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HSHERZABEET 0SB EARE, oI5 R A E R SO RAEE EEORIE T I8
) BB RY DL S JUART 2 vh 75 e B T 1) . DA ) RO B, KB RIF R TR R PR I8
By moRRIERG ADBROIRL 7 REEE, EATRIAT NERT LA IR B R s e (4D 1
BANE E S6 A N R ZE, TR R T TE R B 22—t R X LB R BEAT R B
o

0.1 1RiMD FIEMNELRKIE

AIRFEHIRATIE S M 4E R d. FHREQ c RO 2 — M4,
EX 0.1.1 (K iy D). kR EEE . SNt T &L XA Ak Rin 742

F(aku(x)’ ak—lu(x), ) au(x)’ M(X), x) = 0, x € Q. (7{‘)

AP
F:RYYXRHITXxRIXRXQ - R

REZHHE, u: Q- REABHK.

A IE LR A MR QA RS CRPAE R P 2 vl DA AR U S Bl — > 15D PATRIALAS 6 2 1)
Fi AR HE

B RBAINGEE “LM” MR ARE, Xﬂ“%ﬁ%iﬁ%, PATH H L N, 8o, Wa =
(ay, -, a) R Z EIRIR, FANC® =0 - 07 LI Ja| i=a; + - +a.
EX 0.1.2 (Il AR PE S AL E). & ATAR

o (*) R &M (linear)dy, <45CELA M X

Y a,(x)0u = f(x),

|a|<k
H¥a, (|a| <k)Fo f(x) R (BuLX). #&f =0, NAHEAFK(homogeneous)Lk P

1



Rt
A
it
<u
Tll}

7 A2, & W ARZ A 4E 7K (non-homogeneous) £ P 7 #2.
o (*) AF LM (semilinear)ty, A XTRHMARLLKMEE, FFRLAM X

Y a,(x)0u + b(0*'u, -+, du,u, x) = 0.
|a|=k

o (*) AMA M (quasilinear)dy, Z45C K& 4Y Z2 K AR Bufeubd LI 52, BPEAH

E
D @, (0w, e, 0u, 1, x)0%u + b(0*u, -+, du,u, x) = 0.

la|=k

o (*) REZAIEL M (fully nonlinear)dy, RAGC X T RN FRIAIELK M,

0.2 EBIF

RATEAIN T8 IR TR 1LV 1= (0, .0, REEHET, A =0+ +92
V - Vi&Laplace 5 ¥,

BRI RN 52
APRFEA, AL B2 S W R JUSSER M Tt 3 5 R (0 2 2R M5 2R AR i 0 #7

o (fEMJiFE) ou+b-Vu=f, BENIiFE) 0?u — c*Au= f.
e (Laplace7#£) Au = 0, (Poisson /7 #£) —Au = f,
(Helmholtz 5 #E) —Au = Au.
o (LT HE) ou—kAu= f, (Schrodinger TH2) idu + Au = f.
FribZ Ab, o — S B WA i 7 18, il

¢ (Klein-Gordon /7 #%£) 0’u — Au+ m*u =0, (m € R).
o (BHJEBTTHE) 0?u+ A0u—Au=0 (1> 0).

d
o (Fokker-Planck /7#2) du — Y, 9,0,(a’u) = V - (bu) = 0.

i,j=1
o (Airy ) ou+ Fu=0.
o (LRMEFAMETTRE) 0%u — pAu— (A+ p)V(V - u) = 0.
o (Maxwell 7 F22H)
JE=VxB, 0B=-VxE, V-B=V-E=0.
R THIFEZ e AR 2 P i 2y 75 R (4)
o PZRMEITRE: HU BT SRS (), 002 TS £ (u) = cu?, clulP~tu, p # 1.



0.3 Wil T REN) “IE M 3

o (Burgers/7#%) 0,u + u(du) = vo’u (v > 0).
(—4ESFIERTTIR) ou + V - F(u) = 0, HAFF A S A8 s 3L
(FEEEFFEAH) ou+ V - Fu) = 0, Hu, FA R RHH 3L

o (KAVJiHE) o,u + 0%u + 6udu = 0.

* (Hamilton-Jacobi /i #%£) o,u + H(Vu, x) = 0.

o (ZANFEIIE) du—AW)=0u>0,y>1.

o (BN V- (=) = 0.

e (Monge-Ampére /7 1£) det V2u — K(x)(1 + |Vu|2)# =0.

o (ANATEZERRHL 5 FE4 (v = 0)F1Navier-Stokes T F2ZH (v > 0))

ou+u-Vu—vAu=-Vp
V-u=0

0.3 wWMsHEN “EBEM”
5 —PDER#, FATFEEIGEEHIEEM (well-posedness), Rll:

(1) JIRERIfRFTE
(2) TR ME—
(3) FRERI R LR Bn) R 4R E R K] /1B fE .

fJa — AR TR R U B 2 Bl R I R 45 S AR R A BN A AR
PAAE (M) RSURERUNE . 73— T3, XV ORI, AT AN (14 v
ke AERXEEREDLR, BRAIN TS AFREAT 0 I RAT AN 2 m . AXEIN DY, £E (1)-3) NE
SCN SRR it 7 R T IUN . EVEER, FAIVIIREA A% 2 3“7 1E . B, &
RS NAZER “f” LAUESEMNTH, B0 2R TR AT ? X evrE B, (HAEEE
Ridm 1o PR MR ZR M Nk I R G T R R 2D kB S ] . IXRE, AR 7
RERIE N R — AR IZ ml T e L HAESE . 3RAT AR AT O 1k (0 e AR D9 i Bl 205 R 1) ot S A -
RTCHE A B 1 Sy WA RO . DRI, AR RO BRI oy o R, R FR R RES 2 b
BD)-G)Ht s Ao, B 2R AR, JHES I ERSAIER . XWX TR
FEEAES

S, BAIFFAREFTA TR OL N ARRERA i S IO/ AEPE . DR 147 1B T AR 0,u+0,(F (1) =
0 i, RIAEAIME AT ARG BB, SRATEAR S 5 Wit H AR AT BIR AN 18] Uil (A o 00 5 A el
= A, BT RE RO B R Ak i 2 th I RE 2L m] o BT LA, QR BEEHZRIT R SRAF AR Al CRYI
XA I TRl AR AEAE D, BRATTIANSAS “ 59407 MRE 30, BT SR E & T IE A “ 597 .



! PRSI
B, RENTENSEH RS IRINITRFERES HOURNEHmEE. M, JAIIRA BN 2
EE LA (1)-(3) WA, FESE T E AN R RO AAAEME . s b, RIS TR e 2% RE S I
W IRAEEVE R R G 7 R, AT R B —ITIR5E R “59M” MIAAAENE, AR5 FEAE B s
I3HT S Z B BT ) BRI S AR S b R A TR A AR . iR, AR
FAAEVE IR DG IE M (BRI [ @ T 18 X e F R “Hor 7227 X TAH Bl iR
IR IIN A, fEME 7 EEAESobolev ¥ Al s itk

PRI (RIS a2 7R M F, AR 68 56 RAF M) J& 838 7€ M (local well-
posedness), BIZE—NERLH . AT WA A IS 8] X TRV [O, TN & € 1% o AEEERAE b, FRATTAT BLER
B R A IS TA) A7 A P AN BRI R] 47 Dy, T 2R 0] R WA @ PR ik ), X2 YA A
() D 2 7 R B ) ) BB T LR S s AR, HE R AL R 58 A F . — ok, 2
BUORMBAIT [AAFAEVE, W7 E 256 Ja Bl & VE IR BIRAF 2 — A “BRMEN 7 B3 “ A A
P UE ) (continuation criterion)” R IE B “%%%%ETOHTZU%Mq%?#ﬁﬁ’ )ﬂ”ﬁﬁ%ﬁﬁﬁ@?’f%ﬁ
ZIE AT LGRS B R 57 2 2RAe . XA RN B “REE”, EARIE TR SRS
fEREE R —HEE WY E. TiER, JEAR A 7 B R KAF M 1) B R0 € PE (global well-
posedness, B[ X AT =B (0] #R3E € ) B2 Kb fald e, A R ERAT 7R B TR — MR (A
e LR IR AR S AR NI AEI BN 4 e SRAFAE IR F M B AR E 1, BARIE T LAy B IE A2 E
% (orbital /structural stability) F1#7 2 #2 € V£ (asymptotic stability) 5588, /ad >k, AT AT LLIE
B — L8700 PR TR, B A\ vgis i R e T R0 i, IRt e L RR TR A .
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— Bty B — B F(Vu,u, x) = OFIIER, Hu : Q » RERMEL, Q c R4ZE—AIF
& F 1 RIXRXQ — RAZLE KEREL F5 34, t55 7572 (transport equation), B0 0,u+c-Vu = f
[RT7RE, R T R — 2R —Fr im0 77 12, X AR (B &, x AR H AR E. ARRNFEP*
WA R RRE S R AL B0 77 18, BAE Ja B2 5 1 SRR B T RE N i 2 FH 2] i — P b, FRATT3E ] BA
FHRFIE 222 3R fif— i 18] B T AR 2R M — B 7 B2 ——Burgers T 12, AF R T H N4 T lBurgers/y
R A P — 2 S B A 7 R A P A7 P o — e ] R

FERENIESCZ A, AV EN G fE M HES. A mgid = 1, WA1HED R
TE—YEE T8 N AL, BIAnTT R TS G, B R AR AE A BRI ), O BAL R ) T
Nu(t, x), HISHIESE e, x), FHERBUE R ARG IE AR DR Hu@, x) M. %
JE—A/NX 8] [a, b] € RINHIPI SIS, R 2, Z X R NS 2N

rb

m(t) := | u(t,x)dx.
R A RR 5, 751 b
d .
am(t) = ) ou(t, x) dx.

S —J7 T, AE— MR LIS (B B (1, £ + de) N, i iix = ARSI 155 J9u(e, b)e(r, b) dr 5T, 172 3
six = a1 R A, a)e(t, a) At PR o FEA e BT 2]

b
%m(t) = —u(t,b)c(t,b) + u(t,a)c(t,a) = — J 0, (u(t, x)c(t, x)) dx.
gitem ()N ARILE, 153
b
J ou+0,.(c(t,x)u(t,x)dx=0 [a,b]CR = du+9.,(cu)=0, Vx € R.
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1.1 $5EZSA

AATYFR AT R RS R R KRBRAL T HE ou + c(t, x) - Vu = f(1, x).

1.1.1 EERHE
FRATE S et R IL, Ble(t, x) AR I e = (cp, -+, ¢,) € RY. e jen R 7 2

du+c-Vu=0 t>0, xR’ (1.1.1)
t

AHMEE H, TR ul AT SEIE N F. L b, AT T RESE (1,e)- V,,u=0
M, JY,, = 0,0, 0, ). ikHE, 4

z(t) i=u(t+7,x+1¢) (r €R),

P A A
d
% =du(t+7,x+7¢)+ ; ;0 u(t+7,x+7¢)=0.

KU, IEE—TATT(1,0) € Rx RUTAE L, z(WF AL R REUE FE. Bk, IR
i T U E R IR EL R (CURR “HFELR ) L RIBUERI T,
P EIR TR, BATTAT LK AR 0 T #)ME B)

du+c-Vi=0 (1,x) € (0, 00) X RY, (1.1.2)

u(0,x) = g(x) e C'(RY) t=0,x € R4,

WAL, FRATE LR T X [ E @, ) B ut, x) = ut + 7, x + re)fHE R € RIEOL, Bluiiy &£ —F
TT(,¢) e RxRIFTIM M ELLE & A, IAEL © = —1 FRAVMES 2]

u(t,x) =gx—tc) Vt>0, x € R

T XEARREAR L RCTH, BRAFRNEE € C'(RY).
e FRBATRARARTT AL TRE. B f (¢, %) 20 € HOIEEL R B, 580 N7

du+c-Vu=f(t,x) inR, xR (113)
u(0, x) = g(x) on {t =0} x RY.



1.1 RAIEZRL 7

BRI B8 z(7) = u(r + 7, x + 7e) (BIONwif B RFNELR A HUED) AN R 1 5, i A2 R B ko) T e

E=f(t+r,x+rc),
dr

P AR B N1 B0y, 15 5

0 0
u(t,x) = z(0) = z(-t) + J Z'(r)dr = g(x —tc) + J fit+7,x+7c)dr

—t

=g(x—tc)+J' flr,x+ (r —t)e)dr. (1.1.4)
0

AR AR — YRR ) T REm H 21
2 AETE RIS R R0 R K, BATTRT DR SRAA A IR SR, (LI, fiff R 2 BE AR A7 A
(AN — EXT%MS:GR%K%EX) 1117 HL AT A 20 BER R 1 22 Uk 5K

51 1.1.1. &b,c € RRELZ W F 4, Kifhe T 742

ou+bou+cu=0 inR, XR,
(1.1.5)

u(0, x) = g(x) on {t=0} xXR.

2. B0, BAMIRZ T ESMEL TR, BTb e REFE, AT 2Z BT H1H8 7] LA A4 AE
ZEEIN x = th+ k (k € R). Wik & U, SHMEEAENLk € R, 0 EALEH T REEHZLx = th + k L&A
R— N TR Az() = u(t, th + k), WA

% = —cz = 2(t) = 2(0)e" = u(t, b + k).

MAERNRNk = x — b SH kM 2, IAAVEF 1T
u(t,x) = g(x — th)e™ .

R, #e > 0, W “+cu” X — I FRAE AR 47 F2 X FRLFE (damping) B, IR D5 (19 A 5% T I 18] 22
TR BT O

1.1.2 TERERHE

HAEE TR e = e, x) WA L, FATN T TR E V@, x) € RXRY, fEfGv-V, u= f. X
— BAR A, RN E M AR I VT AR SRR RE. Oy T TS, AT A% 18 =
IEI’J 1H0L, HFENOu+ c(t,x)0.u=f.



8 H R TR
EX 1.1.1 (— %A% 77 FERHFIE 28 (characteristic curve)). X4 3 420,u + c(t, x)0 u = f, F WD
73‘7&%% = (¢, x)REI B 60 AR 4 th LAk AR 7 1 by AR T B (1, x) B A AE B 2K

WL, IR T RERIAR S 2R AR, x)-"FTH AR 06— 2 ELZR. XA R BB TR, ADEsS
SENME, FATEA —E BRI FHIE S R Hu(r, x) TEEER(, x) € R, x RAMWEUE, HFE 4.
5 1.1.2. s+ HFA2u, + 2tx°u, =0, (,x) € R, x RAGHE.

. RPN FURF R 2R AT R, 48 S, FRATTSRAR N H o U R

9 s x=— , CeR.
dt ?+C
KHEFEIC € R, 22(0) = u(t, —5—=), WA
dZ_d 1 _ 2 _
E—a<z<t,—t2+c>>—(Otu(t,x)+2txux) =0,

X=— =
24+C

HENIEMLL (¢, o) b, 15 20) = F(O), K F e C'RRAERN). BIERITHC = -2 - -
N, HEBHC, R3]

ut.x) = F—# - Ly =62 + 1y,
X X
HHF,GREERCH (R
AT HE F(EG) M BEMATIER, TATTHE B AN, A RATRI, BMELS € uft ¥ LG R,
Z{t = Oy BLH AR 2 {r = T YR EUE, FAMIIRITGIES Eu@t, )TEREE, x) € R, X RAKIHUE.
flun, FEEC = +1 (FEIF IR EEELE), WXHMERE: = T, AL E T Hu@, x)fEx = —ﬁJ:EI"J
BUE, X2RN{x =1} 50X = —ﬁ%@ﬁi.

O eql:x =1 -~ ; eql
1

O f=-1= :
1

O & 2




1.1 RAIEZRL 9

P52, BB u(t, ) LR, x) € Ry x RAMIHUE, W20 EAE — 2% 5 S (R RFAE 2 AT AR 52 1)
2 b4 B ulf BUA. O

1.1.3 FEZ&MHIZRKBESCH: Burgers/ 512

BAVEARTT IR BN A — A8 R — B SR M AR T2 5 FE 5] F——Burgers /7 #2. 5 FETC
# (inviscid) Burgers 5 #2 FIFME ) @, Ko € C(R).

u+uu, =0 t>0, xeR u0,x)=¢px) xeR. (1.1.6)

TehtiBurgers J7 R A B s A4, b v 5 A H RSSO ) SRR T R, 43 R ORIRATT 22 SRR B (B2 e
PR 2, TR Burgers 5 FE I tH 2 75 A PRI 1] P A 2B R AR

B BT SR LR L Y TR S = ue, x(0). T LAV RFAE B 2%, BAT T LUK T KiBurgers /7
PSS A S (u(t, x(1)) = 0, Aififut, x(1)) = w(0, x(0)) = p(x(0)). HFZL RACN S = ut, x(1)), FA 1

t t t

u(z, x(r))dr = J @(x(0)) dz = 1¢p(x(0)).
0

x(t) — x(0) = J

0

x'(r)dr = J

0

FtLAx(0) = x(t) — ut, M Burgers 5 #2 (I 7] HH a0 R a7 FE45
u(t,x) = @(x(t) — ut). (1.1.7)

AR, 1 EREENIHER N ERNFIELM L AEIE. H52, WRMRRIELA AL, W2 AT
i (shock wave)!, 3t i Burgers /7 2 [ 28 L oL BARAFAE (R A AT REXTT B € RFFATAL), TRFIELE
72 13 AHAZ W B T WA o I L, HAE T 4.

HIx, (0) = x, (1) — u(t, x, (O)Hxy(0) = x,5(1) — ult, x, () HFIFFAEL S S AC, IC, . AT
K, C, R ERF N/ @(x, (0 ELL, 1E1%E L Eulf N F He(x,0). FrLAIREA B Bx, (0) <
x,(0) H.qo 2 B 336 Yok R K, 040 FRAT T30 R B A5 HE LR B (X, T) € RAAGHIRE, Horfp

—_ xl(O) - x2(0)
@(x,(0)) — @(x,(0))’

N E PR

Vi BLIY) “ORFAEZRARAS 2 e M B A2 S X0 <y e A 5 e 1 T Wt e A ok — o, LRI s s S
2% Evans [3] 28342113,
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Blie(x) = —xitf, BAHTu = ut — x, PWMEKRE N DU = =, HARIE — 17 R AR

BH VPRt Pk B A5, s DUEFFIE AR T IR I Al L, 3AT T 75 2™
% 5 BESGR AN 55 e, AT B 147Kk T .

SRR 1.1

111 AT+ 2)ou+ 0u =084 IER FTALRMH A7 HH LK AX, FaexOr-FaiEA.

I 1.1.2. BHAExOu+10u =0 (1,x €R), u(0,x) = e . HIHLIAOxF & ¥ 7 LI M by 8
— R ?

SR 1.1.3. FEFT423u, +u,, = 0.
(1) it HF7AEe @M. (R 4o =0u.)
(2) FBEu(x,0)=e", u(x,0) =0, TAENHFREHFL? REE—?
SRR 1.1.4. 3 AAbBurgers 7 42(1.1.6), #E#A: [, udx A= [ u? dx #RA X FTH e Fio .
SRR 1.1.5. 3F ZAsBurgers 77 #2(1.1.6), E#ftip € Clit B o' > —C3HH EANHHKC > 0B A L. iEH:
7 A2(1.1.6) £ R 3R[0,1/C) x RA C' &, i X 3£ & 69t € [0,1/C), x € REA

o.u(t,x) >

t—C-!

w
3
o

1.2 —H4:0{ER)RRYE

ZHTEATTRAR TR AL 5 R, BUAE [ WORx BUE A XA i 7, Sl e ? — iR E
PRI, B T HIME SR AT 2 A, 2 00 BAE X3 s B U ok 0 R B, AR EL &
JUAN AT AE, TERERTL TR ARAT T FERMEZ T, 75 28 T L6 1) i o L1, 753 DU 7 R R 88 2 2 B
ANREME— M RE. — MO, IR 3 AR R 2% AT AT LA B2 _E A AR i) AL A f 1)
PRI DL A1, AV G ] S AP A% g R )30 £ ) .



1.2 —YEILAE 1A ) 5 i 11

WA A By > 0, 2 [A B Ex € R_ = (—00,0), 4 € REZLE M HH. BT e

w4+, =0  (t,x) € (0,0)X(—0,0), (1.2.1)

u(0,x) =uy(x) on {t =0} X (-00,0),

HA¥Eu, € C'(~o0, 0144 5E.

WERFRATE FER XA R HR M, BRAVIRES S 1H AR IR IA X u@, x) = uy(x — Ar). {H
I B2 R R AR T RE, kb S T B, RE S < 0EBENX. 24 > O, FA1E
Hx— At <0, i LLFRIE S u, x) = ug(x — ANTIRXT 24K @1, x) € R, xR_HFEAL. B2, 244 > O,
BAVA TG ZAE {x = 0} L@ BUAMAIL T2 A F il 56 2 ff X > T FE.

B#E A <0, BAVRIEIE R u(t, x) = uy(x — A REEL HUTREAEIX 38 {1 > 0,x < O]t < x/A}H
fii. LAA = —1/2801, BAVMER IR, Hd 5 FEAE X8 {r > —2x ) N IIRATISR 2 R A1

A=-172, |

need
/ data on
/ {x=0}
/ x=-0.5t°

5 t=0

IAEFAMEA < ORRMFTTFE(1.2.1), Sl JATTTH 2 _E— Lok, g T

u+ A, =0 (1,x) € (0, 00) X (—00,0),
J u(0,x) = uy(x) on {1 =0} X (—o0,0), (1.2.2)

u(t,0) = g() on (0, 00) X {x = 0}

Hrh g € C'([0, 00)) #2457 HI R L.
FERIERu(, x) = uy(x — ANH%Lx = 0, TG Fuy(—Ar) = gOMERr > OFRRAL, BIXAEE
x < 0 #H uy(x) = g(—x/4). Frbh, FEX {1 > 0,x < O] > x/ A}, I FEIMERL Y Fu(t, x) = g(t—%).
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IAEFRATTPT AR R Z58: 24 < O, AR5 )7 AR 4TI E A @ (1.2.2) I fid

u(t. x) = ug(x — At) t<

gr—3) 1

2

\"
PN ko

SR, BATE T B A REATRE— 2D 70 ¥, IR NG AR 2K u(t, x) € C] ([0, 00) X (=00, 01) (75 1]
JTREAR AL BEAEIX IR IR USOT), MBAT] F 175 2 A28 G5 H I A2 g (x — A0 g (r — 2)PHEIE
Fef), AT A EAEL T L {x = 4t} FREREFCTAIME. HFFIEZ A B B, FATR 7
Faid ML R, x) = (0,02 B BACHEL A R AT (B2 Nt A42)

o PRBUI LM 2t = x = 0, FA1EFg(0) = uy(0).
o —MrFEIELLNE: FIHTTREA S, JATZH

lim (9 + 40,10) = 0 = g'(0) + Auy(0) = 0.
1,x—

W 2, BB u, AL E g 2 2 g(0) = uy(0) Fl g/ (0)+Auj(0) = O I, J5 T HERFu(t, x) € C] ([0, 00)X
(=00, 0]). XN KA EIRAEREH ERIMEAR M S (compatibility conditions).

RKF Bl 77 RE A — BB A AR i R AE PR R R, AT A2 1.375K 1T 18,

SRR 1.2

SRR 1.2.1. REERN > 2. U, x) = (ut,x), =, un({t,x) ZHNADNKRI R K ARG E, A €
RVNZENXNGFZEK. EARTHE. DES ETHN MM T AA R TA24A

U+AU, =0 t>0,x <0
(1.2.3)

UO,x))=F(x) t=0,x<0,

HF F(x) = (Fi(x), -, Fy(x)T 2 tgm= 8%, LFF € C'(~x,0].

(1) & A = diag(4,, =, Ay), EF 4, < ay < - <2, <0< Ay <0 < Ay, Bl 3G €
{1,2,+, N}, &AE Z3Fu,(t,0) 2 F 547

Q) *F—A by AR ENARTEA € RVN, 5420 (1.2.3)F w5 b AR 54, + 83501, X))
BAB A AN K 32t > 0} X {x < 0} L#~E—# 2 ?
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1.3 *—MIEL M mEs FiEn—/aEie

Bu Q> RERMEAR, HPQCRIE—NMFE, F: RIXR X Q - REAEM.
185 1.3.1. ¥peRizeR,x €RY ITF = F(p,z,x) = F(py, =+, Py 2, Xy > X,). X L HIpfEF IR
P 69 B A% A2 A2 BORAT 2 o St B B Vu(x), ZEB R BRARE HauA F. BNBRFATAEASE
AR A KIE 6, FFIT
V,F=@©,F,,0,F), V,F=0,F, V.F=(,F,,0,F).

Py

A X R AEQIN KR — W AR MWL T FEF(Vu,u, x) = 0. QAT R, 2% fE e FL i1
5T C 0Q F i BN 25 u = g, Hrb gl 4h E M R 2L

— ARt AR (4D EE AR BB, UHREESAN R 1% (CLRAR J12E 7 72
NER S FEA TR M2 (WRIRTHIEs) Fa 3R 2 1Sz brmi B8 i — M i o 5 F2
HZNE . AT E B R AR P AR, B 7R RD 2 B B R BRI 2. TR, — 0
T FEAR D Be EHHSRAFRARAR (DX 41k € REAELERIME), Z AT FRATE L I Burgers 5 FE & — MR
Egiof i

1.3.1 4$5iEZ% 524
% e — W sk o) 7
F(Vu,u,x) =0 xeQ, (1.3.1)

HAED C oUBE T IAF 56 u = g. BACTAN BB F, g #B 245 72 BIOGHE BRI 2L

FRANTIILAE A B BT P 5 08 R IR D0 R IE Sk e ) RIS — B T 1R, AP R R A
AR EW: BUERATCLREE 7 ufft)— 010182 g, MRS XA B s, BATA IR B — 2% &
G LR x € QRIS E— mix e DERGEK, M5 JRATRE W BN 7 (83 v 5wty 35 12 ih £ 1 B
fH.

WAMBE X % “HERL” RSEHEX(s) = (), -, x(s), HPSHsJE T HEANIFIX
1. &u e CPHE(LI. DM —ME, 2

z(s) = u(x(s)), p(s) := Vu(x(s)), Blp'(s) = dxiu(x(s)), 1<i<d.

AR B z() g T wity 5 20 R IUE, Tip()%a R Vet i S50l e M IUE. DR L 2k
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SRS SR 7 SRRV T . Rk, il 2 (R R 2, 735
dp’ - dx’
;ﬁw=;@@ym»$m,

SRR AL BL 1 ) —Fir 34, HARIREF AL 53— J5, BT DAFE T RE (1.3 1) PRI R x, 5K

7, 153

d
Z ap/_F(Vu, u, x)dxi()xju +0,F(Vu,u, x)ax[u + dx[F(Vu, u,x)=0. (1.3.2)

j=1
1Zahh, W R AT PRl )
X (s) =0, F(p(s),2(5),x(s)), 1<j<d, (1.3.3)

M7Ex = x(s)4k, FATE

d
Z 9, F(P(5), 2(5), X(5))9, 0, u(x(5)) + 9_F (p(s), 2(5), X())p'(s) + 0, F(p(s), 2(5),X(s)) = 0.

j=1

d
Mip'(s) = 9, u(x(s)), X s3RFFFEp'(s) = X 0,0, ux/(s), BEMPRAL L [T A 515 21
j=1

P'(s) = =0, F(p(s), 2(5), X(5))p'(s) — 9, F(p(5), z(5), X(s)) = 0.

BTATTE R z(s) = u(x(s)RF1H

d d
2(s) = ), 0, u(x()X/(s) = Y P(5)9, F(p(s), 2(5), X(5)).
Jj=1 Jj=1

EX 1.3.1 (BETHE). &ANARde T A28 0 (1.3.1) 89 4542 5 A2

p(s) = = V, F(p(s), z(s), X(s)) — V_Fp(s), (1.3.4)
2(s) = V,F(p(s), z(s), X(s)) - p(s), (1.3.5)
X(s) = V,F(p(s), z(s), X(s)). (1.3.6)

B—F e, R € I, RZF(p(s), z(s), x(s)) = 0.



1.3 *—BrAE& i s 7 R — AR 15
EX 1.3.2 (FFIERIZR). &RATAR(1.3.4)-(1.3.6)% &1 49p, z, x4 HAZ(1.3.1) a9 4 4, P x()RARE L
45 4E (projected characteristics), BP A 23k (p(-), z(+), X(+)) C R¥*1EQ c R L #93% %7,

2k, WATSEPR FUER T
IR 1.3.2 (FFE A RRA M GER). Eu € CHQ)A FA2(1.3.1) QY 9 fE, B IEx(-) it & 7 4£(1.3.6),
HFpe) = Vux()), z(-) = ux(-)). WFEZHEIX(s) € QWAL Es, A A p()ih L 77 42(1.3.4),
z(-) it & 77 42(1.3.5).

2RI T E X oy 7 AR 4 (1.3.4)-(1.3.6) 0 L& M W18 26 4, {815 an b e 2 mT DLA
TR B w5 T7RE(1.3.1).

1.3.2 ZEHF=40

FESE MR LR R IE TR AL/, AV B — S8R R 1, 0 X N PR e U e 42 4R
2k R 1 DL

FRE&MERE
ﬁtﬁﬁaﬂiﬂ‘]@&ﬁﬁﬂ\jF(Vu, u,x) = b(x) - Vu(x) + c(x)u(x) = O, x € Q. )”JJXHLE‘ZEI"JF(p, 2,%) =
b-p+c(x)z, HMV,F =bx). ZEIT, HH(1.3.6)E 1Ex(s) = b(x(s)), B MK T X HIAH
147 FRAE. T RE(L.3.5) AT LLE FE 2(s) = b(x(s)) - p(s), fCAFIZEiE R AT 2(5) = —c(x(s))2(s), &
ST 2() RGBT, LA, HHEZ 10 75 B R 21 R AE 2V 1, 7 75 B tp ).
X(s) =b(x(s)),  z(s) = —c(x(5))z(s). (1.3.7)
f511.3.1. F)jE7542

x0,u—yo.u=uinQ, u=gonl. (1.3.8)

APQ=R, xR, ZF—FR, T =R, x {y=0}ZxEF%.

fiR. B BT BRI 2 DT RE R RFIR G DL: b = (—y, x), ¢ = —1. NIHRFIELR T RN

BRI A5

x'(s) =x%coss, x%*(s)=x"sins, z(s) = 2% = g(x")e’,
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Hrx? > 0,0 <s < n/2. ATIAEIERs > 0,x° > 0fF 15 (x, y) = (x'(s), x2(s)) = (x°cos s, x" sin s),
MIMx® = 4/x2 + 32, s = arctan(y/x). KRS

u(x) = u(x'(s), x*(5)) = z(s) = g(x")e* = g(/x2 + y2)etr 0/,

O]
F R M R 3
LR R N
F(Vu,u,x) = b(x,u(x)) - Vu(x) + c(x,u(x)) = 0.
B F (p, z,x) = b(x,2) - p+ c(x, 2), NIV, F = b(x, z), EXFERI ()M 2( )Tl L K TN
X(s) = b(x(s), z(s)), z(s) = b(x(s), z(s)) - p(s) = —c(x(s), z(5)). (1.3.9)

PR T R 1) B 2 B S2 451 B A Burgers T2 (x = (¢, x), b(x, u(x)) = (1,u),c = 0), ZAiHRAIC L H L
B RIANFRREL 0T e S AHAS, MR D BARAFAE . X BRI 5 — M7
5 1.3.2. HEFH

6xu+0yu=u2inQ, u=gonl,

EPQ={y> 0 LEFF&\, '={y=0}=x%h.

g, M RATAD = (1,1), ¢ = =22, BEMRFIEZ N 1230 2 7 1%

HETHE S . -
Z 88X
') =x"+s, x}s)=s, z(s) = = s0 = 1= 5200’

Hex'eR,s > 0.
A TERE (x, y) € Q, FATEHs > 0, x° € RIFIF(x, p) WL FKFHEL L, Bl(x, y) = (x!(s5), x2(s)) =
(X +s,5). X" =x—y, s =y, KSR

g(x’) _ sx-y)
1—sg(x%) 1-—yg(x—y)

RN AT ] — pg(x — y)— ELAETR, M4 AR B L IS 1F. =

u(x) = u(x'(s), x*(5)) = z(s) =




1.3 HrARZ o TR e 17

T FL MR

DL, FATTRA 2058 B SR AR RRAE T FE41(1.3.4)-(1.3.6). T FIEREER — N g —RIFRIE
X, BRATGIES H— BIE URHIE T R4, AR A —M 51 A Jn i BH .
5 1.3.3. # JEHamilton-Jacobi % #20,u + H(x, Vu) = 0. LB 4E4E(1.3.4)-(1.3.6), &A1 T LA 2]

¥ =0, H(x,p), P/ =-0, H(x,p).
7y A 2 S ) 7 AR EHamilton 7 4.
HSIEIE. 2q9= 0.0,y = (1), G(q,2,Y) := pyyy + H(p, x). Nifi 1] LA 515
V,G=(V,H(p,x),1), V,G=(V,H(px),0), V,G=0.
XEE, (L.3.6)E AR Tk
X'(s) =0, HP(s),x(s)), 1 <i<d, x™'(s)=1.

(L3482 T =
P'(s) =0, H(p(s),x(s)), 1 <i<d, x*'(s5)=0.

(1.3.5)25 K
z(s) = V,H(p(s), x(s)) - p(s) — H(p(s), X(s)).

A8 1.3.1. AL RRAHETIAR LR fFE R, L3JA26.1.6-6.1.7.

1.3.3 BEENEEREEEEE
AT BATZE FE R A v

F(Vu,u,x) =0in Q, u=gonl. (1.3.10)

HPF, g I REL Q ¢ RIEIFE, T C Q. N T RALIE D IR, 4 AN E RS, FRATE
RRQN EF AR X RT, T C {x, = 0} —MFF4, HFIETrN S Ay € R X —fxi A
A CHA T X I, FATTAT LI Hoads FAE J5 & h B, W.Evans [3] 553.2.375.

BOR A0 IOAE R, AT FE 5 EE T i Ex(0) € THIERRHIE(p(s), 2(s), X(s)). A4 1 EE 1]
R A BRI B IRTEE AT X0 1= x(0), 2° 1= z(0), p° : = p(O)N 4 /& EREIARS MM, A fefd
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PR B 7 FR(1.3.10) B iR 2
EX 1.3.3 (EVFIL1E (Admissible boundary data)). & AN#R(p, z°, x°) A2 T %4 49 (admissible), £
#x0 = (5°,0) € TEL(p?, 20, xO) i 24 T 4825 Pk £ P

2% = g(yY), p? =0,8(y"), F@P"z°x") =0, Vi<j<d-1. (1.3.11)

WETZ, w EAMRIETRAZH K@ F RN TRE, TR ELR LEZ R L.
F12 1.3.2. B &6A, 205K A b L5 e AL IR A xO — 2 52 69, 12 & pO8Y B & M Ao —
P AR R AR PR AE.

R RIAT: 455 W BYFILE P, 20, x0), EAE—ANEBhZ G2 Tl A B YFiE? Bt
REEE YR Ay € RO, A8 B SRR 0 T RE4.(1.3.4)-(1.3.6), HATUR %14 M

p0) =q(y)., z(0)=¢g(y), x0)=y. (1.3.12)
T2 BA T ZAKE R K q = (q,(p), -+, W)V EFRIHE R TR 32Ty My € THA

a) =p". ¢, =0y, FWQy).gy).y=0, 1<j<d-1 (1.3.13)

s b, FATAT DR, 0] B E A& B IE R (non-characteristic), T3 A2 (1.3.13) 1 q & M
— .
5138 1.3.3. &7 254180, 20, x0)ih R &4

9, F(p°, 2°, x%) #0, (1.3.14)

W EE RS yOMy € T, HA42(1.3.13) 8 fRq() A e o —. i 2 A #H(1.3.14) 0 4 {BAL AR 15 &
JEH AR,

WERR. M TeR4EN, FTLLlEMVIRSH0,e(y) =: ¢ (1 <j <d - 1)1436%%% A
HElg, »EEqY) = (), . q,(p)) FEETFEF Q). g(y),y) = 0 BIA]. B1F F(p°, 2% x%) = 0 M
(1.3.14) BoL, A4 q,(y) BIAFAEME— 1% W] RS S e 3 B R4 .
EIR (Famedt e ). #FED CR"XR", F : D — R"i#H 254

e FeCl(D);

o B E(x,, Yo) € D, {£43F(x), y,) = 0;

o 177 J\det[ ](x0 Yo) # 0,

0| A 42 (x,, yo)é’Jf‘/\*l‘i’xG x H, 1#1%
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SEEx € G, 7T 42F(x, y) = 042 H ¥ A & —##, 104 f(x);

Yo = f(xp);

f € ClG);

Lx € G, AJacobifEFZ A X R J f(x) = —(J,F(x, y)"' J F(x,y).

]

IR 1.3.3. 3R RTAXR LR FIE, 4o EIRHIER A S HV, P20 x0) - NGO # 0, 3
N(x%) & x° € oU &ty #4asbiki 2.

FLE T AT AT LA IFAATIE B 08 1 R(L.3. 10)RELL 3 Ax® € T C OQUE Y R M7 7EME 7. 3R
SMERRT C 0QIEXOAL PR F, HA THEF- 1 {x, = 0} N ; IR (p°, 20, x0) & 7] R VA 4E, i
SRR 2 PE(13.14). 831 31.3.350, 174 Mg 13q(e) = pO, ELXHERFE 4 Sy iy € T,
(q(y), g(y), y) e il Aw VLA,

A 45 10 R (1.3.4)-(1.3.6) (BIHA 46 (p°, 20, x0) 2 58) A E— R (p(y. 5), 2(y, 5), X(¥. 5)),
B EE B R (v, sy, 8) P (g0 e, X)) (FEXOHT—AN/INABIEE A ) SR8, AR 2 T4 78 X 38K
PRSI 24, 3ok K TR % S BT LA LA 00 T2 0 2y L 2% 2 LA 45 b 0k 760 2, 35K T DA
FH ISR S5} 5 FRAIE B,

FE (R EE). #F% DCRY /D - R, #HL:
s feC!(Dy
o A x, € D, #£4Fdet J f(xy) # 0.
Wy, = f(xg), MABAE x) 9—ANARB U Fo y,) 69— ANARBR YV | £ 45

e f)=V, B fEU LRFH,
o iLg R fAEU LOERS, geC\(V);

e ZyeV H,
Jgy) = fx),
£+ x=gy).

5138 1.3.4 (AR ). % (p°, 20, x0)ih R B4 A R & 1(1.3.14). W A0 F X AT C R,
x° e CRIIFEYARBW , AR XOERIF 6948V, Rt Ex eV, FLEE—Msel,y e Wik
Hx =x(y,s). Bitx = (s,y)£C?89.

%G| BRI, (PO, 20, xO)i 2 ERFIE L A (1.3.14), WX QN 8 78 73 FE I xO 1) s x, #B AT LA
B — K ML Sy e T (FIFEH R0 5T x0) R IRHIEZx, (E1F X R IELL 280N s 1) RVs
FEx (R x b 58 P AE FE 5% MO BRI 1 — N1 5 i R B RFIIEZ: ).

WERR. FATHE A x(x0,0) = x0. JEIE ML E B, 5 EATREUEWdet V), x(x°,0) # 0, W H g
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BEEE RS, B OR BT EXMTIIE, AR EZLHx(y,0) = (y,0) SHEEy € THRK L,
TRt <i<d—1, xBIEiExi(y, s)i T

. 5, 1<j<d-1
ayixj(xo’ O) = ! g .
0 j=d

i 75 #£(1.3.6)& Mo, x/ (x°,0) = 9, F(p°, 2°, x°). FrA it 5 m] 13

000_
1 0 9, F(p 2% x°)

Vx(x°,0) = '
x(x",0) 0 . '
0 - 0 6de(p°,z°,x°)
AL, AERFAE I A ORI T a0 b B2 R A . O

PRk, MATEH T X ERx e V, HiEx = x(y, s)B Rl ME—fEyy = y(x), s = s(x). 3 F KA
Xtx € V PLAGH R 1Z TRy, siE X

u(x) := z(y(x), s(x)), Ppx) :=pyx), s(x)). (1.3.15)

PRAE AT DAE BH Ja A7 76 1 o 3
EIE 1.3.5 (REEAETEE ). W (1.3.15)% % 6 & ¥u e C2 2 4L

F(Vu(x),u(x),x)=0 (xe V), ux)=gkx) (xel’'nVv)

) i

WERR. &G, AT e x L — N Ay € T, 2AJE T LR Hip(s) = p(y, s), z(s) = z(y, ), X(s) =
x(y,s). HICUEM: Hy e TR FEIEx, NE

f(y,s) := F(p(y, s), z(y, 5),x(y, s)) =0, sel. (1.3.16)
HL b, EREIAE A (B E1L.3.3) B a R

f(¥.0) = F(p(y,0), z(y,0),x(y,0)) = F(q(y). 8(y). y) =
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FFLLBLZE W BEE B0, £ = ORI AT, sk S rl 4
d d
0, f(y.9) =), 9, Fp' +0.Fz+ > 9, X'
Jj=1 j=1

d d d
=30,(=0, F —0.Fp))+0,F ) 0, Fp/ + Y\ 0, F 9, F=0.
j=1

j=1 j=1
PrLIZ L £ (v, 5) = OXHMERs € THUL.

Z b, BAIL A 513134718 F(p(x), u(x), x) = OXHTREx € VAL, B2 F Rt K ZHIE #p(x) =
Vu(x)XEEx € VL. i, JATSEUEY]

d

0,2(y.5) = Y P/ (3.9)0,x (3. ), (1.3.17)
i=1
jd

9,2(y.5) =) P (y.8)0,x(y.5), 1<i<d-1. (1.3.18)
j=1

5B —AME ] DB B L(1.3.5)-(1.3.6) A7, X E AMESER, BEy e, i € (1,,d — 1}, I
ic
d
F(s) 1= 0,2(3,5) = ). P/(,)0, X (3, 5).
j=1

BT B, DA A 2 R W
d d
r(0) =0, z(y.0) = Y p/(y.0)9, %' (3.0) = 0, z(3,0) = )" p(y,0)5;; =0.
Jj=1 j=1
BT RIAI
d
F(s)=0,F <Z po,x — 6y[_z> = —0_FF(s). (1.3.19)

Jj=1

FrREIF3iZ R, M55 (0) = OF] LLE 1A (s) = 0 (I GronwalLANZE AT D), 3E 11 75 31 A8 2 1

[EE W

PR AL B DT RE AT DO EROR S SR, Er () RIE Xt ok 2457

d
#(s)=0,0,z— ) 0,00, X + 0,0, x'.
j=1
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Sy — 7T, A0, 2L K ont y, 3R 213
d
9,0,z = Y 0, 0% +p/9,0, x.
j=1
ZABWRAL, FE(1.3.4), 753
d d
()= ) 0,p9x) —0,p'0,x) = Y0, p/d, F+ (9, F+0,Fp))o, x'. (1.3.20)
Jj=1 j=1
FTORTE BALEA L AT P, X 0] LOBIEAE £ (y, 5) = 07 F Xy, 3R 152

d d
Y9, Fo,p) +0,Fd,z+ ) 0, Fd,x' =0.

j=1 j=1

ARNFTTHA () R8BI AT
BAERRANT4 € (1.3.17)-(1.3.18)iE Mip(x) = Vu(x). 7E(1.3.15) Fruffi ik Bt x, 5k

d-1
0, u=0,20, 5+ Z{ 9,0,
d-1 d
ko ok ky kay oo
1p 0,x dxjs + Z Zp d, x axjy

i=1 k=1

d-1 d
=Y pr (()Sxkaxjs + Z dyixkaxjyi> = Zp"dxjxk =p.

k=1 i=1 k=1

Il
M=

~
|l

BN RBATVE — L85 A7 AR 1 e A B S
B 1.3.4 (FAZNERED. F I8 &M FIAL

b-Vu=0inQ, u=gonl.
C X E R R A AR R H Ry AR
X(s) = b(x(s)).

FHE. IR LU =R
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Case 1: flow to an attracting point Case 2: flow across a domain Case 3: flow with characteristic points

(1) B —KE R AR, ®bIEQWE R AE—A A A F (AL N ), HBRREDLAT =
0QLEHD- N <0. B, 45Ex" € T, JaE 775 M BER B ET B 1A ME— 1) fiftu, ﬂu(x(s)) =
u(x(0)) = g(x°). SRMXAMEA 0] Ge g AL ¥ A FEAE A X IRQH g (Brdkg A & 2
ERED | XRE T PR AT & AR 2R - AR FEAAR.

(2) wn bJ7 5 sk E A s, W R HE O T R R R AR i e i i NQ— IR (B TAEIAS
FRAE A, BRI | HERM T EET = (x € 0Q : b(x) - N(x) < 0}, EHQ—K. ZEW T
A DLAS 277 FR DG .

(3) i E5 =k Bas. AL T DA & 2R R i B fuiss B O, (H2 XM IE
flun] Be AN LN, BRAER ¥ g(B) = g(D). TRiEE, ZIE O N LD s A O AR RRE 2 A4 1,
FIT AZ s Ak ) J 38 A7 A A AN T

B 1.3.5 (SPIERTIERRIEL). £ I8 M&k F e rit

G(Vu,du,u,x,1) :=0u+V-Fu)=0inQ :=R, x R, u=gonl :={t=0} xR
(1.3.21)

HFF=(F',,F): R > RIZAF @S EL 3.
Wi, 2q=D.ps1), ¥y = (x,0), WG(q, z,y) = py,y + F'(2) - p, FHM
= F'(2),1), V,6=0, V,G= F'(z)-p.
B, FEAER Y = (x0,0) € TAb, JERFAE 254 (1.3.14) BB A, T x 89 77 F2 J0mT LA A
()= F'aesy(<i<d), (=1

EAFXT(s) = s, X ULHIIRATAT LUK S Hs M [a) 32 frrde [ EE R, b4, BATIEH 2(5) = 0, A
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Mz(s) = z° = g(x°), BEMAE Hx(s) = F'(g(x%))s+x". X UL RHE Ly (s) = (x(5), 5) = (F'(g(x°))s+
x,5) (s > O)/2 HL 2k, & Z H &ue H1E.

IR 1.3.4. A, e BAMBIR G —A L E20 €T, g(2°) # g(x0), W E A1 B2 69 BB AFIE & 7T 76
AR > 0. B F 1R A AL(13.2) MR FARIR RIE S R A SRR 60 5 A, 2%
FR B, W E B CHRT A

ARSI B A B R SFIEE TR ? L b, X — Mg, F, FATR 685 W 2 ke X0y
2. Pas = 150,

u(t,x(1) = z(1) = g(x(1) — 1F'(2%)) = g(x(1) — tF' (u(t, x(1)))) = u = g(x — tF'(u)).
P B b s BR, n SRF, g3 2 451
14 tVg(x — F W) -F'w) # 0,

Man b RBa 07 2R SE 0] DU € — SR B fue, x). Fealih, #d = 1,F(x) = x2/2, a0 ERaC7 5
ABurgers /7 #£(1.1.6) i 2 1Y 5 2.

SRR 1.3
SIER 1.3.1. ARAE Sk K e Tl B 72

(1) x0.u+you=2u,u(x,1) = g(x).
(2) x0u+2yd,u+0d,u=3u,ux,y,0) = gx,y).
(3) udu+du=1,ulx,x)=x/2.

SRl 1.3.2. A2 RFNEEHV € RY, AX(s) = X(s, X, 1) A4 T F R0 H AL LG fF
x(s) = v(x(s)) (s € R), x(1) = x.

(1) X J(s,x,1) :=det V,x(s,x,1). HEBH: 0. =V - (v(x))J.
(2) HERA: p(t, x) 1= g(x(0,x,1))J (0, x, t)ith X & P 75 A2 (continuity equation)

0,p+V-(pv)=0in R, x RY, p=gon {t=0} xR

T IEHO,(p(x, $)J) = 0.
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1.4 *—HEFIEEFIZAECK R

FESE1L3A b —5 i 1,350, JRATTHASHR 2 <3 1E A3 75 12 i) 48 B oR 0 BEAR A7 AE. JUH A Burg-
ers J7AE Y, FRATEL 2= AT DA S MR I R I [R). 02 AATT B AR 2B I« FE R R I [] 4cb A ) 12
ettt a? A2 5, TR RE DM A B AR BEAFE IR RE L S 62 AT A5 “I0R” A
“Rankine-Hugoniot 25”7 X PHAME & BIZHZ M A, BT A dF 3% A 78 55 Hamilton-Jacobi 77 #211
7%, U FRATHA T A R Lax-Oleinik 2 =0 57 5 1548 5 FE I .

1.4.1 Fof##FIRankine-Hugoniot 4
e — e EA T
du+d (Fw)=0inR, xR u=gon{r=0}xR. (1.4.1)

Wo @ R, X R - RZEAZEERDCH KA, TAT— KR Z MR R (test function). Pl
PLoFEar AR gy, FAT115 2

0= J‘°° J Qu+ 0,(F(u))vdxdx
0o Jr

=—J J uc),vdxdt—J uv dx
0 JR R

- ro J F(u)o,vdxdz.
t=0 0 JR
RN FFAAT 2

J J udtv+F(u)axudxdt+J gudx
0 Jr

R

= 0. (1.4.2)

t=0

AL, R Fp Al 1 E(1.4.2) SUROT, FEANE R u A AT AT GO, AT e 51 2E i R sE X
EX 1.4.1 (B 7% (integral solution)). % 3 4% &g MK K o, H¥u € LR, x R)AR#H LI F
X(1.4.2), M Arut 77 42(1.4.1) 89 AR5 .
PATHE T ARFB MR REOL (WR R E ISR - A — MY c R, xR,
Ztlg & C o I Z X I ALY, V.. AU RwRAEY, VP& EIg k4 ((Hn]

REFEC LA M |, FHB B2 T R (LA DB — DR R, J—Br S HAEY, Vb 2 — BOELLH. I
T&1I]EV,EPEX~/\J‘ e B, X (14.2) M 7 B R 0, FAT 14521

0=- ro J (Qu + 0, (F(u)))vdxdt
0 Jr
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MR E € Co(V) WAL, FTAFRATA ou + 0, (F(w) = 0 7EV, B RS, UG RAEY, 1%
3.

Rankine-Hugoniot condition

BUAEIRAT5 B AL th e C_E R T . AU Ko e C=(V), (HEAC ERLANZE. BUE,
HIAR M S, Bl 100 B A 7 45 3

0= J J ud,v + F(u)d, v dx dt
0 JR
= H ud,v + F(u)o,vdxdr + H uo,v + F(u)d, vdx dt
Vi v,
=— H (Qu + 0, (F(w))vdxdt — H Qu+d (Fw)vdxdt  X—I7ETE
4 v,

+ J (u,N*+ F(u)N"vd¢ — J (u,N*+ F(u,)N"vd#,
C C

KN = (N, N CH AL &, [ - dZRIRC RIS — B h 2800, VARV, u), u, 5
TR\ VA, — A CHURBR FRE. Pk, 341175 2]

J [(Fu)— Fw)N'+ @ —u)N*|vdf =0  VveC>(). (1.4.3)
C
Fir LA, A 145 2t 26 C b i 1] i 2% A4

(F(u)) — Fu,))N' + (u, —u,)N* = 0 along C. (1.4.4)

WERFABE D BERCRSEM L (¢, x) @ x = s}, HHs() 1 [0,00) — RAZIGTAEL, FATHLRE
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HHIHERREN N = (=, — =), Aili(14.4) T LU i
F(u)— F(u,) = 5, —u,)in V, along C. (1.4.5)

1B 141, R3SV > R, KRAVL[f] :=f, - £LASEAHEBERCHBRIK (jump), Lo =5 A
WACHWRE. X2, fLoMETfACHEM, & MAEECLEL SRR,

PAEFRAT] 51 Bt s fE A 5 R i B B A FE AR
EN 1.4.2. HAAR
[Fw)] = o [u] (1.4.6)

A — Y F e 7 #2(1.4.1) 8 & B ¥ £ (shock curve) C#) Rankine-Hugoniot /8] Bf %4 (jump con-
dition).

2T R FAT LA Burgers /7 #2441 K 46 iE Rankine-Hugoniot 25 £F.

5 1.4.1. % BA{h e 42

1 x<0
ou+udu=0inR, XR, u0,x)=gkx):=91-x 0<x<1. (1.4.7)
0 x>1

WL, $E11.3.5, TATA LATHE ST 50 € REVFIELAE NS Hh 2 i3k Xy

y(s) = (g(x")s + x°,5), s>0.

ERLE, T RE AR Y
1 x<t,0<r<1
u(t,x)=<11%’: r<x<1,0<t<1.
0 x>1,0<tr<1

EE R B iR = Uk AR, 152 B TR IR AR A 3 801, 407 F B o
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Formation of a shock

A WA 58 e > 1 BIfRENE 23X I FRATRT LA UEAR 73 i O AE AR 1. S5 b, tn SRIRATTHLs (1) = %,
Iid
1 if x<s@)
u(t,x) = (t>1).
0 ifs(r)<x
Mo Ez ZM &A= 1,u, =0, F(y) = %,F(ur) = 0, M\ E i & Rankine-Hugoniot 51(1.4.6),
Xt B AT DA LR 7 il R T A7 AE . O

1.4.2 BUKME. HEFEH

B R RIATFE — M1, SR 7= Az 8] B i i A — e 2 b — 01+ L T B ARFAIE 2R 587 72 AR
R .
5 1.4.2. % /& 4= F Burgers 7 A2 &9 #0{H. 5] A

0 x<0
Ju+udu=0inR, xR, u0,x)=gkx):= . (1.4.8)
1 x>0
Wie. Ak, JAT=F WA A E—E. IE X
1 x>t
0 x<1t/2
ul(t,x): s u2(tax):< X/t O<x<t-
1 x>1t/2
0 x<0

A LSS iFu,, u, B S AR50 A, EL# /£ Rankine-Hugoniot s £, (HIX MR LA B 2A —#E. Hrh3k
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AT u FRAEAEY BRI (non-physical shock)fi#, u, FRAEM B (rarefaction wave) fi#.

A “nonphysical” shock Rarefaction wave

511.4.258 8, s EA TR AR 2 AEME— 1, e &M “AEMER” i, HRI L
. B, FRATTE 75 REFR SRSB4 5 YR DU, SR A DR Sy B 77 R AR P e — P 2 2 B] 553X ) [
AL, AT EL G “H5 251 (entropy condition)” IXMHER:.

2 FRATHERFN1.3.5% O e F AR, il fHix® € T c 0QI R RHIE L

y(s) = (F'(g(x")s + x°, 5) (1.4.9)

F, R wlE N g (xC). R RATRENIE, B I (R 1E [F A, FRATT 2 38 BIRFAE 26 A0 22 11 I,
SR JE 2 I I, SR, FRATAT AR, x RAT L s 4 Vo — 2R REAIE 42 32047 i ) 45 ) 8 AL
XFEFEA S BBUSFIELR A AS . BLAE, B8 e 18] BT 2R C LR AR B 22 A PR, u,EMEKIﬁJ
H e I — SR RRIE A A 12 I — SR RFIE R AE i AL A AL, 5B RFIE T S, Fdl1
BT I AER CAWRF (w) > F'(u,)

F'(w)>o>F'(u). (1.4.10)

EX 1.4.3 (FFEMH ). RF X(1.4.10)4 #1518 £ # (entropy condition). # 7 #2(1.4.1)8%
AR5 fBuG A ¥ & C# Z Rankine-Hugoniot £ #(1.4.6) 4=} 5 #+(1.4.10), M A CZ %K # & (shock
curve).

WRBAN T — PR F 2 — BN, BIEEEBOMASF” > 0 > OfE KL, i F/ =g, it
TR Fru, > u, W56 B 2R 18 T
5 1.4.3. # j&An1E e A4

0 x<0&x>1
Ju+udu=0inR, xR, u0,x)=gk):= . (1.4.11)
I 0<x<1
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e, Xt € [0,2], TATATLALS &4 1.4.1-61 1.4.275 24 g

-

0  x<08ix>1+7
ut,x) =9 x/t 0<x<t 0<L1rL2). (1.4.12)

1 t<x<l+%

\

Xtt > 2, FATHARF R AR (BB B2 NS Bl s () BENEE NS R 25, A D Nu = x/t, A
1 Hu = 0, K B FRATT 75 EL4G 1iFRankine-Hugoniot 2 11 (1.4.6). BELETHE 018, %M £
1(s0\’ .
[u] =s@)/t. [Fw)]= s\7) o= 5(1).
P (1.4.6) 51, s()N 245l 2 HHE s(1) = s() /2t (¢ > 2), UM Q) = 2. BLERARH oy RS
Bs(r) = 21, L, BAVEE > 210 F M BN

0 08k 2
u(t,x) = x <0dx > Vi > 2). (1.4.13)

x/t O<x<\/§ -

fiE I A& B s

1.4.3 *55RRME—MEIR

Fsg b, JATE DI SRR TR M AR IA S H i T AT A 4 Hamilton-Jacobi 77
RN, FIEEATIRIE X e 4518, AT R 9 32458, HPEAHEY 2 W Evans [3] #)
53.3-3.474.



1.4 F—4EspE AT R RO R 31
EIE 1.4.2 (Lax-Oleinik A3). XF : R - RE—& LT HH, LG = (F), fHikg €
L2(R), h(x) := [ g(y)dy. W3t FREFTA(1.4.1), Rz T L%

(1) &> 0% Fkx € R (BE £ %5 THRHANME), AAEE—8 2y, x)i#H 2

min {tL (?) + h(y)} — L <¥(’X)> + h(y(t, x)).

yeR

(2) x B y(t, x) R~ BaHEK.

(3) (Lax-Oleinik/ X) #4£%¢ > 0, Hu(t,x) = G (%W)xm%&wé@x €RA .
(4) 2 09 & 5 X R A2 (14.1) R AR AR

(5) (EMBRIAEIT) AAEC > 0RAFAAEEL > 0,2> 0,x e RRZRHF X

u(t,x +z) —u(t,x) < %, (1.4.14)

% 5 XAARAE A8
e, BATTRT DAL B 455 88 1) RS (A — 1k

EX 1.4.4 (Jif# (entropy solution)). HAT#ru € L¥(R, X R)A F 188 7 A2 #18 [°] A2 (1.4.1) 6% 1 /%,
A AGuA 1% B RO ARG R, R BAEC > 0, EFEEL > OU AL F AL Mx eR, z > 0k =

u(t, x + 2) — u(t, x) < CZ<1 +%)

EIE 1.4.3 (BfERIME—1E). RFA—Z O RE KK, W F B8 HTAZME R (1.4.1)8 5 /% £ 48
Z2—ARMEGELT AE—,

11.4

AY
&

SRR 1.4.1. X F0) =0, uR 4T FEETALE E SRS R
ou+o,(Fw)=0inR, xR u=gon {t=0} xR.

SRR AEET > 0, ufe [0, T] x REEA K X K. B dHE&r > 0, &2 [ ut, ) dx = [ gdx.
SIEn 1.4.2. A R

—20+V3x+1) Fax+12>0
0 F4x+12 <0

u(t,x) .=
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A Burgers 7 #20,u + 0,(u? /2) = 089 LM .
S 1.4.3. £ Xt H 4w T Burgers 7 A2 — #9 45 if

Lt2

a,u+ax<2> =0inR, xR

u=gon{t=0} xR,

H &
1 ifx<-1
0 if —-1<x<0
g(x) =1+ .
2 if0<x<l1
0 ifx>1

s

R/



E_F 2FEFRERNFREMAGE

AT e A A vp R S T R R TR HSR T % BB f 1 RX RY - R, AT
A ERIE TR 02u—c*Au = f, Horh (1,x) € R, xXR?, # 4L ¢ > O BRIEWIE: LAK TR ou—kAu = f,
Hr (1,x) € Ry xR, WH k > 0 FRAERAE T REL FEER 7> TR0 H SR e, 388 3 Ik PR 4 1)
FHIBETH O 1= 07 — A WSRR. WA REEEZEZIRS) (—48) . #ERs (=
4. FPENAPUEA (=4 KRR, A s o —BORACRAEREAN T AR . B
—PHh, BOTRE (BIANAR RE. ARZRMEBOT RS AR Z B 2 tH I, ] R 4 TR AA
BA ] SO 7 A 0 252 #h AR FE Y Einstein 5 R S5 S5 AR ] DL S sAER M T RE () 1B
o MIRITRERR T RV KR FE ARG LAAN, m] LA T ZImEAh e 3 sl R % CRAA Y D
FEPERAR RS (RARERME) S5, FliKeller-Segel 7 F24H . Navier-Stoke /7 FE4H 5545,

2.1 —4BEhFTE

A BINTR AR L ELLER AN ERR, E A —4ERE TR WIHME ) 0%u — c20%u = f.

2.1.1 —HERHHIENSH: GikshGE
BIE—ANEE RN, RAOFR. AR (RPuh, Al Mszmkal. Bk

Rz RAExOy-"FH W, 1mHFESHRIEXHITT R, ke x)ZEERME (yJiH) HE
AN .

/—'\ /——\

x=0 ~S~——— \_._,_.;:l

BUAE AT A AR5 — et tHulf s RE . BATHUR AN —BUX 8] [xg, x, 1, I HARBT AT 72207 1)
[R5k 1 GXHEZZERUNRSD, Bt LS ED

33
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Tx,, £)

B T udoR R T BT R HIALAS, A TSI — N BOsR e 3 BT [ 2 I

T X

V1+(u,)?

~ Tou(x;) —To,u(xy).

X0

B A2 — e A, 435

X1
To u(x,) — To u(x,) = J po7u(t, x) dx,
X0

——
Jni

A B G FEA R BT VS AR T [ 0%u(r, x) dx. T 21351
X
Vixy, x;]1 CR, J p()tzu - T&iudx =0=> pafu - Tdiu =0 Vx e R.
X0

BAEL ¢ = T /p, BATHAREI— S 72 0%u — 0% = 0, Horc BRI ULk
0 B A MO SR B, T2 W Evans [3] 3244, AR FIAGA.

2.1.2 5fESIE
FATTIUAE ZE g 40 H7 4 ) 7L

(u := 0*u — c*Au = f(1,X) (t.x) € R, X R, (2.1.1)

u(0,x) = p(x), ou0,x)=w(x) =0, x €RY,

Hif f(1,x) € C(R, x RY) JELEMINITH. A TEAIIERL RS BTk 17463 5 w 1) o R A o
J1 TR, B A FEQUL DM FudR B = u, +u, +us, JEHE R R =N FE:

(W1) (Ju, =0in R, X R?, u,(0, x) = ¢(x), 0,u;(0,x) =0 on {t =0} x RY;

(W2) u, =0in R, X RY, u,(0,x) =0, 0,u,(0,x) = w(x) on {t = 0} x R%;

(W3) [Juy = f in R, X RY, u3(0,x) = 0,u5(0,x) =0 on {t =0} x R9.
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VR, W AR TR P URIT TR AE, HRRBT AE.
Uy thy, tty 2 T R EE 0 31 B4 1y

5138 2.1.1 (BN TR I MR 51 ). i A2 (W2) 8 iR uy = W, (1, x), BP W, R T 89 R A4 4245 A 0,
BRI AW TR f = 0) A H AL . WA 4T £ F R e

t
up = 0,(W,(1,x)), uy= J Wi — 7,x)dr.
0

X E BB W, (1, x) F2 Wy, (@t —1,x) XKTEE (1,x) € [0,00) X RY #2 (731,%) € [r,00) X RY
(r > 04 %) AALHS LB

WERR. w, MRIEFGEAAES Y, SEhr EARYE W, K€ S JATA

Ow, =0 (t,x) € R, X RY,
W,(0,x) =0, 4,W,0,x) = p(x) =0, x €R".

B XA T FRIL R MABE Ou, = Oo,W, = 0,[OW,) = 0, IXULH uy A B 135 & 55 K3
Jits e SRIE FRAE WME, ERR WA 0,x) = o,W,0,x) = @x). MEH,u 0, ), Al
i E W, (1, x) 7E[0, c0) x R S 1 (i TR X 8] 23 m A TR, IRAEFRATT A I8 7 R PR
HTE (r = 0} £, FIHITEBE 0u,0,x) = 0*W,(0,x) = *AW,(0,x) = ¢*A0 = 0. Xt iEH]
Tu (W)

BN KA uy /& (W3) (. I8 W, (0 x) BIE XA

LWy =0 (1,x) e R, X R4,
Wix(0,X) =0, oW, 0,x)=f(z,x) t=0, xR

FERE A > 0, FAHER ) ¢ PREH 1 — o, WAL A w(r,x) 1= Wt — 7.x) 20
JitE

OQw=0 (t,x) € (1, 0) X R4,

w(r,x) =0, dw(r,x)= f(r,x) t=1, x €R
M s BIFIEZNT PAE H 4300, x) = 0 WHER x € RY #ROL. 3 N oRit50,u,:

t
atu3(t, X) = Wf(‘r,x)(t - T, X)l,r:t +J ath(z',x)(t - T, X) dT = J ath(T’x)(t - T, X) dT
“ 0 0

J/

v

=0
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At =0, BATIGE] 0,u3(0,x) = 0 X4 x € R? L. HETCAIIE T (W3)MPIME, # F R
UECW3) I FEIERS, X L0 u, FRIERER—10,, FA1HG

t
07us(t, %) = 0, (W)t — 7, %)| o) + JO W st = 7,%) dr

J/

'

=f@tx) il piyEs
t t
= f{t,x)+ ¢ L AW, ot — 7, %) dr = f(t,%) + A L Win(t —7,%)dr

= f(t,X) + c*Auy(t, x).
XAGLF LR BB TR -
i 2.1 (u, I EE X PP E R /Dubamel JRH). de R & 4eu, 89 &5 X E R &4, KA

n—1 n—1

us(t, x) = lim ,z:j Wy, =1, X1, = lim ,Z: N (e )
b 0=ty <t < <t,=1tREE[0,18KD, A1, =1, —1,, A = omax Al Bl —A
J> f@ )AL KRR BRI, TSI fREKE “HE” | SRR 2R ETIE
f@, x)Ar, GXRARYE “FERIZ” FAt = mAviF2]69). AdmAfEA K., HF K7 A2(W3) ey it
y T AN — K3 Fook ik AR AR “ RAR” (AL R —Her 2w, B ke K)o HAS “FORAL
7k T H R, #F EMARAEDuhamel R 3,

2.1.3 REM—ZEKENFIE: D’ Alembert/A T
BUAEFRATAT LR Ed = 1R R @ QA DRI RE . #51#2.1.1, AT A, 54T
Ty P Wuy, uy B 0T DU u, R

u, =0%u, —c*Au, =0 ,x) ER, XR,
Lty = o7z 2 tx) &R, (2.1.2)
u,(0,x) =0, du,(0,x) =w(x) =0, x eR,

HT ¢ > 0 2—AIEH, DUREEGRL, FrUARATA LB S kT “HX0 g7 O =
(0, + ¢0,)(0, — c0,), WA JT AL B MME T2, HARENE 55 Nu,, v:

ou, —cou,=v, dv+cdv=0 x€eR

EATRIHIME R u,y(0,x) = 0 Fl 0(0, x) = w(x).
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MEE AN HRERT LEEEE 1 o, x) = w(x — o), RIGIETACEE u, (&S T2 3]
ou, —cdu, =y(x—ct), uy(0,x)=0, VxeR.

VRIS FHAEFF AR S RE A A RA 30(1.1.4), wtn] LS

t —xtci—2cr x+ct
u,(t,x) = J yx+ct—1)—c1) dréi J w(y)dy. (2.1.3)
0 x—ct
B 3w, 2 J5, WRIEGTIE 2.1.1 giaeth & By, us.
1 x+ct 1
u(t,x) = 220 J @(y)dy = (@G +et) + olx — ct)), (2.1.4)
1 t x;j-tc(t—r)
u(t,x) = — J J f(r,y)dydr. (2.1.5)
2¢ 0 Jx—c(t—7)

K b =3 AR, 13804 sh Jy RERE i AU AR IE S, BRI EIE R DUR(D’ Alembert) 22 3K

X+ct

u(t, x) = é«p(x Fet) + o(x — ) + = J w(3)dy,
X+c(t—7)
J f(z,y)dydr. (2.1.6)

2 ¢ x—ct
26 J — -7
0Jx C(t )

N TR AR, BRATDIERVMER LW . Fsg BIRATAT LLESS R e B
EIE 2.1.2. 4R Wfhip € C*R),y € C'(R)FRAS € C(R, x R), BA B N RAX(2.1.6)% H 8
R XA FTAL 2.1.1) £ d = | WEH R, x), FELiZM#HL ue CHR, xR).

JEIR 2.1.2 (4T (travelling wave)fit). % f = OBF, BPE B—4e50 KL T4, COIMEET AE K
32 T X
u(t,x) = F(x + ct) + G(x — ct).

BEBNRAKXE, BAVT AT E]

1 1 (" 1 1 ("
F(x) = E(p(X) + % L v(ydy, Gx)= ECO(X) "5 L yw(y)dy,
HEP F(x +ct) 2 G(x — ct) A LT EBE. BT EB. B —L4FR0E ) 77 A2 48 5] AL
89 ST ARAE PAAN IR A cA2 4% 48 77 &) A8 B89 4T R R 64 &
cosx |x|<Z

B 2.1.1. KMo*u — 40%u = 0, £ F W1EAu(0,x) = 2 F2 9,u(0,x) = 0.
0 x| > 3
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. BAHEAMEIL Ep(x), IAFT LA Hut, x) = 5 (@(x +20) + o(x — 20) R FLHIE. RIS RA
RO, TRy L) BEEDR T AMERA — e e, (XS br B O AMB R 8 o L S
R XD AR (= 0) MERITES RIS G HATE, @iISCRR(-1, 71, Bodn2.
P Ky = 22 )5, IXPIMTEGE S50 5

DAL HRAT ] DA H At 1 Rk 5K

T

1 4
Ecos(x+2t) —5<x+2t<5

T

— 1 T _£
u(t,x)—<zcos(x—2t) —5<x—2t<5, Vt>t0—4.
0 He il

M0 <1 < 20, XPTMPELER FI-2 + 20,5~ 2 F.

st edie-)

t ¢ [;

Teat
._Tz_zb hg-‘rzt '_VT,Q,t, 1.*2
FIt CA G B (1) i A
1 V3 V3
Ecos(x+2t) —5—2t<x<—5+2t
1 1 V3 T
-cos(x+2t)+-cos(x —2t) —-=+2<x<=z-2t
ut,x) =< 2 2 2 2 Oﬁtﬁtozz.
L cos(x —21) Z_2t<x<Z42t 4
0 HeEtso

2.1.4 —HEEIHENBRERERERE
YN (u, 00)| g = (@, ) —HEF BN T 0% — *0%u = 0, (> 0,x € R) AT LAFF
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it i) i A RIBE

x+ct

u(t,x) = %((p(x +ct)+ @(x —ct)) + 2i J v (y)dy. (2.1.7)

BUERATFEH A W, W05 RE MBS R Al Z TR AT AR AR e

LS55 1 (tg, xo), RAEIX— s u(zy, xo) AT W EL o, w BB 72 2
2. WERIANE K, wiEx = xo MU ATHUE, ABAXSIRLE (2, x), fhu(r, x) FIHUE 2 32 257200 2

[ B — A ), R RR B (g, xRN IE B DUR A 20
1 Xo+cty
u(t09 xo) = 5((0()60 + Cto) + (P(xo - Cto)) + — J yw(y)dy,

2c Xp—cty

FURER tHu 1E (1), xo) XA VB R BGR THIMEALE [x) — ctg, xo + cto] JEHE AN RHE, 0 FEFR.

(x, t)

P

(x-ct, 0) (x +ct, 0)

Y=

AR xg — ey, xp + ctogVE M@, x) FIRBIX . R, WERAE(r = 0) EREE XX, x,], &
mxy, x, P IERZR N fe, =1 /cBIEE, EATRIXTA [x, x, | — D = A B X . X AT —
A L, x0) IR DX AT P AE X 8] [, x, 1N, DR AE L = A B IX s A — m A BB R E AE X
[ [, x,] FHHIBUE SR E 105 BE X TR SN HIME 26 PFTE O o FRATIHEIRXAS = A X SARAE X TR [x, , x, 19
RE XA -

RKTH AR, FAOINEHIURRXE H, SYHEF Reoftx = x MKz, =T %]
IRFPALHE R x) £ crhls TIRVHE P Ex = x JEINPLE), 2T ZE B XA [x, — cf, x, +
ct]f (N ERAmED . W FER.
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AP, A R IRA T X SO — N B X [ox, x, ], A8 3K A X T) N I BTHELII B 2 AR o 20 % 4 211X [8] [, —
ct, x, + ct] o B ERIPTANBASE XA 7 BIFRAE DX 18] o, X 10 s RO MIE X 35

—ERH A — MRS, By = OfF, FATEZRBIAM IURA X IUE A, LT
P Ex = x AN R 2 ivE LA GHEIR DXL S 6k . AR x Bilx,, x,], W XA
RIS X 35042 BN B B BB 2 #R 2 o

x=x_2-ct x=x_1+ct

Frelan R I7#E(2.1.1) (d = 1) BIBMET ESpt @ C [x,, x,1 Hy = OWJ1E, T7REHIAERLE

X2 X%
{(t,x):t> > ,xz—ct<x<x1+ct}
c

AN T, SR EEF) X

Eig 2.1.3. Bk £, AL “FHERXB WEEEK Ty =0, 12X EHEFLAT—HF,
ﬁﬁiﬁﬁ(é’]%Z 2%, BMNEA LS %R > 3AHHH, I “THREBR” LAREAE; mEd =
28F, EA R HXIHR Z‘)@J’i (B 2y = 0)o %I EAARAE & IR (Huygens principle),
EERMA =ik GREE) & “REBHN7, Z2fi GER) FIREAZMEM. HRAVKEAEF2.27 3
EANIL FAR 3 — F T3k,

ILAEFRATI % & — DA A Be 1 . xOr T b AR X3P (1038 30 75 R R



2.1 —4PEBITIE i
f121.2. # o, € C*R,) #HR 9,0) = ¢_(0). ¥ /& T 742

Uy — U = 0 (t > |X|), u|t=ix = (pi(x) (x 2 0) (2.1.8)
Fl: LG x) € Ry XR, #ut, )22 @_|_o0 #7 @uloy KRE? (a,b>0 A% )
R, HIEOL N IAR DUR A UHE E A TH, (H2IATIA T LIHEARS B, x) = F(x— 1)+ G(x +

DB (N2 AT P HE SRR, 13 XA RIE I R se R 21 70y FEAS B 4, ik
A HEUEMHI SR . RIS RPGEFRBL TR EMEF, G, JATH

x>0 ulx,x)=¢.(x)=F(Q0)+ G?2x), x<0: u(=x,x)=q@_(x) = F2x) + G(0),

KRIE IR TTRERH] F(x) = ¢_(x/2)—G(0) £ x < 0 I jlkor F 7, ATHSEAFERMFF (x)fEx >
OfF A EARTE S, BRUORFRATRAEARIE > | x|} IR FE, Frblx—1 > O AT RERGLED, LA
K G(x) = @, (x/2) — FO) %t x > 0 L. F4x =0, HAEFEIFO) + GO) = ,(0) = ¢_(0). IXFF,
BATHE AT LR S et R K

u(t,x) = @_ (%) + @, <XT+I) - ¢,(0).

.[H: (p_l[_a’o] iFl] <0+|[0,b] E@y%%lziﬁy‘j

{(t,x)eRz,t> | x|

x—1 X+t
—a< <0, 0L <b ;.
=5 2 }

TER a=6, b=4F0MRERE, AR RIDUPTR I HUE XK.

Example: a=6;
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2.1.5 FEZ ELWENEE
AATRATHE L L (0, 00) LKA YL IT RV ILAE ] 7L

—cu = ft,x) (t,x)eR,_ XR,,
J 4(0,x) = p(x), du0,x)=w(x) t=0, xR, (2.1.9)
u(t,0) =g teR,, x=0.

VI FoRE, XATTRET DLRIA T — AN R IR SN, M {x = O}l &R 4a T b i b 1)
FAEALER Zr (BRSPS WAL . Frallh, e = 0, WERIRSZM NS o [ e A3, 1R iE
AR A —A CEEREER) HENEEAEIA G R Ak AT B 40 30 77 FE AT in) @ 2 %28
SHIE— N HRE. L=4EHB AR, A x € RY,r > 0, rU(t, r x)IX NG T2 — 1 E
{r> 0} LR e, XBU®@, r;x)2&T8fEu(, x)TEEKT 0B(x, r) LR -FIE.

KFETTFEQR.1.9)% b EA TR E e = ORISR, SIUFATL 0@, x) = u,x) — g@t), ‘EHAHE
MESNEE T . HATEur, 0) = OFIAF KM T, FATT LR B ffu@, x) (FENx € R, FIRED
FEFH AR b 1A B, x). WATEEIXR A MBI — DN REDE: SR ASLPr EC AU, miRy)
Ho, w e RE ((ERED, WS RE (ERED .

BATIAEACWMENERES, € X @(x) = +p(£x) (£x > 0)sEpfER ERIAES . FefLlih, AT
A BLTE S (o) B f (2, x). IRAEZE F&a(r, x) B TT 1%

= 2= — &
i, —ci, = f(t,x) (t,x) e R, XR, (2.1.10)
1(0,x) = p(x), 0,u(0,x)=w(x) t=0, x eR.
A AT, AT DLE B RIS T R
X+ct t x+c(t—1)
i(t, x) = l((,_o(x +ct) + p(x —ct)) + 1 J w(y)dy + L J J f(r,y)dydr. (2.1.11)
2 2¢ 2¢

x—ct 0 x—c(t—71)

BTFR, AT EMur, x) = ia(t, x)| oo Pl 7K, XEFER: FBRHYEe, y RAEJESR
500, c0)H T X, FTUEH e, wE Hulf I RIARE, FTHEASMWAEN: x > cf Ml x < cf. ¥x >
cthf, FATH T LIRKREXTW (@, w, f) % (o, v, f)

x+ct t x+c(t—7)

u(t,x) = %((p(x +ct) + p(x —ct)) + % J v(y)dy + % J J' f(r,y)dydr, (x>ct). (2.1.12)

x—ct 0 x—c(t—71)
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1M &4x < cthf, FATHFERANG(x — cf) = —p(ct — x) \TT115 2]

u(t,x) = %((p(x + ct) — p(ct — x)) + % J v(y)dy (2.1.13)

ct—x

X
1= x+c(t—7) t x+c(t—1)

+LJ J f(T,)’)dydT+iJ J f(r,y)dydzr, (x <ct).
2c 2c

0 c(t—1)—x t—% x—c(t—7)
c

wa, BATFENYMERR H A THEHEMERE, DA R u e C%([0, ) X [0, 0)),
XTI B R (1, x) = (0, 0) b (RS AT T

o EAME: lir{)l u(t,0) = lir% u(0,x) = @0) =
1= x—
e Cl: limu [(1,0) = limu (0, x) = yw(0) =

. ¢ oxl)‘f&)m(””‘c U, —f)=0=c*¢"(0)+ £(0,0)=0

TR AL T e

EIE 2.1.3 CEHEZL M T EMIEIER). Fwihe € CH0,0),y € C[0, ), #1ig =0, BRASf €
C'([0, ) X [0, 00)) i# 2 A0 KM p0) = w(0) = 0 #= c2p”(0) + £(0,0) = 0, W F A & Lok 7
£2(2.1.9) 2 A fBu(t, x), &£ X H(2.1.12)-(2.1.13).

SRR 2.1

SRR 2.1.1. JEPA G ARu, —cPu, = OF9 AR oL & i R “ AT A AN, Blu(A)+u(C) = u(B)+u(D),
£+ A B,C,D Mk xOt--F @ L&g-FATw@ ), LAFFTAEAX +ct = F K.

At

»

De o B

Qe

=Y

@ 2.1.2. FEHAE 20u, —u,, —u,, =001 >0,x €R).

(1) HHEE. (RT: BXyMHTAZLEL é’mi/\ﬁr%)
(2) MBAXMAA u(0,x) = x, du(0,x) =e™™ + Z’ i+ B AL fRu(t, x).
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SRR 2.1.3. F R FH—FIRT —A B RBA 6 ) 7 A2

u, —u, =0 t>x>0;

(2.1.14)
ut, ) =@, u(@,0)=w@@ =0

(1) BT ¥ #1hg, w RNBBut, x) = F(x — 1) + G(x + 1), 7 Fu(t, x) (R, y&T).
(2) FPARE(t, x), ut, x)891E T 2 H{ie, w20, 11X 18] &3R5 3k 2 ?

SRR 2.1.4 (—4EBOT IR BEE Y 0 ). B8 — 4 g A2 e A 1R AL

u,—c’u =0 t>0, xeR
(2.1.15)
u(0,x) = p(x), u,(0,x) =yw(x) =0, x eR,

EF >0 RETHTFH, oy € C°R). ZX

[\

K@) 1= %J l0,u(t, x)|? dx, P(r) = %J 10.u(t, )| dx.
R R

TE A

(1) K@)+ POAFEE, FHELIEHFTALTF 7 TREGE—I,
Q) iy ki, HK@) = P@). (BF: ERAHTRAX)

jo)RR 2.1

B8 2.1.1. £ b FH42Me 8 X £k X

u,—u,, —u—u, =0 t,x >0,

N\

u(0,%) = 9(x), 1,0.x) =p(x) x>0, (2.1.16)
u(t,0)=0 t>0

S

HF o, wR[0,+00) L8EE K, HEABEMEH@0) =yw(0)=0F ¢”0)+ ¢'0)=0.

2.2 SHEENATE

AR R YERR R 8] RY (d > 2) PRSI FERIAIME e, B g5 € R0 i 0 H e, w, 3K
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5~ TR R IE
0%u — c*Au = f(t,x) (t,x) € R, x R4, 2.2.1)
u(0,x) = p(x), du(0,x)=w(x) t=0, x € R
RIS REI . (5132.1.D), AR FHEe(x) = £, x) = OFITEN
8t2u—c2Au=O (t,x)€R+><Rd,
(2.2.2)

u(0,x) =0, du0,x)=w(x) t=0, x €R.

22.1 REBESIKE T

HRTHRATCEH(2.2.)1Ed = 1S T MIFRIAL, 15— 7 R 1 1) mix i 7] LR AR FR

INAx =rz, Hdr = |x| & Sx2 FE S EE, z € STHUE AR (angular variable), K ILFRATRAE:
TR E 4 B — 4Ry, 2N MK Rz B EEETITH.
FIE 22,1, AT EzATURNRRAAREXNE kG, Bl &K MAx, = rcosb, x, =
rsind, Az = (cosd,sinf) € S'; Z4ayIH1& A KA FRx, = rsinfcos@, x, = rsinfsing, x; =
rcos@, £ Fr>0 %40 e€(0,n], 2% ¢ €[0,27), A#z = (sin 6 cos @, sin 8 sin @, cos §) € S*. — A&
e R G SRR KT R F 5 A8 [1] #910.8 9 4% 2],

BUERM TR AR RIER, BB AAERu@ x) = o@, ), Hhr= x| =1/x]+ - +x

W BB Fowi et AR Fralt, BATHZE i H Laplace R FRIR AR, BEIEUHHE WS

X;

. X,
a'r: ! :—’:}()x‘u:arv— ISlSd
1 1 r

iR — ko, , T

X7 X, x? x?
82u=021)—'+6,v<1+x,~<—l>-—’>:02u—’+arv 1_%)
Xi T2 r 2/ r "or? ror

KRR IR d KA, 153

d 2 2
X —
Au=262u=620L+£0 —2’ sv=0ov+4=1s
i r r2 r’ 3 r r ro
—— N——

2
d’
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T, RUPHRENEEFEA W TR

olv—c <0r20 + d—_10r0> =0, (2.2.3)
r

=AufIAZ [ FB 57

1Z A FR/EEuler-Poisson-Darboux 5 £ -
PAERER], 5 d—:ldrvﬁﬁﬁﬁ, FREQ2NIA T —4e s T FEAH . (H 2 W R IRAT]
VARV = ro, 5153

OV = vk rop, BV =rofv+20,0= RV = ERV =1 (Fo - - 20).
r

SEm N R AEHd = 3, B4 d — 1 =2, THRQ2.23)8EY] Lid 5 XK AL IELF 0. Frilxtd = 381
O, BANEW TV = roli 2 FEHL {r > 0y ER— 43BN A, BEif T DU 2 B2 1.3 2518 K
RBOT R R, =4EE 0] RE S e 4R B 5 R P B R S RIS DL«

BAERATHE D, R ER “Erfg” fRB, JAE SRR B RSP T _Eb ik
M2 ? QR BRI, REARBAITEEG R DRLT “KEALE” FPKR, fEERLE
HER—ABEHE (EEmHE R 2rfiZANEHE) . S58E, X 2.2.2)0 - RIEH, Al
AT LLSE X fftut, x)TEERTH 0 B(x, r) L HIERTH AR 23 ~F- 35015 2 H 1.6

i85 2.2.1. &xeR,t>0,r>0, £

1
U@, r;x) .= u(t,y)dsS, = u(t,y)dsS
( : {/BB(x,r) .45, 0B(x, )8 % & 42 J'aB(x,r) t.9)43,

A u(t,”) £HRE 0B(x,r) £ (BPRAX A, rAFZGERE L) 69RS-FH., EMAEMNELT AR
X D(r; x), Y(r; x) A A#1E @, w £ 0B(x,r) Loy @ -F35,

TERME, UG rx) AR Tx)E R A, maEERAMTEExX A SRER T, KTFxxX
ME “RAm7. JEids, AT LLIERREKE F 145 E Euler-Poisson-Darboux 75 1%.
5138 2.2.2. A% x € R, B %u %2 H42 (2.2.1). MR&E-FHU L

U =2V = =0,U =0 t>0,r>0

(2.2.4)
U, r;x) =D(r;x), 0,UQ,r;x)=Y(r;x) =0, r>0.

XA G EEHRATR G L. B e o, MamRE 2 gl EAVAIETEd = 30 U = rUH
AAEEZ{r > 0} BB TR
SI13H 2.2.3. £31322209185F, U0 rx) :=rU@,rx) GFEMEL & = rd, ¥ = r¥), 44
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d=3,M#H
0’0 — c*0’U =0 t>0,r>0
! i i i (2.2.5)
U0, r;x) = ®(r; x), 0,00,r;x)=%(r;x) =0, r>0.

PRI FRATRT DA sE B2, L300 450 T O, T FRARIE U B € SCRIARIKE S, AT 1T U
S AE BRI AL O i T A CRIBURERr — 00 231 Hu(, x).

u(t, x) = lim u(t,y)dS, = lim 0, x).
r—0, OB(x.r) r=0, r

RS IREARREOR T2 ARy R ES ), A4 PRI R i SR AT Y o
FX 2, BATECRRME =Y psh R IEM 513 2.2.27 .

5(382.2.26899ERR. IF B R OB D IR R L T 0, U R 1R 2
BE. Bix e R, &AMA T Xk

3,U(t,r;x) = 5{ Au(t, y) dy. (2.2.6)
B(x,r)

T S SOV 1= s [y S0V dy KT [ AR BOx,r) L8 F2.

HABRATPRE MBS B, Bam T REB2MT 4.
“BiS = 5(3E2.2.2” BYMERR. JEZ 3] vol (B(x, r)) = a(d)r! = Z(9B(x, IR, FA115 3
r

1
oU = — o%u(t, y)dy = 0*udy.
V=20 L g VY = R @B ) JBW) ey

SR IE R AL bR R~ (L5 3EB.2.1) 225 s — MRS

1 2 1 g 2
o‘udy = o“u(t,y)dsS d
Zda(d) JB(x,r) MY = 2da) L (me,p) ) y) g

ri=lo.U =

PR —ko, T H T3

d-1 _ 1 2 _ d-1 2 _ 2.d-132
0.(r'"o.U) = —czda(d) me : o;u(t,y) dSy =r /J/()B(x ) dru(t, y) dSy =cr'oU.
b AUEDARSE S I, AR R TR0PU — 202U — ; =0, Hir> 0. MAFEQR.2.4)HY]

o] DLELREGAIE . BT DABRAE st X IE IH b X N T
WS ROUERR. FRATINAE 75 B AT oB(x, r) L)) #3484 (B(x, r) BLTHIAD EFR 5y, B
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X — St K AE SO R B 2 2 (/@ B.1.1 8¢ B.1.2). fEMb2 i, HAIFESETENE
O, UTIARUARS, TAEU ) E CCHE, A7 KRR 7y b 3 1) RECE A A 5%, RFIHH
AFRARTTE . A AFRAIA DA B B, A X ARG A TR . FRATHIEXE Ry € 0B(x, 1),
HAAEME—z € STUify = x + rz. AR EE #]acobianth /& ] DA B #e0H 5 11: ds, =
ri=tdsS,, X BRI — DIRTT RN BALERIA S 2 (d — DAER . T RIWAS

1 y=x+rz 1

t,y)dS, ———
da@DW—RLM&ﬁM 745, da(d)

U, rix) = J u(t, x +rz)ds,.
0B(0.1)

BUETHSE o, FHOMRE S 1, ek

d

oU(trix)= )

i=1

1
da(d)

L
da(d)

J o, u(t,x +rz)z;dS, = J Vu(t,x +rz) - zdsS,.
dBO1) IB(©,1)

L PORBAHER T R T E y-A R BT Rz = “EFEIKE 0B(x, Ny = x + rziX—RA&k
HBRAISNEEE, HATH LT EH (il B.1.2) fS3I3ANTEZE ML 18.

1
da(d)ri-1

J Vur,y)- 1= ds,
IB(x.r) r

——

=N at yedB(x,r)

1 J r
da(d)rd-! B(X,1) N ! d B(x.r)
N—— =V-(Vu)

=r__1
" d vol (B(x,r))

o.U(t,r;x) =

2.2.2 R3MR*AHBGEENH KR

BAERRAT] DLHE S s AR Q2. 2)TE =4 MR RIE T . Ja5132.2.3, FATFIE T FE(2.2.2) 1
fifu(t, x)M M EEU = rU Y 5EWW SR 7R

0*U — ¢*0’U =0 1>0,r>0
~ ' ) i (2.2.7)
UQ,r;x) =0, 0,UQ,r;x) ="Y(r;x) tr=0,r>0.

PR EABO R RE CERE2.1.3) 33 U EAEREAN

ﬁ(t,r;x)=2ij P(s)ds, 0<r<ect.
C

ct—r
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e T RFATE — O FUARFR , o mft 2 1 BRI U4 2 ER Ly, 43 2w = lim ~ UEI%J%% =

r—0 r

r+ct
u(t,x) = ZL rlim % J' P(s)ds = —‘I’(ct) = tJf w(y)ds,

ct—r dB(x,ct) 4C nt

I w(y)ds,.
dB(x,ct)

VERG, IR BRPRE AR SRR b R B T RO R A S . B ARG E T iR 22,2,
RFRRQ2 )X,y = O (IR (B LA 5P 51 32 1. e fguy) o B RO A 51 32,1 Lk T 5245
JRR(2.2. )TE S 4RI ik R

afu —c?Au = f(t,x) (t,x) e R, X R3, (2.2.8)
u(0,x) = p(x), du(0,x)=w(x) t=0, x €R>.
u(t,x) =0, <t/}: o(y) dSy> + tJj w(y)dsS, (2.2.9)
IB(x.ct) IB(x.ct)

t
+ J (t-7) f(x,y)dS, dr.
0 0B(x,c(t—7))

Tk (2.2.9) M5 — 1T WA E R /RE R (Kirchhoff) A 2. FRATHE R T [ 5 JR B T LLAE AL IR EE R
Ao, L

% o(y) dSy = /}/ @(x + ctz)dS,
dB(x.ct)

0B(0,1)

:@Q{ wwd%>={ aw¢g+} Vo(y) - (y - x)dS,,
JdB(x,ct) dB(x,ct) dB(x,ct)

BRZANERE S A “BrE” MUEMSSEL, S rTBLBAT ek, HEMIBRATAS 22 08 R U
— S AR

umm=]? o)+ Voly) - (7 — x) + ty(3)dS, (2.2.10)
dB(x,ct)
1 J f—ly—=x|/c,y) dy
4mc? B(x.ct) ly — x|

KA RIS R A B4y ik g #E

TETE 2.2.4 (RPN T YA M IIR). %% i € COR?), y € CAR)F=RIAf € C2 ([0, 00)x
R3), &1 KX(2.2.10)% 1 69 R Fu(r, )7 A K 50 5 A2(2.2.8)89 %, F+ H i Zu € C*([0, 0) X RY).

A i d = 21, FATASE AR 4E s Rl a0 b T B R e B B E TR .
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T SR fide — 2 5 5 R ) 7 VR PR AR P 4E SE (method of descent). EAKTN S, FRATA LAHE — 480 5)
TFEMAE & =4 s TR 1H {x; = O} LRIRRMI. A 7 e, FATE Rk RiHie 5 ks oy
FE(f = OISR MR, B IR B DU PR BT UL 29 i 5| 3 L3245 H g ) 3Rk =

afu - czAzu =0 (t,x) e R, X R2,
(2.2.11)
u(0,x) = p(x), du0,x)=yw(x) t=0, x€ R2.

BEARA, 1= 02 + 02 . BUELE Ex = (xp,xy), BATILR = (x, X, X3), G0x), %5, %3) = ux;, x,) HFHAUE
X, . TAEH RE =4k ) i

0%t — c?Aii =0 1,%X) € R, X R?,
f : %) € R, (2.2.12)
(0, %) = p(x), 9,u(0,x)=w(x) t=0, x €R>.

XHL Ay 1= 07 +07 +02, X = (x),x,,0) FARRERAI (2.2.12) 1351
0, %) = } ) VW) - (5 - %) + () S,
OB (Xg.ct)
SO B(Ry,cr) RBLR IR RIS HERR, 0B(Ry, cr) C R® REABRIGIAT . BRI TE
AR BB (x, = 0) b, U b 00 i AU AT (x, = O} RO 2 1t
B it BJacobian, A AEEAIRTTOB Ry, cr) L1155 = (y, v, Ff1TT BIEEE = A4 A b
BT REE A BIRRE. TR

U - xm)2 + (¥, — x02)2 + (y3)2 = (C'l‘)2

>y =y = i\/(Ct)z — (1 = x01)? = (1, = xpp)? = i\/(Ct)z —ly—=x%, y320.

Rl RIS =42 A I ER5E0 B(X, et) BOZEIR? x {0}, JATHTH S B i _E AR 7> A U5

#
dS, = V1+|Vy(lPdy = t .
Vien? =y —x]?

Rl AT ZE R, AT =4R8P RIER 0 B (X, ) BOH 2 —4EV1H W I B(x, enitf s Bl 144

U 24t = y(vy, ), HP (01, 90) € Q < R, BT H R4, WACH T B[11512.27.

Area = H \/1 + (dyly)z + (ayzy)z dy; dy,.
Q
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JERG B PR T (RO EATME NS Huih i iR IA A IS XD, P2 e
XS se b bR A BAE AR . IR B3RS O RAME F (2,211 4Ed = 2500~
I, E R IBHA(Poisson) 2K .

u(t,x) = dy Vi > 0,x € R? (2.2.13)

2 J Py + Vo) -y —x) + 1w (y)
dret Jpxen \/(ct)z — |y - x|2

FeAldts, MR E S B, BATAT DORAGARTF A (2.2 D R IL 5

u(t,x) =

1 [ P(y)+Vo(y) - (y —x)+ty(y) d
— y
2ret Jpexen Vet =1y —x[?

+ L J /@) dy dr, (2.2.14)
27e Jewn \/cz(t — )2 — |y — x|?

HpCx,)={(y,r) eR} : 0<7<t, |y—x| <ct—1)) ZRMLL (x, )N BB {(x,0) :
ly — x| < ct} IR EHE . AT PR 045 FAT R S 45 0 T 8 B,
T 2.2.5 (R*P W I BRVMA B HIR). 42 itie € CPR?), y € CAR)FRIA S € C2 ([0, 00)x
R?), & & X X (2.2.14)% & 69 H Fu@t, x) 2B H422.2.1)Ed = 21FILT 89, 3% FTC?*([0, o) X
R2).

YRR > 4, AT Rd A AN . 2d = 2k + DSFE, AT A+ 77 02
XU EHELEL r > 0} LI —4Epsh i 2

k-1

Ut r:x) = (L),) U@ x), Utrx) 1= { u(y) ds,.
r dB(x,ct)
UE A B 580 IR 2 i e A5

2 (o) @ ren=(L0) (Pro).

r

BRI TE AT IR R F B 4L K i, B8 2 WEvans [3, Chap. 2.4.1(d)-(e)], WAL AFI 51 1 RIE K

2.2.3 EENAEARBIER

XFF4EHd > 20055 KB T FE(f = 0), FERE R A XM AREKY, WY Ee, y L%
T (BE AT AR E ), IBAMRE - colff S TRBNE . H—2, M(2.2.9)F1(2.2.13)7]
DA T R A 18 A 3 40 R w TR DRI, T RAE WU S 5 FE R B R N % e = O
1E, ATFRAILAD = 3125 HAEH .

B RE AL T A A R
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EIE 2.2.6 (R3FIP s FEMERZRGER). X E B %EHRd = 3, KA FTAEQL2D)FHRAS = 0,
g € CCR),y € CIR)E=F 8 L X ZEEKBO, RN WHETEHC > 0, RIFHEE >
0,x € RYpx = KA +F

lu(t, x)] < CR*~'(r"! max |@| + max | V| + max |y]). (2.2.15)
R3 R3 R3
MERR. HIERERAA, RATH

u(t, x) = L J o)+ Vo(y) - (y — x) +ty(y)dS, Vi>0,x€R’.
dret Jopexen

AMEUE], AEAEREC > OfEFF(B(0, R)) N OB(x, c)) NI C'R> (BUIXANHARAS AT A i 2R

WREAD: H—H, |y — x| = £ B liar. B AN G R E R A R AF 24518 .

0

bR E AR T34k TR B O /0B EGE 3, (B N AN S5 R SE s AR T H1ME
SRR HSE B, BRATAT AR ASE T B SO /D SR R A 1, 2R W
IR 2.2.7 (RPN T R AR IS ROE ). R Z W e dd > 2, HA2(2.2.2)89W1E w € CP(RY)H
BN FHCHER! LRI, uR TN, WEEFHC >0 (RI&RMd, c) RFNET > 1A

14]
Vx e RY,  Ju(t, x)| < crs ZJ |0y ()] dy. (2.2.16)

k=0 JR4

AP FATAXS d = 31FHUEY], d = 2091F00EPE SR (BoR BRI 2% — 0 .

SHERAIERR. BA TR By A S0, BN — ik My, Fo017E 2 B, x) 352 Bk b Rk
T W oo X BT HUE, BT AFRATT AT LU R By € C2(R®) /2 0 < i < 1, n#EB(x, c(t+ 1) A
fE N1, ERMN\B(x, c(t + 2) 2 AMENE, H|VolH —8 b5 XRERE, 007 FER I #ik R
(g 5 iy TT DAAE 3 IR 1 L 51

STy € 0B(x, cf), RATATLLBE B Ry = x + ctz, z € S2, T HIRE R A XTTLE K

u(t,x) =

t
w(y)ds, = e J' y(x +ctz)dsS,.
T JoB(0,1)

t J
A47c?t? | ypex.er)

T v BARESE, ﬁﬁu&'igloo w(x) = 0. AR A E HAA

[eo]

w(x+ctz) =— J o,w(x + sz)ds.

ct
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TR RE R A AL AN N

u(t, x) = —LJ J d,w(x + sz)dS, ds.
4z Jo Jason

Wfs > ct, BATHL < 57/(c*t), AT

lu(t, x)| < > J szJ ly(x + sz)|dS, ds
dret ) 9B(0,1)
= | ey o wemR
R3\ B(x,ct)
< \Y% dy.
< o | Vvl
[l
S)En 2.2
SIRR 2.2.1. Ku(t, x) 2 4o T A48 2] 22 69 fE
’u—c*Au=0 t>0, x € R3;
(2.2.17)
u(0,x) = f(x) +g(xy), u(0,x) = h(x)) +£(x3) =0, x € R,
HF f,g h CARAL R AE R, T+ Hubd B X A& X
B AR AR KM =4 P A s i — 419 A,
SIRE 2.2.2. KR sE22.6 2 @ A Rkd =2, F AR5 =0, EA A AL MR E A R AE T
lu(t, x)| < Cyt™'/? max ly]. (2.2.18)

£ FRC, > 0RB TR, c,d.
R BN RP 4= |y — x|, FERu(, x)| < 2 max |y] [ e 2 dr
R

max(0,|x|-R} Vi
SRR 2.2.3. XHHu(@,x) =0 HboeC, ye R ST A4, HHoh|y|Z X R,
(1) & H 742 0’u — Au=0.
(2) Klein-Gordon7r 4% 0’u — Au + m*u = 0.
(3) Schrodinger 7 #£ io,u + Au = 0.
(4) Airy 7 4% ou+ 0’u = 0.



54 BE AR s BRI RO IR
o] @ 2.2
IB]RRE 2.2.1. R 22,669 e lF AL, K FRIEMEe =0,y € C*(R?).

(1) A A ARIE S

t
u(t.x) = - J ! J w(x + rz)dS_dr.
27 Jo 2 — 2 JoaB,1)

(2) PE: BEFEHC >0 CRiHy), 130T itk

|u<r,x)|s£<J Iw(y)ldy+J |w<y>|dy).
\/; R2 R2

Q)W 8RT: ()AL RY [ HAR[, "+ [ . HZHp e Eitfe ZRE KM, 3 H—3H,
Fer <t—etft(1)F and, RERe >0 N HiT5 ZiEays

2.3 gEEX: HBERERNBIREEBRE
Xof T e 4 R B 25 18] HR 18 50 5 R AL 1A]

0%u — c*Au =0 (t,x) € R, x R,
2.3.1)
u(0,x) = p(x), Ju(0,x)=w(x) t=0, xR,

PTG RAG W d g ) B RIA 3o 32T ORI — R DL FE P A )

L4 /L (1, %), MRAEIR — s T EUB u(ty, x) KA T HIHE 0, w HIWRER 73?7
2. WRBAMELHHE @, wiEx = x, ML IHUE, 2SR, x), Fiu(r, x) I HUE 2= 5 2500 ?

2.3.1 REXIE RNXiE. REXE

YNE i, > Oflx, € RY, FATE LT A1y, x HFEHE CUFRMEIZ B B9 IT E e $(past light
cone)) U1 R
K(tg, xp) 1= {(t,x) ER, XR* : 0 <1 <1y, |x—xp| Sty —1)}.
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i \
o !
ey b
r/( /

/ \
f B\

ra "D(t0x0)
/ RAd
MIEIRE RARFIAIA AP0 R, TR geil e = 4E5 0, TR R, x,) 56 4 HPIE
FERFALHE TP AR tRE, RIANTR X 45K
D(ty,x,) = {x €R? : |x — x| < cty},

Z XS FRAE BRu(r, x)TE 8. (t, xo) S BIIR X IB . 55— 7T, 76t = t W22/, WHETED(,, x0) 2
BN RIS 350 e 2 VA SR I

FiE 2.3.1. R EBD, € RY, A4 2R RKE FTA 69(1, x) € R, X RY, 1 1Fu(t, x) bR Hi X35,
(RAED ) TAELED)N . XL, x)H R S AARME D, 8 52 KR, 3Lk LH

Fp, = {t,x) €R, xR? : D, C Dy} C R
FATH AT LGN XK - 455 x, € RY, FA1E LARFKFHe(future light cone) J,
J,, ={t,x) e R, xR 1 |x — x| < ct},

B XN Rx IR X8, T WL, FExo b fit 0 A SRS AN 18] P 28 22 A% 30 30 5 o A B e (1) 30
Ji e

N . ’
% /
h rd
N 4
H\‘\ Vd
\'\ .-/
—‘\\ Y EE H’
0 “ /
\ F %
N /
R \ /
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[EIF,  FRATTHASKET HA 520 DX IR X 38 (A 2 a0 T o8 & -
Jy, = {tx) R, X RY : x, € D(t,x)}.

FRAh, 455 R XD, FATH] UE X DRYFZ R X 15y

Io,= U 7
x,€D,
MR FRATE— 8 MG R KA RAAM AR, Bha R I = 4 R — 45 0L — > 22 51
d = 30, u(ty, xo) (AL THIMEAE e X3R04 52 RISy, BloD(1y, x,) = {x € R : |x — x,| =
cto}; Mid = 20, u(ty, xo) VBB KIS T WIELE A Dty xo) W EIEUE . B0, RBHIEe =0, y >
OFEFEAN X 48 D, HUAH B 7, I HAER\D, "y = 0. 5% & x, ¢ D, J-Hid d_.. d._ A kx, FIX
35D FH R 5 ) B AT 37 B

TRIATH
o d=23:
1.0 <1y < % BRI 9D(t5, %0) N Dy = @, BT ut, x0) = 0.
2. S < gy < S KRN 0D(1y, x0) N Dy # @, BT u(ty, xg) > 0.
3. 1y > %= KRB 0Dy, x0) 0 Dy = B, AT ulty, x,) = 0.
e d=2:
1. 0 <1 < 2 [N Dlty, xo) 0 Dy = B, M ulty, x0) = 0.
2. 1y > % K4 D(tg, x0) 0 Dy # @, 8CA ulty, xo) > 0.,
AL, ZHERIRR CHRSERNT, Aol W S A SR IR . IR A 15 R U A
IS FE A X SR S R s . IX I R AL AR E EE B R B (Huygens’ principle). 1 —
YETE AN 2 T, AR AR SR A
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The range of influence for n = 3.

F182.3.2. LEMBTURBAZFHANRRAL, —NALTFHZEF 28 Twiset, ad
FEEFLBHRASFRTE T MB—ANFFWNEEFH#HGHELEN—REK, BALWGRR

e emst, B2k IabmEE, MARARRZAFAFTLE=RZNYT, £RE
ZEER P FRETRAT

232 gEEfhit

RGN G E AE W S T AT SR AL R E I 3, 20T EA TR IR RIA S, TR T REA
S EEAE T, IXAERT TR R B ARV s R N M G A . AEVHRIER] 2 A, #di1e
SR TR T R i AR T B Gronwall AN5E 2

EIE 2.3.1 (GronwallNE T RA). &y 2 [0,T] - RAIE f 69 2638 3% 408 $2 5 3 Ao T~
') < pOn() + y(t)
HF @) A= () £ [0, T]L3E 7 &9 Lebesgue ™ #RuF %k, N A

n(t) < elo#as ln(O) +J w(s)d Sl
0

forall0 <t <T.#AH, FAE[0,TI LRy < dnin0) =0, Nykl0,T] LBAEK,

2R AT TELO, TILRAXELH, RIGHERe > 0, AF1E6 > O O, TIH MM RDIFX
A1{(a;, b)Y, » EZ(b -q) < 6, ?Jl?ﬁz In(b;) = n(a)| < efBEIL. LML LM M “—BOELEE” B

. HL, AL @ﬁmﬂ?LLTME’J CBI 24— AL, H R B 26 0s S A 7 b X ) _E A= - 3f
A JE IR 2 sUMALII FE 70 Wb B 5% AT



58 W A ] T R R R
SEBR. MRS, T
g}(n@k-ﬁﬂ”*)=e-ﬁﬂ”“(#u)—¢myn@)Se-ﬁﬂ”*w@>
S

XUFAEAL 0 < s < THGL. PIESHER R0 < < T, BGER 7 S A 5 21

t t
(e h o0& < o) + J e~ b P0dry (s)yds < n(0) + J w(s)ds.
0 0

S, FATRAM S AR Gronwall A 551
EIE 2.3.2 (GronwalINER I TER). ZED A0, T]1 L Lebesgue T ARk dk, B A4 £3E 7 % #C,, C, 1%
F3 LT R &8 € [0, T1A 42 F AR RS Xk =

t

&) < C, J E(s)ds + C,.

0

|
EN <G (1+Cite), aete[0,T]

A M, FIILFRAL G € [0, TIHER < C, [ &s)ds, MEA[0, T ELFLALSF T E,

WERA. 4 n(n) = [y &(s)ds, WA ' < Cp+C, SHTLTAAL I € [0, TR . o FRAS [F1 Gronwall A
EFw e
n(1) < 1" (n(0) + Cyt) = Cyte,

EN < Cin(1) + C, < C, (14 Cye“") .
[

18233, w EAAREX (LERF A FRATEZREATAE (LARIFEEFTAL) &£
RREERIT. 4k, AMAEFE—NERTEMRG KA A AN, 45T RN 5422 T FTEG
CHEIGENT, BPEMT CHAL AT AT AR SEIREAT LY LS EAS AT A RS
AR XA, b, deRp() % T AR RN, W &AMNET A Gronwall R4 X it
FACHALMRGG Kby o L RIRG R B4 5 A S FER B F 8, R KR b A2 49 A2 P t
1@ R — BAE T B IR B, RAEAEE & 2 —MH XGronwall B 1R F X, Bp

t

E(t) < P(E(0)) + P(E(t))J P(E(s))ds = 3T > 0, 45 sup E(r) < P(E(0)),
0 1€[0.T]
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AP P RTF—AXTHEITAE» S (BRIELRKN) AKX, #H %5 L[16, Chapter 2].

REETIESAREEBRE

X EBTRE(2.3.1), WAV Ee, ik Ve, y € LA(RY), HAETFTImALZEIREI0, B4 n] DAL
W ERLE REE R T o2 S ER), R4
2

_ =1 3
E@) =K@+ P@), K@) := 2J 2

lou(t, x)|*dx, P() :=
Rd

J |Vu(t, x)|? dx,

Rd

He K@), P(t) 7 m B FRVEsge M #46E, WA LLUERE®) = E0). WEA R FEAEE s, RAIAFH
BRI 3 AR o R T FEA By ZAUEBH E' (1) = ORI A,

E'(1) =J

a,uafu dx + ¢? J Vu - 0,Vudx
R4

R4

=J 0,ud’udx — CZJ Au - dudx = 0.
R4 R4

R, ERREESHIE LR 3. DM ERALS 1O REQ.3.1)BREEMME 1. sk
o W wy,uy RTTREQ.3.1) AR RV (@, ) IR, MEAMEEZJGw = u, — u, V38R L AR
iR, ERYMERE, w0 EELIIENE, XRWwREHE, XEVEREZES,
PTG EAE R G EF. R, FATHE AT EM B Q2.3 D)X IME FBESARBE . RIE B
uy,uy 2 JTRE (2.3.1) S BIATAIE (@1, wp) M (@q, w) IR, WIEATHIE D 2= uy — w5 IR RN
TitE, WMEH (@, — @2 v — wp)o M BEESFIEE Y]

1 1
—J |a,u|2+c2|w|2dx=—[ s — w2 + IV, — o) dx.
2 Rd 2 Rd

FTEMINRV (@, — @,) ATy — w, I L2(RE)FEECAAR /N, I AFHER 1, (@, )X NI RERE E() (RIE
XD e —EHRFFRD.

PR RIATER “KFUIR” {(x € RY & |x— x| < c(ty—0} ERIBEE ST A BRI, 1%
ZEVR SRR R4S T R 4R T RE MR N IRAE HRE

FHE 2.3.3 (HIREIBRIT). sksh712(2.3.1), B4 L1, > 0 47 x, € RUEFAig, y i {x € R :
Ix — x| < cto) PR AE, WS R A Bu(r, x) ke T it i RS e R

K(tg, xp) 1= {(t,x) ER, XR* : 0 <1 <1y, |x—xp| Sty —1)}.
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t t:t O ."(XQ, Co)
— /: .‘II\\
'_/ ;‘.- v
_,/ " |x X 0| c(t 0-1)
/, |
/
at some @D

MERR. N IEWHE AR HE R “ARF R B CRIER AR X80 oL = ORIA] . 4
A, R YERd = 1N, RS XIS R Bt X 8] [xg — c(ty — 1), X + c(ty — )], BEFH AT LU i —
HETG DL S 10 R PR

P2 RAIE B IS R ARG R R T o 38 S e(n) N i ZIXS BLE “TKFU 77 B(x,, e(ty—

1) i={x €R?: |x—x,| <c(t—1t,)} LEER
o(f) = 1[ lu, |2 + | Vul? dx.
B(x,c(ty—1))

MIHHE A @, wiE “TRIE” (t =0} X {x € R? : |x — x| < ct,} LIEAFE R e(0) = 0. HILinHaE
IEMe’ (1) < 0, MLAEF He() A S AR TS Hie(r) = 0.
FEVFEE (O, FRATE = BI0FR 73 DX ARORNT 7] 7, i DA SK -3 I G 75 2255 B0, V& ZE AR 77 [X 5

GOl KT XENIXIBA KRR T, ATEW AR, H—4ERATE R 5 HfE.
S 2.3.4. FE—AAFRB QU c RY, HHEAR LG RELEINEGEN N, LR0Q()Z 7k
AT, WA

ij f(t,x)dx:J 0,f(t,x)dx+J' f(@-N)dsS,.

dr Jou Q)

0Q(f)

A, Ll 4gdd =1 B Q@) = [A®(), B()] B, BN KT

d B(t) B(1)
— I ft,x)dx = J 0,f(t,x)dx + f(t, B@)B'(t) — f(t, A@)A'(2).
dt Jae A@D)

PEb 5| B, AT LT

1
et = J uu, + c*(Vu) - (Vu)dx —c - = [ lu,|* + ¢*|Vul|* dS,
B(xg,c(ty—1)) 2 dB(xg,c(tg—1))
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HABRATFIA T AR XL x—x| = c(ty—1)FIFE B8 R —c, X N—4E X [ B L2 A(r) =
xg—c(ty—1), B(t) =x5+c(ty—1).
TEe' (D EE— MRk JA 1408584 (WawiEB.1.1) Al 1S

uu, + c* (Vu) - (Vu,) dx
J B(xo,c(to—t)) N———
=Ei 0;ud;u;
[ 2 ou
= uu, —c- V-(Vu) (u)dx +c u, - <c—> ds,.
J Blxg.c(ty—1) —— 9B(xg.cltg—1)) oN
=Y, 0;0;u=Au
it BikmARIE, 53
cou

et =— ds

x*

lu|* + c|Vul|*dS, + c[

L
J 0B(x.c(tg—1)) AB(xg.c(ty—1)) oN

o

fEf i — I A A T 5

w- @29 <L e+ 24 < Ly + 2 vup)
CYONT| T2\ ON| ) 2" ’
XA DA
ew)g—gj |%P+cﬂvm%m;+j %q%ﬁ+cﬂvm%dsx=o
0B (xg,c(ty—1)) dB(xg,c(ty—1))

IR 2.3.4. LR R EY, AL B(x,, ctg) X SMI IR et B K 2 AT B kA fRu s A ¥R, X
T A AN “RATHRGBEAAREERE” . §EF, o Lie 3255 RA 742
fRey 2 X AKX, ZA A TUAE BlEER MR S, KT KA P A3 1422 — /M F
FiE 235, APHLERAARTARBEM T AL, FNUNFHEur,x) = XN H5REALXLTRE
TLfR, B “MER I EREARIE”, “WAARERZMBOGRELTE” XHFQGER
%o

TR SRR AL B A

MRS ITS (1, x)AEE, BARMAFARARETE, EEERIVIAT LI Gronwall A 55 5
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RAGTHRER NG KR . AN N R REE T

0’u—c*Au = f(t,x) (1,x) € R, x R4, (2.3.2)
u0,x) =0, du0,x)=w(x) t=0, x€ R4,

A EW) = 1 [ 10ut. )P dx + £ [, [Vu(, x)> dx. BT

E'(t) =J 0,u(0’u — c*Au)dx = J du f(t,x)dx.
[Rd

R4

X3 I VA A3 15

t

E(1) = E(0) +J J' du(r, x) f(z,x)dxdr < E(0) + J' lo,u(z, I 2y 1 £ (72 )l 12 ey A7
Rd 0

0

1
< E(0) + sup |[d,u(z, ')lle(Rd)I ILf (@, )l 2ay d7
0

0<r<t

M Young A&, 1FFIRAEES > 0#A

2

1 t
E(t) < E(O) + 5 SUP ”a u(T )||L2(Rd) 45 <J J ”f(T, ')”LZ(Rd) dT>
0<r<t 0 JRrd

T

t
< E(0) + 5 sup [|0,u(r. )|, + 45J J F2(z.x) dx dz.
0 JRY

0<r<t

5T > 0, WX € [0, TP L@ A, HH6 > 0Fa 70 /IMEAS A T i s TR A2 T AL, il A 28]
T

sup E(t) < C <E(O) + TJ J 2, x)dx dt> :
0 JRA

0<t<T

FIREH, FRATTATDAXT 5 FR(2.3.2) . — N 5 e FH2.3.3 B4 5. B 2 B i 2 BIF R AT DAL

ORS J ou f(t,x)dx < e(t) + 1 [ A, x)dx Vi € [0,1,].
B(x(,c(ty—1)) 2

B(x,c(ty—1))

M Gronwall AZEF st il FH BERZ RE “ACPUI A7 BRI RR

sup e(t) < C <e(0) +1, J OJ 2, x)dx dt> .
[Rd

0<t<ty 0
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>&R 2.3

SR 2.3.1. ERIF A HFAEQ2DMRAL =0, Wflie, yHASAX, Fl: HTALGBRET LA
X Tt,x89 % 0X? ERAREG L,

R gx)RZAXNY B A IEER kL ARFTKE> kb9 S ZHArad#i Ao’ g = 0.
SRR 2.3.2. B d= T 49 F 75 A2 (beam equation) £ % R H — A HIE F .

-

w,+u,..=0 in(0,T)X(0,1)

XXXX

Ju=u,=0 on [0, T] X ({0} U {1}) (2.3.3)

X

U=@, u, =y on {t =0} x]0,1].

-

SRR 2.3.3. ik MEEFTHDER, e FTHAEE S AHF —ANABMR ue C(0,T]x[0,1]).

0%u+ Dou—0*u=0 1€ (0,T),x € (0,1)
3 u(0,x) = p(x), du0,x) =w(x) xe[0,1] (2.3.4)
u(t,0) = u(t,1) =0 t € [0,T].

o)A 2.3

[B)ER 2.3.1. # B T =¥ KMk 3 H AR AP A

Cu—Au+uw =0 t>0, x e R
(2.3.5)
u(0,x) = p(x), o,u(0,x) =w(x) xeR.

(1) iE¥: T EXWEOATEE,

. 1 2 2 u®
E@®) := =(|oul” + |Vu|”) + —dx.
32 6

R
(2) %% 15> 047 xy € R, Z LT RH (1), X0) 49 “iAEHIE” 7

K(ty,xy) :={(t,x) €[0,00) X R? : 0 <1 <1y, |x— x| <ty —1},

A K (1, X0) 89 B LR AT(, %,) 1= {8, X) € [0,00)XR3 1 0 <1 <1y, |x—Xo| = 1,—1}.



64 o e el LIE RN e R b g

6
e(?) :=J l(|a,u|2+ IVul>) + L dx 0<1 <1,
B(xg,tg—1) 2 6
JEHA
1 1 2 u6

— —|(Q,u)v — Vul* + —dS = e(0) (2.3.6)

\/5 F(xotg) 2 6
HPv:= % (R7: HHS/(O)H SR ENEEXLL#ITILE, LARZEFAMF 22

x—X

LR #1//2)

(3) A Q) IEHZF AN AL A Fo R B3I —HHE R,

2.4 (EMTHkEERFIE

MR e B AR E R, WU N AR R I MO S5 I A AR RN A A N AR A DR i
AR IEA, R E TR .

mE HE WL AFHFAR| | AR AR

t=t, t=t, L, <t<t, t, <t<t,

SEYVEQAAEE —/NRIXID, fEI [0 B (1), 1,] EXS D REESTEE R, 195

J cp(u(tz,x)—u(tl,x))dx=—JZJ q-Ndet+J2J pfodx.
D oD D

f f

RH u(,x) R, p RMIEEE, ¢ RUIE,  RIREE, f, RAWEEEL . RYE L E R,
FE—EFMT, RiRAESREBEBRIEL, Bq=-aVe, P 3HEE 0> 0.
AR A B, AT B R A B X TR [, 2, AR R XD € QFF

JIZJ' 1) au 1
cpdudsz J a—det+J J pfodx
1, JD t t, JoD oN 1, JD 0
5]
=J J (V- (aVw) +pf,) dx.
1, JD

Rl A MR BR B S, B cpou — V - (aVu) = pfy. MR ¢, p,a HE, HHL k=a/cp>
0, f = fo/c, RIFRIATHE Ou— kAu=f.
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241 BIAMTHEKRBRREZERGIE

WA € REFH, FHEEWI T @) + Au@t) = ORIEAu@) = e u(0). #HHBIAEFIRTT
R + Au = f, W] LRIH AR 3R R I BB () = C(e ARG SRIRC (1), XX ATk i) 2%
AEEZIHE AR (1) = (C'() — ACW)e ™, TRANT Y + Au = fZJ5Hi152]

t

C'(he™ = f)=C(t) = C(O)J " f(7)dr,

0

TMAIE AT AR 52 Hu(0) = C(0). RFERITEARFHRE WM T8 + Au = fRIEREE T

t

u(t) = u(0)e™ " + J e A= £(7)dr.
0

AT, W R BT R L EA (AR R BT EEE R (20 kiD),
WA BTTRERA BT B T TR BA M ERER. TRERA1R B R & m fe 518 T A+
HHAEFIRAT FEou — kAu = fIIfR

u(t, x) = e""*u(0, x) + J ekI=DA £(1)dr. (2.4.1)
0

F AL e BATEATRPE SR BEIE (= A) XA R H A ER L S 5R R
JiRERIAE AT LS Ru(r, x) = eM2u(0, x)IIfET SRSk b, X AT DU I 5 R A (8 57 AR HOoR S .
g A7 AR St R 2 R R TR T T R R L TR

2 RS A ke SR AR 7 7

—kAu= f(t,x) t>0,x € R?
ty — kau = 1. x) (2.4.2)

u(0, x) = @(x) x € R,

B AT A A, IR E S EMNFCAEN. AT EAAANLERIE, RN
fHep € SRHLLEFIHEREL > 0B f(t,-) € S(RY). IAEX xS AFE L A8 e, FEidu(r, x) ) E 7
ARG, E). YA RRC. 1.3(1) 1R N5 T 13 1oy )5 Fe

i, + k|E[*a = f(t,&), a0,&) = &)
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PIATRLLEE (BRI T30, AR RS (M), X RE AT ST PR H AR A

i(t, &) = eMEF p(&) + J f(z, &)et=kER g7
0

BLAET QRS AR, R @ C.1.3(3), BI(f8)Y = — = (f * &), T LALRTFulyR LR

4
(2m)2

u(t, x) = —— <(e—tkI§I2)V " (p> (x) + —— J ( f(r.-) = (e—<r_f>k|¢|2)v) (x)dr.
(27)> (2m)2 Jo

IR 2.4.1. M & AC.1.3 (1), &AVF B ZAuE) = |E]20(8), B Hode B HEAT <R L7 eBu 1= (e a(&))Y
(2 'V 3tSchwartzd 2k XM AT A7), AP A Z AT RAVIAA a9 & 2 X(2.4.1) 300 2 R 3 3%
2T o BTk} o MARERFF, e Cubl AR Au(0, x) B R #R . RIRETLTATFEF H
Mo MRILZIL, RALTUARNTEAT L “BXAF 2ot T#” (FIF ERZBKBK T B B F= 947
¥ 9 Littlewood-Paley 32 ) , X /2 JUAT &, 4% 7 A2 69 47 50 o AL 248 2

PUETRAT T B S el il e C—0kIEP [T AR e, X e T N s A% (L
PR NF R IES AT B R BD ST R ) B s iz e .

x|2

33 2.4.1. 4 B(x) =1, MA dE) = D).

WERR. EAIRATE R4, JEME LT

_ixe —% 1 d I i) -2
e rdx=—| — | —e e 2 dx.
R A 127[ R dx _15

&) =

sl
)

IPEBAR Iy IR, 13

1 —ixZ;’ _ﬁ 1 1 _ixé .
—e ™ (xe 2)dx = ———— | e (—ix®P(x)) dx.
R

;J
V2 I 8 N

fEemiC.1.3 (D)F, EA0ET —é“i@(é). XFERATEAF B — AN 7T AR RO 18 5y 5 72

b = -

464 ED(E) =0, OO) = L J d(x)dx = 1,
R

dé N>

IR R D) = o5 = (&), X B0 I L& M ES M (SI2.4.1) |



2.4 AR AT o
XM d > 1, BATRIH |x? = x3 4+ - + 3 FI— 44 R 195

d &2

d 2 7
(I)(f) H \/% JRI e e dx; = H e 2 = 0.

J=1

[]

PR T e = o — d(y/2kas), FERIATBIC.1.3(2) AR PE T (24 = 1/v/2k0)3
cE

=2
e 4kt

2 1 b
(D(V2ki£)" = @

(V2ki)! (\/2kt> (\/E 1y
e R B FRIE, HAAZTHEQ42)FEVME . IHII N Schwartz bR BN #1040~ Rk =, Epk
FAEAMA AT (Poisson formula).

u(t,x) = I y J e ‘x4kr o(y) dy+J ;"J e z(fﬂf(r y)dydr. (2.4.3)
(4rkt)z JrR 0 (4rk(t —1))2 JRY
AIFRK (1, x) = ; kl il SONRIRASTIZRRAR, B ERE. T, A1)

ﬁ%ll/)?lﬁ%fﬁmschwartz@iﬁﬁ’l THOLRAS 1T REMEIRIE S, B 53— T T BA A MM 2 3 3k 5K
(2.4.3) B AR ST FFATE e, f(1, ) HIZERNE A Schwartz b B 4 58, FSL L, B e
FINESEREL f € CAR, x ROFA B (5™ IO UE T PRI T %R 1K), BATFFERT LA
RAERIAK(2.4.3) % 7 ATTEVME I (2.4.2) KB R, (HIE AR AL P

242 HRSREEIMERR

AATEIAUE E— N IR RIS MRl FELRE, [ e COR, xROAAELLE,
WA 2.43)25 T HRTTIEVME R B (Q2.4.2) B FME. BARRUL, FRATAT LR AR AR B A ] 2
MIGIE: f=0,p#0F f#0,90=0.

T ARIRATN A B B A TR A i
Rl 2.4.2 (BIZIIER). 4 K@, x) =

Lo A, A e R A

(4rmkt)2
K(t,x) € C*(R, x RY) B/ R, x R? LFEA IE;
st &> 0and x € RY, #H9,K — kA K = 0;
MAEEr >0, A [, K@, x)dx = 1.
RS > 0, :?kﬂ]il‘tllra [ix56 K&, %) dx = 0.

e
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FERR. (1. (2) WTUAEEHEEE, HARFAGR . (3) (K5 B AT LA 2500 5oF A5 B s 4 52 1l o
Aoe = \2kt, WK, x) = e9®(x/e), @(x)-(\/% 1O(x). FRERANMEB BBy = ex

y=x/e, dy=e"¢dx

J K(t, x)dx = id[ d(E)dx J d(y)dy = 1.
R4 E Rd & Rd

(4) (R R 2RAU, TRATHGE (x| > 6 ST |y > e'6 = 6/ 2ke. Bl

J K(t,x)dx =
|x|>6

1 J P
e 2 dy.
(V2r)d Jy>—=

- 0,H ‘;t — o0. AN ® € L'(RY), #ilebesguef 7 HI4a Xt ZESE S, (HENE (4) &AL,
]

UAETT LAIERR T 4518

EIE 2.4.3. X FH5 Q428 WMhe € CR)ZRHF4, RBRASL =0, WdadnX243)4Heh Rk
X2 AE ) AE(2.4.2) 89 A R

JERR. #RIAIAARE
u(t, x) = [ K(t,x — y)p(y)dy.
Rd

SHE R IEHS, EiR& A SRR E X {1 > 6} x RY_E & —Se sy, R AE I X sk _E ] DL B2
LR GRS . ari2.4.2(2)FK Ho, K — kAK = 0, SR FEXHME R € 1 > 0

0u — kAu = J (0,K — kAK)(t, x — y)p(y)dy = 0.
R4

BN RIUE: XHMEES EMx, € RYH lim u(r, x) = p(x,). KPR [0 K, x)dx = D o(x)'5
N
P(xy) = J K(t,x — y)p(x,)dy.
Rd

BRI RHE R IS > 0, BT

u(t, x) — e(xy) = J K(t, x = y)(o(y) — o(xy) dy = J +J :
R4 ly—xo|<6 ly—xo>6

SLebesgue 4 (ARTELPERA: £ € LIRD, MAHERe > 0, FEERAKIR, ], 1S dy <.
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K Hy, BATRI oA At Gkle(x)| < M) FifE2.4.2 (4), 153024 — Ot

<2M

- 0.

J K(t,x — y)@(y) — p(x,))dy
[y—xo|>6

ly—xol>6

X HE—E, AT U oS Fs2 b, BOA{ly — x| < 6} ZEE, FrlloE{ly —x,| <
8} bt —HUELEN . K, (£45e > 0, TATLBEIK RS > OfE 3 R By —x| < 630A o(y)—p(x)| <
e. XFE, H#KR A I EA

J K(t.x = y)(@() — o(xo) dy
ly—xo|<s

SEJ K(t,x—y)dy =e.
R4

]

IR 2.4.2. E@REARAXRLH TQADGHRME CTVGER R R— A R, WEF
L FHREAET SARMAR. Ad=1,0,f = 0HP], 402 LB E o, x)b ik LK IAL

oA\ exp=1/) 120
”“””‘%(5) 105 (00 =3 N

A APAZ AT, A TLERAE R TR AR R, H ARG IR RRE T .
HEIL 2.4.4 OUIFRANL). &R E2AIGMBRT, wiadN X4 HMut, x) e C°(R, xRY).

WERR. 4> 00, FATAH
0%0u(t, x) = J 0%0/K(1,x — y)p(y) dy.
[Rd
Hx b, FOANTAEREIESE 6, FRAEX AR SEXIE {r > 6,x € R} _E—8ullcE, Fitnr
DAERS RS, BT K@t,x—y) 2 t> 0B EF KA, #ut,x) € C°(R, x RY). O

HIL 2.4.5 (LIREHEIHERE). R 7 42Q24.2)0RAf =0, WEpARLEMIERARELE I, LA
fx, € RS > 0113 KB(x,, 6) ABAEL A E, W3HEZFr > 0,x € RY, ® AN KL H69H
Ru(t,x) > 0.

WERR. WS R BN 2 30 B A K A2 TE N IR pR 2 O

EIB2.4.3. FE—ALFTKOGHFT LOBRELF. LR, BEmEARER T T4FT LY
— N ERT, BRAE—FIENR, RERE LY KNI EE— R, XRRATAELSES TG K
TR KA Z—
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2.43 AFEHHEMR: TRERR. ElEM—t

BT RBAME f = OFF 1R FATTREMAEL —> ool [T JIE 2
IR 2.4.6 (ATTIERIZEHUEZ). &K u(t, x) A B ARAXN(2.4.3)% H 69 742(2.4.2) & f = 0Bt 69 /%,

L. #&o ELGWLWﬁthN<O"MA¢wNy
2. Fpe L' RHEA(|E <1} FAPE) =0, W #E#HZ|u(t, x)| < Ce™ .

WERR. ()P PAE#E Hu(, x) = (K(, ) * @)(x)TFE]

|u(t, x)| <

_ =2 C
J e W |(p<y>|dysd—/zj ()] dy
(4rkt)z RE N—— t Rd

<1

with C = 1/(4zk)?/2.
Q) FIAIE B R E B Bllu(r, x) = (A, £)Y = (e &)Y, TRH

|u(t, )| =

j e HIET () dzs‘ J e IEF | ()] de.
R4 R4

(V2r) (\/ﬂ)d

FN @ e L'(RY) HE{|E < 1VRIEHQE) =0, LR EEFEWT LA

—kt

lu(t, x)| <

j |¢(§)|d§SCe""J P(&)] de
(V2m)d Jigiz1 R4

HiC = (V2r) [, 1p©)] dE. U

SEIR 2.4.4. LR 4E R A B AL FORR B — R AHOGE), ik B FAMOE T )R K — 2, @
YAMARARINR 0 (B L ZZBE = 0), KATVHEFMR LA HBE TR, XTI
TRALFMEG, FRLE, IRGTANTEGRBNFAZTLETE, RITEGNFZREH
T, mEshHAEN A ER . SR TAERG, L@RRI G BRI ALAFALE
3t BT, BPEEA RRBA WA RAAFHGIAEF T RATT AR R 5 & T2 A E5M7
B L2 B A5 R R R, M T AR AR R AR R 32 Fo (— A) 45 AR R 2L 69 P R R IEAF 2 A9 45 R R .
TEEEEEATFE,

BT FEFNFATTRER 73— AN X A2« ﬁijii%*TElT%HTﬁﬂﬁﬂrjﬁgih[]iE HRHTEARE
R, WREET > OFf ZIfRu(T, x), FATR TS 7 LUK A B )13 1] (time-backward) [n] 20K 4]
fHu(0, x)IEJF H Kk ? XX ATTFE A IEHIY, Hfﬁﬂﬁﬂr]*“7?$£_Tklﬂﬁﬁwﬁﬂﬁ¢XT%Uﬂﬁﬁﬁﬁ§ AR o
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B, FRER ja)

u,—u,, =0, (¢,x) € (0,T7)x (0, ),
u(T,x)=@x)Vx €[0,z], u(t,0)=u(,n)=0Vt€[0,T].

Xtn e N+, HAlille,(x) = — A ln - ool He,(x) — 0. SRWHAI AT LUERu, (1, x) =
genz(r—o, Mn — +ooltf, FATERMEREMNL < T,u,(t,x) - co.

JAE AT RE IR I TR 3] 7] I R AN 1Y), AT W] DR BT R A 5 B B e ME—1%, B
FrIX A [F— AT R PR RAET I 2056 5%, A SN EET I 2 2 /it 58 2405
AR 2.4.7 (fBlAME— k). KQARIF AR R, AR HIQ. &o,w € CAQ,) (L5 LM FEA)
R4 T I AR iR

u,—Au=20 in Q

(2.4.4)
u=g(t on [0, T] X 0Q2

EEREx € Q, AvT, x) = w(T,x), WEQ, T EHvV = w.

XA AR MR B A B IR (FEJR S| 22D, (H2 BT RATRIELIGE
ZIMAE R, FTAAIL O \Qp LIS BIEARSE 3 . AT 8 FH R BRI i 45 10

WERR. %e(t) = [, u(t,x)?dx. FAVIAE R KiEe(T) = 0Fle' () < 0, KRS L LA Ble@)1E X
[B1[0, TINTE N . BUEIRATE — B e BIflith, HEHHE A

e(t) = ZJ uu, dx = ZJ uAudx = —ZJ |Vul|? dx.
Q Q Q
R — IR AT 2
¢ (t) = —4J Vu - Vu, dx = 4[ (Aw)(u,) dx = 4J (Au)? dx.
Q Q Q

H Cauchy-Schwarz A5, AT HE
@) <ee’(t) Vtel0,T].

DLTE I RIEVEUE He(r) = 0. He() SN, WRBAMBREAFEL <1, < T, 137E[1,,1,) C [0, T]H
He(r) >0, M 241, <t < THHe(t) = 0. BAEL £(1) = Ine(t), NIl

') ~ ? o
()

'@ =
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I F P X ) _E R B AU T A R BEEIIn0 = —co, MBI fE. HAKML, (EHs,,s, € [t.1,] LK
A€ [0,1], FATT LLUEEA

SUs; + (1 =A)s,) <Af(sp+ (1 - /l)f(sz)ﬂ}> e(As; + (1 = A)sy) < e(s)) e(sy)' .

AIEREL 5, = 1, FAVEEIIERESs, € [t,.1,) A1 0 < 4 < 1, BALAZERe(As, + (1 — Dt,) = 0, XF
He(®) =0 in [t,,1,], T )& O

>k 2.4
IR 2.4, GEH: [Ce =
SR 2.4.2. AAF EF T A a9 R4S R

(1) Ry>0, 7 HF,&)=e VX TMELEE € ROMF 2ot iZ T,
(2) HH I TAER A MG T XEE X

ofs

uxx+uyy=0 x€eR, y>0,

u(x,0) = p(x) x€E€R,

Hbge SRBL R,
(3) iEH: AEFyY > 0F [, lu(x, y)| dx < [, [o(x)] dx.

S)5 2.4.3 (Cole-HopfA5#t). ita > 0,b € REAZ 453, KMo T MBI AL,

ou—a*Au+b|Vul>=0 >0, xR’

u(0, x) = @(x) t=0, x € RY.

R H o= A BRI,
SIE 2.4.4. Kf#EAe T b Burgers 77 #2

u—au, +uu, =0 >0, xeR

u(0, x) = p(x) t=0, xeR.

X¥ae RREL TR

R FiEo@,x) = ["_ut,y) dyi#h Ly 74,
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SIEE 2.4.5. 40 T RAA R A, x) € CAR, x R 8 & K&K X

U/l(u)
ou— Au— U,(u)|Vu|2:O t>0, x eR?
u(0, x) = p(x) t=0, x € RY,

HEP O0<pe CRHAFRELHE, U : R > REXBHHALHLU > 0.
T FJEu, x) = Uu(t, x)).

SRR 2.4.6. KMAKELF AR, EPi=vV-1,u: R > CREMAEAIHE, o € SRY).
iou—Au= f(t,x) t>0,x¢ecR?
t 1) (2.4.5)
u(0, x) = @(x) x € R?.
247 FEAMEF IR u—Au=0,1€R,,x € R

(1) BB : Fult,x)ZZ T A2, W EZERT KA e R, FFu(A’t, Ax) 42 % 7 A2 69,
(2) Kl 2R dmu(r, x) = v(|x|* /1)) #E o
(3) EHQ2)F A —AMEK (1, x), A AAE L > O A [, K1, x)dx = 1.

jo)’R 2.4

B8R 2.4.1. #H 4 T REA FMut, x) € CHR, x R)# T X £ % X

u—u,=0 >0, x>0

3 u(0,x)=0 t=0, x>0, (2.4.6)
ut,0)=¢g@) t>0,x=0

H£¥ge C'(RAR, HikZg0)=0.

T’ Ao, x) = u(t,x)—gt)FF 2 Lo, x) Mot x)EFE eyt ia, KRG R AN X EKED.
[EIRE 2.4.2. #Q C RIRAREBAARF AR, ut,x) € CH(O,0) X Q)N C([0,0) X Q) R4 T 742
9 fE

ou—Au=0 t>0, xeQ

q u(0,x) = uy(x) xeQ

u=20 >0, x € 0Q,

.
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A uye CAQAE R EH: BEFHKa>0 (RFREBAFHR) 73
J (u(t, x))* dx < e“”[ (up(x))* dx.
Q Q

R HHRRERQ, 5[l =0, WLAAEFRC > OEF[, f2dx < C [, |VfI>dx. &H L fT
AU EMT “BiRp AR R LENIAFR,
B1SR 2.4.3. fLf # 089 TFIEH(2.4.3)89 4536 (HBHMEAL 2 Fr—&AR).

R ke =0. THEFou—Au= [ [, K(r,y)0,~A,) f(t—7,x—y)dy dr+],, K(t,y) £ (0, x—
y)dy. REH [ H s, [, *6H 5385
P& 2.4.4. FEZ AN M A AZOU - AW) =0( > 0), x € RV L Fu>0, H#y > 1. FEM 4T
Eb)

1 (x
u(t,x) = t“U <Iﬂ> .
(1) Fa+l=ay+2p,iEW: av+ Py -Vo=AW) =0, LFy=1r"x.
2) BV EHT, Fa=dp, Lo Z2®&4, 71 Hul, x)8 &k X

iB]&h 2.4.5 (Laplace /72551 : Burgers /7 FE I EAL I FR). 1% % #e > 0, & JEA5 M Burgers 7 #2
ou —edu +udu =0in R, X RY, u¢(0,x) = @°(x) on {t = 0} x RY. (2.4.7)
(1) AU<(t,x) = [7_u(t,x)dx, @ (x) = [*_ (x)dx. B KU, x) R+ Huc(r, x) 9 R E K. (R
T Ubh R FHAET VAR 5] A2.4.3k KR, )
(Q)* &k, : R > RRESLH, FESERMEK, kES kK, BELEC >0, {247
|x| = oo, |k(x)| < C|x|>, [|£(x)| < Clx|.

FHBIX G EE—y, € RIEFL(Y,) = lim (). JiE B
Y

£(y)e* /e dy
£(y,) = lim Je
£—0 I[R e—k(y/e dy

3)* RQ)& T kit H LA Burgers 742 (BP(2.4.7) e = 089K L) 9%,

SEIT 2.4.5 (WL W7 (K Laplace /i), E#F 4R F, KMABEHII(x) = [ f()eO dith
% Laplace®R %, F+H K HfAx —> ol QBT A, BAME, EHH h(t) £ [a,b] XA &1, &
BRKAE, H x> oo B, HERH O EHMARBHRAE 1, MILRIW [0,b] PRHERTEXFS,
PR VA Laplace #2809 L&Ak K B ¢, ML K3RAIAR. YR KMAALF = a & b R, LAHME
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WH, Ridikia X b R—RAMAMIMAE, LESHATRATEYR LA, 5RESRFHH
EEHE f(1) £ 1, HLPES .

SFexp(—xh(e))

FRLAMA
S EEKF [a,b] F, W@),H'(0) AELS, K0 #£0,/'() AEES, [(@)-f0)#0 MRy

b
I(x) = J f(t)exh(t) dt=0 (lex max(h(a)Jz(b)))
a X

Bt — 3 BATT VAR % £ AR 09 7 L R FF
EIB (LaplacefR7rE ). F T 445

b
Hﬂ=[f®&mm X = oo,

BRI [a,b] F, W)W BEESE, K@ =0h@)<0, ko SHRAME, K@) ELRE
ERAT: () HEES, f@)#£0, ENAHLEFR

~ xh(a) —7T
1(x) ~ f(@)e ¢;;;;

A kT A — AT B A AR, BEEI(X) = [ f(2)eDdz, B¥ fh € - CH
bbb BB, CHR RN IEIE. TR fix > coll BY#IET A0 7 kAR T EE (UK
“UERT), RABHATESETERARLHE (Pl dHH, AiydRE) HFATARNESTE
B, RSN A E S WAL R R B P KL, LaplaceR 9 R I, RIET Mk, WA
B @ A LA E AR 4 SRk R LK LA AR R AT BT ik, BA S .
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2.5 BIHEWEIMFGE

HE B SL AR R SR AR IR FR S 18] R iR RO RE RS, BRAT TSk B 2R S 7 (A I E S 34
R [ BT A5 2 A RS AR B RIE e AR iR A 15 w] DAHET RISl 5 fE B ? nik
e, A AL AR HORAG IR 15 5 2 AR I 2R R B R A (2.2.100 ks A (2.2.13) R & 7
FERTREN 5, PO BAE BRI _EAF I AR A B . BUAEFRATT 5 8 QT A4 [t

0’u—c*Au=0 t>0,x € R,
2.5.1)
u(0, x) = @(x), 0,u(0, x) = w(x) x € R’

N T TR S AR, BATAYHER Ko, v € SR).

2.5.1 FHIEHIKHE
WLLE AT 3 77 P e B xR A ST AR e, T 2Au, &) = |E1Paw, &), TATaAa B — A%
TSR0 TR B 2 O R
O%it, &) + > |E)7a(t,. &) = 0, (0, &) = (&), 9,0, &) = W (&).

ERT RLFFRAEZ TN A% + ¢21E7 = 0, IR A, = =ic|é|. Bk, FEI7 VA RN G Al i3

sin(ct|&])

a(t, &) = cos(ct|ENP(E) +
c|él

(). (2.5.2)
BN R B S S AR M, X DA RE RS O T RO R, AT SR ERATA B
Wd = 3MMF0L. BHROBEM— PRI 5 A58

SIIE 2.5.1. AS?AR P ey E{zskdm, 0

sin |&]
&l

iJ e tEds, =
4 S2

T
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IR B AR g B Fsg BE s 7 ARk b i i GE AT dog. ) R E AL AR

sin | &
&l

BUE A B BB AN 51 B RROL, ﬁ%&lﬁtﬁﬁ““(T;'f')w(é)ﬁ’]@iﬂhﬁﬁﬁﬁ% ¥ &35 Ficre, FA11H 3

dow(&) = (V2m)(4n)

sin(ct|&]) . sin(ct|&])
g V= g

I R P A0 ST A i ) (e 4 1 i (il CL 1.3(3)) AT 43

S (@) = (¢ w(é))— J @Oz S = (1j(&))(V2r)’ dog (ctE).

S2

1 —
——do dB((0), ct)(‘f ),

dog (ct&) = o

TR
sin(ct|&])
c|é|

B e L AR S R BT (A RLC. 1.3 (3)), A 115 2

sin(crlél)
( e (‘5)>

J ry(x - y)dsS, =
0B(0,ct)

¥ (&) = (V2x) WO d@ 0 (©).

= ) (45000

1
"~ dx(ct)?

=+ y(y)ds,,
dB(x,ct)

T 3% TR 1 2 H2 R R A R(2.2.10) T HHy TTER 93545
FAei, FATW T UL B cos(et|E)@(E) AL AR, FHaz |, X N TR Blcos(et| €]
{45 T, (SllEDy N7 37 T 45 B R EE e A 30(2.2.10)  H o Tk B 43

clél
(cos(ct|ENPE))” = 9, <Sm(“ lsD A(g)) =0, q to(y) dSy> .
|§| dB(x,ct)

RN ZA G W UE] 51 BE2.5.1 7 o QR  ELRR VSR o T 0 L A 4 S AR, TR A e EIX
IR AL B ARBRAL, SR A T EMI AR B T REAE R . O T S AR AN IRHE,  BATTRT UK 1]

1
47 (ct)?

J ty(y)ds,
dB(x,ct)

SRR, WS € LI(RY), R EOMEE, T TaT DU e ST A5 4t
aE) = (\/ﬂrdj e dy(x),
Rd

RAMB R E SCERUS * 1)(x) = [ga [(x = p) du(y).
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BEHFFN0,0,r), r = ||, R AT LA i A 45 94 [ bR 500 0 7 - AR 4 o 171542 i) B 80 ) 49 57
AR WA IR AR A R (SIREC.1.3) . e X pifhas, (5 AT 45 R .

SI3E2.5. 1RVIERR. WT R AR — e A8 (RN AFERE),  H T IEA 5 FRa 28 & e 7
(T =T, TREATH

. /=712 . ’ T=T* . '
e ¢7dsS, e TGS = 7O (4S,,
S? S? S?

XYL BATTAT AT ) B EWER B 5 2, 5 P AT I [0 B0, 0, r), 7 = | & BUFERE A FRHEW] — [, e @002 dS .
ik, FRAE A BRI S L5 EERAAHR z, = sin@ cos ¢, z, = sinfsin g, z; = cos§, FH1 0 <0 < 7,
0 < ¢ < 2rm. BT HM H C A5 IS Jacobian Ay S, = sin 6 d0 dep. T-7& B 5 FIFR 43wt A8 Bl

ir

2z om 1 ir _ - .
LJ e_[((),o,,).z dSz — L[ J e—ircosé‘ sin 6 do dd) s=cos 0 lJ e—irs ds = e 'e _ smr‘
dr )s 4z )y Jo 2 ), 2ir r

2.5.2 gEEMITIRIE

A FAMESL AR H T %, FATFRMEFTLHEBERE EQ@) := K@) + P() £F1EE, HP

K@) := %J (Qu(t,x))*dx, P@)= C—;[ [Vu(t, x)|* dx.
R4 R4

HE—2G, AR LE I M Al - +oolff, BHAEK () FIAREP(r) 2 Wil 5 70 1), E']}E{},K(’) =
lim P(1) = E(0)/2. [ FRATAE I RR2. 1.4, XN WME R A B SRR —4E 7 R AR B 1 2R &5
W, UE IR RS AR TR A XM EAREEE BT E . (HIERNE EHPIME
seSchwartzbf 5, HAWBARE, MHART S EHNRIELWENE 4, RPN —4E 1
BUAR R 795 R R AN T o BRI, FRATT A R R B — AN AN T30 77 R 1) B s 3Rk S 7
%, XA IR “Re i o IR B .

MAERRAN S Gra, &) RIFIE X UL S AF A7 A8 4 1 1 o2 (i LC. 1.3 (1) A1 5 #EC. 1.8 (Plancherel {H 5
) AT UGS

K(1) = J (= cl&] sin(ct|ED@(E) + cos(ct|EDP(€))” dé
Rd

| =

J 10,0(t, &) d& =
Rd

N | =
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LAL

c2

P() =—J €17 |aG, &)1° dE =
R4

2

. 2
- %J I (cos<cz|§|>¢(§)+mw(§>) de.
[Rd

clél

WAEFRAMEEK () F P ) — TSR R] . Blanshae K (1) 7] LAS Ak

— cos(2ct|&])
2

1 + cos(2ct|€|) d

+ (&)1 >

1
K= | clePloer ;
R4

- i J c|El(@©w (&) + w(&)@(&)) sin(2ct|€]) dE
R4
1| cterio@r + i a
R4
- i J (*IERE)* — [W(E)?) cos(2ct|E]) dE — % J IE1( @O (&) + ¥ (&)P(8)) sin(2ct|€]) dE.
R4 R

I, WA G EC.13(DAEHC. L8 K IR G — M5 AU E TR IFF%ET E0)/2. 1M
EARE AT S - oIS B E, X7 Pl HRiemann-Lebesgue 5| BLUETS . FHs5C b, FATAIM
B Ji AT B P IUASEAT [, (&) cos2er|E]) dE B [, £(&) sinQRer|E) dEMIEI, HFf e SRY).
TATAT AR Mo HoAb o], BI4E = rz, Hodt r = |€, z € S, T

J f(&)cos2ct|&])dE = j'oo ri-! <J f(rz) dSz> cos(2ctr)dr.
R4 0 sd-1

K Ayrd—1 Igd_l f(rz)dsS, M cos(2ctr) TR R, B AFRA4S & — 41 I I Riemann-Lebesgue 5|
F(fr@iC.1.3(4)), Bp

Illim J f(x)cos(xt)dx = |llim J f(x)sin(xt)dx = 0.
t{—o0 R t|—>o0 R

Xk T lim K(1) = E(0)/2. K@) + P(t) = EO)&jfaE, B Alim P71 HAE T E(0)/2.

B 250, RBEOARATRRAEH—ATIEE. FEE, KANFRBHLLEEN kP
TR, TOAHEMLEOTEERES X (BEXLLIFR—AHAGRTRE), @M
FORNRH B H A FRH XERTOREY (Blhofpsi £, KelvinE 85 %), X0 57
RAE B A ARG K I AT AL EL T K AR Mo AT % R Evans [3] $8. 1294040 %5

-

o
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Sl 2.5
S)E 2.5.1. # EBR P 89Klein-Gordon 77 A2 49 #7144 =] #

u, — Au+ m*u =0 >0, x eR?

u(0,x) = @(x), u,(0,x) =w(x) x€R

HEF g,y e SRY).

(1) RXAFE E@) =5 [ou@)? + |Vul? + mi? dx. iE¥: E@)AFEE.
(2) MoFey 5 & o945 ot T Bea(E)hy & & X
(3) EBA: im Jga IVul? + m*u* dx = E(0), #tmi% 774248 fie 2 # i 3 5 JR 2

lim 1[ |Vu|> + m*u*dx = lim 1J (u,)* dx.
R4 R4

1—>+00 I>+00

R BF T E # 3 4% Bl Riemann-Lebesgue 5] ..
SRR 2.5.2. FJER? 49 A T AL

u—Au=0 t>0, x eR%
(2.5.3)

u(0,x) = p(x), o,u(0,x) =w(x) xR’

iy, o A% LAFRE, LXEEZAKRBO,RA. WHREEQ)=E, X FE>0R %W,
& X Az 77 (Virial potential)

V() = %J lx|* (10,u(t, x)|> + | Vu(t, x)|*) dx.
R4
(1) 3£ : HEEr > 0A |V (1) <2E(R +1).

(2) }ﬂE%ﬂ?tligrn V" ()69 B AR,

jo)’R 2.5

[B]&k 2.5.1. # j&Benjamin-Ono 7 #2

o,u+ H(Oiu) =ud.u, t,x €R



2.6 RGN 81

EP KRB u=ultx): RXR > R ZF/A4, LA EZEr > 0Fu(t, ) € S(R), HAZHilbert % %,
LR H: f e SR), AH)E) = —isgn (&) f(&).
AMBAR €40 5248 8 Hilbert E 5 R A R M A H. 7 LE@) = [ (. x) dx, iE¥: E@)A

TiEE.

Y e %~
2.6 *EFZTSEN

5T 15 7 R AN AT R S R 2R R AN [ 32 R R 9 O B LR AN . (B, B2 T
AN B TR T Oy 12, BRI A T LU ), —F MRS RE RS0 o)
OG5, A4 MATHE— S5 1 =% SR R FIVE 2 A RA TSN HEHIRS (oscillatory
integral) JX/NE R AN AT AL 70 A th AR AR B ML &R 2 th EIR R R A e . st b,
(6] HR PR S R R MR S RE AT SE 15 7 AR IR0 v LS AR R AR R 3, AN R B AT IR L
(R — Bl 5, dErin] AT pde R . Bt 2D, 3 A AT T AL s o 00 5 10 R S et AR
oo BNy REXT MR, B E V7 REX LA T, I O )R S I A R ) S i A A G
Tz A 2 AT AL RAEE, B2 ADTEMRAETRITE, 2R 0 1EEE R 5
WINOG3). T HE T I B RHEk 77 RSP A, R AR LTI SR, 10 T — A R e R %
(7 T BB St A 1 S s 2 L B 2 1 7 PR AR O 7). AT A P IE W] i — s

FATiCw, v T RN E v T RE RO, HerP g 1 T R IAIME N, BT REF ATy = 0,
¢ = L MIFATAT BLE RS 5 R A ) 18 2 A2 ik

i(t, &) = (&) cos(tlE),  0(t,&) = e (&),
PEAE LI AR 4 (AT 2SR e A 2 (Y R E0

0= T 5| = o

+ R4

umw=J 5 KRG8 dE.

Rd

A, AT LS AR S 2R AR I

1(4;1,%) :=J e PERy (&) dg,
R4

X HE AR O NIE R E (phase function), FRy AYRIE (amplitude). —Fk U, FAME Ry —REFER

BRI R R AT B A @ A ] Z 1 2R B RE AR R4 — oo T AT
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2.6.1 FHMORRMAIT. BIHEE
AFATHA 17 e e fil B0 — R A

I1(}) = J ey (x) dx, (2.6.1)

R4

Hd e C2(RY), y € CX(R)ZLER KA, HAYIREO € Spry.

JEFEHRSE (non-stationary phase): RBIRFIRTEMZIMATRK
LA R E QKA Im A SN, BIEER e > 0, I3 XHMER x € Spry HBKAL |VD(x)| > ¢ > 0.
BRI BATTUE B 40 T 451

Rl 2.6.1 (AELEARVE). 2D € C*RY), y € CXRHR LR BE, LELF He >0, LFMIEE
x € Spty #RA L |[VO(x)| > ¢ > 0. NIHEBZEN € N*, AR A £ % ey > 0, 143

Vi>0,  [I(A)] <cyi™N.
HEBA. MEEWRAEIRIE, AXMEV AR OSBENDEE: i “JEPR U #ais IR+ A1 X
WEET— AN EE R RS, HRU4Esd = 119G, FRATFRNE

di(emcp(x)) _ Mq)/(x)emcb(x)_
X

FrLMRAHTL = —— =, MR HIFFI L) = 40, 4 i 1T 15

iA@' dx’

i1 _ | L ey _ | I ed 1
L{e wdx = L@ D ")Yy(x)dx = JR Me o <q),(x)w(x)> dx.
1M H @' (%)] > e, Fﬁuﬁiﬂ‘]ﬂu#%ﬁmw(x)ﬁﬁi%ﬁ%%@@iﬁ, MEZW IR, /FH04AN)H
A ERTE LR, TR TERE LSS L = ﬁ(a~ V), Hrha = % M FRATTK
IHE L(e*?) = *®, T2 a5

J eiAdDW dx = J L(eild))w dx = J eM(DL*(l[/) dx,
R4 R4 R4

HepL*(w) = —iv ()BT LELRY) LR T, ZEBEAEFEIEL TR0 EH .
FIFEHL, HT|IVOMX)| > c >0, ATATULEE I FidfE, BRoA"M)FERE R, O
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BEHE5% (stationary phase): HEEHIEE SMHER B0 WERIRE
S B R B R T R RS A TR, AR R B RS, IR [VO(x)| >

¢ > 0 XA izl SRR, RS K 3 Z Tkl 7 B i 5 R
2 B I S R A3 T TS SR AN AR GEAR I — R A IR PR A T 08

Rk 2.6.2 (HAHE, Van der Corupt 51 H). B% 488 % R VD) = 0, EVOASpry Loy ¢y
#RAEER, HRIZ DAL 9 HessiansE B AL, Bpdet V2D(0) # 0. W ATAEEA > 1, iR 24 T 45t

J e ®®y (x) dx| < CA75.
IR‘I

A— S FTARBGERR. AR, RN O BT Taylor B, AT EM3E] d(x) = xn(x),
ey € €=, x*RF B UIx x, MBI £ T, B, 56 T4 X = (xy, -, x ) IE— =
VORI LB A LT T Q) = 22 4 - 422 — 22 — o — 2 HIBRAEAL, Tijeieeone)

AR B, BIA LS d A o070 (g, FrARRAT N FEE St d = 1 BLIE B RIAT

PTATE LI RAT B IR BAPRAERL” IX 31 & n] DA, &858 80 i Morse 5|
P, UERHEE .

3|32 2.6.3 (Morsed| ). %48 & 2 D(y)i% L O0) = 0, LR &2 T HIERLER 5. Wiy = O
B E— N EBEE Ry > §, A LART RE

- | o - o
) = G+ + Ty = Ty = = 5

T REATHE R = 1190, WRGRD [ "y (x)dx FIZERAETH. BT of RR1bin
Bx =0, FrUAFRA A B Tt A “PRES sk, 7RI B IR J i (W b 7 4k S F AR BEAR S 1. ik,
TATFI HES T AT R AL p € C2(R), BFE{|x] < 1} R ITHUETE AL, 7E{|x| > 2} IUEE N E, &H
(i, R AR mnT AR 2 sdn s P R 4

d“wumumnu+Jemwuxl—mw&yu=:A+B
R

u@:J

R

Hrep 6> 02 MEEMER. MARD, BIDFEAAKRZEITTE, BT p(x/6)3T(-26,26),
FrblA

26
IAISHMXWNJ dy < C'é.
-26



84 o e el LIE RN e R b g
BRI W2 B i J s = ARy, P idi2.6.1, Al 115 21

|B| =

J e“P(LHYN (w(x)(1 = p(x/6))) dx
R

< J (LYY (w1 = p(x/8)] dx,
|x|>6

HLs(f) = -1 L 1.

iAdx @
SR Spty € [-M, M]. X HTaylorf& JF FllHessian /5 B 11 3E IR AL M (ML Ab Fa @7 (x) T BB 3E
TR, FFAEC” > 0, 813 | @' (x)| > C”|x| 1E6 < |x| < MHHERAL. BUEH SRR E(L)Y (w(x)(1 — p(x/8))).
JeEN = LGN, TATERZ I E T4

1= p(x/6
L* (w(x)(1 = p(x/8))) = — %% (W(x)(q),( 5)(x/ >>>

_ |z ®ex/6) o w()p'(x/6) w1 — p(x/6))
A K AE)) P'(x) (@(x))?

= |L* (w()(1 = p(x/8N) | < CA™ (1 +87DIx|™ + |x]7?] .

EHENIK, T LRIES
(LYY (WA = p(x/8)) | < CAN [(1+67HNx|™N + |x|7>V] .

FrLA, 240 < 8 < 18, {HH

M
|B| < C/rNJ Ix]™V6™N + x| dx < AN,
o

YA, BRI, FRAIAS 2
[ T(A)] S8+ A Ns12N,

L, RIS = 1/y/7, AT SR M R . -

2.6.2 HAENERYEIM TR

AFTEATAT AN LT IR Ff S (B a2 e ah Jr R A 5 75 5 R A X S D AN ] R A
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A, AT

u(t, x) = ZH

R4

i(x-Ex N 1 i(x-E+1T) A
el -’:_tlcfl)(p(g) dé = Z EJ pl(x gt )p(&) dor,

Rd+1

v(t,x) = J

R4

TG = | ) do,

Rd+1
KT 1= {(&7) 1 |€] =|7], € e R} c R (M), P := {(&,7) 1 = —|&]*, E€ R} C R (I
YT fe AR 25 6] R A . dop A1 dop, 4300002 T A1 P b SCROME I . #5 2,
TR ER MR 2 )7 FE AN e 5 15 7 R R Adt vl DAARAE S22 R m B0 g0 {8 ST (3 ) 2T 46

u(t,x) = (@ * dop)(x),  v(t,x) = (@ * dop)(x), (1, %) € R,
A RRATT R — A B4t
M = {(x’,de) €B: X4 = h(x"},

Horb B DU ONBRO I — N R, hRROGIE AL 2 h(0) = ORIV, A(x')| vy = 0. #ETaylorfE T,
LAVE

h(x') = Z a,;x.x; + O(|x']%).

1<k,j<d

BUEBRATE R A bntil (GRAAFMorse 51 #), Al H5h'5

0| =

d
! _1 2 113
h(x)—zjzz1 ijj+0(|x [”)

FI s b A BARAE M (FE IR fAL) I FEBRZR (principal curvature), A, - A, FR1E M KIS ETHE
# (Gauss curvature).

WAEFRATE FE M |75 5 H T Lebesgueill £ do, Hiwi &: MMEEM FEEECENESLRES,
WAL, fdo = lim L [y o Fdx, 5P AEM I AW 0L AT, 6 4 0 5
AR TR AR, JATHRIE

do = ' h(x')A/1 + |V, h|?dx. 2.6.2
JMfG JRdf(x (x7)) | |>dx ( )

EX 2.6.1. Ky € C*(M), #MNAFdedy 1= wdo (w € C(M)) 89 & du & X iF @M Eoy—
A~y & A & (surface-carried measure)’.

IXAMANF B bR b SCR B, MEAR SR R B KO IR TS GRAN BT S HAE R o3 T R P I R — 43



86 o e el LIE RN e R b g

ARAT R FELER IR
Rk 2.6.4. XduRM C R E&y— A LB EHNE, BMeGausst F Edutd L E LR,
Il
du(®)] = O(E[?),  as €] - o.

ERR. #4W() = w(x', h(x )T+ IV AP € C=, MFRATAT LU dp's 1

8M®=Jfﬁ““mﬁmwﬂmﬂ (2.6.3)
R4
ETRA HEE AT AL 22 90 5 BRI 48 BN 1801 | 2 cl€1), KB A (0] < cl€),
Horhja HBATHREB BLcTE /-

TEETIA 18| = clE 1 F, BAVRGIEIEE,., TR, ORE 0 76 18 025 4 o A o i
Host ] L 1

x - &

');:d+l

—i(x" - & + h(x')¢,, ) = idDX), A=E&,,,, D) =—h(x")-—

M@ HessiandF 1B A (X /& Gauss il R JE Z Al Vi,CD = —Vi,h FL[ERUERT), #% Van der Corupt 5| #
(i /812.6.2) "] 15

Hle, ] > el |, 1du@)] = 047 = 02 = 0(& 7).

X IRER 1€, < ||}, TAMTIEA = |E], D(x') = —h(x’)ﬁ”;—jll - % T vx,(%ﬁ’)‘ = 1, 1fi
MCFEI /N |V hl Bl <172, FTABATGE] |V, @) > 1/2. e 2.6 150,

ey ] < & 1HF, 1du@)] = O(EI™)., VYN e N".
BN > d/2B1HE5E, 0

FIFI Morse | B A0 F3RERT, JRATAT LA B0 FHEL .
D 2.6.5. M AR ahAe @, HAE XA E @M do, 8 £ NG — SR AT mANIE R4
THE A

ly doyy (£)] < CIE[™2 as |€] — .

BUAEIZ : B 177 sl 07 £60768 T MR e B AT, T e F R0 B 6 i T g R+ e
FOHETT . SETHTIS S B BRER 7 1) P, LA U (d — DANEE M i, i g m A
R PR
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R EZFR. 1 LRI RAEGE — DA T A, S35 1 I 48 7 AR e ) T el R
B /28y, IXIEGFAERE T 33N T REANEE € 15 7 FEMR I B D R AN A X — ISR

A8 2.6.1. A% L@ XBIEHF RRFEA T iE, BARMAIEY ZLEd d ) EAE 5 et T 369 TR

MABRT B EHHhERA R LR, PRAFSRREER TAZNMT, OALEAYLE (BA
—AAE R g Lebesgue T AR K Ao C 9 ot T ATARBI BT LA R X E) . A, KMNLFEZEM
F o2 [ 4 £ 4L T Littlewood-Paley % % 69 % 4% 4 fif R AE A | £ 09 258, B K49 493 7T LA A L Sung-
Jin Oh £2018F £ # 5 #)—/~Notes https://math.berkeley.edu/ sjoh/pdfs/dispersion.pdf.

SRR 2.6

SIRR 2.6.1. & ® € C2([a, b]). & LI (A) = [} 90 dx.

(1) #|D'(x)| > 134E&x € [a, bJAR AR 2, IEH: HAEFEL > 0, REZTF X
|1,(D] <3/4

(2) D" (x)| = 131E&x € [a, b]HFm =, EH: HAETL> 0, RZAF X
|1,(1)] < 84712,

(3) EQ)MMBIRT, EH:

b
J e #P®y(x) dx

a

b
<8172 <J |y’ ()] dx + Iw(b)|> :

a

SJE 2.6.2. Airyk 692 LA
Ai(x) = 1 J 5 dy.
27 Jr

(1) iE9: A% HC > 01E4F |Ai(x)] < C, |Ai(x)] < Clx|™/* £ &Ex € RAR Lo
(2) AAiry & &7 Airy 742 09 i

ou=0uin R, xR, u(0,x) = f(x) € S(R).

ﬁ‘iﬁﬂﬂ‘iﬁﬁﬁ’wﬁlisupx |l/l(t, x)l < C|t|_1/3||f”Ll(Rd).
(3) &y € C(R), iEH:

J dCEDy (1 di| = O(1ETP),  as €] - w.
R


https://math.berkeley.edu/~sjoh/pdfs/dispersion.pdf

88 o Al P sl RO R
o] 2.6
[BIRE 2.6.1. GEBA: #AzsRaE S L6y i &) i L
osr1 (&) = el (I€]) + e Flo_(1E]) VIE| =1,
S @, BT AR S
10k, (N < Co™ T %, Vr>1, keN.
)RR 2.6.2. TRIP W EAZR AN B, 1, BT HHH. iEW: FAEFHC > 01EF
1,8 < C+1&)7 7

BRI AR T AETH RN a4 B (RPN LATH B4 H B 50 &) &8, LIFAEC2.7.
7] #2.6.3-2.6.41 2 W.Evans [3, £54.5.377].
BIRE 2.6.3. ika € C¥(RY), ARIEF FagadAh 7, iEW: He — OB A4 T #fiL & & X

LT
tzsgnA

_1
2re)d

J ex"Ma(y)dy = S——(a(0) + O(e)).
Rd

det A

H A sgn AR 77 [5AGY I AFAEAE AN HOR F R AF AL 2L
[B]8R 2.6.4 (WBEEFEB T FER S FRRIR). %0 < e < 12 /DA, FBH 3074269 48 = 4

o7u* — Auf =0in R, X R, W, 0,u)|,_, = (g°,0). (2.6.4)

FAR X g (x) = a(x) exp(ip(x)/e), & Fa,p € CX(RY), LAESptat 84 Vp # 0.
(1) SEH: AR (1, x) = ST x) + T, %)), S P

1

Ii(t, X) = W

J J a(z)e’ P=xy3 dy dz, . (t,x,9,2) 1= (x—2)-y+t|y| + p(z).
R4 JR4

(2) 1y > 0D, HH Be > 08Fus(ry, x,) FIRIR
R FHEHE P A2.6.369%25 % FMorse5| 2.,



EF=8 —#HizfERAENTEEEEA

A — B HATIE 1 Ay SR AR IR ER 22 18] P R e s s RE AT R, HeA 1 — Mg 2 RYIF AN IL
Ft, DIEIRATA] LB B YRR R (ST AR S T iR SR R o B s P (MR 2 AR A R 2
FEAT I DX 25 P& A S ) T RE ISR A, B — DR R . — IRA PR KA sZ kel —
PRI T AR . AR THE AU R IR XN BB T RE . AUTRE . Laplace 7 R ISR AR5
%, HAGKMED AR B TAY SO BRI EIRZ o 0 M AR R ek SOt SRR, K
IR AR IR T 4ERIIE DL AR R ERJER A0 AR EIRAIECA R, BRI ARAGIE 51 (1
EREEAR SR, IR SO AT 1R AL, BT T 2 B AT RS )

3.1 KEFRFENDBETEZX

A — TR W SRR — 4 X 8] ik sl #E, LB R 6 A PR a2 ks N T
THEREE, FTAMBEXENQ = (0, ), H:H5 B U0 47 A Dirichletd B R 10— 4EH T 2 .

-

u—cu = ft,x) tr>0,0<x<m,
(u9ut)|t=0 = (@(X), l[/(X)) 0 <x<m, (311)

u(t,0) =g, (@), u(t,n) = g,(r) t>0.

N\

L

MR REEL, JATAT DGRBS Py rT AR AR A ME— . BRI R IR ATTRE “ SR AT TN~ A ) IE A T 2K
TR0 SRR BRI A sl 6 7 A2 (3.1.1) B ME— i .

89



90 B YEE R AR

3.1.1 DirichletiZ{E &4

BATELFEE S =0,g,, 8, = 0, BlH7 A Dirichletidl 56 AF 55 kB 81 77 7%

u,—c*u,, =0 t>0,0<x<um,
1 W u)l—o = (@(x),w(x)) 0<x<m, (3.1.2)
ut,0) =u(t,7) =0 1> 0.

BATRAE TN RAZ BB IER, Mlu@, x) = TOX (x), PERANITEG.1.2)7] 15

T/l(t) _ Xll(x)
AT X(x)°

T"OXx) - THX" " (x)=0=>

Frb Z0 e P, TS P . — ARSI R T MR- T

2T @)

R RIT, X % 82— /l\%“wl I RE

X"(x)+AX(x)=0, X(0)=X(x)=0 (3.1.3)

T"(x) + AT () = 0. (3.1.4)

ARG L)FH X, EEATLIEA > 0. F b, JATAT AFETTFE(3.1.3) Wi 3 LLX (x) 2%
JREQ ERI 135

z P

X" X + X2 dx === J (—(X") + AX?) dx = 0,
0 0

WRA <0, LB X =0, S8 = 0, MM IFA W CHME
A > O, BLHECRH W e v 15

X(x)=C, cos(\/;x) +C, Sin(\/;x),
RNLEFEX(0) = X (n) = 0152
C,#0
C, =0, Cysin(Vir) = 0—== sin(VAr) = 0= A=n%, n=12,
A, Bl TAT LA BT — < AR (R E B 5O

A, =n*, X, (x)=sin(nx).

n
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DUEACREEANT TR, XS B nSR g T, (0):

T,(t) = A, cos(cnt) + B, sin(cnt).

PRltt, FATE R LSRR 7R AR

u(t,x) = Z T,0X,(x) = Z (An cos(cnt) + B, sin(cnt)) sin(nx), (3.1.5)
n=1

n=1

oo RAA, L BN W, ok VE. 5T E, BRI AT DT (RIZE R A =
0, LA FEOults T M S 2k 41 = )

A, = 2 J @(x)sin(nx)dx, B, = LJ, w(x) sin(nx) dx. (3.1.6)
T ) cnrw )
AR FRATT A AR 42 B8 an B E TS 4518
EIE 3.1.1. Bi&k#be € C3 ([0, z]), w € C([0, z])i# B AR &M 4
@(0) = p(r) = ¢"(0) = ¢"(x) = w(0) = w(x) =0,

N 75 42.(3.1.2) A "B —fu(t, x) € C([0, +o0) X [0, z]), F &L XA
u(t,x)= Y T,(0X,(x)= Y (A,cos(cnt) + B, sin(cnt)) sin(nx), (3.1.7)
n=1

n=1

L RHA,BEFT
2 (7 . 2 (" .
A, = —J @(x)sin(nx)dx, B, = —J w(x) sin(nx) dx. (3.1.8)
7 Jo cnr ),
MERR. FAFERLZ AT B ik AR RIEXEH K T, XA HES RS XBOE
B 32 B2 NI 2 5380A,, B,, AT AT EYMEH R AR (GRUEMRII X “ 1 2” AR )
HEGANEFAINE), DL A BB R A C3 x C*RIE N
F—: MNYMEEEIIMEBRERF. FEaitFES, RITCAKmMiEA,, B, 750 2T 5

o(x) =u(0,x) = ) A, sin(nx), w(x)=u0,x)= ) B, (cn)sin(nx).
n=1 n=1

HFEATAZE 1710, 7] ERIFME, ProlE e JATE JEHMEE S VR L1272 I pa K. b 3 3AT



92 B=E RN E R R AR

EUR MR B C2([0, +00) X [0, z)) SR, By LLIAE 251438 BHu(0,0) = u,(0,0) = u(0,7) =

u,(0,7) = 0, #Hp(0) = w(0) = () = w(x) = 0. 51k, TN LUK @, yETF LT 5 E][—7, 7] L

&R, ARG —NREEH R B[R - D, Qk + Dx], 1§15 e, w282z R .
T, witdRE, Frlle(x)sin(nx), w(x) sin(nx) & HERE, XA

p(x) = Z @, sin(nx), @, = 1 J” @(x)sin(nx)dx = 2 JIr @(x) sin(nx) dx
n=1 T )-xn 7 Jo

Vi

y(x) = Z v, sin(nx), y, = % L w(x) sin(nx) dx.
n=1
52 FR R B3 0, y MBS EIF LR, (E17A, = @, cnB, = v,.

BT SHRAMENBSMESEE. B FRRITEEI VIR LA, (673
FRLEFHAELO, +o0) X [0, zIN B C? A itk . E—PRiE BTN, FAICAE W 7S uflu, 7E A 5
Wb(r = 0,x =0 Fl 1t =0,x = z) LAESER KA WT Bl it WSR2 K, 75 A mi Ak g 48
1, Hatx =0, oA c?u, (0, x) = u,0,x) = 015 Ele"(0) = ¢"(x) = 0.

F=H: YMERMEMNM. A TRIEBAEM L = 0} X {x = OMCK =P m i, &
112 Ku, 0, u AV 0F wlJEST AR — BSOS AR, BATH B, WL EIE, H
&T =Y n*(A,cos(cnt) + B, sin(cnt))sin(nx). A T RUE—BURSE, HATERYME oy 5371 B
ACRCHIENYE. Fsz b, WiHida,, b, Ne™" (x) Al w”(x) FIESLH 25, BATIEAEB, =
— 1A, = =%, i

(cn)?

2
Y n*(A, cos(cnt) + B, sin(cnt)) sin(nx)

n

2
<C (Z w> <cY @+, %).

FIF Parsevall B2, FoATTHIE 4 A2 WS, SR, BATRT LAISE LRI 11— B S o0t i fe <7
I B — B Sl -

FIE 311, FE L, KA AEE RN P AIBILT AR € C?,w € C!, X 5742 P F iRt L
B FHEFAE, BRIEATEANAR . EXAMEIRT, &RANE Bl 41t 4s

D(x) = —D(—x), P(x) = O(x + 27), P(x) = =¥(=x), P(x) = Y(x +27), x € R;
D(x) = p(x), Y(x) =w(x) xe€[0,rx].

S BAVT AR E B N R KK R EAME A (O, V)8 3 AL, LCfFAU, o HAVE K6 fFull]

Uik LA A0 4 2 B A 77 2K, DR DAk A 4 ke 1 i 0 8 57 SR BRI LTI R IESZ s B 30, X 5 3T
Z AT 2SR T A R IE W 5 1 -
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T AAMARU A0, n] X 18] _EAG IR %] o KATRFH = AT IE 8 1F 3] A
IS 3.1.2. FH K R0, 717 — A0, L], AR AM 2 EGHAAEH A, = (£, HAEHE A X, (x) =

sin("f”x), 5 6948 et R A

I L
A, = %L @(x) sin(nfﬂx) dx, B,= % L w(x) Sin(nfnx) dx.

5 3.1.1. AR KR —ANBF

u,—u, =0 t>0,0<x<m,
§ u(0,x) =sinx, u,(0,x)=x(x—x) 0<x<nx, (3.1.9)
u(t,0)=u(t,z) =0 t>0

. ARIEZATAIIT IR, RATFIE R R I MR

o]

u(t, x) = )" T,(0X,(x) = Y (A,cos(nt) + B, sin(nr)) sin(nx),
n=1

n=1

BT RFIHWME o(x) = sin xFly (x) = x(z — x)KHiE 2 HA,, B,. #5EF3.1.1, Ti1A

2 (" . 2 (7. . n=1
A, = —J @(x) sin(nx)dx = —J sin x sin(zx) dx = ,
7 Jo 7 Jo 0 n>2
PLA
2 (" ) 2 (" )
B, =— | w(x)sin(nx)dx = — | x(xr — x) sin(nx) dx
nr ), nr ),
:i J x(rr — x)i <—l cos(nx)) dx
nrw ), dx \ n
2 o2 ("
=——x(& — x)cos(nx)| +— J (m — 2x) cos(nx) dx
n’m 0o nrm ),
0
T n= 2k
=—%J x cos(nx) dx = ——(1 = (= 1)) = .
n-mw Jo h n=2k-1

Qk—1)*n



94 B=E RN E R R AR
P LIS RE I8

_ . O 8
Mnx)—cowsmxwkgg(Zk_lyﬂsm«Zk )t) sin((2k — 1)x).

(7 I AT Tt T LA B 90 UE AR i R A Ak 2% A O

FE RN TAE— IGO0 T SR AF(3.1.1), H 352 EIRA LT PLE— BB AL f = g, = g, = 01X
ol B i B PR O o

f#0, 8.8 =0HIFAR

SRR AT AR B R, — B 7 8 P Duhamel SR AR A TR, {ERFRAT0 5 22
L FEQIY “HISMTTAR” T 040 BULE F /R AR 2 WIS A8 P B DUR A 5T
BN AR EAT I T T3

u(t,x) = )" T,(t) sin(nx),
n=1
TR £ (¢, x) B AR S - e I 20
ft.x) =) £,(0) sin(nx).
n=1

FERE, KR E SR GRUR TR TTATRG, KA (sin mx e HICL(0, 210056 4 TE 202K
0T 0, £ RARN BB R, (B AT, B I R

T' (@) + *n’T, (1) = f,@),

AN TR T DA T 8 MR S iR (AR T, (1) = C, (1) cos(ent) + D, (1) sin(ent), S8 e AR[E]1%
o iR AR R C, (1), D,(1).)

t

T, (1) = A, cos(cnt) + B, sin(cnt) + i J f,(z)sin(cn(t — 7))dr.
0

3 LR S (05 T

[, = 2 r £(t, x) sin(nx) dx.
0

T
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—_— ‘ﬁl‘%;R

P gy # 0, TRATAT LAR 2 5 Mok 1 AL N g, g, = O [N, 4
o(t, %) = u(t, x) — (1 = D)g,(1) = Zg,(0).
T T
ST LA 5L H ol 2 81 F
vy — o = f—(1=2)gl'(0) - 2l ),
T T
HAME N
0(0, %) = p(x) = (1 — 2)g,(0) — Zg,(0), v,(0,x) = w(x) — (1 — 2)g!(0) — Zg}(0),
T T T T
BN 00,1 = v(n,t) = 0. XEM NS #0,8,,8, = OFITEN
SHAUH, FRATAT LB EL A Dirichletils i 4 15 13 317 FLMR ) 0 F 4516

T 3.1.2. Bi&k#miie € C3([0,x]), w € C*([0, z]), f € C'([0, o0) X [0, z]) i# & A8 2 &4

@(0) = £,(0), () = g,(0), w(0) = g/(0), y(x) = g5(0),
g/(0) — c*¢"(0) = £(0,0), g7(0) — c*¢"(x) = f(0, 7).

W] — 4 7 75 A2

u,—c*u_ = f(t,x) t>0,0<x<m,

1 W u)l o = (@(x), w(x)) 0<x<um, (3.1.10)
u(t,0) = g,(®), u(t,r) =g,(r) t=>0.

L

HE—# u(t,x) € C*([0, +o0) X [0, z])

o]

u(t, x) = Z (A, cos(cnt) + B, sin(cnr)) sin(nx)

n=1
+ L J fn(f) sin(cn(t — 7))dr
cn

+(1-Dg 0+ Zg0
T T



% BT U B B A
PR A B, [, hde T et R
A, =3J ((p<x) — (1= )g,00) - fgz(O)) sin(nx) dx,
T Jo /1 /4

B, =L J <1//(x) —(1- i)g;(O) - igé(O)) sin(nx) dx,
nrw J, 4 T

ST o

Fi = J (£ = (1= D)el0) = Zgl@)) sin(nx) dx.
T T

3.1.2 V‘ﬁjl\ﬁlJ%: gi;&\ /\#E
IS R —4E 52k 3)

-

u, —c?u . = f(t,x) t>0,0<x<um,
1 @ u)l o = ((x), y(x)) 0<x<m, (3.1.11)

u(t,0) = g,(®), u(t,r) =g,(r) t=>0.

L

T RERIWME R R 5% B4 — R ATARI 21 HIAEA2 () LA B AT AG N 21 )58 L (I B Fw). Dirichledd 526
T sk R RS E (g, 8,), ARTFIRIS (1, )R- HIHESZ ISR T

e A EE R LAgs i O R R B XRIE . MR RITRIG O, = g, = g, = O)RMfEA]
ARSI BN, AR5F O AR M AT LA R IR LR

f5lF—: TR

Nf = g8 = 0N, RISZmysm i sy, HEAIEREZ E. R, &R EE
PTG (g n] DAL E B AR e SR BRI B N . st b, MWRE AR

[o0]

u(t, x) = Z T, ()X, (x) = Z (A, cos(cnt) + B, sin(cnr)) sin(nx),
n=1

n=1

BATRIEG— X, ()T, () FRRE S i dn 2

u,(t,x) := X,(x)T,(t) = N, sin(nx) sin(cnt + @), N, = \/Ai + Bﬁ, @, = arctan %
X% AR EGE mix, B, OMRE— Mz B IR, HARWE Na, 1= N, sin(nx), %ﬁza)n 1=
cnfiAE BB (natural frequency), YIUAHIN Na,. £, WRa, = 0, WTE x =0,%, -, =r,x
WA a, =0 KoL, fEx=22 ..., (2n 1)” W a,= %N, ML, ATW, B 5&5’]@2“‘&5@%% 5

2n’ 2n
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IFTRITESG: ERIE L, BRI BIn& R AN, BN “EEAZ” WEIR. XIRpsm
{RIEIK (stationary wave). FLUNH DLIK 52 R G A SR 45 20 B2 MY 1 52 _E (SRR o (0 SRR HEAT
K, BRANRI MRS 2 R [8]0 — S 4.2 (WS & 1) .

A f # O, FATHL VLIRS N ZBHREN (forced vibration), XA E 4> LT IR ) 2R
(resonance) L 5. MWIEL LU, ILIRFGIA 1 Z0Ehn i i JAVE ST A A 25 F slcin AR - R 52
PRI AT PRI, ROE BGOSR . B G — MR P i [ PR SR 2 G SR AE — N A IS VR YR AR i ik
2, ARARAN S EAS S HER 5 sZ R R R AR AR S, B A SRR AR IR, BI9RE— 2R
RIAIR A B 2 I 8] AR KT T 55, IR IRAE R — I 21 P EZ 2 (W2 . DRIEXS TR 2 TRE )
A O, R eeeee ) ORUVEILIRIL R b IR 28 G LA I SE R 1AV 4 1) ] A7 45
K, MVEREAREEE . ERAEASRET, FlaE kg e T, AT a
R “ICIR” BLGORIEA, Bt DURFAE AR R G 1R A2 i S AR Uy A R AE TR L . 7 AR5 T A
EHEIEMN

BN RBATIECEE: L/ IRIEIX — i, AW 12 RS (1, x) = Ax) sin(wr), HAHR
[ 5 N (X BIFATIEZR R A0) = A(x) = 0). FAURBBIT RNV E o, w MiLfEg,, g, HZZ, LA
R RE S SN A E IR ROCR o BRI, TTRERIEEN

(o8] (o]

u(t,x) =y L sin(nx)J fu(D)sin(en(t — o))z = ) il sin(nx)J sin(wr) sin(w, (f — 7))dr,
n=1 0 n=1 n 0
WAL — AN ESREHEFRAKX) = X, a,sin(nx)fF 21, Ha, = %Ig A(x) sin(nx), @, := cn.
IRAEXT AR R B ER AT 2, 133
sin(wr) sin(w,(t — 7)) = % (cos[(a) +w,)t — w,t] — cos[(w — w,)T + a)nt]) .

1 W w # o, (n= 1,2, ) EHRS T

J sin(wt) sin(w, (t — 7))dr
0

T=t

sin[(w — w,)T + a)nt]>
=0

1 1 . 1
= — —_ 1| —
> <a) T o sin[(w + w,)T — w,t] p

n

_1 L sin(wt) + o1 sin(w, 1)
2 (\w+o0, o-o, 0+, o-o, §

wsin(w,t) — w,, sin(wt)

w2 — w?
n
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HET
- a, , . .
u(t,x) = Z m(w sin(w,t) — w, sin(wt)) sin(nx),

n=1

& HIA oK I TRl — B 5
2. WRAFAEL e NG o = w,, WAL

sin(wt) sin(w, (t — 7)) = % (cosQaw, T — w,t) — cos(w, 1))

S IS AR BT, SR DLEAS

sin(w, t) — tw, cos(w, 1)

L sin(wt) sin(w, (t — 7)) dr = 2w,

yeidll]

u(t,x) = Y ——"——(@sin(@,1) — o, sin(w1)) sin(nx)

2 _ 2
oy w,(w a)n)

+ 2 (sin(a 1) — f, cos(@, 1) sin(kx),
2w, . ,
T

Bk, QRS RIS 0 5 IR AN BT iR 0, = cnfl7, A ZIRSIRIE 2 56 I 8] 1
KT 55, MM 7EA BRIV A A BT . ah SRR W sh 75 R AN 7T B i 2 OB 3

3.1.3 NeumanniZi FFH
k% T Dirichlet By 52644 LAAN,  FRATTE ] DATE 1L 7% € NeumanniZl L2640

u, — c*u,, = f(t,x) t>0,0<x<m,

1 @ u)l o = (9(x), y(x)) 0<x<m, (3.1.12)

u (t,0) =g, @), u(t,r)=g,(r) t=>0.

N T TRE, BAMBRMEBLS = 1.8, = 0, AT LU S 1T — 35 RN TR ] R A IX A fi g
HIfE oL ZFFMET, ZAM AL B AL, LR Mu, (1,0) = u (1. 7) = ORWITLH
S R BAE AR AT B, AR SEIR R A s s, WA BT AN AR AR SZ A1
ap
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HA VIR A BB BN AL T B B, x) = X )T (1), B L —5 K AFDirichletiZ 8 ] AU
Jiid, BAVSBIEAE B R

X"(x)+ AX(x)=0, X'(0)=X'(x)=0 (3.1.13)

F
T"() + c*AT(t) = 0. (3.1.14)

HA, FATAT LEBIHRFERA > 0. {H7ENeumanni FA& AR, 4o = OULZ B3 T~ (RFAE
B, I ATARAS N IS (I REHE BB BRI X () = B, BT (0 = A, + Byt

A >0, AIEAG(3.1.13) A H AR
X(x)=C, cos(\/;x) +C, Sin(\/;x).
%7 RE I Tk A 2 B

X'(0) = VA(=C, sin(VAx) + C, cos(VAx)|,_o = VAC, = 0,

C,=0

X'(z) = VA=C, sin(VAx) + C, cos(Vx))|,_, === sin(V/Az) = 0 = A = n’.

XA — 1B K n, ﬁiﬂ'f]ﬁﬁ(%?ﬂﬁﬁﬁ%—;—;E"Jfl%‘ﬁ@/ln = W FIFHE R X, (x) = cos(nx).
B I T 177 FE P CARGRAS 0T (1) R 20T (1)

T, (t) = A, cos(cnt) + B, sin(cnt).
T, FAER LKA T (3.1.12)Kf#
u(t,x) = 2 T, ()X, (x) = (A, + Byt) + 2 (A, cos(cnt) + B, sin(cnt)) cos(nx), (3.1.15)

n=0 n=1

HHA,, B,HI¥E e, w KL 2B E, EATREN

A, = EJ @(x)cos(nx)dx, B, = LJ w(x)cos(nx)dx (n> 1), (3.1.16)
T Jo cnrw Jo
1 (" 1 ("
Ay = —J p(x)dx, B, = —J' w(x)dx. (3.1.17)
7 Jo T Jo

BE. Y fRFg, 0N, HEHKMBFAL(3.1.12)?
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SRR 3.1

SRR 3.1.1. K AEde T B A Neumannill - 546908 #h 7 4%

u,—cu =0 t>0,0<x<um,
q u(0,x) =cosx, u,(0,x)=0 0<x<m,

w (1,0) = u (t,7) = 0 t> 0.

S

SIER 3.1.2. HE—gHTARME S FTAE, EPFd e (0,2)

u, —u, +du =0 t>0,0<x<m;

u®,0)=u(t,r)=0 t>0.

Kz HAE B & X Mu@, x) = T(OX(x), H LA > +ooiF X L MRIITH
SRR 3.1.3. FIEEA RS DA SR T4

u,—u, =0 t>0,0<x<r

u(t,0)=u (t,n) =0 t>0.

(1) ChyBERH 272
(2) F% 2 MU0, x) = @(x), u,(0,x) = w(x) (0 < x < 7), ket H 8 2 F@ a9 48 2ot 7 40?
SIER 3.1.4. fE AR

2
u,,—uxx—;ux=0 t>0,0<x<m

3 u(0,x) =0, u,(0,x) =cosx 0<x<r

u(t,0)=u(t,n)=0 t>0.

.

R Ao, x) = xut, x), Biktvi#h Lo, — v, =0.
SJ@ 3.1.5. KA, BRFH, KT AL

-

u, —u, =0 t>0,0<x<r
qu0,x)=0, 4,0,x)=0 0<x<n~x

u (1,0)= At, u(t,r)=Bt 1>0.

\
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SR 3.1.6. FREAA B R 3% E LK EA R Z R LML AR TAL

-

u, —u, =cosxcosdxsin(wt) t>0, x € (0,x)

qu0,x)=0, 4,0,x)=0 x € [0, ]

u (t,0)=u(t,7r)=0 t>0,

\

HEFP o>0RL TR KMENTA, Fi78 o HTEN, ZTHEGB—KAR? B sup  |u®, x)| <

1>0,xe(0,7)
0.

SRR 3.1.7. B3R, Ad @31 1Ee e C? y € CEMHTIENA,

3.2 AAERENNET=

Xt AEA R IX E] AL IR, AT AT AU A ] 0 B8 A8 Bidont He kAT SR A

3.2.1 Dirichletih Z&H
A FEIXAQ = (0, 7)) N 1% T 7 12 W] 48 A

u,—ku,. = f(t,x) t>0,0<x<r
§ %0, x) = p(x) 0<x<rx (3.2.1)
u(t,0) = g,(0), ult,7) =g,(t) 120,

He k>0 2%,
A HAF AR f =0, g, =g, = 0. BLIER T, BATHIBREBEEAEZESBEER u@, x) =
T()X (x), B2 e
T'®) X"(x)

T' (X (x) — kTEOX"(x) =0 = 0" X - 1 ER,

B X (o) A2 40T 5 Bl 7 R
X"(x)+AX(x) =0, X(0)=X(n) =

XA TR Z BB TT ARG OLE AR R, JRATAT U AR R AEE N4, = n® (n € N*), RFfEpR %
HX,(x) = sin(nx). [RNTHHRBEIT @) + kn®T, () = 0, FWRBET, (1) = Ce™. Kk, JifE
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[y fig n] LLE AE .
u(t, x) = Z C,e”*"" sin(nx).
n=1

BN RFGEA HAME R E C, IWHUE . T2 1 =0, 155

o(x) =u(0,x) = ) C,sin(nx).
n=1

P S B e — P, C, L E R @ WIE NI REL, RIC, = %jg” @(x) sin(nx) dx.

Fig 3.2.1. EARE—F P RIFELERFQx)EIE A (—x, 1)0F B, 5 KA T A& T A%
T B, EREZPO0) = o) =0. MEAHFFRLTRLE, BAKRMEBTHEGR T2 EH
fE, R, x)E0,0) 4 E 4, 3 miF 2 u0,0) = lir% u(0, x) = ltin(} u(t,0) = 0.

il 8, # 0, RABAAL AT RESIRDIE Ko, 0) = u(r,x) - (1= 2 ) 8,0 = Zg, 04
IAERAT T, CRER T ARG 5 B TR R P R AT

U,—kuxx:(1—£>g;(t)—£g£(t) t>0,0<x<nrm
T T
1000 =00 - (1-2) 5@ - 250 0<x<x
T T
vt,0)=uv(t,z) =0 t>0.

v 2 A SR AR T f (2, x) # 0, g, 8, = O BIAEF IR TTRE . — MORULIX MR I A — & BA A
BRI, ERATIR AT LR A (sinnx} o M L2 [0, 211 58 & IE A E X —FH L, # eIt
SR 5% 20 54 . )
f.x =Y f@sin(m0), [, 1= %JO £(t. x) sin(nx) dx.
=1

(7] IS AT A B [ A S e T 5K

p(x) = Z @,(®)sin(nx), @, (1) 1= % J' @(x) sin(nx) dx.
n=1 0

I VB BT Ru(r, x) = 3 T(1) sin(nx).
n=1
et BRI, BEIFHS TET O + kn?T, () = £,0), LHVIENT,0) = ¢,. H
PR AR 13 I
T, (1) = (pne'k"z’ + J fn(r)e'k”z("” dr.
0
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3.2.2 NeumanniZi FFEH
Bk > 0, FATTWH AT LK %31 Neumann il 5t 5544 14T 72

u, — ku,, = f(t,x) t>0,0<x<r
1 40, x) = (x) 0<x<=z (3.2.2)

u (t,0) =g, (1), u(t, ) = g,(1) t>0.

AR A THIE g = g, = 0 HITHIL, 55 51 5 ek 2
u(t, x) = u(t, x) + % ((zr — x)? g - ngz(t))

e F AR 5F AL
2 f(t, x) = O, ME— [RAN[R] 2 AL B2 R AL R BN 2 (sin nx ). 3RATT 7 EEOR AR

X"(x)+ AX(x) =0, X'(0)=X'(z) =

HEN X (x) =cos(nx), n=0,1,2, . T/ T, =Ce " FrLlEA
u(t, x) = Z C,e " cos(nx),
n=0

oo €, g (o) AL IR 5 2 «

8 £ )R RER, FABERAGL BT R, £t IRut, VETF AL L, Lmlﬁﬂﬁ
FAJHF B 4 B {cos(nx) ),y S DirichletiI & FER IR, BITEA, = OHLSRBSALME, FFLLA
SR T3

SRR 3.2

SRk 3.2.1. s #AEFTARu, =u (0 < x < 7x), PMEu,0) =u (t,n) =0, KB LA T =5 HH X6
fu(t, x) = T(1) X (x).
S5 3.2.2. Kb FTHALE TS5 XM

tu,=u,+2u t>0,0<x<m,

HEPAREHAu@,0) =ult,n)=0. ZEIERH LT % AN A6 R #H 2 u0, x) =
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S0 3.2.3. # 5 A A Neumannil &40 # it F 542, H Pk >0&FH

u,—u,, =k(l—u) t>0,0<x<um

J %0, x) = p(x) 0<x<r~x

u,(,0)=u(t,r)=0 >0.

KIREATTAE, ﬁ‘ﬁLﬁ— lim u(t, x).

SRR 3.2.4. iy’iA,BeR»%’%‘é‘i, RAn & %2k KiRhe T 7AL

u,—u, =0 t>0,0<x<um

2 u0,x)=0 0<x<r

u/(t,0) = At, u (t,7) = Bt t>0.

SRR 3.2.5. & BT iR AL A AA 9] A
u—u,=0t>0,x € (0,n); u(0,x) = p(x) € C*([0,7z])0 < x < m; u®,0)=u(t,n)=0,1t>0.

(1) 1ERH: HAZA9ME ?r%/iﬂ%ﬂ’fg u(t,x)*dx < e fﬂ @(x)? dx.
(2) EH: AEFHC > OEF|u(t,x)| < Ce HAEFEL > 0,x € [0, 7R Lo

RT: ARERAREELRAS BT ., TRAE EE AParseval B 5 X; 34(2), &F A+ 21X
BT e e CXH0,x]), EAIZAFTEGRFIE et RE LA EAFGH?

3.3 ORFRYFTR X 5 A R I8 F eE 3
7 R u(0) 1E X IRQ NI 2 — Au = 0, AT AR u X IQHN B 2. AR BEE 21

MBS, IRENATETAS . AR SRR, RTINS BT DU ek % . AT A
VAN B B — MR S L EE B, MR S B ORAE — SRR IR IS L, RO B AR A T

3.3.1 [EZRAVIEFIEBOK R

PATE 58 e A BP0 LK IR A A A1 DX 3 Ay R o i) B R A, 2 00 T JATTRT
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AR AL R (r, ) LB G AR 1o B, gl i A 1 amE

or 00 or 00
d,=—0.+ —0,, 0,=—0.+—0,.
*Tox " ox UV a9y "oy

[BZ I AL B E AXx = rcos B, y = rsin . ZEMHAE r = 1/x2 + )2, 8 = arctan(y/x), BT HE 15

or X X or y y )
_:—:—:COSG’—:—:—:SIHQ,
dx 1/x2+y2 r dy 1/x2+y2 r
9 _ ~0/x) _ _y _ sing 90 _ _l/x _ x _cosf
ox 14 (y/x)? r2 r’ oy 1+@/x)? ro

XFEUT 2] — B I 3 HU AR AR B RIE 5

sin @ cos

0, =cosfo, — . dg, 0, =sinfo, + 0y-
BT R HE Zpr 24
02 = (cos 00, — Sl;l 609)2
. .2 . .2
= cos? 092 — 251n000506r69 + sin 0(); + 2s1n000s069 + sin Har’
r r r2 r2 r
PLA
a§=@m9@+cf9%f
. 2 . 2
—in? 00 + ZSmﬁcosHarae + CoS 963 _ 251n900s969 + coS 00r.
r r r2 r2 r

PN 2R B AT T B AL B R ik 5

1 1

— 1324 2 232
A =0} +-0,+ 0.

51 3.3.1 (AN KA RE). 2Q = B0, )2 AR EARAS, ahFAROTFREE, £ ETH4E

Au=0  inQ
(3.3.1)
u=h0)  onodQ,

B hR A 2 F B
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R, ESEIRATAT DUE X AN TR EICA Q) N COQME CINRAFAE) AME—1. Fse b, Rk, u, &6
ETRERE, Wo = u, — w3 LA = OFTv|,, = 0. T2 F AR OAR R B 5 8 21k Bl ) 15 21 i —
Mo X ERATFEE Tk e, Blof 7 FE W RIS 3 Clo, 2 5 40 i AR 43 15 2
0= J vAvdx = —J |Vo|? dx +J deSx = —J [Vo|?dx = v ="FHL
Q Q o ON Q
MolAERE, FrUREMERESE, oA REEREET. BT RENMAEZERRETE, &
Wu(r,0) = R(rO®), 4 | 1
u,, + ;u, + ﬁu% =0
=M
1 1

R'®+ -R®+ —-RO"=0=> —
r r2

Fit CAIAE it R A PN e T e

2R"+rR @
R e

—A.

" +10=0, R'+rR —iAR=0.

SR, © N G L2 N AR, LA OO + 27) = 00). [FFIH A= RATAT LA H 4 = 2,
©(0) = Acos(nf) + Bsin(nd), X Earl BUEZIE AR 8T RIATAEEA R X NI R,,:

”R'+rR —n*R,=0.
n n

2n = O, BATATLUEERGE) = C + Dinr. %4n > 1, HTEHZEAET, AT LEREE
et = InrIfE2Z (1) = R, (r). MM

2
Z'() = R;(r)% =rR/(r), Z'(t)= R:l'(r)(%)2 + R;(r)% =r*R/(r) + rR,(r).
MR Z () —n* Z,(1) = 0, fif#f3 Z,(1) = Ce™ + De™, tBH] R, (r) = Cr" + Dr™".

Z I, AT 3 B AR B ORI 5 N I AT R BCRAT A0 R

u=Cy+ Dylnr+ Y (C," + D,r")(A, cos(nd) + B, sin(nf)).

n>1

BAMERIE. RANEE D LB AR fir = ORI REE A1, B9 P AT rfi s Al ik
PTAHEr = 0hn b “BFEM7 uBUEAIR . ABA@ M I r Al 3850 EEE MBS, 152

u(r, 0) = %AO + Y (A, cosnd + B, sin no).

n=1
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XRAREA,, B, L R B0 E . ERELT{r = a) LA Au(a, 0) = h(0)FFAFEE LI RIT43

h(0) = %Ao + ; a"(A, cosnf + B, sinnf).

BREES GRS E

2 2
A, = J h(g) cos(ng) d, B,,=LJ h(g) sin(ng) do.
za Jy ra J,

O]
3.3.2 BN ARFIEYIERER
IR A XA At — DA TR . S b, FRATIEME L R R E AN @ RS 3
1 r2r 0 o 2r
u(r,0) = 5 h(p)de + Z - J h(g) cos(n(@ — ¢))dep
) M~ ra |
1 (> o /7\"
=5 . h(p) (1 +22 (;) cos(n(6 — (p))> de
1 (27 — [ rei®=9 re—i0-o)\"
=57, h((p)<1+z< >+< -~ ))dfp,
XERAMERGE—PHE] T 4+ e =2cos x.
H TR NEE r < a, BAVENTE LI HES 0l shn, ghekit &5
— [ rei®-o\" re—i0-o\" ) re—i0=¢)
1+; < a ) * < a > =1+ a— rel@-¢) * a— re 0=
&2 —r2
~ 2 —2ar cos(0 — @) + r?’
MR B ERIE KO I R F 432
u(re)—ir”h() @ —r dp, r<a(PFr<all) (3.3.2)
2w ), c0412—2511'cos(9—(p)+r2 @ Er= A o

AR B B aie 2~ 5.
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FEVI R PR

PRELP(O) = a—r (r < a)PEFRAEIR AL B(0, o) )i A¥A#% (Poisson kernel). YAFA Y

a? — 2ar cos 0 + r?
(3.3.2)%5 i BRI AT LA E AR Z S B, 2 — 23R4T LA i IOZH P.(0)d0 = 1, JFilE
HHEYI B BR (non-tangential limit) GE&E: A ARIELFIARAL! )

x_)xo’liggB(O’a) u(x) = h(x,) Vx, € 0B(0, a).
HL b, AR —FRIBILIESF (approximation to identity): 4Z%r — O, H(P.(-) * h)(0) -
hO)IZFEFI SIS R (WS KRB ThAR S RATARED s Hh > P« BMUE—ANEF, e
TEr — ORI B B A A2 18 [F] 5
WEBAHETI MR IR 2 Fi,  FRATI S 4R B B B v A i I B AR ot

2 2

@ 3.3.1. H0<r<a 0 ER, AP®) = a-r A
a’ —2arcos 0 + r?

(1) sH4£&r <a, AP > 0.

2) £ [} P©)do = 1.

(3) P(O)AR{r < a} R4 iHF 3.

(4) @R lim - u(x) = h(x,) ¥x, € 0B, )

x—=Xx,, XEB(0,a

(4)H9IEPRR. (1) AT AELEEE HIok A, ()38 Ul M ml AR RIEARAZ I B CR s, (B)AYIEIT W] LA
EHOR T IERGER, BAE—IFmg 2, BATE BT % TRIEM(4): S RE 10, # 2ka(k €
Z), W BN AR R A AR a B2, RQ)BATHT LI HZEE T

2z
u(r,8y) — h(0,) = % J P.(6, — @)(h(®) — h(b,)) do.
0

PEBNFHE DR RWE: Ar — ase 3/ DR, P@ORIEGELF “SEhT7 0 = offf
e Lk, FATAT AR RIE A 1 Ho AN FEr 2 M B AUG Y, A

~0

~ =
2 _ 2 2 _ .2
PO = —————— = 3
(a—r)*+2ar(1 —cos®) (a—r)*+4arsin’*(0/2)
——

~0

BEZ, Hr—ain/h, GEERe > 0, BATE T LK FS > 0115 VO € [6,27 — 6], | P(0)| < €.
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BT RIRATHEZ A u(r, 6,) — h(Oy) [T L ES 73

00+6
1 0
lu(r, 0y) — h(6,)| < — J PO,— @) -edp+ £ J |h(@p) — h(6,)| do,
2z 278 )\ p-ty1>5

00—5

HArsg =4 %Elap(e)ﬂﬁd\ré,é.\ ?ﬁ*/l\szEéEEhE’J BUEZEMES . INAREE R, FrBAERAT
HIBEERHC > 0, 15 iRk O

JEIC 3.3.1. A4 F0Q% & K Hh(9), 4o £ 75 AZ 6 fE R R hE K 3BRQ A 49 AFNE A (harmonic exten-
sion). HQAME., BAINKK, F 2B FHHREERE, AT AR XA F @28 3609 & K X
s —fx KIRQ, B X KB FFEBF AL TR TR, KRin, RAMART A Latx, A A&
R B Ty R AF T ARBAT AT, RAVERF L B F At — e,

51 3.3.2 (AR X I FGES 0] @), F) R 58 K&k, KAV AT AKAR R £ 9k KR a9 B Fe ik
15 19] #

Au=0 in {r > a}

1 u = h(0) on {r = a} (3.3.3)

U -, as r - +oo.

fi#. A Z A AR AR AR R SRAG 1 i8R BAT A R B

u(r,0) =Cy+ DyInr + Z(Cnr” + D, r ")(A, cos(nf) + B, sin(nd)).

n=1

A T IRAEFRA MBS AAAE TG 55 I ATy SR AR KA 5, T DA 12 25 P36 A B TR 60, 25 P P FO 0T, T 72308
fif A2 B
H—ﬁ cx,"’A (nf) + B, sin(nh))
u(r,0) = > +;r (A, cos(n , sin(n@)).

RN F M u(a, 0) = WD), FA1EZ
h(0) = A + i a (A, cos(nf) + B, sin(nf))
- 2 < n n s

KL A, , B, 7] LA Al {7 2R 500 e

n (27 n (27
A, = < J h(g)cos(np)dep, B, = < J h(@) sin(ng) de.
T Jo T Jo
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FAehsty, FATHRE B A BIERR A 30(3.3.2) Bl r, a B #91/r, 1/ af3 5

22

2z
1
,0)=— h d > a.
u(r, 6) 27[L ((p)a2—2arcos(0—(p)+r2 ¢ r=a

3.3.3 RENEFEHATKAE

AR BRATT SR AR R T 2 18] A )42 1 R 4 R R (RDAE B AR A N MK A AR B0 € S971). S [al4EAL
N2, BATTAZ R 5T (R Laplace 51 Ml AL bR am i £ BT & A 0, I 15145 21

u, +1u =0=9.(ru,) =0=>u=C,Inr+C,.

X — M RR ICAS BIRY(d > 2), FATHAT LUt Au = ORI AR . 4% 1A B Bu(x) = o(r). Hir =

\/ X+ e+ XD A

A NS 2

or 1 2 2 =1 X;
$=§(x1+'"+xd) 2 -(2xi)=7 x #£0.

o u=0 (>, Fu=0" (r)x2+u(r) 1—x—"2
X; r’ 73 ’

AN AT 145 2145 1] bR KR R Laplace 51 LA KA 50

Au=o"() + =L,
FARRAFARTFE Au = 0 FRAN SRR R 5 7 72
’4 guf “o
WHRn o]y = =2, #ifiifFfEa € REEF U () = —=. FTELAr > 0RAARTS

blnr+c¢c d=2
v(r) =

—s+c  d23
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E X 3.3.1 (Laplace 7 FE [ AN fif (fundamental solution)). &

—LIn|x| d=2
dx)=43 ¥ x#0
L L g>3

dd-ad)  |x©-2 =

MARE Laplace 7 A2 09k AR, X 2 a(d) 1= 2 ARIP E 43R A9RAR, S DI A KA — AL K I

r(1+4)

ME R FTAE—Au= fIEARS EXEEZHER.
AMEUER, Xfx # 0, FFLEHEC > 0ffif5

[VO(x)| < Clx|'™, |V?O(x)| < Clx|™.

> 3.3
SRR 3.3.1. RQCRPARFAER L. KEH42
Au=2in Q, ulyg = 2x,x,.
SJRE 3.3.2. HQCRIPARFR{(x),x,) 1 1 <x]+x] <4}, 742
Au=2in Q, ul,o =2|x| - 1.
I/ 3.33. RQCRIAELER L, KA
Au = x? - X, in Q, ulyo = Xx;.

S50 3.3.4. E 5 AZAu=0, x € RIMRZBREW, Bstd x dEXFHEO, 2o(x) 1= u(Ox),
n A Av = 0.
SJRE 3.3.5 (Kelvin Z#t). #x € RI\(0} (d 2 2), RME XX T # 2k @HRREHx 1= 2

B2 0B Fu(x) 89 Kelvin L 3% 4 (Ku)(x) = u(x*)|x*|972 = u(ﬁ)lxlz‘d. FHRAn T I HIEN: b Rut
AT IR A 09 AA R F, W CuR A2 IR I 2R 698 F= K 2o

() MEEL<ij<d R L= 20 @i s = 1ifi=j,5,=0ifi #j. L

X X fxf
AV (Vx)T = |x|™1,, £F I, &d xd #4275 %,
(2) AMIERA: A(x*) =202 - d)=.

(3) PEH: AKu(x)) = A@u(=)|x|>) = 0.

|x]?
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3.4 SETEZINHFRIE: FHERBANTEHERM

IR EVERIRPITE . I8, Laplace 7RIS,  FATTAEAL B4 in) @l 2946 9 % ik o 7
FEX"(x)+ AX (x) = O I 18 ] R R o ﬁ%%iﬂ%&%ﬂf@:ﬁﬂ%ﬁﬁﬁ?—j—;EI’J%?HE, RFIEAE A, 0T
L FRVRFAIE B8 X, Qo) AT DAARAE — 4 “ IR, M e 28 At () 2208 SUBE A AT 2 5 X, () 1Y) B 00 4
e AR — W AFIHIEY] . BATR E % 8 — A X RO, i1 OLRT BLE
AR ) R R AR s 2 e JA PRAZ S5 1B BIR i ( F¢ X 3, #4%—;—;?%5%(—&%2?0 fpes
B X A e s 7l AR R, R XA AR

3.41 —H$HE{EIR: Sturm-LiouvilleIEi$

IHRFAEE X (x) + AX(x) =0, 0 < x < &, WHRILATH E Dirichletid 7 2544 8 # NeumannilZl
ok, B AR AEAE AVREAE R B AT DL ST B R . B2 An B3 F 5% A O — M IR obindll 7 5%
1, BITEA aX' + bX | ,q = OB, FHAEAE -5 FFAE R BOR 6 B 2 XSk if,  (HA3R P LUIE B R 458

EIE 3.4.1. ika,,a,,b,,b, > 0&F 4, Ha, +b, >0 =1,2). WFEHKY T4

X'xX)+AX(x)=00<x<nx
1 —a,X’'(0)+5,X(0)=0 (3.4.1)

a,X'(z) + b,X(x) =0

B R R e TR
1. FTAARAEAE A % A3 A3, 45 50H, b, +b, > 0, M ARAITAEE H EH,
2. RRVAFARAERT B 6 4 AR AR IE R AY, BpRAE B AR AE(AL, # AR RFIER X, (X), X,(x),
J X, (x)X,(x)dx =0.
0

3. BARAFAEAAAN R — AN R 18 38 Bl 400 B9 J 7]

0<i <A< <A, <, limA4,=+4o0.

n—oo

4 (X0} R LA, iR — &, B R £ € LA(0,7), AAEE—8FF{C,) C Rt
#/(x) =¥ C,X,(x), LC, 8%
n=1

¢ - UX)
(X, X,)

n n
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1IEEH FATRUEH(1)-3). (4)FE B B8 7 B 418, FESbBbid . H e IATEMIRFIEEAL €
X R AETT RE P 3R LR IEHEX IFAE(0, o) A7, 753

V1

J” X" (%)X (x)dx + AJ X(x)X(x)dx = 0.
0 0

SRR AT

T

r X"(x)X(x)dx = — r | X' (x)|? dx + X’(x)X(x) .
0 0

FE X W) A L, BATAX(0) = le(O) ALK X'(x) = X(rz) R, @Eﬁwﬁal a, # 0, 55N 7E
lﬂﬁ‘EJ:TjEEEEEDlrlchletlﬂﬁmﬁF ﬁﬁﬁfﬁ/ﬂ.ZHU E»'Q;élﬂf T o TR ARl ST AR Bl

b b
—2|X(@))? = 2|X(0) € R.
a, a,

e L%, 32

T _1 V3
A=<[M@WM> G|X@Wm+ 21X (@) + umw>eR
0 2

I 3 B AR, FTBAORT VA 1A > 0, XiEM 1 AR e B Oy AR 5 AL

T RBATIRA = OBIIELL, SIS AT LRI XTI X (x) = A + Bx. #i by = b, = 0 (Neu-
mannjﬂﬁ%ﬁ:), EAVE R X (x) = constie —NAEEME, HMA = OFISEREHFEE . fﬂ%%{bl + b, >
O (R%ijb, > 0, b, =0, M a, > 0), FH

0=-a,B+bA, 0=a,B=>A=B=0= A=0 2.

XAEHUER 1 (1),

R RIE(2) (IEARE), 7EX,, X, I FEWA S B RLLX,, X, B GXEATEHLEE L
T, FONCAUEBRHIEE AR R D, 153

Ay J” X, (00X, (x)dx = — [” X,(x)Xl’(’(x) dx,
0 0

T

A J X,(x) X, (x)dx = —J X, ()X (x)dx.
0 0
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— R EE R, B3
(A — /II)J X ()X, (x)dx =— J X)X (x) = X, (00X, (x) dx
0 0

=— J (X,(X) X, (x) = X, (x) X (x)) dx.
0

—X, () X, (%)

RJI(x) =
—X/(x) X,(x)

 RERIATT R -XT = 2, X, AT 13

¥

(A = A) J X, ()X, (x) dx = J J'(x)dx = J(x) — J(0).
0 0

WAERNx = O4L 32 A 441
—a,X!(0) + b, X,(0) =0, —a,X'(0) + b, X,(0) = 0

T a) + b, > 0, XA TTREM IR T (a,, b)) IFTFREMETT AL GARER, XLV R E0ERE
AT HI T (0) AU ZE. SR, AL AT IS 2T () = 0, KL 3RA 1

(A, — A,)J X, (x)X,(x)dx = 0.
0

M TR A, A, AR, I DURFIE R X, X I L2-NRUZ, BISPTK.
G)FIEMR B H R WAREH, #ie BRM S ODEMiF. V(P ARS H g TR
WER WL . B IRATIRAIE X A B H I REE R

X(x) = C, cos(ux) + C, sin(ux), u := \/Z
WISUELE SEEE]
b,C, + (—a,u)C, =0, (bycos ur — a,p sin un)C; + (ayp cos pux + b, sin ur)C, = 0.

FIRES, a0 ERASTTRE AT AR SR T(C COIIFFIRENME TR, ERAREM, Pl RBGEREAT S
WA NN E A NECE

(a,a,4* — b,b,)sin uz = (a;b, + b,a,)u cos ur.

1. @, =a, =0, b, b, > 0 (Dirichlet): A, = n?, X, (x) = sin(nx).
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2. b, =b,=0, a;,a, >0 (Neumann): 4, = n?, X,(x) = cos(nx).
3. a; = b, = 0 RABLLFEA): 2, = (1= 2)%, X,(x) = sin((n — 3)x).
4J%=mzmﬁﬁﬂmﬁ$#)@_m—9%xppwmw—gn
5. A a; =0: tan ur = —Z,u. A, € ((n— %)2, (n+ %)2), X, (x) = sin p,x.
6.Rﬁafﬂlmmmz—%mA”ﬂm—%ﬂm+%ﬂVEWPwm%ﬁ+%wammx
7. A b, =0: cot uz = Z—jy. A, € (n—1)%,n%), X,(x) = cos u,x.
8. RfA b, =0: cot uz = Z—iy. A, € (n—1)2,n%), X, (x) = sin p,x + ”—1;4” COS 41, x
9. 44k a,b, > 0: cotyr = —22_, — hb IZﬁEﬂ?%?ﬂﬁﬁﬁi 4, HAffu = 0./

alb2+a2b1 (arby+aybp”

T —co, fEip — +oolf LTy = —2p. XHEEN, FilElHp, € (n - Ln), FAEREL

ayby+ayb,

X, (x) =sin u,x + b—yn COS U, X.
1
]

TS B ZE R AEAE 1] R Sturm-Liouville il @A —FHRFERIE B0, S-LIREUE R R & U0 T %
T B e o T i

—(PC)X'(x) +q(x)X (x) = AX(x) x € [a,b],

HIDH %N KX(@+LX (@) =0 F1 MX(b)+ NX'(b) =0, Hp K>+ 1> >0, M2+ N2> 0, LLK

p,.q,r € Cla, b, p(x),r(x) > 0, Hp(x) &L . XTI ERD T, BATDGEW LN

TEIY" (x) + (A+ q(x)Y (x) = 0, x € [0, ]I E T2, HiAF %M NY(0)cosd —Y'(0)sind = 0,

Y(r)cos¢p — Y'(x)sing = 0, XEL LT EBHAT LTS 1 o 7 FEA Rl S-Lad 4B 1)@t 114 i

e 4180, B T HAFEEA — A IE (BRIERATAE R T E B a, + b, > OB -
I, R R AR A E AR AR B B IR, HAR RIS T 1o 2 L2 E RS B (self-

adjoint);%v_%o

EX 3.4.1. BNMMRHEIETFL (BRAFTEFHRLP QLY AFET, R EEHANRHS, g €

L*(Q) (ith 2 R A AF-FAE) #A (LS. 8) 120 = (f L£8) 12

T 341 3412 @R E) 6 LHQ)- M ARR S LB HE LAY, BI(f.8) 0 1= [ F(0)g(x)dx.

XA RAERMNAEL ol O FE T IER T — 2 A F1h,

il 3.4.2. LR EHQ C R, FIEMRSHEFLORFIEMER ALY = AX (AFEMHL ). FEZA

REMHTLRALA(Q L aHET, NA

(1) LOYRIRBFIAEE A F1E;

(2) TR AFAEAE ST 7 69 4F 4 o A2 L2 (Q) A & E 895

(3) HLAA R Ty, BIMAEEHR AL R AR FHO[HE S € L2(Q), #A LS, f) > 0k, NLEY
ARAFIE S A AE 7 F 4



116 B=E RN E R R AR

HERR. XANEBEMIE S 2 AT - X" (x) = AXO)BBULS, f) = (f, Lf). WfRMNETL KT
FEOEAE ARRFAE R, T E A A

J Affdxzj fﬁdx:u—z)J lfPdx=0=>1€R.

Q Q Q

IXHRUERA T A RRRAE(E B oS g, IEAR T DLE AR . 1,3 = 1,2) 000 £ R TR A, 1
RRIE R, 4 E AR

([/f]afz):(f],[ffz) = (ﬁlflafZ):(fl’j’ZfZ) = (11 _Az)Jflfzdxzo-

A LEARVGER, WHORRERSH [, Af fdx = A [, |f|>dx >0, B4 > 0. O

342 (FAWEFMTEEZEDRE: TETEEIRE

AT EATHG 2 F3 A SR HE) T B — R A XEQ ¢ RYE, YR, ﬁ?ﬁﬁj\ﬁ%—;—;ﬂg
Hpli(=A). N T EME, A9 R Dirichlee Z 0 E &KL, T Neumannill #2544 FIR obiniZl
TR HIE LA e HAT % . R EE I RZ O S8 IR E (M) B FIIEFHEET 7RI,
SRR b AT FH 43 2 A8 B SR M sk 7 T R IR) R AR L . K AR R (— A) SR 1 IR AP IE R 2
REIF, JFERRLA(QWARE IR, e —4EXE(0, 7) b RRRR TG OUSL R R AR T .
FEJR B IRIE 7 S, FriEGalerkinl&I VA IE & 70 AR RE R — ), EAEMmG T J7 R R B
WR AR BUE TR AR ) T E AR

A28 FE AN N R AR AR 7]

—Au= Au in Q, u=0 on0Q. (3.4.2)

E L, HEADirichlets S 46 RS, —AZL> B EHE T

(—Au,v)=—J Aub dx éiiJ Vu-VDdx=—J u- Abdx = (u, —Av).
Q Q Q

R, Qv = wlFRu(-A) R T ALK AL, (- A) B 2 AR LR B 9 AR s 3

AI uzdle [Vu|?dx > 0.
Q Q

F b, RAVEREUEH AR FFEE &AM B . AR, A = OWRFHEAE, WIAFAEXT L)
AME N R BFHAE s B . (A EFE RV = 0 = u = W8 HufiELEZE, XA E 4 e
E, T
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N RBAVBUR € #E3.4.103)- () 4518, FAUEBIMRIZR 12 oR 0 BT (BRI, BEAGEE 25,
EIHE 343 RQCRIRFF KB, BLFAE, N

(1) —A (W Dirichlet R A A &) 69448 % A EF %, HMR—ANLFEIE D +00bd 57 (X
BT IR THEA)

O<A]S}/2Sﬂ3s"’, 1lm/1n:+00

nh—0o0

) LXAQ)AE—mirk EX A (w, ), P w, € C(Q) (k € N*)ZA I 5 o4 eS8, 2 Fr4L

—Aw, = A,w, in Q, w, =0 on 0Q.
JEIC 3.4.2. K2 269 503 — AL 69 RS AR R I 0 T AR Lo Bldm, H(—A) 3RS 4o

d
ui=— ) d, (a’(x)d,u) + c(xu
i,j=1
WEFHRHR e LR, EFdl, c e C¥Q), (aV ) RFMMER T, LR DHEEKTE F|c|t
R KA,

SEIT 3.4.3 (Neumannill A PRI IL). %5 45 424 94 49 3R 4 #F 7 9 Neumannil R & 4 24|, =
0, M A, = 0L A (—A)EGHAEAE, AR AFIERH AT IER T, 2HEI43F 9L TR
Z ((2)F 49k € N* &5 &k € N).

AR 3.4.4 (Weylif). 4 1@ o HF 09 A A A Pl AR W 32 P AR F £ &, X A& H HLaplacedr

ARG TUMAER S N E T A4 “428 7 (steady state) M, Blhetz 5742, R TS
Fo RTAFIALB LA —NMAREMRGZE X BH. Weyle i, 4w EARAEAFIAR, =T LLEH

N e o rdb s sk i
lim n = VolQa@d) a(d) 1= R Az 5RO HRAR,
T FRA T — 2P A= A) T 1 B {E (principal eigenvalue), RUE/INMFAE{EA,. FRATRIE
WA, 005 R B ERFIE A, HARHIE RABEEQIN B AR 5 .
EIB 3.4.4 (—A)FEFFHIEME 72243 )R B (Variational Principle)). %A, > 0&(—=A)H F (#* Dirichlet &
{EAAR) 8 ZAFAEAL, WA o T 450 R Lo

(1) (Rayleigh»X) 2 A 1= {w € C2(Q)|w = 0 on 0Q} A %4 % (admissible set), N A T 4 4E{E 69
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o IVw(x)|* dx
A, = min .
weA IQ w(x)?dx

Fhe, A

A= min[ [Vw(x)|? dx, A= {w e CX(Q)
weA |

J w(x)?dx =1Hw =0on GQ}.
Q

(2) (BUIMLF = A2 & 2) (1) 69 3 I ME A L wTRA, 89 448 & S0, 5 3], B, £QN R
T X PRI R S, R A e T ALY FE R R

—Aw, = A,w,; in Q, w; =0 ondQ.
(3) (RAFIEME L R FHIE) Fu € AR KT H A H
—Au = Au in Q, u=0 on dQ.

Musk % R w 8 F HK4E, BPAAETRCEFAQABRY=Cw,.

FEID 3.4.5 (RHIERR A6 PE). — AR, R IZPTE 69 5 5 F 69 B3O8 % MSobolevs 1] H) (Q)F
B, 12EQM A RAR, AR 2 E EN R Z(Evans3, £ 26.3.6) % Ww, € C°(Q), HiAXE
BN BRC? R A AL,

FiE 3.4.6. Q)AFRMEEAHL0O< A <A< A< RE—LRXEQ = (0,n)8FILLLEH,

SEIT 3.4.7 (Neumannill % FRITEIL). % 4 AEAR 19042 89 2 R 4 2 9 Neumannil R 44 24| =
0, FiTA, A R B EHAEAE, (1) F 9B FEAR KA (w e CHQ) : [ywdx =0, w20, j—mm =
0}. QL wmARR L. H(3), A ERIEAANGHFEIRTFEQARERET S, —AMREH L2
BABIFEAQ = (0, n)B, A EHFIEAEA, = 13 2 694542 A X | (x) = cos x.

IVell?,
AR, B2 B [w] = ——— 2 (EA ERIBMET GXEBRNT L), I
”w”LZ(Q)
2
. ”vw”LZ(Q)
m=1[u] = m1Jr41 >
we ”w”LZ(Q)

F—%: ERRIwINRNMERCAHNEFEE. £8o € A, B TuwEMMeT, Fred3ATTaEL
Yif(e) = I[u+ evlfE e BRI Ee = 0B ZIR/IME, XEERITEMA f/(0) = 0.
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i, FATATBUH SAE XES H f(0) = 0FREN . FHL b, JATA

Jo IVul* +26(Vu) - (Vv) + €2 Vo|* dx

IQ u? + 2euv + €20t dx

fle) =

BMixte R PG, fLe =001

(Jo 2(Vu) - (V) + 2¢|Vo]?)

f (5) = (IQ u? + 2euv + 621}2)
(o IVul? + 26(Va) - (Vo) + €2 Vol?)([,, 2uv + 2€0%)
) (Jou? + 2euv + €20?)
fl(o) :(IQ uz)(z IQ Vu - VU) — (IQ |Vu|2)(2 J‘Q I/IU) o

(Jou?)?
FIO)FRIEXM 75 E R0, KIHEATIS 2

[Vul?
J' Vu-VU=IQ—J uv=mJ' uv.
Q Q Q

an BRI 53 ARGy — IR, 193
J (Au+mu)vdx =0 Vv e A,
Q

BRI~ Au = mulEQPIERSE, M Tim - ACH TS PRRIRFAER, u X BIHIR AR 5L
B FNIE Wm = A, FA AT (8., 6 7 005 E B8 5 A0, 7677 RE—Aww, = A0, B Ll I

By, AR Al AR

: : Ve, I, IVl
ﬂjJ lw,| dx=—J (ij)wjdx=j [Vw;|"dx = 4; = 2 S =m
Q Q Q ||wj||L2 ”u”Lz
It CLm B BUE AN AT GE I (— A) AR — MFAEE,  TmA 5 B C G2 (—A) RIRHEE, BT PAgh A fg
Fe R/ NRFIEEA,. AR, IR EMREVZ BRI [w] IR N T us A 08 B R AE AR 15 R A, 3 SEIE B
T (DM FEB 73 -
FZL: IEAFFEENFEREATS. WAERINME BRI /IMEFuidlEw, . FATHIEY]

“KIBQN, BEalEHw, >0, BAEAwW, <0.”

BRI =
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BIS. Rw', w9 A& Fw QE3, {32, Mws b= 405 6 4 AR 1R AL 69 .
TEVERIIBT 5 2B, JANVRBBWREHOL, M RakAEMt 4. FL b, Zazl s MmEiiE s
H(H#HE184.2.4) 50 At EEAE AT I 50 . 7ERLFRAT P Sm A R 4608, A B AR A F
XI55 4.2.2795 5 B
IR (AR ). %Q c RIZA R EB(H R A @42 F £ 409), u € CHQ) N CQ).

(1) 4% —Au <0EQAE R Z, LA L Ex, € Qi Zu(x,) = maxu, WuftQul 7 F 455 3.

(2) %% —Au>0EQA BRI, LA E &x, € Qith Ru(x,) = ngn u, W ufeQul 7 FAEFH.

“UWis + BIRERE > w, AT S BUIERR. iﬂ/iﬂ‘]flﬁﬁwf. fﬂﬁ%ﬁ%—%%EQWﬁ—AWT = At >
0. WRwWHEQNEKTE, WARTw EQNEE, SiECAHE. HURBEFER, € Qff
fHwt (xg) = 0, XHL UL w! s METEQARBAE], TT-Aw? > 0, FF LAY SEHR I B ) wiHE g
%, HEARRATESIEY T Q3w (R w, 19 EQNARITNIER, BABHw, < 0FEQH
PR

KA EHA 65 0wy, RN, 00 Rw EQAIE R TE, A UM w, EQA 1,
GARTHIE. TNBEAEEX, € QU] (x,) = 0, KHFE Y w] 1 MEEQN HIAF], Ti-Aw] 2
0, FT LA 38 M (1S5 B2 Q) o PN o TSR B SO RN, BTRARA “w EQIIEIE” A
“w FEQINIEAR” PIFIMERRAE, Si8THE.
BFEAERR.  UEWINT R, BATRGIE R w, ) = 1 9 HE

A :=J (whH?dx, B =J (w))’dx=>A+B=1, A,B>0.
Q Q
MR RRELIE . SR A, A, BRUE 3G ATTA

21=J |Vw1|2dx=J |VwT—Vw1'|2dx
Q Q

=J |Vw;r|2dx+J |Vw1_|2dx—2J Vw! - Vw; dx
Q Q Q

. 7
hd

=0

ZXIJ |wf|2dx+ilj |w1‘|2dx= A (A+ B)=4,.
Q Q

HATER G —MAERBATHE T A, i X FEMIE Ao Skor, Rk 2

*112
Ivesl?,
=

= wi B2 A, X L AR AL 17 1 i

2,

XA AL, 5 IR S+ 1= max(f,0}, A/~ i= max{0,—f). BWSE>0,/ = fr=f7|f| = f*+f.
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E=2: IEFRAENEERREFEE. BB, uy/2Z A XN RFAEAE R P

—Au = Au in Q
u=~0 on 0Q,

HIQ)AE [ u, dx # 0. JRUAFAEC € R [ u; — Cuydx = 0. TRFAEAR in B2 e o) |, iy
Pu, — Cuy WL [F— MFEE W IR . IAEQ)ER: iR, — Cu, fEQNAENE (BIIIRY, —
Cuy & A 3 R —ANFHERR D |, A B EEQNEIESEE M, X5, u, - Cu,dx = 0F
J& o FTlhu, — Cu, = OFEQINIE ST, 5k A& 15 A, X B RRFAE T 25 [A) 2 — 4k, DR PR E R AR A .

O

JEIC 3.4.8. (1)891E 8 75 ik AR ARME 43 75 (calculus of variation). X A7 k4R T —ANFF a9 &
WS AR AAFNMIERTEEZREREARFHETHRNMLT. #FA3%, Jw] =
IVw|l?, —BAFEE R T, ©TARTEACH S LGHEROH LYk, AT ) M34.65
A=A, KFL THEAFHIFLIRGERYITEALLAS, FTEENIET LRI TER
R .

EIC 3.4.9. QA TMHREL G, ARIETHIEAERZES TR, IRXEARZIPTTE AL
Foyit e LEit. FQAR, M-Ae)iERLRHHE, RMNELEEAHFIELE R—ANF .

SRR 3.4

SRR 3.4.1. % p(x), q(x) [0, 1| L4 2 a9 {8 H3, LA A E, F EAFLEEF A
—(p(x) X' (x)) + g(x) X (x) = AX(x), X(0)=X'(1)=0.

WA TR AFAEE M B 9 IR R A L0, )P R ERAY, HAaRBIEAY HIEEHK, R IE
AHFLX 1= —pX') + qX BEL R AR FMHTALO DL AFET. )

SRR 3.4.2. R HE3AAGBIRT, B AEE)j > 2, A3 AR Sw, L EQN R 5.
ﬁﬁ”Aﬁmﬁ%%ﬁﬂﬁﬁ%@A@E@%ﬂﬂ%ﬁﬁﬁﬁwmﬂﬂ%ﬁﬁ%+dﬂu:Omaﬂ
P EAFAEAE A &K X

o IVw(o)|? dx + |, a(x)w(x)* dS,

A, = min
weA .[Q w(x)2 dx

A A={weC(QNCQ): w0} XERMBEIANT I BN R,
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122
I 3.4.4. 2Q C RIRATABGA R R, u(t,x) € CH(0, 00) X Q) N C([0, 00) X Q)R 4 F #f%
F AL

ulo =0, t>0.

—Au=01>0,xe€Q;  u0,x)=uyx)€CQ) xe;

SRS

(1) =9 fg(u(t x))?dx < e‘z’ll’fg(uo(x))2 dx. ¥4, > 02QLE&(—A)H F(#FDirichlet

GRLVER: Yo i M (%%'T" R ES %)

(2) fEHE 693 Tty AR R (1) P 695 5 R 27
AR AR QA REIR, ult,x) € CH(0, ) X Q) N C([0, c0) X Q)& 4 F #tk

S)En 3.4.5. ZQ CcRYE:

F I ALEY R
— Ju |

u(0,x) = uy(x) € C'(Q) x € Q; SNl =0 120,

—Au=01t>0, xeQ,
(1) iE#: AEEL >0, [, ut, x)dx = [, uy(x) dx.

AL EL > 0, [, |u(t, x)| dx < [ [ug(x)] dx.
3+(2), £ % F| hm

ARCH T E,

(2) EBA:
R ARARFIEL R EMFAKXER;

2+e2—e=]r|.
S8R 3.4.6 (Dirichlet R F). £Q c RYZ b HHf e CQ),g € COQ), & X

b

>

Iw) :=J %Ilez—wfdx, weA:={weC¥Q): w=gondQ).

Q

uRI[VEALG AT (BP I u] = inf ITw], u € A) L AL By Az % A2 69 fF

TE A

—Au=finQ u = g on 0Q.

R AR ZA AKX R L) =Tu+ev], A FveC®Q), REHH)j'0)=0

jo)’R 3.4

BFR 3.4.1. £ EHEI4AGBIXT, S AL GBI HKRRGE XL T H ., £ 72344692
weBERM: HEEk £, AL, N, = {0).

(1) £

Jo IVw(x)|*dx )
w#0, wy,=0, weC (Q),J wvdx=0VveX & - X,_,. p.

A, = min
" { | w(x)? dx

Q
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3.4 rEARLENBUREE: RAE R BRI 58 & RS

K ZAB R BT 8 B AR
(2) A Alm A, = +ooH AT 1F = vt B I8 F d9Bessel <5 X AGiER, FiEH: HiE&ESf € HS(Q),
B f,Vf € LX(Q), flyg = 0892 KEf, LA

n

f- chwj

j=1

=0,

L2(Q)

lim
n—>o0

S w, RAM B ERIEHH, ¢, 1= {lﬂfﬁ‘; TR ETE A w,) 8915 20T R

L2(Q)

B8R 3.4.2. AAFR(-AFIEEARDNERBRQUERB K DT ETH LR, FE—HRAFAFTHRX
BQ(r) ¢ RY, CHTALRBHRRB A € R, S5 H TN, A F0Q(r)d4% 30k B Av. *HE

B, BAVF JERFIEAEA = A(0) A A R 49454 R Fw = w(x; 1), BPF e T 4 AE{E 5] A2

‘}j\’-‘#’ffiii ||w”L2(Q(T)) = 1, l, wf%f,xéﬁyt;‘%&%{io iJEHB:

di _ _J
dr aQ(r)

Eb v N RAF 0Q(z) 9k m R K.
R AR ARE A KM = fQ(T)Ww(x)lzdx PRG AR s X(B.2.3) K F 29 Ig(r) d.|Vw(x;7)|* =

0. E—F PEZIEN |wll e, = | RFE Lllwl2, = 0. ZALEEAQH KA P,

(—A)BYAF I AR T ),

(V N)dS,




—HAETAE AL > AL B

=
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e WMAKERE

\nix
Jiy

PN b — 3 25 1 U] SRAE — Y- X 8] B — EeRp ik DX N 1) LSRR P Al Bl 0 7 R RTIAAE
. AR, X —MRHA A IXIRQ ¢ RY, FATHE LLE AL o8 B R 1 2 AURIE 0, TR Ak R 2
AR RES 1 LRl (s EIX S REEREEN T, O M TREICFARIN IR E{F
HEE R AT Bl BT BRGER T RGEEATESE . AR AT
R AT Laplace /5 A% IR R AEL IR BE R M DR IX — ). FiE R, XNl RE (B2 XUt Rt U5
) R ICRESLR AT AR E TR IO R BRI S50 1. SR SE BRSO SR PR M AR
EERIL PR X (B TRD, R EEEIRE AR X TR
T JE o

4.1 ARLENRKERE

FRXIHQ ¢ RIAKIPIE ST Eu, — kAu = f (k > 0). WRQ = RY, RA1C L 0
ARG WA HEN — R X, BREAREALEEH. M T#E& SR, 31471
AF AR B “ARORAE SRR X — PR 25 AR I s B At i . AT IRAT R A AL SRR 55 1)
KAE SR BT A R OAE B3, 5 38 R B B A MO T #ufe RTT R P IME A 20, E A K
T Harnack A5 2058 KOV ERR FEAGTH7 AT RL . R3S, JRATT HORE R AT R 250E B 5 b A R
F M Harnack N5, #uE T RERIMRA RN, BEAR1] 2 WEvans [3] BIZE2.3 15 AIEE7.175 .

1S 4.1.1. 22 A REBQ CR?, &M< X

e Q. :=(0,T]xQ C R #AE#4% H 4E (parabolic cylinder).

e [, := Q_T\QT = ({t = 0} xQ)U([0, T1x0Q), #:4F W4 3 F(parabolic boundary). 4= T B BT T,
Yot 7T VAARAE Jedn R AL 69 “JRF” (TR #4582t = 0) A= “MEE” (3t R x € 0QFT &Y
) 9HF %,

o u(t,x) € CX(Qrp), RBuF AL, xt HHX TxEERCH, XT1LERC'H,

125
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At 4 rT ‘
1 QD//T

The region QT

t=0

—% X Q=(0,7) 89K —AE 3% Q a9 L

4.1.1 HFEMNFRKERE

STTIEFL =0, — kA (k> 0), FATH W T 2

IR 4.1.2 AT RMFHAMIFE). & u e CHQy) N C(Qy) £Q Wit du — kAu < 0. Muby R
KAB L % A ety R, LA B, Bp

max u = max u.
Q Iy

o R 499 07O = 07, W) LR L5 (u[ R 25 o R A A9U< 07 HOR > 07, ] Lik 22
A CRRAAT B CROME” R

XAEEW bR ERAHETTM R o 35 AR, o a R B, ) (ERRABIAE I PR 132, %) €
QLRI FHNME, MAFAx, € QUUAELIFQL), 0 <1y <T. T uty, xo)Zulf K MEH, Frelf

V,u(ty, x) = 0, HessianJ7FEV2u(ty, xo) EHE = Tr Vi1, X)) < 0 = Au(ty, x,) < 0.

X ] A e U AR A 15 10 -

o 77 0<ty<T, N duy,x,) =0
o #ity=T, N ou(T,x,) >0.

T BRI R, R EAFRIOu — kdw)|, ) = 0. XJUPRCEARIT E: KA1
RZEE > it o™ AES >, N T 5E X s i “Iml]—7, JATRT UL E 51 #E— > s,
FEA IR ) SR T B FRAN TR 21

UERR. FRATTGI I BB E o(r, x) = u(t, x) —et, o 0 < e < 1 B—A/NEHL Mol 2

0,0 —kAv =0u—kAu—¢e < —e <0.
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XEERITEARYE LI e, oy i KA EAED, ik

max v(f, x) = max v(z, x).
Q I'r
T

BT, Wu=0v+et]15

max u(t,x) < max v(t,x) + T = max v(t,x)+ T < max u(t,x) + T,
Q Q Iy Ir

KPEAVERG—PH To<u BT e >0 RIEER, @ — 0, MAT 5 max u(t, x) = max u(f, x).

Qr

%%ﬂ,%Ww%mh-DWu&%ﬂﬂﬁm%m,ﬂﬁ@ﬁm@W@ﬂhﬂ@MWmN [
or T

FEIR 4.1.1 RO RRBOK ISR RO ER AR RE). 18 5017 A — AR R 4R ik Sh 36 HOR 94 (f = 0), 4F L35
B 6 B R AKEY S R LA I ) R A RO, B Mo R A A0S I R AT 8 o
HA— R BERE, AFAERNLZE, RIEAR S QAT LREIRAOR, TR = 088 & R
B a B AR, EARRTIAEMA R “RRERRE” 95 —HHX, 5RTFRMER
o FIBZIER 5 R A T AL A AL G2 AR, R L5 RNEF3.1.27% KR8 R IR0
G915 T s AT L,

WRFATERAFT TSN Lu = 0u— kAu+ cu, HHe(t, x) > 0245 € M REL, Aathnr bl
YA VU7

HEL 4.1.3 (AL G 7R e > O S HRAE I BE). 3% u € C2(Q;) N C(Qy) EQ P i & du — kAu +
cu=f, L ¥c>0-%<ayIE RN Kk, N

1. #EQ,NAf L0, Pl']m_axu < maxu*; (u89 IE 3R KA L 7 e Jodh 2 34 2))
2. BEQAKHf >0, Pl']mmu > — maxu s (Wb R IRAME L E WA R B])

T

3. FEQ AR =0, Mmax |ul _n}axlul,

Qr T

H P ut =max{u,0} 2 v~ 1= max{—u,0} A HubyE3F= 7 2R,

HERR. W HER(1), (2)-G)rT LEEEM )R, 1(DRE S5c = O 2SN o

BANTHUCKR RPN, X785/ Ee > 0, FATE Lo, x) = u(t, x) — et, FHARR o EIA) [F
FERIFEAN Ry, %) € QIBIERAE. XEFEW: W maxv <0, W(1)H4510%f vie H B
SLIR) o TR B IS FRA AR B AT TR B R 13 20,02y, x0) > 0 LA Av(ty, x,) < 0.

BT REEIHSR ov—kAv=0u—e—kAu=f—e—cu= f—e(1+1)—cv < 0, F|Hc = 01F
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NESL N ERE LRSS

maxu <maxv+eT =maxv+eT <maxv' + T <maxu® + €T.
Qr Qr Ir Iy Iy

& Ja%e — 0, RINPTK. O

FEGIRAE SR B AIE W b, DXKIQIRIE @ VE IR A 2, BT A9 AR A8 B B — SR 50T
QA LN . A RBQEATIERYE, WBATH LUINsRE5 8

“UlIBRAELAE P (1, Xg) € QpIBE) = e, x) 1L, %2 BT DI EQ, R H{E .

rd

Parabolic strong maximum principle

n ESSRAEARAE CEmARE R . ARURERVS KB i, G9RCORME R B O A A . TR
AT B AR KA R F A 21, IE g 2.
TR 4.1.4 (B S RAEe > ORI T, 32Q Cc RORA R KR, Hu e CHQINC(Q)EQ, 1
HROu—kAu+cu=f, LFc>0~%LEHLHEK,

1. HEQ AR f <0, Bufejudhp B89 1 & (1, x0) € QB BN IE R KA, MukQ, M~ R,

2. FAEQAK 20, Bt 4ot 0469 1 51, Xo) € Qrik B ERAME, MufeQ, A2 WL

I RAE SR B — AW B E R o IR, BARIEEE R IR (comparison principle).

EE 4.1.5 (REF RN BB, K@, x) > 0RLSR O [, XMWY HTLALY = du -
kAu + cu. Fu,v € CHQp) N (Q) A

Lu<Lvin Qp, AR u<vonly,

W] 72 56 A Hodly IR A2 649 1) .Q, F # A u < v,
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PLR S B R E AR fl 8, RV ELRE X — ofd 39RO BRI wr, Db ATTms 25 /. ditt
25k, AT DUIE B F X Sk 3 # %  J7 RE AT T2 A 1) B A M — PR AT 4L T MBI B
HBREJITE

ou—kAu= f(t,x) in[0,T]XQ
9 (0, x) = uy(x) on {t=0}xQ (4.1.1)
u=g, on [0, T] X 0Q2.

Fu,v € CHQp) N C@A AR I DI Kuy(x), vy(x), LA Ng,. 8, M550 T MR, Wk —
ofdt A AR OR AR R B AT 15

max |u(t, x) — v(t, x)| < max {max lug(x) — vy(x)|, max |g,(t,x)— g,(t, x)| } .
o a [0.T]x0Q

Qr

4.1.2 AFEVNDEREN [/
He T SRRV PR A7 R 1 59 BT SR FEE AR 1 — B35 sl

VHAE R R R R b

R 4.1.6. XQ C RIZAREHK, u € CHQp) N C(Q,) 2 A2 (4.1.1) 89 iR, N

max |u(f,x)| < AT + B,
QT

HEY A= t,x)|, B := , .
i rggXIfK IR max IQ§X|uoCx)I[&¥§§QIgA

MERR. FAT1ZE R A B R L w(r, x) = u(r, x) — Ar — B. RAE, BB AN ETRERNT “B&
7 S ROAE B 26 A . ERR TR W w2

w,—kAw=u,—kAu—A=f(t,x)—A<0 inQ,
DL
w(0,x) =u(0,x) — B <0, wlaQ:g—BSO:}werSO.

Xt wRIOME Y FL A SR P # w < OFEQIEFROT, Blu < AT + BTEQ fH LT
HAht, BRA UK —u, AT LR~ — R RERE T, Bl—u < AT + BEEQIEROL, X
$LF 8 u| < AT + BIEQH T 0
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2R B, B FRATTAN A TE A A X BT FRT A ] @ 2 AR, JRATI R AT
PG | BRI X — i 5T R 2R, J5#EREMR S ARIE AL,
Regh MMM A (5 B2 L2 AL M gE E 1 S E = A 1.

PR ORIATUE A L X I N #ft T 07 R I AR I e v] AR TR SO s 52
R 4.1.7. Hu € CHQp) N CQ) AR R EHRQ C RY A4 T 74249

ou—Au+cu=0 (t,x) ER, XQ
qu0,x)=gx) €ECQ), 1=0,x€Q (4.1.2)
u=0 t>0, x €0Q,

H e, x) &5 L

(1) ZEHLET KM Fe > ¢y > 08mz, MNAELEFKA > 0EF|ul, x)| < Ae o' HEE (1, x) €
QTﬁSLio
(2) Fg>0HcAF (KLIER), Mu> 03 EE(E, x) € Qpak Lo

WERR. FRATVY PR A B A A 3o i B o ORI A KB I BR (25 1. WA € REHEL WIRFHBETY
Mo, x) = e~ u(t, ) KB R, 2085 TR 13 ol 2 #e S 7R

0,v—Av+ (c+ AHv =0, v(0, x) = g(x), V|0 =0.
XFF(1), FATIA = —c, RITT15 2]

0,0 —Av+(c—cy)v=0.
——

>0
MAHEHEL4.1.3(c > ORYIIHNAE R BE), FAI45 21

max |v(r, %)| = max |o(r, %)] = max |g(e)| = max |u(r, x)| < Ce™".

Qr T o
—_— —
=:C
XFF(2), FATAT LA = 1 4+ max |c(t, x)|, FEAFEM TR L + 4 > 0. #EHER4.1.3(c > 0FI55K
KAEJFRE), FRKEF

minv > —maxuy =maxg =0
Qr Iy T

Hrfig > 0% Mg~ = 0. XHHAEH 7o > O7/EQ HEML, Hiiuth 2tk O
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SFIC 4.1.2. FEEHRD)B LI, < OF LT, X B ke, > 0%AF2 B H 3L MRL A T
MmAEE KM, FRE, Bftic, =0, RMLT LHEAMF LA 2 SR MR E, (2P L% 9
AMEET Y, F 0 S)A4.1.4F2 9] 404.1.1.

YVMERIE AR /AT

AT BT FRATE B R I 25 [ R frty A R Il R PRI A 328 s Al o
R 4.1.8. HQ =R, u € CXHQp) N C(Qp) R4 T #2457 4 69 A R

Qu—Au=f(t,x) in[0,T]xR (4.1.3)

u(0, x) = uy(x) on {t =0} x R

)

max |u(t,x)| < AT + B,
Qr

AP A:= max |f|, B := max|uyl.
(O.TIxR Rd

IEWZ AT A2 R, BRAVERE — MHRAEE . N T R, BATAYHR B = 1, B EHE
I Ju(ty, xo)| < AT + BXHMEE(15, %) € [0,T] x RUEAL. FATHIERZ TSI, 111 bl KB SR 2
XA BT R X EGL, B A—MREENAAER RN RIEBETQL 1= (=L, L), A
NEE(y, X)) € Qp» RAFIEL > 0151y, xo) € Qr € QEA.

e =8 L i | ’ Lr '
e Q5
(/A7 2\
kb ol | - X
(P
[

1

no maximum estimate at
Xx=%L

BRI BB, BATIERAE DAL 5 1 DX 3 A P AR R BB, 3 DR D A X 42k 1)
WiaF EAE R BADFAREufEx = LALK E5, 455 % 2B Bl A ffimax |u(r, £L)).
AL, BATHOE 5 BB RS — A G RSB R, A AT X R I AR QL ERE
A AR O A S B B EE AR

WERA. 6L = 0,— A, BHEM > 0 2 ut, x)| < MAEQ, TIXRMUER. . ST R > 0, 5FFEAE©0, T]X
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B(0, R)5E X JEANw(r, x) = At + B + vg(t, x) R EREL, Hrhoge — MR, ERmkis
B . BERM AWM FMEE.:

o Lu< ATEQ, T1 X RIFESL, LLJu < BYE{t =0} X RYFAL,
o w(0,x) = B+ vg(0,x)7E{t =0} X B(0, R)EL, LLRw > vgfE(0,T] X 0B(0, R)EATL..

KT HHBI R B v 5, A7 BB 2

o Lug > 07E(0,T] X B(0, R)FT,
* 0R(0,x) 2 07E{r = 0} x B(0, R)HKOL, vy 2 ufE(0,T] X 0B(0, R)ILIL,
) %R e OOHTJ" ﬁUR - 0
I SRORE 0, 1712, WS ATRATRA S FEILu < A < LwlE0.T] x BO, R L Ku < wlE(0.T] %

B0, R)HI il F i or. e EE RS Hlu < wlE(0,T] X B0, R)MAL, ZEAhah X —uth /& %)
1. MIMAHEE (1, x) € (0, T] % B(0, R)FEALAN R AZER,

lu(t, x)| < A+ Bt + |vg(t,x)| < A+ BT + |vg(t, x)| in (0,T] X B(0, R).

F4AR - coffl & FATAEE AR .

AN R B B 2 R R A B R B o . X FRATT R AN AR S A(x)?) =
2d, EXFETERLRT LB L(|x | +2d1) = 0, L2 W AE e “ARIER 7. 82 T RIEZELRIEL
(T I 41 U\&lim vR(t, x) = 0. WEEFRA LA F M /R?, Hod MUGIEA P —FFaEFTE L. X
FEROTE, FRATHE “{%ﬁ” — MBI H 0 (2, %) = 2 (X1 + 2d )i RBAT T A ZR O

SRR 4.1

SIER 4.1.1. R FHL >0, 3208 = (0, L). uk(t,x) € CHQL) N C(QL) A 4o T FIAL 9

L L _ L
u—u; =0 (t,x) €

t

/A

u(0,x) =0 x € [0, L],

ul(1,0) =g, ut(t,L)=0 1 €[0,T],

AP g2 0. W WEEL, < LyA(t,x) € Q' ubi(t, x) < ul2(t, x) B AR o
R BF T AL R,
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SR 4.1.2. ZQ=(0,1), h > 0RF #. u"(t,x) € C}( Q)N Col(Q_T)f'zizuT vik:A:n) 2

ut” —uﬁx =0 (t,x) € Qp,
3 u(0,x) =0 tr=0,0<x<1,

@'+ h(l—u")| =0, u"|_, =0 0<t<T.

(1) 3E8A: 0 <u(t,x) < 1EQ FB&L.
(2) iE#A: AEE(, x) € QA0 < by < hy, A UM (1, x) < u2(t, x) PR .

BF: (1) RBGERIEPW [0, T] x {x = 0) &9 R AMERTALAE /i, R AR THAZ L (2)
Ao, x) = u —ul, T Fos R &, 26 A4 (1) 8929

SIfE4.1.3. K f 1 R » RRFB#EEHH, Q C RIZRARER, KT > 0. %u € CAQ)INCQ)Z
4o AL R

-

ou—Au+ f(u) =0, in Q
§ u(0,x) = @(x),
u(t,x) = g(t, x), t>0,x € 0Q,

\

E o, g R %GR OH TR LI

(1) &f e, REFIEARSH T Lu :=0u— Au+ fu)hy L& RE,
Q) 4R RABILfEY, B LR FAERRGGE— I,

SRR 4.1.4. FE—g TR

u —u,, =0in[0,+00) X [0,z],  u(t,0)=u(t,x) =0 (> 0).

(1) EA: MiEZa € R, v(t, x) = ae™ sin xi#h & LK 4L,

T

. X xe[0,%] . . . .
(2) EAMEZIH U0, x) = 20 GERR X R 64 R RN X

T—Xx xe[g,n]

—t T —t
e < max u(t,x) < —e .
x€[0,7] (t,x) 2

R (B RS R WERE, TP R IERAM L,
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o) RE 4.1

olE 4.1.1. 3 A4.1.4F, BIEEu0,x) =: uy(x) € C'([0, #]) Li# Zuy(0) = uy(z) =0, iEBA: A
EFHKC >0, EHAF R HZ sup |ut, x)| < Ce™.
x€[0,x]

R Fruy(x)5 ST A4.1AD)AE F RS LA, X R ARBIRAMAC 497 B AT 2.

4.2 MBI ERER

FE— M DX, FRATITEIESRAT AT bR ) B R IA 3, (2 AT AR W] LA AN R 2011125
EEIH R, EWREFEE. AT Harnack NS REE Z S, At —HRHE
LERIHR T

4.2.1 AR FEHERIE

B AR AR B I E R, XA LA SRR A A RQ c RUE—NEER
4.
EIR 4.2.1 (AMBRETFHEIRIE). Eu e CHQ)RBFFHL, ML ZGKRB(x,,r) CQ, MR LA

T X
u(x,) = /f udS, = Jf udx.
0B(x,r) B(x,r)

MERR. 2 ufEEKTH0B(x,, r) EHIFIE N

1
Q) = /}: u(x)ds, = J u(x)ds,,
0B(x.r) da(d)ri-! dB(xy.r)

Hda(d)r= &0 B(xy, IR . RATEIEH @ (r) = 0. BT b3 B 7 X S80R T 1) R 2L
HAALr, FATATTEE X BT R ER W S0, TLLEEBIERE S fix = x, + rz, BIER
[H10B(x,, AT — R RS BB Wix, + rzfE, Hdz e ST sk B — . BT3B
Je(d — DAEREi, preARATA dS, = i dS,, XA 2

X=xy+rz 1
P(r)——xc J u(x, +rz)ds, = { u(x, +rz)ds..
da(d) 0B(0,1) 0 0B(0,1) 0

Xk, HEEERGEN 1S

d

¢Q'(r) = Z {/ ou(xy+rz)z; dS, = ,J; Vu(x, + rz) - zdS,.
0B(0,1)

i=1 0B(0,1)
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F& T SR 248 B 4[] o AR B R A5

x=xy+rz X — X

CD’(F)—+ Vu(x) - ds,.
0B(x,.r) r

IV B XX A R TEBKIEIO B(x, r) by U x — x XA A & BRI K 4ME 2, HACRES
UFONERI AR, FTRA=2 18U Bl x € 0B(x,, r) RALII BAEISNERIE . 5 U5 e (Al B.1.2) 15

ron 1 ﬂ U 2L 1
v = da(d)ri-1 JaB(xO,r) oN ()43, da(d)rd-! J'B(xo,r) Autar) dx.
B TueQ F R A pR £ (FEIX /i 4T 52 %A H 2R MmO R do . rbl EUHILNE,
Mg/ (r) = 0, XLV Heo(r) 2 W8, BAHulJESENE, Sr - 0,135

u ES:

o(r) = lil’(l)’l @(r) = lim u(x)dS, =——

=0+ ) 0B(xr)

u(x).

BN RAE Bu(oeo) B35 TR 0 (0 P 24E . BATTR A AR 20 B AR AL b7 (51 BEB.2. 1) AT AT Ry
HORTH T 2 ) 451045 5

J u(x)dx = r <J ude> dp = Jr u(xo)(da(d)pd_l) dp
B(x,r) 0 0B(x,p) 0

= u(x,) - (ra(d)) = u(x,)Vol(B(x,, r)).

7Fi2 4.2.1 (5Poisson AR R). AR @FT, KNS B R ETURFRELBO,0) cR* L
AAE R h(0)8 A Fa B R 8g B KX kK XA

2 2 2

1 a—r
,0) = — h do, <a.
u(r, 0) 2z L (@) a? — 2arcos(0 — @) + 12 ¢ r=d
L r=0, TiF
1 2 (12
=5 | noLo=f s
2z Jo a dB(0,a)

ZhHifA R P HEREE LR E. FRE, ERENKRNBNLT KGR/ H 02 XKL
X, BRI 2 &
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EIE 4.2.2 CFRMEREMIT EH). &5 Hu € CHQ)#H R IHEFRB(x,), r) C QA

u(x,) = {/ udsS,
0B(x(,r)

A&z, Wusk #QE&RF B E

MERR. SEVE, WRAuEQWN AENE, W HAulESEM, A NKB(x,,r) C Q, ff3Au > 0
(BiAu < O AT LO)TE B(xg, r) WIEROT. (H X 5 E #E4.2. 1IE1S K¢/ (r) = O T & :

1

0=(P’(")=W

J Au(x)dx > 0.
B(xg,r)

]

Fig 4.2.2. T2 L, B FuICHQBX T A#H—F 35 hu € C(Q), 12 1F N 49iEA N F & A
MEBIFABHERLBTFRT AR, L2324.2.10.

4.2.2 EiR{ERIE

AT FRAT T FH RN bR 1 ST 2504 Jo S 1 B R AR R B s AR A SR B
EIE 4.2.3 (AR EINE I, % ue CHQ) N CQAHRFEQL M AF R,
o (B3 KAE/R#) maxu = max u.
o) 0Q

o (BMAIARE) FQREME (BPAHKMR), HAEEX, € QEFu(x,) = maxu, Wult QR L
2

TR K
JUERR. IX BHIRATTHAERH(2). ()IIER S #u% 5 7 FE MO TR E#E (e #14.1.2) 2880, FRATTEE 1E 1 7814.2.3.
SAREAEHN fix, € Qb Hu(xy)) = M := maxu. WXT0 < r < dist (x,, 0€2), I8 F1 & FL 1~ 3B 1
o
B

M =u(x,) = ,{/ u(x)dx < M.
B(x,r)

ZE S AL M HA Sy = MAEERB(x,, nWIEROL. XRPESC = (x € Q : u(x) = M} QI
T4, FRMMEREx, € C, BATHREIR B — B B(x,, 1) C C.

B R RIEH QI T8, HEEES %4, MHQNIEBEHMMIEC = gi#EC =
Q, MM R WX, € C, FTLACIEZS, M HEEETQ.

CHe HAERIE A EIAME, [FONCA B J2 s JE { MY TE 7% 22 R Biu 1 10 5% 4E (pre-image), 1]
HEEL B S Lz — k2 AR R PSR, BT DUXIE B 1 2 QI (FEXT) P48 O

BEZ, B, QAR AAEMLAKRT?
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HE—EHh, FATEE— KL
T 4.2.4 (F/ F A RB R ER). 2Q C RIAFRER, u e CHQ) N CQ).

(1) ZEQFEA-Au < 0 (L FRuAQR 49 TF A F=(subharmonic)F ), LA LN &x, € Q 4
Fu(x,) = max u, WueQR L% H Ko
Q
(2) EAEQFEA —Au > 0 (SLEFAru QN 49 LA F(superharmonic)f &), LA £ A #x, € Q 1%
FFu(x,) = minu, Muf QM &L F HKo
o
%€ BLRIE I 75 2240 T ik T Hopf 5] 3.
5|38 4.2.5 (Hopf5| H). #Q c RIZRHRFE, H¥ue CHQNCH(QEL#HL
(1) (FiAA) —Au < 0EQF B % L ;
(2) A4 Bx, € 0Q, 1E1Fu(x,) > u(x)MHEBx € QAR L ;
(3) (x 0y NI FAF) AT IB C Q& x, € 0B.

B2 (xg) > 0, P NRIKBEAT %x, € 0BR M F425h kB F

“Hopf5| 2= E84.2.4” BUIERR. FATHAEA(L), Q)FHEH A Fudfeli—u. i M = maxu, %
HC={x€Q:ux)=M}. BIEHKIEE, Bktuz M, HFEXEEGY ={xeQ: u(x)g< M).
BERATER Sy € VAifdist (y, C) < dist (y,0Q), 3 H4 BRERO Ay HIEEY WIER KR, X
FERIE, BAEAE fix, € CflifSx, € 0B, Hu(x,) > u(x)FHMEREx € VEROL GXABECHV [z X
(CEIADN



138 FE AR

iHopf3| HE, FAMFEIS(x)) > 0. HIX Huffx, € QUEBIRNMET G, FAAEQH N
FX MK B BOAHIX — S T Vaulxg) = 0, M 2 (x0) L A%,
XYV RS, T A R Hw— E'?EEQW“BL@JE&?ME, wilh Wb 5 i AE R 2 O

KT Hopf5| BEA LY, ERIZRIFAMERAE: W Radt XU 1O mixy BIE R AAE, NWFEQA
PSR LTS, wlfIHUAE N 24 5 5 12 5 AR PR AN T 7 34 1 1) (EJ”JuTT“bEL??IEiiEUE%K
{ED, KBV x A IIINE ) FH () R ATRER G AT, B S (xR IE R,
& EE’JTJEEJHME‘QEEI@EX%EJJZ@&

Hopf3|3BAIERR. N 7 518 5 s Bl s 4L, A9iiEk BB, ). FHHopf5|H MM %(2), i
A5 SRR IS B B B o A SR R A3/ MI0 < e < 1AL

i u(xy) > u, + ev(x) ¥ x € 0B(0,r) U dB(0,r/2) %L

ii. —A(u+ ev) < OFEFFEIXIRA 1= B0, )\ B(0, r/2)L.
, aN(xO) <0
G SR B IR B o, DU ER 5 A KA 5 3 P A5 () +ev(x) —u(x) < OFE AFPEFROT, P Fu(xy)+
ev(xg) — u(xg) = 0. FTLAR B + ev — u(xo) TEx M I IMNE T SHC% 2 RAE U, B E] 2 (x)) >
—£22(x,) > 0.

XRER A B R B o m] DUEEU N u(x) = e — e IR, Hrdx € B0, r), A > 02— M E M

TR H . EREE

iii. v|y, =0

—Av = e (=4 22|x|* + 24 A),

iﬁﬂ%%’iﬁm%?iﬁ’]ib\uﬁ, HEGRIT AT, Fr A ERAHE ARG 7870 K,
HIA > 5, A —Av < OMER X € AROL. TR T HI®E), Gi)PERT#ERZ T BLEFRRIER . O

22’

Harnack N &R,
FIAERME R, FATIEReAL TH AR EL T “HRIE” o
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EIE 4.2.6 (Harnack %6 5). ZQ CcRIZFE, V c QRFBO LT E, WG AR T R dF=
¥ # dist (V, 0Q) 49 % 3. C > 0, & 543+ Q L a9 4EATAE it 18 Fe oy BuAR A

max u < C min u.
|4 vV

A, iE&Ex,y eV, HLEFHHKC > 0EFCu(y) < u(x) < Cu(y).
IERR. FATHr = Sdist (V, 0Q), Hiklsix, y € VIR x — y| < r, ZFEHIIEB(y, 1) C B(x,2r). TR

_ 1 _ 1 _1
u(x) = J/B(xlr) u(z)dz > e L}(w) u(z)dz = X s u(z)dz = X u(y).
Rk, XV e A P9 fx, y, BOLATER/2%(y) < ux) < 2%(y).
BN R AR A BT HE) T BV R R R . TV BB RS, JATAT Ly
HIRANERE S, IDIXEER A (B,) ey, S B IEARI A2, LB, A B, # BH2 < i < NIRIL.
FRREFH FRYER AT Bu(x) > ———u(p)SEEx, y € VROIL. O

< 2dnN+D
Aid 4.2d.3. _tiiiﬂi?]?clé‘f&ﬁ?ﬁi}ﬁfﬂﬁﬁlﬁuéﬁ%iﬁ'fﬁ/ﬁ?iﬂo Jm R BAVR - AH T o — AL A9 A B % 5
H5— Y di0,0,+ Y b0, +c, P {aV}RPHELGGRAARTE, WFABERERFER L, B —
ﬁ@fﬁ%&m@Z%%ﬁ%i%ié@%ﬂmm&m%i%%%,M%ﬁﬁﬁﬁ&éﬂﬁmﬁ
B BEEMAR L. —AFIT, KAV E T AR B AR T 34487 3269 7 ik K iE Pl Harnack 1~ %
KX, % T FAREAT R A B A+ (logarithmic gradient estimates), BP 44 1% 4 8 & #0 5 B 35 M KA R
HIE|Vinu| < C, Z N6 ¥ A4 F HHarnack R F X (WA 2472), BB HALER Ty
MAAE R AP 89T IRA3.6NB T E—TF ko

4.2.3 #hEfLTTAILiouville EIE

T R FEMENE . AKAE R B e Harnack N5, FATEE X BE1S 21U A1 2R B B 5 (135 55,
flithe WNEREIRITNMAES, WRBGET—MREIGIORE, WFHEENZR 0 R A&
foftiit. WL ATHS A, BRATR XS RE T CHE MR A, D EE AR 18 1R AN 26 B0 5 il
Th, WP FR 2 i AT R B e e e B 2 | ? B — e AL R Fe b, XK IR
AR N AR BRI 2, X R S8 8 1Y, FRATTE AW DL B U R R 0 2 SRR AT R AL
BT Ex, € Q, ViAHBR HurEx, 1) — MRk A BT BLE Bl— N K T (e — x0) I — EUSC S R 8L
RN tE x o Kb 1 2 B T o ET — N 2T 3 Y — B S B ().

ANFEATRBINFEL “ufRQNITANRE, Mu e C(Q)”, ZFHLHIUEWHZ L€ P 4.2.10.
Pit,  FRATTFEAS /NS S50 A A eR £ 1) & B S 3O Al vh, AR5 R A IR e Al o178 TR — /N9 e B
4.2.11 IE B R AR B B SRR AT



140 FE AR

KN FEG RN
EIE 4.2.7 (BEEALTE). RuA T EQA G AF 2, N xHEE § ARk, HERB(x),r) C QEZN
KA % EA547a, G EARM, k6 FHC, > 0 F4 T R K=

a Ck
|0 u(xo)l < d_—i—k |M(JC)| dx.
r B(x(.r)

#—Pk, EMAC =, C, = % (k > 1).

XAEHM G IRE EEEI, Bk AR L = TRE SRS B B0 /0w . 5E
HER RN HER
EIE 4.2.8 (Liouville¥ #). RY_L &9 A T8 F=f Fu R i 2 F 4o

MWERR. ZLEMuwFAE, WAZEIEHENSE—M RS ENE. WA LR u < M, IR E Sx, €
RY. ¥k = 1HIBREEAS S %0

C,a(d)

dC a(d d
a(d) 1 J lu(x)] dx < 2 Vr> 0.
B(xg.r) r

a(d)rd

dc,
|Vu(x0)| < ] o |M(X)| dx =
2 r— +oo, BLH Vu(x,) = 0. HT x, ZAEHU, Frllu A fe 25 % O

Fid 4.2.4. et @9 Liouville® ¥ 5 & 547 P 89 Liouville 2 AR LR AR &9, B KA &L
# (BENEFECLAL) LERFEH, XAR A AR H AR I Fe R 2R Fo By 2o

JEig 4.2.5. F5% £, Liouville® 32 ¥ 69 A AR L T AFI A 4= T A /MRILZ —
o |ulER TG TG K MG TEMEK, Bux)| = o(|x]), as |x| > oo
o uFAMA T,

1E 8] ¥ 4F 2] #24.2.8.

PAERATE RS AL 1. AP RE Tk = 1AW, — #0153 WEvans [3, 55297
#12.2.7].

k = IR0 EAETHIERR. Bl EQIN R M EL, NIXHMERL <i<d, o, uth QW RITAREL GER
XA R T ou € CCHBRBISEIND o S Xto, wll T3 1E I #A5 2

d
0, u(xy) = Jf (3xiudx=ﬁ J 0, udx.

B(x(,r/2) B(x(,r/2)
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5 F Gauss-Green A 2 (A @ B. 1. 1) ¥4 12 F AR - A0 o 3 S8R 40 15 2]

24 24
0. udx = uN.dS._,
a(d)rd J K a(d)r? J o
B(xg.7/2) OB(xg.r/2)
Fr LA
[0, u(x,)| < 20 - Area (0B(x,r/2))- max |u| = 2 max |ul,
0= g (d)rd 0 IB(xg.r/2) F o 0B(xor/2)

Horh Area (0B(xy,r/2)) = da(d)(r/2)* 7", T RILATEH |u| IR 53 45 ] ,Anax |ul.

EER], #x € 0B(xy,r/2), WB(x,r/2) C B(xy,r) CQ, FTLAX XA fix € dB(x,, r/2), FATH
PP 33948 S5 3845 2] [u(e) | H 0N Al T

|u(x)] < lu(y)|dy Vx € 0B(x,,r/2).

1
a(d)(r/2)? JB(xU,r)
R HARNG, o) It TH UG 2R TR R 4518

2d+ld

|Vu(xp)| < d|0, u(xy)| < a(d)ri+t

J )| dy.
B(x,,r)

fE B HIFIER] R, FAIKEs L ELma] 7 in N4

AR 4.2.9. i%u € CHQNCQAFEQANHAAFH. KR >0,x, € RY#HZHKB(x, R) € Q, N

d .
|0,u(x,)| < — max |ul, 1<i<d.
B(x(,R)

MERR. UEMIRIREANE BE4.2.7 0595 R, R AT /2B s RRI T 5 2]

1
ax’_u(xo) = W J MNI- de,
0B(x.R)
BETM
1 d
|0, u(x))| £ =———— - Area(0B(x,, R)) - max |u| = — max |u].
0 VolB(x,, R) 0 B(xq,R) R Bx,p
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4.2.4 FRIEMESCAETYE

IR IE B R PR 2 1) 14 PN 1) 18 R R 5000 2 TR R B, 1ZIE B 75 2 BB B3 G A6
BT, B0, S5 IZES I EREE AL, FRATT AT DAE B R A R B A SRR AT R
EIE 4.2.10 OLIFM). £ue C(Q)i#% sk @m-F3H R, Bp

u(x,) = Jf udsS,
9B(x).r)

SR B(x,, 1) C QAR L, Mus QLG AF LS, Hue C®(Q).

WERA. HTQEJTHEE, FrelBATH ZHIE
VO<e< 1, u=u,inL2,.

KBy, 1=n, * u, n, IHEBITE XHIBETOLE T, Xk Q, 1= {x € Q : dist (x,0Q) > ¢}. #F
Z, BATCEEBEEH € C*(Q), (HAFPVCIEHufE “4iK— S S Xk ” Q ER&CeH, 4
JF%e - 0, K HIRIIBNMESQ .

[t 7€ x € Q,, FATH R AR R Kt B, (x):

x—-y

w@=| ne-yunay =2 n (2 )uray
Q €" JB(x.e)

1 &
:_dJ M jx1=pse <J ”d5> dp
€ Jo 0B(x,p)

1 [ ~
=£7J M xj=preda(d)p?~ u(x) dp
0

= u(x)J' n,dy = u(x) - 1 = u(x).
B(0,¢)

i RE, BATHE] Tt m e 5, ol al HEE MERTR > [, BLEIE Ok, iS40 —
AT HIE 5 W2 AE0 B(x, p) b Xk F AT R 5P S (R 2 O

BN R BAT GG A Bk AN T 2500 B R AT bR £ SR T 1
EIE 4.2.11 (SLENTMH). KuRQ L iAf S, MuRQEeyEMITHE, LR, € Q, &
Fx, 09 AR (EAE O), 147

u(x) = Z O“L;('xo)(x —xy)" Vx €O0.

PAL B9 KA R 3 24k % T A ARa b KA, Hia! 1= o) o).
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WERR. [E5Ex, € Q. N T IEMIZREPEISTE, AR ZIRUER IR y (x)FEx, K178 73/ 128
BADRE/EO) N (— B0k, Hr

N-1 a _ a o _ _ o
Ry(x) 1= u(x) - Z Z 0 u(xo)(JYC X) _ Z 0u(xy + A(x — x())(x — x;) C Aelo1l.
la|=N

|
= = al a!

O, FRATRLFF |x — x| /N, LR 0%udE x B I B0 FE A5 T ORE BH AR L 1 4518

Je B EEAL T, R R SRR A TH A R 1 /R IR DR 1) R 1 R TR T A A S R
F (EArN, U ER iR . BT, B = Ldist (x,0Q), M =
0. SHEEx € B(x,, r), M4 B(x,r) C B(x,,2r) C Q, #EFEME, RATH

1
a(d)rd IB(xO,Zr) Iul <

max |0%u| < M - kX - 2 d /r)* Va| = k.

B(xq,r)

HTkk < efk!, k! < dkay! - a,! (BZKk = |a| = a; + -+ + a,), FAT1FH]

d+1 2,0\ K
max [0°ul| < CM (2 d e> a!

B(x,r) r

PRI AE 7T SRR 0% /570 40/, [13Vx € O, |x — xo| < ————. FHHARARTAR, (x), Tl 1E

2d+2d3e

T N
IRy(x)| <CM Y <2d d) (3 )NSCM/ZN—>0-

d+2 3
= r 24+2d3e

4.2.5 AR EET S

AATEATT W AT BRI AT e FHZIRATETHERI\ {0} AR 1A I FI R 2L (BEAAAED Ik
SRAE IR A A, T AE bty #E AT . ATIE B 40 KECR . A AR NE
PR DL PR AT B R A I RS R AT . 5 2, BATKAER: Wi Z0ERBO, R IAAN
BRI HOPE SR BRI 3G T R AR AR T A, ) R T R AT A
EIE 4.2.12 (AR 25 4). KutESHKBO,R) := B0, R\{0} c R (d > 2) A #yiAF=F
#, BLi#HA

o(|x|*¥) d >3

u(x) = as |[x| — 0.
o(In|x|) d=2,

Wutex =0 H 2L, BPule B0, R) M & B+ 5 3.
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EMIZ A Z AT, FATHERKERGR — N B, B, BRBO, REH 7 X, Faoml e R,
2 E ARG, B0, R)W BT b B0 - G e — gt 1 55— T %%1!‘]172&%1‘%%@%&5’]7‘?
P S A N R A, A (5.2.9)FR. B U EGIE ] uET(5.2.9) 4 I iX
RAEH GefFod) BT,

TERR. AUt 250K B0, RYNRZELEN), Hido i AR(5.2.9)% HIY IR U], g, R)E_ﬂ?B(O R
WAGESR, BIFEB(O, R)F LAY = 0, fE0B(0, R) F v = u. f£EEOLERBO, T Aw = v —u, I
M, = max lw(x)|, M := max lu(x)|. FERRAE R, FRATENIE |v| < MAEB(0, R)IE AL .

Tf?ﬂ%mﬁﬁﬂw OEB(O R)Eiﬂraﬁﬁu T RGR R fE S, &ﬂﬁfﬁkﬁxmd >3 (d = 211
BUIETEZRL). PR FRATRE T L O BRFE T RO 158 o P42 3 — 28, BB w B EIX KA, = {r <
|x| < RYBEIMAIT N, WAL A, I, dZ\EBﬁZ_L

pd=2
|w(x)| £ M,——— ondA,.

| |d -2
FHL b, ERIPBXERSNL R (x| = R) £, RYEE XFATGw = 0, Pril EisX A AZEA R IR
AL ﬁﬁ?ﬁEVM)”'J F{lx| = ry b, AR M, HE SCRUL IR 1A, 25T 8 5 A 5 X 38,
wHI M, LR A, AT ER B, B B T

r||d2

d-2

7

BE—B L, JATHA

M, = max v —u| < max |v] + max lu| <M + max lul.
aB(0.r) 0B(0,r) 0B(0.r 9B(0.r

R AN w EFAG T, FAT175 21

d-2
r 1 d—2 .

w(x)| < M + r x u inA..

| ( )l — |x|d_2 |x|d_2( IB(0.r) | |) r

PLAESHT 2 [ 2 x # 0, FATEBALESr < |x|, FHikr — 0, BE 2| w(o)| ) EFRRSEE (X
BB T ufE R ST KR S TR A, X ERHwx) = 0, Nfiw = 0, u = vfEED
BRB(0, R)FE KA . PRI FRATAT LUK udE 4 21 5 S S e 1H S5 T o. O

SRR 4.2

S 4.2.1. 2Q=B0,1) c RPAFAZ B &, BRu(x,, x,) i LEQA R ZAu = x,X,, ARl = 0.
11 Hu(0, 0).
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S8 4.2.2. #%Q = B(O,R) C R, u € C*Q) N CQEQN#H A FAZ-Au+ A - Vu = 0 F 4
Hulpo =0. TEZA=A(X) : Q » RIZAR. ELHHBAELHK. EW: ux) > 0EQFEAR L.
BT FEHAHLHo(x) = u(x) + (MR —eM¥) Hde>0, M :=1+sup|A|. 7 Hoty H4E,
Q
IR FAEHIERY > 0EQEE R Z, &E4e —0,.
I8 423, #Q Cc RIRARFAE (ALRARRK). HHu € CHQ) N CQAQT # FiflfFH K,
PP —Au < 0EQA 18 &R %o
(1) #E8H: maxu = maxu.
) 0Q
2) iEH: Eoe CHQ)NCHQRQN A ZH, M|Vo|£oQLik F] & K4,

SI5% 4.2.4. & f € C(Q),g € C(0Q), u A REBQ C R? A #Poisson 7 #28 iz
—Au=finQ, u=gondQ.

JEA B AEARFQEY T $C > 04 fFmax |u| < C(max lg| + max | f]).
o o

SIER 4.2.5. 3%Q = B(0,1) C R4, u € C3(Q) N CL(Q)i# 2
Au—-2u=1 inQ, ul,q = g(x).

X PgROQEMELEZE, B ALFHC > 0 Fmaxg |u| < maxy, |g] +C.
Rl B K F A > 0, RAAW +4]x[?) > 0.

SRR 4.2.6. LA EGA429%F, EEBIEu >0, VA ZEETELTALRESE, Bt <i<

dA |ou(xy)| < 4 max u.
B(xy,R)

SIER 4.2.7. 4%p> 0,18k ue CHRY) £ R? oA LK, HAELC > 0fEF3EEXx € RIH
Hlux)| < C( + |x|?). iR : ust & R RF AL % | X0

SRR 4.2.8. RuRRIP & iAF R ERA: Fuidh AT BA S PAEAT A, Wus &% .
(1) 3IFHC>0,p>044F |u(x)| < C(log(1+ |x|?)+1) Vx e R
(2) 3 %% CeR, ux)>C Vx € R

SJRR 4.2.9 (Harnack A SE A 55 0E). %u > 02 B(xy, R) C RY A &8 Fa k) £ o

(1) iE#: SHEREx € B(x,, R/2), M3 M EAE 9, Inu(x)| < % i=1,-,d.

(2) M(DiEA: *H4EZEx,y € B(xy, R/2), MAu(x) < Cu(y), = FiZFKC > 0IRIR M 43 d F=
F¥1ZR.
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)RR 4.2.1. KAAZ 344554411895 4 A, 5Q Cc RIZAFRFGA TR, FIEM
TAL
ou—Au=0in[0,TIXQ,  u(0,x)=uyx) € C'(Q),  ul,,=0.

JER: BAEFRC > 0, M sup |u(t,x)| < Ce ™32 & > 0z, X EA > 02 RXBQE(-A)F
xeQ

F (W DirichletiL F 5 #) 89 £ 4F e, (3RT: A3 8 45 A F) K, i R Hopf 3| 32691818, REHE
1 EA4.1.169 7 & A bR 32,)

[a)@% 4.2.2 (Hadamard = [ /€ #). ZuAR?> L&GEF K3, M) 1= max |u(x)|. iE:

|x]|=r

lo —log|x log |x| —lo
()| < gr, —log| lM(r1)+ g|x| —logr
logr, —logr, logr, —logr,

M(ry), YO<r <|x|<r,.

58 4.2.3. £Q = RY\B(0, 1), u € CX(Q) N C(Q)i#h &

Au=0in Q, u=0ondB(0,1).

(1) &d=2, ,El_lllirn u(x)/In|x| =0, iEH: uEQAEAHE,
(2) % d >3, _EL|1|im u(x)=0, iEA: uEQREHRE,

(3) &d >3, 4?-/‘:(4Fii§illlim u(x)/In|x| =0, HFuWEQARELLEFTR? IEHRNLE L,

R B JA33.540% 12421209448

B8 4.2.4 (S5 = AT, XQ C RIRAF AR GH R ER, &Hu € CQ)iHR[,ulpdx = 03¢
&P e C(QEMR L. EW: uRQ M EFBI

R ZBubh RiB B Y%y, 1=uwn, LV AMEBITZ L ELLFF. THEH, A K
BQ P ayfA s, LEQMERRE TR LR -HA RN, RERe - OIEHRAMMIEEH IR
FiT R 64 18 Ao B 2

B85 4.2.5. %Q Cc RIZARABHARE . H¥u € C2(Q) N C(Q)i# LAy = 0EQF 18 & =,

H AN FIQH —NFFEABEIRHI)T C QLE#HZu= ;—N =0.3E8: uEHE,

R HE-AMOD I RAXD DT RU, £MAEU 0 Q Z@utf Ritds, KA FIE
BAueU RN R RF ZHHKBPT (EFAHH22). Ak, T45RU = B(xy, R), £ Fx,€0QnT, A FE
[ 5o dS = 0FLALF BlueU N A AA R 4, RAFHERLHIENTE A ZIEL XA T ?
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4.3 *HERIEFRIHTKEREIESHarnackHNFI

SRR RS S0 T4 A TSR . BRI, Harmack R0 4L
EE A AT M) ST B R IOMB A ST~ 3 00, + X b0, +c-, B
S RAI7ER B U |- % 8 Laplace-BeltramiS 741 K (M50, Harnack R85 60, P44
(RS BT, DR AT 7 3 A 50 (0 ) 77 Ve W 038 A, T i
T SR B RO B |, ST 3R T R

AR W1 5040 0 5 43 B2 AR S A Harmack A0, Q) € RO AT FIFE,
u € CAQ). A LA T KM WA il o 5T+

o HUEH EEM TIEBRERAL T S AL

d d
Lu=- ) 0,(a’(x)0u)+ ) b'(x)du + c(x)u (4.3.1)
i,j=1 i=1

o AR (AEAE M THE IR ORAE SR BE A5 4518

d

d
Lu=-) a’(x)d,0u+ ) b'(x)ou+ c(x)u (4.3.2)
i,j=1 i=1
Ko #28a, b, e, (1<i,j <d)RGEERREL {a,; ) ENFRTTRE.
EN 4.3.1. &MNAREE3DRAIDZ LGP ETLA(—B)ME S, RIEHELET RO > 0% 2
d
Y adl(x)EE > 0l ae. x€Q, VEER (4.3.3)
ij=1
52, MEEx € Q, LEME IR 5B+ 5 B kE REUERE {0V (x) } & SEXFRIEE 7B, Hi/h
FREEA/NTO > 0. fEH FITEE L, Laplace 7l /2 — MNMXFE 1.
NTICSHE, A K HEinsteinsR A1iC S, BIEZIBFRE RS MHZIEFR R . ATLL(4.3.1)-
(4.3.2)7T LS %

Lu=—0,(a”0u) + b'ou+ cu B Lu = —a”0,0,u+ b'ou + cu.

4.3.1 HREREFHopf5|IE

AT UE B R B AR [ Pk 20 5 L(RD A TR 2(4.3.2) BIm A o0 5 1) % B2 B 4B i 2 AT Hopf 5|
1, HAP B RGP, c € CQ). #Q c RUEERITFE (RBIEH).
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T 4.3.1 (FRAMEER). #u e CHQ) NCQ), ¢ =0.

e HLu<0EQAER L, Mmaxu= max u. BB AR U F & (subsolution).

Q
o FLu>0£QR MR, Mminu = ménu H Bt #ruZ _Ef# (supersolution).
Q

AR, EFLu=0£QNE &R, Mmax |u] = rr;gxlul.
o

MEPR. 5OEEAL2UERSEL, AR I ILBhE

WS, #Lu<0EQRER L, Mmaxu= max u.
9

Se AR B S AL SRAE B (1), IAE(D IR E R Lu < 0, FrLAFRATS EEXTulE /N REN, @ Lud(x) 1=

u(x) +ee™, 0 <e < 1, 4> 0 DD KRMFFEF L. HEWTHIE: Lu g - PMRTAN
PRI, L IR IR N T

Luf = Lu + eL(e®™) <0+ ee™(—A%a'! + Ab') < ee™1(—4%0 + bl o))

FITEA A58 70 KINF, 30 Luf < OFEQWAB KA. HE KT 5 Fimax u = max u*. fije > 0, iTLA
Q

max u < max(u + get) = max ¥ = max u° < max u + max ge™™
) a ) 0Q 0Q 0Q

% e — 0, WAVE R EIEM S5 B max u = max u.
Q

FETRAZIEYIM S . RIEZE: GAAEN Rx, € QffifFu(x,) = maxu. JAH
Q
du(xy) =0 (1 <i<d), HessianJjFV2u(x)) <0 CEFIE) = 0’u(x,) <0, 1 <i <d.

Hal R A, MM OISR ZENLE L. BRI AT &a' > 0153 Lu(x,) = —a"0*u > 0,
MM Lu > OFEQWNTERAL, S E BT JE. —RIGOLT, BT {a } 24 1E E 1 S #R 77 B
WA HAFAE L TTREO = {0, 15

0AO0" = A, A =diag (A}, -, A,), A, >0,1<i<d.
A, FATTEAER M AL EE B y = x) + O(x — x,) 153

du= Y 00,u 9.0 u=Y 0,0, wo;.

k k.l
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FrLAMfEx Ab, FRATEAR
— ij _ ij _ 2
Lu(xg) = —a"9, 0, u = —(0,,70,)0, 0, u == ) 4,0> u >0,
k=1

X5 E BB TS - O

A LI RO L e > 0, ATTARTT IAE] 5HER4. 13K BN S 18, IEHIE S 2343157 4
—H, phabmg .

EE 4.3.2 (c > O RME ). &u e CHQNCQ), ¢ > 0AEQHBR .
o FLu<0EQAEMRZ, Mmaxu < max ut. BPud9dE i R RKAA AR LA 3],
a

o HLu>0£EQAEMRZ, Mminu > — rr;‘gxu . Bputy dE B MEA D R EA B,
5}

R, FLu=0EQRERZ, N 7a“mg_§m|u| = max [ul.
X EA (4.3 2) W ik 7> 1 L, FATH 0] DU ST Hopf 5 BEAI G ME R B . IEVES L =
(—D)EBAIR e A — 8, IhAbIg 2.
5132 4.3.3 (Hopf3| ). i&u € CX(Q)n CI(Q), c = 0. ik
e Lu<0EQAEMRL;

o BT EX" € 0L Fu(x?) > u(x)HHEFEx € QiR L ;
o QXL Z A IS A (interior ball condition), BP G 723K B C Q1% 1Fx° € 0B.

W2 (x) > 0, oF NRAKBEDF fxOhbty E4zshik@rEo, Fe 2 0, W HIoFpru(x®) > 0, 73AT
VATRIE ) HF 09 253 A% o

Hopf 5| 2t 7] LS H 5 bl o 21
EIR 4.3.4 GRL KR, ZQ CRIAF R KK, ue CA(Q)NCQ),c=0.
(1) ZEQFEA Lu <0, LAERN Ex, € QEFu(x,) = max u, MuteQry b2

R R
(2) Z#EQFBA Lu> 0, LAEN £x, € QI Fu(xy) = mmu W ufe QR b2 2 o
He > O, FATBA RIS ®
T 4.3.5 (c > ORISR A FEH). XQ Cc ROEARESR, u € CAQ) N C(Q), ¢ > 0.
(1) #EQFBALu<0, LA EN Bx, € QEFultx sk ) IF i & KA, Wult QR A F Ko

(2) FEQFEA Lu>0, LAEERN Bx, € QUEFultx 4k 2 IE E KM, , Mut QW 2T 3.
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4.3.2 HarnackAFE: WEEBE LT

WORAE R B LR W T G R 7 AR AR B ABL A T, 48 TORIRATAR Mt — P i AR IR . A% 15 1F B
Harnack A& IR IA A A A1 X8, Lu = OFFE 57 R 1 S /IME AN e KA 72 AT EEAC T
EIE 4.3.6 (HarnackA2ER). %0 < u € C* QR FTAELu = 0EQNE, A+ HFLEAF
R(4.3.2). BV e QR%EB A o W HAEFIKC > 0(PURIY A2 LY R $)1E 42 F 1 F X 2

supu < Cinf u.
Vv 1

SR I Harnack AN X (GEH4.2.6)M L, FATIMAEA A FIYEFEHIX —HEMER, M
52 0426100 “TERVE” TEUIRAZ R, B FRBATIIE D Harnack K58 — RTS8
¥R 4Tt (logarithmic gradient estimates).

PR RIAIA Y E B > 0, BN REM E—DNEE NS+ e > 0. HEV € Q, WATAHRIE
HIAFLE C > 0 fi15 u(x) < Cu(y)SHEEx,y € VIROL., TIXANAZE X T ln%I < C'RHEEA
HHC > 0RO . PAEFO B Eg(0) := Inu(tx + (1 — 1)y)) F SRR 3 A e #E RN B =092 0 45 21

u(x)

1 1
In—= =Inu(x) — Inu(y) = g(1) — g(0) = J gdt=(x—y)- J Vinu(tx + (1 —¢t)y)ds,
u(y) 0 0

Bt DA A 5f 3% A6 9 E B sup |V Inu| < C” for some C” > 0. X WU 7 A A FRATE#2 TR E e i
ER A 4 SRR (]

ARAETFSR: A FRATIEE S Harnack AN 55 20 FIUE B #6400 B R 2 £ THie 2 sk
EFRATAT DL e — MR L, B A R B Harnack AN . Zul AR EL Wo = Inwilif
E—Av = |Vol]2, FEAw = |Vo|* T3 Aw + 2Vw - Vo = 2|0%0|%. BT LA S #4544 5t ofE N BR A£G
1, T AT BLR 21 814,33 1) v R 58 e

NT AERNDERIBRG, 2 P RBAMEEY = ¢ =0, u > 0RIFIHarnack N2, 7EF B 1)
KB, M1z LA R B Harnack AN A6, T DDA RS 5 B ek 502 B 777

JERA. Wb =c=0,u> 0. %v=Inu, W EZEITHEAS
u=-e’, du=-eov, 0,0;v=e"(d;vd;v+9;0,v),

RN Lu =0 133
a’(0,0,0+ 0,09,v) = 0 in Q.

HAEAw 1= a¥0,00,0, W EREHw = —a9,0,0. B FARIA e i =5



151

4.3 IR ET AR OE R 5 HARNACK A S 3
WS, 4 bF :=—2d"0,0. N
92
—w@@w+wgwg—?w%ﬁ+cwm2 (4.3.4)

7 2 U1 R B, JR ATV BTN eI &R 7 25 R 2 R 4
AIBOCH TR € CR@MIR0 < ¢ <1, ¢l, = 1, I URBIERHz = Cukiwl I

BRAEY LT .
Bz e fix, € QEUIS IR KM, MIMXTT < k < dfow(xy) = 0, AT
0=0,z=_%w+40wo,¢ = {o,w+ 40, )w =0,

0,0,z = {*0,0,w +4£%0,£0,w + 12¢820,{ + 0,{w + 4£%0,0,{w + 4£%0, L 0,w.

PLK

BORiHE
—a"0,0,z + b0,z
=¢* (=a"0,0,w + b o, w) — 124" (80,0, ) w — 4" (70, {)o,w — 46" (70,0,f w + 46" 70, ¢ w

=¢* (a9, 0w + bow) + O (|Vw| + Fw + [Vol$Pw)

S R — T i) Vo] R HRE (04 < C|Vol b,
fEx, € QUt, FATH 0,z =0, —a 0,0,z > 0 (K yHessiankE B V2252 Y- 61 € 1), Fr AT 2
0 < ¢* (=a"0 0w + bro,w) + C' (P |Vw| + P lw| + |Vol$P w]) . (4.3.5)
H(4.3.4), (43.5) LI SUMBIA A, 15
0 LI + CIVOP) + C (1Yl + ol + 1901l . e x,
(4.3.6)

T w = —d¥0,0,v, TATLFR LA 3)
St <" (VPP + Vw4 Cw + EVolw) ,  at x,

B ORBAT M tn EAE AL
.gﬂvmw=@ﬂvmxwgewﬁwwﬁﬂmyﬁggﬁwucwmg%ﬂﬁﬁmn%T#%%Ymmgﬁ

3, BROIVol? < w, BEHw = a'/0,00,013F.
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o {4 Vw|. FHZENTACow + 40,¢w = 0, BRI Vw| < Clw|, NI | Vw| < CE2|w|.

2
. CIVoP <ol < X

LRGN (4.3.6), FEFAEFHC, C, > 0, € > 0, 15
Su? < Cie¢tu? + Cw,  at x,
S iHle < % GE

Fuw? <2C,0%w = z=tw < 2C,¢7 <2C,, at x,,.

HTz = CrwlEx gl B KE, CLKEC|, =1, &Hw > 0|Vo|*H: FEEHC, > 05 2| V| < C,.

BN R AT S L. HaEH R

0w = 0,a”(0,v0,v) + 2a"”0,0,v0,v
0,0, = 24" 9,0,00,0,v + 2 9,0,0, 9,0 + R

oo RESE (I~
R :=0,0,a" 0,v0,v + 20,a" 0,0,v 9;,v + 20,a" 9,0,v0,v,

Hi 2. Xfe > 0, OL|R| < C(|Vo|? + |Vo||0%v]) < €]0*v|> + C(e)|Vo|?. KIILILAETS 2
—a"'0,.0,w = —R — 2d"a"(0,0,0)(0,0,v) — 2a" a"0,0,0,v0,0. (4.3.7)

AR — TUR] DA — SRR IR S AR, RO RO (@ )52 7™ A% 1€ I SE RO B, WA AT
Pt {a"}) = PTP, AT

a'a’(0,0,0)(0;0,v) = (V’v- P)- (V?v- P)| > 6°|V?0|”.
(4.3.7)FHH%E IS 7 =S8, AT UM Hw = oo, 0,05 FFE T -

—a"'a"0,0,0,v0,v = — a”0,va"0,0,0,v = —a"0,v (9,(a" 9,0,v) — 9,a"9,0,v)

= — a"0,0(0w — 0,a"*0,0,v) = _%b"a,.w + a'0,a"0,00,0,0.
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FAHE LRI (4.3.7), & & | RIFME T, Bifgs)

— a0 0w + b* 0w < |R| — 6%|Vol|* + |a”0,a""0,v0,0,v]

< |R| — 6%|0%v|* + C|Vv]||d*v] < €]0*v|* + C(e)|Vu|* — 6%|9*v|?

_9_2 212 2
< 2|0 v+ C(e)| Vo,

SR RAVAE T el Young 2R, IIe € (0, el imlichs. I L. 0

A8 4.3.1 GBI w IR ). 3H LF 2R 4 B &3 2 @R FOR R4, T A
1% B B AR AR BUR2 B A L8 R ? XA F °T AR Aoy Z Harnack 1~ 5 X 69 E 9 2 @ &
Ko ABIRL = —Au, Q = BO,1), V = B(0,3). HA LB K &R0 < <1, 0, =1, M
T H Alpw) 5 2

A(pw) +2Vw - V(pw) =2¢|0°v)* + 2(Ve) - (0°v) - (Vo))" + 2wVe - Vo + (Ap)w

4|V p|?
zwhﬁw”—mV¢HVw3+<A¢—-l ¢'>|vm?
()

LR = CFELTERX

IVol*  w?

d d’

d
1
V2ul? > 0%v > =(Av): =
| |_;, > —(Av)

W =T VAE B A(w) + 2Vw - V(pw) B A R A vdg T 5

ACtw) +2Vw - V(G*w) 2 %C“IVUI4 = 8| VEII VP +48%(CAC — 13|V Vol

1=¢|Vul %C4w2+2t—d—8lvélt3+4(CAc— 13|V¢PHtr > -C' Vvt e R.

AMILERG - Z AR R RA BN B ot R KA. B wE N Rx, € B IR
RKAL, AR2AHV(Cw) = 0URAHw) < 0FEx A2, #miFE] Cfuw(x,) < 2C'd. IANC AL
AT R dFoBET DR, Fw(xy) > 1, W Frw(x,) < 2C'd; T M EAVA Cw(xy) < CHxg). BTAL
ke AT AR B AR PARM Y 289 7 $C > 01 1F 4w < CEB P B L,

d R BAN W@ = (4R, M2 H

AC*w) +2Vw - V(*w) > $C2|VU|4 —4&|VE||Vu|? 4+ 26 AL | V> =16|VE || Vol

XA E, LRREXEARRHERY = (Vo895 AKX (BAHNT HFTRE&NGA), #mA
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RERIE AR X A RMEA 08 T FAE 7t

>R 4.3
A9 JEHBIZO c RBARABHERX.
SR 4.3.1. RuR HAE-aV0,0u = 0EQAMARM, Fid e C Q). EN:

max |Vu| < C(max |Vu| + max |u]).
Q 0Q 0Q

Rw: Lo=|Vul*> + w?, BBRAH KGMEF Lo < 0EQF 8% L,
SRR 4.3.2. HuRFTAE-a700,u = [inQ, ul,y = 0 KRBEM, LP /AR, Bex’ € 0Q, &M
HRC? & R~ x4k 69 17] o B (barrier function) & 45 wikh X 4= T &4+

Lw>1inQ, wx*=0, w>0onodQ.

P FwAXORE e —ANELE R, WA EFRC > 0| Vu(x?)| < C|j—§(x0)|.
SIER 4.3.3 (WERFEAS ). 3%u € C3(B) N CY(B) A4 3B, N ey AF . T A -F AR IZIEN
BEFHC >0, ﬁifw?rrllgaqul < Crggxww&io (R: MESENHI L Ko € CX(B)RFH

AC > 0% BT % XA(|Vul?) > —C'|Vul>. K6 B RAAW) = 2|Vul>/F 5] 438, )

o] 4.3
B 4.3.1. By = BO.R) CR?, ¥R < 1. ¥ Bd F A
Xy = x| ( 4 )
21x12 \ /=In[x|  2(~In|x])3
Seob 45 35T B b 5 (Ao R E £ R KA IAEA0). Aru(x) 1= v/ In [x](:2 — x2). FEA:

(1) u€ C(Bp) N CX(BR\{ODEB\{0} ¥ it & Lk 742, HADRIBrEAu=v-InRE>—x3).
) lim 0’u = oo, # M 1FElu ¢ C*(By).

Au =

BIR% 4.3.2. EB: FIAR43.1F 6 SRR A & TCH(By) 8+ g,

R RAE%k, FHAEZHQGERB € C2(By), WH BEw =u—v, £ Fuby g L9 A04.3.157
Ko T RwARFHH, BAELSEIEBNO} LAR, AIAREL2128 L& 364 A B & Ly
BA R, AKfmETCHBg). X 5P M43 108948 F /A,



FHE (B HEKEESSchauder{diT

TESE =2, FRATDORERR DX I3 A A s BT 1T B aURAE . AR ISR IRTIE (URRAL
PR JHR TR FEZFEIRY UL U0 R DirichletiI A8 7] 8 1) figh v

—Au=f inQ, ul,o=2g.

A R 4T LB AR SRS IR f 5 (- A BT R A RORIEIR, 535 B AT DURE B Ak ek 2R
Ny TR AR R ) — AN S U B F A R )« MR o ARG = TR AL 35 7 FEfE Holder i
&8 pR 02 A] 1R C 2 IE WP A T DL X Dirichlec 8 7] A RO A7 AEPE . 2 BT LAIE FH Holderi: 42 bR 50 25
B, ZRECNEATATLEAEHZRLT “f e C™ =2 ue C* (a e (0,1)” HRE M IENMLES, X
57 -Au= f& “Z7 Wiy TR —HEAA G S J71H, AR #4.3.1-4.3. 20 3RAT TR
W 7 a =00, feC@ARLaHlfu e CHQ).

5.1 BEXIRZIE)FRAAIKEE

WQ = RY, ATTRHEN —Au = £ SR SR A MO MAR XIS BB R
I 5.1.1 (RIPIALFH TR, & dfedd > 2. 2 f € CHRY), & Xu(x)d= T

~L [ In(x - yDs(ndy d=2

1 ey .
d(d-2)a(d) IW Ix—yl|d-2 dy d>3

u(x) = J ®(x—y)f(y)dy =
Rd

]
(1) ue C*(RY,
(2) —Au= fERIFIEM T,
WERA. (D)RUERAFEARME, X2EBN A S O & BACH R, FrbAFRATAT DL E B S 40k 2

155



156 HhE A ITRENRES SCHAUDERA
HRBmE f L. Fse b, RATE

wm=J ¢u—yvonw==j O f(x — y)dy,
R4 R4
T
u(x + he;) — u(x) f(x+he,—y)— f(x—1y)
A = J D(y) A :
Rd

T £ € COROEARIIE, FRATE

f(x+he,—y)— f(x—y) sk
h

BCRFIF TR TR LT A3 5 [ llim e e

0, f(x—y) inR’ ash—0,

6xiu(x) = J

O(y)o, f(x —y)dy,
R4

K, TR <i,j,<d, TAEH

axiaxju(x) = J . q)(y)axiaxjf(x - ;Y) dy’

R

AN X A8 T 1) bR O JE S R A

BN RIEu R H T RERIME . FERRRE, AT Laplace & 71F AL T L1
I, BATTG o EA PR, KiLaplace S 7 H BRI A £ (BONERATCHI-A® = O7E [
PAAMA X SR , B R QAT JFU AL A w5, B ABRATIAE 73 B AR 70 2 Bl 3 B2 4w i) —
ANNRBIB0, €), 285 AL T B(0, €) LAY IR 77

A Audf oy CEE I R RN B S P ER 3, 3 ARCAR L, J,

D(y)A, f(x—y)dy + J O(y)A, f(x—y)dy=:1,+J.,.
R4\ B(0,¢)

Au(x) = J

B(0,¢)

B AR ATAT IE M SR IR ARy, BT, B M. SESE EIRATA

Ce’|lng|] d=2
| 1| SmgXIAfI'J |D(y)| dy < .
R B(0.e) Ce? d>3
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B[, 1D(y)] dy ST OB B (AR AOR (3 B2 ) ok, Lld > 39014

3

1
|D(y)| dy =J J pr ————p* " dS, dp
JB(O,E) 0 JaB(,1) d(d —2)a(d)

J/

'

=l jxi=p)

1 € 2
= Area(dB(0,1)) ———— | pdp= .
Qrea@B0. D d@ = Data) Lp P= @2

XFJ,, FAA Bl AR AR TR RO L. Ik
Je =J O(y)A, f(x —y)dy
R4\ B(0,¢)

0
=— J Vo(y)-V, f(x—y)dy + J cI>(y)—f(x - y)ds,
R4\ B(0.€) IB(0.€) v

=:K,+L,.

X B vizoB(0, o)A RERE, KINE SEhR_FA2 /MY IR\ B(0, o) BAINERE. BT OREH
PR, |0f | Xk Te—8A R (BN fFRESESERE, FrUE R, BT UfGL A
AN RONERTHIOB(O, €) FITHIAR 2 O (9T, T ZEAMRLEER T 0 B(0, )M A0(n £)BLO(e279).

Ce|llng| d=2
Lo <max (VA1 oy <

dB(0.¢) Ce d>3

XK, BATH R AR, WEIE A = 0 %k, Tl R o trid #0.

0P
K6=J ACD(y)f(x—y)dy—J 5
RI\B(0.€) e = 9B(.e) OV

=0

W f(x—y)ds,

- J 9% ) fx—y)ds,.
0

B(0,¢) ov

IAEFATO 1% M AR S VR — 4k fiT . FH T B0, e)/2 — M ERIA, FrLLVELS by € 0B(0, e)iX— 5
R RALARE R T ARG H, Blvy) = -2 = -2 ER, IXHEE A5 O ROYIE E
75 Al A6 G Wi A2

ANERTH B 42 f2e. TMAEOB(0, €) , FATTAT LA

y e

=
[, 15 AN L A R IX
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BRIH2UT (Lhd 2 3401, d = 205G ) -

I O S T R
2D = Ga = e@ TV T " dataye YT
M
vog) =———Y L Y vy coB,0.

da(d) |ylY ~  da(d) e
SCRE (% K, HLTH (00485 B AT LA FBT

P - _ 1
E(y) =v V@(y) = —da(d)gd—l on 6B(0, ).
BT da(d)e?" 1A T BRI 0B(0, €) R, FTUAK, SEBR i — fAEERRI0 B(x, €)_F IR/ F

PIE. HAte - 00, 48 FHESEE, AR - F IS RAR bR E e BRo0 A R AR, B
Ko==f  JENS = 008, = fw. w0,
0B(0,¢) 0B(x.£)
[l

e 5.1.1 (ME—1). &M RRFERI LS TR -Au= fOBEAE—M (RHBRIXEREA
Fa9), TRARAN A ZuAZXNTANE, RLAETA B E R, ux)+ Ax, + BELEF —/AN 74264
fi# .

e 5.1.2 ( “EEAMT WM. FELE, AABOTUMERI T FTAE-AD =509 (EpHE
LTF), EHF6H R ELDirac delta “HHK”, CRIFEZEMBHEGEAZA, BIS* f = f. KX
NABEA, SAVREHFEUZ S AL R

—Au(x) = J —A,Q(x —y)f(y)dy = (6 * /) (x) = f(x).

Rd
R IBENEZZIN “HA7 (RAR T LHH”) A RAE, WStein[14, F =F].
S0 5.1.3 (FRS)). 43 b, {3 % H AL R o T AT At 2

o K RO AMAER LG B CH T A Y G FHRCT T BRAL LT K).

o IR AR HH R, X ZFIRARART RGO AIEY Xv=0, P HELNT40,p +
V-(pv) = 0P FEpF T HFAGHFN. MR FEH RN EFV XV =0, FMNH KT AWK Lk
B P FHHGHE, BPv= V. ZHFMEV v =0FN TAP=0.

o THEY, WL A 5] J) 2K (self-gravitational star/planet) 492 7) 7 A2 @ i A, HiH R AP =
—47Gp, PG > 023 N FHK, pRERGEE .,
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>R 5.1

SIER 5.1.1 (Poisson /7 FEIAAE A I E A ). Zuf 3R B0,r) ¢ RY (d > 3) Wi Az % 7742
—Au= fin B(0,r), u=gondB(0,r).

AT HERIL(E 324.2. 1) 898 7 &k, EFH:

= S S— IR
0= ﬁB(o,r)gdS T dd - 2a@ JB(O,r) <|x |42 rd-2> 700 dx

5.2 QARSI RIS A
R =5, AT T AR IR DX IR AT SR 45 5€ Dirichlec B A AR 38, T AR5 ) 2% 8 A2
— R IXIRQ c RN KRG H 718
—Au=f inQ, ul,o =g (5.2.1)

2 Q& YT B RN, BBV AT IR R B S -Ad = f. XFEAI Y — ¢pHURQN
AN, e DUR SRR 175 & T iR

Au = x>+ y*in B(0,1) c R? M|aB(0,1) =0.

4 ()
%%ﬂ‘WX&EIJM(T—Z + §—0> = x2 4+ y*, BT R AR

N——
=:¢

Aw—-¢)=0, u— ¢|aB(o,1) =775 " 20

TM7i% 77 F2 ] AZE AR AR AR N 159 215 30

SRS — M X IHQ, FATRAEI R “Fefif” oS —Ad = f, FrCLLIUG T IER i — B X 45k
N HIRL T RE.
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52.1 HBHEHHEIES

A REQ ¢ RYZIIFOGHE A IR, A TR E B — A B EE e A 2Ok s an M iz
R TTRR i
—Au=f inQ, ul,o=2g.
AL, FATEMZEE — GreentEZE (A7 1B 1.3(3))

J uAv — vAu) dx = J w9 45

ZAESFEX AT H [ uAvdx F1 — [, vAudx % B3R — KR8], T ReE”RKIEEEF.
#u € CXQ), HEx € QIFEMA S /Nie > OEif3B(x,e) C Q. IAERATEIA 4 XI5,
AV, = Q\B(x, €), % _GreenH & H FI R EC u(y) ld(y — x), T A

oD 0
JVE u(y)A®(y — x) — &(y — x)Au(y)dy = J u(y)ﬁ(y - x)—D(y - x)ﬁ(y) ds,, (5.2.2)

v,
H N oV I BAIMNE R &

A MREFKF R, 92X R DU AR e& B 7y X302 B 5, B DX i A i
B, DONEAROE R G R &, S AR I & 28T e . 05— U7, AR A E
H5. LIRE M RE R L, (5.2.2) R0 % 5 —TifEe — O AUARER Ak u(x). B35 E, JATA

b
Lv; U Ty = %) = Dy - X (1) dS,

d ()]
= LQ U Ty = %) = Dy = X)Sae (3)dS, + L U2y - %) - Oy - () ds,,

B(x,€)
PLA
ou i Celne d=2
[ O(y — x)—(y)dS,| < Ce’ max |®| = ,
0B(x.€) v 9B0.e) Ce d>3
A

I u(y)@(y —-x)dy = Jf u(y)dsS, — u(x) ase — 0.
0B(x.€) ov

0B(x,¢)
Hrv 2 BRI 0 B(x, e) ISR NI ] &, 1K A2 R N0 B(x, e)1E oV, I Gt 1) € 7] 5 E A N B(x, €)1
G R 5E A o
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MAE(5.2.2)) 210, H—HRHEAAD(y — x) = LRy € VAL, JTLAE(5.2.2) W14 Bk
fRe — 0, TA1FE

- L O(y - x)Au(y)dy = J U Ty = %) = Dy — W) () S, + ulx).

0Q

FA T u EE — GreentH 25 L R R

ou oD
=| @y -x)—0) -u@)—©y-x)dS, - | Oy - x)Au(y)dy. 5.2.3
u(x) Jag ¥ = X)) —u@) -y - x)dS, L (y — x)Au(y)dy (5.2.3)

B2, MR AT FEIE RS A ERE, (5.2.3)XIARER, KX EHulf Neumanni/l
1H, Eﬂ:—;ﬁ"]iﬂﬁ, FEARFE . FL b, XA TREG.2.1)K U, FATA T B AN I DirichletiZ {5
A NeumanniZfE, 75 W ] U AS SR 8 M@,  RUAFERE . X DirichlecHE M 21 5, FATH
B — P ESE (5.2.3), fﬁ?@iﬁ%ﬂlﬁ:—zﬁﬁﬁqﬂ?ﬁﬁio i, AT E ) x € QAT LG
BE—MEIET (correct), L1Fy*(y), HAE X ND(y — x)| o FEQ A HB KT FTHE Fh (15 9y 22 & ) pR 20):

—Ay*(y) =0 y € Q,
yr=0(y—x) ye€i.

i, ATHHH S —Greenfa 5510, 453

X

- J w*(y)Au(y)dy = J u(y) 2~ (y) — B(y - x)%(y) ds,. (5.2.4)
Q

0
PAEFRATTA] DL SRS AR R 2 1
ENX 5.2.1. ERQF & 894k ik 2 (Green’s function)#y & LA

G(x,y) :=®(y—x)—yw*(y) x#y, x,y € Q.
W, TR LU Au, ul, AU BB GS ) M Bk
oG
u(x) = —[ S (x.y)ds, —J Gx. y)hu(y) dy.
0Q aN Q

EIR 5.2.1 (f 4475 FEDirichlec I 1 BRI RER). Fu € CHQ) Adn Tz 4 742 00 i

—Au=f inQ, ul,=ag,
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A
Vx € Q, u(x)= —J g(y)ﬁ(x, y)ds, + J G(x,y)f(y)dy. (5.2.5)
oo  ON Q
IR 5.2.1. EILA KBROT UMAFBR K Z ] F TAE-AD = 5,894, AN LA MAEMKKRZIHG (B Zx,
VB A y o) R 3 T A R M AN 4= T A2 09 7

B L, BMNTUAELZQR—AFKR, LEh@ER GIRABLHG|,, =0), mix € QA —
A B BT, XA IELEY € QRBIZ A Z AN EIAG(x, y).

5.2.2 FERER BRI FRE
AR R B H AR, IXAERRAME B AR T B S 2,
R 5.2.2 (SRR EIXSFRYE). siEEx,y € Q, x £y, LHG(x,y) = Gy, x).

WERA. [Ex,y € Q, x # y, WA 53/Ne > 0fF1F B(x,e) U B(y,e) C Q LM B(x,€)N B(y, €) = 0.
it 0(z) = G(x, 2), w(z) = G(y,2), z€ Q. M Av=Aw=07E V := Q\(B(x,e) U B(y, &) IR,
HfEoQ EHv,w=0. #55 —GreenfEZER, H

J v(z2)Aw(z) — w(z)Av(z)dz = J U(Z)a_w
|4

ov
.y aN(z) - w(z)m(z) ds,.

FAREDETEF, RTAE, RAVEDLF oV P 4R X808 50Q FIEKIH 0 B(x, €)UdB(y, €).
H T, wftoQE N%E, Fiblf

J w(z)@(z) - v(z)a—w(z) ds, = J v(z)a—w(z) - w(z)@(z) ds,, (5.2.6)
0B(x.€) dv ov 3 ov ov

B(y.e)
Horpy 2 XA ERE A A R EIE . 1 wfEx T2 Y6 R v(z) = ®(z — x) — v*(2)FHy* ()t
T RE, BT AR E B LRI - I FE

e Celne d=2
< Ce“7" max |v| = .
9B(x.€) Ce d>?3

J U(z)a—w(z) ds,
dB(x,€) ov

A=, HTu(z)=®z-x) -y z), HHEAE

J w(z)%%(z)ds, = J w(z) 22 (x - z)ds, - J w(z) 2
dB(x,€) ov 0B(x.¢) ov d 0

B(x,¢) v

(z)dS.,.



5.2 LA TR RIS MR pR BT T 163

HI Ty EQIA 2 TEHT B AL, w il ExMHLEH, L B —0ifEe — ORIl % . Rk Ai T

e—0, e-0,

lim J w(z)@(z) dS, = lim J w(z)@(x - z)dS,; = w(x),
0B(x.€) ov 0B(x.€) v

g g — P RIE AR 5 2 BE5. L ARIE B 2R L0
2, AVEH T He — OB, (5.2.6) KA LIS E w(x). ZEURT DIEH (5.2.6) A LIS Ev(y),
XtERHG(y, x) = G(x, y). O

52.3 MPEFIHE

AT FRATTHE 24 75 [A) FHERAA T AR 3R DX 30 P TSR0 A o ) 8 AR 2
5 5.2.1 CEARIAS R BREL). £ — 455k KR A, #ARBIG(x, y) 89 R A XT AL KT H 4 ko
A & R IR A FF B 6 1L

B85 5.2.3. 3 mx =(x; -, x,) € RE, BARXLEC R T {x, = 0} AREA X 1= (X}, -+, x4 1, —X,).

MIEBES 2 KM RERE,  FRATTA 75 4R 3 43 (AR Y0 N F A AR ER H A “UBIET” w™ KR
B, Ty (AT USRS A RO Ex € RULHIA VRSN 21N F 20 1% € R, Xy € oRY,
Ly*(y) 1= Oy — %), MM

Ay* =0 in Ri, y*=®(y—x) on GRi.

RFEG(x, y) = D(y — x) — O(y — X)HUN % FA TR FIR M o8 Z R IB 3

Aig 5.2.2. PR FREMLRG T AR T ERAFCF P “wRET, AFZEGFILA B,
AMEF EALKT @XHF:

AZPH—FELE RCAEX € RIL, fix, =0} —MERGFHRFE, Kb
Yo

mENEE TR TGO %R, SO GN AT IEEN T FHEAGE G oA L5 Pxkt
H—REREERE, XA —F AR, EEHMEGEET, MRS HP -0y —x)itat x4t
WA BT AR A
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\\\\\

/////

BRI AR R AL H TR R IR . e E5.2.1, BATH TS s B 1A 5 B

RS BUESNERIERN = (0,0,-1), FTEd

2x, 1
da(d) |x — y|*’

0G _

N oY) =70,0(xy) = (0, (y—x) - D, (y - X)) = -

BUE Blust 10 5 oRY 1 1) R B g A2~ S TR N AR ATSE#, Rl 2 201 T 5 A2
~Au=0 inR, ulp =g

Y E #5.2.1, WAV LR L == EAAMARSS

u(x) = 2x, J g(y)
da(d) Jyg T — y17
PR L 2, |
Kooy = @ =1

WeRRAE L2 [EHIRMR#Z (Poisson’s kernel).
EI 5.2.4. kg € CRITHRLZ L H, uh &L X(5.2.7)4H, ekl

(1) ue C*(R) LA K
(2) Au=0£R! ¥ 18R Z;
(3) (E@miR) M &Ex, € ORY, Mz lim  u(x) = g(x,).

x— X, xeR‘i
UEH e B2 R, FATTSeil B s R AL AR B N L,
513 5.2.5. AMHETx € RY, AL K(x,y)dy = 1.

(5.2.7)
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MERR. [EEx € RY, Mix, > 0. #EPoissontx KB, FATH

X, 1 ,
K(x,y) = dy’.
JaRi ( y) da(d) JRd—l (lx’ — y/|2 + xi)d/z y

b,y 53 Bldemx, yHIHT(d — DN BRI AR, SEEREH = X535

Xq

1 dv’ = 2 dz’
} w2 oyae Y " da(d) Jga- a4
re-1 (|x Y| +xd) Rdl(lz/|2+1)2

W B JE R B R B AR IR R L TR IR AR AR (S BEB.2. ) TSRSy, 15 3

! © d-2
J 9 - Dad - 1)J a4
R

=22+ 1Dz S — )0 (P2 + 1)%
SA-2cRI-T R TN
Lr = p?, 133
d-3
d—Dald-1) % =z d—1Da(d -1 —
k= 022 w gz edzDpldt,
2 0 (r+1):2 2 27 2
HHB(p, ) NBetathi £, Hig XN
B r X7 0
,q) = —— ,q > 0).
(. 9) L T & (p,q>0)

BT, RATFIAB(p. g) = "2 g(n) = 2 LU T(x + 1) = 2T(x), INOERVEREE

T(p+q) ’ T(3+1)

2x, (@d-Da@-1, 1 d-1

da(d) 2 BG. =)

J K(x,y)dy =
oR4

d—1
2 _ ~
_@-DIEIEING) TG 4o T TE+D
d o TR+ Vr 4 TR+ TG
L(4+1)
d

d—1 3 _
=Rt

2

=1 X

Hr GammapR E 1 7€ N (s) 1= IOOO et dt, s > 0.
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EHE5.2.4H0IERR. BB IATERR], XHMERMy € oRY, K(x, pIEARTxRBUR M mH. F
Sk, SRR E P x, A& REREG(x, y)1£ﬁ7yﬁﬁx$u%ﬁzmmﬁ$nuiﬁz(ﬁf Ty = xiX— ). JEs ke
BRI R M (A /5.2.2), TR By, G(x, y)TE Nx L & 1 R 2 AR E(Fr 1 fEx = yiX—5).
BT x e RY, y € oR?, FAVEITEXAF R E My € oR?, K (x, y)IE xR Hiv 2 i A1 Bk 2o

% B [y KCx, y)dy = INERx € R{ROL, T gf T, PTARIAA(G.27)4 hilflu B4
gt

ol < maxgl | Key)dy = maxel.
RS

oRY oR¢

NEMHERE Ry € oR?, K(x, p)IE Ax e HUE A R % GEIMZ6iER¥0, Hef 5 Brilf
AR M T 15
Au(x) = J A K(x,y)g(y)dy =0 Vx € RY,
oR?

X € C*(RY).

BN RAEAEDIFRIR . [ Ex, € oR? MEH e > 0, FATHGS > 0, 15 R EH|y — x| < 6,
y € 0RY A [g(y)—g(x0)| < &. X — mURFIH g FExo M R /NERI Y (R EE LR PEAS B o FRATTIX AR
BN TR TR D “FEix it %ﬂ “IES x AL PR G, B y IR SRR T X
TARAAZ K (3, y) A% S T EUE JE AR | R4 A T P

e A A AL | x — x| < 6/200 six, FATA

u(x) — g(xy)] < J K(x.y)lg) — g(xo)| dy
ORI NB(x,6)

N J K(x, y)|g(y) — g(x,)| dy
ORI\ B(x,5)

SSJ K(x,y)dy+2max|g|[ K(x,y)dy.
R R IR\ B(x0.5)

N—_——

=1

Xj‘i/\ \-[ORd\B(x ,5) K(x }’)d.}’a EEH:ly xOl < |y x|+ < |y x|+ |y xOl lﬁﬁﬁl}’ xl > |y xOl
B AELAE A

J K(x,y)dySdeJ ly = x| dy.

ORI\ B(x(,6) ORI\ B(x,6)

M Ja — MR A RE R XIOE B ay s, 73 BERR s T2 (R 4E 0N AR AE R 8k, mT R
MAFRIERRD, BTBAMx, — OFF, %40 LB T-0. O

51 5.2.2 (Bk FHIMAARERED. A F B EL2KB = B0, 1) Loyt BB A, 5F 5 0 F R EM,
KAV E ZRB|SEN BT R XN R, MFRGFAM T, “HAREL” AR “RE
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”»
27

185 5.2.6. 3tx #0, &% 1= x/|x|*#ArtEx % T #4235 ®0oB# R & (inversion point).

P2 ORI T E TR LT w*(y), 2
Ay*=0 inB, y*=®d(y—x) y€dB.

B — N EAREEP S ERN Hx € BRERA 1 EBIBRIM ix & BRE. AWi = 4E5d > 3,
FANEERIO(y-3)(TEN y KIRB)Ey # R HAMEKE. TRA (O(|x|(y—x)) = OW{ERY # Z
S, M @(|x|(y — x)TEBW R AR X HF AxRx Rk T 0B RE S, FrUAXHMERy € 0B, Al
HAOxy -~ AOyx, Klt|x||ly —X|=|y—x|-1=|y—x|.

BAEIATE B IETU Ay (y) = O(|x|(y — X)), AT

—-Ay*(y) =0 ye B, y(y)=®(x-y) y€dB.
FIt CLEAAT BR BXF B PR AR BR B A W R R IA
G(x,y) = O(y — x) — O(|x|(y — X)).

BUE ] DATHSEAS AR B GAE BRI 0 B_E U ANA IR S8 T o TEERIfEy € o BRI AL SN A & 1k
IgyEC, LA Sy =y - VG RHMER 1 <i < d, BUEH

oG oo - Jd e
a—yi(x,y)—ayi(y x) a.q)(lxl(y X))

Vi
_ 1 < X~V lez(y,-—fc,-)>
da(d) \ |y —x|¢ "~ |x|4]y — x|
5€=xl|x|2 1 ( X, =) yilxlz_xi>
~ da(d) \ly—-x¢ " |y—x|
_ y,’(l - |x|2)
T da(d)y - x|*
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A FRAT 145 2]
1—|x|?
da(d)|x — y|¢
BEE A LLEUE, 2A4EEd = 200 WA DLEH [RIRE 45 SR . B DAIRAT T A B Bk B_E 30 AE g iR
N R B i AR A B 2 i R ARy

— Ix|2J gy
da(d) dB(0,1) |x — yl|9

%(x, Y)=y-VG(x,y) = -

u(x) =

ds,, Vxe B. (5.2.8)

AR AL EREURAE AR RIGER B0, R), FATA 7 ZARAR B () = u(Rx) R AL BT ER B, By
ZMERN

_ R —|x) g(y)
" @R LB«),R) FErTARLR S (5.2.9)
B AR (x.) = d)Rl'l SRR BO. RV AL, SRk, AT LW

B N A
EIE 5.2.7. &g € C(0B(0, R)). FH#ut & ix X(5.2.9)%4 %, MA
(1) ue C*(B, R));
(2) Au=0in B(0, R);
(3) (FEmmMmR) s &Ex, € 0B, R), s lim  u(x) = g(x,).

x—Xx,, X€B(0,R)

&R 5.2
SRR 5.2.1. BQCRY(d > 2)RAFAFGAFEIK, £XD :=sup{lx—y|: x,y € QAQHN A
,féo Z}\/{x (= Q, iﬂ:—m:]:

(1) BHRBHEG(x,y) ;= D(x—y) —y*(y)AE—0, ,EL‘J;%/%I@Q E(x yds, = —1;
(2) B d>38, Ty £x, yesz750<G(xy)<c1>(x V)R L
(G) Hd=2, HiEEy+x, ye QHO<Glx,y) < —5-In X1k 3,

SRR 5.2.2. &Q 1= {(x), %)) : X, %, > O}KR%@%*%FE«Q Xt ) 18 o] A2
_Au = f il’l Q, U(O, xz) = g(x2)’ u(x170) = h'(x])’

PE: G(x,y) = D(y—x)+D(y+x)—D(y—x)—DP(y+x) L Q3 & a9 4L #. P d(x) 1= ;—1 log | x|
ARKIE, X = (x),—x,) Z& x = (x],x,) X Tx dhe934R 5.

S8R 5.2.3 (B3f L[ Harnack N5, %u2 M # B0, R) ¢ RY_E#3E 7 iAF B K.
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(1) 2547 XK(5.2.9)iE ¥

R - R
o2 R0 <oy < 2 B

R+ x]) R Y

(2) B1)IE#A: Vr e (0, R), A% Xsup u < () inf y.

B(0.r) R=r" B

SRR 5.2.4 (SchwarzJ B R ). % B* := {x = (x;,,x,) € B(0,1) : x, > 0} #4123k R _EF 5,

(1) #&u € CA(BH)AB* WA BA B, ulypen =) = 0. &

0
v(x) 1= u(x) X 2 Vx € B := B(0, 1).

—u(x; =, x, 1, —x,) x; <0

JEH: v e C*(B), AmuvA B LayifFe &4,

(2) 4= R PABXu € C2(BT) N C(BY), vt — & & B L&A AL $0°5?
#7: F APoissona X(5.2.9) 7 ¥A% ‘]f%iwhd:o = 089 AR &k, ARG RAMKAELRIZIE
Flw=uft Bt Lo, £MLZibh TFTXEB L,

SJi 5.2.5. i 2 3E5.2.7.

53 *UBHIEMAC>* (i (TBA)

5.4 *B{E[O)EEAYSchauderf&it(TBA)

5.5 *Dirichleti1{E[a) @ #ZH F7E M (TBA)



170 HhE A ITRENRES SCHAUDERA



AY

BRE CTaEREN

FE(—A) ERAEE AR 7 IR P CE B3 4D RRER R, BATCL M 2] 72 Er B A R IEE
RS MR BB B AR IME 7o SRR RBAEI AT AR AN “ B MEFT R R EE” 1A
JE R HE S 2 P B W G R . A FEIRA TR ZEA RS- P B H 7R Cle/MERT &R D
LT N . AEARTREBENENDA TR € BABEERE, en] DHRIES IR K25 F sy 18
B PRE, XX AR R T R A TR I B AR

6.1 —MET5: RA-REBEHBRE (R/MEBZEEREE)

SEBRATER RN TTRE Alu] = 0, HPALLE —DNAREYE) B 57, wE RAR AL
SO, BATARAME SR B B A B ROR AR AR LR ME Rl Tr R (AR ik N B AR S VR AT XT—JB
T T RE I R (BATFRAE “ A2y 1" ), BATAT LR s 7 T R AR E A “BERZ B8 T[]/
5 5, RIT'[u] = 0, 1M AE R PR IR 5 5 A AE VEAEAE T LB 2 pR 0 AT (5 15R 45

AR ENH N0 — . ®Q c RGZIFOEE W RIED)MIFE, BT OB
PREIL : RIXxRXQ — RARIRFHE (Lagrangian), £ HA

L:L(pazyx):L(Pl"",Pd,Z,Xl “',xd), pERd, zZ e R, XERd
Hp, 2B B FE IRV w(x), w(x), X Bwlx) e — MrEE . BTG E X ~ids
=@, L, .0, L), V,L=0,L, V,L=(L,,,L,).

A2 IS0 Rz R
Iw] := J L(Vw(x), w(x), x)dx,
Q

Ht w: Q » RIBETIANEAE (admissible set), U1 A 1= {w € C®(Q) : Wl = g}, Higltsh
5 TR AL

171
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FHE6.1.1. %A 1= (w € C™Q) : wlyg =g}, £ PgRLZMHABHK. Fue ARI[IHHIML
TG RAR), PP Iu]= melg I{w], Muih Zde T B Fi-5i4& B B % 42 (Euler-Lagrange equation)

d
=0, (0, L(Vu,u, %)) + 0,L(Vi,u, x) =0 in Q. 6.1.1)
i=1
HUERR. fTHv € C2(Q), BiMFiEue A=>u+eve A %

je) :=1I[u+ev], e eR.

HFu I 1R AME T, FrbLj(e)fEe = OBLE|H/ME, FrLlj’(0) = 0.

WAETHE)(0). 45
je) = J L(Vu+ eVu,u+ €v, x) dx,
Q

%
4
i

d
Jj'e)= J D0, L(Vu +&Vo,u+ ev,x)0, v + 9, L(Vu + eVo,u + ev, x)v dx.
Q

i=1

L e =0, AT

d
0=,0= J 2 0, L(Vu,u,x)d, v + 9, L(Vu,u, x)v dx.

Q =1

R, AP E—I 40— Ao, MBI L6 -

6.1.1 HFLH: FEHEXFRENSH
5 6.1.1 (Poisson /7 #%). R HHf : R > R, XL RBIAF(2) = [ f(y)dy. EMIAEE Ede
TRE LS
ITw] =J LVl = Fw)dx.
02
. ML,z x) = 5|p* - F(2)H,

9,L=p, 0.L=~f(2).

JIr CABRR Rz -hi 4 B H 72
—Au = f(u) in Q.
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— kU, FEERRZ AL, HlinF(z) = i[ﬁxl’“, BRI BB B H T AN —Au =
+uP. 75 F = 0, WX 5t /& Laplace /7 £ ) Dirichlet i 2 . O

FEig6.1.1. MBI AT AAERE 228 F 5| S0 8 K 27, BP T 2 x4 (1, x), #6E Vwik & (0,w, Vw),
AT AEFH R TAE, Plde, F &

1mq=LjL%uf—(5VwP+fnm)dxm,
C X B R 3-42 A& B B AL RR Ay B 7 AR

ty = Au+ f(u) =0,
51 6.1.2 (F/NEHTHT (minimal surface)). # JEPlateauPlA: =7 A b2 — KA B &, AC AR

&4 ¥ 8 &9 & AR NAAT B IR E] ?

Surface area of graph = I [u]

A minimal surface

THE. N 7S BRI, P17 i S At i 1 AR A ME BTSN B AR ME T

I[w] = J V1+ |Vw|?dx.
Q

CXERL SR 1 RN L (P, 2,3) = v/T+ [P, T, L(p.2.%) = <=, 0,L = 0. HU{EHi(p, 2)
RV, ), TS BRI Tl S 1 T 7

v<v_> — Y (L):o
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Vu

Fi2 6.1.2. KX AV
vV 1+ |Vul?
eyl EAR, I, INFTEUAMEEL: ARG EBKAZELTLREG-FHH

:gié(] o
51 6.1.3 ALY (harmonic map)). HAVLAFIFRE K wikRkmZEHHEwW : QCR? - R". &
Fede T2 B

SR IT Bk Rt AR 69T Eahd s, P Edm KFa9Mm

I[w] := J %lVledx

Q
EEHFE A ={WeCQ - R") : w,, =g |w =1} E&§RINTF., XA EEXZRZ—AIUTF
A, 2R L B A a9 TAPIERE A k2 @ iR i A0S . RAVEA DT ik R4 T &M
4 IR 7 A2 40

—Au = |Vu|?u in Q

u=g on 0Q.

u \
0 >

A harmonic map into a sphere

. (P € Co@ — R, i Tlul = 1, RAVE He UM u+evl 0, i, = ot o
A.

BUERATE Xj(e) = I[v,], WjfEe = O EIHR/ME, FTLLj'(0) = 0. HiZiHHAS

j'(0) =J Vu : Vv (0)dx,
Q

ﬁ%%ﬁ%ﬂ=ith:=§4ﬁw
BRI

, A (u+ev) - v)(u+ ev)
ve) = —

= =>vV(0)=v-(u-vu
|u+ ev| lu+ ev|? © @-v)




6.1 —PrAesy: WB-Fix M H TR (H/MERHEEED 175
R AN (0)RIE, 755

O=J Vu: Vv—Vu : V((u-v)u)dx.

Q

T u = 1, BATR P T 0 u, = 0 XHER <1< d HEL, B (V)Tu = 0. 857
j=1

Vu : V((u-vu) = Z Z 91-“;(31'(2 LA
i k

= |Vul’(u-v) + Z Z Ju;u, 6,(2 w,v,) = |Vul*u-v).
i k
——

=0

WMAEH
J Vu : Vvdx = J |Vul*(u- v)dx Vv e C(Q — R™).
Q Q

Loy R — Ik, AR ESE

(—Au) - vdx = J |Vu|*(u - v)dx Vv e Cr(Q — R™.

Q Q

HvEHUEE A, 7R —Au = |Vu|PufEQHE AT O

6.1.2 ZMEm: LR

EVZ BRI [w WX BIIME, W je) 1= Tu+ evlifi /&) (0) = 0, HE—HHATELS (0) > 0. I
HEBRAREE M SEWE Bggwm k4. B2

jle) = J' L(Vu+eVo,u+ eV, x)dx.
Q
RPIRFE A5 2

d
i"(e) =J Z apiap_L(Vu +eVuo,u+€v,x)0, v, v
Q J l J

ij=1
d

+2 ) 0,0, L(Vu+eVv,u + €v, x)d, vv
i=1

+ 02L(Vu + eVo,u + ev, x)v* dx.
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2 e =0, AP T AEFEAIMER € CRQ)HR L :

d d
0< J Y. 9,0, L(Vu,u,%)0, 09, v+2 )" 9,0, L(Vu,u, )0, vv + 02 L(Vu, u, x)v” dx.
Q J i J i i

ij=1 i=1

XSEPR BT DLHE

d
Y 0,0, LVu,u,x)8, 20 E€R’, x€Q. (6.1.2)
ij=1
ZAPARERAS B H =L OME R IR R FE R L2 WL Evans [3] 25\ 55 —75,  Abng L4l
o HREOTEN: EHUB I AR e Ko,

o(x) = ep (%) ), x€Q,

Hen e C2(Q), p 1 R - RE—AE LW “HEVOIR” R p(x) =

1—x
px+1)=px) x €eR.
AL, AR (6. 1.2) B Y AR M FAFAE R b Rk 2 —, BARTT 2003, 558.2, 8.4717].

SRR 6.1

SRR 6.1.1. Kie TR 2 HIRIZISA N B 4L

T 1 m?
I[w] := —w? — = |Vw|? = Zw? dx dr,
[w] L J'Q W, 2| w| 5w dx

HEF wt, x) € C®(0,T] x RY), m > 0& 252 09 % £,
SRR 6.1.2. 7 3L

r 1 1 1
— 2 2 6
Iw] = L L@ Ew’ - <§|Vw| +€w ) dx dr,

HEPwirt,x)BTFTEFEA={weC(0,TI xR : wt, ) e SR VvVt €[0,T]}. KI[w]i£ ALK
IUFuih 09 A2, FEB
Lo 1o o, 1
L@ 2(u,) + 2|Vu| + 6u dx

P
4
&
e
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Sf6.1.3. FREMMAEL = L(p,z,x), RIFFTHE-Aut+Ve-Vu = fin Q2 I[w] := [, L(Vw, w,x)dx
SR A9 RRAS-d5 A B B AR, (R HEW IR AR E Z, )

SER 6.1.4. i%e>0,Q, :=(0,T]xQ. iEH: ZEBEANAELP, zx.1) (p € R, x € RY), 1£1%
S F AP [ OE R AL 8 AT 5 T AL

ou— Au— sdtzu =0
ARELL Lw] = [|o, LOw, Vw,w,t,x)dxdr ¥ 2 9 BAE-F14E 9 B 742, (RF: HEF M
I EARS B 1A 4245 B B 2, )
S/ 6.1.5. R L(p, x)RAE &I, Axfp-nEA—KDE, BPAL> 0T

d
Z a11,-ap,-L(Vu’ u, x)5;&; = 01£]*> (£ €eRY, xeQ).

i,j=1

ERAIw] := [, L(Vu,x)dxEA 1= {w € C®(Q) : wly, = g} EHMILTF ZE—4), Lbg :
0Q — RA 4 &9 iR E 2o
R Fuy, uy RAANRE BT, GEBA2IS2] < I[u] + I[u,], # @ F 8 F /A

3@ 6.1.6 (B3 EME FHamilton T FEA). AR K 45 % F JEF1.3.389 58, XA B EL
RYxRY - REL KRBT RH, F WAL = Lw,x). BZt>0,x,ye R, 2XERA=H

Iw] := J Lw(s),w(s))ds, we A :={w()e C*(0,;RY) : w©) =y, w@) = x}.
0

SRR AX() € ARI[JEALGH DT, BRIX()] = inf I[w(")].
(1) 3EBA: BT X)) T My T4

d

—E[VUL(X(S), X(s)] + V, L(X(s),x(s)) =0, Vse][0,z].

(2) 4p(s) := V,L(X(s),x(s) A 3 B T4z B x(s)Feik B x(s)89 ) X2, HRIEXTHEZEx,p € RY,
TAEp = V,L(v, x) A "E— 8 X iF v = v(p, x). 554 B £ L4 XFK 9 Hamiltone H A

H(p,x) :=p-v(p,x)— L{w(p,x),x).
JEA: (x(-), p(-)) 2 %= T Hamilton 75 A2 &9 fi#
X(s) = V,H(p(s),x(s)), P(s) =—V, H(p(s),x(s)), s € [0,1].

Hs > H(p(s), x(s))2 % B4
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Fit 6.1.3. A, EA5Lw,x) = %m|v|2 — p(x),m > 0. WA 8RR I5-F548 B0 B A2 A mX(s) =
—Vo(x(s)), BRAFME 2, LPEmRARReERZ A%, S RGH(Pp,x) = %m|p|2+¢(x)EP
AR E, BRI, Bz £,

@ 6.1.7. SARBE R IA6.1.6F 6Ly, BEFEA = {w() € CH0,1;RY) : w(t) = x}.

(1) EB I A6.1.6089 ()RR L, ARV, L(%(0),x(0)) = 0.

(2) #x() € ARKERAFI(w] = [ Lav(s), w(s))ds + gw(0) AN LTF, FEH: x(-) & B dadidg
W B AL MR, AR s = 0L F F 1t

6.2 THAFN: WHEEBHIAFRE-E

BUEBAT AR BB Dirichlet JEEL: WIRIATTEIRH 26w, = gl — D RMIAEFERX w > ¢
in Q (g € C™(Q) HFRIERHT R %), BIFRAT5E CAVIEN

A={weC Q) :w>ginQ, w|,, =0},

HBIRFFERERIZ R T[] 1= [ 3| Vw|? — wf dx. ZAERIZ BRTEA L BIME T I 7EME— R
B R T RIS, P LUK LA H AT e AR 1. FATFRREIS B AR &G A
AT DLIERT ). SR, AT A BLILAE IR M 5 AN A 35 07 REALAE In) AR, 1 2 s A2
Frig 5 AF 3 (variational inequality):

o Ry “HEET” BV, Bl Hu(x) > gl , BAIVE A TE-Au = fINOL;
o i, R u>g M —Au> fEQEIEB.

I 6.2.1 (BHAZER). &u e ARTwEALSGE—R LT, 0

Yw e A, J

(Vu) - (V(w —u))dx > J f(w—u)dx.
Q

Q

ZAEAPUEW I A E A, BATEAN TR HS HEAE A B 2 oy AR 12 AN 5
X Hegldtids

O . ={xeQ::ux)>gkx)}, C:={xeQ:ulx)=gx)}.
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free boundary

The free boundary for the obstacle problem

HTu, g RIESLRE, FrLLORTTEE, CRR(HXT) L.
WS 1: —Au = fEEOPIEROL.

WIS 1A9IERR. DX £ € C20), TR Hu(x) > g(x), ArblH|e| 7850 M, FAIU5H
w(x) 1= u(x) + ev(x) > g(x),#Mw € A. EEHPAER, BIE
EI (Vu) - (Vv) — fvdx > 0.
O
T ZAZEXIEE N e > 0Ffle < OFN AL, LA ZRIIAZE S REERRES T, XUl Hull
JB—Au = fAEOFET O
WS 2: u> g fl —Au > FLEQ FIEEAT.,

WS 289IERR. — MO, BATEEoZEFNRE L, He € (0, 11757/ B ANEX A5
A5 A 15

J (—Au—- fHivdx >0 Vv e Cc°°(Q), v>0,

Q
FITbhA—Au > fEQ EAERIL 0

7Ei18 6.2.1. £4F :=00nQ#AR1E B B34 X (free boundary), X 249 “ A &7 —18 248 &MH T
Fn il XN @A AR B AR, AR 426 A B R P AERKARIEIL, FAN ) FHE
F PRI R S R IR R AR A,

FEA/NT IR G, BRATRIUE AR 73 A S 2

TAARFNXNHIERR. FE we A, MXMEEO <e <1, HIEFARNME, HATH

ut+ew—-u)=1—-eu+ew e A.
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FrLLUT R A j(e) = Tu + e(w — w)], Bt=B3]j(e) > j(O)NHTEe e [0, 1L, XVEH7(0) > 0.
WAERATH 580 GHE ' (0). Xte € (0, 1], FATHE

. _ _ 2 _ 2
Jj()—j0) =1J |Vu+ eV(w — u)|” — |Vu| ~F (ut e — ) — u) dx
Q

2
e|V(w —u)|?

:J Vu-V(w —u) + —— — f(w — u)dx.
o 2

13 &

% e -0, 450 = 015

J Vu-V(w—u) - f(w—u)dx > 0.
Q

SRR 6.2

SR 6.2.1. JEFAT[w] = Igélva —wfdxEEZFE A={we C2(§) Tw2>ginQ, wl,g =0}
EEMT AR, Ebg e COQRE R M EHHK,

SRR 6.2.2. iE: RIO2IFPHEDARFRLTEE —Au+plu—g)d f, LFPO)AHTF 2 LY
% A8 8 £ )

0 z>0
p(z) i=4 (-0,0] z=0-.

@ z<0

2@&21%ﬁfeﬂ@x%&ﬁ&lmyzbﬂmﬁ—wﬁmﬁﬁﬁ%Az{we@@y
IVw| <1in Q, w|y, =0} L& AT, iE8: u HEATRF X

J Vu-V(w—u)deJ (w—uw)fdx VYwe A.
Q Q

6.3 BHEEE

FATIUAE 5 FE RE T2 PR G 24 (1 X 48/ PR A T AR, IR AR N (0 R - A% B L 5
RERfAE AT LA B shafE R iU R e e 1, 1Kt 2 W4 € B (Noether’s theorem) [JSER N 7. $F
wd, FHEREHE, WA USR] L “Sfer7, EREFIIIAMES LT REh A S R 21—

e fEE . RIHE
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AH AR RQ € ROETITEE, JFHidI [w] = [, L(Vw, w, x)dx, XH w : Q > R, L = L(p, z, x)#F
P RGEEE

6.3.1 TEIEHIRLASIUEER

FERUR E B2 R/, BT 75 2 51 32 X 4AE 73 A0 bR B8 3 RIS

185 6.3.1 (X148 (domain variation)). X% : RIXR - RY, X = ¥(x, 7). — AR A AE TL
AFEES, B EEx € RIERA X(x,0) = x. SRS D85S, Bhdtx = X(x,7) AR K 3K
T % (domain variation). F] 8} &A19T v(x) := X _(x,0), Q(7) := X(Q, 7).

185 6.3.2 (B2 %> (function variation)). 4 %u : R? - R, &A% B HHudd—# X F KT
#-(function variation) w : R X R = R, w = w(x, 1) i#HZ w(x,0) = u(x) FHEFx € RIm L. &
32 m(x) 1= w_(x,0), F+#Z A —4FF (multiplier).

EX 6.3.1. ZEMARZHINEERBRESEFFIKTLPWwTEALRIET N, R TEE A FHEZY
MR rF e TR Q C RY ARk 2

J L(Vw(x, 1), w(x,7), x)dx = J L(Vw,w, x)dx. (6.3.1)
Q

Q(r)

BN RN VBUR FAE i e, H R e &2 pRAE X A8 40 AR B8 4 R AN AR P mT BLAE
FATM L7 4% B H 5 FE A i s T R e 5 =X
EIR 6.3.3 (EFFEH). RI[ERBRE XA HHut)HH T wTFEARTHE, N

1. 4 Fleds Xm

V- (mV,L(Vu,u, x) — L(Vu,u, X)v)
=m(V,-V,L(Vu,u,x) = 0, L(Vu,u,x)) .

2. MBI, FuRI[IMERE, HbRREBEN D FE -V, - (V,L)+0d,L =0, WA 4Tk
B R 41e% Xk =

V, - (mV,L(Vu,u,x) — L(Vu,u,x)v) = 0.
MERR. FATABAEEELGI. DT X RS, BT =007, #Eith, 535K

L V,L-V,m+9d,Lmdx = LQ L(v-N)dS,



L V,L-V,mdx = — L mV, - V,L(Vu,u,x)dx + LQ mV,L - N dS,

P HE e B, 195

J L(v-N)dsS, - J mV,L-NdS, = J V.- (Lv-mV,L) dx.
0Q 0Q Q

TR, 133

J m(Vy-V,L(Vu,u,x) — 0. L(Vu,u,x)) = J V- (mV,L(Vu,u, x) = L(Vu,u, X)v) .
Q

Q

HF EXOHMEREITEEQ ¢ RYHREAL, it LAZE A7 W34 AR RR R 0 5 AL AR AH 25

6.3.2 JLAskf

FES B s I Vs € BRI, BRATTFTEESE “ T A ] Ao X 45028 73 X A0 B0 028 70 o AR A5
RE B2 bR AR 7 AR, BRI AT DU AR /ME Fruom H BRATAR R 5 m. A5/ A I A ] 55K

B, ER AR5 2 WA 7y, EATKZ % H Evans [3, 58.677].

Bl 6.3.1 CFREAAZNE). KL = L(p, 2) ™M #HxE &, MI[w] := [, LVw, w)dx2-FHREE, %
Eke(l,,d}, EXX(x,7) :=x +71e, #2 w(x, 1) :=u(x + te,). KRG HM T A3 B X IR T 5 Fo oy

HRENHRE LA

V=e, m=0,u.

Bk, 4o RufI[]69— R &, N2 226.3.37T A4k H

d
> 0,0, Lo u~L6,)=0., k=1,-.d.

i=1

A, #ilan, BATEZE RS HBWE TR L, %5E
1 1
Iw] = J J ~(0,w)* — =|Vw|* + F(w)dx dt
O Rd 2 2
Fb u IMET o BATZ BT L H I w 2 R 8 T R

Olu—Au+ f(uy=0, f=F.

(6.3.2)
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Pz e, AL p = (Qw, 0,w, -, 0,w), x = (t,x,,-,x,) I k = 0 (KA1 E). W L(p,z) =
2Py = 5P+ e+ P2) + F(2), WNLV = eg,m = . iR EHE, FAE

V. (Vuu)+9, (i - %(uf ~ IVuP)+ F@) = 0.

Py

ERWe 1= Sl + |Vul’) + F) /2 e, = V- @Vu) = 0. FHunsr e, WAy LU i
1a< [, e, x)dx = 0.

FAAH ARk € N*(Cf 22 (8] A2 &), v = ey, m = ou. FEHFERE, AGH

v, - (Vu du—e, (%(uf —|Vuf?) - F(u)>> +0,(0,ud,u) = 0.

MHZABY, I A RS [, oo = OXMERT < k < diSL, IXJEWEN T TS B AF 4
O

51 6.3.2 (Besh T ARIHAEAANE). B4 B 3 4207 — Au = 03F 5 4e T2 B B9 AL T

T
I[w]=lJ J (0,10) — |Vio]? dx dr.
2 0 JRY

BNV AEIER, K H AL TS THRTELATRT N
(x,0) = (Ax, A), ue> AT u(Ax, At), 1> 0.
AABAR A= e R XA T RIHBE Ak T 5
X(t,x,7) = (e, %), w(t,x,7) :=e 7 u(e’t, e'x).

W 37 2 SUPT VA
d-1

2
PFigsF e, AR RKOGAHTHE, EMNTARFHAREF X

v=(t,x), m=tu +x-Vu+ u.

o,p—divq =0,
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#op

p :=%((0,u)2 + |Vul®) + (x - Vu)o,u + %uut,

q:=<tut+x-Vu+ — u)Vu+%(ulz—|Vu|2)x.

le % X b iE ] =4 A B Ws Tk oh A AL GG AR AR A A AL B T XA a9 B, BAKGEY] L Evans
[3, $12.4%].

SRR 6.3

SRR 6.3.1 (p-h R T H T I, S p >0, £ & Iw] = [, |Vw|? dx. iEA:

(1) BIRTF (RIZ A ) u it & p-Laplacian 7 #2div (|Vu|P~2Vu) = 0.
(2) IwEZ#x — Ax,u - A‘ﬁ%”u(ﬁx) A>0)THRERE. B4 A= Ritdd LI EiL

V. l(x -Vu + d- pu> p|Vu|">Vu — |VulPx| = 0. (6.3.3)
p

SIER 6.3.2 (FAETEAR). B0, r) %A XHRQ A 3.
(1) HEH X(6.3.3)£KB0,r) L%, A Gauss-Green’ X ¥ :

@-p| virax=r| v pivaiowtas,

B(0,r) 0B(0.r)

HFou:= ﬁ - Vu Zut 2w F 4.
(2) B r > rd;_l’ IB(OJ) |VulP dx X T rAsm.

SRR 6.3.3 (Derrick-PohozaeviEEE ). Zu 4 F 774289 X iF iR
—Au = |ul"'uin Q, ul,o =0.

HEF QC R (d23)RAFCHHYZ AR EIRFPHE— B LR EGERATEFZERXBA), p>

d+2
T BE| -
- TEBA

(1) [o|Vul*dx = [, |ul" dx.
2) [o(x - VIwlultudx = == [, [ul?*! dx. o (x- V) = X105 F e+ X0,

p+1

(3) 32 Jo IVul dx < - [, ul?™ de, K 45 6 ()F Bl QA B H

BT u=0£0QE MR ZFEIREXAVu(x)EAFoQLE L (55 EEEN(X)FATo



6.3 h'tEE 185

Io)R2 6.3

iB]R% 6.3.1 (Almgren i TE A R). %u K3KRQ C R EayifA= &4, Hi#HZBWO,R) C Q, u(0) =0,
uz0. F0<r< R, X

1 2 1 2
a(r) := —J u-dsS,, b = —J u-dx.
ri=1 LB r=2 | g
T A6.3.200 AN X PR =2, TTAFE b(r) = % [150,,(00)* dS,.

(1) 1E8: d'(r) = rd% .[aB(O,r)
(2) 3E: b(r)? < Sa(r)b'(r).
(3) #SURE B S = 2, 5P Almgren # AR £1() > 084 2. (B M(DRLL)

(4) E9: L2 < L st a(r) 2 prf RO < r < RiE, Ak f 1= 2By = S0 iaip sy

T AFF AL R A B RO K B KR FEG TRt (R £AG), HRA).)
iBlER 6.3.2 (W sh R ILTE G M Morawetz{H ). € L #y B (hyperbolic inversion)4= T

ududS, = 2b.

X t
|x]2 =27 |x|? = 12

#x)~ (1, %) := < > , Vx| #t. (6.3.4)

d—1

Pt e X KelvinE # Ku = A a(t,x) :=u(@, x)||x|> - | = .
(1) iE#A: #0%u— Au=0, N 0*i — Aii = 0.
Q) Bl TRAE»F B R E D

X(t,x,7) 1=yt + (x> =), %), wt,x,7) = y'T ulx(t, x, 1)),

gty = — BT A S TR T )RR, KRG BN e, B

|x|2=(t+z(|x[2=12))2

B RE o B 38R B vAe R T mp AR
v=(x*+1,2tx), m=(x|*+1t)ou+2tx-Vu+(d— 1tu.

(3) iE#Morawetza 5 X ¢, —divr =0, E ¥

r:=(|x|*+)ou+2tx - Vu+ (d — Dtu) Vu+ 1(0u)* — |Vul)x, (6.3.5)
4+ 1x))? d—1 1\ @-|x|)? d—1\°
¢ == <0tu+0ru+ 2] u) T ou — 0,u e u (6.3.6)

2 2 _ _ 2, 42
P v - o+ W=D 2 L (R )
2 4|x|? | x|
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Evans [3, $8.67] & 1& 2 “ After a longish calculation, we derive Morawetz’s identity.”

iBlRR 6.3.3 (Wsh RN R BRI, Ruhe T 50 7 A2 69 R IR 7
0?14 —Au=0in(0,00) X Q, u(t,x) =0o0n(0,00) X 9Q, (u,0u)|,o = (up,u;) € C(Q). (6.3.7)

A4 Q:=RINO,0 CRIZARFE, BLATRELLAH,
HFie%d = 3,Q = R0 = 0, AR EAHHTAGHEEAOCHB R B ERE, KM H R
FEQOMAHFTFT RBAEZOG )R BAE T, XAAMRIEE I HAZ69 B3 = X M (local energy de-

cay).
A1B3% O c B(0, R), #4:4%d = 3.

(1) 3EBA: HFA6.3.2(3)89Morawetz8 % X 4 & 6 cherih L4 F X &

iJ cdx=J r-vds, <0,
dr Jg 00

HPvRoOWEZ N EGE,
(2) AR Fecty AKX, E: EFr > 0 A

t 2 1\ @—|x])? 1\
J —( *1xD <6tu+6ru+—d 1u> +—( |xD) <6tu—0ru— d 1u>
B(0,R\O 4 2|x| 4 2|x|
242
P v~ 0wy ax < .

2

(3) iEBA: %t >2RE, AHAEH

J Va2 - @u?dx < S, (6.3.8)
B(0,R)\O t

— —1?
J (0,u)* + (0,u)* + a-1, o.u+ C 2) u*dx < 92 (6.3.9)
B(0,R)\O | x| 4| x| t

) AR -Lou = div(“=x) — L2 Fo 3)0 5 AR E XGEH:

lx] " 2]x 2 |x|?

¢

2’

(0,u)* + (0,u)*dx < t>2R.

=~

J B(0,R)\O



sk A FRIES
B SR A 28— B il ¢ 1 AP SCRE RS 5o

Al ERTS

RI=d 4ESERK LSRR = R

RH ) x IARBRIC N = (x,, -+, X))

MEESQCRY, RATILIQ = QIILA, Q= QU oQ = QL.

B(x,r) C RY : Lhx € RONERD, r > ONKBEIITFER. B(x, r) =TFERB(x, )AL, B(x,r) =
B(x,r\{x} =Lhx € RUAFRL . r > 09 EARH 20T IR,

S41 = 9B(0, 1) = R [)(d — 1)4EHA7ERTH.

a(d) = RSP L ER = 2 _ ST
RMﬂxew;%>m—L$%@<rémﬁy

e, =(0,-, -, 0) =FFi MR UEAL PRI &

% U,V %Rdﬂlﬂﬂﬁ%/\%’ﬁé, WANLY e URIRY cV cU BV RUMETH. LRI
WV EaETU.

5T > ONJTEEQ c RY, A€ QRN #HIBIFE NQ, 1= Qx(O,T]. #haF AT, =
Q\Q,.

A2 EHHEXRWICS

B : Q - RYUEFu(x) = u(x,, -+, x,) (x € Q). ATFRuAQNHIYEHREL RI5ulEQW
TG T3 ML AT .

Wu, vEMA KA, BA1de = o FRufESE To. FATIEu 1= vE$E e LR Hu 'S ok %,

PREu : Q — RIUSCEEICAE Sptu := {x € Q : u(x) # 0}.

PRBuIE () @ XN ut = max{u,0} (u= := —min{u,0}). WH u = u" —u DL

187



188 Iz A FHiIdS
lu| = ut 4+ u™ WAL, F55 REUE SUN
1 x>0,

sgn(x) :=<50 x=0

-1 x<0O.

SRR v 0 Q - R”, AT ux) = (u,(x), -, u,(x)) (x € Q).

IR RIPd — DAE T, RANC[, fx) dS ARESAES BT (d — D4 i T i
Bre WCRRITIME, AL, fd2 AR IFECH) CGE—AD Mgy

125 -

_ 1
% o = Vol JQ f@x)dx,

_ 1
} o) % Areao) J | 4%

1 xe€eFE

H£EE Cc RUNIRTERBOCAE yp(x) = :
0 x&E

RS, g TERY EIIBRUC RS « g, How OB CansRUisio

(f % g)(x) = J Fx = Ygly)dy = J FWgx = y)dy.
R4 Rd
o WA Hx - x WA f =0(g), RIGHFAERE C 13 | f(x)| < Clg(x)| MEE TR FELTx,
Jx O
o WA Yx » x, I f =o(g), F&d8lim L =0,

x—X lg(x)]

A3 RFHEXENCS

BTERHu: Q->R, xeQ.

o M SHGE SO S (x) = lim R U RARIRAPAE ) - BATRAG IR A0, 0, du, uy, . FAL
i, FATATBLE SCRB 5
o P EIL S



A3 REFMEXHNLS 189
L ®a=(a,,a) EZEHiE, KEE XAl =a, + - +a, WiFEwE XN

lal
0%u(x) 1= _0"u(x) = 9% ... 9%y,
a ay X X4
xl cee axd

2. A EARE Rk, dofu(x) 1= {0%u(x) : |a| = k) AulI Rk R S BRI RES, =
I FRATTHE O (o) PRAE R i) i, H B A EE B Y

1
2
|0ku| = (2 |6"‘u|2> .
|a|=k

3. Hk =1, TAH¥fou MAERE, FFHIBEEEAILS

2l

Vu .= (()xlu, ’axdu) = FAE A

4. u, := lj‘c—l - Vu f2 1 u B2 FHL
5. #rk =2, N

u eee u
XgX1 XqXq

d
ForulfiHessian . Au= Y u, = Tr(V?u)s&Laplace & T1F HIfEu L.
i=1
o Bu:R! - REFEMEME, HWIFEHCEXWT.

1. WaNZEIERR, NE Lo = (0%, -, 0%,,). FALBRATE Loku F |okul.
O, uy = 0, u
2. % k=1,FANc Vu := R FE R

axlum o aJ(fdl/[ﬂ'l

3. % m=d, TAVE XA EALRE u FUEEN
d
divu:=V-u=TrVu= Zaxiui.
i=1

4 % m=d =3, RATE LI R R SV Neurl u = V xu = (0, 1, — 0, 1,0, 1y —
0,3, 0, ty — O ). Bom o= d = 2, [ E S VRN bR R, AV - u =

_axzul + axl uz.
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A ®WHLS

A4 RHFZEBICS

w Q& R HHIITHE.
CQ) = {u: Q- RlufEESFRKE)
C(Q) = {u € C(Q) : ufEQINIETH F T HENH—BukEsL.).
CHQ)={u: Q- R : wufift, HIEQR—FUELM, VO < |a| < k}.
CHQ) = {u € CHQ) : 0" uTEQITATH Fi TN H#— ﬁm YO < la| <k}

C®(Q) = {u: Q- RIuEQ L RTLHMES AR = ﬂ CHQ). C*(Q) = ﬂ CHQ).

C.(Q), CHQ), C>(Q) 7 HFR C(Q), CHQ), C=(Q) EPEJE'%EZ%E’J@?&%%

CHIxQ) = {u.IXQ—>[R:u,axiu,axidxju,atueC(IXQ),VlSl,]Sd}. XH T cRE (B

B]) XA, QcR?ZXE. LEFKiLHNrel MxeQ.
L(Q) = {u : Q - RluEQ L[ Lebesgue ] M A EY, [ullpq) < oo} Fift

1/p
lull ooy := <J Iul”dx> , (1 <p< o).
Q

L2(Q) = {u : Q - RluszQ L-ffJLebesgue \I M KL, Julljwiq) < 0o} HHh

lull o) = ess supgu :=inf{M € RIFEH {x|u(x) > M} HILebesgueill £ 3%}

L @={u:Q-Rlue L V), YV eU}

”ak””Lp(Q) = |[|0*ul ”Lp(g)-

TR C(Q — R™), LP(Q — R™) WG R 2R EHEE v 0 Q - R™, HEREAD

- BRSO I PR AR A R B ).

Schwartz Z%[H]
S(RY) :={ue C*RY) : |lull iy < 00 VN €N FZ HIEIF o).
) B AT DU SC— e dn v

lull v 2= sup(l + lx)™ |0 u(x)].
x€R4

W (SR, I - Nl o)) R Frécher 5 [l.

SRR T



N

ik B ZTZEMRITHERLN

B8 % Q c RIERIGIFE, HilFoQRCH (RIFIA LS KC B EE), Q=EQK
A it N = (N, Ny & 0QIIRAISMER R, 18 V 1= (9, . 9,) WHEHT. A 1= 0] +
v 4 did =V.-V ?'SJLaplaceﬁ%. Wu,v,w Q- R NIRERE, u,v,w Q- SIS
B(x,r) c R &Ll x € R? ALy, r>0RNF1EHd4ETFER.

B.1 SERRS AT

ARG AN T S RT,  HERAEHE FIE
5|38 B.1.1. #ueC'(Q), MA

JaxAudx=J‘ uN;dS, 1<i<d.
o 0Q

b5, WATTSM I &8,
L B.1.2. TEF XK
1. (RERE)ZEEOEELHE ue C(Q > RY, N

J V-udx=j u-NdS.
Q oQ

2. (H3RA5) A BH u, 0 € CH(Q), N T XA

I 0, uvdx =J uv N,.dS—J uod, vdx, 1<i<d.
Q 0Q Q '
d
B2 Au = div (Vu) =V - (Vu) = Y, 0> u. S5EHUEER, JATAIE A MMESE NG,
i=1 '
R B.1.3 (S48 A A ILHER). K w0 e Cz(ﬁ). WA Gauss-Green /7~ X A9 40 T 5 Xk L.

L [y Audx = [,, 2 dS.

191



192 fisk B ZAREMER D BOH 25K

2. o Vu-Vodx = - [udvdx + [, u2=dS.
3. fQuAU—vAudx—Lmuﬂ—uﬂdS

= Au=0in Q, AV u 2 Q FIIVEF R EL SHAM KL, i B.1.3 ] LS H Fidgsie
L B.14. K ueCXQNCHQ) £ Q ¥R Hik, N

L [,q 5 dS =0.

2. IQ|Vu|2dx— o ;“ ds.

YA 4R d = 3, FRATE XHEEAN curlu 1= VXxu = (0, U3 — 0 Uy, 0 Uy — O, Uz, 0, Uy — 0, Uy).
XA EETE M BRE T cf (AR £ (s T TR AR 2t B, o SR 2. RS AR E  FE
W8 B.1.5 (A ER M EZER). L uv,we CHQ - RY, f e Cl(Q), WA

1. Vx(Vf)=0, V.- (Vxu) =0.

2. VX (fu) = f(Vxuw)+ (V) xu 453, Vx(f(|x])x) =0 3 4E&E f € CY(R - R) k. (B
o, PR L)

RQAFEBE FVxu=0inQ, NELEFHK ¢ £F u="Ve.

V-axv)=(Vxu) -v—(VXv)-u

Vx@@xv)=uV-v)—=v(V- o)+ (v-Viu—(u-V)v

uX(Vxv)y=(Vv)-u—u-(Vv).

VX(Vxu) =V(V-u - Au

IQqudx=—Lm(uxN)de.

CJous (Vxvyde=— [ (uxv)- NdS, + [,(Vxu)-vdx.

0 2 N Uk W

B.2 FsHikirR. BaXE ERIRS

IR G BGE T AN a4k 18] AR o R AL N IR AR R T O ERTELAR 20 A AR AR 03, IR 2
WLSteinSL A HT[13]58 75 %o

5138 B.2.1 (B I b AR 3R R). X u @ RY - R AR _E % Lebesgue ™ #4249, WA

1. & bx, € RY, L
J udx = J <J u(y) dSy> d
Rd 0 IB(x).p)

2. MAEZEH R> 0 Fo 8 x, € RY, A=

R
J udx = J (J u(y) dSy> d
B(x(,R) 0 0B(x,p)
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TR IARAAAR R R S b BRI “RIFAR” WRef], SR80 @ B R R AR A Xt
RTINS ) — AR, 46 AS 2 W Evans-Gariepy [4] (5 — &

T B.2.2 (RHMAAR). Zu:R >R & Lipschitzi# 42 &y %, HARRMIL-FL LG r e R, KF
Z{x €eRYu(x) =r}#A XTI - DEALE T, XML : R > RALebesgue™ 2K %k, N

J f(x)|Vu(x)| dx =J ® <J’ f(x)de> dr
R4 -0 {u=r}

517 B.2.1 AT 2 B B.2.2 W EL u(x) = |x — x,| BEEAE. B8 B.2.2RAERA 4] M5 =
B N RN B afrr i B s X3k ik S . SF R —Ria T Q@) c RY,
HYEH(COHKH TS50 e R. W v ZIU5 0Q(1), NFZE0Q@) K #A FNE R & .

TFIEB.2.3. & f=f(t,x) RRBRHEK, WH

EJ fdx = J f(v-N)dsS, +J 9, f dx.
dr Jou Q1) Q)

B.3 EHEf5kiEk

AR 5 DL, CRFIEERBESENE. Al i), WAl G ARG — 6T i
Hf RIBIL 1. %3G AE DU i 7 T RERIE TR 1598 A2 P80

EX B3, BAEMNE ZF| & T @E LT

e HQCRIZRFE, F5H5%e>0, FEAILQ, 1= {x € Q : dist (x,0Q) > €}.
o & L&A K (bump function) n € C*(RY) 4= F

Ce p<|x|2 ) |x] < 1

n(x) = ,
0 x| > 1

HEPwa C>0FKiroga .[Rd ndx = 1. X ZEAAR n A4RAEXLHF T (standard mollifier).
o CRBETF) HEAE LM >0, AMEL

o= (%)

HAR o, REEA € >0 AR T. AATEHHNXTHEN [, n,dx = 1 YAASpty, C
B(0, ¢).



194 ffs% B 2B A
€ f e LP(Q), 1 1 < p < 400, FATFHERIFGH T 51 &0 —FOLIIEIR f,(x) =
(n, * f)(x)o WIREIICT 7B IELT KA T8 TR .
EIEB.3.1 Gl FHIMER). XS 1 Q- REEIT ALK (B AQAHEFE R T & LA4K & Lebesgue ™
AReg) L MA
L. f, € C®(Q). (EANQ AT ABMQ! XA B AIEEARE, SptfatSprf “Bikd” —BE
A b I, T Al i B AT LA H k)
2. f, > fae,ase - 0.
3. Ff € C(Q), NAEQWET K TH LAA —BOKkSK f, 3 f.
4, F1<p<oo B fe Ll (N f, - fin L Q).

WERR. ESGIEMDETEE, Sebs BIX A EREY] P SR, SRR HERE R 2
AT, BER x € Qv /& i€ {1,-,d}), WALIITE/NISKE b, 15 x + he, € Q.0 %
PRBATHHEZER

he,) - he, —
LIV L[ L (92 L (222 0
he; — ~
“l i () () o
|4

KRV e Q. MIATANAG W N —Bel S 45 i

X + he, — - -
l(’? <—el y>—71(x y)) 3laxn<x y) inV ash—-0.
h £ € g i €

XA R Y EIRZ R R O S, FATEA — OFf BB AR e 0, f.(x), FLii 2

=
<

™

®

™

J' ax,ne(x -»f(y)dy.
Q

KRR T — M SEUEEYE, HAERH 7o, f. = 0,(f x n,) = (0,f) * n,.
FER KRR AU, HEAEFDEIEIR B E X, FA T DR R G-

|fe(x) = f(0)] =

[ n.(x — y)(f(y) — f(x))dy
B(x,e)

1 xX—=Yy
5] (e s

sc% If) = f(x)|dy = 0 ae. x €Q.
B(x,¢)

R R R RS 25 2 B Lebesgue st 4 52 FRAE 5 (W.SteinSZ 4 HI[13]58 =85 . i35, g f
EELEE, M IEETEY € Q, WATTLIREN—NFEW 17V e W e Q. i fEW I
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R—BUESEN, H i Lebesguestyis) & FAF R ISR B x € VEBOL, IXFERIE K4S 18(3).
BRUEWI(4). VSR IE BRI TVERBUTR V e W e Q, HAZIEY f, e L) (Q (1<p<
o). Nk, [E x € V, HHolder A& AT 51 H

| fe ()| =

J n.(x—y)f(y)dy
B(x,e)

-1
sj 0 1 f )l dy
B(x.,e)

1-1
< (J n(x =) dy) (J 1= PUOI dy)
B(x,¢) B(x,¢)

<1. ([ n(x - y>|f(y>|pdy)” .
B(x,e)

B R, U pR 7 ALY LRV, R Minkowski A4 7 ) 45

J Ifg(x)l"deJ j n(x = PIF I dy dx
Vv V J B(x,e)

sJ ok q n(x - y)dx) dy = J /17 < co.
w B(y.e) w

TELPYEEL(1 < p < o0) NS BT D HESE R BUE TS 3], BIZA5%E V, W as above FIiEZE 6 > 0,
RATATLRF] g € COV) 545 |1/ - gumw) <50l

Ife — f”u(v) <If. - gg”LI’(V) + g — g”u(v) +1lg - f”Lp(V)

<2|f - g”LP(W) + 118 — g”Lp(V)-

FIH (3), # A1 limsup || f, = fll o) < 26. O

-0



i

NOE PN

7]

1/
8

fisk B A EMA
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iR C BIUMRHSEIIATTHR

AT S ARG ST I (Fourier) 22 40 NI T I Z A B AT, #8273 e B A UE I gk CIAOA 7 22
B2 SRR BT o AL AR S T E S5 T SteinHIH L 20 HT[12]5 75 A Folland S 73
UAEIE VAN R VAL 1 il 1 PSS U NI S A o N E A VA
C.1 {33t
4 f e L'RY), X fEIZIM Ry BAE R &L

(21)"J Fx)e ™ dx, (C.1.1)
)2 JRY

f& :=

Hefi= /=1, e :=cosO+ising, x-&=x,& + - +x,8,. &= (&, &) WHAE bR .
IEEERT LU X f € LY(RY) BT R
1

fx) i= [ f&)e*¢ de. (C.12)
(2r)z Jri

AL AR e S T AR e (MENETD — R miacAEr #1 Pt

N A A TEEAE (C.1.2) BRAE(EALAE <3007 AR 2 X2 RO AT T s A 1.
R C.1.1 (Er EAN). S, f € L'(RY), MAES, € Cy(RY) (3% F#%, HAELFZALA
FR) 13 f = fyae A f,=(f) = ()

12 5 ALE B AK 8 T Riemann-Lebesgue 5| B GausstZ FIE S5 &I CGRALT T — 0 B 6
I, R B SO6HE BB RS HE IS0 A 8 LR D, X BRI Bk HAE B AR K

MES (CLDEH, fe L' Kzgs T fe L. AMINAEKRE— AN EFR RS, Ry
WX, FAEZH AR X B e R 2 X B ooER, mHAA AR AEX BT, X
FERT BB A R AFAER), Hrh—/Mol 748 Schwartz R 8= I8, HiE T

SR :={u€ C°RY) : |lull y 4 < o0 VN € N and multi-indices a}. (C.1.3)
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35 B0 [ o o R TEHE, RS

lll (v oy = sup (1 + [x)Y[0%u(x)|.
x€R4
ﬁjﬂ:’ (S(Rd)’ ” : ”(N,a))ﬁFréc}let?rmo
FHRSH 38, SchwartzBR R L BREL, FF H BRI E M ST EA R Z R E RN 2
T SCEE PR, Eb 0 T 25 037 w8 A% BLTHT () e~ 32— NSchwartz R 41
@k C.1.2 (Folland [5, Prop. 8.3 and 8.17]). %¥Schwartzdh# = 8], A 4= F 24

1. BfeCe, N fesS SaMY xforf SHEZE L T84T a, p ARAR KG9, B HXE 9%(xPf) 3t

&5 EAAT @, f AR R L ExP 1= x e Xl

2. C® An S LP (1 < p< o) Cy FHE,

b g SURMER BB ST AR B AR TT R AR FR e SR, 4 T RIRA TR B 7 - AR
RefU ORISR 7 AL OO BT REER M J7 R A E o T RE B AR AL, AR 3Re
UM EL A ONIT AL AR Bk AG RAEAE R A BRI AD . TS MER X R s, g6 A
[FIEESR, (HRA TAT S EEIE, FRATTEUE B X L 5518 R 1 AT A bR BT & Schwartz B 2, —
PRI 1 3 A ] DA SHE L2 8] v i A 2 EE 7
R C.1.3. ik f,ge L'(RY), MAH

L(F# o RkF)EFfechofe ' T |a| <k mz, Hof € CyERE |a| <k-1
Rz, IR AH (02f)E) = GE)F (). KA, % xf € L' 342 |a] <k Rz, M feCr B
((=i%)" FO)YNE) = £ (&)

2. ET AR bYTHERMEHR, B S =T ATHHEHE, N fol = |detT|"' foS. #
A, KANVE

o (FH) (f(x —M)NE) = e ™ f (&) 3H4EF h e RY ik .
o (%) (FAX)NE) = |A|7f(EJA) SH1EE L€ R R .
o (WHARME) E £, f e L', N f(&) = f(-&. &tmA F*=Id.

3. (BAR e AR [ g@) = (V20! f(©)8©). RE (f * 9)(x) = [ f(x—y)g)dy = [, f(P)g(x—
ydy 27 f,g 9K BRI FHRSRLSE—BRAE LS, gh—ANAL &, F—4
R LeH,

4. (Riemann-Lebesgue 5|32) 3t1£ & f € LY(RY), €9 2t # f € C(RY) Li#HE |f(&)] - 0

as |€| - .

WERR. (1): N 7 RIfE, RATAX B S8 0* = o, W], Hri j e {1, ,d}, ~WEHATLURE
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HIH — B 80 25 A5 2. P 5L AR 4 1) 5 SCR 23 AR 23 AT 45

@, ))& = ﬂj 0, f(x)e ¢ dx
2r)2 Jr?
% 1 J it g g 1 J it
=———| f)o, (e™)dx=(§)——F | [f(x)e™™"dx.
2m)2 Ird ! 2r): Jre

(D3 —AME SRR PR BAESS

(—ix; f()(&) = 1 dJ (—ix;) f(x)e™™¢ dx =
2r)s Jrd

1 dJ‘ F@)9; (e7) dx = 9, /(&).
2n)z Jrd

(2): Al FIE LA B E XA R e y = Tx, 3AH

FoT@ = | sroeerax = e = | fwes o
(2z)2 R (2x)2 Jmi
=|detT|™" 1 y J F(x)e™S9* dx = | det T|™! £(S&).
2r)2 Jr?

(3): APEBE f,g € S(RY), T5& ML R Ry e iy, Hal IE#Z#F. —
FECAB AT B A A CL L2 E T PR 45

[+ g®= l y ( fx—=ye) dy) e X% dx
2r)2 Jr? \JRd

. ~
v

(f*g)(x)

-— i < fx—y)ey) dy> eI VEGivE (x
(27)2 Jr? \JRd

= (V2 - ! - J 1 - J fx—ye & V4dx | g(y)e™™* dy
2r)2 Jr? \ 27)2 JR?

< _/
'

f©®

= (V2r)' f(£)3(6).

(4): TR LGS AR S 52 e f(&) = ﬁ [qe f)e ™4 dx. #5f € LY(RY), M) L@ an
FHSLE A SE

|f(E-h)— f(&) =

<

L [ fx)e ™ (™™™ — 1)dx
(2r)2 Jr

ldJIf@NM“h—Hdm
2r)2 Jr?



200 e ORI AVAL 7% ¢ ESF LRAL 2 E i1

BT le™ -1 <2 LK f e L'RY), AIMEZx € RY, bl Ja— AN 45 B A48 A7 28 B0mT 4
%ﬂeﬂ@%ﬁwmm%ﬁﬁﬂoﬁ%MW@ﬁﬂ,ﬁﬁﬂ%iﬁmﬁﬂ@%%%Mﬁﬁ%@
Ry AU S B

N THIUE B Lebesgue AT A5 o& £ 4 {8 37 AR 46 75 47 %6 45 (8] G 55 S Ab UGS B & o IR AMIE A — A7)
B EHEEMEEEE R x=y+ 25, AOH y ZEETS, 53

R
Pogy — 1 71'_5) —i(y+%)-§d e;:;l_ 1 J ( ”_§> -iy-é 4
& (2”)%wa<y+|§|2 e " kECdy Q2n)s Rdf Ytigg)e Ty
5 A 5 21

2/&) = —— J <f(x) oy (x ¥ ”—‘i)) eI dx,
2r)2 Jrd |€]

NI
. 11 7
< = — — |{dx =0 - 0.
WACP] I 2 om)? JRd f&x) - f <x+ |§|2> x as & — oo
R — S EURIRA R T Lo PR LA, MIER S € L'RDA1m [o, [f(e+h) - f(x)| dx =
0, MIXHrE/|E> - 05724 Thir)f . O

JFid C11. EEAMRAF(DAQB)EKBT ZR AR RG> TRNIETEE, Plie, L2 TH
ROFTAL u, + Y, a,0%u= f(t,x)(t >0,x € RY), R &AM x T EAFF 2ot T, Hiut,x) &

la|l<N

2ot B4R H A, &), MR AR B F AL AR — AN £ T 118 5 8189 5% B H A2
N
0, €) + Y a,(i&) . &) = f(t.),
k=0

KAERMTA (FARSEATEFF) EAMELE), REABIMM It ETHRKBuLT
FEBNA, RE—VORAELTHHAY ZRKRSG (Bl ZLSchwartz & K F), W &A)
Z KB FTAR AR A RAH TR —E REFIFO L H. BBt LT A2 S AR “M
A7 B EAEX (AR —NEREKA “IRE” B, IRARMEERR A “IRAFey”
WOLH L RITE), KRG FEA RS F BAE XA & R X T A4 8] & — AR89 0L,

WL, ECA3N)ES W R

HEIL C.1.4 ([5, #EiR 8.23]). F A= F~! #rF S E 43 S A &,
TG R SIS AR L2 AL

5138 C.1.5. % f,g€ LY, W [, f(x)g(x)dx = [, f(E)E(&)dE.
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MERA. hiFubiniE ¥, HIERNE SGHEA G

J f(x)g(x)dx = 1dj <J f(y)e—""'ydy) g(x)dx
Rd (27)2 Jrd \Jwre

F“E”:iiﬁj f(y)< J ’”g(x)) =J F(»&(y)dy.
Rd (27r)2 R R

BAERRATAT IER E 2 C.1.1, B S A e CRURRERTEAME RO

[x[2

FIEC.1ABGERR. 4 d(x)=e¢ 2. B7E t > 0, WAVEENT ()Y (EBRDIEIBIEILT:

- [ e el% f(£) dE =
Rd

L J D(V218)e* (&) de.
Q2r): R

(2r)2

BERORACTT LI, PR C.1.3 FI5IHE 2.4.1, BB (&) 1= e e 161" [y 37 -5 i ] LS B

N 1 _ x y
o(y) = J - o(v/218) dE = )
@)% Jre (x/— )d \/27

PAE, AIRME A I C.1.575 2l F BT

1dj e~EF i€ % () dg = ldJ P(&)F () dé
(2r): Jrd Qr)? Jrd
1 J .
= | oy f(y)dy = )f(y)dy
Q)7 Jrs @2m)7 Jre (\/_ )d Va2i
= (15 * ().
XH () 1= . 7®C) € S, n,() 1= n(2). M 2.0 KW [o,n =1, Mifiin 5 —HIES
i

201

EiE

SR B3 A(HIKMNTA (L Folland [5, 515 8.251) LA £ 5 75— £ in L,
ST AE T LT AL 7. 55T, B € L', B DA e S0 B v 4 51

FLIHRBR

lim ldJ e e x f(£) dg = 1dJ ¢ f(&) dE = (/)" ().
=0 @2n)? e (27)> IR

EELU = (f)Y ae. RS S Riemann-Lebesgue 7| # 3 B 35 # & C pR %L, 1IEEE.

it C.1.6 (5, 8.27]). H£fe L' H f=0,1 f=0ae.
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IS C.1.7 ([5, #Ei8 8.28]). F £ S L#y A RAE,
P15 )5 APlancherel 5E B 25 I —/INTT, B 3 BB AL M AR 480 2 1225 R4

EIE C.1.8 (Plancherel’#H). & f e L'n L% N f e L% A Flpine T AR —3IELA L2 LA HF
3B B ) o

WEBR. 4% :={fel'lfel ). T fe L' && fe L~ TREAMNME X c L2 XHHN S C X,
BT XTEL2 R R, A E fog € X, 2 h = §. W T RIEA R &) = g&), AT

P8 C.1.580 T4 5
J fg—=J fiz:J fh:Jﬁgf.
Rd Rd Rd

Rk, Ple (RFE T L2 WAL 4550, 4g = ftBRIF R L2ESEER, B A2 = | f]l> (Plancherel{H
2. RIEARKE F(X) = %, HBLTEH (GALMEZRIESERCHE) BT, AT LIME
—HIESH Y L2 ERIBE SRR, &5, RORZEERRX N ERZ ENETS F 1 X 22—,
X—FHEH C.1.1 FIEHBEML, AAREER. O

3J& C.1

S8 C.1.1. RE A AR LaydERifAFd HKu e LA(RY)?
SRR C.1.2. 472 f e S(RY), Hulx)e SRY) £ —-Au+u=f,x € RY &9 X5 M.
(1) it Hut91§ o+ T 3,
(2) iEHH
J lu(x)|? + 2| Vu(x)|> + | Vu(x)|* dx = J | £(x)|? dx.
R4 R4

d d d
&t | Vul? = Z(axju)z, IVZul> =Y Y (0, 9, u)>.

j=1 P e
i C.1.3. ARIF &M AMAIRE T = ro, HFr = |x],0 € ST SRS R E G LR A
1 f(x) B9 BAL R AR T r, TMRKO. iEH: & f A Z®Schwartzeh 2, W €491 ot T 32,

o)1 C.1

BIFR C.1.1. Ko : RY > CRATMHHK, HR|p| = IARp(x +y) = p(x)p(y)HHEEx,y € RIA
Fo EH: BAEE e RUEFp(x) = e™¢.
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BIRR C.1.2 CHEAREAEHIREL). 47 Ex,, & € R AR HHK f € S(RY), iE P4 F & & &5
R IE:

(J (x —xo>f(x>|2dx) (J I —§0>f<¢>|2d§) > & (J |f<x>|2dx) . (C.14)
R4 R4 R4

BIANTFXEAH A B RT R B BT AL 2 ) E Fr e € 0915 B E I AL 5 o

R REFIERE, = x, = 089 HF BT, G F jEg(x) = f(x+x,)e >4 4] Fl ép A C.1.3(2) %)
B 3X — 47k Mo A A Plancherell®e 5 X 7T4F |EF(&)|* = |§}(§)|2, Z )& % A Plancherel 2 % X 4=
Cauchy-Schwarz 7~ 3 X £ B £ 1 > (fRd |(x - V) fldx)?, =B RNVAf = %V(fz), PRG EAR Sy —
Ko
mF C.1.3. AAMEZAMCAINGEBE%, HHER It TR ERIEHROKXF, HoRFIZR
SO B el @i B (ARG SRAFRE R T A AT AM[1]%10.8%) . 4T (&) = [, €¥¢ do(x).
WEB e T 18,

(D) JRE@SK, FHLj(8) = (@), RXglp) = [; jQarp)f(r)r'~ dr.
(2) JAaj oAk X TTAEAT + T = 0F=pj” (p) + (d — 1)j'(p) + pj(p) = 0. J& H A AR Bessel 7 2. (5%
fR LT AEH j(p) = Qu)**p@ D20y 1n(p), 3P T, R alh 5 — % Bessel & 40)

(3) HHd =38, jesRE X,
mlEl C.1.4. AAE JAC.1369)5 %, 1118 % — EBessel b 09 A A A% Hn, = X W Hnkl
% — K Bessel by £ .

J(p) 1= % L e'?snfe=m0 dg.

(1) &f e SRHAZMAIHHK, AR ()R EEXEH F(&).

(2) iEH: EpeR, MJ (p) €R.

(3) iEHH T 8% X

- J_(p) = (=1)"T,(p).
2000 = i) = 11 (P)
(%) J,(p) = J,_1(p) + J,,1(p).
(0"9,(0)) = =p™"T 1 (p).
(ann(ﬂ))' =p"J,_(p).

T (p)ih e T N oy AR

N

I 0)+ 97" (p) + (1 =12/ p?) J,(p) = 0.
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(4) 1ERH:
2m

ulp) = < ) mzz:f)(_l)mZme!p(n +m)!

NI

(5) iEBf: MEZFnEZ, abERE

J(a+b)= ) J(a)], ,(b).
’eZ
B C.1.5. KA JHMC.1.469)5 4, T804 5% — £Bessel 2L 09 2 AP . T IE & $4En, (n >
—1/2), & X Bessel:k £ A

2)" oy .
1= — L [ (1)
T(n+ 1/2)y/m )1
(1) E#: 3R i Hn, LERY XL, ()5 FECLAZ @892 LAF M. (RF: L
*tn =0k, REAHERNFACIL4ZEGHEHEX,)
(2) S T, p(p) = 325 sinp, iR

lim J,(p) = \/zp_l/2 cos p
n—>—1/2 T

(3) &f € SRHAZ@EZF, BPf(x) = fo(r), r = |x|. THfBRZEEHHM X9 EEX (H
BTy s FoBRH RET) o

B8R C.1.6. A% 5Hermite B A A A%, ASR) EHZMEXLEFT, T*H

1 1
Tf(x)=—=xf(x)— f'(x), T f(x)=—7xf(x)+ f'(x)).
V2 V2

TEB e T 45t

() [(Tfg=]fT*g, BT*T*—T*T* = kT*".

() &khy, = a7 Ve 12 h, = (k) V2T*h,. hARAE 5 kA E 0 L Hermited £ EH: Th, =
Vk+1h,,,, T*h, = Vkh_ K @TT*h, = kh,.

(3) 48 =2TT* + I AHermite =-F, LS f(x) = x> f(x) — f"(x), Sh, = 2k + 1)h,.

(4) (M) so R A LAR)Z A B9 AREE T,

(5) M2 4k s E R AR

k 1Nk K
ka(x) — (_1)k2—k/2ex2/2 <i> (e_X2/2f(X)), hk(x) — &e)@/z <i> e_xz/z.

dx Val2oek  NOx
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(6) £ H,(x) = exz/zhk(x). IEH, A kK % AN GRARME % kAN E W Hermite % A X)), UK
{Hy, -+, H,} 692K E MR DR mk by % X

(7) GEBR: {hy )R B LAR)Z M GARE ER L, (R7R: RIS, hy) e = O HEFELRZ, 4gx) =
el f(x), Wit e EAH I (6)FIEAE = 0.)

(8) HFA: [ > LPRAHNAS(x) = Qo) f(\2xx). iEH: sHiEEf € LHAf = A\ FPAS,
Tf = —iT(f), hy = hy, b, = (=)°h,. AR, = Ah,, N{p ) RLIFEELL, AL
By T 69 44 AE o 2028 AR o

C.2 {EIMZR#
B f 2R E, HAE [—x, 2] WTAL FRATE X I RBVESI MR (& R AHEE) N
F(x) ~ % + ;(an cos(nx) + b, sin(nx)), (C.2.1)
Hra b, BEFRAEfFMEIM R, RIEAN
a, .= % Jﬂ f(x)cos(nx)dx, b, := % Jn f(x) sin(nx) dx. (C.2.2)

W, fRARE, Wa, =05 2K E, Wb, = 0.
NI 2 F0 2 an R PR
5|38 C.2.1 (Riemann-Lebesgue 51 #). & f € L!([a,b]), M

b b
AETOOJ f(x)sin(Ax)dx = Al_i)r+nooJ' f(x)cos(Ax)dx = 0.
5138 C.2.2 (EXZHE). 2 THFATUAEETH B £

1 J sin(kx) sin(/x) dx = §,,
L
1 J cos(kx) cos(Ix)dx = 6,
L

1 J sin(kx) cos(lx) dx = 0,
T )z

HP s, =1ifk=1,6,=0ifk #1.
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C.2.1 C'EBEIMREAE S

AR RS BT A BHE GRS sk ? MR R B4 2
EIE C.2.3 (B s sl). R f AR M2r LA [—x, n] 7T A6 K HGF BA [, 7] LA 5B CEY.
W) 345 400 2ot L Ao = x Ml s s £ . ke Fm St O &m0 oy o L)
A flEXx = xR0 A, EWRR, FAld, FfEx = x,ZiES, WEAEOMHE It B A =
X B HLSK B £ (x,).

HERR. 1d Sy (f)(xo) N f BESLI AT x = x Ak BIHS 73,
a N
Sy (f)(xy) = 30 + Y (a, cos(nx) + b, sin(nx)).
n=1

TEUEWIS (f)(xg) — 5 1= LD 7 i, AT EALTS \ () (xo). 1R Na,, b, 1L, IFF
H=M1E% 3 cos(a + f) = cos a cos f — sin a sin § 153

7 N
Sy()(xg) = % J f(x) (% + ) cos(n(x - xo))> dx.
- n=1

SRJE F T T IX A E S O R o AR #E— 2B AL 1R .
. N sin(N + a
5138 C.2.4. Ka #2kn (k€ Z), WA ~+ Y cos(na) = ——>—
25 2 sin 3
T.I-.EEH A ﬁﬁ/_{%
2 sin % cos(na) sin((n + )a) —sin((n — —)a)

cos(na) = 2sin £ - 2sin £
2 2

Pk 5|3, Ao Ay DAk — DA

L (" sin(N + %)(x = X0) e | (7 sin(N + )t
Sy(f)(xg) == [ S(x) —— dx === = J fx,+ t)—t dr
Ty, 2sin > T ) g, 2 sin -
27 JA ] sin(N + )t
T 2sin 3

VEIBR LA BRA W7 4k, fERCH
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PR ORBANE LG [T I [0+ [P

1(° sin(N + )t 1 sin(N + %)t
Sy()xg) =— f(x0+t)— dr + — J fxg+t)————dt
)z 251n5 251n5
(o Sin(N + )t ¢ (* sin(N + 2)t
f(xo—t)— dr + p J fxy+ 1) —————dt
J O

2sin & 2sin &
2 2

k\l'—‘

o sin(N + %)t
(f(xg+D+ fxg—1) ———dr.

Jo 2 sin

N[ —

!
2

PUAE AT DOIEBRIZ s 8 1, W51 3EC.2.4 1 a2 PR IAAE (0, 7 1FR 5 AT 43

r sin(N + %)t T
0 2 siné 2
ERES v () (xp) — sHLS BR
1 (" sin(N + %)t
Sv(F)(xg) — 5 =— J (f(xo+ 0+ flxg—1) = 25) —————dr.
T Jo 2sin 3

WAEFRA A8 FHRiemann-Lebesgue 5| BEUF AU Sl . R =R, #

(fOxo+ D)+ fxg—1) —2s)

. t?
2 sin -
2

1E [z, m] LA, WR-LEIBEEZE S Sy()(x,) — s — 0, XIE2RAAZER L8, R
2t — O, \tZSmQ/z‘:\iﬂ:fo Ik, A THEEEUTD X — &6 oy SR B ok, R [ R0
Lf + [0, Ht s < 12— ME/AE. XA, R-LIIFERUIE S A& T %

(" sin(N + 2)t
—J (f(o+ D+ f(xg—1) —25) ————dt -0, N — co.
T )5 2sm§

XL R A0S [0, RAVEEEIEN < HE2sint ~ 1, KRAEHRAIIE “BITHE
fHSA. A TIULE T I F HAE

o
+1)+ —1 -2
lJ JOo#DHTC0=D=25 ¢ Guen 4 Lyrar,
T Jo t |, 2sin3 2

AR v

~1
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SRR s = LoD (0 A 1551

Sxog+0)+ fxg—1)—2s _ f(xg+1)— f(x,+0) N f(xyg—=1— f(x,—=0)
t t t )

KN f B CH, FTBLSf 1E x, A S Efs e HA 5

f1(xg) = lim fOo£) = fx£0)
- t—0, +1

HEHA G
SRRy Lt G0 R e 5 < IR SR, AT RTR

Eﬂﬁﬁxﬂ-g{ﬁ f(X()+l)+j;(X0—T)—2S . ZSitn T %Riemann-Lebesgue%l IE , ?Jt?%l:ilj
2

1(° sin(N+%)t
;J'o (f(xo+t)+f(xo—t)—2S)—tdt—>0, N = oo.

2 sin -
2

]

#iL C.2.5 DiniAniE). & fRAI2rH K, BE[-z,z]THR L% seER, % o) = f(xg+1)+
fxg=1) =25, FHLE S > OLFLLE0,5] LR TAREY, M f#MH 5ot A AEX = x ALK E]s. 4
BR, Ef Fx, £ CO- Holder:% R0, R xRS () B AR, N fayf
St A X = x MR E] 5 = LD D)

2
BUEETHE — 2]

Bl C21. i =3  TTINST wm s e,

- X=T7

xI/
/(2:1 -n, |0 T%n x

g, HRER S (—n, m) LRI A R EL, Wa, = 0 Va. Tib, 7] LEFEHE

:lJ x sin(nx)dx = lJ xi (—l cos(nx)> dx
T_, n

dx

8

ﬂ:ﬁzﬁlj = cos(nx)dx — 1x cos(nx)‘ =(-D" 12
Thn n

T
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%uﬂm%@ﬁﬁﬁﬁﬁf&nﬂimmmﬁaﬁw<x<nﬁ%$nﬁﬁﬁﬁx=ynﬁ@
n=1

SO = = 0. a
. x 0<x<2x .
5l C.2.2. #HH f(x) = 8948 2ot B H o
0 x=2rx

R, T f 2 2, BT CART DAEE IS L& (0, 2) ERIRR Y, TIA—E R (-7, 7). B, Fdl]
156 a, = 0X%n > 1OLLL fea, = ijoz”xdx =2x. X b, ATAT LAST b, = ijoz’rxsin(nx) dx = —%.

[o0]

B LS ST RO 7 — Y %sin(nx). 75 (0.27) 1, e A1755]

n=1

x:z—zzsin(nx), 0<x<2rm,
n

n=1

{ELPE S m ik, (SO E] 2 =
LA BRI, AL AT DAV — TR 5T R A . BIINAERIC.2. 19 & x = ZHlA

1 1 1 1 T 1 1 1
Ty —24+2_21 4. L T . T
PR R S R 3Fs5 7t
EFIC 2254 x = 1 3 )
T—1 sinn
2 ; n o
L]
51 C.2.3. i H f(x)=|x|, (=7 < x < m)891F 2+ B 4.
y
=27 ;n o 4 2n T

R, ERIERR R (—x, o) R AL, BTLL b, = 0 Vn. ARG AT LA Bay = = [7 |x|dx =7 BLK

¥

n=2%k

a = lJ | x| cos(nx)dx = %((—1)” -1)=
T )_, nn n=2k-—1.

T 2k-12x
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B x| 4 [, ) LTI G0 T % 3 % B x| AN O L A,
k=1 -
B LA (=, 7] L x| 25 T {8 S 8 0

JFid C.2.1. 30 < x < zblf, E@=EAME 2ot B AHF Tx, BERCMNGHXE TR, XLHA
EAVA M 27 B AR 2 X TG vt BEK, WwRARERKE A XA LA RE f(x) =x, RANEF R F
W7 ALt AR E2-A MR H, L@ =AM F# R =4 KR 69 46 77 Ko

C.2.2 CesaroEHUasg

Dini#| VL #ER C.2.5)3 BIH 72250 1) sl USROS BB IE SR 25K, T HoXT bR %k
H—kred (22 PMFED FHINER, HATHRM 2R, a0 RIAE R 500E £ 2 LR 4
B2 X6 7 RS i 2 R 3 3 B RSB M . 18764, Du Bois-Reymond%s Hi 1 K& fil,

FH—J71H, AT AT DME S S 77 LR B e sl . DLECIR L 9 E’:(—l)"_1 =
I—1+1=1+ - BARAZRSAEE . KTTNHE“Cesaro KA & —Fh Hﬁﬁéé}fﬁ?%ﬂ%% [ SR AN
773 AT LAUE B IR S5 2 B0 78 7E Cesaro iz XS, (H kAR
N C.2.1 (Cesiro WisH). B sk Y a, it Sy AT HNT B ode, 5 L3 Ao AT

n=1
(X #Casaro-F35) A
. Sl + A + SN

oy - ~ N e N,

Floy} RME ST 7], BMR Ao, NAREE Y a, &£ Cesaro-7T Ao by, RHF FMHGLEK Y a, ££Cesaro &
n=1 n=1
T H sk, Ttk

[o0]

Ya,=c (O

i
o AR il 4, 4 CesiroF 4.
P StolzyE #, FATAT LAEBAEWI .Sy } SO AR AL 5 (o YIRS, H = FHWRIREBAHR . 5
—J7 1, i(—l)“'lﬁit%%\ﬁcesam%%}@ SR (R PRAEAL1/2), AR 5 AU SR 5L
zli”ﬁ%?%%ﬁ%%ﬂ% Fejér BB, B3R PIELSL R A ST AL SRTE Cesaro 7 U R ISL
R
EIE C.2.6 (Fejér). X fRAI2nIH, E[-m x) E TR, EfEx = x, ROEMME f(x, +0)F

£, Mfx = xR, [R5 ot o3 A Cesiro & L TAtsks) L0 T OF T H0) s e riy it
B, MWiEx =x &, [t B389 Cesaro FHHFT f(x,).
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MERA. 5E R C.2.3 HITERIZRML, AT oy HIRIA. S57E x, € [-7, x], MNCEH

sin (n + 2)
Sy(xy) = J (f(xg+1)+ f(xy— t))—t dr.

2sin 3
TRBUT DL RE SRR AE

N-1sin (k + %) t
on () = Z Si(xo) = [ (fCo+ D+ fxg=1) )

dt
par 2sint
1 b4 Sil’l; 2
=—J (o +D+ fog—t) | —2 ) 1,

2
2nw ), sin -

BEAL AT 2 = M fESE

N- lsm<k+;>t sin? M
_ 2

.t - .t
=0 sin - sin -

e, fE[-z, ) B4 f = 1B R ESER
= (sin & ?
LJ ( 2) dr = 1.
Nz o siné

. Nt 2
S BB () = L (‘) WA (FFejért.

FHHE oy (xy) — 5 1= L0000t g | g 45, 47

. Nty 2
1 kg SIHT d
— = — t t,
vt =S = o L v sin £

H o@) = f(xg+1) = f(xg— 1) = 2s. HT fLEX MBI RAFAE, FrLLgs B e > 0, #A47
f£6 € (0, m)fEf3

|[f(xogx1)— f(xox0) <e VIe€(0,0) = |p@)| <2 Vte(0,6).
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X PRI 7~ AT THE AR 43 X g k) 43 R P ke f0+ FLEE Ry al DA B BR B o BN )
2 . NN 2

) 1 51n7 € s SlIl?

J <WJ OISt d“N—nL it ) Y7

5By, AT A R % HIEE IR @ B AT AR

V. 1 _
J ~ 2Nz Jl()l smg _W

Hrh A= Qrsin? g)-l [ lo®]dr < co. IXFE, 25 N > A/eltf, FATHA

lon(xy) — s| < 2e.

]

FiE C2.2. 23, KMTUAE R I EHERZH B —NRBRZIRET: HR 1R
A x & (o R AT & LT M) )U’k%@ﬂ"fﬁwf59&%&2’5#&[‘%@’3%%@1, 1252 3N BT
B AR B LT AR, Pl E BB f(x) = e @ (x #0), £0) =0, THERELETIZHGEY
BH AR Ex = OB F 48k 3] f(x)

PAHEFLNT, (x) = 7 + Z(ak cos kx + B, sin kx)[] R EFRAE maR =A% M. FejériE B —A>
HEHEWAZE: RS R iﬁ_fﬂﬂ 2 — =&k,
T C.2.7 (WeierstrassiB T jEH). HEEH L f(—n) = f(n)EL R Sf € Cl-n, 7| TAE=A %
MAAL[-n,r| E—HEH. BPLTIHFNI[HK f, HHEFREe > 0, FHAEL=A %0 APKX)E
# fnax | f(x) = P(x)| < €.

MERR. FRATPTRAE SE4 £ 240 AR I A BA2 2 (R 2L pR 2. 4 Fejér 3, f W HEE /) Cesaro #54)
M {oy(x)} —HUENT . ML AR 0 AS, (x) RkR =M Z I, Frlloy () LRZENIKR=H
Z I O

C.2.3 BEIMEHHLIER

AT B I ST R A B ME 1Y m T AT SEBR B C AR £ R B i B
PEL AT DU T 1%, WA W5 IS — M nT A . R, Weierstrassi T i B A
AL, IR —BOE LA R VFE AR — A 1At TS ek B QR AL RAEAR Z RN, AT
ANBE LA R B — AT AR R, 3B S T DE AR BT 20, BRI AT e —B0EiR
Mg 0. BTRILR, JRATH RBAE L2 8 ST B st .
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PAE RS L2 BRI — MR R Z L, S EE NN Lras(a) A (Ep = 2 45 A AR A,
BETBA TR VUL — 2 “IEAZHE ", i W 3L S b b 0T ol B L2 B AF IR XS0 . 7
BHME, “EXM’ BRABEMSH (EIZHSH) 0B, X—RfFERFNEESFERN
EMREMBRSEMTS.

B, BATGIE LT e Heas A

b
L*([a, b)) = {f : [a,b] = R Lebesguen] J | f(x0)]*dx < oo} .

SRR b, R AR, FCEL (o) AL T e
b
(ﬁ@t=[f@k@NXf£€L%mmx

T R
* (f.8)=(g. /), Vf.g € L*([a, b))
* (;’Xéﬁl\i) Ve, e, €ER, (e f1 +¢2/5,8) =c¢(f1,8) + ¢ (7. 8)
o (FEEO SN = VN =) 1fPdx): &L T LA(a, b)) FEI—ATE%, B
- fll =0 f=0({EMZENFMENELT).
= llefll2 = lelll 125 Ve € R.
- WS+ gl < NN+ Hlglle.
ST C.2.3. W RE BLMAHKMLIZN, W EIRARE LA (f,g) 1= [, f(0g(x)dx, 3 5 41
L EAEH A
ARG A T ARTE . ATV REL 1, g € L*([a, b)RIERHY, ZIRTEANTR LN Z(f,8) =
0. TATFR @y, @y, -+ @,} C L*[a, bl L?[a, b)) —HAREIERE (F2 “H7), LB Lo, @) =
8- 4 TE L2 a, b1 —HARHEIE LR (o, ), FAITE X
o f E‘J@i”f%iﬁ ¢ = f, ¢k)9
o fIBIHEE £~ Y o).
k=0

BEBE TS, FATEE @I EAR R, R XS = A AL

T ::{ 1 cosx sinx . cosnx sin nx }
Var i e VR Ve
W T L2([—x, x]) T — MsEIERE, EWEIENTE 27 8 & E A [—x, o] b B 37 2%
B “%7.
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BUEBRATE 1 [B135 1 T XA ] 7L

N
BE f € La,b], REAFE{c, ) i Jim 1 f - D Py
— Q0 k=0

AR, BRI AU ) “ mefdiEin” 2

=02 WRE, Ba{c} I

L2

H5G, BATEW] DUIE/R (Besse) NG, HRH: 2 f € L) MRAE{o )Y HILIEH S i
TR LG T8I £, A4 f B R 3 20 Mgk =2 d R i 7T
EIE C.2.8 Bessel N EN). & {ep, ) L ([a,b))0 —EAREERE. K f € L[a,b]X T{p, ) 0915 %
P2 EA{c ), BI(f, @) =c, Vk €N, NI E{a,} CRFEEN € N*, LA LF X

<

N
f - Z (R
k=0

N
l'f - Z CkPx

k=0

L2 L2

¥5 MY ARG HETH0 <k < N# A, = a .

N N
WEBA. 2 Sy = Y 0, Ty = X a0, RGBTV R R ZRITA]
k=0 k=0

b b b b
||f—TN||2Lz:J(f—TN)2dx=J fzdx—ZJ fTNdx+J T: dx

N b N N b
“I7 -2 0 | F@e0drs Y Y e, | 0,000,000

k=0 a k=0 j=0
o v o /
' '
=ci =6y,
N N N N
2 2 2 2 2
=NA12, =2 ) aee+ Y 2 =[£I, = Y 2+ Y (e, — @)
k=0 k=0 k=0 k=0
———
>0
N
2 2
213, - D e
k=0

B, BRSSO BA ey, = ¢, M0 < k < N #OIEWH. £S5 T RN, AT E]

2

N N
2 2
f=Y o =012 = D >0
k=0 2 k=0

N N
FABESHAIBALREAAN f - Y o 5 Y oo ZIEZH. O
k=0 k=0
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Eid C.2.4. 5 E, X% H T Riemann-Lebesgue 3| ¥ 89 5 — AN B Zci < 0 = |¢] = 0as
k — oo.

B0, PATVEFNERTH Y cf = ||f||2Lz? AR IR RS B { ) ) SEBR EJ L [a, b1H)—H.

k=0

FREIERZE, 1% AT DRAE L2 [a, b] L2 e B, AR EA W N 458
T C.2.9 (L*a, b1 EIH) “A e ). b22r-BAIMHEf € L [-n,x), XLCoE et ZH R
a,,b,, WA
=0.

L2

N
o (R4 lim Hf_ <%+n§1(ancosnx+bn sinnX)>

a

SJEE

o (Parsevallg % X)) % If”(f(x))2 dx = —+ i(ai + bi)'
n=1
HERAHEE (AT WEEDBHMSIHE17E) . FTATEDLEEX LR BAEH XA 4w, (H2mR R
N
= MEMA + Y A, cos nx+ B, sinnx = 2 Wi, I 45108 H = A R EW B2 | 3h 5 H
n=1

RXTIXRER £, BATE e, = A, F1 b, = B BLIT T -

R, FRATTIAE 75 IR AN AR L2 [— 7, o] BR HGIE B ) i 20 A . IR 7R 50 = A 2 T A IE
B, IXSEBR L2 T ASE LD IR

s 8 g Y =g

B — 20 SR e A L T AR AESS 18
5138 C.2.10. 4% f € L?[a,b], WiE&E e >0, A HLE DK g € Cla,b] 1% |lg— fll2 <e.

PG, [Ee > 0, ATEBUXFE— g € C.la, bl /2 |lg = fl 2 < e. 3 N RN g e
C.2.7, fEUFAE=MZ T, (x)ifi/2 sup |g(x)—T, (x)| < &, AT ||g—Tno||iz[_7r a0 < 2re?. HEH

[-7,7] ’

C.2.8, BAVHIE IS EEGB A RS () LNl — S, (@)I%, < llg = T, |12, < 27e?, I AR
AXFTFTE RISy (g) (N > ng)#XT o XFE R ENTE g WAE ST A L2 S B g A 5, T IETS Parseval{H
2%t 421k g € C.la, BIERK AL

Ba, WM f € Ll-n, 7], ERELDEBERY| S T, |12, < @z + De*, M £ AT
PLUE B FIFE R &5 18 o O

Parseval 1825 506 W F 18!

HEIS C.2.11 (LB IME—1E). s 27-BAEH 3 f € L [—n, 7], € 89 R 1E ot R $4 RO,
nf=0.

HiIL C.2.12 ()7 X ParsevallEE). &2 27-BAM{ K f, g € L [—n,n], AE 2t ZH 5 A Ra,,b;a,p,,
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0| A 5 % )
% J f(0)gx)dx = @ + Z(a,,an +b,B).
- n=1

WERR. HfRER 4fe=(f+2)?* - (f —2)? AR f +g M f — g HParsevallEZER, 1EZEH]
A, [

1 <x<bh
B, IR ATFES Y ParsevallE &AL g0y =4 0 N it
0 x€[-ma)U((b,r]

B — A N BT )45 5 S £ S B0 AS S SRS R £, 57 e, b] C [—x, 7] LR
J&i W 58 FH .

#Ei C.2. 13( RO E ). S r2n- AR S € L -n, 7], HAG 2t R K Aa, b, NHHEER
8] [a, b] C [-x, ], ﬁk.Lilﬂ'Fﬁ"fJ\T % X

® b
J f(x)dx—J +ZJ (a, cos nx + b, sin nx) dx.
n=1 Ja

5 C.2.4. z AT HRANCZET

0 .
_ysin nx
x=22(—1)"1 —r<x<nr.
n

n=1

& F Parseval 12 & X X 1% 2

M

nll_ 1 1
Z( b B n2 2;(2;1)2_12'

R G BATVE T LAST % f&ﬂ%*ﬁﬂ,ﬁﬁ

n?

1 e sin(ny) ,cos(ny) |”~
5x2—22< D 1L dy _22( 1)

y=0

(=1)"cos(nx) + (=1)*! (=1D)"cos(nx) x?2
_22 Z______

n2

6

= 2= % + Z( 1)"— cos(nx).
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B —KParsevalte & X, T+ H

L[ .. 27t w16 1t
ﬂLx = _Zn“n‘* T L T o0
IR C.2.5. T2 b, Lo bl e XA G ERE, R0, 1]E 1 A B, H41% ERademacher®
7

@,(t) = sgnsin(2"xt), n e N*.

=T AIE € A2 L2]0, l]ﬁ@"?ﬂﬁ‘\?ﬁifi% BRZ—EREERK (REBTRL). ©AREH
By “Walsh T4#" A28 T E 2R, KF L, HIHXEBFLT UL B K G —/NE, VA
BB Fa 5 #7 F 89 Littlewood-Paley-F 7 i}éﬁl & 369 IE B o

AN G, FAIHNZE— KR I2L (L > 0)BR B #8458 . & fAE[—L, L1 #H,
IURSINEE RYAL R85 N
~ % b sin(nx))
HORE +nz=:’(a" cos(nx) + b, ,

Hr

a, :=

L L
nx =1 in "%
J f(x)cos Tde’ b, := 7 LL f(x)sin T xdx.

-L

~|—

X5t N R Parseval {E 25 N

ia +b2

Nlow

1 L
T L f(x)*dx =

&t C.2

SR C.2.1. R fRAHK, EA2AH, BAEREXf(x) =

o]

HHfA(—r, m) Ee 2ot i, SRR Y = Si“ - Z sin L

n=1

SJ@n C.2.2. iy’tf € CHR) (k e N")Z2x Bl A4, 1% 27t 724 AHa,,b, (n €N). iEH: n - cofit,
a,,b,=0m™") . #—Fx, ZEHELAlimn*a, = lim n*b, = 0? IEH L5386 RHF AR ).

n—oo n—0o0o
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SRR C.2.3. it Hcos(px) (p & Z) 2[—rx, n] L0914 ot B4, HIBEMIEP 4 T 5 X

Vd 1 - 2p

= — 4+ 1 n
sin(pz) p nZ:;( )p 2 —n?
1 v 2
tx =—+ _ kx, ke Z.
cot x . ;x2_n2ﬁ2 X # kn
S C.2.4. JEBH T 418,
(1) Hr&ExeR, K
o0 —1)!
| cos x| = 2 4 Z ) cos(2nx)
T w4

() #f € L'la,b], M lim [} £l cos Ax| dx = 2 [7 £(x)dx.

S-IEE C.2.5. 1J£EU;]—’&D—F'];€'—%;€\

Z( 1y~ 1E95 X 1402 cos 5), x € (-7, 7);

n=1

Z COSIX _ _In(2sin %)’ x € (0,27).
n

n=1

3@ C.2.6. &x € (0,27), HEHA

dr,

. 1
n . X -
sin kx X J sin(n + 2)t
. t
por 0 sin 2

FHWIEY [T 2 =2,

. b
SIER C.2.7. %[ € [2—n, 7] R2x-AME %, Wavt RS Ha b (neN). EAY 2 f ¥ 2 %

n>1 n n>1
RS Y.
I8 C.2.8. iEH: z“”x&&ﬁm A 2kn(k € Z) 49 ) K 1) RAR—BOK Sk, 126 T RAL

n=2
ﬁfﬁﬁpmﬂ¢%L%%@A#%
SRR C.2.9. & f € Cl-rx, 7] & 27-BA I3 Bk 2 j f)dx =0, XMRRSfBELFLS €
L[-m,x]. IEATRF X [T (f))?dx < [T (f/(0)dx, FH5mzEHRE f(x) = Acosx + Bsinx,
HPA BRF
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o) C.2

[B]fR C.2.1. JEBH: 4E4T Cesiro-7] #2898 £ Z a, » % i#H & lim na, = 0.

n—oo

&k C.2.2. 4&1&"\%%\&?{(2 a, x"B sk F AR, EAMNARKARE Y a, £ Abel & LT Ak (RAR
“Abel-TH=27), R4 #&I‘E’a

lim g, x" =s

x—1-

FAE, AT

ian =s (A).

n=0
TEB4n T 2508,
(1) & Y a, dsk, W ¢ /£ Abel & LT AL B Bl —AME,
n=0
(2) £ a, £ Cesiro-7T #ohy, M| € ok & & Abel-*T Fo g, HILSL E| R —AMA.

n=0

(3) i(—l)”(n+ I)= i (A), 127 /£ Cesaro & X T Ik 6k o
n=0
4) g(—l)" Inn= %mg (O).

E)@E C.2.3. 4R F&pe[l,c0) ARAFEITAREHLS : [0,2] » R, RANZ LN fl, = (IOZ |f(x)|1’dx)i.
W e REFX NS +gl]+ 1 =gl =231 + llgl?) SETA R TARELH f,8 1 [0,2] > R
HRk 2, AR A pul i T 2.
o] C.2.4 (Rademacherfi%%). *F3F it ##n € N, &A71€ L “Rademacher ¥ " r, (1) = sgn(sin(2"7x)),
H 1 e[0,1]. iEH: {r,()},50 HAL0, 1]F iR EERLE, {2 RZ4RAEEE,

R FJEr (0)ry(x) FE%ZE r (x) L2 AR,
iBE C.2.5 (RZEWHF-A& K (Nyquist-Shannon) KFEE ). 4sinc x 1= M VAR sinc O = 1.

(1) %2 a>0, Asinc BB E 21000000 = Fozrazea(X) BIRIE X

(2) 4 H, = {f € L*R) : f(&) =0 V|¢| > 2za}. iEW: H, & Hilbert 51, H#iEW &£ % %
C,> 0113 {C,sinc Qax — k)z|k € Z} & H, 49— 4ARE E K,

(3) iE¥: * f e H, N feCy(AME—ANRMNENELT) M LA

&)= Y f o) sinc((ax - bym).

kez

#— TR R L2 & LTIk, W B —BUlkdk.
A2 EY: EREFTOMGREF, THLA2mat9Z 5 B AE—F 7] = {k/2a) LR
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HARA R, Xk EEEL T BRI,
B8R C.2.6 (Poisson>RANIAR). & f € CRHR2r A HH, LAELC, e > 0EF|f(x)| < C( +
|x|)~=¢Fe| (&) < C(1 + |E])4¢. B4 T 5 Xk 2, H A& FLH A LT — B8

Q@)Y Y f(x+2zm)= ) f(h)e™™.
mez4 hez4
A, x=0,%4
@m)"? 3, fQam) = Y f(h).

mez4 hezd
BIRR C.2.7 (¥ fifliih, Hlawka®#). itB, C RIARSER &, FEAr> 0695, AN)ZB,F
89 #% & (lattice point, BP AN ARG AR A FEH ) L) K. AT HTHIEANA) = a(d)A? +
O(™2¥ Ty, 3 a(d)H B, 9 4KAR,
En, ABIT L BERAR T, L7 (e,%) =, * x,)x), L F , 7B, THHHK, N, 1) :=
Y i(e,m)

mez4
(1) iEF: N(e,A—¢€) < N(A) < N(g, A +e).
(2) iEH: N(g, ) =ad)A!+ A7 Y 7Qrim)i(2zem).

m#0
meZz4

(3) AIFAE2.6.269 L% : N(e, A) = a(d)A + 04T e~ 7), #MmIZEINDII T, FRe =

d-1
A (3B R,



iR D MM mis miER 72

RKITERH, FRATEZ 72 7 a0 N RA B w7 1%
o WBNTHE: 0%u — PAu= f.
o HITFE: Qu—kAu=f.
o (TR —Au=f.
FERR TG [R] R A, B il o0 77 A2 16— o 2UrT LS 1R

m

Y a0, 0,u+ Y bou+cu=f, (D.0.1)
i,j=1 i=1

:/H\:I:Fl aij7 b[a c’f %K%i@éﬁ@ﬁo ﬁ,ﬂ\]i/a%ﬁ%ﬁﬁi{au} y\j A. é\ m = d+1 u&ﬁ#rﬁj%% 1= xd+19 ;jlz
LTI A = diag (~c2, -+, ~c%, 1) Fl b, = ¢ = 03 BT BRI A = diag (~k., -+, k. 0) [
by = 1. MALATIRE, m=d, MA =-1,.

D.1 #EFE
HAHEREHEILTE T, HARE REASPREE, WAAAEIERZ T BET {6153 TTAT BoRxT A
FE, XTATON A BRI E. Jait, AT X ZFr w5 FEAEan 402
EX D.1.1 (o &t s T2 52K). BZ x, € R™. &A1 742 (D.0.1)

o Ex MERMEE, 45 Alx) 19 o WHIEMEAH E (RAH R) ;

o fx ARG, R Ax) BH—AMHEARE, LCHEELAE (REHR)

o fEx AR ME, A Alx) BH—ABEMEA R (RE), RTHEMELHE (XA,
R EHQ, EiEEX, €Q, (D.O)AZHE /sy /by, WARD.0.1)RAQA WA /ey /3
ﬂi’jj-ﬁio
EN D.1.2 GERILKE). &8 FEN c Q. HHAD.0.1)AQ\TRME /Judh /by, AsHEE x, €
T, rank A(x,) < m/m — 1/m, WA F42(D.0.1)£QN & BACHE E /BRI /B Al T A2, T AR
Y (D.0.1) 4 B A th & /ol 2R/

221
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TRBATEW T e
EIHE D.1.1. X F4(D.0.1)4 R KA F{q, ) 2 F R4y, BH44(D.0.1)2HM R /Jeth /by,
N 7 A — /N4 F oy B T3, 1243(D.0. 1AM A B A2/ # T A2 /o 3 FT AL

IR a, VAR REOERE, WA — & 7E A X IO J7 FE(D.0. 1)l 1 Ze M A 2040y 13k =
A “HLMFE L (canonical form)Z —, {EZFRATLE [ € B8 S0 & 7] DA EIR 204k . 55— Fh el g
HIJPE N FERAF LR B B ey, = y(x, . x,), i = 1, mfOD.0.DZ NN, 2R
fEm > 30f R AAFEIXHFE AL AR 6

& D.1

3@ D.1.1. e 2 2D.1.1.

D.2 BBRISFHEN_MEMIHIE

D.2.1 [el@ERYiE

B T RATER =K RSN, SZGEB TR BN, AN A SR B T I Black-
Scholes 5 F2IX Mol 7. BRItz Ak, Wik T2 B 355 2 R 1 IR Tl 2 77 F2 R Z1 i 4 B AR Y
o1l a2 S B AR R A o AR — AN AR RG] e iR B R R R UL
B (B R D, BIRG Z DA AR FM, GEFRARAFEA LA RJEIRA
S EBIEGFHEN Z M & M RS H IS B A MR E R

2877 (D.0.1)

m

Z aijaxiaxju + 2 biaxiu +eu=f, (D21)
ij=1 i=1

Hip x € Qc R™, {a,;} X FRITFE

EN D.2.1. &M#FF4 (D.2.1) £QH B Ak f4F4E, I EEx € Qe E e R, M T K

m

D a,()EE >0 (& (0} EQHRF ER T, (D.2.2)
ij=1
HA R B AR 2, IR W5 FERTE ) — B R i 7 RE . B4k
WA /TR . R RAm G JT R, A PR OGT 18 s PR ) 1A) R AR B
1. Gnfe & H T = 1R € A 25 A AT 45 58 i Ir) RS 0& E 1 2 il L, 250 QI — &80 2T C 0Q/2 1R
Wi /4 /i, T EEAEG DT
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2. FRAE Bk BB I IR A DI, IR P ] AR 4 ?
AR RGN 18, 7] LAZ W Oleinik-Radkevic¢f5[10]. 1% BLIATT R SRVERAL IR € ##, 19514F
HT IR RBUE ML V. Keldy$2a Y 17— 58 HE R 8 B 2 15 7 B IR AL X3 5 2 AF o T — M
BRI E 19565 HE KA H 5K G. Fichera 4311+

D.2.2 FicheraBIE5H|F

BT (D.2.1) RAHEGRHE, 4 N = (N, -, N,) NoQIBNPERIE. JAIIEIQ)
BN, T, T, T, EXWR
Y a;x)N,N;>0 xeT,.
i.j
Y ay(x)N;N; =0 xel,ul,ul_.

i
At Ty, T, W] LLIE IS 41 T Fichera bl HUE X

m

B(x) := i <bl.(x) - axjal.j(x)> N,
i=1 j

—

PR
[y :={x€0Q|B(x)=0}, T, :={xe€dQB(x)z0}.

P4y, FicherallEiH 7 an N 458,
EIE D.2.1 (Fichera® #). 742 (D.2.1) AL _UT, L # R & tFu(x) = g(x)it, EQN A LEE—#.

Ficherai® BLR W], fEXIA A b, TTREANRWHIE ;. BT IR (H Ficherabk 204 H 1
gy, BATBAUINL T AR MAEL T T FRRAH) X3, FicherabR #AE (K EE 7> — & A RE4 1L
FRokAE . UEBIATLAZE W10, pp. 26-28].

5 Ja FATHE A5
f5) D.2.1 (Black-Scholes 77 #%£). # j&Black-Scholes 7 %2

2
o
oV + 7SZaqu +(r—q)SosV —rV =0, (D.2.3)

KBAQ={(S,0):S5>0,0<1<T}). &k o,r,qg>0 L EHH K,

R, AT AR e —ME R T 1, Bl oQ EAIBALIXIE(S = 0,0 <t < T}. HIfE
L x,=8,%x=t,WFa, =06*5/2,a,=a,, =a,=0,b, =(r—q)S UL b, =1.
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o 1£ {t =0} L, JATH N =0, 1), \ifi Y a,;N;N; =0, Ficherabi¥{ B(S,0) = b, =1> 0, it
PA{r = 0} EAREL L okt

o fE{t=T} L, BATHE N =0,-1), il Y a;;N,N; =0, Ficherat&d #{ B(S,T) = —b, = —1 <0,
FreA{t = T} 75 2l 72

o 7 {S=0}F, BATE N =(1,0), \ifi Y a,;N,N, =0,

ity

FicheratR ¥ B(0,1) = ((r — 9)S — 05(625?/2)) | 5o = 0, ATEA{.S = 0} L AREL 1L A 5% 14
Kk, Q FBlack-Scholes /7 FEiAE 7] @ i — AN IE A HE v N 1% A2 «

2
o,V + %S%@V +(r—q)SogV —rV =0, V(S,T)=g(S).

ZA B U] T OB T RS R = AL IFME N R AN IE E (1 O
5 D.2.2 (t£5 5 F8). F S 77 42

ou+adu=0, (a+#0) (D.2.4)

KA Q={(x,0):0<x<MO0<1<T}.

. 2 x, =x,x,=t \MA a;=0,b, =b, =a.

o 1f {t =0}, FATH N =(0,1) LA KFicherati ¥ B(x,0) = b, = a.
o £ {r=T} L, IATAE N =(0,-1) L LFicheratfi %t B(x,T) = —b, = —a.
o 1E {x=0}L, FATH N =(1,0) Lh KFicheratki %l B(0,7) = b, = a.
o 7 {x=M} L, ZATH N = (1,0) LA fiFicherabki #{ B(M,1) = —b, = —a.

i, #a>0, RAVRTFELE =T} M {x = M} MR {r =0} 588 {x =0} ML A% 4
a <0, AT ELE (t =0} F1 {x =0} AR (t =T} 5 {x = M} A F4%MH.

F—J51, FATE AT BT FEE B —0,u— ad u = 0, SRJG S5 3 58 S M R 45 . X FHse
WTBRATEM (WD ErE 2R mERm TR tla>0 A0, WRENMEFFESE u, +au, =
0, AL FLEAERIZIAE(r = T} M {x = M) F, WTERKREZQN B EEIE AR, 1B RAT
ETRREAE —u, — au, = 0, W ATDF A ROZMAE{t = 0} F {x = 0} F, MTI1S 2 1) /2 BB IE [ -
REHL, HM =T = +oo, MR T {r = O}MHHERKLFLLSL, BATHE(x = 0} 2 HL A %A1 HAL
P> 0. XG5E12WHSELHE. O
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