR uS5vid%.
PR Q - RIFSCEILHE Sptu :={x € Q : u(x) # 0}

PREu M IERS (53 N ut 1= max{u,0} (u™ 1= —min{u,0}). WH u =ut —u- LK

191
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A ®WHLS

lu| = ut + u~ BROL. FF5 BRECE LA

1 x >0,
sgn(x) :=140 x=0
-1 x<0.

S EERE a0 Q - R™, FA11d ux) = (u,(x), -+, u,(x)) (x € Q).

T RAFI(d—D4ERE M, AL, f(x) dS ARRELFFES BT (d — 1) 4 il T 0l 1
9, HATR AR IR RN A RS, BV SO RATE W 2T (BRAERIMEZANEE),
wCRRMME, AN, fACARBfIFECH) CGE—1) &),

P 5A - )
J:Qfdx = Voll) L f(x)dx,

1
ds ds..
fras.= g | seoas,
B AF ¢ RUGTFHERGE oo =10 T
0 x&¢E

SN g TR E BRI # g0 E SOMBUR (IR0
uwgmw=j f@—yB@ﬁw=f Fgx—y)dy.
Rd Rd

TAT x> x,MEH f = 0(g), RIGFAEFE C 15 |f(x)| < Clglx)| XHAERE TR/ FETx, 1)
mx L.
TATE4x — x TG f = o(g), 35 lim L =

x—»xo gl

A3 RFHEXENCS

BHEEEu: Q- R, xeQ.

M S A2 o) = Tim S g IR o AT FE OO, B, . 6
foudts, FATTLLE SR S
R 5 5
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L Ba= (o, 0y REZEER, KEEXN|af =a; + -+ o, ML UuE LN

oFlu(x) _

a ‘= DR ad
o“u(x) := gl on 0y uU.
1 d

2. ARk, 0ok u(x) 1= {0%u(x) : |a| = kI Nulfi ek ki iw S E R ES, &
IS TR AT O  u(e) FAE R H g A, G300 5 A5 R BE S

|6ku| = [ > |6°‘u|2] .

|| =k
3. Hk =1, FATKou WAERE, FHHBEENILS

Vu 1= @, u,-,0,,u) = BAEHE.

4. u, := il - Vu 248 u KRS

|x

5. #k =2,

uxdxl ) uxdxd

d
FonulfHessianHiFfE. Au = ), Uy y, = Tr(V?u)s&Laplace H 7 1EH Eu L.
i=1
e Wu: R > R™EMEMEKE, HRFHE LT,

1. WaNZ EIEbr, NE Lo%a = (0%, -+, 0%,,). XU TE X o a F1 |okul.
axlul axdul
2. ZH k=1, Vu := TR B R

axl Uy - axdum

3. % m=d, TAE LAEE R u FEE N

d
divu :=V-u=TrVu=zaxiui.

i=1

4. % m=d =3, T A EER Bl e Acurlu 1=V X u = (9, us — 0,1y, 0y, Uy —
8y sy Uy — Oy tty). H5 m = d = 2, VLA B Bl HERE R AR B, 5 UV - =
—5x2u1 + axluz.
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A4 REZEICS

w Q& RY 4L,
c C@Q={u:Q- R|use 4L R %}
e C(Q) ={ueCQ) : ufEQIEH R TEN—BUELS).
e CKQ)={u: Q- R:ufift, HIEQLR—FUELM, VO < |a| < kb
o CHQ) ={u € CKQ) : UTEQIITNTA F TN —BUESE, V0 < |a| < k.
e C¥(Q) ={u: Q- RuEQERIFMELSAHN} = N CHQ). C=(Q) = ) CHQ).
k=0 k=0
o C.(Q),CEQ),CR(Q) 7R C(Q),CHQ), C=(Q) T HA BRI R Bk,
¢ CIUXQ)={u:IXQ—>R:udwudd.uduecClIXxQ)Vl<ij<d. XRICRE (i
) X, QcRYEXEk TE—KiICNtel Mxeq.
o LP(Q) ={u: Q- RluZQ LHLebesgue ] ML, [|u||Lpq) < oo}

1/p
[llrcoy = (J Iulde) , (1< p< o)
Q

o Lo(Q) ={u: Q- RluZzQ LK Lebesgue ] Ml BFHEL, [[u]|pe(qy < oo} HHP
[ullzoq) = ess supgu = inf{M € RI## fxlu(x) > M} (Lebesguelll 4% .

o L () ={u:Q-RlueLl(V), VYV eU}L.

° ”aku”LP(Q) = ”lakul”Ll’(Q)'

o R C(Q - RM),LP(Q - R™ M iHE2MEHEKEE u: Q- R, HEMBINMERE
TR BB B AT R 2 ]

e Schwartz %A
S(RY) :={u € C*(R?) : |lullvey < 00 VN €N L B8R al.
Z A6 B AT DL R

[ullovey 2= sup(d + [xN[%u(x)].

xeRd

W (S(RD, || Ilv,) & Fréchet % l.
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i B ZEEWMATHERALN

i8S % Q c RIZERIPIFFE, HilFoQRC (MR S RC REEEL), Q=QN
M. id N = (Ny, -+, Ny) & 0QIBAIAMNEFE. D V i= (8y,--,0,) WERER T, A 1= 82 +
-+ 6)2((1 =V-V ﬁLaplaceﬁ?. W u,u,w : Q- R NFRERE, u,v,w Q- I CySIE =R R
B(x,r) c RY &Ll x € R NEL, r> 0ONFEREIdYETTER.

B.1 ERES AN
ARATE AN N H LR, WEZUEUE L.

513 B.1.1
Ku e Ccl(Q), MA

'[@yw=f uN;dS, 1<i<d.
Q 0Q

PRt oI B, FATTBMRER.
_ #pEn B.1.2
T HF L

1. (ER)RAESELHK ue CL(Q > RY),

f V-udxzj u-NdS.
Q oQ

2. (3 AH) BA HE u,v e CYQ), N TR

faxiuvdxzj uUNl-dS—j uaxivdx, 1<i<gd.
Q aQ Q

d
[FMZ Au = div (Vu) = V- (Vu) = Y, 3 u. Sa U e, JATAEN 0 M ESE AL
i=1

195
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— @l B.1.3 SRR AR HiER
% u,v € CX(Q). MA Gauss-Green /> X 894 FH Xk .
ou
1. fQAudx=faQ£dS. a
2. [oVu-Vvdx = —fQuAvdx+faQua—N ds.
3. [quAv —vAudx = [;,u

dv ou
— —v—dS.
ON ON

# Au=0in Q, AVHA u & Q PRV R EL X EFEE, 8 B.1.3 /LS H TiAg 18
_ it B.1.4
K ueC(QnCiQ) 2 Q FayiAf i, n
du
L. f505;dS=0. a
2. fQ|Vu|2dx=faQu5dS.

AR d = 3, JATTE SURFEN curlu 1= Vxu = (8,,u3—0, Uy, 0y, Uy =0, Uz, 0, Uy —0, Uy).
XA BB IR 2 ik o 7 A AR 2 I, TR Bk 5. AR R T R
— @l B.1.5  [REERAHIRSEFR
Fuv,weC}(Q- R, feci(Q), MK

1. VxX(Vf)=0, V-(Vxu)=0.

2. Vx(fu) = f(Vxuw) + (V) xu #FA3, VX(f(|x]Dx) =0 3EE f € CH(R — R) #F A&
. (A, #E€HELrP)

KQREEFBE. FEVXxu=0inQ, WHELEHHHK ¢ £/F u=Ve.
V-(uxv)=(Vxu)-v—(VXvVv)-u
Vx@xv)=a(V-v)—v(V-u)+(v-Vyu—(u-V)v
ux(Vxv)=(Vv)-u—u-(Vv).

VX(Vxu)=V(V-u)-Au.

JoVXxudx =—[;,(uxN)dS,.
Jou-(Vxv)dx = —[,,(uxv)-NdS, + [(VxXu)-vdx.

¥ © N U

B.2 FAmHIR&IRRT. BEIXE LAY

IR G Y T e 47 R R B A R AR BR T B BRTEAR 3 AR AR AR 7y, RS
DLSteinSEAF 15156 /N .
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— 513 B.2.1 FAPHIRELIRRT
Zu: R - R AR EZ Lebesgue™ A4, M A

1. MHEE Ex, € RY, A 2
J udx = J (J u(x) de) dp
Rd 0 dB(x,0)

2. MAEZBEH R >0 A% x, € RY, A%

R

J udx = J (J u(x) de> dpe.
B(x¢,R) 0 0B(xg,p)

B AR RS2 R “ RTTBAR (0801, S0 B TR I AT A R
FO JURTI EE Ve R I — AN, IR UG A S DL Evans-Gariepy [4] S8 =%

— EEB2.2 FEARAR
K u: R > R &ZLipschitzi£ £ b 4, ARBEIIUFLALMr e R, KFE{x € R u(x) = ri#f
ARFEA - 1D EA T, LBRIXS : RY - R2ZLebesgue ™ AR 3, 1)

fwﬂwwmme=ﬁi<Lﬂfuma)m

5128 B.2.1 AT R B.2.2 HEL u(x) = |x — x| ELEREA. 52 H B.2.2001E W] W[4] (f13E =
B FORIRAT BT A B XL B SR 5. A — B SO X () € RY,
EIEHC)RIT 250 € R, v R 0Q(0), NRESQUOKIBRANERR .
_ EIEB.2.3
i f = fx) RARDE, WA

if fdxzf f(v-N)de+J a,f dx.
d Q) aQ(t) Q)

B.3 EHER5XENK

AAPHR: hE—NLPREYS CREIETRGESEYE. AT, Wi R H B RIS — 6T &R
BfRIEILIS. ﬁi"]LffWﬂ)ﬁh T FER AL AT AR T .
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— EX B.3.1
BARMNE 25| THX LTS
e HQCRIRFE, FH%e>0, HA1TQ, 1={x € Q : dist (x,0Q) > &}
o & X [%A & HK (bump function) 7 € C®(RY) 4= F

1
n(x) = CeXP(IxIZ—l) el <1

0 x| > 1

FFHEHRC > 0 RIERHME [ ndx = 1. EZEAMAF 9 HHRAEXATF (standard molli-
fier).
o (ART)MENFESH >0, KAMEL

1 ox
n:(¥) 1= =2 (;)
FAR g REKA >0 9 FT. AR T EHBNXTEHR [, 1, dx =1 AASpty, C
B(0,¢).

€ f € LP(Q), 1 1 < p < +o00, FATFHBRADGIE 751 E K —MOGEIEIL f(x) :=
(e * )(x)o WITHEHILT T BFOGHEIEL AT 5 R .
— I B.3.1 AEFRMR
RS Q- REEIRTREH (P EQIEEE T & LA Z Lebesgue ™ #A249) . N A
1. f. € C¥(Q,). CANQ AT IAMRQ! X2 EAH KRG, Spt f2kSptf “Mikth” —
B2 Aety K3k, X T AR EMRE LA EkK)
2. f.— fae,ase > 0.
FfeC(Q), NEQWET R T E&H -8l f. 3 f.
4. F1<p<oo B felLl (Q),N f, - finL’ (Q).

(93}

MERR. ESGIEWDGIEE, Sebs EIX R EIEY P R B ENE, B AR ARSI R R
AT BER x € Q. nEie{l, -, d}b WATLIGE D MISLE b, f#15 x + he, € Q.0 £ T
KBNS

LLAN LY
Q

(77 (M—e_y> -7 (x_ y))f(y) dy

-3 =) =2

m
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REV e Q. MIAERNE W — Bl 2518

1 X+ he —y xX—-y 1 X—Yy\.
E(’?(f>—77< . >>3Eaxi77< . )mV ash = 0.

X B bR 22 R A o BRI, FRATTICh — o LR AR A SRR IR s RS, f.(x), Hi 2

J 9,.7:(x—y)f(y)dy.
Q

AR T —Fr R EEAEYE, HAER] 76,f, = 0,(f * 1) = (B,f) * 1.
BN RIE ] RS, B POREEIE R E L, AT LIRS AL i

|fe(x) = f(2)| =

3

J n:(x = Y)(f(¥) - f(x)dy
B(x,e)

1 xX—-y
<z| 2(FP)o-seie
scf lf(y)— f(x)|dy - 0 a.e. x€Q.
B(x,2)

EIRFE A K 5 — 25 At Lebesgue it 73 € #RAG 2] (MSteinSK /315158 =F) . #—2, WRfA2
ELRE, MIHMERETHEY € Q, BATTLUIEEA—NMFEW 15V e W € Q. Ik fIEW LR
—SUESEN, HHLebesguesfil 7y & FLAG N SR A x € VERRROL, IXFERIE KL R(3).

BRJGUEWI(4). IR LT IVEIEBOTE V e W € Q, BREIEW f,e Ll (A <p<
o). Ak, [EE x €V, HHolder N A] & H

L1
0] = < f ol ) dy
B(x,e)

f n.(x—y)f(y)dy
B(x,2)

1-1 !

< (J n:(x —y) dy) p (I n:(x = WIfWIP dy)P
B(x,) B(x,e)

1

<1 ( J m(x—y)lf(y)lpdy) .
B(x,e)
BRI U IRV B, FIFIBU MinkowskiZs 55 i
J F.00P dx < f J n(x = W1 dy dx
v V J B(x,e)

< f If(y)lp(f m(x—y)dx) dy=f 1P < oo,
w B(y.6) w

ELPHERR(1 < p < oo) F HIUCSIN TT LA B3E 5 6 BOEIE /3 5], B4R V, W as above FIRZE 6 > 0,
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RATTLALE] g € COW) F43 1S — glluoar) < 6. T

fe = flleon < Wfe = &llrary + 118 — &llreary + 118 = oo
L2f — glleoow) + 118 — &llLeq)-
FIH (3), A4 limsup 1f. — fllqr, < 26. -

e—0



—

Mg C BIUMEHSHEIATTHR

A B A A SL I (Fourier) B AT A7 S B LA 5T, #0708 BLAGIE R ek i (RO /5 22
B2 SRR BT o L AR AR 7> EES % [ Stein )8 57173 B[ 1415 7N % MFolland S 73
Pr[51e8 J\ &, LM W S5 5 R . Lo 1158175,

C.1 (BT

€ f e LN(RY), & X fHMEIM IR0 2 1H kL
1

f& = df f(x)e™* dx, (C.1.1)
(2m)z Y Re

Hrpi=4-1,e® :=cosO+isind, x-&=x& 4+ x5E4. £ = (&, -, £ WFRAE “BiAg”
FATFFERT L X f € LY(ROFE LTS
1

fx) = a J f(&)e™* dé. (C.1.2)
(27r): IR

AL AR e S LIS AR I (MENSET) — R B tEs A F-1.
N A FATEEAE (C.1.2) BRAE(ESLA: <3007 ARl 2 32 RO AT T st A 5.
Wil C.1.1 FHIMREAR
|7iy’if,f € LY(RY), M A &S, € Co(RY) (EL T #, HAELFTZAZTE)EM f = f,ae UK
fo=( ="
2 5 A WA 4K 361 T Riemann-Lebesgue 5| B A Gausst% A ZEE T G BT — 35 195D
T, RSO R B i AR AE IEZAS 0 AT % B s 80 , X BT hid HAEAMEZE K.
ME X (CALDEH, fel' Kb s& T fell. AMiIFERR—ANFEIF M RESE, Ryhd
NX, fEREST AR X BH GRS R X BEcER, A AR AEX A, X

201



202 Bfs C AL G S A 4
) R A S AR AFAE R, H—AMII T4 SchwartzeR$iZsi8], How SR

SRY) :={u e C®(R?) : ||u||ya < o0 VN € N FIZ HIghR al. (C.1.3)
X B || oy 0 R, &SR

lullv.e == sup(@ + [x)V|9%u(x)|.
xeRd

i, (SR, || - |lv.w) /2 Fréchet ¥ [A] .

FHAGH UL, Schwartz PR BUE YEIFBREL, F H e A e - REAE T 55w A =2 0 R AT B 2
IR REE IR, Eb 0 IE A A v A% BLTET (6 e~ gl f&—ANSchwartz PR
_ @l C.1.2 Folland [5, Prop. 8.3 and 8.17]

StSchwartzb 3 = 18], A zie T 4548
1. HfeCe, N fes8HBIRY xPocf sfEE S T84T a, B AR AR89, ¥ HIXG 0%(xF f)
SAEE S TAGA o, fAAT KA. EExP 1= x e x
2.CO o SARELP (1< p<o0)FoCy FPHAK

b5 SURMER H ST AR SRR T R AR R AR, 488 I RFRATTIIE B 3 37 AR 46t
REAE SRR T EAIFEL (o BB R Bk M sk o 7 RE A B o T R ELAR 640D, JE B AR
PR E B4k O A S AR RS A R BRI o NS AMER X R, gB A
R ER, HJEN TATSC EITEE, FRATIEUE B IX B 2518 I 1% BT R B JE Schwartz PR 2L, —
FcAB  FE AN TT DL STELP 2% 8] Fh (AR 25 IR AR
_ @ C.1.3
i% f,g e LN(RY), WA
. (3% o RF)E feCkof el sitd |a| <k Az, BLO*feCy itd |al <k-1
M, RAH BXF)E) = GEf(£). £, £ x*f € L' 2 E |a| < k sz, M f e Ck
B ((=ix)* fG) &) = 35 f(©).
2. X T AR EWTHEWEW, B S=(T)" RTW# E6#, N Fol = |detT| foS.
HA, BMH
o () (f(x—)NE) =e ™ f(E)sEE he RY & .
o (10%48) (FAXNE) = 174 f(E/1) HEZE 1 e R AR .
o (MARM) E f,f €L, N f(&) = f(=¢&). HmA F*=Id.
3. (BAR o RAR) fxgE) = V2mf(©)8E). X2 (f * Q%) = fpa fx — Y)g(3)dy =
Joa fMg(x — y)dy &7 f,g AR, BREXL TRy XM — AT RS, gh—A
ALY 8, F—AALYH.
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4. (Riemann-Lebesgue 3132) 3£ & f € LY(RY), f € C(RY) Ei#H 2 |f(€)| = 0as |£] — .

MERR. (1): AT EE, FATAXN—Brk S5 6 = 6, UEBH, Hr je{1,---,d}, —RIEHATLURE
A —Bir S H 45 845 2. 4808 S22 1) 58 M7y #AR 73 T 45

Gol6) = |8, fGesax
(2m)z Y Re
5 1 ixe . 1 .
== df f0)3, (e7*¥) dx = (i§)) dJ f(x)e ™4 dx.
(2m)2 YR (27r)z YR
(DR eE = AMESE AT DR LIRSS
(—ix, f () = — J (—ix)) f(x)eE dx = — f ()3 (%) dx = 3, f(&).

(2m)z IR (27) IR

(2): R SL AR ) 52 AR B F i y = Tx, AT

f(O\T(g) = = 7 J f(Tx)e‘if'xdx = | detTl_1 1 , J f(x)e—ifT‘lx dx
(2m)2 YR (277)2 ¥ Rd
= | det 7|~ — df F(X)e 9% dx = | det T|~1 f(S&).
Rd

(27):

(3): AR f,g € S(RY), T2 T HEM R T IR o a2 e sy, Bl LE#EHFr. —
PR 0 AT A CL1L2 s P BT 45

Fre®) =— J ( J f(x—y)g(y)dy) ¥4 dx
(27)2 YR \JRd
(f+g)x)

S dJ (J f(x—y)g(y)dy) eTiViemive dx

(27r)2 YRR
= (2myt - — J ~ J fOx = y)e >0 dx | g(y)e>* dy

(2m)2 YR\ (277)2 YR
f®

= (V2r)y f(©)8(®).

(4): FREIZAGSE R B 5E 3L f(€) = — [ fX)e ™€ dx. F5f € LY(RY), TU/Hr LA L 4

(2m)2
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N EAE L

1 1

< f FGOlle-h — 1] d.
(2m)} Js

If(€-n)—f©)l =

- J f(x)e (e~ *h —1)dx
(2m)2 YR

BT Jem™*P —1] <2 BLR f € LY(RY), IB2XMESx € RY, b fa— MR 75 BLTH AR AR oR K0 mT
2|f] € LY(R?) (AMKA#ih) 3Z iz SEAEmUS e B, FATA] LJL?C%‘?%EE; A fa BINGUFY AT IE 7512
o Al S %

" I UE W] Lebesgue FJ AR bR K A {8 37 AR 46 28 4503 23 R JE 55 @ ARS8 % o IXAMIERTA — >

BTG EHRSTEE RS x =y + ;i , WAOH y BEES, 57

&= - a J f (y + ﬂ—§> e_i(erI;%)'ér dy <= _%J f (y + 77_5) e¥¢ dy.
(2m)z IR Ha (2m): VR

P A NS 2

2f(&) = 1 dJ (f(x)—f<x+ﬂ—i))e‘ix'§dx,
(27)z IR €]

NI]

dx -0 as & - oo.

fen<s—| f(x)—f(x+”—i)
(27)2 IR 1§1

o — B BUARIR A 2] 7 La B PR I, BIXHMERf e Ll(Rd)ﬁLin(l)fRd |f(x+h)— f(x)|dx =
0, MiXHxg/|E]? - 0w ThifMt. [

Fig C11. AN AT (DAG)ERMBT AR IRy TR ER, Fldn, 4 TH
A TA u, + Y, a,0%u = f(t,x) (t > 0,x € RY), 4w R &AM x TS 2ot T, Fi2u(t,x)

la|<N

918 et T4 A at, &), W R ARy HAZR R — /KX T o T 289 %t 7 A2
N ~
0, €) + Y a,(i&)*at, ) = f(t,8),
k=0

EAERMTA FARSETEFF) T E), RE&BIFartETRKAFuRrS.
FEENR, RE—VHFEAEATHRAY Z KRS (B ZSchwartz & K 3F), @ &A1)
Z KRB HTAZN AR R RAF R — T REFFH R, ARG I TRTEL SRR “M
F)” B EE X (BA R —ANEREXA “GREG” FRZ, AR EEIX “RiFay”
HOUH RALAN), REHFA RS FBAIERA XA R L T AN 2| & — M 1HF .
WL, arCA3(NZE S R aE R
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HEIL C.1.4  [5, #i£ 8.23]
|75f Ao FLARNG S M 53] S B F o

T ANGI R AR R L2 AP
5|# C.1.5
(% fog e L' M [, fOOg(x) dx = [, f(E)E(E)dE.

MEPA. HiFubiniE#, HEHEANAE HHEAS

j Fr)g(e) dx = f (J Fyeie dy)g(x)dx
Rd (2)2 Ire \JRre

F\imzi%:@f f(y)[ 1 df e‘ix'yg(x)] dy=J’ F»E(y)dy.
Rd (2m)z JRI "

DEIRATAT HER E B C.1.1, BN S A e CRTREEXS A 2RO

|x|2

FEIEC.LIMGERR. 4 O(x) = 2. 245 t > 0, BAVHIEX (F)Y MEBBOCIEEIT

1 1

: J el i x f(£)dE = dJ O(V2tE)e ¥~ f(£) dE.
Rd R

(2m)>2 (2m)>2

PR oRAGSE /230, PR C.1.3 FI5IEE 2.4.1, AL @(§) 1= e *e 7 [l n A e m] LS A

o) = —— J eI o(21E) dE = ———o(E D),
Rd

@n): W2 Va
e, "TCAMER 513 C.1.5 B2 T G E

1 1

G L e B IGL
(27)2 IR (2m)z 7R

1 J . 1 1 xX—-y
L[ eoromdy = —— J o= f(y)dy
(2m): @m): IRt (V2rd N2

= (5 * ).

EKHE () 1= ——®() € 8, 7,() := gidn(é). 1> 2.1.1 RY fpam =1, Miflin, 5% —HIESFIEIT .

(2m)2

SN I 5 B3 (4) INLA (1L Folland [5, 518 8.25]) W LMER £ 5 — f in L', #ET
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FAETF A LTRSSk B f. 53— 710, B f € LY, At AFRAT A4 il e Sl Bk m) 43 3 AR ZE (1
P BR

lim 1cif e-TEPeiEx () df = — dJ’ e f(§) dE = (/)“().
70 (am)z Iwe (27)2 R

X f = (f)Y ae. JJ5, Riemann-Lebesgued| B R W] —H #H 2 C R EL, 1FEE. [

_ IR C.1.6  [5, HEL 8.27]
Ffel' L f=001 f=0ae.

R C1LT [5, HEL 8.28]
F R S Lty B RME,

A5 5 UAPlancherel 5E B4 SR IX — /T, B R E 7 AR e 72 L2258 FE [F) 44
EIE C.1.8 PlancherelEIE
|7%f €L'nL? N f € L% H Flpne TABRE—3IE I L2 L6 B FIER Mo

WERR. 2% :={fell|fell. BT fe L' felL>, TREAME X c L2 XKy 8 C X, Fr
DL XAELPH RN, DA E f.e e X, %4 h =g WM s AR ) = g(&), HH5IH

C.1.55t 153
Jfg-=j fﬁ=j fh=jfg*.
Rd Rd Rd

R, F |y (RFF T L2 B B0, Sg = G RIF RL2EZEER, B fll. = ||If|l: (Plancherel{H
HFN). REANXKH F(X) = X, HBLT.EH CARALMZRINESL e B51F |, L
ME—HSESH Oy L* BRI SEEREIA. i E, MR ENER AN ERZ /A T5 F £ X 2 —FE,
X—25EH C1.1 KEEEL, A HBA. O

& C.1

SRR C.1.1. RE A AR Loy I RifF i #u € L2(RY)?

SR C.1.2. 472 f € S(RY), % ulx) e S(RY) & —Au+u=f,x € RY a4 i #E.
(1) #HHut91§ z et T 3.
(2) 1EHH

J [u(x)|? + 2|Vu(x)|? + |Vu(x)|?dx = J |f(x)]? dx.
Rd d

R

d d d
S |Vl = EOur, IVl = 3 305,00
j=

j=1k=1
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SRR C.1.3. ARYY KRMAMALIRE T = r0, LFr = |x],0 € S &AMARfREZEHH A
& ()0 BUL R AR M Tr, RO, LB : % f R 12 % Schwartzf 2, W ¢ 6944 S ot T 32,

o)1 C.1

BB C.1.1. ikp : RY — CRTMSHH, #H2pl = DAL + y) = p()p(y)3H i Ex,y € RO
Fo iEHA: BAE € RUEFp(x) = e¥é.

BIRR C.1.2 CUERREEATEIEIRL). %57 8x, §, € R ARSI f € SRY, Y4 T il ik B 74
PR IL:

(j |<x—xo>f<x>|2dx) ( | |(§—§0>f(5>|2d§) > %( | |f<x>|2dx> (V)
Rd Rd Rd

EINTF XA S Aofe BT AR B 5 R 093 B E Ao th & 0945 B & M LA 5 o

®ar: RFIERAE, = x, = 089 F LI, T NFH Eg(x) = fxtxy)e >S54 7 4 #8C.1.3(2) %)
1 B3 — 47 % Lo A B Plancherella 5 X 7T 1% |Ef(E))? = |W(f)|2, Z J& F M Plancherel g % X A=
Cauchy-Schwarz R KAEPA £ > (fpa [(x - V) fldx)?, &ERVAS = %V(fz), KRG ARy —
Ko
B C.1.3. KAZJAC.130E%, THEORHME TR REI/IRNKXZ. Ko Pl
RS Eagh @ E (RS RAAFRETT A LR F ST HEM[1]#10.8F) . £T(E) = [ous et do(x).
TEB e T 45t

(1) TR O S, FRJOED = IE), 7 Lg(p) = [T j@are)f(r-! dr.
(2) JAnjr ik R FTAZAT +J = 0F=pj"(0) + (d — 1)j'(p) + pj(p) = 0. J& H M AR VEBessel 7 AZ. (%%
fr £ ¥T VAERA j(p) = (zn)d/zp(Z_d)/zf(d—z)/z(,o), H T, Ral F — £Bessel %)
(3) itHd =30, jeskir X,
olE C.1.4. AAEZPAC.1.389/6 %, it F — LBesse By R 9 A KM s HEHn, 2 XL H Hnk
% — X Bessel:® %

27

0
(1) f € SRHZRZ & HH, MFEAT(HGRyE£EXE Hf(£).
(2) iE: Ep R, MJ, (o) €R.
(3) EH T 8% X
1. J_,(p) = (=1)"J,(p).
2. 25,(p) = Ja(p) — Jnsa (p).
3 (2)7,60) = Tr @)+ 11s(o),

4. (P, (0) = =T i1 (0).
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5. (0", (0)) = p"T_1(p).
6. J,(0)ith he F =M%t 7 A2

I(0) + p7 () + (1 — n?/p?) J,(p) = 0.

(4) 1EBH:

Tu(0) = (g) S (1
m=0

22mml(n + m)!’
(5) iL®: MEFEne”Z, a,b e RA

Ju(@+b) = 3 T(a),_¢(b).

tez
B C.1.5. KA Z FAC.1.469)5 4%, T8 53 % — LBesse By R a9 K AP . sTIEE R Abn, (n >
—1/2), & X Besselfy £ A

1

__ (e/2y
T(n+1/2n/7
(1) 29 *HE i B dn, LRy X2 LT, (0) 5 FIAAC 1AL @ a2 LR FMEy. (RT: &
tn =08k, REHERAFAC.1.4% d 64 X, )
(2) PEH T, 5(0) = \/gp_l/z sinp, H k2

2
1. J = \/7— -1/2
n—}zlil/z n(P) 7P OOsP

(3) &f € SRHYZEZEM &L, Bf(x) = for), r = |x|. HHfBRZEEHKN Ky RAX (A
/"‘}J(d/z)_lsf()ﬁ?\é]\i&%%)o

)R C.1.6. A 5Hermite 369 K A AKX, ASR) E&MNEXELFT, T*AH

et (1—2)""? gy

n

TF(x) = %()Cf(x) — PG, TH(x) = é(Xf(x) + F100).

TEBA 4 T 4548

(1) J(Tf)g=[fT*g, BT*T*—T*T* =kT*.

() &hy, = nY4e™/2 b, = (k)V2Tkh,. hAAE % kA EN L Hermite® . E8: Th, =
Vi + 1hy,,, T*hy, = kb JA@TT*hy, = khy.

(3) 4S = 2TT* + I#Hermite }F, EWASF(x) = x2f(x) = f"'(x), Shy = (2k + Dhy.

4) {hdso LLAR) % A 69 47k E X
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(5) 3 AR IE B AL & E R S kA

k

T GO
k — (—1)kr—k/2,x*/2 [ x*/2 — x*/2 [ 2 x*/2
T = (1R () @ ) = e () e

(6) AH,(x) = € h(x). EVH KK S AKX (HARM HKA EN LHermite$ A K), K
{Hy, -, H,} 09 AR &K A A5 R AR mk #9 % Ko
(7) EH: {Mhso R ALX(R)Z M 6 ARAE B, (R RIR(f, ) = O ERkR 2, 4glx) =
eX2f(x), @it RFFe ™ EAR A (6)FIEHS = 0.)
(8) HFA:L* - LPEXAHAf(x) = (275)1/4]“(@)6). R MHEES € ngﬁ%—f — AT Af,
f? = —iT(f), hy = hy, hy, = (=i)‘hy,. At R, = Ahy, WP IRLMFAEERL, LY
By F 69 HF AR ) B0 40 A% o
IR C.1.7 (L= A Sobolev I A FE). 3Fs € R, f € SRY, £ LA, = 16 F @l
HHE) =1+ €. A Ri%ks > g EH
(1) BAEFHC > 0 FHEES € S(RYARZ|f||L=@ey < CIISls-
() AEHHC > ORAIIEE S, € SROAZ| gl < CIIf I gl
B (DBEFERS = ()Y RS 2ot E T 3092 LB AR, RIERAEA(E)S, KRG A
s > Sf—?&(f)‘s € LX(RY), M Cauchy-Schwarz % X B /%. (2) & %|fg = (27,)—3(]@ % §), I H AR
5 R KIHRE < CUE — 1) + ()T
KA K — M XK A Moser T F X, 7T AMLAE IE 2 3 W 9 Leibnizik N, BPOS(fg)9 AR & &
it A (3 f)g + (@), Rtk st Az 3HE s > 04 fgll < CUIFILMIgle + 1 e, HHE R
Z J 2 ifF2 A7 F 89 Littlewood-Paley 9 %, it L iEA%.

C.2 fBiMRH

WA, BHAE [—x, 7] WAR. BATE X R BVESIT R (—FH RS A
Fx) ~ % + nzzjl(an cos(nx) + b, sin(nx)), (C.2.1)

Hrb a,, b, BURAE fROIESIM R, Rk A0y

a, .= %J f(x)cos(nx)dx, b, := %J f(x)sin(nx)dx. (C.2.2)

B, FHfRGERE, Wa, =0; Ff2MHEE, Mb, =o.
e 7 I 28 K 2 0 T PR
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_ 5|32 C.2.1 Riemann-Lebesgue 5|8
%f € L'([a,b]), M|

b b

/11_131 f f(x)sin(Ax)dx = /11_131 J f(x)cos(Ax)dx = 0.

31 C22 ExM
4 F 4 KT A R4 5

T

1 (" . . 1
p J_n sin(kx) sin(lx)dx = &, - J

—7T

cos(kx) cos(lx)dx = &, %J sin(kx) cos(lx)dx = 0,

‘-/Et‘c}j 5kl=1lfk=l,5kl=01fk§£l.

C.2.1 C'EREEIAREAYZE = U

AR e IS O A GRS WS ? R R ER A4 2
— EIE C.2.3 ZFHWHER
& f AR I2r LA -7, | FT ARG R I B [—mr, w] LR e CLay. N f3t 8 6948 = vt 28 4
5 J(xg+0)+ f(xo— 0) _
FEx = xJMsk B A B MIREG-F A X E f(xy+0) A£G fAEX = x &
8. BRIk, A i&a Eflx = xo /&%, NCxt e 2ot BB X = x5OSR E] f(x,).

“AIBR A BRAN I 4, fERRCH

HERR. 12 Sy(f)(xo) N f BIE IR EAE X = x Ab BIFE 41,
N
Sv(f)xy) = ?O Z(an cos(nx) + b, sin(nx)).

FEESN(F)0r0) — s 1= LD i, B TR B Sy (ko). 18N @y, b5 S, I
= A1E5%ER cos(a + B) = cosacos § — sinasin B 13

Su()x) = f u% +wam—%ﬂ

SR G T T X A A O B2 A E— AL T
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513 C.2.4

N
Xa #2kn (k € 2), WA % + Y cos(na)
n=1

sin(N + i)oc

. a
2sin -
2

MERA. AfiEE
2sin £ cos(na)  sin((n + ~)a) — sin((n — ~)a)
cos(na) = R = 2 — .
2sin - 2sin -
2 2
PRI B, 55 A0 AT ARt — A
o sin(N + )(x Xo) N 1 (7 sin(N + ;)t
S0 =1 | fo— 22— ar =22 2 fen d
J 2sin —T—%, 2 sm -
. 1
am1 [ sin(N + -)t
Szl f(xO +1) 2 dt.
2 s1n -

PR ORBANE LGN [7 I [0+ 7w

0

Sn(Hx) =— [ flx

AT

flx

/4

BUAE W] DLIE B IZ s S8l T

(f(xo +6)+ f(xo— 1))

sin(N + 2)t
2 dr

sin(N + )t 1 ("
dt + — Jf(xo+t)

sin(N + %)t

o+ 1) :
2s1n— 251n;

sin(N + )t 1 ("
o—t) dt + — J flo+10) dt
2 sm - 2sin S

sin(N + )t
dt.

Zsm—

% 31 BLC.2.40h 1 % P E [0, ] B4y T 72

[

. 1
7 sin(N + ;)t Gy ”
0 ZSil’lé 2
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SRS (F)Cx) — sEEE
sin(N + )t
Sw()xe) — s = f (PG 00+ fxy = )= 25) — = .

s1n -

IAEFRAT 148 FHRiemann-Lebesgue 5| HHIE B S ME . VR D], &

(fCxo+8) + f(xg— 1) = 25)

Zsm—

1 [—m, ] ERATAE, WR-LIIFEEREZS Sv()(x,) —s — 0, XIERERMNEER LS. SR
2t — O, ﬁJ\ZSinéé\%ﬂ:%@o DRI, FRATTHE ST R A0 3 4 B B B ok, BIDKE T il M

P24+ 7, Horh 6 < 1 R —AMR/NIEL, KR, R-LA| B 8 S5 e T

sin(N + )t

l‘[ (f(x0+t)+f(x0—t)—2s)—dt—>0 N - oo.
TJs 251n—

SRS S M [, BRANEZIE | < 1En“ﬁzsm- ~ t, XA RS “IRITIIE”

S E BATIAEREAT QT 4R

t 2sin &
2

T2 ——

~1

é
lJ’ f(x0+t)+f(xo_t)_2s_ t -Sil’l(N+1)tdt-
T 0 2

SRIGHE s ﬂﬁﬂﬁ&294tx{£u

f(xo+t)+f(xo_t)_23:f(x0+t)_f(xo+0)+f(x0_t)_f(x0_0)
t t t '

KON f B CH, PTRASf £ xo A LN S AR HAT 5

pus = i L0020 J 0020 oo

e pp ) i LD R e 5 < VAR AT SR, AT AT
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2sin -

LAE 0T R 2 f(x°+t)+{(x°_t)_zs . — FIRiemann-Lebesgue 5| ¥, #7531

1 sin(N + )t
—f (f(o + )+ f(xg— 1) = 25) ———2—dt >0, N — .
T Jo 2511’1;

— #if C.2.5 Dini¥l5)%
EfRBI2r i, BE[-m,a]THR L2 seR, 4 o) = f(xg+1)+ flx,—1t)—2s. &
B S > 0130 A[0,6] LR TR, M fa94E 5ot maix = xo AAkskBls. HAl, Ef
oI CO% Folderid 4 80, S f A x4 89 % M 5517 (xo) 4 AT, M 4948 2 vt 28
X = x5 E] s = w

BUETH 24

_ 5l C.21
—7T < .
Hi =4 TESTST g s ermn,
—7T X=T7

%

OT/Z?I x

5
/Zz" %,
,
’

’
’

g, HRERSR(-r,m) LHE R, Wa, = 0 Vn. 1fib, Al LAEEIHE

b, =l J x sin(nx)dx = 1 J xi (—l cos(nx)) dx
T)_. T n

. dx

T

SrEsA 1 1 1x s 2

=== — — cos(nx)dx — —= cos(nx = (-1 1=
ﬂLn (nx)dx = 2 cos(x)” = (<112

Fﬁuf(x)ﬁﬁﬁiﬂfﬁi&%i(—1)”‘1% sin(nx). ‘BfE-7 < x < ol Tx BEW Hx = +7, 1%

n=1

ST I GRS = = o. O

2
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51 C.2.2
i fo=1" OSTSFT ww e,
0 x=27
. BT f 2 2n-BIA, FrUAal LM S EE (0, 27) EIAR 7y, A —E R (-7, 7). Hi, &

fTME a, = 0%fn > 1}5524%&% = ;fg”xdx =27. %t b, &“ﬂ]—fu\ﬁﬂjbn = ifsnxsin(nx)dx =
—= F‘ﬁ DI ST 2 7w — Z - sin(nx). 1E (0,2m) b, 41153

n= 1

002.
X=m— —sin(nx), 0< x < 2m,
;n (nx)

HTE S A, @i%ﬁﬁ%ﬁﬁmmz.
A T, @4%%@Tuﬁﬁ BEEFIRA. GIOTEFIC.2. 1% 4x = ik

Il

)—l

[
W=

+
| =

I
g =

T1§UC22437 x=1 Eﬂ]j/':afilj

51 C.2.3
|7i+7i@f—f(x) = |x|, (=7 < x < m)891% et 2R3

d

~
~
~
b
~
~
R —

=27 -t O T 2n x

R, HRERDfR(—r, ) EREREL BT b, = 0 Vn. AR LLitHa, = ﬂf |x|dx =7 LLK&

n=2k
n=2k-1.

1 (" 2 0
a, = EJ |x| cos(nx)dx = ﬁ((—l)" -1)= 4
-
(k-1)27
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g T

M) 7 (-] B ge T4 5 % I x| BB C1 HLt A
k=1 -

2, FrLAME[—m, ] b | ST L O

AR C.2.1. H0<x < 7lf, E@ =AM 2ot REEHF Tx, 2ACMNGH XE&EARE. LLZRA
BANVA 2 B H R LT A vt B3, wRALAKEATHRXE LR f(x) = x, RMNHEA R
R & 7 XK R ELBARLEG2- B EK, Lo =P F2 =4 KRB 6 E 4575 X

C.2.2 CesaroJEUN g

DiniH5HEGER C.2.5)%& WAL M- 2 s 2SS AU R B ESL AT ZOR, 1T H R 2K
1 —Fr e (B2 RNSED AHHNER. BATERM & W1 RBUE R R0 f 2 28R 4L
HR 2 E Xk I (A R S R e 1B RIS R F IR 2 18764, Du Bois-Reymond4y i 17 S f5,

51, FAE AT DB SOk 5 SRCAR A B sl . LB EON Bl i(—l)”‘1 =

n=1
1—14+1—1+ - BAANBESE I KATNA“Cesaro KA g /& —Fh L AL GL =R FHE 55 1=K Al
F e B PLIE B S Z Eh 5E 7 Cesarom XIS, (B kA .
_ ENX C.2.1 Cesaro YK

R BE D a,, W SyRECANAYIF 5 F, XXy Ft§HERKFH (XARCasaro-F#)) A

n=1

Sy 4+ +S
OnN = _l___ﬁf___li’ N e N*.

FloyRMst r 3, BRI Ao, MARLEK D a, £ Cesaro-T Fa by, & FMIEHLAK Y q,
n=1 n=1
#Cesaro®& L T Ik, 1ok
Z a,=0 (C).

n=1

o MAYERE D, a,49Cesaro-FH .

n=1

faStolziE B, A TH] LLEFEIE IS\ I SUL R 2 & oy sl H =B RRE AR F. 51—
Jits 3 (=) i NE Cesaro i SRS (BFRIEN1/2), (ERA S IFAUSI 2L .

n=1

ARATH) T EAR SR UE Y] Fejér €3, ERUIELE R B LM BN IRAE Cesaro 75 TSR
PR KA.
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EIE C.2.6 Fejér
RfRBB2r K, El-m,rx]L TR, FfEx = xpREGEZMBIE f(x, £ 0)F £, WX =

x4, A 5ot 3 Cestro B X Fakses LT = OF S0 F 0 punyy ey it
6y, MiEx = x &, [0 et B4489 Cesaro FHAHF T f(x,).

MERR. 5EH C.2.3 HYIERAZEEL, AT oy RIER. 40 x, € [-7, 7], TAIE&H

Sn(xp) = J (fxo + 1) + f(xo — ’f))M

2s1n—

dr.
TR AT LA S E R A EME

J le1n(k+ )td
—dt

(f(x0+t)+f(xo_t))2

k=0 Zsm—

on(xy) = Z Si(xp) =

Sln _ ?
f (FGro +8) + f(xo = 1) d,
Sln -

BEAL AT 2 = A fEAE

R, fE[—m, ) B4 f = 1A a2 R

2
Hr RSy (1) 1= = (Z‘f?) Wi Fejért.
FHAED oy(x,) —» 5 := L0200 45 PR LEAER, A

Nt 2
1 4 Sln—
o) =5 = 3= | 40 e KL

Hr o(t) = f(xg +1) — f(xg —t) — 2s. HT fEx TR IRAFAE, BT LAZS BT R e > 0, #AF
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f£6 € (0, m)ffif3
If(xo £ 1) — f(xo £0)| <& Vi€ (0,8)= |p(t)| <2 Vte(,7).

KPR YRR B OB R A P [y + f7. 53550 o] AR B @ (/NP F
J 1 sin ﬂ
f ZNﬂf|¢un i
[FER LR @ AT ALE

Hr A = (27 sin’ g)—l [7le()]dt < co. XHE, M N > A/elt, BATA

1
N

C
lp(0)] - ==
2N7TJ sng N

lon(x,) — s| < 2e.

IR C.2.2. Bk, HMTUA LG 2ot BB R BENH —ATRZILET: HRFOH TR

HAx A GeREFXMELT RS LARF T ALK LELRIRGFHME, 122 FHEEHT

ﬁ%é\mfaﬂ;@@é@fﬁ, 4o % B BH f(x) = e (x £0), £(0) =0, CAERERBETFEM 5D
% H P AEx = O 408k ) £(x).

AT, (x) = ?" + Z (ay coskx + B sin kx) IR EFRNE m R = A Z M. Fejérd Bl —
AT I T = SR
TEIE C.2.7 Weierstrassi@irEIE

HEHEf(—m) = f(m)ELEJKS € Cl-m, 7| TUE=A 5 A XNAE[-r,r| L—HK&v, B
SR B HH f, I EEIR £ > 0, HELEZA FRXP(x)EF max |f(x) — P(x)| < e.
x€[-m,x

WERR. FRATTAT DA 2G4 f PR AR B 22 FE SR 20 I8 Fejér B, f T # &1 Cesaro #7
M fon ()} —BUET. MEL AR 0 IS, (x) 2kiX = 2 T, B lloy (X)L IR NI =
LR, m



218 e ORLAVAL 7% ¢ ESF LRYAL 2 i1

C.2.3 EIMRHHILIER

AT B o). AL U T B ME—PE? AT A 1 AT S B A f BT BT ) R
P AT S DU T %, WA W5 IS — M T AR e . FEnilih, Weierstrassi T & B A
FRAL, IR —BOE LA RVEA AR — AN 51 4b, TSR pR B AR AL RIE AR Z 80N, AT
AREH I . HRR— AT R A, 3B S AT AE R Bk T, R R — BuE i
Migiig. JBIMSRIIK, FATHBAEL F SO st .

DAL E R R LB — N E R R HL, HEIERNRLP A E A G Ep = 20074 2 WA,
BEMT AT LU S —H “IEARHE”, BEUE L A s b B AEXS B BEL? R IEAS . &R
RHE, “EXM” MR BAMOH (Eizlto 92088, X—aFRFENASFRE
EMREMBERSBIFS.

oG, FAIGIEEAS o Ha ]

b
L*([a,b]) = lf : [a,b] = R Lebesguen| J [ f(x)]?dx < ool.

a

SR L, TR ST, AR () AT B R s s
b
(ﬂ@r=Jf@kuNxfgeLﬂmHL

i A
* (f,8) =&, Vf,g € L*(la,b])

° (ﬂéﬁﬁ) Ve, e, €R, (e f) +¢3f5,8) = cl(lflsg) +¢,(f2,8)
o (EH) 1flle := VT = (P 1F)Pdx)z 5 X T LA([a, b)) Litg—Au%k, &

- flle =0 f =0 (FEMEDFMEMELT).
= llefllze = lelllfllz2, Ve € R.
= S+ 8llze < [1f 1z + 118122

IR C.2.3. e BA B LMHHL2E A, M2l RE LA, 1= [0 f(x)g0x) dx, 3 f 81 &
RS e &/

WAEFRATE AT ARE . FRATUHREL f, g € L2([a,b])RIERE, 2 ENML2NEELE(f,g) =
0. BATHKLPo, @1, -+ P} € L?[a, bIfEL?[a, b]HI—HARAEETEE (A SE “H7 ), RIEETH (e 9) =
8- &4 L [a, ]I — bR HEIESSEE {o,}, FATE X
o fHIMHILHZREL: ¢ = (f, 1),
o fHIESIHREL: f~ Y crpr(X).
k=0



C.2 L3 219

BEBE N, ATEE IR, R XS =R AL

.={ 1 cosx sinx _ cosnx sinnx }
Vor NEo VT Nm o AT
AR T LA([—7, w]) R — st IR 4R, EWAATRNTE 27 i B iR B [ -7, 7o) b A7 2
BT <57
IAEFRATTEC ) T 81 T A ) 2
€ f € LP[a,b], ZTAF{E{c,} 13 Jlim

B, RIS A2 fH) “ JfEiEin” ?

= 0? GARAZE, MAfc,} B

L2

N
f= Z Ck P
k=0

HAG, BATEY] VZE/R Besse) NG, HERH: @ESf € L7, WRAE{g )y M4 & B
BT RAELSEEC R EIT f, A4 f A L2 30 o A1l 2 B A8 3 T
_ FIE C.2.8 Bessel fER
{2 L2([a, b)) 8y — AR BE ERE. & f € L*a,b]k T{p891% 2t 2 K A{c}, B(f, o) =
¢, Vk € N, W 3H4E &{a} € RAEZEN € N*, 2 % X

<

b

N N
”f - Z CrPx f- Z Ak Pk
k=0 k=0

L2 L2

F5REY LR Y HEATHH0 < k < NEAC, = o -

N N
HEER. 4 Sy = Z CkPr> I'y = Z A P - RE EHET EORZ R A]
k=0 k=0

b b b b
IF =Tl = | ¢ =Twpax= [ pax-2| sroave | riax
b

N b N N
ﬂvm—zzwjfuwmww+22ﬁmﬁﬁmm%WMx
k=0

a k=0 J:O a
=c =0y
N N N N
=If12, =22  awer + D @ = |IfIR = D2+ (e, — o)’
k=0 k=0 k=0 k=0
——

20

N
> |IfI12, = D) .
k=0
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B, BRSSO BA ey, = o 0 < k < N ERIERA. fE55 5 BOL, 4145 5

2

N N
”f_zckqok = ”f”iz_zci 2 0.
k=0 o k=0
A E SRR f - Z ko 5 Z crpr e 1IEZZ Y. O

Fid C.24. ¥ b, X441 T Riemann-Lebesgue 5| 32 69 5 — ANE B Zci < 00 = |¢| = 0as

k - .
H—, BATEMELESH Z ¢, = [IFI,? R E LU B {p L bR ESEL?[a, b]—4H
FREIERE, %% fCE'JETu%M’ELZ[a b] LR A e B, AL bR A W45

_ EIEC.2.9 LYa,b|=iEH “QRREIE”
b2 FE S € L[], %E #0182 ot 2 2R 0, by, WA

N
o (&) lim |If (; + 2 (@, cosnx + b, sin nx)) =0
—00 n=1

L2

2 e
o (Parsevall& ¥ X)) %firﬂ(f(x))2 dx = ?O Z az + b).

HERRHEE (AT WEEDBMNFE17E) . BATHELLEEX L2 R EOE XA S5, H2RmE R
N
E—MMEMA, + Y, A, cosnx + B, sinnx =M 2 Wiz, 24505 H = MAREW IEZEEHEH,

n=1
BRI RER f, FAT B HLa, = A, M b, = B, 3T T .
R, JATTEAE 7 AR A X AR LA (-7, m | BB B B a2 A a7 20 =M 2 Bk
7, X SEbR BZR A TN E T A PR

PR 2L LR YR G PR B e =ML TR

S0 R A R B T (AR HE S 18
5/3¥ C.2.10
|7€/a\/?, f eLl?a,b], WE®E e >0, # A £ HHK g € Cla,b] 47 ||g— fll- <e.

JESIHE, [EEe > 0, BRAVEBEXFE— g € C.la, b] /2 ||g — fll> < e. B FRFEN g &R
C.2.7, FEMAFAE = 2 IT, (x)ii 2 sup [g(x) — Ty, (O < € M [|g = Ty [I7sy_, g < 27767 HIE

[—7.7]

H C.2.8, BAVKNIE g IR 8 37 -G A 73 RISy (@)1 A 118 — S, (@NI7, S N8 =T, lI7, < 272, FFHIZAZE
AXTFTA HISN(2) (N > ng) B X o IX KR A1 g O AH LI B2 IS Bl g A &, MIMTIE /S Parseval {H
AN 4 hg € C.la, b]ER AL
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i, MBS € L?[-n,x], LR@EEEREY|f -T,I17, < @7+ e, MmERATR f 7]

PLUERRRIFE &58 . O
Parseval 1825 50H W 18!

— ¥R C.2.11 BN MREMAIME—M

27- B K E f € L [—7m, ], & ¢ 69 2 ot R ARAZ0, N f =0.

_ i C.2.12 T M ParsevallBEZER,
2 BB KS, g € L[-m,w], 4G 2ot ZH A Ha,, by ay, B, WA FH

%J f(g(x) dx = 22 B

WA, AfEE 4fg = +2° - (F—g)?* AEnilXf +g Ml f — g FParsevallE%5, {EZER]
Al o O
1 a<x<b

R, W RIRATES X ParsevalfHSE X HH g(x) = 1079 1IN
0 xe[-ma)u(b,x]

32— NSRS R RIAE f (2 ZRBOFA SIS f, (B4 a, b] C -7, 7] ERLY
ZJa b E R,

— #it C.2.13 BN EE
ron-BMBES € L[-n,n], £ et RdkAa,,b,, WitiEE K #[a,b] C [-7, 7], R Z
da TR EF X

b b o b
f f(x)dx = J %dx + ZJ (a,cosnx + b, sinnx) dx.
a a n=19a
— {51 C.2.4
Z AT AL ZET
X = 22(—1)“‘1smnx —T<X<T.
n=1

I 72 A Parseval 2 & X X /5 2

M
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KRG EAVET A —ANXF K429, 133

%xz =2i(_1)n_1f s1n(ny)d _ 22( 1)ncos(ny)

0 y=0

ZZ (—=1)" cos(nx) + (—=1)*! 22 (=) cos(nx) 2

n2 6

6

= % Z_: 1)”— cos(nx).
BB — Xk Parsevalte & X, T+ H i

1 (", 2m 16 17
- Xftdx=—=) —= ) — = —.
ﬂj_ﬂ 9 ;n“ n* 90

FIL C.2.5. FRE, LPa, bR e XA ES, [0, 1]K A % 4], &A% ERademacher ) 44
7
@,(t) = sgnsin(2"7t), n € N*.

Wuﬂwﬁ%ﬁmu%fﬁﬁ&ii% BRZ—HAREELRE (RERT L), CENE 5 H
g “Walsh T#" 22T T24M4ER. 5L, BRI RERHLETAL E KRB L EH—/EH, K
B iR Fa i 47 F 89 Littlewood-Paley-F 77 1;1 R A IE

AN G, BAIFI2E— A E 2L (L > 0)R B E ST 8 4518 . & fEE[—L, LA #A,
PSR VALY E o)

a (o]
flx) ~ 70 + nz::l a, cos(%x) + b, sin(%x),
7N I:':l

L
a, = J f(x)sin 7 \ dx.
L L

L
nmw 1
J_L f(x)cos T dx, b, := I

Il

KF V. H Parseval {H 28 70N

[oo)

L 2
f f(x)dx = —° + Z(a +b2).
L

=

&k C.2

5%1 0<x<1
SIEC.2.1. i fR R, BA2rAH, B EREXf(x)=
r—x 1<x<K7m
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L (o ) 80 ot BTy Tty z
n=1 " n=1 n=
S C.2.2. & € CKR) (k € N A2 A& 4, ot 24 Hha, b, (neN). iEH: n — oo,
a,, b, =0n") . #t—FH, #FLLHlimnka, = lim n*b, = 02 JE A L6 B E R,

n—oo n—oo

SRR C.2.3. i Hcos(px) (p & Z) #[—m, ] Eo91§ Zob 484k, FABRIEA 4 T HF X

Z(— )”

1 «—  2x
COtx=;+Zm, x;ékﬂ,kEZ.

sm(pﬂ) p

SR C.2.4. JEHA= T &L,

(1) HEExeR, A
(_ )n -1

cos(2nx).

| cosx| = —+ Z

(@) #f € L'a,b], ¥ lim J? £()| cos Ax| dx = i 2 f(x) dx.

SR C.2.5. AT RESF X

- _,cosnx x . x COSNX X
Z(—l)” — = In(2 cos 5)’ x € (—m, ), Z = —In(2sin 5), x € (0,2m).
n=1 n=1
3@ C.2.6. 1&x € (0,2m), 1EEH
. 1

" ein kx x x sin(n + ;)t

2 r = 5t —— 4

k=1

0 sin -
2

HARBIET [T = %
X

_ b
SISR C.2.7. #f € [ -n 7] R2m-AM &%, HartZiHa,b, (neN). ERAY 2 fa 3 22

n=1 n=1 n
AR A ALEL Y.

ST C28. i i 3 SINX e te bR 0,4 2kre(k € Z) &9 1] K 1) 24— ol 428 R

AT —ANL2 -7, ] 89 xL ’%’( é’:l 1% 2ot 8

S C.29. & f € Cl-m,7] A 2r-ABHHEAFL [T f(x)dx =0, XBRfHEELHLS €
L-m, 7] iEARFX [T (FO)Pdx < f7_(f'(x)?dx, 5 Mm% HMNYEf(x)=Acosx+Bsinx,
HFA,BRE T

3R C.2.10. ¥ AEAT Cesaro-TA#I %A ), a, L i#H A lim na, = 0.

n—oo




224 e ORLAVAL 7% ¢ ESF LRYAL 2 i1

SIER C.2.11. BRARAK Y a xS AL, RMNAEALRK Y a, £Abel &L TFlcsk (K

n=0

#R “Abel-TTH”), MK lUm a,x" = sH &, A LT Z a,=s (A).iE¥= T4t

x—1- n=0

(1) % Y a, Mk, W E L2 f Abel & LTI sk E] Bl —AME

0

esaro-7] #2849, W G & & & Abel-7T #2809, EIL S 3| B —/MA,

||M8ﬁ

(3) Z(—l)”(n+1)=i (A), 12 T /£ Cesaro & XL TF 44k

nO

4 Z( 1)”lnn——ln— ©).

n=2
SR C.2.12. 4R Hp €1, 0) ARAFWTARHLS 1 [0,2] = R, &AL |f]l, = (fg |f(x)|pdx)1]_’.
A e RABF K|+ gl + If —glly = 231115 + lgllp) ARG TREL4 f,g 1 [0,2] - R
ARR L, AP A polE T2,
SJR% C.2.13 (Rademacher b £7). *F3F # #4kn € N, £&41172 L RademacherF 3 % r,(t) = sgn(sin(2"xt)),
Hd t €[0,1]. iEH: {r,(0)},50 HRLA[0,1]F B9FREEE, BRZARAEEE,

BT FIEr(Or(t) F21EE r,(t) L2 A

o) C.2

B C.2.1 (RZEWH-A R (Nyquist-Shannon) RFEEE ). 4sinc x 1= ST B sine 0 = 1.

X

(1) %% a>0, A sinc HEE B 1 2r0220/(%) = Xi—2ma20a(X) 89K A X

(2) 4 H, ={f € L*(R) : f(&) =0 V|| > 27wa}. i£¥: H, & Hilbert ® F], L84 &% &K
C, > 0 1£4% {C sinc Qax — k)r|k € Z} & H, t9—4L4r/E E A,

(3) iE¥: F fEeH, N feCy(tE—NRMNENELT) mALA

f) = Zf(—) sinc((2ax — k7).
kez
ﬁ*ﬁﬁ%@%ﬁﬁﬁ%iT%&,%ﬂ*ﬁﬁﬁo
AREER: ARFEFTHIMURETY, FREA2matdz 5 @it — 77 Bk /2a} LR AF
HAER AR, Xk by gE L L%@ﬁﬁi%o

B8R C.2.2 (PoissonsRAIATR). i&f € CRHZ2rAMHHK, BAEEC e > 0EF|f(x)] < CA +
Ix|)-4Fa| F(E)] < C(L+ |ED)0¢. B4 TS XM, B A% Ml #E 3 — B8

@m)2 ' f(x+2mm) = D) f(h)et.

mezZd hezd
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FHH, Sx=0,%
@m)2 Y, ferm) = ) f(h).
mezd hezd

B C.2.3 (#% miffiit, HlawkaE#). 2B, C RIAHRS AR &, FZ2Hr > 0895k, EANQA)RB,+
89 4% = (lattice point, BP&/NAIRHSZ AR A E KA 2)IANK. & T HHIEHINQA) = a(d)A? +
0> 7)Y, 3% a(d) 4 B, # AR,

En, AB3IT R ESRATTF, 2L 7(6%x) 1= 0. * x)(x), L F x, AB, 8=~ HE, N, ) :
> (e, m)

mezd
(1) 3E9: N(g,A—¢) K N(A) < N(g, A +¢).
(2) iE#: N(g, ) = a(dAt+ 24 > zrim)h(2mem).

m#0

meZ4
d-1

(3) MFIM2.6260 45 #EH: N(e,A) = a(d)Ad + 0AT e 7)), # m A BN &, Aie =
d-1

A 13 B 25
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iR D Bt mils miEn o7

XTTERA, FRATE S 7 W N R M oy 7
o WHNIFE Pu—ctAu=f, W7 du—kAu=f, MNHATFE -Au=f

FERR R 8] R™ AR, B o R (1 — o sUmT LS 4R

Z aijaxiaxju + Z biaxl—u +cu= fa (DOl)
Lj=1 i=1

Horbrag, by, f #ORESEREL. WATICREH {3 N A & m=d+1 LRNAZREt = x4,
MAFENTTREBI N A = diag (—c?, -+, —c*, 1) M by = ¢ = 0; BITFERNL A = diag (=K, -+, —k,0)
1 by = 1. XA TTFE, Sm=d, WA = —I,.

D.1 #7EFZE

R IE S, HFARE RESEXFREE, WAFLEIERZ T FET 15 TTAT BN /A
FE, XHAICN A ERRFIEE . ik, FATT DO B w7 R E an R 338,
— EX D.1.1 =M REa A RN S
% x, € R™. &M% 74 (D.0.1)
o BxAAMEE, 245 Alx,) 09 ARMITEA A E (KA 1) |
o XA, R A(X,) BH—MFIEARE, RTHEEAHE (REAR) ;
o X AR ME, I Alx,) BH—AHIEEA R (RE), RCHEMLEAE (K
H)o
R ELHQ, ExiEEx, € Q, (D.OD)FAME/Hodn /ey, NARD.0.1)AQN 44 R /e
4 /3 T AL

227
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EX D.1.2 B
BAFED c Q. EF74(D.0.1)EQ\TAN A /Hudh /by, HsHfEE x, € T, rank A(x,) <
m/m—1/m, WA F42(D.0.1)£QA 2 B E /&AL Jed /B At A2, TR (D.0.1)4Y
B &/ WA 5

TRBATE W T e B
FE D.1.1
{%%ﬁﬁ@ﬂ@%%ﬁﬁ%@ﬁ%%%ﬁ%,ﬂﬁﬁ@@ﬂ%%ﬁﬁ@ﬂﬂ@%,Mﬁﬁf

AR R S T3, 13(D.0. 1) RAZ B A2/ ST AL S ) T AL

ey VR R BRI — i 4 X QA 7 F(D 0. )i M A e 2 b ik =
A <R (canonical form)Z —, {ELRFRATLEFE i i 3 s R 1T LU E iR 204k, 53— i A
7 R FAR AR BBy, = 0o, %), § = Lo, mED.O.DAL I SIE R, S
TEm > 3 F AP AEBCRE AR L P A

D.2 EBHIFNFHEN w5758, FicheraE#

B T RA1FEBI =R FELIAN, BB FEHAE EEN, AN B E B ) Black-
Scholes j F2IX AN 7o BRULZ AL, Wik 1% BIEAEA JE5 2 0B 1 IRl 53 77 F2 K 1) i 47 B AR 1
51 G 8255 5 TR R R B o AR PR — N R I R R i B et m i o T R 2 R
Ei S (BRI B, BRSG Z DA REME, SEFPARFEAREEM? KB
T EBIECHFIER Z M M R F RS XA ) B & 22

& 772 (D.0.1)

> @;j0,,0x,u + Db u+cu=f, (D.2.1)

ij=1 i=1

Hrp x € Q c R™, {a;; & S0 FRITFE.
— EX D.2.1
BMARTAE (D.2.1) £QARAH I A4, RHMEEx € QA & € R™, R TF K

m

> a;(0EE 20 (o {a EQR AL ER T, (D.2.2)

ij=1

BAAGER W 5 EAIRZ, SRR S0 AT E H—Br etk iy 52 1B 1k
IR /AT RE . XS ISR Jr R, A PN RT3 R M 1 ) R B
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1 nAar g H =2 1) fl 25 PR A8 M I RS S SE (12 el 50 QR —HR 73 2T C Q2RI
T /25 / 5 FLET%QAIZE?/T\#’
2. fift e BE BOE R AL XN, IR PE Iy AR 1 ?

A @ RGENEPHE, 7] LLZ WOleinik-Radkevid (1 15[12]. 3X B FRATTH SRR AL In] & 1) 2 i, 19514F
AT DR BRE 7 XML V. Keldyszh H 17— )58 18 0 R 1 BH 2 15 75 AR IR A X I 7 %Ak T —
IR 7E19564F B R FIE 2% K G. Fichera 45 .

BT (D.2.1) BEAJETUSE, & N =Ny, -+, N,,) NOQHI BRI REEE. FAIIETIQN)
YA 43Ty, Ty, T, T,y SEXNR

m m
Zaij(x)NiNj >0 xel, Zaij(x)NiNj =0 xelyZul', Ul'_.
Lj i,j

AL Ty, T, AT LA IS 40 T Fichera bR 8U€ X

i=1

B(x) := ), [b (x) - Z 3y alj(x)]

PLKT, :={x € 0Q|B(x) =0}, T, :={x €dQ|B(x) = 0}.
kX4, FicherallBH 7 U1 F éu Wo
EIE D.2.1 FicheraEIE

|77}’7Fi (D.2.1) £T_UT, E# i R & Mulx) = g, EQABLERE—E,

Ficherai®@ L W], EXIIAA b, TTREARMHITR: YA TT FEIR W AH Ficherabf £ A 171 (150
gy, WAL G A MR A EIT B X s, FicherabR £ 7 135> — & A Reh il
FrokAE. UEBIRTLAZE W12, pp. 26-28].
B a FATZE AT
_ {5l D.2.1 Black-Scholes 5%2
% F&Black-Scholes 7 42

O.2
3,V + jszagv + (r—q)So;V —rV =0, (D.2.3)

R3AH Q={S,t):S>00<t<Th k& o,r,qg>0 RERHFEK.

R, BATAT LA HX R — A R R, I 0Q A RILIXIR(S = 0,0 < ¢ < T} BLES
X, =8,% =t, WH a; =0°5%/2,a1, = a, =a, =0,b, =0 -q)S L b, =1.
o« £ {t =0}k, &MH N = (0,1), Al ¥ a;N:N; = 0, Ficherabfi#{ B(S,0) = b, = 1> 0, Fif
Pt = 0} EARBELAIL R
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o fE{t =T} L, TATH N =(0,-1), Il 3 a;;N;N; = 0, Ficherat&i { B(S,T) = —b, = -1 <0,
FrbMe = T} E TR E i #5644

o f£{S=0} L, FATE N =(@1,0), \ifi ), a;;N;N; =0,
Ficherabfi %1 B(0,t) = ((r — @)S — 35(625%/2)) |s—o = 0, FTLAS = O} L ANRELA L A %1%+

Klitt,  Q_FBlack-Scholes 7 Rl H il ) — AN IEBA LI 122 «

0.2
6.V + =S +(r = )SosV =1V =0, V(S,T) = g(S).

ARG T o A BIEIA GRS E = OCHIFIERNZERNEER .- O
— 51 D.2.2 ftREGSIE
F BT AE
du+adu=0, (a0) (D.2.4)

KA Q={(x1):0<x<MO0<t<T}

g 2 x, =x,x=t\IMf a;=0,b, =b,=a.

o 7£{t =0} I, JAITH N = (0,1) LA KFicherati % B(x,0) = b, = a.
o f£{t =T}, FATHE N =(0,—-1) LL KFicheratk¥{ B(x,T) = —b, = —a.
o 7E{x =0}, FATHE N =(@1,0) bL KFicherat& ¥ B(0,t) = b; = a.
o £ {x = M} L, AT N =(1,0) LLKFicheratki # B(M,t) = —b, = —a.

F, %5 a >0, RAOVFELE { = T} M {x = M} TIARE {t = 0} 58 {x = 0} Ini 44 45
a < 0, BATHR T ELE {t = 0} Al {x = O} AR {t = T} 5L {x = M} I S5 A+

A5, FATETLHE SRS R —0,u—ad,u = 0, R G 8358 A I 45 . X sz ERL
WTFIRATEMR (B E) IE RSB ML T E. Pha> 0 A%, RN TEEE u,+au, =
0, B A0 FL A RAZINAE = T} 1 {x = M} b, ISR AR 2 QN (BT BB AR, Wik 13e
HEEE —u, — au, = 0, WAL FFZARAZINTE = 0} A1 {x = o} b, M52 2 ATE) IE .
FenlHh, #M =T = +oo, MR T{t = OMIWMEKAMLLAL, FRATFH E{x = opEHIIA A %44 HAY
Ha > 0. XHHE12WHEE T4 O
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