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EEE BRI HEEFRHE

WA L AR, MR, V2 B M R BN E A RIE AL AR A
X, TR RARES T FEZ MK R, Newton 55 @ A HALE I W 54, PEEAs%
BOE M —Pr S8, e T R, B R AR IR AR EOR. IR SR RAR OIS T RE. AT
A SE B R 3 ST AR I R R AR A R LA T R, FERRIE T REAT A i, R T
—, BEAAEZ A, DR B WA TR E . ARG U H A M S WS 2.

0.1 WARERERE

JURBRR HAE ¢, RANBREL x = x(t) LARRFNR B THr S5 2/ (6, x"(@), -, x"() 1]
Jite, #ARABMI . — B m B H o )5 FE T LU R

F(t,x,x', -, x™) = 0. (0.1.1)
XH F 2O FREL, 1 x = x(t) KRR 755 0o 77 72 A SER H I R 20 B8 200 5 = B 54
IR, BRI TTREI I 3.

wtn, x'(t) + %x(t) =13 (t #£0) MR x"(t) + x(O)x'(t) = t 5. 57 F0.1.1)8E
e fift b i = o L, WA S K

XY = £(t,x(0), x'(0), -+, xm=D(D)). (0.1.2)

AR TR AU IR R T A
~ EX 011 &SIk iE
B — A B AT AL T A K

@, (O)x™(t) + a,_,(Ox™ V() + - + a, (D)X (£) + ay(D)x(t) = g(b), (0.1.3)

S ay, e, a,, g MAREMT t WOl di, i a, FEHE, MRS Hmb & E R F
£2. A5 A b A K 40 % o> AR A 3F B E A AL

Lk — TRl ) R AR R BRI x SR S A DL ORI, e AT TRl A AT R R A fE

1



2 FBEE  HEM T REEAME
KT Bt Bl x” +tx’ + A+ 2)x =sint MW, M x” +xx' =0, x" + (x> +x=0
R A2 T FE.
ENX 0.1.2 IrEHIZHME
I C RA-AKH, @ o : J - R AHAS m B s sk =
F(t, o), ' (), -, ™) = 0 st 2tk t € J #mz, WA x = ¢(t) £ F742(0.1.1) £ X J
B:OES

BT T AR AR AR BRI EAS B, 1 BN B e E X E]. EEan R X' (8) = —x(t)* A
A x(t) = ﬁ . ST ERIC € R, PN ARHIE (—o0,C) 5 (C, +o0) F45 Hf#, HIARES
HE WTEE L = ¢ X [A] L.

—A m BrE M TR S m MERE R v TR X B RS LT
A7 gl T X.

— EX0.1.3 BRESYHER
% x =(t,Cp,-,C,) & m Y 7420.1.1)8 —3% . & Cy,--,C,, RAELIR T YL FF 4, BF
A8 2 &9 Jacobi 173 X

dp dp
3c, aC,.
o0¢’ 0’
. (m—l) cee
D¢, . ¢" D) _ | 3G, 3C,
D(Cl’CZ""’Cm) . .
ago(m_l) ago(m_l)

ac,  ac,

FPTTit 697 e B AR AR, WARZAMA TG B, T 5AE T IR F RAOBAR A AL 4%
. BRF T TR ERE, T REER — AN AL T e A e RACEANE A X
B0 4F R

B, 7582 x"(t) + a’x(t) = 0 (a > 0) WI@EE N x(t) = C, cosat + C,sinat. F5L 1, XF ¢ KT
PR, 155

x'(t) = —aCy sinat + aC, cos at, x"(t) = —a’C; cosat — a*C, sinat = —a?x(t).

Frbd x” + a’x = 0. tAk,

cos at sin at
det =a#0.
—asinat acosat

M —H A5k C,, C,, Bltn €, = 3,C, = 0, Bif3 FIHFf# x(t) = 3cosat.



0.1 By iR SR

1 B 0 D7 RRAEATE W] DA N — B 7 R4 X7 E(0.1.2), 4

X, = X, X, = X', - X,y = XD,

U

X, =Xy,

X, = X3,

<

Xpaoy = Xims

x;n = f(t’xb ’xm)-
Bl — By ) A 5

xX'(t) = flt,x(t),  x(t) e RY, (0.1.4)

FE TR T FE S I E AR X R
— EX 0.1.4 —MFiEARNE
EADCRXRY f:D->RYHFXICRAERNE, # xeC'(J;RY) 2

(t,x()) €D,  x'(t) = f(t,x(t))

stB—A~t €T #omx, MAr x £ 742(0.1.4) & J L&9fF.

R Mo 7 RE, 8 H ASERA E ME— IR, 30 7R 2225 R 0 R e 2 — I ZI IR

_ EN0.1.5 FHEES
%7 (ty,xy) € D, Pl AL
X'(0) = f&,x(1),  x(t,) =%, (0.1.5)

T g — W 7 A2 40 6 WUAE 9 AR, 5 A9 % SUIR B 1y, - ELARH A x(ty) = xo, M AR'E % 014 9]
2(0.1.5) 45 2.

% m B ERRTL, WL m A
x(to) = %o, X'(t) =x3, oy x () = 1"
01, 0 A3 R ) S AR A B 1 S O — T S T, 75 DUUSR A5 A T e

—. SHUE AR, 25 26 A 50 530 45 5 DX TR) R 7 A o, 4 B EL IR, 5 R —x"" () = Ax(¢), x(0) =
x(r) = 0 st —NAAE R L SN TARF UL, A R B AR S R ST IR IEE AR (Sturm-

LiouvilleP!1£).



wEsH— i ET RN UAES. R
x'(t) = f(t, x(1)). (0.1.6)

— X 0.1.6 Fopitk5%%1H
Ex=pt),te], H420.1.6)09/, N-F@EXT ={(t,0@1)) : t €J} FRAIZHTAZE — 547
P&, EFERBRFEHE—EP=(t,x) &, R—F&FEHN f(t,x) WEAKRK, FlebiRiXif
HHEAXRBMATHENREDRT M. E— 558 THROREE— A 5Z RO RE D,
N ARESEHEXEREDD A

Hi5E SR, TR R — 2 AR AT 5 e MR BRI &, Rad R, — 26l 2Rom i ef BB R i
AT A SRR, A CRERER— /ST f(¢x), Frle 2R 7 h2.

0.2 MEIEfRE)EBGR 7 HIE

o 7 RE R AL IE R B — AR AR, oG IE B RE W iR RGUIRES IR, K5 2 reEqE
RGNS 8] A ARAAT 5038, i Jm & IR Te) G ke 1%, R i = U I IX R
510.2.1 FEFpYHEHEEKRE (JRIHhLk)
R x(t) KRR ¢ AP BERE. R R A AR R AR, MR 858 F T A B, F 420 )
P HENRE B T34 K ERF A FH r. K x(t) 89T AL,

R, MBZ ¢ BINFZ ¢ + At MRS K ERT LS B x(t + At) — x(£) = rx(t)At + o(At). P 3 R
DL At, F34 At — 0, 153 X'(¢) = rx(t). % x(0) = xo, WITFRRIFEN x(t) = xpe™. RIETTHE, A
x'(t) = rxqge’ = rx(t), x(0) = x,, FT LB SR AT ga WME i) BRI AE. IX B r 1SN R I 1) A R,
AR re WA SN, Fa Ui HidE A T GE IR BR ] v AR B I BY B e FEA R PR RE 8 K m #4850
KIS, O

51 0.2.2 Newton ZEEE
& x(t) A THRERZ t 69RE, BEFZRERFNTRK T, ERETKK, FHREHK
FH LB, Newton A 20 € KA, WRE O TRESWIRF L3768 £ s B, FF BT T
) B AR R £ m o). K x(t) B9 AT AR

R, W k>0 &EFRTIRMILLE], W x'(0) = —k(x(¢) = T.). % z(t) = x(t) — T, W 2'(t) = —kz(¢)..
4 EYNIE x(0) = xo, A4 2(0) = x5 — T, T

x(t) = Te + (xo — T )e7 . (0.2.1)



0.3 IEEVES MR XA 5

M xo > T, B, (0.2.1)F B x(t) > T, HH x'(t) = —k(xo — Te)e™ < 0; YR WIS IR 5

BTN Y xy < T, B, A—ARAH x(0) < T, 5 x'(¢) > 0, Pk MIRBEEEE R 77 5 L7t

PR Tim x(0) = T.. =

— 151 0.2.3 wPREASEERT
F—RAZTALERE R FZAKFRE, BFG—mEE, 5 —mEE—ANREA m > 0 65
e, PR H R T ARKER DG E AR E, ARZFMHPKG T EH ET @, 4 x(t) 2T
DA AR ¢ AR TR B AR AS, A v(t) = X/(t) AU E. R RGRE AR
A k>0, BBRIEN RTINS ERDREW,, 78 5% EARRGTLY, FIEp ek
c=>0.

f%. M4l Hooke SE, SN/ NP R E 172 Fo(t) = —kx(t), W/NEZ BIRIBLE 18 Fy(t) =
—cv(t) = —cx/(t). HANTHEABSN 7, W AR5 @B Y mx""(t) = Fy(t) + F4(t), BN

mx" (t) + cx'(t) + kx(t) = 0. (0.2.2)

XHE m AN R R, x i, v =x 2iE E, k Eﬁﬁ%%iﬁ c ﬂzfsﬂﬁﬁ'giﬁ
WAEE X RGINUEE E(t) = mv(t)2+ kx(t)2. HAFE—TUE B RE, 5 T2 05 1 5P 3
e, KT /E1E 3

E'(t) = mo(t)V'(t) + kx()x'(¢) = X' (¢)(mx"(t) + kx(t)) = —c x(t)* = —c v(t)* L 0.

B, 24 ¢ > 0 i, FHIE AWIFERLIRGE; 2 ¢ = 0 I, HLIRBELRIF AR, RAGE IR RAEIRBE AR
ERAXKF R, 50U 1) Lyapunov BEUERF X P EARHE 2] — Ex%éﬁ, MAE R TR,
AR REEIE. u

0.3 EEMSMIFERXIE

— ANy 7 REAR Y 2 XTSI o Il AR AT SE TR, 2D R R BT R E

_ EM 0.3.1 EEM (well-posedness)

BAVAR G 5 77 A2 09 B 9] R AL 45 2 69 A TC B S i) X ] B 5% i 52 8, & A5 i
() HAEPE: MAE 2 2 0, TAZ AR G 1200,
(ii) "B—t: A% 2ot A2 R o —h9;

(iii) * A0 09 & SR M 3T A BEAT AR B A 89 BN, AR o 6 A B A A G B ) X
] E R R AT

E R P — A Bk, W ARIEAN B A A8 2 & LT AT E 6 (ill-posed).




6 BEE WA RS

A7 PRZEH i 73 75 R RO 22 T R B 18— A PR B8 T R 2 a7 R ) A U A X i)
HA — @Sk (1 ek 2, eIz (a1 “BEE” AR —BrafokZlm . BIxHT A XE J £
PIANME x(8), y(t), EATZ AP RS W i s B

e = Yy, = max x(t) — y(H)].

AU P EE B W SR 1) T R R IR FIE B
RPASE 77 A A S AL A S, AN — 8 R I I TRIAEAE . B An®I{E I /R X" (¢) = x(¢)%, x(0) =1 K

it x(t) = i BRBEMAFER =1, 3 H lti%lx(t) = +oo. RIAERMFE T TR G, B/

TR IR AFAE X TH].

— EX 0.3.2 [FEBRSENRR
AR ) AR B R AR B A ¢y B9 ANFERAC R ] B AR A — /B (local solu-
tion). &FMEAEEAFH R L&A = L, WAREC A #AK#E (global solution). # A ¥ 1E &) B 1],
W) e 2 UAE [to, +00) LAY REAR A E &) BARAE,

_ EN 033 EIRSHAR
x> REEx, 1 [, RYRR— AR, £ 1, C L, x|, =X, WA x, & x, &
3, MREA R SR B K K ) b4 ALIE 45 AR S KR, e 69 SUIK ) AR A AL
* A K.

Tl 1HE 55— BAIE, TEAR I R BRAFAEME—VE R B4 0 R, AW M — HO B AR &
HIBR RAFAE X SR IN (T_, T,), K —o0 <K T_ <ty < T, < +00.

0.4 ZFIHSMTHZHLITHER

XTI F2(0.1.6), i P = (ty, Xo) REMIZRERIZZ f(to, x0). £x = @(t) &— M, WIAHRAR 5 ith 25
1E P = (to, p(to)) ReHIVIZTTTEN x = @(to) + f (to, p(t))(t — to). RIAE I AKIER Sy i 29 A K, 2K
B OAG N T EAER— mON IRy R ATEE. SERRE BRI, FATH E s m i f(e,x) = k 1
JE R L. FEIA — 25X MR RO HIZL L, & R IR RS T k, PrbAX e i AR e R M F Rl 2k
(isocline).

15 0.4.1
|7%“}£7'77F:=’. x'(t) = # (t #0) #9425 4.

MR, BRI x/t = k 45, R B L x = kt. HZ x = kt KHPIRRMWE k, FTULE 52
KU, 2 x(t) = Ct, TR X)) = C = x(t)/t, RFEHLL TR ML, BT AMmE: =0



0.4 BREGEI MBI LITRE ,

x = Ct {EIX L1 A 564 O
151 0.4.2
|7%‘*}£7'77F:=’. x'(t) = —ﬁ By AR 2%,

fR. 168 (6, x) Kb, VEREE S 5% A I EL LR R x/t, LR AR —t/x; B TeRUN—1, T LAZE
SR TR EL TR Hh 2R 524 72 DUR S B0 B I, 5 7 Fae L () fE 735 x(0)x/(t) =
—t. G B, A Sx(0? = =22+ C, B £ 4 x(0? = Cy. M HAU AR 922« [ ERESS S e
BEMGIT, FFE R x # 0 H)” SBEIN. T RRIARE x = 0 WA R L, T LUK L LK)
T 5 A T T A AR 2 5. U

P2 4 ML W B J LA A SRABATIEL IR X (0) = (8, x(0), x () = xo WA TR %%
23l (ty, x0) HHAM SR EZIA TN L. LR E S S0 HN, F15 28 10 K EOE mE & n]
IEHE . 5 5 Ealer #7235 IE 240X A LT EUR AL BUAFEVETE R : WA R, SBiiz s
I EE — /B, BITART R FHE IR R A 2 2 2807 ), FF0 S ota T F I 1K S 3 2R A IR

TR X' (1) = f(t,x(0) WADARREHRRE:, BITRARRTR N X (1) = fx(@)) I, &
1!‘]%1275%%23%55&7‘5%52& (autonomous system). XﬂLiZ ﬁ Yﬁ%é}ﬁﬁﬁ%, rﬂj% f(X) YT:?FH"EI‘EH E/‘J—
2 T A,

EX 041 HESFEES
EZx:I->RIRAGHTAAMGM. F45 Ox) ={x(t) : t € I} #ARA XA A AR = 18] (BPx AL
892 18)) ¥ B9 BLiE (orbit). & x, € RYHZ f(x,) = 0, M FAELHH x(t) = x, 2% HALAE,
x, WARA F ARG R, 48R 69 F AR LAR A - S AR S R

o Ay e B K L (¢, 2(2)), FUE R SRS 8] 10 X)), XS A RETR
.






F—E BUOSATRENVIFEE

A FET 18 LR AE IS ) SR 7 A R AR SRR T — B i RE. 22 IR TE M H AN A 215
TR A I T, BA TR BIVURR A 7] (KD G ] DUBEARAE A I A T 2

ﬁ#TuE%KEHTIEﬂWTLﬁi*ﬁ it T BEAEA BRI 1] P9 10 53 5 BV 5 R A i 2, ] —HME
BEXS AN L — AN, IXEEHLR LS N — W FUAEAENE, ME— 1 5 2 9 1) R

1.1 TESEHE

HHE—IN TR X' (1) = a(O)b(x()). AR KT ¢ RS — A JURET x 5
BT, H AR AS B4 B 5. 7 b(x(b)) # 0 X A]_E, AT LAE 5 725 B bfxi?)) = a(t). WH B

7& 1/b R E, I A4E 2 A R BOR IR NS 2

t

X0 _ o) = Bx() — Blxo) = J a(s)ds

d !/ /
aB@GD=B(ﬂ0k(O—b(O» ) (1.1.1)

XA T EVER A A S
1 1.1.1 TENERNARE
LIJICR#BAEFRE, t,€l,x,€J, ik ae CU),be CJ) L b(x)#0EE x €J # &
07 dy,

* oy

>

_up

i d

T, HABR—Ex, €], xe] EXB(x)=
e BAEJ EERENA,
o W, CI RO, WFFRE], NBRIELLET T R x e C'\J,) & AMEF A

X'(1) = a(Db(x(1)),  x(to) = X,

oy iR, % HAX S [
B(x(t)) = B(x,) + J a(s)ds, t €1, (1.1.2)

to

MERR. BRIy b fEIXR) J _EIEST HIRA F A, BTl b /£ T EAREBCRRT S . RMAFEAE y,,y, € Tl
b(y)b(y,) < 0, MAZEEELS LA T y, 5 y, ZIEH y; € T, £ b(y;) = 0, XS5BT JE. Btk 1/b

9



10 o AT OO R IR TESS RS

1B J LB AL AL M IE, B A AL A . AR 0 2R A e #L, B (x) = $ LR x € J oL, bl B
i Ay - 3:R1
W x(t) EFTAYME N B, SR tel, A

x'(6)
by 1O

M to B ¢ B3 TAS B(x(D)) — B(x(to)) = [, a(s)ds. BN x(to) = x, MEA1(1.1.2).

Rt R, W x € CYI1,) WBUEE T 7, 73 2 (1.1.2). 4t = ¢, 153 B(x(t,)) = B(x,). T B ™
FEELR, BT LA x(ty) = xo. FXT(1.1.2)0 T ¢ 3RF, 53] B'(x(2))x/(¢) = a(t), XN B'(x(t)) = 1/b(x(t))
FAT N aR LA b(x(0)), B3I X' () = a(t)b(x(t)). ATLA x(¢) W L 7 FE SHME % 1F. O

d ’ ! =
BO(®) = B'Gx(0)x'(1) =

FEIR L1 Ak % 5 oy 2o b, 85 & 0 A2 B 5 R

x'(t) dx dx

=a(t) > — =a()dt = f— = fa(t)dt.

b(x(t)) b(x) b(x)

XEZHARRIEE XABSERKX, Ble—A% dt HERKDTR. FRE HL2GTHEHK
x=ﬂaﬁ@x%@%%5ﬁt%%ﬁﬁpM=xwmam£%=;gga%ﬁuﬁdwuxﬁ
2k X RN 45

x'(t)
b(x(t))
B AR B AR A A"k de dr REI BN, R A XEN 5 L A0HHANEME S, i, £
@Q%%%ﬁ%ﬁﬁ%ﬁ%%%ﬁLM?M%Mﬂmzm@ﬂﬁ%@%iﬂib%ﬁ%.
SFIE 1.1.2. KWL B0 B FALR, LALKRE b #9EE. 3 b(x,) =0, WHEAHHK x(t) = x,
R—AFHE BTFHIBTEHBRAT bx), LEFERTAEAE (LLYDY, LAFFTRIELT
i LI
_ 5 1.1.1  logistic FiZ: FIMERERIFIEFEIK (SAIfhZk)
K x(t) AR OB E, >0 ATHBERER IO IERE K >0 A TREGE
KAB e A B, BERATIEEE. BEBRABEENRE R FH SR ERY 1,
L fodh, A A F AE T RA RN, AL TR S, FASBKERD LA, RHEHA
ﬁ@iﬁﬁﬁ%ﬁ@%&ﬁﬁayigy%%é%%&%&b@mﬁﬁ.

dt = %B(x(t)) dt = d(B(x(1))).

x'(t) = rx(t) (1 — %) x(0) = x,. (1.1.3)

TEBRIZ0<x, <K, KB MAFARCHRIITHA.

g, TiEA R T x BN E AR 05 K, Frll x(t) = 0 M x(t) = K RS-, X Buahs T



1.1 ZENEIE 11

(0,K) B, TR R LS p

x'(t) _,
x(HA-x()/K)
e — = = L L R AR, HT R 0 81 ¢ 195

x(t) x(t)
K 1 1 x(t) Xo
rt = dy = (—+—)d =1o ~1lo .
L yE-» " J y T E=y) VT Rk T R,

0 0

M IUT UL, 1521

x(t) X K

K—x() K= xoert = x(t) = T+ K= Do’ (1.1.4)

HF 0 < x < K, Wt € REAH K —xo + xp™ > 0. UL (L 1.4) A Sz #0452 2.
K — x(t) = KK“‘—) >0 x(£) > 0 W A1IXA B BB A A1 T (0, K), T AR TR 443 55 4 &
AERESEK.

B, (LA RN TT R B W 2, 0 AT 8 006 IE 2 A S22 (1. 1.3) .

K 0 < x(6) < K, WITREA S ATLLE th x'(0) = rx(@) (1 - Z2) > 0, T LURPBESLRL ™ f 4.
A S AT DU ) lim (1) = 0, lim x() = K. IS0 AR R 175, JF FLRIRRACR 2

IE R (] OB A A & K. 4 X = K, 2 T x(t) = K. & x, > K, MFERRIRRIER

B AR RS Ak ¢ > 0 ATE X, IFgath 7K 7 5 R FEEI KRR T) I [ FE A4 . O

— f1.1.2 ] BUphEe: R 2RI RO FREHE K
e — ANBSE AR B B, de R R Ao £ B R A R, MR 85T F T ALk S B E 45 0 ]
NENRIERE-FHEFEREATH r > 0, RAEERESNA MR EREL. 4 x(t)
R t e AR R, R AT 2

x'(t) = rx(t), x(0) = x, > 0. (1.1.5)

EAPAR AN 69 TR S0 K EUIR, FBARRARTE, & P A4 IR A A AR A [ RE K&,

2. T x> 0, (EIEES S EAT LAE 5 RS Ak % — 7. MO F ¢ ARSY, TGS R IS B R B

1551 o t

J %dy = f rds = logx(t) —logx, =rt = x(t) = x,e". (1.1.6)
X, 0

0

RIEA(LLOX > t € R A E X, Frll e R BASME. 53— 7, Jim x(£) = +oo. Fr Bl —
AN B I 18] A PR 4 (T AR ISC S8 R A 25 ) ) B A A P 1) 1 O

HI P 5 A A2 8 i o3 5 R AR, (BAR AR 00T, BV 5 A b ) 48 IOV ', A th ml g
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FAAEA IR I 1) B D5 R A e i 252, Lt R o MR — A S 8. TS T 245 P91 10 il i AT X 7 e
A

B11.1.3 BIREEEK
{%ﬁé#ﬂﬁl‘ﬂ%

x'(t) = x(t)%, x(0) =1. (1.1.7)

W 5 x(1) # 0 MIXIA) Loy B I, ) =2 “” = 1. M\ 0 5| t B FHAEAS BB BT 15

x(t) y=x(t) 1
[__] IS TR
1 y2 dy = 1—t¢

XA B EAEIX (8] (—o0,1) L3l 22 7 PRI 2% A%, (HZ lim x(t) = +oo. JrLLEARENE NE BR{EE
B BUE R ¢ = 1, WAREMGL ¢ = 1 SEA Y SRR iR R A X B R A o X A R R,
AT IRAEA BRI R T8 75 . XA G Oy 78 BR A (8] VR AR O

51 1.1.4 R—¥EXFR IS SN

X)) = x(O)Y3,  x(0) =0, (1.1.8)

. EHL, WAEHRE x(0) = 0, FrLLE R ZAME R — Mg, BRI a > 0, IF5)E

0, t<a,

xq(t) = 3/2
<§(t — a)) , t>a.
Mt <alf, xi(t) =0=x,0)Y3 4 t>aklf, HEIHE

1/2
Xi(t) = (%(t _ a)) = x, ()",
EHERE S £ = oAb, ST o, T4 2Ty

h>0.

Xa(a +h) = x,(a) _ <g>3/2 i
h 3 ’

A h| 0o, HZEMET 0. Frll xl(a) =0, 7 H x, £t = a % T& x, € CY(R), HFEE t = a &b
WAL, XA a >0, H x,(0) =0.

LT W, AFE a 250 TASFERIAE: f0] DAETEES 0 15 BAEE K], 285 F & .
VLA — WA T LA RIS ZAME. T — B IRA TR UL, 3 R AR e — 1 1 2 s 20 x /3 78 x = 0 it
UL AN & R Lipschitz 551F. O
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S 1.1
In ¢|
1+ x2’
SIS 1.1.2. #5421+ 2x'(¢) = tx(6), x(0) = 1.
SR 1.1.3. MHAE x/(¢) =1 — x(¢)?, FAEh A B ARt Kkt A,
SR 1.1.4. AR X)) =x{) EF a=1/51,2, F oAkt m iy Xre A,
SRR 1.1.5. A &5 5 AL x $E®EF), HFIA AL x sheiad s A ERE, A(s) =(5,0),s=>0. &
% B A B(0) = (0,b), (b >0) tE K. BXBKESFELRE, B ||A(s) —B(s)|| = b, HH B &%k
MAELLEE BAE® A NS E. KRS B &IE G AL,

SRR 1.1.1. BAAL X/(t) =

x(1) =0.

lo)RE 1.1

BJRR 1.1.1. X —0o < a < xy < B < 400, a € C([ty, +)), b € C((a, B)) B a,b #le kX F X, st
A 174 x'(t) = a(t)b(x(t)), x(ty) = xo. & XL

A(t) = J a(s)ds, B(x) = f %, A, = tl_i)];l’ioA(t), B, = ]}ggB(x)

(1) 3E8A: £ EMMKAERE LA x(t) = BUA®)), ERMMBKEALIFE T, =supft >t, : A(t) < B,}.

(2) iEFl: F A, <B,, NT, =+c0; %A, >B,, WHEE—HRNZ T, 1%£/3 A(T,) =B,
HE 1T, 54 x(t) - B.

1.2 —M&MEATE

—r & EREA W R EA

x'(t) + p(£)x(¢) = q(t), (1.2.1)

Hrb p,q ZCHIREL. Y q =0 I, BREAFFIX (homogeneous) J71E; 4 g MENZERF, FREAAEF

POTHRE. RABAEFFIROT FE I HEAAEE e Je SRS IRTTRE, PSS i b 1 s i o eR 3. Xk
BRI 5L (variation of parameters).

— I 1.2.1 —MEMFENERAR

#ICRARXM, p,ge CU), B t, eI MAEFA X'(t) + p(t)x(t) = q(t), x(t,) = xu £ FEA

K o) T Aok —k, @i

x(t) = e_ftto p(r)dr

t
%+Jeﬁwwﬁgml (1.2.2)
t,

0
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BT FEARER. F—: KBESTRFIE. LHEFXTRE X') + p(t)x(t) = 0 % h &F5FIXTT
FEANE NZEHIMR, WAE t, € I I h(t,) £ 0. HIESEME, h £ ¢, — MBI A NE. id T NS
{t€l: h(t)#O0}REH ¢, MIEBYSZ. 78T ERTUAEF IR OTFEM AR LA h(t), 153

h'(t) WET EAZS h'(t)

no —p(f) =m—= 51 og |h(t)| = 0

Mt, Bt e B, B3

t

log |h(t)| —log |h(t,)| = —J p(s)ds = h(t) = h(t,)exp (—J p(s) ds), tel. (1.2.3)

BN R T = I, BIBERAFF O RE I — MR R B — AN E, BEBAXIHT EANE.
AR, AT T AR c e I, W p E3ER: . 5 ¢ MR FELE, t (1.2.3) Al

l}Tm h(t) = h(t,)exp (—I p(s) ds) #0.

PELEVER h(c) # 0, HEMAFAEAE ¢ AR, 15 h AERX DI A NRNE, X5 ¢ 25933 T 1)
Uity 55 J& . A AR ¢ ) e BIE T, AR E S, Rk T = 1.
BLE R 3K (1.2.3), BL ¢, = t,, 153

h(t) = Cexp ( p(s) ds) C = h(t,) # 0.

SRS, HAE PR AL h(t) = 0 Wi 2 5FRTTRE. 25 FF TR N — MR R M AR E 5, B RS IX A .
AT C = 0 thEEEER LS, FF IR0 R N 2 gy

h(t) = C¢(t), o(t) = exp( p(s) ds) , CceR.

7 I A1 R 560 1 B3 A2 T T L B AME ) .
BH: BRESE WAERASTRITE. Il 880 5k AR B FF O REE g i C
e (SR ) Fr 2 B C(1), RMBIROT IR BB E x(t) = C)p@), KFHH X'(t) =
C'(OP(t) + COP' (t). R HARNAEFFIRITRE, FEAH ¢/ () + p(O)$(t) = 0, A2
X'(£) + p()x(t) = C'(O)p(t) + C(1)(¢' (1) + p()(1)) = C'()(1).
PR ARy 5 R C B0 A2

COP() = q(t) = C'(t) = $()'q(t) = "V g(c).
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EE? ¢(t0) = 1, %ﬂ'fﬁ%/ﬁ: x(to) = Xp %ﬁl\% C(to) = Xp- 4%‘ c’ E/‘]%%jiﬁy\ t() %U t iF/Elﬁj\, /%{“iu

C(t) = X, +J efzsop(r)drq(s) ds.
BERN x = Co, E35](1.2.2). BT p,q %Lk, 122 FHMTEREA T FAE O HEE . b
T R A - (R 3R B, B 2 i T R AN 2% A, BT ARRAFAE.

E=2: WM. RGIEPME—IE. B X, x, TR TAYIE N, 4z = x, — x,, N

Z'(t) + p(t)z(t) = 0, z(t,) = 0.

FROTRERE AR TR, FTBL z(¢) = Co(t). XA ¢(t,) = 1, BTk € = 0. Ktk z(¢) = 0 XHEE
t € IEEOL, ATLA x; = x,. O

G T B SR AN, BATTT LUIAR S R T R AR e R
TS BT SRAERE. AU T VAT LUMLIE “VRM0 " | bR TRs i — A Ab AL R 1 i 5 T
BH(0), BEITRETRLL () R FESAN S (u(0x(0)) = s(Ox'(0) + ' (Ox(e), T T FEAR B 0 T e

Ph u 2 J5 T u()x!(t) + u(t) p(t)x(t), Bt AR E R u A0H 2 W/ (t) = p(t)u(t).
ANGTHL uty) = 1, SRARAS &85 B T FE15 2

u(t) = exp (J p(s) ds). (1.2.4)

0

T JEUT R T L E K

SHHOXO) = 400 = WOXO - w0t = | ps)a(e)ds

RN u(ty) =1, x(t,) = x, LLE(1.2.4), 53R AT AAS 2](1.2.2). B u RN IR S EF. O
PSR ) VF 22 S2 PR R G052 B IAYE AN J/E L. Bt $R45 44 AT DARE s 1) 46 & AR 4k, 28 AL

JE A JE A B R, LB 2R G R AT e A2 B R I K A g TR, 2405 R B R BRI AR SR IR

HHRR B, — AN EARI IR 82 TR BAFE S 40 7 B A M R R S a9 2 B R F o S J97 47

FE, AT B AT A BB A 0 2 3T B8 B8, DR Al A v il &4 A U 8 ISR IR 4. R e —

AN B ] BB T FE R TS X AR 2 4% H BT A .

— ) 1.2.1 EHESN 1 EHE— BN

x'(t) + x(t) = sint, x(0) = Xx,. (1.2.5)

A E 5 AR TR TUAR AR 2m- Bl A0 69, AR FF R Bk A — AN AR R A 2. T @ K AR, R AR
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JE) SRR P SE L ) AL

fif. ERZENRA.2.2)FE p(t) =1, q(t) =sint 5 t, =0, 55

x(t)=e"|x,+ J e’ sinsds] .
0
i dJ1 1 1
i [Eet(sint — CoS t)] = —et(sint —cost) + —et(cost +sint) = e'sint,
Pk CRARHEREE o8 5e B O SER G 23R ik E )
U S =, 1

Le sinsds = [ze (sins — cos S)L=o = e (sint —cost) + 5

(A 1tk
x(t) = %(Sint —cost) + (xo + %) e ! (1.2.6)

BT 2r- R AL A x, = —1/2, B IUHR, /52 IR x,(0) = i(sint — cost). #7 Xo #
—1/2,

x(t +2m)—x(t) = (xo + %) (e—(t+27r) —t) ( 1) _t(e—zn 1) # 0.
It ARG AN 27 ek 8. g an itk 45 (1.2.6), FRATMTS SR AT LAIE A
xO)—xbO)=<xm+%>e4——>0 (t = +co).

JiT DAE— A e 8 i 24 ) HE— P LS00 A 0

SR TT DAHET BT — B 2 S S OT R
— WER 1.2.2 —M&MERBAE
% p,q € C(R) #RVA T > 0 H B #1, #12

T T

=J p(s)ds, Q= J elePdrg(s) ds.
0 0

W A VAT &6

(1) & P #0, M 742 x'(t) + p()x(t) = q(t) t5H —A T-F ##E,
(2) #P=0, N T-AIMAELL ALY Q=0. % Q=0 8, FNWEALE—A T-F IR,
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WERR. SHMEFEWIE x(0) = xp, #(1.2.2) H x(T) = e P(x, + Q). N T-F 31k Bty b B4 A2
x(T) = x(0) = x,, At LAWIE L 205 2

Xy = e "(xy + Q). (1.2.7)

#P#0,0 el —1+£0. .2.7)FumTElh ef , 133 ePx, = xo+Q, MIMHMEM ME—HE N x, = —
#P=0,0Me? =1 127N Q = 0. HILIEQ # 0 B ANAFLEN & I 5/«#5’37@@ f
= 0 WEF—AN x, HRIH A2 it 15 261
SR 5 BAT I EIE B i 55 251 x(T) = x(0) i SEHE H B 2 JA AR, & L y(¢) = x(¢ +T), M
T p,q #52 T-FR AL, 411452

YO+ pt)yy@)=x't+T)+pt)xt+T)=x"t+T)+ pt+T)x(t+T)=q(t+T)=q(t).
bl x 5 y Sl 2 E— M . & x(T) = x(0), W y(0) = x(T) = x(0). HEFEL1.2. 19 fnE—+E
B oy(t) = x(t) X4tk t € R Az, Bl x(t + T) = x(¢). O

AR EBRIINAGronwall N ER, -2 BEA S R P A T EE T A,
_ FIE 1.2.3 GronwallNERM SR

%n 1 [0,T] » RAZE R 6923t 8RR FHRMD>TRF X ') < pn(t) + (). EF ¢(b)
Fo () & [0, T]L3E 7 49 Lebesgue ™ #Rf %k, WA

7(t) < elod(s)ds

7(0) +J gb(s)ds] , vVt € [0,T].

A, FE[0,T] L2y’ < ¢nHEn(0) =0, Mnk[o,T|LEHE,

“RATHPEIO. T) LRARDELR I, RHXHERE > 0, 17166 > OfZ: XIF10, TIMIERH A PR
FEIX (s, b}, » EZ(b—al)<5 ?xﬁzm(m n(a)| < elHr, AR “HESE” M ks

P HoE. dse b, f’éﬁj@ Zté&mﬂ%&&_ﬂrﬂﬁ’] (B EE DT, Hm B xngE st 24 7 XA
bR -SRAT e K o SURAL I FE b B AR AT

SERR. Wi A, B4
= (n(s)em 0 ) = =50 ((5) = sIn(s) < € HEOTY(s)

Xt JLFAL AL R0 < s < THOL . RIEXHT R0 < ¢ < T, BGIUR 43 364 52 B 40

p(e 90T < (0) + f e~ 190 (5) ds < 7(0) + j $(s) ds.

0
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S, FATEA R A Gronwall A 55,

I 1.2.4 Gronwall PNEFERHTA SR
1% E()AZ[0, T] L 6 HF i Lebesgue™ ARl %, H A EIE f % 8C,CEF 3L F AL €
[0, T]#H RS TF X E(U) < C fo E(s)ds + C,. M A

E(t) < C,(1+Cyte™t), ae te[0,T]

A, E3 LT R € [0, TIHER) < Cy [, E(s)ds, MEA[0, T] LILF LR % F &,

JERR. & (1) = fé E(s)ds, WFH n' < Cyp+C, XL T-Ab &bt € [0, TIRAL . B3 AR I Gronwall A
ESaw el
n(t) < e (9(0) + Cyt) = Cyte

E(1) S Cn(t) + C, < Cy (1 + Cytet).

A8 121 e EAANATRFEX (LARE AN FRATREZELTAE (LAZFEEBTE) 695
ReE . 4FAH, BMNAEFE E—/NERGTAZB KT E FEMEN, 2125 2557422 278
89 “IEIBREN7, BPEMT “HARZMBAT R LRBKEENLT S XY EANAS AT, LA
PR AR RE, I, de RP(H)R TR A LA TR, KM T A Gronwall A5 X,
HHBENTAZRGF o, ERTFE R EZIEREPAGH T, LLRKBIEXE TG T
Wt 1@ AR — BB R IR B, AAEAEE & 2 — A X8I Gronwall B R F X, Bp

t

E(t) < P(E(0)) + P(E(t))f P(E(s))ds = 3T > 0, 4£7% sup E(t) < P(E(0)),

0 te[0,T]

HF PC) AT NMRXTHEFTAS, =0 (AAIERZHKL) A
TN TR AN 1 25 R B A A d i FH 1) T B FROAR

— #i 1.2.5 Gronwall PN ERXIRER SR

Eu:[ty, T] = [0,+00) £%:, FHAELEFH AB>0,1E

t
u(t)<A+BJ u(s)ds, to<t<T.

to

WM IAEE £ € [t,, T] A u(t) < AePU—),
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SR 1.2

SR 1.2.1. A tx/(t) + 2x(t) = sint, x(7) = 1/7.
SIRR 1.2.2. fE A x/(t) + 2x(t) = te™".
SRR 1.2.3. MHAL x'() = % + ¢ tan x(2).
SRR 1.2.4. Kk 7742 x'(t)sin 2t = 2(x(t) + cost) #H 2 t — /2 B3 A a9 /%,
SIER 1.2.5. #EMY FAL X'(1) +x(t) = f(t), &% f RAMA 2 L R LiE 4635,

(1) Kbz H4289 27- 8 B fE

(2) iEHZHTAZE R EA BAHE —ANA M, B—x& (1) P Aria92r-B ik,
SIE 1.2.6. i% p,q A& T-AME %R, # L [ p(s)ds > 0. iEB: 4L X' + p()x = q(t) W&
B HE— T-BAIMMZLEZE t > +oo BFAZ TR,
SRR 1.2.7. R EAXRFHHEQ)HLAREXE () KCEWP, E0) <&, EF p>1,C>0,0<e<
1. X T, :=inf{t >0 : E(t) = 10e?}, E# T, 2 2PV,
SR 1.2.8. X EEABRKEGOHREALRFXNE (W) KCA+1)CEQR)P, EO) <, EFo>0,p>
LC>0,0<e<1l. AXT, :=inf{t>0:E(lt)=10e%}, Xt T, TR, 2HFRNo>1,0=
1,0< o<1,

1.3 Bernoulli 5 5 Riccati 718

ZHTBATAVHE 7 — iRt AL &y B AL R AN TR (SR . e bRk M AR, B
28 b E AR S5 T DA A 261 T FESR R Bernoulli R i 2 B RAM A AE LM R —; &
BRI A 0 R B R AR — I 2R M R, Riccati 75 F2 M2 — W 75 72 o T 3 17 B 1 — IR AR 2R
PEJTRE. — MR ccati J7 FEAN BE X AR A BRUCHIZEAR 73 3K, (H— ELATE —MRp, il Bedm i Qe f
NP METTRE. Riccati JiREE 2 N Zr 2k VETT AR, JURDIGa7, $2 8 B e LR AR Ze Ml el o0 A
H AR I, I H e B 573 77 FE T 70 A 3 AR P 1 P O A D5 7.

1.3.1 Bernoulli 5%
AR EAG W TP RN Bernoulli J7FE
x'(t) + p(t)x(t) = q(t)x(t)*, a#0,1, (1.3.1)

Horp o ZHEL
£ x(t) #0 Hx()' 2 XX )k, Eh AR (1 — a)x() ™ /153

(1 = a)x(t)™*x'(t) + (1 — )p(Ox(O)' ™ = (1 — a)q(®).
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Lz(t) = x(O)7, W Z/(t) = (1 — a)x(¢)~*x/(t), K z & — B &V
Z({t)+ (1 —a)p(t)z(t) = (1 — a)q(t). (1.3.2)

Rt z J5, Bl x17% = z R x. XM HIERH T x # 0 30 HIE TR x = 0, A2
TXAMEE AT AR AL

5 1.3.1 Bernoulli 5 ERIK R
|7T\75-7Fi x'(t) + %x(t) = tx(£)?, (t > 0) &9 /&,

R oH, x() = 0 =ITEN A FHE x() # 0 WX LS z() = xO7, #H 2/0) =
—x()72x'(t) LARIETTFE x' (1) = tx(£)* — 7' x(t) 195

Z'(t) = —x(t)2 (tx(t)2 - %x(t)) =—t+ %x(t)‘l =—t+ %z(t).
FTEL 2 32 2'(6) = 22(0) = —t, BEPEITRIOBUY T w(o) = exp (f - dt) = =, (¢ > 0). FTLLE
LRy REPIATR AL /1, 135

1, 1 d (z(t) (t)
2O - 520 =-1 = E(ZT>="1=> ZT=—t+C.

JIrbA z(t) = Ct — 2, FEMAE L Ct — t2 # 0 FIX A b, A x(t) K&k,

1
x(0) = 5. (1.3.3)
Kk, TRERAATE x = 0, PLE(1.3.3)7E ¢ > 0 HA A NERSA X 8] _E AR, 2 B S
YoE AN R R M RE AT AE 1) [X [H]. O
1.3.2 Riccati 518
BT TTREYEFRAE Riccati 772
x'(t) = a(t)x(t)* + b(t)x(t) + c(t) (1.3.4)

Hra,b,c R OCHESRE, I H a MENE. ERARKS T RAMEE x £ ZRZL #F a=0,
iR IR —Pr T R
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— @k 1.3.1 2 —4FEETEY Riccati PEM
& x,(t) & Riccati ZA2(1.3.4) & R ] I Eay—ALhadFfif. SEMRESF T x, TEHH x(0),
Fe x(t) # x,(t) #5 K ) _E4 x(1) = x,(t) + % W z it B — 9 & A2

Z'(t) + (2a()x,(t) + b(1))z(t) = —a(t). (1.3.5)

IERR. SE% u(t) = x(t) — x,(). BN x 5 x, 735 /2
x' =ax?>+bx +c, x, = ax, + bx, +c,
P AR IR, 152

w = a(x* = x3) + b(x — x,) = a(x — x,)(x + x,) + bu = au(u + 2x,) + bu = (2ax, + b)u + au’.

XHERT u i Bernoulli 7R, £ u # 0 (XA E4z =1/u, T5& 2/ = —Z—;. RN W BITREZ A ]

X

N

—

, (2ax, + b)u + au? 1
z = — = = —(2ax, + b)ﬂ —a=—(2ax, +b)z—a.

2 OE 42 (1.3.5).
R, oz RA3SWEIFH z#0, 2 u=1/z5 x = x, + u, LERERXN G RFIAN, B
A u' = Qax, +bu+au* UK

x'=x, +u' =a(x,+u)’+b(x,+u)+c=ax’>+bx+c.

FIT LA x #3532 S Riccati /7 7%, O
5 1.3.2  FIR—HF#EK Riccati 512
|7>ﬁﬁ%’— x'(t) = x(t)* = % (t > 0).

. B x,(t) = ;m—/l\ﬁﬁ F, X2 T AEARIRIER. 4% P R4

_1,
FERRIL3AT I a = 1,b = 0, A F] 2(D+22(0) = —1, WA TR KB T4 w(o) = exp (f 2 dt) =
2. TR P I L ¢, 193 (tzz(t)) —tz,ﬂiﬁ UL Al tzZ(t)—C—;t3,Eﬂ

c_

t
Z(t) = 2 g
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PRIk, B CRRRRE x (1) = 1/t Ab, HERMES AR

312

1
t) = — _—
XO=7+3c-n

(1.3.6)

SHE—H % ¢, R(L3.6)MNIRFIZE ¢ >0 H 3C —13 # 0 WX F. 2 C > 0, 9 BEHE t = (3C)Y3 by
T, ARSI IX AN %, 5 C <0, B BREXT T ¢ > 0 #RA N E. O

Riccati 785 ZFr £ 7 F2 2 [AAFAE— DN EEEL R, XA WMR 7 N4 Riccati HHES
TEVF 2 251 In) R 0T 303 300 HE B
— @ 1.3.2  Riccati IS5 =Mkt 12
BaeC () ERM T LARTAE, #i% b,ce CU). % u e CAI) EAitittsF Kia LRA
B, R x(t) = —%. W) B % x # & Riccati 742 X' =ax* +bx+c ZHMRY u #HL_H
BoPE AR

!

u”—<b+%)u’+acu=0. (1.3.7)

MERR. J&i% x J#i A& Riccati /7HE, H4 u Wid v = —axu. WEANEAKRT, 538 v = —d'xu -
ax'u — axu’. 73 HACN

/

x' =ax®+ bx +c, u' = —axu

CEE;

u" = —a'xu — a(ax* + bx + c)u + a’x*u = —a’xu — abxu — acu.

B xu = —u'/a, 85 —a'xu = o' M —abxu = bu'. HI u" = (b+ a—,> u' — acu, FLIH
2(1.3.7).
itk w2 (1.3.7)H u £ 0, 38 Xx = —:—u, HEHHATH
,_ wWau—u(@ut+av) uw  dv  u”?

x' = = —— .
a’u? au a?u  au?

H(13.7) " = (b+ %) — acu, RN L5

, bul alu/ alu/ ulZ bu/ ul2
X =—-—— — e

c .
au au alu  au? au au?

2

i x = —u' /(aw), FTLARTFEIAT LAY 905 B —25 = bx, *= = ax?, Lk X' = ax® + bx +c. 0

u2
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_ 51 1.3.3 *Burgers 7} 2 Y Riccati F1=
— % Tk Burgers 77 A2 2 i ) £ 49 &M iia AL —:

o.u(t,x) + u(t, x)d,u(t,x) =0, u(0, x) = uy(x). (1.3.8)
XE AR, x A—FFREF, ult,x) T AFERRARAELE x &R E. BiXu £— &
B Y . RAVHI: 3R A F ) FROE A AR LR X — A Riccati 742, Hd A B A E A
o .u EHERMRITRIALT LY.

S, BEWIEEALE o, B XN a B FIFHIES X (¢ o):

d

aX(t;oc) = u(t,X(t; a)), X(0;a) = a. (1.3.9)
TR S 26Xt u ok, Fd =0k N S RFIEZE T FE(1.3.9) AT S HY

%u(t,X(t; a)) = du(t,X(t;a)) + %X(t; a)d, u(t,X(t; )
= du(t, X(t;a)) + u(t, X (t; @))d,u(t, X(t; ) = 0.
AT 3 BEVRARFAIE 2R AR AN u (e, X (8 ) = up(a). FRAREIRFAELR T H2E, 153 %X(t; a) = uy(a), 454

WME X(0;0) = a, Ry IEH
X(t; ) = a + tuy(a). (1.3.10)

BT RBHHERRE. 2 w(t, x) = 0,u(t, x), X Burgers J7H2(1.3.8)K T x K77 15
0, (ud,u) = (0,u)* + udu,
Fr A w i 2
o,w + ud,w = —w? (1.3.11)
TE SRR BEVRRFIELR T HUE W (e o) = w(t, X (8 o)), 17 BT TH ¥ 20 PR v] 15

%W(t; a) = d,w(t, X(t; ) + %X(t; a)d,w(t, X(t;a))
=d,w(t,X(t; @) + u(t, X(t; a))o,w(t, X(t; @) = —W(t;a)?.

IXIE AR —A Riccati 72, HIMEN W(0; @) = uj(a). # uj(e) =0, W W(t;a) = 0. # uj(a) # 0, L&

S T = —1, W0 Bl ¢ BUYE AT WA

ug(a)
. L o Wha) = —
1+ tug(a)

S rATOR (1.3.12)
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BULAE, FATLE o 1 ul(ay) < 0, WA RHEA BRI 0 < T, = ——— < +o0 B8 T%, HH

u(’) o)

lim W(t; a,) = —oo0.
1Ty,

5 U R, A B X SR RFIE R UG 455 T A TRME ug(ay). K1t Burgers 7 FE 1% il vl BEAS /& HH
Fu A BT KA, T 1 F 2 B 0w 747 BRI IR Pyt ¥ B 55

ML 2 2R(1.3. 10) t B 21 IF— 1R 6, X (65 ) = 1+ tu(@). 4ix MR N, AR R
TELEFFARHAAT, 2 AR T RE AR BT . ik aK(1.3.12) iR ceariJ7 FRMEBHIA 73X — B RE 12k
gk

I FH P LA BT R LI P AR 346, 58— 4L uy(x) = —tanhx = —S=—. JkAf
uy(x) = — cosh™ x, u(0) = —1.

X0 <t <1, BRI A2

0. X(t;a) = 1—tsech®’a>1—1t>0.

tE4h, lim (o — ttanha) = +oo, FTLAXHMER t € [0,1), B a ~— X(t;a) = a — ttanh o, {E R —

— ] R.ACHSEWS N a = AL, x). R EECEFLLRO,X > Of M, B ATE 0 <t <1 i,
Hiwi RN x = A(t, x) — t tanh A(¢, x).

HZEATTRET AN x 5t KT, 152

1 9.4 = tanh A

0,A = = >
1—tsech™ A

=, =tanh A0, A.
1—tsech™ A

5E X u(t,x) = —tanh A(t, x), WA 3GEE 5 & Burgers HREIMR. F2 BN A0, x) = x, XN
B R VME u(0, x) = —tanh x; MO FEA L, Bk =0E N B E A5

d,u + udu = —sech’ A3,A + (— tanh A)(—sech® A 3, A)
= sech’ A(—8,A + tanh A9, A) = 0.

P segn th TIRIIX A 0 < ¢ < 1 A SR, A a = 0 IR IHRHIE L 2 X (¢;0) = 0, ik
A (1.3.12) "] H#EH 9,u(t, 0) = W(t;0) = —i, Al 8, u(t,0) > —co ast 1 1, [FIB} 8, X(¢;0) = 1—t{E
t =1 WARNE. WA A SE R IE LR AR X BUR AR 1K IE 2 e 4 R ME & R I (shock wave) )
A ] BAABE T,

B HAYME B uy(x) = tanh x, {7840 FiEFE AT ##15 u(t, x) = tanh B(t, x) &Burgers /7 1%
[, o B R EUE R 2B U7 #2 x = B(t, x) + t tanh B(¢, x) #fi5E. JLEF Al THEH
sech’ a

ou(t,X(t;a)) = ——,
( ) 1+ tsech’a
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JIT AT 5 AT 8 Ao 52 A A PRI 8] X T)_ B3 OR R 6 J, AR IS 8] 1 [ 2 BEARAE AR 1. AR XA
B 1 AR AFAE LR AN T 50 T, B R (rarefaction wave) Y i BEAR Y, IX P ZH )M 1 BH, X [H]
—™ Burgers J7 1%, WA B FE IR 5 2 JUE FrE S SRR IL 2 HOT, M P 2 il K A R
N [ 456 B AR A2 I [ AR A7 AE O

3@ 1.3
3% 1.3.1. &%= Riccati 742 X' = x> —2x+ P -1 AHM x,() =t. & x=x,+1/z, K& z iHL
R TTAZ, B IR TTAZL AR,
SHE1.3.2. RBFATAEL (O = . G 4 x=ut TRAEEES B 67 42)

SIS 1.3.3. KM /(1) = —x(0)? — %. (e EAMde x = C/t 44

jo)RR 1.3

G188 1.3.1. # & Riccati 742 x'(t) = a())x(t)? + b(O)x(t) + c(t), £F a,b,c LRI T L%, %
xla x27 x3a x4 ;95 I _J‘_ﬁ(JVQ/]\ﬁZ}z—, ﬁ:ﬂaiglﬁaﬁibb (&UT@(l)}‘iX) Q{J/H\—E“j}— I —J:‘Z:y‘j/i\‘o
(1) e s ST X TX) b

(1 = x4)(x;, — x3) .
(2) & X1, X,, X3 A=A B 6 L Aa i o 5O BTk AT R E x(b) H A

(X = x3)(x; — x) _
(x; = x)(xy — x3)

fEd x, FIERAPTIF S E A2 Riccati 7 4269 % o
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FE —MMrLIERREE

BB I 5 RE A RE F SRR R A Y RTINS, i AR DT R, X
FERACHIE 7 I AR, RIMEASRES HYR Y 8 URAA 3, BT ZE [ 25 ) LA S S AR I 1)l 455 —
NVNME, R BAFAE? EAEE, R EME—? MRS IEIN )2 KM XIE]? S HE BT R T 28U
INIUBIIT, AR FE 15 PREFICR /M 2 AR TG R U ] X 4 )

A28 RE U N A — B ey 5 R R 7]

x'(t) = ft,x@®),  x(t)) = x,, (2.0.1)

HATCREEA to WX, RAEHx 1 I > R, GEKRE f : D - R {8 XD 2 R x R
HFFFEE, 3+ H (4, x,) € D.

2.1 PicardFEM—4EIE

AR TR QO DNAE — DR T AR HE ARATHISE U 2. 25 x 22(2.0.1)BIM#, TIXS 55
XX/ (s) = f(s,x(s)) FIFsmA o B ¢ B AR 73 B A% 8 45 th

x(t) =x,+ J J(s,x(s))ds. (2.1.1)

R R A i AN R R B A X AR ERATTRE S I — AN R s B e, I B A A
HNE &, IWiHgiE— SR, AN, X LRT, 205518 5 RE S5R39 7 RE R S A Pt T

2t

211 W BFRESESFEZFEN
HEE T RO R E., HF x e CGRY) HAMNEZ t €I #A (t,x(t)) € D. W x i#%

AP el
i
R FAE (Q.11) ARY x e CII;RY) it 2 A F A (2.0.1).

IERR. ¥ x € C'(I; RY) W /2(2.0.1), WX A t €1,

x(t) —xy, = x(t) — x(ty) = J x'(s)ds = I J(s,x(s))ds,

0 0

27
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FrCLQ. D) AL, ot Sk, AL R AL x 3 2 (2.1.1). T s — (s,x(5)), f 1E D i#ESE, Frbd
SERE s — f(s,x(s)) HIELL. AR A EH, R

t > J f(s,x(s))ds

0

BT CYI;RY), I HIHFEET £(e, x(1)). HE 7 REA] H
x € CY(I; RY), x'(t) = f(t,x(1)).

WG, AR TTRER A ¢ = 1o, 153 x(ty) = xo. Kl x Z2HME R (2.0.1) 1. O

_ EX 211 XTx-TEREERLipschitz5&

X DCRXR ZFE. A f: D R XT x B3kLipschitzif 4, £ 53 HA (¢,,x,) €D, #
FEHAR U CD A% 8 Ly > 0, 532 &(,x),(t,y) € U, #A

|f(t,x) = f(t, P < Lyl|x = y|.

TNHEAES AL A 780 % D, f &4 SRBZ &AL, A IQ c D. X} #H &
(17 ¢ LR A2 (8, %), (t,y) € Q MIH AL, EX g(0) = f(t,y+6(x—1y)), 0<0 < 1. # Q KTx"A&E
e, ML By + O0(x — y) #RRETE Q . Fadt =ik mr 15

9'©) = Do f(t, ¥y +6(x — y))(x — ).

XFXAEER 0 2 1 7, (F155)

1

Jt,x)—ft,y) = J D.f(t,y+6(x—y))(x—y)do,
0

HTELEREL D, f fE55E Q LA T, 47 L = max zeq DL f(E,2)|, W | f(t, %) — (&, y)| < LIx—y|.
XU 45 D, f 8, W f 5T x J#BLipschitziE4E.

2.1.1 PicardiZXHYE FEIERH

AT S BOAHIE ) f81(2.0.1) Ry F e O A7 AR ME— PR T2 B

EIE 2.1.2 Picard-Lindelof BERFEME—4 EIE
EADCRXRZFE, f:D— RYEL, 5 HXT x A3 Lipschitz. W&/ (t,,x,) € D, #
AP AE(2.0.1) 2 1, 89 3L ANAT R A 72 o —fi2.

Jeftin bE B OE BERIAUAR . HJRHES Lipschitz 251F, 177E (8, x,) K4 U c D M3
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L > 0, 3R (¢, x(0)), (¢, ¥(t) € U #4A
|f(t, %)= fF(t, )| <L|x - y|. (2.1.2)
SNEHL a, b > 0 {3145 A TR HE
={(t,x) 1 [t—t)] Sa, [x—x,| <b}CU. (2.1.3)
FHERBETE R FAP7E M > 0,L > 0 {43
If(t,x)| <M,  Y(t,x)€ER. (2.1.4)

Iy R RBEM f &S, B AT M 'E'Tuﬁli'jmaxm B AR R TR

FHLipschitzzk . B 0 < h < min{a, —} PATHAFRFERS (2.0.1) ZEX 8] I), = [ty — h, ty + h] LAF{EME
—fiFE.

TEUE B 8 B 2 BT ERAT12E T EAUA — T AL . IRATEX A I, = [ty—h, to+h] L HE X Picardi%
RT3 t
xO(t) = x,, xKD (1) = x, + j F(s, x0(s)) ds. (2.1.5)

KR EE, Fk - ooftt, FFH {x®} A MR, W B IR J& )7 R E i st 2R 5 . T
PLUE B 1Z 58 PR AZ O 20 BB 3l R B0 UE 1208 30 e A1) et , T = sie B 3RATT R 7R B R B iE R =
Z AR, AP

o0

Z max |x("+1)(t) —x(k)(t)| < 0.

ity <h
Pt B Ak THAHAR PR AR 227 X Je B8 T A e B AR PR A AA e o FRATTAE UE BH 72 1WA SB  Til
FEAFNTE M R e B A EAERTER. BTl —Fh b B AR ARV E R RS N MEIL 'S Ol ih &
RN BB DA E Z S e B B8 . AT R IEBE AL N, AT A n M ESE

N-1

x™(1) = xO) + . (x*D(1) — xO(1)) (2.1.6)
k=0
Rl ik, & R A AL Z(x<k+1> x®) 1E I, E—50SK, A Q.1.6)MA4A ummi A — sk IR,

Picard/ 7 StBFEZ — ﬁUI&,AZ TRAFAENEUE A% O, AN LRSS AR PR s 5, T2 AR A
ZEESL AR EFL TN AR IAORIEIEAA € 3, R4 XA B
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S8 2.1.3 ERIRABERELA
1(2.1.2)-2.1.4)8 %4 F, 2t &y (2.1.5):2 L#) Picard &KX, s FrH k>0 A= |t —t,| < h, 3K

IxO() — x| < Mt —t,| < b.

WERR. 24 k = 0 B, xO(t) = x,, FTLASE 8 0T RSB HA k oL, Taxe814 s e I, #H
Is—t,| <h<a, |x®(s) — x,| < b,

M (s,x®(s)) € R. it > t,, N

t t
|+ D(f) — x| < J |f(s,x(k)(s))| ds < j Mds = M(t —t,).
to to

At < to, MBS Rk

to

(1) — x, = —f (s, x9(s))ds = [x*+D(t) — x| K< M|t —ty| < Mh < b.

t

P & AE — k3 2
|x® (1) — x,| < M|t —t,] < Mh < b.

RIS k + 1 L. O

B 2.1.4  AAERAIM Tl
EQ12-Q I FMAT, 2 (2.1.5) X4 Picard £K, 5 he >0 Bt —to] < h

ML¥|t — o[+
(k+1)(+) — y(k) 0
|x 5 TH(E) — x(0)] < TESYIR (2.1.7)

MERA. 24 k = 0 I, HiPicard&ARHI & LA S b —A> 51 #

xD(6) = xO@)| = <Mt = tol,

f f(s,xy)ds

0

XIEAZQ2.1.7)7E k = 0 BF R4S 8.
WMAEW k > 1, FHR%
MLt —t,|*

xC() — xED(0)] < i
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TE I, LROE. FHES k+ 1 B, 35 ¢ > ty, W H S8 Lipschitz 26 4445 2

t
|x(’<+1)(t) _ x(k)(t)| < LJ |x(k)(s) — x(k—l)(s)| ds

to

<

. f ML (s — )k i — MLK(t — t,)<+
. k! (k +1)!

L < to, WIFEA
MLk(to —_ t)k+1
(k +1)!
REQ2.1.7)% BT ¢ € I, BRAT. BUE AN 5E BAIE . O

[x0D() = x (D)) <

EIE2.1.2093ERR. SEIEMIAAAEE. fESE30(2.1.6)F1 5] B 2.1.4,

MLkhk+1
max |x® D) — x®(1)| < < 400
th ax, |xH0(0) - x(0) Z D)

A ORI HGR SR FR BB E ) —FB 7). Weierstrass 1% B bR B 20 5

O i(x“‘“) — x®)
k=0

fE 1, F—8ulsh. ISR x @ I, — RY, 1 (W7 ki — Bl s 8
xM =3 x onl[ty—h,t,+ hl.
1fii tH Je R Lipschitz 2 A XA 2 | f (s, x™N(s)) — £ (s, %(5))| < LIx™(s) — x(s)], FIr LA
max |f(s, x®M(s)) = f(s,x(s)| < L max Ix™M(s) = x(s)| — 0.

W2 U, BARREAE I, b Bl e EER tel,, A

J Fl5,x(s) ds—f F5,x(5)) ds

0 to

< |t — fo| max | £ (5, xMN(5)) = f(s,x(s)| — 0.

EPicardiS P4 N — oo, 145 x() = x, + [, f(s,%(s)) ds. JT LAAT 2. 11529 x JLA.

FHEAME—. % x 5 y RYMERBQ.0.0DE I, ERFRAME, I PR BUR AL THE
RWN.%C= max |x(1) — (). R KMEAFAERE RO I, /& K X T8l H e S:. BlEE M
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AR T FERIR AT R, 24 ¢ > £y B,

Iﬂﬂ—yON<LJIﬂ®—y@Nm-
i Gromwall 55X 5] x(0) = p(6). BULRATIE T, 76 EISE6 TAITE R ROk, Rt
I, M, R O LT I AE,  EN) 5 4 LA R e S 7
X 6] - 4.

MR UER— A E KR T L S E={t el x() = yOh W 1, € B EH4EAE B
T R AT A A T I, TOAAEE £ € B, UL (tx() = (o y(t.) ST
L5, AT DLRIRESA R FEME b, 050 1, 767 A B S B, BT (R
T TR, S IK ] T SRR, FTLE = J. RE T SC AR 1L 00— P -

— 1 2.1.5 PicardiZXBVIRE
FE R IE2.1.209 54T, % x & Picard 3K AYRIEAE. W 3HEEIE 7 B N A H

o0 MLkhk+1
max |x(t) = xM(t)| < i
|t—to|<h| ) U IZ;V (k+ 1)

FE AN I RUR, TRt Picard 5 B AR DX A K BERTIAHL b < min{a, 2] 7 BLAJLT_Effe o
TR 05 h < a BT ¢ R 2@ IR FEE. 57, T |£,x)] < M, BEK
%9 h (B % 503 M. TR, 4 b < b/M IRTERAS 2R |x — xo| < b 105, B3 51
9 b SULHUE [ AERAE SR BTN~ S AHER T, ORI

KAFAERIE]. 540, X A& X' () = x(¢)?, x(O) =1, Hf# N x(t) = —, FrbleEm E & KT
NHE A 1. HAFLEN A Picard EFERFEUAEIE |¢] < -, [x —1] < 1, )”'JEW%EJT/V\]ﬁ 0 < x <2, M
ATDLEL M = 4. b e B e AR

h< mln{% %} %

XA BIRE R R BEAEER] ¢ = 1/4. Picard 5 HAEX BATH M R 2 x? FEBANERM —F L5, 18
FIEXAS ¢ = 1/4 B FE I AR AR ) BRI . 152X BX R _F 19 R BB LA, BT RALE X TR] g A
BT B HT e EURE T I PN, FH SR BB A A 8 3, ANTTB AP I P, e 2445 28 AR OR AR AE [X [].
N RE JIAPicardiER I THE 5 52 Z 6 TS24
f512.1.1 EHEBAIPicardiZ{X
(i?ﬂfﬁlﬂ% x'(t) = x(t), x(0) = 1 #9Picardit X7 71.

R, B xO(t) = 1. HPicardi&EARIE XL, xOt) = 1+ fy1ds =1+t T

£ 2

t
x(z)(t)=1+f(1+s)ds—1+t+5
0
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I HA A% AT LUERS

N £

x(N)(t) — 2 F
A2 N - oo I, HumfEAE A A X ] E—Hfi 83| ef . K PicardiB AR IRy ef, X 5 H#E
KARTTREPTAF 45 R — 3L O

f512.1.2  FELLMHIEAFTLRPicardi& X
|77J§‘}% x' =t +x2, x(0) =0 & Picard = XA 3.

ﬁhMﬂ%ozmﬁiﬁﬁﬂ%ﬂW0=gmys-%: ZIEARH

J 4 2 5 2 542 2 5 8 11
S t t S S t t t t
x(2>(t)=J<s+ )ds——+— x(3)(t)=f s+(—+—)]d_—+—+—+
0

t

4 2 20 0 2 20 2 20 160 4400

B 7 FE A BB S5 1 R AERIA 3, AR 2 Y 1 el TSR IL . HARRAR T AR = 5 C R
Taylor RECHIIEL, MHER 2.1.5 25 HAER € /N X TA) A R I ). O

— 213 AIREFRREERRE
& x =x, x(0)=1, & |t| <1 LEtH

BRAESTEHER jl= (N + DN +2)--- j, 132
e-3 Yl
=

Blde N =9 Bt &3m0 F 1070 Ak, R BRIXEZTARILZHER 5, AZENMEE e/(N +
D! < 8, BT # 2 —NRBERKE N

o)

1
(N+1) Skl (N+1)"

2.1.2 [E4aRRETRIE

AT AT R 7 U e o8 P 4 o BEIE W A RO A7 AE PR R v, SR AE DA > T R I 72 A7)
WH. RWEE, BRATSHEBIZ AN Picard 3£ 5 SR AR J7 58 A1 BT J 2 1441
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— EIE2.1.6 [E4ERRETRIE
KX, d)AXE&EREEZN, AEFTH qeE (O, )MEABAT : X > X #H2 d(Tx,Ty) < qd(x,y),
W T A E—FFE x,. B X = Tx, ARHBIEFT] ] Mk E] x,, B d(x,x,) <
%d(xl,xo).

MERR. HIERAEVEBHE TS d(xy, Xi) < g4d(xy, Xxo). & m > k, I

m—1 k

d(Xp, Xi) < Z d(Xj4,x;) < T—¢
j=k

d(xla xO)'

Frbl {x,} &Cauchysll, HEZMHEMAFE x, € X 15 x, - x,. XFHHKN T EL, bl Tx, =
I}im Tx, = X,.

£ LT AT R E k, 4 m — co. FITEE 5 s B0 S E, BAVE BIRZ A T

k

d(xksx*) = hm d(xk’xm) < d(xlaxo),

I-g
AR ME— TR BARN. S b, y, MREAS A, W d(x,, y,) < qd(x,, ), FrEA =EME. O

PLAEFRAT TR T AT FH He 448 kS5 5 388 25 R B e B 2.1.2.

EIE2.1.200 5. £ X = {x € C([ty — h,to + h;R?) : |Ix — x|l < b} F5E LfRH T

(Tx)(t) =x, + J J(s,x(s))ds.
F—4: Wik X BEZEESTE. &ix,} C C([ty — h, ty + h]; RY) £ —F7EH K & Cauchy 41,
WU BEAN T 72 1 ¢, {2, (0)} =& RY ¥ Cauchy 51, MITTEA R o (1) 7 511 AR BR; 1CZ sl BR A x(¢).
25 5%Ee > 0, f£1E N, ffi m,n > N i

max |x,(t) —x,,(t)| <e.
[t—tol<
[EE n>N,% m-— oo, 53

max |x,(t) —x(t)| <e.
[t=tol<h

Frih x, = x 2&—3UE T2k sk B ) — BUR R E S, 8 C([ty — h,ty + h;R?) 568, XH5
x,€X Hx,=zx 5N

1% = Xollc < 1% = Xnullc + (1% = Xollc < (1% = xyllc +D.
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4 n - o0, 1F3] ||x — xo|c < b, FTLA X 2 IS, Pt 56 £
F-4: 7T X FBEEHME. 7 x e X, WXts —t,| < h, H (s,x(s)) € R. Ft

[(Tx)(t) — x| < <Mt —t,| < Mh <b.

J | F(s, x(s))] ds

0

XIFH T 7x € X.
B=4: 7 & X EWEGEMST. SHER x,y € X, H1/& % Lipschitz 25 {4 1l 15

J LF (s, () — f(s, y(s))] ds
T BB LS 7% — Tyl < Lh % — Yl BUEEIE b BUS75 50/, H49 Lh < 1, 3 4Gt
BRI o 4E X (PR A 2,11, SR A A TR R B

I(T2)(t) = (Ty)OI < < LIt = tol|lx = Yllc < Lhllx = yllc-

X —E B 5 I A B UE BB T LR, T DA H N A R i

(1) EHAE PR 20D = 7x® & Banach & H A (112 %A,

(2) 51213 0RIER— UGS HIEER B AR E A5 fEBanachilE ] o, B IELFX N THHE 7(X) C X.

(3) HEEWRH R BRI GRE e B, BIMAZER Lh < 1; BanachiE#IH [|[T7x — Tyl <
Lh||x — yllc, WA DAaRE X AL Lh < 1.

(4) BEHEE B SR BT — B0 Sk, X BT Banach g B H AR T 51 & Cauchy 415 R BR RN
Gy T7 AR, XoF LT UE W AR R AN A

(5) ELHAE B FH B T if I BA o — 14 Banachiilk B ) F 45 /S 45 2CIIE B AS B i —

DAL, s i S B R D8 R A2 4G R FRIB AR SR R B — il R By ELRRUE ] A0 s A Y 10 22 4= (X
[ AT AN Lh < 1 #9RRA, JF B WS IR B SRS A AR SR B iR 7 A 1

2.1.3 FEE—M50sgood K
A 2ok T xR & 1 JR #i Lipschitz 26 14, AT BE R UE MR A7 AE, FNAFRIEME— . JBF
— AU T
5 2.1.4 EEAwEERIEE—4
|7iffi/e%‘ﬂ4ﬁl‘5]7‘@ x'(t) = |x(@®)|, x(0) =0 &9fF 2T —.

fE. 3 x(6) = 0 NTIHE, S\ im AR SE %, Frel et — Ml WERHEH a >0, € X

0, 0<t<a,
xa(t) = (t _ a)Z

t > a.
4
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Ho<t<alth, xt(®)=0=1/|x,0|; 2t > a i,

=222 L2 o

EERS = a b, ESHEHSFEHEETZE, #H x, € CY([0,+00)), I HH HFEAE ¢ = a AR
L. A x,(0) = 0. BRIEEAS a > 0 #4 H— M il nT AEFEES x = o (5 BAE R KIS ] LS
BT, A R B R AR IE S, FIA 2 5 Lipschitz i 2L 1. O

Lipschitz 2k /1 FEAN & ME— M AL B 2544, Osgood 2k 4 F — A LL 28 1 bR 0E — i )i S ik 4%
il A5 i R AR A
_ FEM 2.1.2 OsgoodiEHHE
R E w [0, +00) = [0,+00) A —AOsgoodik £L4Z, 4 R & it 2
(1) w #E % BB,
(2) w(0) = 0, HAMEA 1> 0 HH wr)> 0;
(3) MHEE 1y > 0, £

limf r = +00. (2.1.8)
elo J. aw(r)

—EEZ )3 Lipschitz il 1 /&

rllogr|, 0<r<e,
w(0) =0, w(r) =

e’ !, r>el.

BAHCr|logr| = rlog(1/r) #£ (0,e7'] EHIENE, I H 2 r | 0 RHET%, FrPA EIR o EEEE H AR A
W XEA2 | 08 22 = [logr| — +oo, FFLNEIE 5 A AAE i Lr 641, KT A R LipschitzA.
%—‘jjﬁ, X0 <e< 6_1, ’ﬁg’fﬁ?ﬁ% q= —logr ﬂ?%':

et —loge
dr dg
= — =log(—loge) — +0 €l 0).

FHIXA w #&Osgoodi&E LA, X AN -1 B, Osgood 2% 4 78 VA i I 1) — By B0 A8 25w il K T
AR E 2R BRI AL, B LB BT SR I IE U4 AT DA™ % 55 T~ Lipschitz 4L 1

73— J71H, Lipschitz25 5% BT w(r) = Lr, T
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R I AL T 0 42 OsgoodiELAE. T2 0 < a < 1 I,

1—
Jroﬂ_ o < +oo

a J—
o T 1—-a

FITEL re A2 Osgood 4. IX 552 x' = |x|* #£ x = 0 ARJARME—TEARYI &

_ g5|IE 2.1.7 Osgoodzz‘;‘ﬁfit
1% w & Osgoodi® 4242, u € C([ty, t, + T1; [0, +00)), 7 E

t
u(t) < J w(u(s))ds, to<t<ty+T.
t

0

W u(t) =0 4 [ty, tg + T] B . B3, & u € C([ty— T, t,]; [0, +00)) Fith &

to
u(t) < J w(u(s))ds, th—T <t <ty

t

WMut)=044£1t€e[ty—T,t,| BARZ. ENTF X XAR Bihari-LaSalle 7~ % K.

UERA. SCiERAA M X TR EgEie. e ¢ > 0, B L v(t) = € + ffo w(u(s))ds. #& 5| BAREA u(r) <
U(8) BAJ v (1) > e TTEREL o BIEANR, AT LA 0l(6) = w(u(t)) < w(v.(t)).
St r>e 4G =[S HFHEE [e, +00) FATE, G, A, HIE & ROk S04

€ w(®)

d _ vl
aGs(vs(t)) - m X
MR v(ty) =&, FTLAM ¢, 2 £ B3 E1R 3] G.(v,(1)) <t — t,.
L RBAFAE t; € (bg, by + T 515 u(ty) > 0, Fid ¢ = u(ty). 240 <e < ¢ b, v(t) = u(ty) = c,
AT

J % S Ga(vs(tl)) S tl - tO < T.

% €| 0, 2 HOsgood 25 T 400, Atm AAES A IREL T, 77 J&. FrLL u A4 X 18] _EAE 9%
AN DX J) 2 [ B (1, AF B 25 O

IR 201 A A2 AR ZENZE A ¢ RARADAR? ERA, WA o0 1= [ wu(s))ds F
#ﬁ%ﬂ(i$<1 A IAKTFE ¢ = 1, RRFEAZ, T E Osgood &4 & % £ il 4 5 T

RITI ARG, R EE L @R — A AT RIS
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_ FEIE 2.1.8 OsgoodFHTHIEERME—E
EADCRXRYZFE, f:D—-RYEL, FHLE (t,x,) €D. BRIXHE 4R

Q={tx):|t—t]<a, [x—x)|<b}CD

AR Osgoodi# 442 w, EF R & (t,x),(t,y) € Q, #A |f(t,x)— f(t,y)| < w(|x —y]).
LB AR (2.0.1) 89 /MR SUE R — A8 £, 89 X 1] B, FF AR AN 69 B AR L2 /2 Q F, N
XA Z R LR A4,

71 B Peano A7 7 1 & BEIE K 1t W f (3% S ik B PR AIE R B AR A7 AE ;. R LAE b 3R Osgood 251
N, WME R £y BB RISk A A7 AL ME— .

WERR. BEx Ay 2 AN BAT A RIRME B A, AR R E LX) (04T > to, WIPHAMEALE (£, £+ T
EREGEA T Q W. IR TR, 153

x(t) — y(t) = J (f(s,%(5)) = f(s5, ¥(5))) ds.

2 u(t) = |x(t) — y(0)], M

t

muw—y®0m=jwwwm&

fo

um<J|ﬂ»ﬂm—fmy®nm<f

to 0

W 5132.1.7, u fEZA M X 18] _EAE 9%
[FIRE, AEE A X P ¢ — T < to, WIFE [t — T, 0] A

t to

J(s,x(5)) — f(s, y(s))ds = u(t) <f w(u(s))ds.

t

MO—ﬂO=—J

t

SIERZEMEE R L u = 0. BT AMAE T MM T #AT AR R E X E] AE R, AP
ML S X A]_E 58 AR 4G, O

S 2.1
SRR 211, i HEmAERA X'(t) =t +x + 1, x(0) = 0 89 Picard A7, FH3F b5 7| BAIR K g7
2o
SIRR 2.1.2. stA{E R AL (2.0.1), 4R f B RSB/ f E%, DAL [t,t, +a] L&9TAEL
o (Bp 836G AR RALERAY) k(t) 147

|, 0] k(O + [x]), | f({Ex0) — fEx)] < k(D)]x; — x,].
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FE: BAE K] [ty t, + 6] $2433F 52 69 Picard & 7 1% K 1A] b — Bk 40 8] (2.0.1) 49 fig.

SIRR 2.1.3. ATAERAE(2.0.1), kA %s d =1, B f(t,x) %%, HFELET x T2 LR
8. EH: ZAAF ALt > t, RRE—, P Bt <ty EORRGE—? IEHLERRE
R A

lo)RR 2.1

Bk 2.1.1. K g : R— [0,+00) &4, HHZ glico =0, gl > 0. F EAAL A

x'(t) = g(x(1)), x(0) =

(1) ERER A FEGE—, §ERYHEAES I 10> 0 F ) L = 4oo
Q) ZEEAP AL, 7L

H(r) :=J E, H, := lim H(r).
0+ g(S) r—+oo

JER: ST EANELEE >0, A M

0 0<t<T,
X. =
: H'(t—-1), t<t<T+H,.

2.2 PeanoFHEHEIE

Plcardf/jéﬁJﬂ%)%*‘KLlpschnz A RIS BIAFAE RN ME—E. b — /NI 73R B, 5 e A
A ESAE, T e — AT BEAS AL, AT BRI 2 fEI’JJ—iDQj; PEATS S DLARAIE B/ — AN 5 B . IF B
JIiEM ﬁEulerTﬁfﬁ/i W%EHX AV 2 R L BOZ BORIL & R, A B NI Eedfr
B — B S ek #0517 258 ?n—FﬁEl/JArzela Ascoli| #.

2.2.1 Arzela-Ascolig|IE
BEARMGIHE “—FE R M CEEES” WANES, el EN —ERE GndE—NERE0
€ X
EX 221 —HEARASZFEEE
&% I=[a,b], HEF| {x,}ps1 CCLRY. FRENZFINE] L—REF, R48AEC >0, 1%

|xm(t)| <C, m=z1, tel.
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MRl LEFEES RN EZE >0, 545> 0, FFNENEEH m ARMKEE st €1,
P& |t—s| <6, # A |x,0t)—x,6)| <c XL SRR T m, LR As, t 69 LKL
.

Fi18 221, —HEEHAF—ANRHBREGER L F > 05, TURARBE—4§ > 0 &4 2
BT A B3 st FREELEMENZE kR R —RELEM: RT MERBT s, t I, S
b2 N mﬁkﬁiﬁfzﬁléﬁéaﬁ m. B, FEELLRIEHEAN x, #H—HEL, 24 FA x,
SAl—BES RRedEE [ RPN FEES, Plhe B XE [0,1] EAMNFE x (t) = tm T 5 P
ﬁc/\iz*ir%ﬁ& [0 1] F—#ES A INMNFHHIARERES. FELE R, =1— m, t, =1,
|ty —Sul =1/m — 0, M

1 m
1%,,(t,) — X (s,)| =1 — (1 - a) —1—etl>0.

EXEFEEEMEROE—AS RARER T2 m AT/,
EIE 2.2.1 Arzela-Ascoli5|IE

B X b1 € C([a, b;RY) — A RIS EEL. NAETIE [a,b] E—Rlksk. A
W, GAERKRBIEGELERI m <m, < - UEHH x € C([a,b];RY), 4

max |x,, (t) —x(t)] — 0.
tela,b] J

JERR. —: MWEER SLOWEHIFF). B [a,b] BI— DR EE {91, 92, G5, .} HTEREL
| —HUH 5, AR &EF A {x,(q)}esr £ RY 1A 5. #EBolzano-Weierstrassi L1, {7 1E T 5
M ene © N*, 8 {0 (@1 TR R HUER. 25, SR R {0 (gD} 75

HBolzano- WelerstrassIEfE A LA FE B {m(l)} Hh e HH A I R FE b T A {m(z)}, fﬁ {x <z)(q2)}
WS BIONEE —F3RFR R E % — 51, Brbhix, o(q)} TI2RUEL.

FTEH: WREENKE @%&@JH’J??IJJ. AWTE R LSRR r 2P G, 19 37k 2 1)
B8 (o, ERAT SRR A28, I H X,0(q0), o X,0(q) 12 J — oo I FIE MR
(1) 7 51 R S

DAEBON f 48P m; = m(j) FLHEERI Y, = x,,, WHEEK r, 5 j > r B, $545 m; &
T8 r BHTIRE EI’J%MT@J Fﬁu {¥,(g}s1 B8

F=5: WIEXA%KFIIN— iﬂlﬂﬂl_&ri NEUER {y;} £ —BEEEC T 2 Cauchy ). 457E € > 0.
FH &5 S R 7(5?7:?5 > 0, [EARHERIEREL j, R |t —s] < 8, 3L |y,()—y,(5)| < 2 T X 8]
% {(q, — 6,9, +6) : r > 1} i [a,b]. i1 [a,b] HKIEMERT, AA7EA R T8 5, FRATHEIX LE [X [a] ) o
LALH Gy s s G- ;(qL/l\ 1 <IN, #9 {y,(q.)} 1k, T & Cauchy 5. #f7fEIEREH T, 45
,j > T, i,

lv:(q.) —¥,(gq)l < %
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4 J = max{Jy,.., Iy} (BB t € [a,b], ATLASKBZEA [4li]t —q, | <6. 21, j > T N, H=MAA%EN
nJfg

190 = ¥,01 < 170 = %@+ 19(@) = ¥,@) +1y,@) - 3Ol < S+ 2+ 5 =¢

EAETXS A ¢ € [a,b] RN AROL, # {y,} £ BT 2 CauchyF1).

KPR E R ¢, R F A {y,(0} & R 1 Cauchy 51, MAFLERRIR, 108 x(1). f£_LTHIIIASE
A pbivhr, BE § JF2 j > oo FIATy, = x 2 — Uik, T4 e 208 — B S A R ek H AT 98 1%
a bl x € C([a, b]; RY). O

2.2.2 PeanoFEEEIE: FulerifZjx

_ FIE2.2.2 Peano/EPFHEMEIE
ZXDCRXRIZFE, f:D— R#ES F4E (t),x,) €D. B a,b > 0, & F4EH

Q={{tx):[t—tl<a, |x—x|<bjCD.

% M = max( yeo | f(E,X). M >0HR A= mln{ M} L M=08RhK=aqa k9
Q.01 [ty — h,ty + h] LE ) Bl —AH.

WERR. ZJeiE AT XA [y, to + M) EAEEM. B M =0, W] f =0 7F Q LT, HEAHEE x(b) = x,
AR, LR M > 0.

—3b: #iFuleriitd. AT ERH N, 306K hy = 2 IR EIS 1 = t, + khy, 3
ik =0,1,---,N. RJGENEEFLE xy ¢ [te,tg + h] — Rd WR: 64 xy(ty) = x,, FXT
k=0,1,---,N — 1 KR IFAGE X

xn(t) = xn(t) + (¢ — 1) f (s X5 (E1))s e S Ly (2.2.1)

2.1 4R T IRIE . 7EFT 5 Py = (b, xn(8)) A, 28 k BRITERIARPREUNIZAT s AL & R34 1)
RER (b, xy (). WIERATT FER TS K hy BIE R — 58 Py, FHEIRUHTT SRR T 77
).

B R BTEATE TS ARVETE Q I A A = X, FHMUEX — 5. X t € [ty, tryq ], TERTT
IEtgip:ib=v EpI I EIE S

k-1

xn(8) = x, + Z hn (it xn5(E)) + (8 = 6) f (e, xn(E)-

j=0
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I 2.1: EulerdT 212 Botlig i . B P 2GRS 3571 R R I 20 7 17,

TEBEHT ke AN R ARE Q 1, U

k-1

25 (8) = Xo| < D Al f(tj 25 ()] + (£ = 1)1 f (b, X (1)

Jj=0
<M(khy +t—1t)=M(t—t,) < Mh <b.

FIIS |t — to] < h < a, FTEL (8, x5(0)) € Q. M k = 0 FFUGTEE A9, 12T AE B4 X H] E
#ATE X, IF HE MBI & AL Q .

B HER— USSR 2 B

FEREANXIE] (8, tyy) b, FTERIIREECN F(, x5(0), HKEART M. 5 s < t, "N A
tyo oo b, LT (s, 8) PRI RRINAR 5. 38 [s, ¢] 3 BROK EE AR i BT R ag 1)/ X 18], FRAE AR B R
K EF, 153

[Xn(6) = x5 ()| S M(t, — )+ M ) (4, — ) + M(t — 1) = M(t — 5).
=1
2 (s, t) NEA MR SR, EXEEBEMER EFERL FEHMERE s, t Bxy() — xy(s)] < M|t — s].
IXFETE R ALY {xen} S EEIESE T %y (1) — x| < b XARIE T BREF—F0H 5. #E Arzela-Ascolif]
B, FETI ey bjene ABARIRIBEL x € C([to, £y + hl; RY), {15

max |xy (t) —x(t)| — 0.
to<t<tg+h J

H |y, (8) = x| < b H4 j — oo, 13E|x(t) — x| < b, B LMK IR s 2 BB ARAE Q .
= IFPARRERBIE BRI D TIE. s € [ty tryy) FE X O5(s) = 1y, 20y (te+h) = ty_,.
MRIEREEAT LI 2 3, WA ¢ € [ty,t, + h], H

xn(t) = X0 + J JF(On(s), x5(On(s))) ds. 2.2.2)

0



2.2 PEANOfF{EVEEH 43
HEA 5, 4 |5 — Oy(s)| < hy. FIRIAHTL MLipschitzfhiit, 735
[y, (O, () = X(8)] < [y, (B, (8)) = Xy (9)] + 2 (8) = x(5)]

< Mhy + max |xy.(r)—x(r)]— 0.
T tesr<ty+h /

SAMIEOET 5 L0, FEHL 16y (5) — 5| < hy, — 0. BELf 7654 Q _E—B0ksE,

max
t0<S<t0+h

6y, (5). %y, B (8)) = f (5. x(s))| — .

TRXEA t € [ty, t, + hl,

J J(6n,(5), xn,(On,(5))) ds—J S(s,x(s)) ds

0

< h max
to<s<to+h

f(eNj(S)’xNj(eNj(S))) — f(s,x(s))| — O.

1E(2.2.2) 1% j — oo, 135 x(£) = Xo + [, f(s,%(s)) ds. 2. 1.1 %01 x ALK ) i) C .
i Ja Mg A 2 X ] _ AR, X 0 < © < h, BEEVIME i) @
dy

2 =—fh-nyO), YO =%,

BRI I SE, HAEARRPARE R B M oy B B LT AR B A AR5 [0, k] B
it y. Bty —h <t <ty, XL x_(t) = y(t, — t), PaeEE NG

x_(t) = =y (to — 1) = f(t, y(t, — ) = f(t,x_(1)),

I H x_(t,) = y(0) = x,. 4 x_ 5 LK) x 78 ¢ b6 DI eR BUE #RSE T x,, PION S HHT
T S, x0), MBHERBURTC ([t — h, £ + h]; RY), H HAEREA X IH] L5 2 41 1) . O

SEIE 2.2.2. Peano B a1 2 F A AT h RS E— M . X2 B H KAV NS AR R 7 BRAR PR

1892 Arzelai-Ascoli 5132, '€ ARIET —8 A F L5 B LS008 Hok b R A LXK TF,

1B H XA LA & AE—0, AT E A iy &2 W a9k £ 46,

— §12.2.1 HBTESHE AR T EE
F 8 — A AL

x'(t) = f(t,x(®)),  x(0) =0, (2.2.3)

o
sgn(t), t#0,
0, t=0.

ft,x)=
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B f 5 x AX, BCE =0T EE IANMAFRREEFSH 0 49T K10 AR A 24
i

WERA. [ AFAE 8 > 0 MIZ MR x € CY((—6,8)). {0 <t <8, RS x'(t) =1. F£HKX
18] [0, £] _EASE P BB AR E B, A3 8] x(2) — x(0) = [y x'(s)ds = [y 1ds = ¢, FTLL x(6) = ¢. [F32
Y5 < 1< 0, LA x(1) = —t. BULTESEMERITAECE ¢ # 0 A O 200 ME— AT AL B 5N
x(t) = [¢], {FELE B AR AT, HETT A C AR, AN X'(0) = £(0, x(0)) = 0. 7 AW ]
W(2.2.3) RAFLE Lo AR IXAMP) T VLB, Peanoss BErh 73 £ 1 FES R MW S AR 31 T (R4IF PR 6
BT ORI 1 I RO 1 . 0

H#1L 2.2.3 Osgood & THIFEME—
(% f &S R % 122.1.8% 49 Osgood 4, M AL (2.0.1) B3 4 £ Bofi—.

MERA. PeanosE ¥ RHH f MIELME, M4 H 20— m. HAAE ¢ ARELE, 7T DT H
S XX B4 e, 18 R A S e B2, 1.8 A Q M.

A x, y P FA A RRE KR A, T AT 3L R g X 8] 4k — Ik, T LA A R
WA S Q . EH2.1.8UH] x = y AEIX/NIL[A X [8]_E L. PRI =y & g A7 A2 ELIfE— O

JFiIE 2.2.3 (Peano B FEAN G ME—). Peano R B R W& £V B — /M, F a2 E—. L6
EATT A& A Eulerdf A E AN, Al —BOR bk Ao 3 L 20 A7 B — BOICSRAY B 2315 F)
R f 69— B E S MM IEAE NIRRT AZ, E LR AT RIX = /N3, faLipschitz & #F % Osgood %
P69V B A2 it — 3 HER AN AKB) — 5 TF 89 T Ak Tk

SRR 2.2

SJRR 2.2.1. 329E Picard /77 i# % Arzeli-Ascoli 51 3 &9 &+, F: A F T AR Picard 5 3|3k
Euler #7 % ik % 1E#] Peano A &M €I, AT A?

SRR 2.2.2. X RS d =1, X T = [ty ty+ h] £ (hE X5 Peano A AW EEAAF) H)i&
Tonelli /74T : /LA E&ES n, 4t = t0+k%, KRB BNV [to, 1] B [t1, 1], B [ty 1] B [£s, 5]
RA [ty g tyy] B [y, t,] B2 7 SLIG AR

to t €ty t,]
x,(t) = ik :
to+ Jy, " f&x,(0)dt £ €[ty ty+h]

iF B Tonelli 5 7|42 Arzeldi—Ascoli 3| 32 4EBH Peano A &M 2 3,
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2.3 MRVIERSRAFERXIE

B H AT 1k, AEAENE € B CRAE AR AE W AG I 2 B 1) — /N B IX B AR AE. AT R R 2
—MNREE R, BRI E SR B 2 R X A ? FEAT T, JATIEA R E D c RXxR? &
THE, f : D —» R EZIFLT x J&# Lipschitz.

— EX 231 BHEHSRAEFERXIE
wx L >R 5 x, 0 I - RYARBARARQODE M, I, C 1, B x,|;, = x, WA x, &
x, Witds, E—NBAGEL XA KRN L6 AL, NARC DR KE, €692 LK BARA
WK AR,

— EIE2.3.1 ME—IRKHE
SHEE (ty,X,) € D, WAEFIAL(2.0.1)H — AR KM, L7 URRF KR (T_,T,), &+ —oo <
T_<ty<T, < +oo.

HUERR. 12 8 AWME M BL(2.0.)TES t, B IX 8] b2 X FT A R iR 4E S . Picard € FRLRIES # @.
WHET SRR ANMAE X, : I - R 5 x, 1 J - RY, BAVHE ¢, € I nJ, 13 FIAELE X 8] L)
— M x,(t) = x,(t) SHEE t € I nJ AL, B DAIME ) @ P AN A S AT e SR EE 2 (1) Hh 5 2
FHEE .

B NORIATIE T A Be 2 LR ERAR I X ] “BHee” ok, LB B EORE T iR AFE M DL &
“PREEAL” RATDCE B 4R M. 4T = U I, P T HEESE f MIFXIE.

x;€S8
st € 9 H s < t, MARGERE, s AEE to,t XA I, L. BT IEETR X R B
B [s,t], FTbL [s,t] € 9. XIEBIT 7 AKX, 18 XAFENIF, MO2IFX AL FihAE
—00 K T_ <ty <T, <+oo, flif3 7 =(T_,T,).

DU FRA A H T e PG R, SHEE t € 9, EFE—ANXE T BE T ¢, Frolst
XAt e I JAVEE L x(t) = x,(0). HA—ANXE T WEH ¢, W ¢ € InJ, JHEHFER 2R
x,(8) = x;(t), FrblixA~e U REM, H5 T FEfEex.

SR JE W E B I 1) R i SE R AE M B I i, A E5E ¢, € I, WAFTEREAN T Ml ¢, e 1, A ¢,
I—ANFFARRNTER x = x;. 1 x; CERE T RERREM, ATl x 1€ ¢, BN JE T Ct il 2
JEf o R, B, FRAEE MRS, x & (T_, T,) LHf#E.

B JE A VI AR B2 T 15 B A ME— AR AR 7 x IEREAE S B — AN K X[ T, TIX AN ZE
AT S, NI TCI,X5THAE I FE. bl x RICKHE. & % 25— MK, Mere
XIXEEEIE T A, HEHES x EASLX N EASE; Fie 2 x FRRE]L % fRoMEa Mz XX
25T 7, NI % = x. KR E—. O

TSI A T A BB, WA PR AN T, #E y € RY, g B
ER R, x(0) £ £ 1 T, SRR (T, ), I HIXA R U T E R f 1€ 38D, A4
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WTEME (T, y) (FEFTIAIME S, £ T, SRR AR, 5 EEatHE. 5EE: ZXMRR R0
J& T D; B IKAE D WIS EEEAE D Ab, JR BB A7 AE It 2 BRAE A REAE XA UL

— 5|3 2.3.2 imSiRRSHEFA
& x: (T_,T,) » R ZFAQ.0.1)8— AN, FFEL T, < +oo. CHBIEIES (T_,T, +e)(H
PeRAEAMAKRTONTH) AL L y € RY {£/F }%ITn(t’x(t)) = (T,,y) € D. L3un 27 %

DA E= R

WERR. 5 X AE AE (T, T, +¢) LRYIES, M X 2L, M HX(t) = x(t) X t < T, BRAL. it

H;n(t, x(t)) = (T, %(T,)) € D.

Bl ok, BB EIRRIRAEAE. AL (T, y) SHIME, HPicard f77EME— 4 E B, f/£7E € > 0 LLK
FEXAE (T — e, Ty + &) LHVRHEE 2, /2 2(T,) = y. Xt t € (T, —¢,T,), BB T REHUR IR AT 13,

T, T,

x(t) = y(t) — J J(s,x(s)) ds, z(t) = y(t) —J J(s,z(s)) ds.

7t (T, y) MHEE—/ N, [ f & Fx-E 8 1 Lipschitz BN L. BT LA Ede EEUR 75571,
WA ERIERAE t € (TJr — ¢, T, ] MIX B S AR ZAE TR N X B x(T ) & SCNIIRTE y, M
1M x LEIX AN X (8] L4

AC = max |x(t) z(t)l PEA o AT A,

T,—e<t<T,

T,

(6 - 2(0)] < L J 1x(s) — 2(5)| ds.

t

TEH Gronwall AEERLUL x(ty) = z(to) WA E] x(t) = z(t). KL NG H 1 #Ex(ORER

_ x(t), T_<t<T,,
x(t) = .
2(t), T,<t<T, +c¢

e R AE S R — MR B, AR, 1 MBS AR ¢ = —t, ®(7) = x(—=7), W t | T_ ZENT
Tt =T_, i RN FRNERA F,2) = —f(-1,2). B8 f ES:IE BT z JH#BLipschitz.
X xS RIRIIE B 14 b s 2518, B RIAR & ¢, Bifs 2 Rk T_ 40 i 78 B4 1 O

EIE2.3.3 RETHREN
Kx: (T, T,) » R ZFHEQONG—AE, T, < +oo. ZHAEKE K C D, 1 (t,x(t)) €
K, ty<t<T,, N x AL T, &3z,
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R, ET_>—c0, #F LAEEREKCD, 1 (t,x(t) €K, T_<t<ty, i x TAAAET_ dA
037

WERR. X B UE B A v i e 4, IR FRATT R LR 51 323 .21 SR A2 A i A B T
HT KRR, FIES:, filbM = max |f(t,2)| < +c0. Xty <s<t<T,,

[x(t) — x(s)| = J S, x(r))dr SJ | f(r,x(r)| dr < M(t —5).

BUE R ™k BT T, BEH) t,. LU {x(t,,)} & RY H ) Cauchy 5, HAZEMIR x, . XA
PR 5 PP A e 0 0%: 5L b, 4 s, T T, 25— 75, WA |x(t,) — x(s,)| < M|t,, — s,,| = 0.
AL limx(e) = x...

BT (t,,x(t,) € K i K /284, Fibl4 m - oo W[#32] (T,,x,) € K C D. #E5/#2.3.2, &
AR 3 1kt T, MIZE+. O

it 2.3.4 BHXE
|7%z‘nﬁilﬂ%(Z.O.l)éﬁﬁkﬁ%@isi‘%,é T, <+4oc0, WL t 1T, B, MYBERTRAZLD F

ME—RRA.

JERR. RAETE S K C D, MR EURTEAE R HEE T, (W20 23N K. T2 Al LA I 1 ™
KB MIE % £, 1 T, 1F (¢,,,%(t,,)) € K. T K &FF4E D (ST, FiLAGEAE r > 0, 1§ K (1114
rABBA LS TE D . BATEIXA AN K, 34 M = max |f(t,2)]

MK FAE— R (s,2) A, BUAFETE R :={(t,y) : [t —s| <r/2,|y —z| <r/2}. EPMHEER
WALE K, b, RITEXANE T B E A | f] < M. 5 Peanof7 £ 1t & (78 1 HLAB T F Picard & H1),
BATHBE LA (5,2) AVERIREDEHMKSE h = min{g, j} > 0 fRIN )X 6] N AEAE; 45 M = 0,
WIEL ho= r/2. 3 b 5 K A0 5 3 e .

BUAEH m SRS R, B8 T, — tyy < B BA (b, X(8,)) FIVME )R EEARAE AT LA AL BT, A0, Jo) 30
P — VR B 7 5 SRR AR B 1 [X 1) LS T I AR, DR BB R 4 R RS T, (A, X
SHRRVET . BT DL I B AN 1T i 58 A VA 76— AN 42 LT 0

#i2 2.3.5 S=E A EREN
|7ii S i RxXRY - R? &% B X T x A3fLipschitz. #9118 FA2(2.0.1)8 M K i 89 % 3% 8T, <

+oo0, M L (t T T )W A |x(t)] > +o0.

MERR. S |x(0)] AT +oo. WAFLER L R > 0 LLL ™ %348 B 18] 581t 1 T, £ |x(2,)] < R.
ERE K = [6,-1,T,+1]x{z : |2] SR+1}E, f A, IEM = max | f]. B KT (L X(t) UK,

R R A AE M E PRORIE AR AT A SR =D by = min{l,é} FIISTE] X TA]; 24 M = 0 I hy = 1.
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RN E m 7w K, MR {6 y) 1 1t =t < L |y —x,0)] < 3 EEE K, 1, HEZHEE L
IfI <M.

SEm 7R, AT Ty — t, < hoy IEFELL (8, X(8,,)) FIWE P F J53 B AFAE AT ASEH 2 T,
ZJa; ME—VEAEAREAE (¢, T,) LS EARKARAF, F 2 R i R RE ¥, 7 & . AT [x(0)] —
+00. [

TR T ERERRE: BN TR E R DAV, %R — B8 7 77 PR
HIAE i) AT A AR

FH2.3.6 ZMHEKFIEEFREFR

|7is’i [ RxR? > RY£4 5 X T x B3FLipschitz. BIZ M EZERHK T > 0, A£3F i F 4 Ar, By,

#FEE e [-T,T], #A |f(t,x)| < Ap+Bplx|, WA{EFA(2.0.1)H AR,

WERR. [EE T > |t,|, fid A = Ap, B = Br. %% 8t <t < T HJ TWARAFEX PR, HEyIE
5] R PR AR 73 7 R T 45 t

[x(O)] < 1] +J (Ar + Brlx(s)]) ds.

P Gronwall &L, FATHT1R [x(0)] < (%] + Ap(t — t))eBri=) A E XA ILE [, T] LA 5. H
T TAER, AR 2.3.5 RIAEAN 2 R Az IR 8] I 18 (A BRI TRLER BB X ¢ < oo, TRATTBOR AT LA L % 18
v(r) = |x(ty — )| it =ty — 1) [EM R, TREABER. O

— #Ei£ 2.3.7 MHEENEREFE
FICRAFRE, A®) & g(t) £ T EELZ, W —H &0 F 5 7 A2 20 49 4148 9] AL

x'=A()x + g(1), x(ty) = x,

AT LA E—f7.

WERR. ERAE T HHRRAEAERTTE] T, < sup I, WHUX[E] [a,b] C T 13 a < t, < T, <b. HTELK
AL B LR S, LA

L= max |A(t)| < +o0, M = max lg(t)] < +o00 = |A(t)x + g(t)] < L|x| + M.
5 7€ B2 3.6 FNHE18:.2.3. 57 KN AT LUBRIL T, 4kZE5E4h, 7 J&, FTLA T, = sup I, 477E X 18] () /5 i 1t [
B ] R AR B AR B B x(0), y(b) A2 R —RE T A A AN R, D0 eh 5 A mT
?%

|x'(2) — ¥y'(O)] = |A(t)x + g(t) — A()y — g(0)| < |A@)] [x(t) — y(0)].

MM |x(t) — y(t)] < ffo |x'(t) — ¥’ ()], RN EIRAER, FH Gronwall AFEXEI1F4518. O
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FIB 231 TR X =x BAKKEK, CHFERMAALRSRATLT,; 74 x' = x? 95 #A8
WARMIG K, MK T RE LA TREF DG AL, MG K A A RIEERA LG T F 0, FIFL & 514
Bldox' = —x3 94 3mB A ZRGK 2L |x| A, SRR FAE (x| By, BT AR IR BAR A
1.

SRR 2.3

SIRR 2.3.1. e AR x/(1) = x(x — 1) fR8G F A2 X ),

SRR 2.3.2. it AR X/(t) = xsin(tx) fE69 G X A,

SIER 2.3.3. EAMARE A x' = (x2 — 2x — )’ x(t,) = x, R R K ALK A (a,b). HEH:
a=-00 5b=+4c0 PEVH AR L.

SIRE 2.3.4. GEMAMARAL X' = £ — X3, x(ty) = Xo SRR [fo, +00) LA

o)A 2.3

BlER 2.3.1. & x' = (12=x2)f(t,x), x(t,) = X, HF [ EL-TF@EL, FHLE x #08 xf(t,x) >
0. iEW: MR £, <0, B |xo| &% B, AEFEI ALY T AIEIEE] £ € (—o0, ).

R Bx| < —tg, & z(t) = x(t)?, Kb z(t) HAM—W HA2, RENFNITE t <ty t > 1y,
3+ 4T H AR B BAERIER z(t) < t2 AR .
oER 2.3.2. % f AR LRELSZHFPFEIEE, C REHK. FEMERA X(t) = —f(x(1)) + C,
x(to) = XO.

(1) JE¥: SEEL T C, AR AL [t,, +00) LA LM,
(2) ZTAZAEtg, +o0) LAY AT E—, WEYRAG LR

R R EEQMKEERZER [6,B), f £ R EHFHR, EFHRY mM (THRAL
%), SR C> M, C<m,m<C<M HRE—MER, £AE a #7F fla) = C, Wit
|x(t) — a|? 89 £ B,
188 2.3.3. % f(1,x) £0< <@, —o0 <x<+oo Lk, RAEFH q€ (0,1) FEER
£ € (0,al #H 1£(6,y) — F6.2)] < Ly —z| ER: WA X' = f(¢,%), x(0) = x, & [0,a] L&
it

24 HEREEERENH
b RE R B DR BT T DX 1], 05 B4R A 75 2 7 BN ] P A8

F, BE R SRl B 7R SR A T (B S E B B AN VR ERAT T E AT B M ). X A
B (x € RIFIZE AR = 1), LRI LIRS AE 7 —Fia Rork: EE TR R
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RERG 51— AN D ACEE U7 RE LR, BRI PR 2R “ ASREAERR R 17 TR R 2R3 — AL
X, BRI RN SAAERH A T, 2wt A2 e B A B AR

241 SE—tEREE

~ EHE 241 F-HBEE
% f,F £ % D C R? Bik%:, 3 BAHEE(, x) € DA f(t,X) <F(t,X). L ¢, @ 5 AR

x' = f(t,X), x(tO) = Xo» x' = F(t,X), x(tO) =X
£ (a,b) Layfg, EE%A=T D. N
p(t) < d(t) (t,<t<b), p(t) > d(t) (a<t<ty).

RPN RAE— T AL R — R

HERR. 4 w(t) = ®(t) — p(t). 7E t, FH w(ty) = 0, w'(ty) = F(ty, X,) — f(ty, Xo) > 0. HHT w' #EEE,
WAFAE 6 > 0, i w'(t) > 0 XT ¢y <t <ty + S8 WOL.

t
w(t)=J w'(s)ds > 0, to<t<ty+90.
t

REAMERAEAL, WEE Z = {t € (t,b) : w) =0} 7. 4 B =inf Z, H E1HF) R EMHE A

B =ty+ 6. 1E Z HRIHESEMMATSE] w(B) = 05 M B HIE L, w(t) > 0 X t, <t < B AL
WX REANFE 70/ b > 0, AT

w(B) —w(B —h) <0
- <0.
4 h | 05133 w'(B) < 0. 1HE &(B) = p(B), Frbh w'(B) = F(B,9(B)) — f(B,9(B)) > 0, FJ&. iX
AL @(t) < ®(t) Xf t, <t < b {OL.
SHAEMIXE], 4 1 =ty —t, IFEX @(1) = @ty — 1), D(1) = B(t, — 1), TF=ZEANTH HH 2
P =—f(ty—1,%), ¥ =—F(t,—1,9). BN —F < —f, LU AN LN T T @ 5 ¢, 153
D(1t) < @() K 7> 0 BT, #Bl A& ¢, B o(t) > ®(t) XF a < t < t, L. O

ENX 241 LBETH
st A2 x' = f(t,x), & B € C'I) #H 2 B'(t) = f(t,B)), MAR B A L & a'(t) < f(t, a(t)), W]
o AT PRERFINE =4 E, T#.
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EFIE 242 EWME5THEIEERERE
FIRATE AL X' = f(t,x), R f #4 X T x &3FLipschitz, x(t) £ XA F 2. X x,a,8 €
Cllty, T]) BB HET D, £F a,f » A RAE [1,T] Lo TF MAs L, 3 B alty) < x(tp) <
B(to), M a(t) < x(t) < B(1).

MERR. SEIERT ESE. M x SeE B M EIRAERIXIA] (2o, T] LABR B, AT DA — L2 3 1 2% ]
BN AR, (3 f 7R AR I 08 T x B & ¥ Lipschitz % #0CH L. Xf ¢ > 0, MR B.(1) =
B(t) + etV 2 ¢ 53 /NI, B, IR ATITE LR &R, 1 87 > f(¢, B), FAIFE

BL—f(t,B.) = f(t,B) + (L + 1ee®+Dt=) — £(t, B.) > ge@+D=1) >

FITEL B, /&)™ LA, JF B x(t) < B(ty) < Bc(to)-
[RBAFAEN ZIAEAG x(8) > B.(8). HEELENE, FFE A “HMt %17 & > ¢, i

x(0) < B0) (ty <t < ty), xX(t,) = Bty).
L q= B —x. M q(t) > 0 % ¢ < by BT qlty) = 0, MITT ¢'(ey) < 0. 53— JiThi, s E AP IR 4 th
q'(ty) = BUty) — [ty x(t,)) = BUt,) — f(ty, Be(tr)) > O,

FIE. B x(t) < B.(t) TEEEAN X 8] b Rar. SHEANEER ¢ 4 ¢ | 0, B3] x(¢) < B).
R R 5, MIE B BREL o (1) = a(t) — eeTH V) i of < f(t, a) LA K Lipschitzffiil,

al — f(t,a,) < f(t,a) — (L + Dee™DE0) — f(f,q,) < —geEHDI=0) <,

FTlL a, A28 R, Ha(t) < alty) < x(ty). HEH x BE A%, 4 p = x — a,, WTERE
fubi 2] — 5 p' <0, B—JTHE p' = ft,x) —a. = f(t,a) —a. > 0, FiEFJE. F a, < x.
e )0, AT o < x. O

SEI 2.4.1 G BN BRI ). TP AL 4R Bh B A M R BB KA. B, do R RAIEERD)
T H BLAB RAE R BGE S, IRBATRAE x(t) 5 B() AR89 W & 20 8] E & B ok 2Rk i 7] £, K4
5] B/(x,) — X'(t,) > 0 (FRABZIZ LAY A X'(1)) > B/(t), ATk F JE. fifhabhiBh & 20
KR H —ATRE SRR RE S, EmiEE () > x(0) 1Bk, FALFRG IPEHK,

A 2RI B HR? TR R: L =f+n, >0, RAKETHE

Be—f,B(N=B"+n"—ft.B+m 2 f(t.B)+n' —f(t,B+n) =271 —Ln.

BENAZ ' —Ln>0, AR n KIS, BHREIR () = celtO-0) (§ > 0) £ A KR,
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#it 243 EMFEESATXIE
& x(t) RAFZE TAZX(t) = f(t, x()89 &, L [ ELH X T x B3 Lipschitz. % f(¢,0) >0
x(ty) >0, MFFEFIER. EFH m<MHL f(t,m) >0, f(t,M) <0 L m < x(t,) <M, 1
m < x(t) < M.

WERR. ZJeiFIEME. HAEERE alt) = 0 W2 o/(t) = 0 < f(£,0) = f(t, a(t)), FTLLVE R PR, £B
FA P IE TR AEAE DX ) AR S XA (8, T]. BN alty) = 0 < x(ty), # E R Euas e FAA BT &
t € [t,, T) #A x(t) > a(t) = 0, T Al LMEREZLEL, Fr LAARLEREA IE M A7 AR X 8] _L R 6.
FHEAZXE. 4 a(t) = m, () = M. R AT o (1) = 0 < f(t,m) = f(t, a(t)), BT
PLoa & N #; [ B/(0) = 0 = f(t,M) = f(t,B(t)), ATLA B & L. FHEW L alt,) < x(ty) < B(ty).
TEAT R IE A S (A X 8] R B S N AR EGEEE, m = a(t) < x(¢) < () = M, H [m, M] 2
E[A)ANAZ X T]. O

5 2.4.1 Riccatitt R 5 1R
{%iﬁ%ﬁgifm>xm{ﬂm=%>0%iﬁmﬁﬁﬁaémﬂmmJMd%BMLﬁ

.

JERA. B EAME I y' = y2, y(0) = x, IR y(6) = =, HAMBKAFEX AN [0,1/x0). FHE

1—xot

BO<T<1/xy, L. ThEtLEEFHLE [0,T] L, 5153

Xo

, VOLStLT.
1_th = =

x(t) 2 y(t) =

BT T A DMEE BT 1/x0, FTPARANARZERE0 <t < 1/x, BRI, #5 x BERSAFESR] 1/x, 2 )5, N
x 1E [0,1/x,] FiESE, WA 724t 11/x, ERGHET +o0, TJE. O

N RIANTE — AR LA B2 Al A IR KA AE I T8] A ) 5, 3 BUJCH BT R, AR 46 KT
TGO, H I T REME R G SR FUR SRAN ORI, BT DA A AR R AFAE I I e IR 4R ik
PRI Tt

5 2.4.2 HMARFEXEIHIE AT SLF)
|7i§u‘n4ﬁrﬂ%’ﬁ x' =12+ (x+1)? x(0) =0 89 L MR K ALK A [0,B). N % <B <1

WERR. ESE, TRERI AR T (¢, x) G, D TTAIAE iRl AT ME— RO T HL X/ (8) = 2+ (x () +1)* >
0, ITbh x £ [0, B) L /™ kg4,

SE—: IR B € [7/4,1]. %HEEHEITE 2 = (2, + 1), 2,(0) = 0. £ z; > —1 (WL WE%*
RS 2,(t) = —, ERANRAAAER 8Dy 1 M EN (2, + 1)* < 2 + (2, + 1), FrMEHLEGE
A, 1 x(1), zl(t) FAFERIX 8] b, A z,(0) < x(0). & > 1, W x££ ¢ =1 MHTES: HA S =
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H—J7, X5 AT E, Frlg < 1.
x(t) > z(t) = ﬁ — 400 (t11),

KB TR T —A “HNRM” FHEVIELE ¢ = 1B, B x(6) RN R £ 20y ¢ = 1.
NHEUEW] B > m/4. SEELEBOTRE, RFEA 13

w' =1+ W, +1)*, w;(0)=0. = arctan(w,(t) +1) — % =t, w(t)+1=tan (t + %) .

BTN KRR n/4. MIAE 0Lt <1 b, BATEAEA P+ (x+ 12 <1+ (x+ 12 #
HARGEH AR x(1) < wy(t). 75 B < m/4, W w, 7 [0, 8] A5, KM x 78 [0,8) LA 5, Bk
w2352 F)E. TR B> % KB L TR T —A “FHRIE” IREIEE = n/4 B, i
x(t) BRI (R /008 ¢ = 7 /4.

FTHOEA B < 1. BERMTER A “Lb x() /N7 HX “LE 2y (¢) 24K FIfERAE L
IR AR EI— R (€, m) = (6, x(8)), Hrb 0 < & < B. Mz i th R By T J7 Fn] LB K g

n+1

Z=GE+1 2O =1 = 2O+ 1=

EAE C(E) = €+ — WL R If

, L 77' - §2
CO=1-Gry = ey <°

i CO) =1, M C&) < 1. £ ¢ > & W, JFTREMAWR™HKRT (x + 1?2, JEE— L eHEE

x(t) > z(t), A EPHARIFIN AR, KL JE AT REAAIE 2 z Bk ] CUS, A UAE ¢ 1 C(€) b2

A x(t) > z(t) > +oo, H5EMAE C(E) MILIESMARFE. B <CE) <1

E=DERR B > /4. DARMNFTFEIL —A “H x(@) A7 EIL L w (¢) M4 BIfgRAE L.

F0<A<1,%4C, = mj‘“. KN C,=m/4 <1, ESEMATIA <1 "L C, <A X

dC; 1/(1+A%) —arctan
di A? '

222

A7 B E > T IE L, 4 g(4) = arctan A — ﬁ W g(0) =0, H=4 > ONH g'(4) = —
FTLL () > 0, AIfi €} < 0. BHk FIRA < 1 3838 2 g =C, < Cy < A. XFEMTER M 7 RE T 15

’

1 w+1 1 1
=124+ (w+1)>% 0) =0 = = arctan — —arctan = = t.
w (w+1) w(0) 7 7 7 7
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H T % - arctan% = arctan A, It DLIX AN I A AR R AAAE RST8] IE A2 C,. B R v DU R, T R 1)
nfCUlGE B ket th, 5 B IR E. Ktk B > €, > %.

FI8 242, A5 y=x+1, NEF2 Y O) =2+ y)?y0)=1. L#y=—v'/uETHE_HE
AFEMETAZ U + 2u =0, u(0) =1, u/(0) = —1. INFAZLMEEY &R KX XEF Bessel kT, #
At H &AL ARITRIZS A B~ 0.96981 -

U

242 *HX#, m/\BRSE_LLEREE
W f AT SESEE R, W 1 BT e V2 . B B R TG R e O B R T 4%
_EMN 242 BKBSRIIMA

& RATE FAEGMAEF A X'(t) = f(t,x(0)), x(t,) = Xo. FIXANAAE 2 LG P A FEARAE X 1)
[to—h,ty+h] LBE. ZHEP AR ZHL

x() < Z(), to<t<ty+h,

st AR 15 B AG H — AR x AR, AR Z WA R AR, ERETHA Z() < x(O), Wik Z #
AT R 2 [ty — R, ty] £ 51 R BLEE 6932 S48 5 5 S AT 3 K M Aw 24T RN iR
LA [ty — R, to+ h] £ ENTF A AR, MARE % K 1 _E & KR 32 50
KT P ARG AR A D AR

H15E X, S KRN e /IR AFAE , HR 2 ME— 1. R T IE B B K AN e /N R A AE
_ FIE2.4.4 mAENRNENEE
K fEREHR={(tx): |t—t|<a, |x—x,| <b} Li&% H#4

. b
M—ml?x|f(t,X)|, h—mlnza,M},

EPM=004h=a NEEO<OC<h, EWAFA X' = f(t,x), x(t,) = x, & [ty—0,t,+0]
LA R KA R

SERR. U RGBT R ER €, &R x)y = £(6,%0) + € Xmlto) = Xoo 2
h, = min {a, _t } A &, — 0, FFLL hy, — h. FEARTEE 0 < o < h. RATAT ARG B0

B m #A hy, > 0. #iPeanofFEVEE L, BA RS VIE W BLE [ty — 0,1, + 0] LAFFE— MR
Xy FEH

X, (1) = x, + J (F (8, x(8)) + €, ds.

JXEESRIG 2 X (1) = Xo| < b. WAL 5,0 € [ty — 0,80 + o], HADTTREATEE |x,(0) — xm(9)] <
(M + &)t = sl, Bl {x,,} —20H 7+ A REESE. 96 Arzela-Ascolis| #AI, /745 T8 x,,, LAKIESLR
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@, LB X, = @ XN MEL f fE R L —BUESE,

max |f(t, x,, (1)) — f(t, (t))| — 0.

[t—tol<o
A ) > 0. HRA TS — co, 5]

t

d(t) = x, +J f(s,®(s))ds.
Fr LA @ o2 A4 0] ) — A i
e FORIEH © RATRAMAEATHME. 2 x 2R ST, WH f < f+e, ME
e S
x(t) < x,(t) (t>ty), x(t) > x,(t) (t<ty).

B m = m, #4 - oo, 135
KOO (t<E<lh+0),  xXO) >0 (-0 <L <L),

FTLL @ AT B KR AN AT B /MR

B R 2, = f(t,20) — Em> Zm(ty) = Xo, [FIH HPeano e # 1] 15 21 3 [6] [X 8] _F [
filt, HH Arzela-Ascoli 5| ERAIFTE T FI| — S Sh BN Fd s i £ W, Hli @ U 2 W) = x, +
[ £(s,(s)) ds, FTLA @ RS —AME. 1T f — e, < f, BAS—LBGEHGE w R4
IR AT B R.

BJEBATE X

W(t), to—o <t <ty ; O(t), th—o <t <L,

d(t), ty,<t<ty+o, w(t), ty<t<t,+o0.

PIECAE to SRR EUEARAE X0, FEHZ f (b, X0), # Z, W € C', FF HLARRE JFVIE 17 72 (. 1% @, W
IR AE PR, Z S BEA DX 8] _E R B K, W B X [a] B f fe /) i O

_ P 2,45 FHLEEIE
A 5 B AR ) AR 49 3 /S AR 5] AR

x'=f(t,x), x(t,) = x,, x'=F(t,x), x(t,) = x,.

B FLF A (ty, %) W B —ARR N4, 3 B £(t,x) < F(t,X). %0 > 02 2 524 4% £ IREY 9
I ES RFATALE [ty — 0.t + 0] LA R RKBRR B, 4 o & f-HAEGETRD,
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B
o
ban
=
S

A F-7RNEFR K. 2% 08, F45CNEA B —#ME x(t) = x. 1

p(t) S O(1) (th <t <tp+0), p(t) 2 @(t) (th—0o <t <L)

WERR. 1E (ty, x,) MHEBUAEIE R = {(t,x) : |t —t,] < a, |x —x,| < b} f,F £ R E#A T X, I
M = ml?x{| f&, %), |Ft,x)|} B—%1 ¢, | 0, HFHEIL) A &

y;{n = F(t’ym) +€m’ ym(to) = xO'

[ 5E0 < 0 < min {a — } PiPeano A AEME B FRAN, % FELE [ty — 0, t, + 0] LBE y,,, HHELEE

f=HERN. E‘ﬁn/\ﬁﬁjﬁ [V () = Xo| < b, HXMER 5, € [ty —0,t+ 0] #A yu() = Ym()] <
(M + El)lt —s|, BTUA {y,,} —30H A HEEELE. i Arzela- Ascolﬂ[@%ﬂﬁf%ﬂym — RSB F
CERREL Y. ARG AERR 43 T RE BRI PR 15 21

Y, () = Xo + J (F(s,ymj(s)) + smj) ds = Y({t)=x, + J F(s,Y(s))ds.

0 0

FrLL Y 52 F-J5 R — /M.
NS (t,x) < F(t, x) + &, ATLAHI 26— LU e #4532

(1) <ym(6) (E>1), @) >ya(t) (& <tp).
L m=m; - o, 135
POKY() (th<t<Lh+0), e ZY(M) (th—0 <t <L),

LM, @ & F-ITREMAATEBRME, Bl Y() < ®@t); fELM, @ & F-I7 R AT /Mg, B b
Y(t) > ®(t). 2 LRk, FATUERH T

PSP (L <I<tH+0), )2 BW) (-0 <L<L).

SRR 2.4

@ 2.4.1. sFafE R AR (2.0.1), X = A 44k d =1, 48 R 5E4 h 62 L) Picard f?/ﬁ-"’fi
X (¥ 21.2), FEXW,Z ’\7”1 (2.0.1) &£ [ty — h,ty + h] L&y & ) iE 5 & KfE. JEBA:

[t; —tol < h, W(t) < x, < Z(ty),



2.4 HeBRUE LN 57

N A4 (2.0.1) 89—A 8 u, 1% u(ty) = x,.
SRR 2.4.2. Kwfd R A
x'(t) = 3|x(t)|*3, x(0)=0

F[-1,1] E#9 AR CY MR, HFKd A4 BB EA R LA R K A R

jo)’% 2.4

)RR 2.4.1. F EMAFA x'(t) = f(t,x), x(t,) = X0, HF f(t,x) £ R? ELH X T x &3 Lips-
chitzo X a, B € CY([ty, +00)) i# &

a) < B, O < fEa®), B> fEB0).

(1) 3EH xo € [aty), B(to)] B3+ iz &9 fiftidh RIAE R ¢ > to #A a(t) < x(t) < B(t)
(2) EBR % AR IE ) BAR B A
(3) #x, € (alty), B(ty)), 4P oI PTA RE XK A TRIF X, N()E &0 T H ZRE X,

)80 2.4.2. R 244 095HT, Be, |0, FM

xi,'n = f(t7xm) + Em> xm(to) = Xo
Fe 3Bl A e 0 23 AR X Ta]_Eag fF P AER— AN, JEBde T 28,

(1) EAMSEEFTEER m R L: B>ty i, X)) <x,(0); Ht <ty B, x,..0) > x,(0).

(2) B BAF X, (O} —BOksk, LR GEAEX (L) 9 F1 4 & 4T % K A £ 47 5 MR

(3) AM KA AEFEVR 22(1) = F(£) — €, Z,,(tg) = Xy IEFAAF] 892538, HBE4E B A AR K 1]
Loy ; K Fe g R

B8R 2.4.3. EARE AR () = f(t,x(1), x(t,) = x, A& HEL . BIRFHMALER— %X
B I=[ty—o,tg+0] LHEAE, BMAERKRESAER —ANWEHLAR, WX EMBEARGESA S, E
e F e, (A MRAEGZ R K ife g MEI R, A FEH—MER,)

() A CU) Tey% .
2) £, Taxk
Z(t) = sup x(t), W(t) = 1ré£ x(t)

xe8

A8 % T S.

R (2) ARABAR b, ty € [, DHABR x; € A 1= {x € 8§ x(t)) = Z(tp}, N
x*(t) = Z(t) stk t eI # L.
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2.5 MEXTYMEMSHBES KRBT

T THT PR A7 A6 M — 1 5 BRAE AR AN 25 58 WA XS 2 21 ME — — MK ISR T EZ B L 1K A X
RER R B e B Lk. EAMOR B B, 5 ShREAA O AT B E AR 2 5
SR 5 — AN/ R ZEER W] BRI E A BRI TA) P 38 RO ) B R4k, T84 3 AN 7] A
Hadamard & 3T 8938 & P AN 3 ROT.

25 8 2 B AR 7] e

x'(t) = f(t,x(t),4), x(ty) = x,, (2.5.1)

Hem Z2IEBH, A C R ZIETHE, 1 € A RS RELf 2 UE RXRY XA —NMFF4E L.
FfEME—, FHEEIEN x(1) = @(t; Lo, X, 1), FAKAFTE X [BIE A (T_(t, X0, 4), T (L9, X0, 1))

S B R 1) BEAT TR BRI 204k, B8 —, WIGRI ZIRWIE A AT UEESE. 1EH#H s = ¢ —
to, u(s) = x(s + ty) — x,, WQR.5.D) N

u'(s) = f(s + ty,uls) + x4, 1), u(0) = 0. (2.5.2)

BT BIVIIRIS ZIMWHE C4 [ 5E, T (8, %0, 4) 450 A4 i, RONVSHL.
%, ZHA AT PR AR R EL 48 A BRI V(1) = 0, A(ty) = A, BIMIRKIE, I (2.5.1)
SR TR MR R AR ) A

d X _ f(taxal) x(tO) _ xO
de| o | || |4

(2.5.3)

PRk, S8 T HME AR AR 5% TS B HOUAS 5 L A2 [R]— A il AL T SeAE AT AR I 2 [ € B T 48
e A T, FAI T (2.5.2)15 2 FT A 22 & 1 IE LU

2.5.1 BRFAXIE) LB ZELAKH

— EIE2.5.1 EEEXIE EAESKE
FEFAHEMERAQR5.1). RECRXRIXR" 2F% f:E->RI&E% FHAE LATF
x K ¥ A& B3 Lipschitz#). BAFH WALA B (x5, 49) PTHTELEIIE (1) = @(t; Lo, X0, Ag) 125 K
W J=[ab] EBAE, £F a<t,<b, HE(t,x(t),1,) €E, a<t<b WAL (x4, #9483
U, 4N (y,4) € U Fixt BRIRAEEA T EAE, LY (9,4) = (%0, ) 1,

n;lean lp(t; Lo, Yoo A) — @(t; tg, X, A9)| = O.
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ia%%%ﬁgy\jx(t) = qD(t; tO’xO’/‘LO)s te J= [aa b] ﬁiﬂ‘]ﬁﬁ%%ﬁéﬁﬂﬁﬁﬁ U\T%/ﬁ\
1. BYHEMS BT (%o, A)i s FHN FIRAEEANXET = [a, b] EAFFE;
2. IXUEHRIET F—BSh TS % .
TEE RS, FEUEH B S iR e B R AR, I HIRA BT R R 5L
Lipschitz $#il ) IX 45 [k, UEHIH) S8R SEESH il i [ I — A “ 2 X (S2fr b —
ANERIXED , FIEISI A SRR E BE,  JFH] I SE S0 4 U CRAE SN 4 48 B AL

WERR. B4k, ZEMx(t) = o(t; ty, X0, A) I EIUE T = {(t,x(2),4,) : a<t<b} & E METEHE. H
T E I, FTDIETE p > 0, fHEIR P AT 5k

K, =1{(tz,4): a<t<b, |[z—x(t)] < p,|A =2 < p}

BWET E. d =1 HEWSEIT B TR 1E2.2.

S fip AT E IR DR P ) AHE A S Hz 2N shJa, 3AT— T a6 R AIEIEh AL ¢, Mk
FAAE, 3 FRBATH A Gronwall A5 IS EN AN RE Jo bl 218 B, A SE #h € BEHERR &
fEla, b] WHERTZZIE. X5 R Rl AN R X8k () 456 e Boe B, I ZEPah ey
BT E AR, JrREAT 5w ) Lipschitz % 8 AR e S B £ I iR Z2 80 n] LA — Bubaz (5
18] E ). RIS T PR R 0 R IR S SIS 5512, i T3 AT DU HL o (8 P X SR S S A T

X

e BEHD

t
a Ly b

B 2.2: JESARMIE B P R EIR BT B IR B IHRIE. EZRR 525 AN o IR/E BE.

B8 FHliEHx-TEMNREMSHIRE.

(£ 5 € S A TF B a] DUE ).

F10—£: EMFREREFERXEE T

[E%E (35, A) € U, HAFIFARR U REREUS €. 425 REIRhHIE 7] 7

yl(t) = f(t’ y(t)’/l)a y(tO) = y()'

T (ty, ¥, 1) € K, C E. ¥H5 J5 BAFAEME— 11 5E BRAS R AU R EAE £ 00— DRI AEAEME— 1
ik, SRRk FAE SR, FEICHIRLIRR IR y(O) = @(t;to, ¥, 1), RAFLEX RN (T2, T). #2 TR
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I5EE R R TE A AR, RIZEHEE ¢ > ¢, 7E X
A, =1t € [ty, min{b, T}}) : |y(s) — x(s)| < p K4k s € [ty t] oL}

WAHTE ¢ € [to, min{b, T}, KM y CETE [to, t] FAFLE, T HHEE B HIE |y, —x0| < p/2, FiH
X,y WIESLIERIAEAE € > 0 ff43 1 + gy < min{b, T}, I H |y(s) — x(s)| < p FFTEAEK s € [£o, £y + &]
BT, B AL # 8.
BRI [EE ¢ € Ay, RATEHZER Rt AE K, . EERZEMS TR, AT 2 mstte
=HLE .
o PN K, 255, HERB, /£ L > 0, fi | f(t,2,,4) — f(t, 25, )| < Llzy — 2| XS HEH [
— (t, A)-slice F[RAE RPN SO
o XF |4 — 2| < p, X
n() = max |f(t,z,4) = f(t.2,4)].
lz—x()I<p
ERIR KR SRS HU R BIMRZE. BB f AR K, L —80%%E, bl 4 - 4, E
n(1) — 0.

BUE AP AR I3 T3 REAH J3 AT 21

ly(©) — x(O)] < |y, — %ol +J If(S,y(S),l)—f(s,X(S),/l)IdS+J |f(s,x(s5), 1) — f(s,x(s), 4)| ds

to 0

<y —xol +L f 19(8) — ()| ds + (¢ — to)n(A).
Wi Gronwall N U A
90 = %01 < (1yy = %] + (b — L)(A))eHe=), (2.5.4)

BAERL 8, > 0 1524 |11 — Ay < 8, AL S, < p, (b — a)e®¥y(d) < p/4. FHEL 5, > 0 fifi1§
el0-95 < p/4. EX
U= {(yoal) |y0 _x0| < 5){’ |A _AO| < 5/1}9

TRAMEE (5, 1) € U #H ey, — x| + (b — a)n(A)) < p/2. XL RHE T X HMEMSHL
YLD/, (TSRS ATER X I “RBE” Z oA SR 7. FESFAIER, XMETTHE
BIRBRHN: EREMIBRELGFEEHAHMRBFFERN o AER KL

B HIR R RIS R TTREM & (4, TY) 2 y WIERRKRAEX S, Ky A
REAE [to, b] FARAAFAEFF AR EDIRIXIRAN. € L “ B IKREEERTR]” 7 = sup A,. HRIREAEENE
LK |y, — X0l < p/2 115 T > to. TE[ty,7) b, BAVEREMTH(2.5.4) %07, BE |p(t) — x(t)] < g.
N IFRATH RAUEEIER © = min{b, T}

G, Wt <b Hr<TY, MBHAMRE ¢ #AE X 2t 1o, ISR | p() —x(1)] <
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S < p, B EREATERIE © LM E— /N R X ] WA RGO, 5 o B RS e OP . 1X—35
HERR T HEB A I DA (R0 T 8 HE 2 () AT e

TR EZHRR “UBNERRAREFEEXEERZEDbZAMELLE R WM. XX
T=TY<b, W yTE [ty,r) FHEGEE TEE{(L,2) : t, <t <7, |[2—x@®)| < p/2} 2. HELE
FEFRENGEFE2.3.3) B0 y v LBk © dhERiE i N %, 5 ¢ R IEMARCKAA S SV . T2 7 = b,
XRHPBNRAE [t,, b] EAAEFHBEAEEN.

F=2: REBTELIE ¢ < ¢, BB, 2X(7) = x(t,—1), Y(1) = y(t,—7), 0< T < H :=t,—a.
TEPI SR 2R AR AHEE o DR, ‘BT 2 I m) B[R] 5 72

(@) = —flty—1,2(), %), Y (@) = —f(ty —7,9(1), ).

Al _EFTUE B RAE XA [a, to] EAFAE, HIRAARB AR K. $ELt, R T EAAE,
L5 G AT SR, 4a i

Qgﬂﬂﬁ—xaﬂsd“”me—&w+w—aMMD-

2 (¥, A) = (%0, Ao) I, Asina T2, & FAHE. 0

JEIR 2.5.1 (NP A FBEEIREHIRIE). Gronwall ¥ X432 69 R EAR L B B 12, e 545
# #7423 ) Lipschitz [ 48 5 7 3% 7 £ F 0595 4 R 5 SR M 2 J25 SEB 69 P 28, B L R
B e Ib M de 5t B B AR J = [a,b] £. iE WA P Bk Mk BT ERARE 696
AT, FRHERR P B K A B) G BE Ao AL K AR B IR SR AT 45 R P A T AL,

51 2.5.1 & & HlogisticTTZHIE 2 E LKk

BHEHK K >0, FEMERA X' = rx (1— %), x(0) = xo > 0, 5F S5 Ao 5 Al ith 2
70, Koy Xoo > 0, 3T S 69 5 F RIT A x3(1). B2 A FREF A X 1] [0, T]. & 529% %) AL AR F A0t e A 3
89 1% S AR AT

UERR. W IEMECREEAX A AN M (#E182.4.3), 1T PUSEIE 52500, 1o, Ko) TR L FIZEL (x4, 7, K)
%ﬂ@%%ﬁﬂﬁw»@M&ﬁ—&@osxékﬁfmnm=n%h§)WEﬁ@%%Lﬁ
EHBLC>0,1#

|G 7, K) = f(370, Ko)l < LIx = y| + C(|Ir = rol + [K = Kol).

DS L P A i 2 223 2

|x(t) — x5 ()] < X0 — Xool +LJ |x(s) — x; ()| ds + CT(|r — ro| + |K — Ky).
0



62 R — I T R AR S R
Wi Gronwall N EE R AT 15

max |x(t) — x; ()] < e [|xg — xg0| + CT(|r — o] + |K — Kol)] .-

0<t<T
ML e, iz Bl7aa 7 A BRI TR e B A T O

A8 2.5.2 (A R Jcl 5 G PRI [AE SR, BrAs A /MR AR AR G 12, A (R X JA) b &9 3% 4R 4R i
B B A0 7% Fy BAR 6 R BARBUE sup,,, [p(t; ) — @(t; %) = 0. Blde x' = x 89 xpe'. 4
BB MEIR ZH AR of, AR B KT G TR K. 2 LR ] X 0] _ LA — B dsH], &
MR R AG AL/ T AR AT A AR, AR, RS+ L4y K MR,

HEI 2.5.2 FEMRSTROELIME

Sty BB AA R AL(2.5.1), D = {(t,ty, X0, A) : t BT AR KAEG HAERXNEL W D 2FE,
B (8, g, %0, 1) == (310, X, A) 2 D Lk 5,

W 2.5.2 R, BUEMANZICLE, B R i Zeds IR ) (Bl x- A B T ) 2
[F1))J 08 X 4 ] ) PO R AL o T I T ) AR 2 O i

WERR. FRVEE, EBE2.5. 1B “HIAa I 20 g 7 BRI, X A 2 ¢, A SR
2 ¢ FRAEARAL, BRI IRATT SN ¢ IS 2 R IR AL 2 “ S B Y1 TE]” 1, ESFIIRIZIEE
Tk, FMATLAE A EE2.5. 1104518 .

SHEGE p. = (ta tow X0 A) € D, WWSHEMA x.(1) = o(t:t0, X0, A,). BN p, € D, Bk
Loy ton IR T 2RI KA E X ). T ICAEZE X IR TFIX 1), T EARTHL a, b {643 a < £, 1o, <
b I HBER x,(¢) fEBNHIX A [a, b] FF7E.

E—i5: SIRTERZHEBIE ERZ to,. T (ton, Xon A,) G0 F f HOE USRI EE, 7T LA
FEE B S — AN/ AR AR, AL B 7 8 SO o FEIXAN AR b f A5, BT | f(t, x, )] <
M. [, B Picard-Lindelof J& #7755 B b A48 — I )i, AT DAERXME RS 208 /0, i
19424 (1, X0, A) TAMEIL (Hgs0 Xon 1) B s N (10, X0) R BN A MR EAAEIES 1, 15 1, (1%
AMFIBE EAFTE . R (Lo, £, X0, ) FE S, HL

|P(Lo.5 Los X0, A) — X, | S |@(Loss Los X5 A) — Xo| + [ X0 — X, |-

[0*

P(Loss Loy X0, A) — X = f f(S, P(s; to,xo,/l)’/l) ds,
to
FirA |P(Lo5 Los X0, A) — Xo| < M |tg — Lo |- PR
’qo(to*; Lo Xg, A1) — xo*| < Mty — to.| + |x — X, (2.5.5)

TIEH (tg, X0, A) = (tows Xour A) B s FATH @80, 80, X0, ) = X, WERIXBEERAMEMKRT ¢,
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SRR, ROEH T JRiaEEm f 1A S, BT A EEIE R IIE
%

—#: BIEVIRINZ ¢, ERELRFIMEETE. X T40E 1 (4, X0, 1), 2 X1 = @(to.; Lo, Xo, A).
H E— B HIEE IR AT (x),4) = (X, A,).

IR & AE I % o, NIRRT ZIBI 1A X/ (8) = f(t,x, 1), x(t,,) = x,. ZHHEE X/ (1) =
ft,x,2,), x(ty,) = xo,, Hof# x,(t) CFITE [a,b] FAFE. TREER2.5.1, 2 (ty,xy, 1) 7T
SRS, L (Lo, %) NHIMES SECN 2 WIBIEEA [a,b] HAFTE, HHH

Max |@(s; to., X1, 4) — @(8; tosr Xou, 4)| = 0. (2.5.6)

a<s<b

T R ME—PERN, A (8, x0) HIR I RILBIARTE to, BT ZIIELFHUE x, 0 PISLIX AN ERLE A HEAFEAE
X 6] _ESRAHTE, BI o(s; ty, X, ) = (85 to,, X1, A), KL FRATT SR _E155

max |p(s; £y, Xo, 1) — X.(s)| = 0. (2.5.7)

a<s<b

R, FRELAIE XS B A AR AE S A [a, b] EAFAES

B=4: D RZFE. HTt, € (a,b),FTbhY ¢ L ¢, WHEL € (a,b). XHE L, 4
(to, X A) TTHEIT (tor Xgus A) B 5 FHNARELEFEN [a,b] LAFAE. R (1,8, X0, A) Fo 21T p,
i5f, ¢ & TN ARIIAEAE XA, LRI (¢ ty, X, A) € D. FTLA p, /& D WINA. BT p, (EEH
DRI

SEPUS: IERARRMRGTTE p, SOELL. 2 (1, 10, X0, 4) = (L, Loy, Xy A,). ST AN AT 7 f (WAIE,
W BT AUE R R, 5 22 B AR L R A T XA [a, b)) BAFAE, FTEL

H 28 =PI, BT —EuE T %
| (83 £, %0, 4) — x.(D)] < max |(s; Lo, X, 4) — X,(5)] = 0.
ass<

BT SRS TE p, Ab%ESE. T p, € DATE, FTLMAEMURTEREA D Li%Es:. 0

2.5.2 *RAFTERERFES T

TERIIRI Z, FHEM S EEILN p, N RAAAEXTELHN (T_(p), T, (p)). A RALEY] T.(p)
KRBT p L, M2 AATAELLNE. HHRBATE — IMRKAFAERS (8] 8 FHIEAESL 6] 1
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5 2.5.2 MRARGFERTEIRLIFEL
ZRE MY AR u = ul(1 —v*ud), vV =0, #EHR (u(0),v(0) = (1,c), 89 E @R KA/
B3 A T.(c), RMIFHERA T,.(0) =1,12% 0 < |c| <1 8 T,(c) = +oo.

WERR. Y c =0 W), RETFENHu=0-0)", FTBL T, = 1.

M0 < || < 1B,v=c, TRBMEKRMBITE V) = v?(Q - cu?), ichHiLA gw).
1<u<1/|c| B g(uw) > 0,1 u=1/|c| & FPHEA. HERME MR, A u0) =1 HERIBARES
AP, #1 < u) < ﬁ TE BRI BEAN TIE ) A7 AE [X 8] AR 7. IX AN T A A v DU 154 A it

AT LA B IF [ ZE 4R Bt = +oo.
BEAR, /() > 0, BT LA u(e) VR ANRELAT E5°. o ST PR, B ¢ = Tim u(e) {772 L 2

—+0o0

1<~ FEh, %€ <1/c], W g.(€) > 0. FHELM, 7S >0 F T >0, i g.(u@®) =6

le

XERE t > T [ERAL. T2
t

u(t) = w(T) +J g (u(s))ds > w(T) + (¢ — T,

T

5 u(t) < 1/lel /6. FIE lim u(t) = il 0

14

B N oRIRAT IR B 2z o A B A 1 “2BESE” B L. WRARE e, ABRIAES: T .

— EX 251 THEESES5LH¥ES

HZHET : P> (—o00,+00] i#hHZ T(p) < liillglf T(py) *1EZFE p, > p #rk L, W ARZ R $ 2

T ¥i# %48 (lower semi-continuous). M3, 31E & T(p) > ¢, AR L5 p 89 % q AR
2 T(q) > c.

FHE S : P> [—o0,+00) it Alimsup S(py) < S(p) MHEZE p - p #m L, W ARZE KA

k— o0

L ¥ % 469 (upper semi-continuous), W3, 34L& S(p) < ¢, AR L5 p 49,5 q AR ik 2
S(g) <c.

 @BE253 HRATERTEIN T
X %7’;‘#(7?‘7145.1‘5]7@(2.51), T+(p) %T*ééﬁﬁé, T_(p) ;%J'_;Fi%éié{j; %{{I\i&, _T_(p) 7?5—]:‘:}:—

N~

EIR 2.5.3 (FHEENEM T AIAREEIE). E—HlF c - 08,

T,.(0)=1< +o00 =liminf T, (c).
c—0, c£0

XETHFELEHHARTE. THFEEBRWE L L L EEE c <1, S RAHPHERN, KA E
PALERK KT ¢; CRAB T XEFGLMIEL 1. AP FILABGF G F T +oo, BIFHLATF
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4 5B BT VAR AT BB A FE K AT S 6944

HERR. 230 p Fr & IAILEE Z2 A to(p). S EH ¢ < T (p), # ¢ < to(p), WHL q 7 5EiE p, A
5 1to(q@) — to(p)] < %. To& ty(q) > ¢, M RAFAEX B EHIEEN Z1, Bk T,(q) > t(q) > c.
47 c=ty(p), MW d ff c <d < T,(p) & to,(p) < c < T (p), WEHIES d = c. ZERFHFIH LA,
SEMREAE RN 5t (p) 5 d BA FEHIXE _FARAE. R X TE _E RSO e B Y q 20
Bl phtt, st AAAE RN % d, Wi To(q) > d > c. XUEH T: SHEER ¢ < T (p) PLE T8
i p ) q, #A T,(q) >c. Bl T, FIiEs:.
S5 2 A B, UE BB 2. O

jo)&R 2.5

@Rk 2.5.1. FJE [ty, 00) L& LA xX'(t) = f(t,x(t),A), x(ty) = xo. LF f 1 [ty, +00) X
Rex R™ — R® #4:, 3% F x B Lipschitz. BiXA&EF 4 a>0,L>0,C>0,#HL

x -y - (fEx1 - fEy.1) < —alx -y
|f(t,x,4) = ft, %, I S LIA—pl,  [f(£0,1)] < CA+|AD.

(1) G M EAE R WA A € RM, 740 4h AL 6 B4R 22 1 19 . B AR 75 2 o
(2) T @(t;tg, X0, A) VAL ABE t) HRIMIEA x, 697%, JEHA

L
|p(5 o, X0, 2) = @ (83 Lo, Yoo )] < €770 = | + — (1 = e |2 — pi].
)@k 2.5.2. 23251, e REAMABIK f X T x £ 53F Lipschitz 8, ABRHELN; 2R

A ARAB AR 5 i Ao A0 AR 09 °R — M o JE 9% R IR A 25047 AR Ak o2
#7: K% Lipschitz /&, & %A Arzela-Ascoli 5|3 L F KK+

2.6 FEXYEMSHBES AT

AR TP A S T A R ARSRD, DUgR A  F) 3 86 A i SR LT IR R M DT R, BN AL T
RE. EABARZME T R AL A NSl ) U AL R et AR 4.



66 R — I T R AR S R
2.6.1 AR EIR ST E S
— FIH 2.6.1 Peano CYRKHIEIEESTHHIE

RKXECRXRIXR" RFE, f . E—> R %% AL D.f 5D, f £ E L%, iwwmiiF
A5 DM KB x(t) = (t; ty, Xy, A), T4 € 89T 2 L3Rt Hh

D ={(t, ty, X, A) : (ty, X0, 4) € E, T_(ty, X0, 1) < t < T, (t(, %0, 1)}

N @ £ D EXTF (tty,x0,4) ELZTH. *s5FME, i At) = D, f(t, 9(t; ty, X, A), 1), B(t) =
D f(t, p(t; tg, X0, A), 1). MFEIE Y (1) = Dy @(t; o, Xo, ) Ade T — W Sebk 75 A2 28 A0 18 19 7L 49 fif

Y = AQ)Y,  Y(t) =1, (2.6.1)

m4EEZ(t) = Dp(t; ty, Xg, A) Ao T 2 AE 5K #0148 9] AR &9 i .

Z' = A(t)Z + B(t), Z(t,) =0 (2.6.2)

Ik, LA
é;—gto(t; to, X0, A) = f(t,0(t;ty, X, A4), 1), (2.6.3)
Z_Z(t; to, Xg, A) = =Y (1) f(ty, X0, A). (2.6.4)

SFiC 2.6.1. & s —— x(t,5) RFAE X' = f(t,x,1) 89— A5 F M, 7L X F(t,s) E LT, A
L3 TARRXT s KFTH

o9 =D, f(t,x(t,s) /l)a—x.

dt ds WA B
B, ZEFTH g = A()z A EHEZMROG TS HA4E, e ERZH: KEWEN ZA2G—N T

e, To4F o AN K 7 AL AL 46

IE SR/, BAVERE BRI ETE. B d =m=1, ENGTEAN X@) =
ft,x(1),4), x(t)) = xo» FHFCHMEN x(t) = @(t;ty, X0, A)e MRKEH AT AKHAER T x4, 4,1, 2K
T o T ETHE U X el P A SR AEAE, NSRBI T R

HAXIE xo KT 2 y(1) = 39/dx(t; 10, X0, Ao THH WA TTTEAGN S = f(t,9,2),
W% TERET x, RFEIEFFEERIENEF] y'(6) = 9. @@), yt). F—Fil, HYIHEE
@(to; to, Xgo A) = Xo KT xo RFAF y(t,) = 1. HI

V() =0, f(t,0(t), D)y(6),  y(tp) =1.
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KPS O R, A

a t
ﬁ(t’ tO’ xO’/l) = eXp EJ‘ axf(s7 gD(S, tO’ x09l)a /1) dS .
0

FEldh, 99 /0x(t; g, X, A) > 0o XULHIE —HERGTE, [EIE t,60,A &, MRRTHME x, FEE™Hs 1%
.

KBRS H A 22(t) = 0 /0A(t;to, X0, A)s RTTRERT AKTFHF 2/(6) = 0, f (1, (1), Dz(1)+
0, f(t, (), ). HTH¥IMHE x, 5 2 5%, Frbh z(t,) = 0. Kt

Z'(t) = 0, f (£, (1), Vz(t) + 6, f (£, (), 4),  z(ty) = 0.

HI—Br &P R 22 5 2 5

Z—i(t;to,xo,/l) :f exp ” 0, f(t,p(t;ty, X0, A),A)dT ¢ 3, (8, 9(S; tg, X9, A), ) ds.
XU VMEI SIS B EA — DN EEAR X A MYMER PGB R M TR, TN SHRFEZ
HAEFFIRIG, f -
XA Z) ¢, B TTREAR B B 0,0(8; ty, X, A) = f(t, p(t; g, X, A), A)o
BRHERIIE A to. 2w(t) = 8/0ty(t; t, Xo, Ao TER XA HTRERT 1, KT, WA
Sw'(t) = 0,£(t, (1), Dw(t)e MUETERIMER, FIABIR @(te: to, Xor A) = X, (7L FABL B
EH ty, BRI ¢ KR F1ER

dp dp
E(tm to, Xo, A) + a_to(to; to, Xg, A) = 0.
XA 0,9(ty; Lo, Xg, A) = f(to, X, A)> FrEA w(ty) = —f(ty, Xp, A)o TR
w'(t) = 0, f (¢, p(0), w(t), w(ty) = —f(to, Xo, 1)-
5y W p g 1E
0 5}
TZ(“ Lo, Xg, A) = _a_j:o(t; Lo, X, A) f (Eg, X, A).

BNOREANEM e #2.6.1, HALERH Iy iELA AU EiREfEd “RF el ", BIH
ZER AR BUEIL R S BUE ] o X B IR E B I BOCR XA R T IHE B .
WERR. € D Hh— 1, IS HAAAAERER R XE T = [a,b], Hfa <t, <b. EH25.1KW], %

VUERMZ B e i 25 0, N AL T _EAFAE, JF B B0l T 25 M. TIlsSG1E [t,b] L
GHZERAGTS Ela, to] B 7=t —t, WD TS S M 0 2 ¢ (AR THE. X —
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Db EN, PO EMERATE I EE XERAREAD T A E X, Bam&yi s i 2%
e — Bl

AT E 2.6 IKHEIIE AR, EREEEIFAB AL AL MM Z R 2 — 1
“AREBE h AR ZAERR TR (AR RIS KN s FER A SO A 15X 2
FH sk, B Gronwall A&, A AEIEY] Z2 5 — SRS T RE RO . ARG, At
AR ZER U, 2R 0 7 1%

U(D) = + J (An(S)UN(S) + gn(s)) ds

0

Me,—=c, Ay 3 A, g, = g AR 8] A —BURL. WX R TR

Ult)=c+ j (A(s)U(s) + g(s)) ds
IRt ?ﬁﬁl‘]ﬂ%#%ﬁﬁ’l\jﬁﬁ‘zf’ﬁ%ﬂ% Gronwall A% AR 2| —HUSK ||U, — Ullegy — 0. bl 23k
MIRBNAS T2 x) (B, 158 j 5 &) I, ZERLE ¢ MIME LR e, IRBR 7 FEmft 2 Y, = AY ;4130
IR e A N ZERGAE ¢, BELR O, XM HIR IR T A2 N Z, = AZ, + Be,.
1E=CE B LAY, ik B — A ) S R A I 26 B AR 2 A 32X, B & — Je iR 43 HH [ Lagrange HHH &
S AEBA M EERE AR S R “AER— AN LA AR S TR
28262 HRESHHEEESAR
KEKCRIZLEFE,F 1 (a,b)xK — R £S5 B &Mk F4 OF /ox) 4. & 3L

1

Fi(t,x),x,) = J %(t,x1 +06(x, — x,)) de, 1<j<d.

0
PN
d . .
F(t,x,) — F(t,x;) = ZFj(t,xlaxz)(xé - x{) (2.6.5)

J=1

L x, =x, =x i, Fi(t,x,x) = 0F /dx/(t, x).

UERA. BT K 2 rEE, TP B y(0) = x, +0(x, —x) (0 < 6 < 1) BEBELEK . 2 GO) =
F(t,y(0)), #atE kN4

d
G'(8) = DyF(E, )%, = %) = Y, 5o (6, yO)x] - %))
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fE [0, 1] LRV, FRAE R 7 ZAS e 2, 15 51

1
F(t,x,) — F(t,x,) = G() — G(0) = f G'(6)de,
0
A BRKA SR A )5, w2 (2.6.5). |RIGUER F; BHELEAE. B2 (L., X1, %,,). FEIXAS S
T, B BRI AT A R BLERVE/E (a,b) X K I—DNETFEN; m S Z BE L —3uEs:. Hit
A, X1, %) = (L, X1, X0,) I, BRI ESST 6 € [0,1] —Hiedl, AR bz k. XmiiER] 1 F;
EE H x, = x, = x FRNE N, 55— 1550 RI AT O

F—5: MPMEKRRSBRTTIRLESHE. BEH j MBIRAE e;. M7en NMUARZSEL b, £

o) = ity +hep ), Q) = 2D
EEALMR e B HY
max lon(t) — ()] — 0 (h - 0). (2.6.6)

PRI RIAR 70 7 REAR IR o x- A2 B4R 51 22,6 2/ MR 3, 753

A0 =¢+ | 4O s 2.67)

0

Hr

1

40 = | DL (5.56) + 894(5) - (6)).2) .
{1(2.6.6)BL D f AEXTRLH PR ALE 11— SR )

14, = Allcy — 0, AGS) = Dy f(s, 9(5), ). (2.68)
Feollth, FA7E M > 0, 15 RE | h| 70D, A ||Aullcy < M AL, HH(2.6.7)FGronwall A 55 14,

1Qu(®)] < eMl-tol g eMb-a t e, (2.6.9)

RY; Y, = AWY;, Y (L) = e; HIME—ff. WE RN TTRENQ2.6.7)Fik %, 155

1Qn(t) = Y;(1)] < MJ |Qn(s) — Y;(s)ds + || Ay, —Allcu)f Y;(9)lds (& <t <b).

0 0
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P Gronwall A48 3K, 15 21 & A fh 1

Mb—to) 2.6.8)
max |Qr(t) = Y ()] < (b — t)e™™||Y |l |l Ar — Allcgy — 0.
WRAY

e A X 1) T ] 2 AR e e s ] AR 46
Q\h(f) = Qu(ty — 1), ?j(f) = Yj(to - 1), 0<7t<t;—a.

I TR I 3 AT ATIE B max |Q;(£) = Y;()] - 0. BUE S A X 458 & 0F, /521

a<it<ty

max |Qn(t) = Y;(t)| — O.

AW 0p/0x) = Y. 42 d MBI Y, .., Yy HERRAERE, (H7550(2.6.1).
FEH: MNBHKREFEREFTRESFIE. BESHE B TR k DL AE e, JFid

Pu(t) = p(t; ty, X9, A + hey), P,(t) = A

O g 2 2 TR ML A 1

J(8, (), A + hey) — f(s,9(5), 1) = f(5,9(5), 4 + hey) — f(5,9(s), 4 + hey)
+ J(s,9(5), A + hey) — f(s,9(s), 1).

DR LB S LB T, 193]

P,(t) = J (AL(S)Py(s) + By(s)ey) ds, (2.6.10)

0

Hr

1 1

Do f (5, 9(s) + 6Wy(s) — @(s)), A + hey) dB, By (s) = J D, f(s,9(s), A + 6hey) 6.

0

Al(s) = J

0

FH I S AR 14 5 BE DA S SR B4R B —BUE S %15 3
”Aﬁ — Allegy — 0, IBr, — Bllc¢y — 0. (2.6.11)

B M,N > 0, {7555/ |h| #3521 Al ooy < M F||Byllegy < N. H(2.6.10)F1Gronwall AN 45 X453
| |IPyllcyy < (b — a)NeM®=a),
WAEL Z), 72 Z, = A(DZ, + B(t)ey, Z(t,) = 0 i, PIRS I REARI, FHAE [1, b] LAtiTH, 75
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F
t
|P,(t) — Z, ()] < MJ |Pn(s) — Zi(s)| ds + (b — a)||A£ — AlleillZillegy + (b = a)l|B, = Bllcy-

T A

max |PL(t) = Z ()] < (b — @)eMC= - (||A} = Alley 1 Zllcy + 1Br = Bllewy) »

tysSt< <b

HAmHQR.6.11)ET X,
FELEAMIX 6] M2 82P, (1) = Py(t, — 7), Z,(7) = Z,(t, — 7). [ FRA] 13

max |P,(t) — Z, ()] < (t, — a)e“~ (J|A} — Alley | Zkllcwy + I1Br — Bllegy) — 0.

a\\o

TIE Py > Z 12T E—BURAL. ik k WA 2800 &, [#155)(2.6.2).

\

F=: FHHVESM. B (Lo, Xon Ay) = (b, X0, A). HIESEKIEELRN, 2 n 7850 KIS, X8 R
®, FRIE T _EAFAE (A& 46/ T RIEIXAERS), HA —2lie, = ¢. BITE T BRI —3ulk
K

A,(t) = Do f(t, 9,(0), 4,) 3 A(D), B,(t) = D, f (¢, 9,(t), 4,) = B(¢)
FITUAFAE n TTRITEE M, N > 0, 13| A,llcy < M, ||Ballegy < N.

WMAEXNTIR T HIE Y, (t) = I, + f A, ()Y, (s)ds 73 HILE t > ty, Mt < ty, P Gronwall ANZ5
ﬁ, 'fﬂ"il ||Y ”C(]) M(b @), 74&1)\&“_3‘ XT* ﬁﬁ%ﬂf

Z,(0) = f [AN(S)Z,(5) + Bo(s)] ds

ﬁfﬁﬁf L)UIE??EJFHZ ||C(J) < (b - a)NeM(b_“).
0 I, NEA to, t I S s P DX TE). SWAESE RS B A6E I 2010 7 A= A A b TR 5 ) T4 vT

ZE
F

1Y, (8) = YOI < |ton — to|M||Y,llco) + MJ 1Y,,(s) = Y(s)| ds + (b — a)||A, — AllcpllY llcw)-
1,

A1t > ty, WAL [ty t] LN GronwallNEER; 5 ¢ < ty, 7 =ty — ¢, EHEFA USRI 0 2 7

ARy, BN Rl — AL kS 2|

1Y, = Yllew) < e[ Itg, — t6IMeMC=0 + (b — a)||A, = AllcyIY llcay] — ©.
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T Z, — Z, AR5 7 FEAR IR S 15 3]

1Z,(t) = Z(D)| < |ton — to| (M| Z,]lcy + N) + M J 1Z,,(s) — Z(s)| ds

I;
+ (b= a)l[A, = Alle|Zlcqy + (b = a)l|B, = Bllc).

it
E, = [ty, — tOl(M”Zn”C(J) + N) + (b — a)[|A, — AllcwllZllcyy + (b — a)||B, — Bllc)-

L T R
() = Z(D) <Ey + Mf 1Z,() — Z(s)] ds.

I;

Fit > to, TE [to, t] LR FHGronwallNER; ¢ < ty, & 7=ty — t JFRHIZAENR. T2
1Z = Zllcgy < Ene®™® — 0.
KUE T SHOET (8, X0, 4) FHESME. LA Z ¢, — ¢, N
1Y, () = YO <Yy, = Yllegy + 1Y(2,) =Y (O] — 0,

|Z,(t,) = ZO| <12, = Z|cy + 12(8,) = Z(8)] — 0.
Bt D, ¢ 5 Dy WA AR R4k,

FIUE: L IERZIFFIERTZIKR S, i H AR G185 8,0 = F(t, p(t;ty, %o, A), 1), FTLL(2.6.3) A%
S, HA v 4k,

B FE 5 /NOAEE b, 5B X 0y, = @ty ty + R, X, A), B LU %I t, 4+ h AW 20 KIRAE ¢, IOEL
fE. R ME—MERT 15
o(t;ty + h,xy, A) = @(t; tg, Yy, A). (2.6.12)
N T FEAR 2,

to+h
Ny —Xo = —J F(s,9(s5t0 + h, x4, ), ) ds.

to

M h — 0 I, PR ek AR i 5 R — B0 T (8, %0, 4). Bl

Dn X0 £ty %, A). (2.6.13)
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XHEAEN(2.6.12) 415 8 T YHE A & BUR 0 A 3K, 753

1

5ty + h, X, ) = p(t; to, X, 4
P83t + h, X0, 2) = Pt 1o, %0, A) _ J Dy, (1 £, %o + 61y, — %), 1) d6
0

h

Nn — Xo
-

55 PR B (R 28 =P B g At T Y (), 5 =AM (2.6.13) 25 IS R RR, %

d
a—Z = —Y(t)f(tO’xO’/‘l)'

XS 5(2.6.4). AumiEEs:, ArbAXAMm S tES:. 2, rfs —r R S B FAE HigE s, miEs:
i T 2L & AT AFAE, Fﬁu ¢ € CY(D).

_ i 2.6.3  #1{E]JacobiiEFFRIITHIZ
€ 322.6.189 544,

U

t
det Dy, @(t; to, X, A) = €xp U tr D, f(s, p(s; ty, X9, A),A)dst > 0. (2.6.14)
t,

0

A, B (8, t, ) B, FAE AR B4 69 Jacobife [ A& 4L ¥ 12

/E'LE',Z 6.2. EINEREE—ANRE RGP A: 7 Me T C—Iemii” BB Lt 6, X “—
YeAA” EARE R PRI LA ? CERRWEMHEREELS? KRBT ER? mizdeit kW
LA EAI “RIE” BAAT “BoRIE” | AT F IR L AEL25.200%2#%, LEXHE L
AT 2 G, ARIRA R R ASTT R Z 18] & B I I < 322,614 1 T VT TE, DL AR BRAT 69 SR AL AL
T iR T MR B GCL-B IR, BB X APIER AL B Z R AN ER T A e— /N &
“IEAmT . HE— IR, KB K(Q2.6.14) W, AT A GERBRATELT 2R EHAGIE tr D f =V, f
ER . CAEINFREA PRI EY: FERRGARS, BRANNR f HRRRES, SR x AR
J& % 5 2 09 R B At (low map), IR A XA AR FE@EAAN B LARR R Z L. 453, 4
iR JE 69 BE N R, X BLE AR R R FT R 45 89 (incompressible).
UERRHER Z B/, FATTEIE— AT AR F AL “rex
_ 5|3 2.6.4 JacobitI\
R Y(E) € R ZXT t 69 THIEELZHK, Y () 27 Y(t) AR, N

%det Y(t) = tr(Y*(0)Y'(1)).

AR, B Y() TEE,

% det Y(t) = det Y(£) tr(Y~'()Y'(1)).
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WERR. [ to FATPIRIE LR .

EF—: Y() A%,
B Y BIARE, B Y@ +h) =Y(@)+hY'(t) +o(h). BT Y(t) 7/J#¥, aJLLS &

Y(t+h)=Y@)(I +hYI@)Y'(t) + o(h)) = detY (s + h) = detY(¢) det(I + hY1(t)Y'(¢) + o(h)).

AT 5 20AE B 5B B I B — 0 R 145 det(T+hA40(h)) = 1+htr A+o(h), BLA = Y)Y (1),
EE
detY(t + h) = detY(t) (1 + htr(Y=X(2)Y'(2)) + o(h)) .
TR
detY(t + h) — det Y(t)

h = det () tr(Y ' ()Y'(1)) + 0(1).

% det Y(t) = det Y(£) tr(Y~1()Y'(1)).

F—J7TH, Y (O)Y*(t) = det Y(OILL K Y(¢) FI¥iA
Y*(t) = detY()YI(t) = %det Y(t) = tr(Y*(0)Y'(1)).

B Y() NAI#. BB Y() +el. KA det(Y() +el) ZKT e M n IRZIX, IFH&K
EHRIUA €7, FTLAEAERER. FILRAAREZA ¢ f13 det(Y(0) + eI) = 0.

TRALUI S ¢ - 0, (XA k, FEFE YY)+ g d #ATH. T EERERES R
THEE, PR —ANEER k, 2 s SRR ¢ I, FERE Y(s) + g 3R T

PRI P DA R B BR 3L Y (5) + e B RITETE— 45, Hd g - 0.

%(Y(s) +ed)=Y'(s) = % det(Y(s) + skI)th = tr ((Y(t) + skl)*yr(t)) :

%k - oo HITHEBERFEM R — N uRm AR EAMES TR M2 I, Fik(Y@e) + skI)* = Y*(b),
Mifiitr ((Y(t) + skz)*y'(t)) - (Y)Y (1))
A, HTATHREEMES TRZM 20N, RKPUGEERERVNESKH T ¢, %

d d
P det(Y(s) + &I )L:[ > 3% detY(s)

s=t

FTRA k> 0, 53

d%det Y(t) = tr(Y*()Y'(1)).

]

MERA. H AT AE R 2 = FLiouville A X (3.2.2) M — MR IE TR, N 7 AT JE T4 18,



2.6 fEXYHEMSELAES ] R 75

KR EAT AT HEESH. LY =D, 0 5 A =D, f(t,,A). ££ Y(t) FIERINZ, JacobiZdt
KA Y =AY &

%det Y(t) = detY(2) tr(Y(£)7'Y' (1)) = det Y(£) tr(Y (£) LAY (£)) = tr A(¢) det Y(¢).

B Ja — NS O AR B B R, 1T Y () = 1y, 75 £, B DEBEA Y Al et
B to W KT IS (8] X BN 1. £ 1, B, EFGERT w(t) = det Y(¢) B—Fr£tt iR, H w(t) =1,

ik t
w(t) = exp U

A Iy 75— MILT S5 MR AAAE X TR N BT A IR e, W ¢ — e, AR A Exlfmi& T — ™% 1k
H. XU detY(c) > 0, KT Y £E ¢ MEEUIRIEE, 5 1, EAKMET &, Fril I, Bi2Z 5 A
FAAEIX[A], 7(2.6.14) Ab b BRAL. O

tr A(s) ds} , t €1,

it 2.65 RASH
ERB6AMEAT, ReFH 2L, T8 TP gppp nk s AT ME T H AP
MNKFRF.

X SN BN, FATTS2 PR BT CAE B U0 R A AT A, E B 2k

— I 2.6.6 *EMAIRKS

B ou RABKEGRMGM AR, m > 1, Fi% ft,x, A p) E%. Bk f AT (x,1) 8

il AAE m W FREEE, HLET (Lx,Ap) % NAELAEMHFTAL X() =

F&,x(1), 4,10, x(ty) = xo B98E @(t;t0, X0, 4, 1) KT (%0, 1) BIPTA AARL m Yy F RAT A4

HHES KRR FH - FREFELES, SAmb L, KES —KkhTE, RE2H
3t (%0, 1) BT Aoy S 09 B RORARIE m — 1, 48R Rl S 3 o Bk 25,

_Bl2.6.1 —MekMAROTIES

i%

x" + p(t)x = q(t), x(ty) = Xo,
HF p@t) A= q(t) RESFHH, BITH x = o(t; Ly, Xo). KEXRT t, #= x, 8910 F4.

R, TRAG R f(t,x) = q(t) — p(t)x, FTEA

[x(t,x) = —p(1), —f(to, Xo) = p(to)xo — q(to).
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% z(t) = af(t; tos Xo), W FHAIGRINT 21 132 73 5 RERN, z i /2

= ot
a - ¢ S S
z' = —p()z, z(t,) = p(te)x, — q(ty) = a—f(t; to Xo) = (p(te)xe — q(ty))e T PO,
0

B4 w) = (0, x0), WERTHENES TR = —pOw, wty) = 1. WILE =

e 0 POS X AT S o ) WA FA R, TR LR ARA 4 I . % — AR R v R, B A
B RBERIE I, IR INETRE .

[

5] 2.6.2 AEXKRBMHERSH
|7i9’1 o(t;ty, x0, A) & X' = sin(Atx), x(t,) = x, 69f%. K& t,=x, =08, 0 XT ty, %0, 4 891 F

. (1) SRR THMER RS, 2y@) = ;T(P(ﬁto’xo’/l)-; WEEAL y' (1) = At cos(Ate(t; ty, X0, 1)) ¥ (1), ¥(to) =
1, M

a t
%(t; to, Xo, A) = exp U As cos(Asp(s; ty, Xo, 4)) ds% )
0 t,

0

Mty = xo = 0 I, JERE 7] A HE—fifp(t;0,0,2) = 0 (BHE N AME—? ). AN LGS

t
= exp (J As ds) = eM’/2,
ty=x¢=0 0

(2) RSEW S KINO, f = At cos(Atx), 0, f = tx cos(Atx), ATLLEREL z(t) = Z—i(t; tos Xos A)
W A IR AR 53 T 8

9%,

Z'(t) = A(0)z(t) + to(t; ty, X0, 1) cOS(Atp(t; to, Xo, 1)), z(ty) = 0.

£ty = xo = 0 BF, o = 0, FTLAXAN WA 2/ = Az, v(0) = 0. HME—fFE z = 0, ATLL
dp _
5 to=xo=0 -

(3) KAV AN, 4 w(e) = (850,30, 2), F6AVH, T w'(0) = AW, w(ty) =
— sin(Atox,). BEBERARZ— I bR 31

0
a—tgo(t; to, Xo, A) = —sin(Atyx,) exp U As cos(Asg(s; ty, X, 1)) dsi -
0

to

R 1 22

oty

=0. O

to=x9=0




2.6 fENTHIE AN BB % S AT 77
2.6.2 BHARHEIFMN
W FRIAT SR TS R Lo AR R, BRATER 2/ (0) = F(x(0)) A& A TR, ot (K7
LT BEFRIE “IR7

— EX 2.6.1 BIRHRANR
K QCRY ZFE, f: Q- R? B3 Lipschitz, 3+ % & A& 7424

x'(t) = Fx(1)). (2.6.15)

SHEA x, € Q, WA x(0) = x, st B E—WM KA x(t) = ¢(t;0,x,). > XU =
{(t,xy) ERXQ : t BTEXNRKM FAERXN, H450(,x,) = ¢o(t;0,x,), D,(x,) = D(¢, x,).
N AL & 0 U - Q A BETAEQ.6.15)89 B3R, O, AR %] ¢ 49RBS (low
map). FEHNAMEG FEHEEA K L AAE, Am U =R X Q, NAR © A FARE.

FTEE “U” XA A RS . HYMERETRATE &, = id. TSR
K IR ] B3 2 S EE s, 2 pt) = @, (x0). BUATTFEQ.6.15) A v AN & 20 & A I 1] ¢, fir
DL FERT LLS AR
Y (@) = f(@,(x0) = fF(¥(D)), ¥(0) = D (x,).
F—I7 1, 2(t) = @,(Dy(x,)) W A2 [F]— T FEFNF] —HIME, A4 o J7 FE AR I ME— PR 25 1 o
®, =id, D, = D,0d, (REWILHAE N). (2.6.16)
X RIRCHT RGNS (8] s, B BE PPRAS GRS Ay (8] ¢, 5—REALITTE] ¢ + s 15 2[R —AR
. AE—4EIE T, 22 7 5 FE IR e vl B AN Ut S DR WIE 0 KNI
— fEl 2.6.7 —HBRRRERFIRF
#FICRZFRXRE, feCly), X &, £—% B EHTAZX(t) = f(x(t)EB 2 L2.6.14 &89 5

R, N

oD, !
:E@0=em<JjK¢&mDm)>o
0

0x,

B ot AN Bt BRAT x) o @,(x,) AL SURBY AN X ] 4 F kB Ak i 3,

JERA. HiPeano CUKHHTE EH AT &1, XM AR TR Y = f/(@,(x,))Y, Y(0) = 1, HE R FEn] 14
Y(t) = exp (J f(®@y(x0)) ds) > 0.
0

e Jr [ € ¢, FEAEZI 2 5 SR [R]— A X T8l 70 SE R g < yo. AMELAR I S0 TR SE 4L 7T
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Bk, M0 ELEEA P IXTA] [0, o] ERAL S AEIX A0 3, B DA AR G0 2 A S 2245 3]

Yo

B,(yo) — B, (x0) = f 0P e > 0 = xg 1 ,(xy) A,

x 06
O
St 2.6
SIEE 2.6.1. 34 A F AL X'(6) = Ax(t) — x(1)?, x(0) = X, B £ F xo A2 1 9 EHF
e o g 0X()
A2, HE B > 0.
X0
SIEE 2.6.2. A& A FALWMFIAL x/(1) = x(8) + At + x(1)?), X(0) = 1. ¥ g_j{ =0
SIER 2.6.3. A A FAZERAL X/ (1) = 2x(t) + Ax(t)2, x(0) = A — 1. K % i=0"

SIER 2.6.4. # B FAE X'(1) = cos? x(t) + (A + q(¢)) sin” x(¢), x(0; 1) = xo, £ F q € C(R).

(1) £ HEZFLER, ZWAFI AL t € [0,1] EAEE—#E x = ¢(t; 1).

(2) FEE t €[0,1], ENMEX = p(t; VRE X T 1 € R ZFELL A, BRI L.

(3) A w(d) = p(1;1), iEA: w(d) =T 1 ZA&FHHIE,
SRR 2.6.5. )5 X"(t) +cx'(t) + g(x(0) = p(t), ¥ p(t) AR 2w 64 H K geClceR A
A AR E A (x(0), x'(0)) € R?, ZALa9#E#RE [0,27] LA A&, 5% )5 (x,x) -Fa Ly

T3 ® : (x(0),x'(0) — (x(27),x'(27)). iEBA: *(x,x") F&@ EAEZEAH TR D, Area(®(D)) =
Area(D)e %",

a) 2.6
Bl 2.6.1. K QC R ZFAE, feC(QGRY), #4540 :U— QABEFTAEX(E) = fx() £
MR K BHR. B teR, 22X D, :={x,€Q: (t,x,) € U}. iEHI= T £,
(1) D, &%, A ®,(D,) =D_,.
(2) @, :D,— D_, £ C' ®HRME, Lzt O_,.
(3) [DP,(xy)]HFBAL, Hik

det D®,(x,) = exp U V- f(D(xy)) ds} > 0.



F=F —MEMUEERSHEA

A T, RATCAHE BIAEL AT R R WIME I S 80 2 — DM RVET R, R, i
AR —F] LB e BEMSR R AT 18, B AT 78— R il 70 75 R Jmy B A i ) kit A s
SR A BAT a0 IR —Br &t e 4l

x'(1) = A)x(t) + g(0).

Rl HH,  BATTLEH W T H R B AR BOE FEA R B R EN. AT E 6 MJordanBk R SR AR H AR EGT X
JIREA, PRJE I NFEREFE G 55 F 2R Al AR B AN 5 HAE vk A B AR ST O AR A o e I R 2
TR, Xt B 1, SRR EOR AN AN RIRE AT S, 172 Jordan B AFIR IS8 — K.

3.1 BRSTREGMHIEAE
R H R — B M S R Sy T R
x' = Ax, x(0) = x,, (3.1.1)

Hr AR dxd &M KEREP P Jordants AETE & PG FERAT: MMERE A E A, fAEn
B P, 5P AP = J, Hob J 245 T Jordant 4 B H 0 B R, 4 y = P~x, M5 #E
HEADKN Y =Ty.

BRI, — M B B 1) ) i m] UR S5 N 20 ek AR — DN Jordand ) B H 5 #2, FHE & fg
Ak, XWULEA T A A e REGEREA T X AR, 5 B Jordandl 2 H AR, AN — RN 71t
S5 RTINS IR R TS T2

3.1.1 FcMJordanfrER &

#i A CEXMMUNA = diag(dy, ..., 4g), WxOBI I EEARE, K X)) = 1;x,(6) /I3
x;(t) = eh'x;(0). T2 A ABEXS LIRS, &% BAHTEENE, Mhahil « WZ0AE T NI F
TEIXAIG, R IAE— AN JordanBexd N 1 77 FE 4.

79
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_ ENX 3141 Jordani;%

=8 R TR

KA m, 44EEA A #9]ordan3k A&

J,(A) =2, +N,,

0
0

HEPN, RIXARSAEREHN], L CIEBELNRGRESIE N =0, - N1 £0.

1 O 0
0 1

ol.

0 0 1

0 O

Wx=(xy, ., %), W X" =T, (D)x i 200 N R4

BJa — NI x,(t) = eMx,,(0). WEANBEE — TR, FAEH —Fr &R m s £

Bk, 1331

xm—l(t) = e/u(xm—l(o) + txm(o))-

gt BN, BB — e 2 W0 0%, 1 T Al IR R T RS R PR A

_ @l 3.1.1  JordanIRAYHR

FAZ4 x' = I, (A)x, x(0) = x, B Y

m—1
x(t) = et (Im +tN, + =N% + - + (Wi — 1)'Nn",}‘1)x0. (3.1.2)
MEEA. id 3
P(t)=1I,+tN, + =N2 + -+ d Nl
(m—1)!
KR — A RA, BT LET0R 3. KT 5,
tm—2

P'(t)=N,, + tN% + - +

(m— 2)!Nm
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H—J7H, B Ny =0,

tm—2 tm—l

m—1

N, P(t) =N, +tNz, + - + +
mP() = N " (m=2) " (m—1)!

N = P(0).
ES5fia 4
E(e’“P(t)xo) = 2eMP(t)x, + e*P'(t)x, = e*(1,, + N, )P(t)x, = J,,(1)e P(t)x,.

XY (3.1.2)i 2> T 2. FEH P(0) = 1., A e*OP(0)x, = x,, T LLE 5 2 45 7E HIPIMA. O

_ f513.1.1 ZPBfiJordanik
it

#
x,(t) o 1 t|]|x,(0)

e .
%) 0 1| x,00)

RBP4 AN A AEAAAR 5 T 2, R o7 3 AL = A 59N E T ¢,

3.1.2 —fREFEER]Jordantt

YaJordanbrfE € B, XHER L€ MR TREA, A £ B HOH LAl W6 P, 613 A = PIP7!, H

T T 523 T Jordan A4 B 70 B AR R, T I IR B P 1 A 9% T8 AR AR (V0 RFAIE 1A B AR
[ B (AN AR A BOVE A S IR, 4y = P, Wy = Jy. & T = diag(,, (A1), ..., T (40)),
Wy (RE— A Bl A 0(3.1.2) 45 . JEIX L B IRHERL y(6), FERFR AR x(t) = Py(t)
— f513.1.2 ERHHER
Ko T 75 A2 20 09 18 R
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fig. L REOEFEY AL BT EREZ T

5—-1 =28 —18
det(A—A;))=| -1 5-21 3
3 -16 -10-—-21
5—1 3 -1 3 -1 5—-4
=(5-21) + 28 -18
—-16 —-10—A74 3 —-10—-21 3 —-16
=(5-D(5=2)(=10—2) +48) +28(1 + 1) — 18(1 + 32)
=11 - 12).
Rl A I =AMRIEER 4, =0, 4, =1, ;= —1.
-2 2 3
vVi=|-1 vV, =| -1 vi=1|0
1 2 1
N T —, B == A3kl A:
2 -3
AVI = O, AVZ =|l-11= Vz, AV3 = 0 = _V3.
2 -1

BTN B R RRIEAR, BRIk, EAMERANTLSEEIREEP = (v, v,, v3), W EH A
F|AP = PJ,J = diag (0,1, —1). MFHA TR Jordantt. 2 J5 1177 FEEH & 25 5 1):

y=Jy=y= (Cl’czet’cse_t)T-
Bt AERAE FRATTZL R Fixe() @ g an ~, Hodr €, Cy, Cy AT E AL, AT x () VB # E .

-2 2 3
x(t) =Py(t)=C,|-1|+Coe'| =1 |+ Cse"|0].

1 2 1
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]
— f513.1.3 —3FHIREHFHIER
KA TR 77 AL 4R 6 3B RE
1 1
x' = X (3.1.3)
-1 1

1 1 1-4 1
MR iLA= - THERFIE 2 AT f3det(A — AL) =
-1 1

R =1+if A, =1—i X Ay, JiFe

= 2% =22 + 2, FirARFAE(H
-1 1-2

A-A4+DL)V=0 = —iv;+v,=0 = A[fv, =(1,i)
XAy, RN THE R BRA TR &N v, = (5, D). T2 715
1 _ i _
x(t)=Cy| e+ C,y| [eUPE
i 1

W] DL E B S — S SRS HO A S,
11 cost +isint
e(1+l)t — et ,
[i] —sint +icost

Cost sin t
et , et
—sint cost

£ t = 0 I, XA RO 73 0 2 b2 [ B, T CLEATIZRIETE oG, T RRdl (3.1.3) I SKid gy

cost sin t
x(t) = Cle' + Clet

—sint cost
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« —p
B oal

z(t) = et Pl z(0). 2 A LA SR 3 A 3K, 47 2

i 311, — ke, FoM RIS BRA S AAEE a +if, X2 A = FJordan3k A B =

x(t) u cos 3t —sinft || x(0)
=e

. (3.1.4)
y(t) sinft cosft || y(0)
AR W o IR - A I ea R
— f513.1.4 E—N_EFTEN=MFTF
Ko T FAZ 4069 38 FF
1 1 O
xX=|lo1 1|x (3.1.5)
0 0 —1

. WCREUEME N A BT A 2 L =AM, CIRHMEZ DA Ndet(Al; — A) = (A =124+ 1). Fik
12 ERMEE, -1 2R EREE. T A =1, BATTHE
01 0
A-L=]0 0 1
0 0 =2
RIATTIE (A —L)v = 0 21533 v, = vy = 0, BT LAXS B AFAE 7288 R — 2, n] PURFIE R Ev, =
(1,0,0)". HA = 12 —HFRHEE, BATH KR — AN TR MRHE =, B A ArTX A, A
BEEIFLMREE v, 1ENR T2 ker(A — I,)? K158 — A EE. FT IIEIRA v, BiZ 2
(A—-L)v, =v,. ¥ v, =(a,b,0)" RN\, i1 A5
b 0
A-LWv,=| ¢ | = Hv,=|1].

-2c 0
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YR ERIEE -1, TR (A+L)v; =04

1
2031 + U3y = 0, A giHvg =1
> V3 =| =2
205, + V33 =0
4

IR A e A A
10 1

P=(V1,V2,V3)= 01 -2
00 4

475 T 4, B P AT, St 24t A 647 Jordan LI ERRE. B BRI EA Av, =
Vi, AV, = vy +V,, Avy = —v;, FTLA

P'AP=|0 1 o

00 -1
4 x =Py, il y=,y,y)", M

Vi=V1+Y2 Y=Y Y3 ==Y = Y= Chel, yy =€ (Cy + Cat), y3 = Cye™.
G H x =Py = y,v, + y,v, + y:v; BRI R4 (3.1.5) )l fiF

e'(Cy+ Cyt) + Cyet
x(t) = Cye' —2C5e™"

4Cqe™!

HA tet 1E2& i Jordandl /=4 (1 2 i H -+ ]

3.1.3 iEREHEHS—AER

xR, BAT R B G AR, XA
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ENX 3.1.2 EMFIEH
00 [kAk

A A, & X EAEFAGH A el = T
k=0 K

Fe i XA E HIfZE 7 — N HERE. [BE R > 0. 2 |t] < R I, SRS AHB ARG,

e

2

k=0

DRI RE PR A [—R, R] b — 34 iiesl. B iz ol 5 22 80 2

k ak k
i < |t| |A] < eRIAl
k! | k! =

— | ktk=1AK = RI|A|)
P RVIDY AV _ | 4jerial
k=1 ’ j=0 J:

WAEIZ X 8] - — e sk, pr LART DUER TR .
— @l 3.1.2 FERERIEBMEVEARM R
St HSEE A e R H s, b, R TR

d
&etA _ AetA _ etAA e(t+s)A — etAesA, (etA)—l — e“A.

% A =PJP1, 0| ¢4 = Pe/pL,

WERA. IZETR S5

d ., < ki 1A’< - tJAJ+1 tiAT
—e = =A —_— = AetA.
T ) 2 -

BN A 5SEMENR A S, AP HREEET oA,
PN FE R R WS, A ASLSR R il AFZ A IRk EgT 20l — il oe B,

00 mAm 00 stAM _ 0o k thk—m _ o0 ([’-|—S)kAk B S
(mz=: )(g n! )_é[zom Ak_};T_e(H)A'

TEEXANARFE s = —t, HH €4 = I, 13 elde4 = e 4e!A = I, TJ& (e'4)™1 = ¢4,
fJa, 1 A = PP WAERIEREE k #H A* = PIFP~Y, RONFEFE SR B 845 21

(o) o)

tkpjkp-1 thJk
A= = - Jp-1
! _ZT_P(Z | P =PeVP .

k=0 k=0
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]
— I 3.1.3 BRESTARFIEL
1A %] 7‘@(3.1.1)#3"&"%544‘%%7;
x(t) = e'x,. (3.1.6)

B AT A R — /A d 4 B ), A B % P R AR A AR — AR A RY RAROR A
GE ey, -, e, WAMEITEE| MR, 14T RIEME o4 8 & 7] KT MR Fok Sz —m
3

HEBA. 2 x(t) = e'x,. HAFERRER A MG X/ (1) = Aex, = Ax(t), H x(0) = e"x, = I;x, =
Xo. PRI B S5 TR H — M, I BT t € R #A E L.

TIHEME—E. & xy, x, 2 B R —YHERAME, N z = x, —x, W2 2 = Az, z2(0) =
AL EA X 8] [-R,R] L, BIFR 243 3

120)] < JA| J 20| ds|.

X0t <R, A u) = [y lz(s) ds, W u(0) = 0, ut) > 0, HH /(1) = |2()] < |Alu(t). TR&AT#E
%(e""‘“u(t)) = e W' (@) - |AJu®) < 0.

BT eIty () AR AL EAE ¢ = 0 IAOME 0, FTLL u(t) = 0, #E1f 2(t) = 0.

X —R <t <0,% w(r) =2z(-7), 0 <t <R NFAHETHE w(r) = 0. XU z(t) = 0 X
[—R,0] Bl r. BT R AT, ME—PEFEBE N Sfl ko

EFFIR T FE UL AR AR BT A R £ 23 1) A 8. Wt

E: 8§ — RY, E(x) = x(0),

JELRE I, WV E R, TR e, BT x, € RYHRIEAMRTE ¢ = 0 IO, 7 LA
RS P S 5 R ML, TG dim S = d. SHFHESVIE e, IR ee,, & IES et
92 J 51, BT LA S R AR LA, =

ST 3.1.2 (B 520K ). % EJordan¥ket & 4F 4R A, W] iZ 3k L6 R d

eﬂ.t, te/l[, s tm—leﬂ.t

éﬂ/\ﬁﬁf& Ht Red &€ £ Z1HBHIEK AT M; H Red =0 i, Jordan3k KX s FLEH SN
K, A Sn il AF AR T 98 Jordan £ ), A 1E HF T 243 B AR e i%]l’fﬁ.
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3.1.4 *HHEIEMERERLME

Jordan ARiEM LG HERE B — 1A 2, HEARTHRI R0 S 2 e R O AR R P &
Hlm g (BRI 7R A BRI R B AR (7] &), (R4EFE PR AT A Cayley-Hamilton 5€ B, BT A =X
A BB MR I 2P 5

Rl 3.1.4 2 X 25EMEIR AR
|7ii AR 2X2FHEMRE FEA T, TFIXA 6. WNEEFRE D a(t),b(t), 1% e = a(t)l, + b(t)A.

JUERR. FEPEFEHL o4 RFEFFEWIME I E'(t) = AE(), E(0) = I, WMi—f%. B Cayley-Hamilton
EH, A2TURRKRL 5 ARNEHEAE. Hitk, A3k A 298 1, A sk 1% 25 (A e 2] H 3
o HTHME L, BT XA, Kl s AT A T4 ElR 5 FEYME e, B “FiE &
B E(t) = a®)l, + b()A, REHX—TEXANKETFE B = AE, {8 A5 2 b= R 25 a(t), b(t)
FIT NG 2 )AL i) o

$& Cayley-Hamilton E#, TATH A2 =1A - 61,. & E(t) = a(t)l, + b(t)A, HH a(t),b(t) N
FEERIbREREL. W E'(t) = a’ (DI, + b'(H)A. 55— J71H, FIH Cayley-Hamilton 5% & 7 15

AE(t) = A(a(), + b(H)A) = a()A + b(t)A? = a(t)A + b(t)(tA - 81,) = —6b(DI, + (a(t) + Tb(t))A.
B, HE4 a,b e
a'(t) = =6b(t), b'(t)=a(t)+tb(t), a(0)=1, b(0)=0,

fHA{#UEE' (1) = AE(t), E(0) = I,.

FIRKGT a,b W72 RELEYME RS, FIMAER FAAEME—/ . HIXAMEE X E®@),
@ﬁﬁﬁ@@ﬁ@@EﬁﬁaﬂmxH@z&%*@%oWﬁ@%ﬁdA&ﬁEiﬂﬁa%mu
Je e =1, B R, T R? bR Eey, e, MEKEE(e; 5 e'le; i L IH—MIME
i gl

x'(t) = Ax(t), x(0) =e;.

HI 2R R ME ) R O ME— 1, SR E(e; = e'ley, (j = 1,2). XULH E(1) 5 e 45— 51 #iAH
[El, et = E(t) = a(t)l, + b(t)A. O

— B13.1.5 FRFIEERETREREH
T34 T 7 0 4E 5 46

-2 =3




3.1 HARBGTRENE T RN 89

. FREZ AN (A + DA+ 2), FTbA#E Cayley-Hamilton E ¥ A (A + L)(A + 2I,) = 0. HTHA
FHIEAEANE], 7€ X

A+2I
P =

-1 1 9
HAERANE PLL+P,=A+2, - A-1 =L, LIkt A% + 3A + 2, = O 134,

P_2=_(A+I),

AP_ = A(A+2I)=A*4+2A=-A—-2I,=—-P_,, AP_,=-2P_,.
MR E X, 6 j=1,26
& AP _ o (=D

etAP_j = Z k' Z k' P—] = e_jtP_j.
k=0 : k=0 :

Rl e4 = e 'P_, + e #P_, = e '(A+2I) —e 2(A+ 1), 8 A RAFFEHENMEE TR, 15

2t — o2 ol — o2
oA = .
—2e l 4 2e72 —et 4207
1Et =0, Ak T L; X 55 MR EvIE—2]. H

— f513.1.6 BEREESHY

01 1t
4N = , M N2=0, L eN=T+tN = JelmE (x,y) Tk (x+ty,y), LT EA
00 01
W mAE e 4 AV LG, PTR SRAEAAAR A R, 200 A3 K X BOR B ARARAE R 30 A R,
BN Jordan ey BARZEH),

IR 3.1.3 (WA RBEIARES el 4). stirE 742 X' = a(t)x, B2 x(t) = exp (f;o a(s) ds) Xo-
$E IR R A A AL), A(s) 3t Atkbys, t € RART 0T, 4 7T A4 5 & O(t) = exp (ffo A(s) ds). F
%, 2 B() = ' A(s)ds, £FiA A(s) B i, 1 B(0) 5 B/() = A(1) ZH#e. TR

k-1

d iR/ —-1—-j / -1
aB(t)k = JZ:;)B(t)JB ()B(t)*"=J = kB'(¢)B(¢)*.

A HE M A5 R AOF 2 K 347 2

s 1d e BO 0 —
Q/(t) = kz:]l HaB(t)k =B (t)kz:1 D~ A(D)ePO = A()D(),



90 Pt 12 i T g i)
HFE B(ty) = Iy, FriAK AN XA 52 24 b AT R A AR 4R I, 25 7R ) B % 49 48 1 R 30 3%, %B" P &I Y
KRB TNEE A ¥, AL AL A FF m kB'BX1. 1] 3.3.2 45 h 09 & S 4E % B LB A0 e 69 52 4p) ) B A GK A

R E ARG R I, — MRS AL R A AFAE 5 R AT 18] A 5 45 2L (Peano-Baker 2R £%), ™ 1~ At 2
WARE 91 L.

>R 3.1

SIS 3.1.1. KM AALE X/ (6) = Ax(t), L R HIEME A 5 Hl4e T,

001 -1 1 0 3 1 0
MWA=]o 10 2DA=]l0 -1 0 BA=|-4 -1 0
100 1 0 4 4 -8 -2
19 1 2 -1 -1 3 4 -10
MHA=[0 9 -8 BG)A=|2 -1 -2 6)A=]|2 1 -2
01 0 -1 1 2 2 2 -5

SIRR 3.1.2. K EE MR BB AAZMGMERA X' () = ADX(), X(0) = x. FF Al) =
[a (O] gxa EANTF AR T ELEHEK

(1) EetkaVF A7 K, BEMEX W& 5= L0, EAROEANA>ERFIER.

(2) FRDFHBEAT AWK £ jRaVE AR K, ZCFHERE, W)W ELLERL?
SRR 3.1.3. AT ABR A=A AR IEGE, B#EAREIGEN e = [+sinhtA+ (cosht—
1A%, FERE H x' = Ax, x(0) = x, B9 R L X (FTALA 1,A, A%).

SIRE 3.1.4. s ETE A, &L S(A) A A AARAFIAE 3R89 & KA.

(1) iE¥: HEEe>0, GLEL c AENFHC. > 0 EIFHEE ¢ >0 A ||| < CelW+or,

(2) iER: BATRM ¢ 69FH C > 0EFMEZ £ > 0 R L ||| < Ce’™!, L HAX Y 24KiH%
& Rel = s(A) 4RGP 3 & 89 Jordan 33 A —rs

(3) iEH: sup|le]| < +oo T HANY A WY AR R E AAEE, HAREIHRARGHIE

t20

3+ K249 Jordan 3&'E A — W

E: REMEMLHE A M| = sup IMx|, €#Z [Mx| < |[M|||x], [MN]|| < [[M|||IN]| ¥ %
|x|=1

IM + N|| < |IM]| + |IN||. &AR2Z 3+ F 4 Jordan 3kit8, A 243116894538,



3.2 ARSI RRA 91
3.2 FEFFRZMHIER
3.2.1 E#EBEES WronskifTHIR

ST R R BUERE A(t) EEE LT 0T A

X = At)x. (3.2.1)

ENX 3.2.1 EMRiEM
FEHE I R D(t) #H D (1) = A()D(t) FFEAFEA ¢ T2, WA & H ZR(B.2.1)6 K44, 3
75 X W(t) = det ®(t) #& 5 WronskifT 7 X, (Wronskian).

CRIE to, ST AMILINRIESE ey, ..., e WA KR, LT RIERF IR EHRS, 81T 20 2 o, = 1,
o)A 1 25 A o o

_ FIE 3.2.1 LiouvilleAT

FF R B R G(3.2.1), HHEE R K O B D = A()D, N

det ®(¢t) = det d(t,) exp (J Tr A(s) ds) . (3.2.2)

0

BT VA% ®(t,) *T%, M| () /& HA 7 ik 4 X 18] _EART 4.,

MERR. XHER dxd P X = (x;), id C; AGE x; FARER TR, 1d X* = (C) v X WFEbE%E
B, BE XX* = X*X = (det X)I,.
N7 AT AR E ©(r) W, FATMEH o(6)*. AT HIAE 47— F RIS &AM HE R TT &R
SR BE R A5 2
ddetX

0x;;

=C;=X"; = %det (1) = Tr (@(t)* @' (1)).

XRAEA TATHI R TR A Z TR, ATPATE ®() AR R KA. H @ = A, 454 " =
(det ®)I, LA K Tr(AB) = Tr(BA) 153

d%det(b = Tr (®*A®) = Tr (PP*A) = Tr ((det ®)A) = (Tr A) det ®.

it W(t) = det®(t). EXZIRELNETTFE W () = (Tr AW (). FIRRIT 73R AgAS

W(t) = W(t,)exp (I Tr A(s) ds) ,

0



92 B —I MR TR
XEAFE] T (3.2.2). # D(t,) AT, W W(t,) # 0. ¥8E R Bk A IE, PRI R B0E SCIX E] N R4
t #EH W(t) # 0, W& ®(r) AbAbrTis, O

HEL 3.2.2 EfEIEREZEIAIXFR
(% O,W 2 FR HALM(3.2.1) 4 FIA A ARAE IR, W) A% TT % 45 1% C, 1 W(t) = O(£)C.

HERR. Xt C(f) = ()" W(r) R 5:
C'=—-0 PO+ o'W = —P 1AV + P LAY = 0.

R C(t) 5 t T8, ibXNHEIEME RN €. XFEA @) 5 ®(t) S t #8013, FrAC = &()1W(t)
WA s b e = W) 1o(r). Bea B T o), S5 3] W) = &(t)C. O

322 BEEHE. HETSRKET

ZREAEFF IR TR
x' = A(t)x + g(¢). (3.2.3)

A @ XS NFFIRTTREAL(3.2. 1) I FLAARAE RS, W BRATT 51 345 % eR AL e(t), RIMBGBEARTS IR U7 R 4L I i
A x(t) = &()e(t). FiZANNIFFIH @ = AD, 153

D(t)c'(t) = g(t) = /(1) = D) 'g(t).

— FIE3.23 BEHETSARN
% A®),g(t) #E4E, T AAFERLR N, 1, € 1. MAAR A x' = A()x + g(t), x(t,) = x, &£ I L&
fiE A

x(t) = ©(t)D(t,)'x, + CI)(t)J ®(s)"1g(s)ds. (3.2.4)

0

A RTHEEFR O(1) =4, N

t
x(t) = e=Ax, 4 J et=94g(s) ds. (3.2.5)
t

0

JERR. 4 x = ®c. HRFNENIR S, HHH o = A, 15
x' =d'c+ dc' = Adc + dc’ = Ax + dc'.

Fit x' = Ax + g H{HAY oc’ = g. HT ®(t) kbl i, Al ¢/ () = (1)1 g(t). M t, #5332 ¢,
HA175 |
c(t) = d(ty)'x, + J ®(s)1g(s)ds.

0
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X A T WM 261 x, = x(t,) = B(t,)e(ty), c(ty) = D(t,) " x,. 1E c(t) HIFEE R F o),
53(3.2.4).

r Xq, X, R R —AEFF RO R R — WA, W 2 = x; — x, W2 2 = A(D)z, z(ty) = 0. FFIkZk
PERE [ B3 e — P25 Y z = 0, AT DL TH BT A At ME— 114,

AR, B D() = e HAEFEFREII LR, O()D(t) ! = ele A = (A LK
D) D(s)™! = etle4 = =94 XN ERMN(3.2.4), HifF2](3.2.5). O

XFFFIRFTFEL(3.2.1), FATTE XIS ZI s BB Z1 ¢ FI4E#EF (propagator) N U(t, s) = &(1)D(s)7 !,
WARALFERE B, 5 55 IO7 FE BN 2 x(s) = x5, W x(¢) = U(t, s)x,. BRI, U(t, s) #SZAERZ)] s fRAR
ADAERERIZ ¢ el 2

U(t,r)U(r,s) = o)D) 1o(r)d(s)™! = &()P(s)™ = U(t, s),
U(s,s) = @(s)D(s) " =1,

Fa R (3.2.4) A 5k

t

x(t) = U(t, ty)x, + J U(t, s)g(s)ds.
to
EIE 3.2.1. AR AN TAZEE 2T RMB I —NERE, F O = (xy,...,Xx,), N AHF—
Flx; AR, mAEE TR TAZG AT BAE x(t) = c;2,(8) + -+ + cx4(t) = O(t)e, XA 5 k£
o —ay, XARHK Oty T2 XA L 4oid fROGE, T RE—3FE T R4 ¢ = O(t,) ' x(t,).
d, RAFLEME G E TR B — NI AMALX, LAFHERCNEENNAAEBEALX. X ERL
723.2.149Liouville,™ X 25 249 F 52,

SEAEF R T A240(3.2.3), 4£4E5F U(t,s) L EMHITE T L s 495%E 0 Z] ¢ 49, B4,
Lt >t, LAE A RN, KINA
t
x(t) = J U(t,s)g(s)ds.

ByEE s R [ty t] FRAE, B mbt 2] 69KE RAE R T R T ¢ 893%:8 4 H%. X3 & Duhamel >
Kooy B R

& & e AN 21 ART KA, Bl —AMERTIARER, AFEREFHE H AKX FARS T m:

x(t) = f U(t,s)g(s)ds = — f O U(t, s)g(s)ds, t <t,.

0 t

B b, &4 T A ME T DR AR LR RS RAEE, REZHIING —A 9 B2 LR nH#.
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_ f13.2.1 FEFFIRJordan R G HI R
KR

0
x' = x+e , x(0) = 0.

. RBUEE ATULEE A=1L + N, 1fi I,,N A] 2 H N? = 0, Fr PAFRATA] PATHEL 55 O Fe 4
LN

2 1 t
e = olltN) — pthe!N — p!f (12 +tN + Al + ) =e! :

2! 0 1
H Duhamel 7 215,
t
t 0 il —g J(t—S)dS £2/2
x(t) = J et=4es| | ds = etJ ds =ef|70 =e! .
0 1 0

t
1 flds t
0

MR 2 AT ILSRE TS 5 G R of LR, 1M Jordanks 1 RLA A4 A AG I IN— K ¢ Hw
{ O

=

— f513.2.2 TEERGZIENER
KR

1
x' = X+ , x(0) = 0.

0 -1
R A= BN A% = -1, R R P AR R A AT R 7 T, 15
1 0

2t B
tA __ - e —_ —_— ..
e —12<1 '+ )+A<t 3!+5! )

) cost —sint
=I,cost + Asint =

sint cost
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N HDuhamel AR, H4 r=1t—s,

I cos(t — 5) " cosr sint
x(t) = J ds = f dr =
0 0

sin(t — s) sinr 1—cost
BB R L (0,1) NG, 420 1 HE, AR TGRS, O

BAEFRATIE B R B RS IR RN E G FE A B At TF, AR B R SR E T R AT 7.

_ ®E 324 SMREHERET

W x RAEFRFALEGB2I)E (1o, T] LR x(ty) = x, #98. LAEEH K > 0 A3k {458
o) B3 JAQI <K, 19(0)] < g(t) £ [to, T] £ . ik 2

t

|[x(t)] < Xt (Ixol + f

to

g@w) t, <t<T. (3.2.6)

X YH, ELE R BT AL R AR FE 1] X 8] _E#A 5, DRI AS 2 £E 7 BRI ] SRR

WERR. AR TR

t t

K|x(s)| ds + J g(s)ds.

to

O] < 10| +J

to

A BTN (0, W [x(0)] < y(0). [, y'(0) = Kle(o)] + g(0) < Ky(t) + g(0). EBRMTH
% (€_K(t—t0)y(t)) = e—K(t—to)(yl(t) — Ky(t)) < e—K(t—tO)g(t)‘

M to BB ¢, A y(t,) = 1%, 3

t
1X(O)] < y(1) < X0 xo| + J eX=g(s) ds.

to

KHFLT A s € [ty,t], B XK= < eKi=t) DA

t
()] < 500l + 500 |

to

t
g(s)ds = ekt (Ixol + J
t

0

g(s) dS) ,
n

ARATIRIG, A TRT Qe — W G 5 RR2H B BEAR FH R SR Al — I Ve 5 #, TR P RIS 55 5
PR “ILIR” LR WA PR,
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f513.2.3 ZMERERFH—MRERT
(}ﬁﬁ?—’—%%iﬁ%&%éﬁ FAE X" + w?x = f(t), x(0) = x,, x'(0) = v,. £ Fw > 0.

B % x=(c,0), Ko@) 1= x'(0), WIFATE BT IR —Pr k7 220

0 1
x'(t) = x(t) + .
—w? 0 f®

WWRHFEMEN A, A% = 0L, e IBTCRAI A ORI, ARRERE

coswt w 'sinwt

oA —

—w sin wt cos wt
HY Duhamel A H2E—5r &=, 153
t
Uy . 1 ]
X(t) = xpcoswt + —sinawt + — f sin(w(t — s))f(s)ds. (3.2.7)
0

XAERE S LT P T R B S A 3 TR LINE AR R AR, IR 1 A R IR RRIE. O

5 3.2.4 BEBhEHFRABXH
Pi (3.2.7) ¥ BURAME, BAD AR F(t) = 1 F= f(t) = cos wt, i & M8 K B 47 3.

oA fo=1,0

x(t)=$J

0

t
1 — cos wt

w2

sin(w(t —s))ds = é J sin(wr)dr =

PSR HIMER T2 —B0H FH. 27 f(1) = cos wt, Jal R % T

t . t t
1 . Sin wt cos wt .
x(t) = — J s1n(co(t —5))coswsds = f cos? ws ds — j sin ws cos ws ds.
@ 0 0 0
&5 t .
5 t  sin2wt . sin” wt
cos*wsds = = + , sin ws cosws ds = ,
0 2 vi¥e)) o 2w
&

x(t) = L sinor + sinwt sin 2wt cos wt sin” wt =L oginot
2w 42 2w? 2w ‘
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e — N5 SR T sin 2wt = 2sinwt cos wt, [ERIUIELFHUE. 535 &8 S B K a0 A, A4
B AME L AR I TG BRI TR) 3 K HEAS 2 R BRI R, TR YR IR “5RiE R 6 i 555 I

’\EI’JT}LEZJJ*/FEKEQ, FNE AT E MR N A A S T A AT, O
> 3.2

SIE0 3.2.1. KA x'(1) = Ax(t) + f(), ¥ RHESE A, BA F, WL x(0) 5 Hl4= T o

2 -1 -1 2t 1 -1 -1 0 t2 0
WA=|2 -1 =2|, F=lol, x0)=]o|. @A=]l0 -1 =1|, fF=]2t|, x(0)=]|o0

-1 1 2 0 0 0 0 -1 t 0

16 14 38 —2e~t 0

tanzt—l
RA=|-9 —7 —18], f=|=3¢"|, x(0)=|o0 4) A= = x(0) =
-1 0 tant 7
-4 -4 -11 2e~! 0

SR 322, BFRETE A QGESBRFIEGEIE A R, RZTEELHH g A S

S
P

t
x, (1) :=J e=94g(s)ds.

JEB e T 45t

(1) &X x, ARSI, BAEAEFREAMEFTAEE X'(t) = Ax(t) + g(t) 89—/ A FER
o (F: A4 3.14.)

) (1) BT R Y AL L AER 6 A R BAR R R o — Y,

(3) HZgRUT>0AFMGHEK, N x, L2,

(4) (1) A& 80 AL 4040 AL BT x(0) AL % £ — +oo I, M |x(t) — x,(t)] = O.

SIER 3.2.3. % A(f) : [0,+00) » R™ ZEZAHFE, B [ ||A@)||dt < +oo. &K & ZHL
@ﬁ)—mwmm¢my,gﬁﬁﬁ%mﬁ% WA D(t) /£ [0,+00) —H A K, H G E TG %

o E1FE - +oo BA ||O() — Dy || = 0. ¥ Mk Tk 7 AR LA A AN ARAR A IR, ELA A7 {8 Bk 4t
@J if&l‘ﬁ’dﬁé’a M4t 2 RY o9& MR

3.3 *FHEIRMZ& M SFEH
ARATEATE & B B R0 — 5 /ooy I FRd,  HEE REUE M2 221,

X = Al)x,  Al+T) = AQL). (3.3.1)



98 =8 R TR

—NH WARMER TR A FORFAE AR B AT 0 W A I B AR 2 1, E SR SR ARtk 5y —J5im, AR AR
T RE AL IR 28 O R A AN R I 2038 5 AN A2 e, AT D9 AN e g R A il SRR 20 B

3.3.1 ARG

TEZ BB I REUE DU, a0 S R B0 RE (P RRAE B #0042 710, - 6o 55 UK Il Rl ) e I 24 2L

A HAP R B R, A TRl AR e . (E R AR B DR AN RO, BRATVAERE — AN B R IEE A
e K [a] RS e 1 ) 451 1

— 513.3.1 BRERHEAREREM

EERIERFAEE X (1) = AO)X(), £F A@) A4 T2 4160 & 4 7 4E 1%

3 3 .
—1+§coszt 1—§smtcost
A(t) = .

—1 — =sintcost —1+—sin2t

2 2

ﬁ?ﬁ&%a4?nmo=4p@amo=uzH%mﬁ%%ﬁ%ﬁ@@%@fréihﬁ

B2 —J71H, BRI M ERE X () 2% R4S AR

T5

et/2cost e 'sint
X(t) = = X'(1) = ADOX(1),  X(©0)=1.
—et/2sint e~'cost

TR FEAVME R E A x,(0) = a, x,(0) = b I, TATA] LLRHEAN

x,(t) = ae'/?>cost + be~'sint, x,(t) = —ae'/?sint + be~' cost.

XA TR A R B AR G FE A H o(A®)) g (SZhr B8 B — A 5 I e
E). B FRBAVEE —A T REUE FELEA [F) I 22 A 28 3o i 7= A2 14 s 431

5 3.3.2 FREFEFFEHIE AR AR FEE
{%%E%ﬁﬁﬁ

X' = A()x, (3.3.2)
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ERAMAT=2. HFAN ke Z, X

A, 2k<t<2k+1, -1 a -1 0
A(t) = A1 = ) A2 = .
Ay, 2k+1<t<2k+2, 0 -1 a -1

K P e et A 00 4R B ARAE BAE R A A, B Ay, HOR A AR, AR B ARG B 4
R A

AGIE 2 7 REAE 7> BOE S R BCH (IEH S R () fEREA sl S, R ITIX
8] (2k, 2k + 1), 2k + 1,2k + 2) WIELE AT GO L 7> T3 RE; BIIE V) ZIF, LART— BUB 2448
TEON G — BUW RIAMEL. D AR AE D) e i I — M, (S Eon] DUR BB ER. ek, 34T 1Z Bt
WA AR ] R ME— 1k, AT AT I HE S S g R

fE. DI HERERORAIE 2 TATE (A + 172, PV 2R A RFIEE —1. £

0 a 00
N, = , N, =
00 a 0
i N? =N} =0, firbA
1 a 1 0
et =e (I, + N)) = ¢! , et =¢1(I,+ Ny) =e! )
01 a 1

{2 AT T AR HE T A L, AR5 — NI TR BN SR AR B B i U(1,0) = e, U(2,1) = e
R TE G ARG UQR,0) = UQR, 1)U, 0) = eteeh. a2 i, M I7RE41(3.3.2)EEE E HIY]
1, A x(2) = U(2,0)x(0). BltsE L AMRERRER Y M = U2,0). B EmfiH5EAS 2

1 0|1 a 1 a
M = etoett = ¢72 =e™? .
a 1]l0 1 a a*+1

B a = 4. I8FES NIIEERE R K, M det(AL, — K) = A% — 181 + 1, fif#f5 K WIRHEME 2 9 + 4/5. B
k! > 25k > 2), I H 2 k > 4 WEANGE S 245 AL, Firbd

21 =1
€=1+1+§H<2+I§F=3.



100 B=F R TR

LA €2 < 9 < 9+ 4/5. i M (2 (BRI AE AR K 1 BRI L) o(M) = e72(9 + 44/5) > 1. lL M %t
R THHEAE e72(9 + 4v/5) FIRFIE Fl B AR AME, MRS — AR TR L — A KT 1%k ki
fl e, RS AR BRI FE B R AR S AR ST =1, XA TR B, AR ZI AR FEA A e, £
S8 1 AL FR A PR A 7 R AR TR 1 AN EH I I R AR U E O

3.3.2 BB EFESFloquetEIE

i) 3 R B A A 4 5 e R O A R B — 1 ] B 4 B Z20) s A2 T T ) DR i 5 2
Wil 3.3.1 — 1M EAHEEK
(i& O & A F HFAR(3.3.1)i% R D(0) = [ 947 f R A4EE, MO(t + T) = O)D(T).

JERR. JEPERRBL W) = P(t + T) /2 /(1) = A(t + T)®(t + T) = AQ)P(). 1M O(t) = (H)D(T)
e 0 = A@1)0, 3 H w(0) = &(T) = 0(0), H1£kt 7 fEd i — 153 ¥ = 0. O

ENX 3.3.1 B{EFEMSFloquetikF
|7 st B AR 4(3.3.1), £ M = &(T) = U(T, 0)# A A 0 A A & 49 #4446 % (monodromy matrix).

C R AEAE Y, .., g #R A Floquetd KT .

VERL, HUEE FE(TEAH ZE AR LAS 3 (1) 5 SR ) A Floquet 365 J i 1 B AT 4i 155 T8 ¢ o P 328 BT TG

R FL EA BN S — AN AR ©() = o(0)C, N W(T)P(0)™ = &(T)CC™ = M. A EHIUHI 5]

BN to, W —A G BIAERE RS N D(t, + T)@(t,) ™" = D(t) )M D(t,) ™", Ft LA R AHZ — A B AR 6k,
FEIEE AAE.

IR 3.3.2 FloquetEIE

|7fi AHB L, AR K(3.3.1)09 AR AB RO(t) = P(t)e’®, L P(t +T) = P(t), B 2%

4E[%, It Hel® = M.

JEBR. HEF3.2. 1/ Liouville A T(3.2.2)%1det M # 0, FrbL M a3, B I MNMREEH A NE. (£
RHI L M AL AJordanbrfER M = STS™L, Z1E J ) — N ordank

N
Jm(u)=ulm+N=u(1m+;), N" =0,

W —NEHC,, el = u, IFE X

_ m—1 (_1)k+1 N k
L) = €,1,, + Z{ . (ﬁ) .

M exp(log(l + z)) = 1 + zAE NI RBEHENL. RNz = N/ult, Frfg BT 8T m (I04R
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N™ = O M#HH %, BB IROEFE sk, ik 5

m—1 k
_1)k+1 N N
el = plulm ox ( (_> = ul,, (Im + —) = Ju(W).
(2 ) )

BB L,(w) %88 T 1oy uey KA SFERE L, 774 B = %SLS‘l, FH R 2 8 B AR AR 0 1 1 1 5
a8 e = SelS—1 = SJS~! = M.
T E XP(t) = (e B, MAEIRAT &t + T) = (M F1 M = e BIa]HEH! P ()& W1k,

P(t+T) = &(t)Me +DB = @(t)e"Be~Be~TE = P(1).

FAREATAR T eB 5 T8 Fik)F, X2 BN EA T2 R —AN4E0 B Bk IAEFHH P@) =
®(H)e B e’ Hi15 215 O(r) = P(t)e'B. O

IR 3.3.1. SRAMALETEAFRME N LR, ZRNZK P,BAANFEIESE, §2EHEE
B A a4, i F RS B AN 52 BT 18 4B AR R 2. o K B ) AR 2 M R BT R ﬁi}?ﬁFloquetﬁ%, g iX—
B

Tﬁ?ﬂ%a@:ﬂ] HanfaliE S Floquet 361 SiH B A B R B0 — B & it 7 #2472 58 KB | £ e
P S frdie X

— EX 3.3.2 FEHR¥AEANREN
st B AR & A28 (3.3.1) 89 KR

o BMMEMAALTH, RIEIIEZ e>0HEGE S >0 EFRE |x(0)| <6 #A |x(1)] <
eXMEZ >0 R L.

. é&ﬁﬁfr\i:’ﬁlﬁ%ﬁﬁf&vﬁ%i%, REREMAEZ, LAEALE S > 01EFRE |x(0)] < § A
lim x(t) =

t—>+o0

o BANMEMABKBEARRN, LHALEFTHKC > 0,y > 0 EHEANBAB L |x(t)] <
Ce 7 |x(0)| =&t >0 R =.

o BAMMEMATARZE, RIGHL ¢y > 0, 3 EFE § > 0, A AL KB —ANFH 2 |x(0)] < 8
B REVARIEAS t > 0, 1245 |x(1)] > &,.

$2 1 KAIE B FloquetAs & P4 1) 72 #E
_ FEIE 3.3.3 Floqueti2 E M FIE AN
xt J& HA & 7 A220.(3.3.1):

(1) FFr A Floquet R T2 || <1, MAE C,y > 0, AFEHAMARH L |x(t)] < Ce ™' |x(0)]
StAR >0 HRR L.
Q) BAE ] > 1, WAHEE 6> 0, A EWEAL [x(0)] < 5, 752 69 84K 2 nT 8%
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NFIET LT, A BETRFEE.
(3) FHA |y <1, BAEKH 18R T £Jordantr /&R b AR A — W Jordandk, W B A 4R —
AR EEAMEKR A 1R T A A IE-F FLJordandk, W A £ % 0 X8 K.

MERR. Jeit 8 —Nordanth (R, &T,,(u) = ul,, + N, N™ = 0. 24 u # 0 I, ¥ — g A

m—1

Ty = (Z)/ﬂ—ka, (3.3.3)
k=0
M= u=0W,XIH nzmA J,0)0"=0.

B —: EERFHRENT 1. BIHIER g, 1 max, o lwy] <g < LIEXER O0<r <1
HEEABEEL ke, FH)) nhrn G5, X ONA BRI ST 6 I = r = 0 I, n*r" = 0 XJ T Ay
n>1 8oL, RS 214G L.

BLAEXS(3.3.3) IR — U = |ul/q < 1, IHERT (7) < n*/kl, BEHFAES n ERIOEH C,
15 |1, < Cq" BOL. ¥ B Jordan¥ 4 A 2SR, 53R L Jordan s #E 284 1) 3ot 96 1 o % i
F, 13 IM"| < Cq™.

PUAEFRAT B 21 7 FR LA B ()AL, ST E]e > 0, B LIME—S R t = nT + s, i n 2 H
REL, 0 < s < T. BUERATREB.3. IR EAEH n ik, MiA33E] &) = O(s + nT) = O(s)M". HELLHHL
|D(s)| FERIXH [0, T] LA & KIE Co. BIEEXHTREANE x,,

|x(8)] = [@()x,] < CoCq" x| < CoCe e x|,

AR T DLRST I, Bl FRATE y = =T 'logq > 0, #1F 2] " = e7"T < eTe ™', IXIEH T 5 —4%.
BHR=: BEZEL—PFloquet e FRIRK KT 1. & Mv =puv H |u| > 1, S u, v #52E
(). 45 AR BWME AR 8, > 0, BUEH ¢ i 0 < c|[v]| < &,. LA ov WM, 76 BE A 5 Wi %14

x(nT) =cM"v = cuv = |x(nT)| = c|u|*|v] — +o0.

A v ARESER, 2 RIRRIVIEN ev, RS BEEE] cuv = x,(nT) + ix,(nT), H
Ty, x, P SET AL SEMR. XHER B ARE n, JATH

1%, (nT)I? + [x,(nD)* = c*|ul*"|v]*.

FRAZ DA — A EdR j € (1,2 BT 2N BH n B2 |x;(nT)| > %l/xl”lvl, X IS ) S AL g
RAMBEHT AT IO . B ¢ BUSED, AIEE R SEYMERUN TAE R 2 KIS,. XUEW] 15 —5%.

BR=: 8 il <1 HIABEKATRREEXS B Jordan LA & — B, X |ul < 1 1)
B, wirm TR R S X Jordandl (), HATA W = 1. WL [M*| —EF 5,
(1) = D(s)M™ W] RN A il A7 5t
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AR |l = 15N A Jordandt 2 /05 ), AEIZER A HT PN AAAR R AN PRiESL A E e,
H1(3.3.3), AT E T, (w)"e, = u"e, + nu" e, HimTEE R D% n MEHIG K. EidJordanid
PR P Z A AR ] AR AR, A5 2 5 BRI — A 2 U KA O

3.3.3 Mathieu 5255 #H iR

FZIENIEE q(r) BEI TR ZRAL AR T8 30 7R x” + q(6)x = 0. 415k g 2 H %, W) DLIE BB RE
SPE. AR q BER R B, e SR Re

B() 1= 307 + 5qOx(@) = E'(0) = X(Ox"(0) + 3¢ Ox(0 + qOx(O'(0) = 3¢/ Ox()

PRI, SR I ) N e B AiR 5 BT AR 0 D BROR T R I BE OB 221, 5 7 x(¢)* BRI 388 KM i
£ x(£)* BN IB/NAIRE, —> I R RE B At Rl REDN I, IX A2 PSR IR T X I EE WY
REFRFEENBER” AIHERR L. — DI B2 Mathieu )5 72

x" + (w2 + € cos(2t))x = 0. (3.3.4)

B an NAEAKT-12 S A5 R 0 99 4 BT R 3 AR 0, i WT RE AR AR IR 3G s IX AN A2 40 11 53R T R AT 3

HILHR, 2SS Btk

— #ER 3.3.4 Mathieu FIERE S IR
St Mathieu 7 #2(3.3.4)Rw, = 1, M AHE ¢, > 0, /3% 0 < |¢| < g B, I RAGLE—
ANFloquet R T K ZH KT 1, #m A EIERFEMRARTK ¢ > 0,y > 0, £ %ML
FAN B AR 64 B %) R

|x(nm)| + |x'(n7)| > ce™, n=0,1,2,---

PAVE T ZRORIE B, He, He=0m0, JTRBMA x” + x =0. T H= % cos 2t {114
W . BATHEL 7w 4B Floquet AN, JEdhshife i — AR, x()ia i 22 R Kx(0) 1)
MR, BIEPIAS Floquet e7#E —1, BKEINL, B TI&AHE. N1 HW R
X P> Floquet 3fe 5 W2 50, A8 I e AL bn il 25 T sh Jr R A (I P iR o #8381 A
parf, TRERREIT A KA ¢ AT, BERTHREIX— R8s £ DA REE
B, FFERASIR Y (1) = L+enB+O0(e?). X BIFRE B A —IE— G MRIE[E. Hik, Me#0
TR/, BRI PR — D KT 1, BT 1, A A e O K )

WERR. BUAE L AR [E AR/ IARR LA €. HF Mathiew SIEH M RS 2
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y() = (x(), %' ()T, M

0 1
Y() = (A +eA,(0)y(t), A= . AWM= :
-1 0 —cos2t 0

XL TEI B TR Y = Agy [PFR L iR Iy

cost sint
R(t) = .
—sint cost
IRAEAEAH 75 18] 1 i AL b AR 6
w0 =| " | = ko). 20 =]""
x'(t) b(t)

ME x(t) = a(t)cost + b(t)sint LI x'(t) = —a(t)sint + b(t) cost KME—HE at) 5 b(t), #A
FAEL S HF R IAME— . XM HRIER, 24 sl TR AR & R e i ia ) il v 43 55
B, BERXEEINERT at),b(t) N4 B o' (f) cost + b'()sint = 0.

¥y =Rz RNETHE, 45ER (1) = AR®E) AT15 R ()z(t)+R()Z'(¢) = (Ay+eA,(t))R()z(t). F
F R = AR JH XL ahEh s, FAESRMILL T RQE)™ FA 2R IRIE TR 2/(t) = eB(1)z(1),
Hrh

sin t cos t cos 2t sin’ t cos 2t
B(t) = R(t) 1A, (H)R(t) = .
—cos?tcos2t —sintcostcos?2t

R B(t) W2 m-Ja ek £
NHVHE B@) AN EIAN R SME. REFHE A A AR BIMZE S

1
— 1 (" 0o —-
B::—f B(t)ydt =| 4 41,
), _1 0
4

I HEOLER TR AR RE . A2 HBEEMEB R Bl), [F58 d = ‘ib’ b =
—ia, T& (a+b) = —i(a +b), (a—b) = i(a —b). W, Tt e NIEERE N, BEH DK
Dlelelt/* il FEE K . Aidix H& P fEg iR . N IHIE B R 46 75 F2 8 5 A A R 38 K HL
Gl
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W (1) e tRlE T2 2 = eB(t)z WIARAESMRAERE, BI W.(t) = eB(H)W,.(1), ¥.(0) = I,. HAR 737
133,

t

Y (t)=1,+ EJ B(s)¥,(s)ds.

0
LK = maxoqo, [[BO)|- 24 le] < 10, H Gronwall A%z 15,

t

Vie[0,x], WDl <X = |[W() — Ll < IEIf B[Pl ds < Clel.
0

HeEH Cc>05¢e oK.
AR TR, Pt =7, 153

T T

B(s)ds + EJ B(s)(¥.(s) — I, ds.

Y.(r)=1,+ EJ
0

0

TR Y. () =L +enB+R, HH ||R|| < Cye?, BFHHC, > 05 & Tk XU FIIHREFH AL
2y OB BRIl ERhsEas TR R I % T e I —Bir it
IULEART 5 SIS 55 ik

H Edk IR
p.=1+0(*), s.,=1+0(3?), gq.= —%E +0(e?), r.= —%E + O(&?).
HRFE 5 A2 0 A 0 =N

2
AE = (ps + Sz)z - 4(p£S5 - qars) = (ps - S5)2 + 4q£r£ = %82 + O(|€|3)

Ik, e # 0 Fn/MIsta A, > 0. fTLL W () BB RIS E . XEAWA, = glsl +
O(e®) LAI p, + 5. = 2+ O(e?), FrELR X PIAMRFIE(E TR/ MEN 4,(e) 5 A_(e) Ja Al LA 2

1) =1+ §|s| +0(2), A(5)=1- %lsl + 0(2).

e, 4 e# 0w/, A,(e) > 1.
B2, AL AR Liouville A Xt — 2 #5€ 57— MHEEMA E . HT TrB(t) = 0,
It LA i
det W, () = exp (&ZJ Tr B(t) dt) =1 = A_(¢) =A,(e)™!
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M0 < A_(e) < 1.

B Ja PR E R AR f . R TR FIRRE IS AR R FE A X () = R(OW,(t). 11 R(0) = I,, R(w) = —1,.
Fr LA TR N T8 B 77 ) monodromy Hif¥ AN M, = X.(7) = —¥.(n). Ht, FEGTEPHEAD
Floquet ¥ 528 —2,(e) Fl —A_(e), HAFTE MBI KT 1. B W () WFT A,(e) FI—NER
SERFIE AT v = (0, 0) T O HAE RVIME y(0) B I RS, SMEE¥ K n>0, A

X Mo = (<4,0) "0 = x|+ )] = 2 (] + g,

x'(nm)

e = vy + vyl >0,y =loga,(e) > 0, S RIXHMER HARE n #H |x(nm)| + |x/(n7)| = ce’. X
R T R R BN K i, R AT E . u

M oo TEFA TSR T, 2 LR 5 0 (L3R (X 1), 76 2 80F T IR RUTE I “ AR
T B X Y X 1) A B 10 S 7 4k 4 JR FFFloquetd& 1, IHACAS FE JE FF i+t i
3.3.4 FEBIEFRAEEMESEG

_ 8335 BHETRSREANEEEY
%A, g 5 AT T-B M8y, s dE SR AL

x' = A(t)x + g(¢), A(t+T)=A(t), gt+T)=g(). (3.3.5)

XD R TR FTAEMOARERMELEE, D) = I, F4 M = ®(T). N 7 4240(3.3.5) % 4 T-F
R, B HY

T

MJ ®(s)'g(s)ds € Ran(l; — M). (3.3.6)
0

P AR H:

(1) &1 1A M 6945 ie48, W] T-7F 2% 4 72 BLog—;
(2) &1 & M &945 48, NIRRT e N A 42y — 25 ARG x,, 23 T-F AARIE4TF
A x,(t) + ®(t)v, v € ker(I; — M).

MERA. H1H B 51%:(3.2.4) W] 13
T
x(T) = Mx(0) + MJ ®(s)"1g(s)ds.
0
i x g2 T-JFIE, WLEX(T) = x(0). SOLR, FBE—AME 2 XA R k0. 2y(t) = x(t + T).
H A g MR A /(1) = A+ T)x(t + T) + g(t + T) = A@D)y(t) + g(¢), y(0) = x(T) = x(0).



3.3 FRAMRBETTREA 107

H A ] R E—PEAR 2] p(6) = x(t), BF x(t + T) = x(t). Kk, — M2 T-F 9E =4 A
x(T) = x(0). L HHAZ T~ x(T) = x(0) , 7T FHAHBLAIEL L 205 /2

T
I; — M)x(0) = MJ ®(s)1g(s)ds (3.3.7)
0
LMTEGI3.7)VAM, LB EN A& T I, — M PEIER. X R %1E(3.3.6).
#1 1 A /&FloquetIe+, M| 1, — M n] i, [T (3.3.7)ME—Hf € VIME. LM EVIME )R A7 e e — 1k
156 LD 2 W — ) ) S .
47 1 Z&Floquetde 1-, M| I, — M AR 2644-(3.3.6) Al ERNAL, AT BEAS AL, ' E A AL %A
JA IR e RO, BUTRE (3.3.7) 0 —M# x 0. ZT TR RN x,0+V, v € ker(I; — M). LA
X, 0 NYHMERIFIC N x,(0). ¥MEH N v J5, BZvE S5 B, MR A x,(0)+P()v, H &t +T)v =
O(tH)Mv = ®(t)v, FrLL ®(t)v &R T FEAM) T-F MG, ROER, AEE AN X Witk 2 Z 52
FRT-FMHfR, 'EA1E t = 0 PMEE T ker(Iy — M). I BERAL AR & HA A, O

XA i AL B — T b R A YT RE AR R RCAR, B0 55 N B AR A T A

>R 3.3

SR 3.3.1. K a, g RAT ARARGEMAELE /K, FETRE A X = alt)x + g).
(1) K3Fk 74249 Floquet T ;
Q) % [, a()dt #0 B, iEBHEFRFALA EE— T-F I
3) % fya®)dt =0, £ T-BMRAEAEGLERMA, HRA—DHE, 2B MMBHRERD
Eé&
SIER 3.3.2. % q(t) RAT A AN EAE S S, £EMYFTA (1) + qt)x(t) = 0.
(1) FHEER—MH424, ERALPELEE M 7 XNEA1
2) WA=TrM, EH:
o & Al <2, MATHMALSRHE—BH K
o H|Al>2, NAAEIIIEKM;
o F|Al=2, MNTAMAREEMRYE M =4+I, TMNAEEXTEHKEEE KM,
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e~

NE EMYERYIE

\niy
Jdiy

X T B R T 0y T R, BRATTAT LS A R xR a2 AN, BISE D5 R B4 v A 2 e
MR Z T, W 5 s A5 R R R e . 53— 7 1, FEVF 2 SLhrinl @, AT 26200 /)
FEAEFEA R R Rk 2, T2 T A A — N sh 2 2IUNL B UG, & SR B AR IR Rk 1
i ? IR R UG, BT AP, & T M E iz ? 47 S5
RIS, BHIE ) BAR TR A KA R ? XA KR TT RS, BRI F0 77 2 B AR 5T 1 T A AR AR e
PV

AEFEEEHIRTTRA

x' = f(x), x € RY, (4.0.1)

IR f € C'. S BRI AEME— PR E B, SR YIME x(0) = x,, JTREAE = OFfT I A7 ME—fi#.
FOIXANMEIERTZ ¢ A58 X, HAB TR ZIE LA @,(x,) = x(£;0,x,). HIfRITME— %, @35 2
UL o
Dy(xy) = Xy, D, 5(x) = (Dt(q)s(xo))’

S A AP AT A UL

i f(x,) =0, WIHEAE R x(t) = x, & TR, XFER) A %, PRSI R, AH N ) (B AR
TES RS, P SR B A BER A 3, (H BB R AR 0 B AE B B T X IR 2 A E 1
T 2L B] 2 1) 0] .
— EX 4.0.1 HuE, TEESREEAHIE

8 & 7 A240(4.0.1),

o MAIME x, th R B9 BE R E A O(xy) = {®,(x,) : t B THKAAER A}

e ELSCRIMAEGARESR, R x, €S T RIS O,(x,) € S M FT A IE ) A 4 B 18] 5%
2y & E B AR R, MIAR S AT E.

o E—ANFEMALT LS FHAALERDERT % Or(x,) = x,, WAE A ] AR,
FART ey B, APua AR B, 4o R — & B BSid £ X ANARB A R E—
89 B B HE | AR E A MR 3R.

L A, PUE R DS il LA R A 8] (R i £ 1) =22 1)) 22 i DR A, T AN e e i i
LE I 2.

109
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_ EMX 4.0.2 Lyapunovia E5#niEfaE
% x, ZR%(4.0.1)89-F 2, FELAXx, AP CHENRCEE f 62 URA.
(1) ExHEFZE >0, 545> 0, 1%

X —x.]1 <8 = [P(x)—x.]<e (t=0),

W AR -F 12 x(t) = x, & Lyapunov 22 89, f #f x, 4252,
(2) % x, fax, FBLAES >0,

|x0 - x*l < 50 = (I)t(xo) - X, (t - +°0)’

W Ax x, AR .
(3) BB C,y,8,> 0, 1
|q)t(x0) - x*l < Ce_ytle - x*la

SEFTA H |x — x| < 8, KIAMEVABITA t > 0 A, MAR x, J6HA TR

Lyapunov A & 1 5 #T UL A3 E P B DXOAFE T, i R ESRMCP 7 IR R B i s 4 A8z 1

ICH 26 AR5 55— — B B Az ], AR B is €. N 1 #9411 B Lyapunovid &
A B BhHEHH TR E .

1 4.0.1 REETRINLIEE
(%)ﬁﬁlg;}&% x' = Y, y’ = —x WA .

R XZTREANE R, RATAE
%(x2 +y?) =2xx" +2yy’ =2xy —2xy =0 = x(t)* + y(t)* = x(0)* + y(0)*.
ZE €> 0, ;6 =e. 7 x(0)* + y(0)* < &%, WXSEEA t > 0 #HA x(6)* + y()* < €, FrLlJFE mifaseE.

55T, WERARZHIME B A R UIE A S DU RO RO R, 8 3 O B S R 355 AN AR, AT
JE AN BT RS RE 1. 0
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— EX 4.0.3 FEEAFLERNFLETREMS
st BB TAEE(4.01), X T A—FARME. TXHEEZ ¢ > 0, HE£ S > 0, EEEH
& dist (xy, ) < & 89WfA x,, MR GYFEARE Em BT ARG A, FEEZ t > 0 A4
dist (®,(x,), 1) <e, MART HERR. ZFeHhiELL, FLTEEE S, >0, 1%

dist (xy,I) <6, = dist (®,(x,),)— 0 (t — +0),

W AR T #id #rififa e, X 2 dist (x,T) = ing |x — .
ye

SN B s sl, Brel— BASREZOR AT LA AR AL B da e 1) @,(x,). PUBFENE TS
VR A I UE R B ARG T2
$14.0.2 REFEHRSRERHHENEXH)
(&ﬁiﬁ‘?%fé r=r(1-r),0 =

. R TFER LS. X rg >0, 2 u=1/r, N u ——:—;zl—u,U\ﬁ‘ﬁ

_ l _ —t — o
ut)=1+ (”o 1) e’!, r(t) et (—roe”
Frbhr(t) > 1. BT 6(t) = 6, + ¢, [l r = 1 2N 27 [ BIIE, I B EIEdLEE. R A
r=0 WARE: S/ IE PR R AR BT 1.
PRSI AT A8 B A AT AAN[E] SXAMAEAL ZZ AR IS 3 DR AR, BRI, BAT TR i ) | — A
Ta e S B E BIfE. BB TRENELE|r@)—-1], U EBNFIERIES T = {(x,y) : x*+y* =1}
RS, X U] EEIMERNRE LA MBEE S ENX, MA R FEEHSEX. O
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y

= M)h X

S

~

o TSR B P 7 = 1

5 4.0.3 EERATEANEFFIAI
&t Eag AR x/(t) = f(x(1), AR E Dy ={x : |x| <R} AR EmEL x Bl6. %
x| =R LA x- f(x) <0, WEmEH g oG e EE NN, L Dy RiZHAEGIE
O N

MERR. S5 x| < R RROUIRFE RS BT Dy, H1 t —— |®,(x0)| HIEZEVER {t > 0 : |@,(x,)] =
R} # 0. % t, NRENEGH NI BOVHHME ™AL TR, Pred ¢, > 0, IR H,

|CI)t(x0)| <R (0 < t < t*)a |q)t*(x0)| =R.
i g(t) = [@,(xo)|* — R?, WXL R TE /M) b > 0 #RH

g(t*) - g(t* - h) >

= 0.
h

A h— 0+, 55 g'(t,) > 0. BT, HFEASAF g'(t,) = 20, (%) - F(®, (x)) <0, Xih'SF
T or)E.

R x| = R. B30 5t BRI ™R ANSE RTE S, £77E 9 > 0 AL x, BIRRIR Uy, A3 XA R Y
x € Uy #A 2x - f(x) < —n. HERNESLIERITAIE &,(x) € Uy MMEZETE 3/ MIIES ¢ K07, T

e
t

@) = R = | 20,00 £(@,20)ds < -t <0.
0

LA T R N L P 3T, S S AT — B I 4518, ST A Dy R ILE R A e sF i L. O
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3Dy

A LR RS AR ) Dy R

4.1 2x2 Z&MHFEENTEEREMN
ZRe x' = Ax, A & e B il
T ="TrA, A =detA, D =12 —4A.

FRIEZ AN 2% — A+ A. [Hk A, 7, D CEERFIEE I FEA I, F145 5 JordanbrE L R AT X %
T FRLA AR AR B AT 432K
— T 4.1.1 ZMAEAENREN
FJE AR x' = Ax, L EMBA 40 T A2 P
(1) R, ¥ LY mAN AL E R4 T X,
(2) Bfgfae, B B G AT A FAEAFE AR KT R, H LEINH R IFIEAS B 69]Jordank ¥
A —0r;
(3) HFHAEFIN ECGAFIEAL, H AL F A REGIE-F F]ordank, N R E 425,
TEE, ARHENELETENHRK X,

IERR. A =T, AFEAIME x(0) = x, AN x(t) = e4x,.
AR (2). HHTREMZR MR, FEFRE M B sup |lef|| < +oo. FHSL L, FH AN

t20

M < 400, WXHMER e>0, WS =¢/M, [BH |xo| <8 a7 |x(t)| <e MPTH ¢t >0 KL,
R, HEMRE, WhkErE . Sfe=1, FE6>0, #45 |x,| <8 I, XMFHIE
AN [ |e4xo| < 1o RTHIEH] sup [le|| < +oo: XERAAIFE v, B x, = (§/2)v, RIS

t>0
leAv| < 2/8, WML E XAEF (4] < 2/8 < +o0 XF t >0 —FUHor. T2 (2) HiEh >
3.1.43) 58, mAZHK 3) & 2) KHEBEHIL.
(3) IR 3.1.4(3) #1: 47 s(A) > 0, EE s(A) = 0 BAEESLHNE R E D~ Jordan B,
W sup,, ||efA|| = +oo. RIFFIT UL H WA E M SHEFEER B A HNEN R R, FF
AT E
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wJEUE (1) # s(A) < 0, N>/ 3.1.4(1) &1 WREL0 < e < —s(A), WAFEFEC. > 0,
15

”etA” < Cge(s(A)+s)t, t > 0.

1M s(A) +¢ <0, FrLAEfEfginLrasE .

RZ, HEMELIREE, WHGREELEEET R, WER x, € RY, #H exy - 0 (t —»
+o0) o RIMIMERE MR LA FREASEE, R0 5% e A E SR, IR A f—4
FAEAE A LHEARFRRHEE v, T

etAV — e/ltv, |e”‘v| — €(RE/D[|V|.
H e4v — 0 1% Red < 0, Ak s(4) <0, iEEE. O

I TR BN P SR IR R T R AL BB A A, R, R SR, A R OB RHIEE 1 4
PR, IR T FIUTE 7E S5 R BT ) SE BRI AR,
— ek 4.1.2 FEZURGWNFTFETE
@ LAy R SALE X = Ax, X det A # 0, B @R ERINZ-FHE. T

T="TrA, A =detA, D =12 —4A.

A F 3£

(1) & A <0, N7 = A # 5 (saddle point);

(2) #A>0,D>0, MR EAMNELEE (node); B 7 <0 AL R, B 1>0HATREL
45

(3) #A>0,D=0,MEREANEGLEEREN LS, Bk, F A= 21, W] R B A B4R
EMALGLEE, B1<0ARTLEER S >0 HATETLE R,

4) ZA>0,D<0HT#0, MEENEE (focus); YT <O ARZEER Y T>0HANR
1 Bk

(5) #A>0,D<0E7=0,N&EEHPS (center).

UERR. #EFiAw B REIERE A MFHMEZ DA A2 — A + A, BIHHERHEEA
_re\D

1,2 .
’ 2

A2V EARE SEAR bR R R, A2 AE B ST I8 4ERE P, {845 PTYAP =T, T 2 A KSR
Jordan A3#E ., 4 z=P7x, NIH x' = Ax 1533

Z =P x' =P APz =Jz.
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W PRI B, ER AR E L, RN D) i 2B DI 28, I HLORSF LS
) B B R R VE . R, BT AR E R e e, > 0, 815 ¢ilz] < |Pz] < oylzl, Pt ER
AAPRAR M AN AR R R IR E e BTEL, R TTSE Jordan AR RN MK R4

N T AR T, PURIPRAR G AR AR AL x(8) = (e(0), ()T, IR T BEFric Ny A. W
AU, ERmATHET, ARG EZE A 22 AR ER.

(1) FRATKRME A <0 BIIEFM. HT 434, = A <0 L A RSEFE, ArLAW/NMFIE(E R B2
S, AW A, > 0> 4,0 BEET A ATX AL, R

0 A,

PRI RN X' = 4x, Y = Ay, MWHHE (x4, ) R IIEN
x(t) = xpeMt,  y(t) = yoet.

L x, =00, BUENT y 4 b, Hy®) -0 (t > +o0), HL y HhdHla JF s rRHE T ] o
oy, =00, BIEMT xfE, H (x| > +0 (t > +00), KUt x FliRim 87 s HFETT 17 .
M Xy # 0, WHESH  /FRPUET IR

|yol

=C /M C =
¥l = Clacfial, NI

> 0.

BT /4 <0, XEEHUE AT UARIRN, FFHBEE ¢t 3K, [x(0)] BHEK, |y@)] &
W) o DRI L A B I A AE T 2R AR S RRFAIE BL A, L — 20 B F) JR Rl RBE 53— 26X R
B E R BEIE, HARPE BT ZOR AT . SN FRATIR IR fUE R . i, SR R ARE K.

(2) BAERME A > 0,D >0, HRPIMFILERAFKSEE, JFHH 44, = A >0 XEfTH
Fo AWTHBFHEERINT, H158 (4] > |1,] > 0 HTHMFEEAR, A alxtf, )
Az

|0

0 Al

LR T RRA BRI x(8) = xpeh!s y(t) = yoette HTHAMFHEERS, Frbh: Mt <0/, A <
A, < 0. FTEHUEIHTE t > +oo BT A, HULESEHILREE. Mc>00, 1, >4, >0, T
JEFHIBEIITE t — +oo Iz 2 AT, PRI IR s AFRE

N g YE AR R A TR By, #0, N

X0 _ Xo,¢,-
y(@&) Yo
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VER, Bt < 0, 1,-1,<0, FibAMiE t - +00, H x(t)/y(t) - 0; TiH >0, 1,—-1,>0,
FTbABEE t - —c0, A x(t)/y(t) = 0.

RIER x i ERRFIRPLESS, HRPuBEE AR S y Bl 2 y, = o i, $LiE
IRAALT x Bl b IXFRB IR R PN AN R BOAFAE DT [, I BB AR [ J5 s i B YT 2: 77 1a] H Rk
(ERGE » IXFRET SRR &5 5o

(3) BAERME A > 0,D =0 KIEN. BEINPIMFEES N A =1/2, XEHA2=A>0,
PLA#0.

Hoe, A AN, WHTFERE AMGEE, BF A=A, RN TRENY =X, Y =
Ay, Hf#EHN

x(t) = xpe™,  y(t) = yoet.

PP TAE B ARRAA (20, y0)» PUEHGZ R R A @i (x, y0) HI— 26 k. B T8—%d
JE S BRI TT 1A, PRI A Ay O B RS R A <O, P PUEH I i T IR A
JFRHNLRE; 24> 0, FradEEiEiea B, HaAfE.

Hik, 5 AL, WAYRER Jordan AR#ER Y

W TREA X' = Ax+y, Y = Ay, JfESE A, 183 y(t) = yeet's HRAFE—D R, 18
3 x' — Ax = y,e*, M

d
E(e‘“x(t)) =y, = x(t) =eM(xy +1ty),  y(t) = yeet.

Yo =00, A x(t) = xpe", y(t) = 0, Ll x f2 —KIFIEEL. Hy, # 00, Bi% ¢ — +oo
(FA<0) Bt > —oc0 (FFA1>0), #A (x(1),y(t)) - (0,0), HH

y(t) _ Yo
x(t) X+ 1ty

XYL T X LB R SR RN S x RlAR D).

F—J5i, FAVME dimker(A —AI) =1, Bt x @ ME— AL T . R ar sy Hi )
g, WHONBMES Rl HARE MDAl A AT S RE: B A <0 R SHnafeE, 54> 0
JEARATEE . AT, XA 4SS Rl RS R 5 B IRA R IXAIE T WA 5 A A A R
AETT ), AL R ARSI, TR IS R 250 R A B A AL T A

— 0.
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Hita=1/2. b=\"D/2>0. hT A RS, RO Kook bbrEm Y

TFRITBEHN X =ax—by, Y =bx+ay. & r2=x2+y* HENDITEREL x, F N7
Py, FAHmM, 183
rr’ = xx" +yy = a(x*+y*) = ar’.

FIFE, K28 AR, x, DT y, FHAHE, 53]
xy' —yx’ = b(x? + y?) = br2.
XTAEERIE, 4 0 Kok, W r?e =xy —yx' AlH

r'=ar, 0" =b =3 r(t) = re®, 6(t) =6, + bt.

I+ b >0, fELAAART, PUBIGAUTIEN £ 75 s .
o Ha<0, Mrt)—0 (t > +o0), HILHUIERIGE T H M. XF&E RN RERA, A

TR RE

e ia>0, Mr()— 4o (t - +o00), FUILHIERGTEJE Al XFaE SR AR E A
JR RAEEE

e fia=0, Mr@)=r, IJH:—mEIFi’:F}LL%BEUJ?)?ﬁH'UE’JIH B QI VR

T [ ] — AR AR IR, EATIAR S B SR S R . X AP ARG, R AR EA
I RRE

Zr b, RIE T, A, D RS AT S8 2l ek RELH AT SRR R A T O

VX 5 Jordan brfE 2L pME— [X )& 1 P AR R 0 I8 ST B o ZE BRI R, W SRR AEME A M AR T A, AT
A€ REAE —ANT7 B ST PR AL B — A E =0, TRSURZ N E =M. WREAHEEA
HAR, MEAATRAE “ PO fMLR” EHA & T AR I,
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<
<€

X 0] X
A
(a) BIE4S R (b) XA 45 ki
y y
// Y K \ Y

S

(c) # A (d) B4

/
<

<

y

(e) FE (f) HL»
K 4.1: I ME RGPS F AR K] . B P oh RS I O IR AR e TS T s 0 N A ANAR e & 0

N
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Ay R ) A BHTE 1) J LFATRRAE FhEta et
0: WriofaE
RILEE A>0.D=0, A= 11 BN HAIE A, FERIAN oy,
.
0: #rifae
PYQEIEEP=Y A>0,D>0 PSSR REAE T[] AR T8 Sl iR ) 15 4 TT<> 0: ﬁ)irj\}g‘im
XPB /N REAEARL BT 0T S B 77 ) AH T
B A A<O0 FAFEDT ) EEIEE TR A, 5 — SRR TS ARasE

ﬁJ:Eﬁ?FJL B R A
T <0: WrLfaE

HMALEE  A>0,D=0, A# ST F AT HAPGESEEE SN 5% N L
2 Ea— >0 AaEE
H o
T <0: #riEfase

L A>0,D<0, 7#0 HUBLLESIBIENES:: <0 mEIN, ©>0MH L), g
b
& EH AN 4
f A>0,D<0, =0 FARTAAEAESRAmnG Gy PHEHTIIE
AHT NI

4.1 PIHLH RGN PAE S DE (1 =TrA,A=detA, D =1>—4A),

ke R R I R AR DR HI W R AR M, FTEAEI S A A RS2 Jordan ARifE
BTG OL. N —MASETTE A, RATMIEAAAESTIE T P 15 PAP = J ONSEAHIbRAERY .
HLAE ALY Bt FEA, SEbR IRV K TARE A . DRk, an SRERATT B — R s B

A EHRZ A ER, TR E M AR EAR B R AE T M, M58, H1VRELE
AR EIT R AR R FRT . @ABBAERATUERBESFERR G EAERITE, BETH.
— 15 4.1.1
¥ By AL

x'(t) = 2x(t) + 3y(t),
y'(t) = 2x(t) — 3y(1).

Hlpr Rppagsa 2, FEMRE,

2 3
. REUERE N A = , Bttt =TrA=—-1, A=detA=-12<0, D =12—4A = 49,
2 -3
i i4.1.2, JR A28, EMATRE. FHEE PR E L UL e HIER T .
RUATE x =0 B x' =3y, Fibl x =0 NERHIEEZ%. WHZ y = kx ZFE7m, BTE
XEBELWE Y =kx', #]

2-3k=k(2+3k) < 3k’+5k-2=0 & k=-8k=-2
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£y = —x E, X = 3x, TR IZELNARFPELL ¢ - +oo NZEEL; £y = —2x |,
X = —dx, FFLARZE L IHUETE £ — +oo I T JH A
N T i HARPUE AR, Bl EUT T

2x+y) =202x+3y) + 2x —3y) =3(12x + y),
(x =3y) =(@2x +3y)—302x —3y) = —4(x — 3y).

EE, MHEHAERFARNCEHMIERE T MRE k=1/3 8(-2, W2 UXmaRg2
“HFAL Jordan b2 J5 AL AR
A5t 0L ERIR S 2x +y = 7C % x — 3y = 7Cre™*, BOLRL x,y 153

x(t) = 3C163[ + C26_4t,

C,C, eR.
y(t) = Cie¥ —2C,e™, .

1 CCy # 01, 2x() +y(6) 5 x(6) = 3y(t) IFF 50 RFFAZ, FrABUEARE S I P 2R R L E
ko BEA ¢ IR, e BURWINK, T e~ BIRWTRM, HOXLHERAN y = ~x HI77 7T 55
mho AR, HA i Sk R R IR R AR T

\\_/
/—\\

M Wry==—2xBTEL, Hy= —x 6 i A5

w

— fil 4.1.2
F IR T AN

x'(t) = 3x(1),
y'(8) = 2x(t) + y(0).
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30
R, RESEEN A = , Altt=TrA=4, A=detA=3>0, D=12—4A=4>0, W)
2 1

FRIEEN A, = 3+ 4, = 1, B AURAFE XA 45 5o

B x =02 F&FMEEL, FAKE ¥ =0, y =y; By =x R & rEL,
NIEIXRABELZ Ly =3x = x'o PIgAFIEE 28 AR08 S 1E [ e 8] 328 55 5

HEE— DRI x(t) = Cie®'e HEHHMANE TR, 7y —y=2Ce*, %

%(e_ty(t)) = 2C1e2t’ e_ty(t) = C162[ + Cz.

x(t) = C,e*,

C,,C, €R.
y(t) = Cie* + Cyel,
MC, =0/, FUEMNT x=0; H¥C,=0/, JudfiT y=x. & C,C, #0, MYt — —oco i,

x(t) = Cie* _
y(t)  Cie? +C,

P AR B AE S R (Rl T IR m i, #RS y SR YD e L m e, By E s i R
Mo AR HARE IR .

-

AT A S i ARRFIERUE A B N #R5 y BhAR D

SRR 4.1

SRR 4.1.1. Alide T A6 5 (0,0) A AR, HALRTHR, FEZF AL mE,
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(1) X' =4y —x,y" = -9x +y.
(2) x' =x+2y,y =5y —2x.
(3) X' =2x+y,y =x+2y.
4) X =x—xy,y =y—xy.
ST A12. Box,t ANARE, ahRGEHE, L0 = aOx(0) HRMRAABLALE T
&5
SIER 4.1.3. S AARHAL
. r? sin 1 r>0,
6= 1, F= r
0, r=0,
Ve kB B AR T, AR AL = 0 B9Aa R . (GE&: risinl ¢ C', 12454 B Lips-
chitz, T®jea{E B &P 2 I L4548 ,) "

4.2 EEMFEENNREFEESHEMESTH
SRR X' (1) = f(x), o f e ' H £(0) =0, MLEF ST DB H SR
X = Ax+9g(x), A=DFf(0), Tx 0. 4.2.1)

JTBE A FROVERMEAHE RS, ARTIEY], 5 A BRIEE S E VIR, AT A2 i x7 =
Ax FERfaEtE CEHE 4.1.1) 4 AR TR @ 2. ) F i 1t

4.2.1 WHHTFE <% MRE M

_ ENM 421 WEhTES
3t AZ40(4.2.1), £ — At B 6 AL (4.0.1), HF4 5 x, KB EEESE DF(x,) BT
B AEAEAE 3R R ER, W AR x, A Ul TS

_ FIE4.2.1 LKMUREMRIE
3t AE &% F AR (4.2.1)

(1) ZEIEH R HIEIE A G RIALREE A R, VB &2 B A5 A LA R 80,
Q) £ A BV H—ABIARFKTE, WRERBR.

PR A ARA SR A K T B2 S AE K 305 TR, KL — A 1F i 4598,

IERR. (1) FRBFHEE SIS AR

NS
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HIDE 3.1.4 WAL, FFAEHBLM > 1 My > 0, fSXHMER ¢ > 0 #BA [le]| < Me™'. BT
g(x) = o(|x]), MEE n > 0, WIELE r > 0, {HFFHIER B0, r) 408 76 5 AR A7 5 0 5 Sk Py, 9 L
19(%)| < nlx| MFTA |x| < r BT

W x(0) = xo, REMAINLTER |x] < r W, Bt H Duhamel A 015 3

t t

e 79 |g(x(s))| ds < Me™'|xo| + M UJ e 7 |x(s)| ds.

x(8)] < Me " |xg] + M J
0

0

WLl e, FERIH Gronwall A%, 152

t

e’ |x(t)] < M|x,| + Mnj e’S|x(s)| ds < M|x,|eM™.
0

BRI |x(8)] < Me=0=M0t | x|,
MAEIREL 0 < n < y/(2M), FREEMME r > 0, W R EMEAMA T3RN, BtF

|x(£)| < Me™7/2|x,|.

EYMEBE AL |x0] < r/M), WAEA R BEAE 1L M A RE o B R BARKTE |x| =r. FHL L, & 6, >0
e B IR BTER Z,

,
r= X)) < Me7 x| < 2,

TG RO TER x| < r N, BRHRRES AW TE ¢ > 0 /7414, JFIRZWiL
|x()] < Me™72|x,|. IXFRUEY] T I s J= B4R Bt i A € 1.

2) ELB—MHEESLBRTENER. (XEBIHIERRAERER)
it o> 04 A WP SRy IE AARFAIE (R SE AR I e /MEL. B SEordanbr RS AT 21, XHEE ¥ > 0,
PFAE SRS P, 15

» B, 0
P;'AP, =B = :
0 B,

Horp Byt T SR IE AORFAL AR L ) ST ordanBR 4, B, HH AR S Jordan 4 B, 1M H A1 Jordandt
RIS A1 JC BGHER SR AT O y By I,
F b, A SEJordanbrifE AL (1 6E— N ordane A X A1 A A Hi

D, = diag(I,y1,...,y™ '),

Horp m 32 ZJordan BRI 4L, T 52— B e B SR ALAERE. RS DSNID, BIRTAHLEO f oo aiont
FBLORIFANAL, M0 O A e B f B 1 81 L, 4208 y By I,
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B AR, 4 y = Py, §(9) = P g(P,y), W FAL N

Y =By +g().
T )|
lg(») . 9,y
== < |IP;YIP —0 (y—0),

W G(y) = o(|y]). T £R A B AR P4 S Re e v, R R IF B AR S R G R AR 2.
1% B, B, M58, id
9,(»
v=|"|.  awm={"""|.
\4 9,(y)

4 R =ul|, p=|v|. & B, MFEE, MIELTZ)5€E v = 0, p = 0, FFEIEH X B, HIfhitt.
B Al TR R ). WM R S Jordanh ) FLXF A58 43 S a B [ HERE

Ca,b =
b a

BT z- Copz = alz|?, MAHLE 7> 2 8] B A2 I 2

m—1 y m—1 m
14 Z ZjZj| S ) Z(|Zj|2 + |Zj+1|2) < VZ |z;1%,
j=1 j=1

j=1

Horr z; 7 N Jordanth bR EL "4k 0 & I A Jordan BRI AT 15
u-Bu>(c—y)R? v -B,v < ypi

A5, MEE e > 0, KN g(y) = o(|y]), FTBATTEL r > 0 15 F1ER B(0, r) & A )5 W &1
e RN, IF H Y |y| < r
lg(Y)| <ely| < e(R+ p).

X R> 0N, HTFERAS (X HEX R?, p? SRFRN TEAIE R = |ul, p = |v| HHIR 5 I0)
(R*Y =2RR' =2u-u' =2(u-Bju+u-g,(y) > 2(c—y)R*—2Re(R + p).
A, = o > 0 I,

(P?) =2pp =2v-V =2(v-B,v +V-9,(¥) < 2yp* + 2ep(R + p).
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P AR 98 T 5
(R* = p*) 2 2(0 — y)R* = 2yp* — 2e(R + p)*.
M R2p B, H e <R K (R+p)* <4R? HE—B15 3] (R? — p*) > 2(o — 2y — 4e)R%. Ak, HEH
Y, W 2y +4e < o (XA LLBRZEH 0 < ¥ < 0/2, FHHL 0 < € < (0 — 2y)/4 KR5EAK), HEIX 12k
R > p FARFFIE AN HEYME R E R0) > p(0), HMRIALTER |y| <r W, BATIRIE R(E) > p(t)
J®AT
F—J7 I, fEXIR R > p W, HET X R? Bk v mT %0

(R*) > 2(c —y)R> —2eR(R + p) = 2(c —y — 2¢)R%.
Y PRI EIU 2y + 4 < o, ARG 2
(R?Y > oR*> = R*(t) > R*(0)e*, R(t) > R(0)e!/2,

EETTTH ) y = (u,v)T MEREREER. SIS > 0, HIHIE v(0) = 0 DU 0 <
[u(0)| < min{d, r}. 1A LR UG A AN B TR EK ly| <r, T Fh A f ZE 4 S FE R A e ST £ > 0 ﬁ?f, i
IR

Y] = R(®) > [u(0)[e”/? — +co,

T &, BRI mAERE. MR8 L AR M R A E 1, BT BUE G R 0 B R B AR € O

— 1 4.2.1 g APOREMER SIS
ZEALm

x' =y —x(x*+y?),
Y= —x—y(x* +y?)

T2 JR AL B9 B PEAAR P A AR XA R M.

0 1
fi. ST R 2tk A T R 1 R O R , T AR AR AR 1B v 1 J o .
-1 0

X RIGAEL T REAH, F-ATTL R = x* + y*, N
R’ =2xx" +2yy’ = 2x(y — xR) + 2y(—x — yR) = —2R2.

24 R(0) = R, > 0 i, 7 AL 15 5]

11 R,
RO " R, =17 2Rt
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XN R <0, JF ke, i HRIEA ] H S #hifaE.
AP = KI5 R S ), )
R =2x(y + xR) + 2y(—x + yYR) =2R* = R(t) = ——~—.
1 - 2R0t

T8 Ry 271N, R(t) #R A I [ IR 8] 8 R IR BT AR 45 € 1Y /D AR, Pt BUJBURANARE . X AN T S
HA AR M ENEA T RE, VI A R SE AR Z (R, i ] R sk MR AR ETESSE. O

4.2.2 *BERERTEERRERE
VI P O P R, RV B A AR T % B 1 MR 25 I 4 S A Il LG, BT A

B ANEEMIERY = ES @ B, Hrp ES i 00 SRS AL R R SR 725 () ZHL ik, B H IR SE AR
AEARLXS L SEAR 525 [ 2H . ICAHRLBEE N P, P, IRHIFERE Y A, A, WIAFAER L C,y > 0, 18

eS| < Ce™ (¢ > 0), let] < Ce’ (£ <0).

N TR AR B AN TR A B a4 e Al B AR OB T R SR AUIE, RS T 9T X TR A A G
JREE, F5BOBEE BEHE B ER 1 32 i B 5 i iR £ 8], ARAE Lyapunov-Perron 712 H L 55 F143
WCSA. T T S i WA B bR 2 T ) 6 6
— 5132 4.2.2 EHEMREH=ERTTE S

X n>0,H4

t=0

. + L—
Xy = gx € C([0, +o0); RY) : [lx]], = supe”|x(1)] < +oo§,

t<0

X, = {x € C((—00,0];RY) : ||x||; c=supe 7 |x(t)] < +oo§.

XA A & B A TERCT AR AR A 8.

WERR. SEUEM]— RIS I - P Al A S i T 2 [0, +00) Bl (=00, 0], FFEL

Cp(I; Rd) =

tel

y € CI;RY) : sup |y(b)| < +OOI

T B RBUE . W {y,} XA A Cauchy 1. MEEANEER ¢ € 1, 85 {y, (O} C
R? 52 Cauchy FFol; i1 R 58 &4E, ©H MR, iC8 y(). 455%€ € > 0, f#4E N, fif m,n > N It

sup |y,() = »,,()] <.

tel
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[EHE n> N, B4 m— oo, &S BURIRE 3]

sup |y,(t) — y(®)| < e.

tel

Pl y, —BOBSEE y. SR BN — SR IRESE I I A RER n > N,

su? |y < su}) ly(@®) -y, (O] + Su}o |y, (D] < +o0.
iy € C(IRY), 1 y, KT —HWEEWSLF y. XEH T C,(I; RY) (58 4.
WS x(t) —— ex(t) 8 Xy ——BE] Cy([0, +00); RY), & HARFFVEEG WA x(b) —— e 7' x(t)
X, ——WE Cp((—o0,0]; RY), WARSFEEL. PRI (] #5 —A> C 2 UE B 576 2% 1 2 1) S5 L[]
¥, R EATT#R 2 52 & 1. u

— /?EX 4.2.2 )E:lﬁﬂﬁﬂi %T%EI)IL
w44 T A2 4(4.2.1), SRR SR P AL LR S BEAY W (0) # AT ZA
£
(1) €K %5 E° 480,

(2) € A EGAE, BpLid R U945 T ATBARR A, L& Z AR L,

(3) e L@ AS IR &6 5B R HIE /£ I & B 15502 T R R,

ARG AR & B3 AL RS, 8 IR ) B 1] 3k ax R e B ) SEdE ES # Rk EY, PTAF E| 69 5T AR
K BITALZ R W (0).

RSB R B GTE 1 >R B A RS B AN B0 sORE S8 G . X AN R R 51 IR ANSE 18, BN
R apt R EE R 25 T AN S s A A T — 1k
— 51 4.2.3 SSREGRGTEY C* HKH
RERARERECZN, UCEATE, X AXTEBELZTN. XT : UxX > X #HZ:
(1) BEE pe U RLEXNFHO<g<, EFHEZEN x,yeX,peU ML

1T (p, x) = T (P, ly < gllx=ylly.

2) HEFE (p,x) € UX X, AEXTHAAAZEGKRH D,T(p,x) : E>X 5D,T(p,x) :
X - X, FBY |al +[yllx > 0 B A

”:T(p +a,x +J’) _T(psx) _Dp:T(pax)a _DxT(pa x)y”X = O(lal + ||y||X)

XA B B AT 4TI AR SR AT (p, x).
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S peU, 4 x, RFA x =T (p,x) W E—M. I AWS prox, £ETH, AN aecE AR
-1
Dx,a = [I —D,7(p,x,)] D,T(p,x,)a. (4.2.2)

X Fa937 B4t d) Neumann B E 4.

WERR. SERMES AR (1) RYIBATAT LU R [ 8, pr AR x, #RAEAE HME—. [&%€ p € U,
TR/ a, ff p+ a € U. HINAB) ST,

||xp+a - xp”X < HT(p +a,x,.) =T (p+ a,xp)”X + ||:T(p +a,x,)— T(p,xp)”X
<Al =5l + [0+ a3 - TR0,

W% (2) W T(p + a,x,) — T(p,x,) = D,T(p,x,)a + o(lal), T LAMFLEH L M, > 0, {FFFHHT:
E AT/ a i

M
[pva = %, < T al- (4.2.3)

EKREIEW] T p == x, MESLME, B4 I TR AL BE AR I # ) — B L5
LA, = D,T(p,x,), B, = DT (p,x,), HIEAEERIEX &4 y € X MAEF LA h

T(p, xp + hy) = T(p, x,)
|7 m p“X<q||y||X.

2 h -0, 5% HBPny < qliylly, BR HBpH <q WIEzEeX, BHM z+B,z+ Biz+ - M m I
FEH n W2 MFEEA T

m

m m+1 n <
(@"+q"" + +q)|IZIIX\1_q

Il -

FTLE A X ) Cauchy 30 H X H5E &4k, BIRSL €L Rz = 3 Blz, BT IRAIZ

j=0"pP7>

PEAE IR DS, 7B R, St T [Ry2]], < = llzlly REH I, B[R, < A" 74
BRAMESEX I - B,)T + B, + - +By) =1 — Byt 14 n — oo Hif3%]
(I-B)R,=R,I-B,)=1 = R,=(1-B,)™".
B Dy = Xprg — Xy (P + @, Xppa) = (P +a,x, + A,) FRNQ), FHRIFHA S 7 213 3
Ay =A,a+B, A +71,  Irlly = o(lal + 114,]ly)-

it (4.2.3), 1Aglly = OCal), BBk Irally = o(lal). 55—771, 4 ¢o = R,A4,a, W ¢4 = A,a+ By,
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PIRATRE TR LL R, 75

1
Aa_ga =Rpra’ ||Aa_§a||X< m”ra”X:O(lal)-

AR TR DL A 3 (4.2.2).
) UEW R HOELE. 1 p - x, BIESEL L6 F(Q2) 155 A, 5 B, #RES:. 4 p, p, € U, U

(I—-B,)™" —(I—B,)™" = (I —B,)""(B, — B, )I — B,)™".

P UL T, I PR P T (1 — q)! 95, W1 (T — B, — (I — B,)™. [l
Dx, = (I —B,)'A, %4 O

— T 424 EFRERFERE
st 7 A240(4.2.1), % f € C, R &SRR -FH7 5. WARERAEE C &K b ES - B, %
& h%(0) = 0, Dh*(0) = 0, 1 15 &3/ A& 2 iR A5 7T LA 5 e 1%

WS

loc

(0)={a+h%(a): a€E |a] ]},
SFRAS D a, AR a+hia) R 8B %2
|®,(a + h*(a))| < Cre™|a] (t > 0),

AP C >0 0<a<yba i, fRAAXMIEHARIERGEIEBLT, W (0) RoE—

&y, xR m B RR AL e A2 4 Y Bl — 49, TR YT Bl 5 EY AR &g Ct B3R R AR IR

HERR. BT S
x' = Ax + g(x), g(0) =0, Dg(0)=0.

N T AEEEAN Tl b N R G S TR ) e R 2R R T T A 42 2 TR] /N Lipschitz B, HUR
BIARER U, ff f e cY(U), L r > 0, f# B,(0) c U. B C* % x, 1 y(x) =1 24 |x] < 1,
x(x) =02 |x| >2, %

x(x/r)gx), xeU,
9.(x) =
x & U.

T yOe/r) KIS A TE U o, S AN BIEH R 251 L) €1 B4 B Dg(0) = 0, 4 r 0, Iif
"
sup [Dg(x)| — 0, gl _,

|x|<2r 0<|x|<2r |x|




130 EIE EnHEisYE
M7E U H, ,

Dg.(x) = x(x/r)Dg(x) + ;g(x) ® Vx(x/r),
JiTLA sup |Dg,(x)| — 0. LANHE r BEE 2/, U5 g Ronsiln s s, e E Er C!
R #, H Lipschitz %50 L 0] DT B /N 7657 5 I, # A o2 55 2.

0 <a<y. MEEN/NMAIE a € B, 450

X, = Ix € C([0,+0); RY) : |||, := supe®|x(t)| < +ool

t>0

%€ X Lyapunov-Perron B}

t 0

=94 ps g (x(s)) ds — J e=94u Pl g(x(s)) ds. 4.2.4)

t

(T,x)(t) = e'da + J

0
TP 52 4 MG B 0, 2, = 03 A Banach %31 463t B Sh (R E S50 R . 45 x € X, T
|g(x(s) < LIx(s)| < L [lx]], e,

XK szt b t—s<0, frid

j |e=94P g (x(s))| ds < CL ||x||aj e 767078 4 < +o0.
t t

XX,y € Xy, B B0 2

t t
CL
e | certglats) - guisplds < CLI =, | e-ords < - -y
0 0

[E 2, AR 5E 0 40 U35 A2
at ” —y(s—t) CL
e Ce |g(x(s)) — g(¥(s)|ds < —— [Ix = yl|,
. y+a

HLAE AR AR S 2 01, (75

CL CL

= <1
y—a y+a

q:

WARE T, & X, ERIERGEG. thAh, JATHA (|T,xl, < Clal + q ||, FrBA i He 4 b R 245 3
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AFAEME—ARBI R x, € X, FF HAEAZ KA £ A2

C
[1%all, < T—glak (4.2.5)

1

B |al 787070, (4.2.5) TRAERE S PIEHAL T BT AR SR JF 5 RE /N ER A

RIS UEAN S RS SRR, T (4.2.4) I ERGE 0 B,

t

Pix,(t) = e'a + J

e=IAPsg(x,(s))ds, PUx,(t) = — J el =Pl g(x,(s)) ds.
0 t

F—P I S 5N
%(e”‘sa) = A,ea,
d t t
a J eI Psg(x,(s)) ds = PPg(x, (1)) + ASJ e=4Psg(x,(s)) ds.
0 0

FIr A
(Px,) (1) = AP*x, (1) + P g(x,(1)).

XHEE A, FRAEE SR I B K T, KPR HL T — +oo. thT
| Ayt P g(x, ()] < Al CL|Ix, |, €77 Ve,

WAE 5 € [t,-+o0) LTRL, 3 L2 ¢ BRAIZE A B XK I TR — AN TR 2, #4007 DX 591
43R 5. Leibniz 22 0% H

d

1 _ (t—s)A, pu
dt[ jz e P*g(x,(s))ds

— Prg(x,(1)) - f Ayt Pig(xy(s)) ds = Prg(xa(t)) + AgPrxa(0).

PIANREE AR, I PP+ P = 1, 135 x), = Ax, + g(x,). 1 t = 0 HUEFT

[o0]

x,(0) = a + h’(a), h'(a) = —J e 4 Pug(x,(s))ds.

0

AT G EE 4.2.3 HIZAF. B (a,x) -— Tox KT a BT EU2

[D,T,(x)b](¢) = e'4b, b € E,



132 FWE  EEERYID
7 FH AT 1 ) Jordande 48 B4 1145 2

1D, Ta(x)bl|, = supe™|esb| < Clb].

t>20

KT x FEUE

[D,T.()y](t) = J et=94psDg(x(s))y(s) ds — J e(=94upuDg(x(s))y(s) ds. (4.2.6)

0

LK = yi + yi B T80T 5 16 Dg #4291 B % 4, Fibh—8uks:. 4
w(p) =sup{ [[Dg(&) —DgIl : E—nl<pk

W w(p) = 0 2 p — 0+. IR 7> FEAE BEAG 2]

1

g(x(s) + ¥(s)) — g(x(s)) — DG(x(s))y(s) = j [Dg(x(s) + 6y(s)) — Dg(x(s))]y(s) db.

0

B 13(5)] < e Iyl < lIpll, BT Bk BB K R oyl e [Iyll,. 4 BIHEEA SR IR
BUS SR A M, 453

172(x + ¥) — Ta(%) — DT, (0¥l < Keo(llyll ) I3l = o(llyll,)-

FITEL (4.2.6) #iSE 2k T x BUSEL BT 7, KT a B2, X T a KIRIUENZE, K&
Mt B aR 3.

SCH sup DGO < L LA LRI IR i, BAT 145 21 S HU0T 7 H78HAE T ID T (ol Ly <
3

KL=g<1l.#x,x€ X,

1D T 2(%) — DT, (X)|| < K sup [|[Dg(x(s)) — Dg(X(s))l| < Kewo([lx — Xl )
PR FHEEE e BOESE; R T a KIS (a,x) ook, HRELE. 513 423 ARV a —

x, 7= C' H.

ATHESERFINE TG K, 2 £, (0 = Dx,(Ob, t (4.2.2) /A, ¢, , & I
Lyapunov-Perron 77 £ [ ME—fi:

t

$ap(t) = b+ J e=94PsDg(x, ()¢ ap(8)ds — J et=94upuDg(x,(s))¢ ap(8)ds. (4.2.7)

0
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Ri s, h(a) = Pix,(0) 2 C* 1, I H.

Dhi(a)b = P*{ ap(0) = —J e PUDg(x,(s))¢ ap(8)ds.

0

TR — AV AR, T R B B b RSB CLem 0o
he (R IS R B T,

% a = 0 I, W BN RLEH, FTLL h(0) = 0. 78 a = 0 4b, Dg(0) = 0, ik FHFAL
A ¢op(t) = b, BAE £ = 0 1 B SN, H DR(0) = 0. B W (ER 45 B MY, T
WA 2 — a + RS(a) R WU, BRI PO SRR a; T 7E R (R L (W I 2k b
B . BRSNS R A dim B 4809 C JR BRI

H1(4.2.5) 73

=S EANEE R I

c _
|x, ()] < me “lal, t 20,

JIr LA B A () 48 B0 Rl At T AT
B & R B B B ME— PR R AR PR, B x(8) B TR — AN /NE, IFH supe®|x(t)] <
+00. H Duhamel J5 B n] 1552 € 43 A ~

t

Psx(t) = e Psx(0) + J et=94:psg(x(s)) ds.

0
XHER T > t, AEE 7 B L

T
Pix(t) = e DAupix(T) — J e(t=94upug(x(s)) ds.

t

B WA Ce 7T ||x||  e™*T, BEFE T — 400 MHETZ; 5 — Wiz i, Bt

[eo]

Pix(t) = —J et=94upug(x(s)) ds.
FEPAN I AR, x 2 (4.2.4), H a = PSx(0). B R4 BIAS) mME—1E, x = x,, BRI HAME
AT B A L

WAL E £, > 0, IR £ 20 2 y(t) = x,(t + to). EIGTEUH] y V52 [ — 5 FE R, 1 H.

sup e®|y(1)] < e ||x, |, < +co.
t>0

R AE (920 Ty, FREERE Poy(0) = Pox, (o), ] X4 (to) = P*xa(t) + 1P (Px, (1), N
R T8 SUREREUG BN Y, Bt g T IX AN R X 1 s ) AR PR, /T — B i 1) )
Wi B ARATT B AH RIFE O BT i/ i, HAME AT R Beds X AN BG B, Woe B U B E— 1t
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AL

5 2% R R A AL A FR A y = —Ay — g(3), ‘B 7E E* ERRHIE(E S5 9 17,
£ B ERFAEME SO IE; AR RTI —g 1505 C1, IH 2 —g(0) = 0, D(—g)(0) = 0. Kt B2
UEMI RS E R A e T XA AL R S, 25— C iRk

W : B — E°,  h*0)=0, Dh*(0)=0,
DL Je B 5
{b+h*Db) : beE“ |b|] /M

A y(t) FE A )AL ) T AR NIZ A B R HIRE, T y(8) — 0 2t > +o0. & x(t) = y(-t1),
i x' = Ax + g(x), H x(t) > 0 2 t > —oo. XA RG] a6 1E A ANAR 4 12 R 07 A 2H 1) J 6 47
[ AN, PRI IX A BRI R RS Ct R A E g e, O

B14.2.2 RERFAENREMETE
|7%}3€‘7}‘7Fi£ﬂ xX'=—x,y =y+x* R RN

B HE ) = —x KYMEA x(t) = xee™'. BBAHRHALR Y —y = x2e™, HIEARSFF
ORI
y() =e'

x2
Yot (- e-3f)] :

ﬁﬁae+mﬁﬁ?ﬁﬁ,%ﬂﬂ%%=4§ﬂk

2

W) = {(x3) 1y = =5,

EAE R RS xEARYI, A S 2 i AN R 2k 1. O

4.2.3 *Hartman-GrobmanEIE. SternbergZki4{t EIE

— EM 4.2.3 FHEBHAINEEE
LA BERR @, W, 09-FH7 5 A AR IR H, £1F H®,(x)) = V,(H(x)), MARRA R %ie ik
A B L BB AN R, 5 H R CH M RIIE, MARA Ck 24k,

_ FIE 4.2.5 Hartman-Grobman EIE
& f el f(0)=0,H A=Df(0) XA F;ARIFLEAE. N Wty P o M 69 JF Xt T
248

x' = Ax + g(x), g(x) = o(|x])




4.2 JAREAETH BN 1 R G AR E T 135

HREM Y = Ay BB E5. AL, HER SRR U,V RRIEH : U -V, i#
EH0)=0,F LRAZHEE (O (x) : sfzTF 05t 2B} EU P, %A

H(®,(x)) = e"“H(x).

X — e H B, O SPAET IE RS M BE S e o B A R T L A, FIIE
H EHEATR, FrelEACREPUE R MR el M. @ 2R IE B 75 270 8 JR i b g 3
Bo, FR AR e e e B A 4k, axX AR IR,
_ EIE 4.2.6 Sternberg FiBZLMLERR, C° K
3t B &7 4228(4.0.1), 18 f € C°, R e #-F# &, i A =Df(0) 8 LRI R T
WA Ay, Ay B BEANTIL KA ABRITHEBHRL my+ - +my > 2 093 L EH my, -, my,
AR AE LR S

A’] ;é mlll + tte + mdld.

W) G JR B HLE C®° “ARE# y = H(x), %2 H(0)=0,DH(0) =1, #iZ %A y = Ay

A BRI T MAS 75 240 7 R IO B85, BT HERR I R I 28 DA S AR A AR i 1) D' e B [ B 5
MBI Nt G 5 1% e Db L2, IX B H BRaR BT = e, %o BRI AEUE . N RFATVE
— AL IR G A T

5 4.2.3 HIRMABEWLFIEE
|773‘7f£éﬂ X' =x,y =2y +x* AFIAHR AR S 2=21, KARX LK.

iR, IR x KITREF1F x(1) = xee', {y(t) = e*(yo + x2t). HERH _IRER Y =y +cx? HE
x2,
Y' =y +2cxx’ =2y + x* + 2cx? = 2Y + x?,

AL X2 ARES ¢ ook, H R BB Y =y + h(x), HER Y =2V, N b 250 2
xh'(x) — 2h(x) = —x>.
1E x # 0 44 h(x) = x2k(x), [H15 3
! — ! — _l
xX3k'(x) = —x2, k'(x) = 3

Frbh h &R —x?log |x|. XANBREAER SAE C? 1. Bt Hartman-Grobman & #A45 H #
IR AL, (H SRR B ARIBH IE T i 2R AL, O

I 4.2.1. FIR EAMNTVGHER B P E AL TEE. ERK, RIXGLERIR C?
SRMH = (H,H,), BRAAZLEE X =X, Y =2Y. NALERELAN LA RAKF T
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DH(0) 5 diag(1,2) X #t. & TAANFIATE, PIARGRE

a O
DH(0) = , ab # 0.
0 b

J

B @, HIAEEREXRA x6,.H, + 2y +x?)0,H, = 2H,. B4 H, € C? AR 6,H,(0) =
0, FTAfe y =0 LT A EFF

H,(x,0) = cx? + o(x?), d,.H,(x,0) = 2cx + o(x), 9,H,(x,0) = b + o(1).

Hy =0 RASIEX R 2] x(2ex +0(x)) + x7(b + 0(1)) = 2ex + 0(x?), TR x? 69 R HLIF
2b=0, X5 ab#0F/F,

SRR 4.2

SRR 4.2.1. FlEide T HA2699 5 (0,0) AT A XA, AR H, FEZHF ML MRE,
(1) X' =2x+y+xy*,y =x+2y+ x>+ y%.
Q) x' =x+2y,y =5y —2x+ x>.
3) X =2x+4y+siny,y =x+y+e’ —1.
SIRR 4.2.2. FIBr o HAZ x/() = x(t) — y(1), y' (1) = 1 — x()y(t) ¥ 289 £EAR FAE 4 S HUed
A
SIRR 4.2.3. e AR X/ (¢) = 29(b), y'(t) = x(t) — x()* — y(t) 2£-F# A ega R,
SIE 4.2.4. FEFARA X (1) = —x(t), y'(t) = 2y(t) + x(£)* + x(t)y(¢).
(1) BB B BIARR AT UG R y = h(x) 895 X, HE+ h(0)=h'(0)=0, FiEF h HZ
B9 T AR o
(2) A x=0HETF h(x) = a,x? + a;x3 + a,x* + o(x*), HHX =R H
() WmEARAMARETTEN Yy =01FAMEES, AT ARRFE RN GG ERN?

o)7L 4.2
B)RE 4.2.1 GEH4 21 AE). FEFE& M4
x'=Ax+g(x), g(0)=0, Dg(0)=0,

Hb g BREGENIIB U REST . BIXLAZVA—ANFRIRAECGFIEE,
KA ZRKAR R AR FO AR S B e R G e st R IR, A d 23 4.2.102) 495 —HAE . TNF
BAiEF| B, BEAAiEE I AL 2 R 2 VL % Hartman—-Grobman € 3,
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(1) FEAASM R = B @ E®, 9 E* H A 69PTH 5304 4 F AL AT & 69 52 AR F 7% 1]
A A, & ES ALRMEEIT B ERTZH G B, T E44EME, ple—x £4 8
ARF =S H ARG EIREFZ R, iCARRGEFHR P PS, HiT A, = Alg, Ay = Al ges.
R BEFTHC>1,0<ce<B<afffFrEZt<0A | < Ce*, 5 EZEt>04H
ledes| < Ce®. X BT A48 P4 PS 895 F e 8RIKE C F. & E® = {0}, WATHALH
ES, A, P 8903 ok,

2) BEHH y € CPRY), HEAOLK Y <L, Xla =1, Xl =0. & r £ MEAF B,(0) C U, 3
2 3L

x(x/r)g(x), |x|<2r,
9,(x) =

0, |x| > 2r.
iEH: g € CY(REGRY), Y |x| <r B g.(x) = g(x), ¥ & B Lipschitz % 4 L, # %

lg(x)|
L, :=sup |Dg,(x)| < sup |Dg(x)| +2||[Vxl[,. sup ————>0  (r—0,).

xeRd |x|<2r o<|x|<2r | I

(3) % (1) Bl¥ay B, & 5 bt A5 R AR 2 ]

X5 = 3x € C((—0,0];R%) : lxll; == sup e P! x(t)| < +ooy.

t<0
AR AT # T RE A H KT E 7 &t B X; A& Banach % 1,
(4) &4 a e B4, X

t

t
(T.x)(t) = etMa + f e=4pig (x(s))ds + J e=4spsg (x(s))ds, t <0.

0
EPRANRYHA EX, BT, £ X PHE-T3 2 x,.
(5) IS A q <1 A %l < &m, FIIE x, i 5T RO ARG 0 A2

x,(t) = Ax,(t) + g,(x,(1)), t<O.

F X, 2 AR R H AL (—c0,0] LB — R IERIIE, EHIET R ERAT,

4.3 LyapunoviR %

AL 2 A 7 R AR PN W 2 A e T, 7 B i R O H P-4 e 1y EL AR AL A S B Dy AR I L
FAAERFIEE N2 R B 00, AREAESR S AT B8 U R0 — T4 s SR B AR e k. BB, JRATT T
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LA F Lyapunov /7 VA G-k —/MEPUE A NN “RER 7, @i gE &K LA RIE R BE

_ EX 4.3.1 EEHRHSLyapunovik#
st B s AR (4.0.1), LV € CYU), £+ U R EASR. £ V(0) =0, BXEE x # 0 # A
V(x)>0 MARV &R ELAER. EHFLE X = f(x) AN FHZLH

V(x) := %V(x(t)) = VV(x) - f(x).

%V ERHV L0, WA V HLyapunov FHHK.

_ 32 4.3.1 Lyapunov F2EMEIE
B & A220(4.0.1), X f € CY(U), f(0) =0, L+ U £ RAG4R B,
(1) ZUFHEERZHFV e C'(U), H#EV(x)<0, N R EALL,
Q) Z#—FH V() <0 EA x € U\ {0} ., R E&EIRELAR,
B) Z#FU=RL,V E&,V 012, HLY% |x| > +oo BA V(x) > +oo, MR KL B#riLfAL.

JERR (REREIRIEREIR) . AiE(D)MAEME. B r > 0, fiEk B.(0) BATE U . A% 0 <
e <r, BRI |x| = ¢ 2R, Ul IEE SESMESE m, = {nllznV(x) > 0. #§ V(0) = 0 FliE4E:

P, ATHL S < g, i |x,| < 8 B Vi(x,) < m,.
TEfREAR BT B.(0) B, 8% k55 2

d :
gV () =V(x(©) <0.

T V(x(t)) < V(x,) < m,. WRHIERENS 5 FF B.(0), W B S A5 540 55 — R BIA BRI A %1
t, > 0. fEZIZ, — T HIEATE V(x(t,) = m., 55— H XL V(x(t,)) < V(x,) < mg, T, )
HUIBIRZA T TE B.(0). RN & AT LMEE/D, ALl S

2) ¥ V E. EEFRS /M 1y <1, 1 B, (0) C U. Eiaaéz—:ﬁﬁﬂwﬁ P, 771E 6, > 0, 17524
x| < 8 I, BUEXS T A t > 0 #ALT B, (0) EP P 9E 1 5 BN, 1Z B TE I R] 1F 17 AR AR TE.

THIEY x(t) = 0. 455 0 < € < 1o, FHHESFIFEMERTI 0 < § < &, MM Bs(0) H
REHIE LIS I FTE I TE AR BEE B.(0) . T —V fEEIR {x : § < |x| <o} LIESH™
&N IE, AFbA

ms := 5311|r<1 (-V(x)) > 0.
LU By(0), MATHIA ¢ > 0 #64
S V) = V) < -m,,

M V(x(1) < V() — mst. 24t F870 KN A oA 78, X5 V > 0 7 )&, ILPE 48 58 %)
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l/i_l:)\ Bs(0). FIFH 5 FRH BB A SR e v, WiZE ZRHEIEL AT B.(0) F. [N e > 0 4
=, ATl x(¢) — 0.
(3) BEATLBANE xo, BT KFEK, ={x R : V(X) < V(x)} BV HZRTIME, K,
Je B, NEUNIREUE VSR, BT LA K x, LEAIANAR, SEFH TE BT R AUEAH LA AE BT A 1E 7] 5[]
%%ﬁf
Y9E > 0, HELIFW R S EETTEL 0 < 8 < &, 75 B5(0) H R HIHIEIRA AT B.(0)
H, ﬁn%‘ﬁé HIEIR A HEN B5(0), IRABIAALT B K, \ B5(0) 7. FEXAMES L -V H™
W IEW B /ME, 52 (2) TAR R A B uE R 18 A8 V(e (e)) 72 BRI 1] f5 28 s 7 8, o8 i . PR L TE
AN Bs(0), HMIBLIRAAL T B.(0) . T RELIEMPUEAE T RS, FasRKnafee. O

_ f514.3.1 F Lyapunov BREFIEEILTRE M

F R AL
[ — 3
rEyT (43.1)
Y = —x -y
R Lyapunov:f # 77 & F| b7 . & 6922 .
R, HEH X =y = 0 WAE AR AP R N T ERHE MR ENE, T E A I ) JacobifE
R«
-3x? 1
Df(x,y) = :
-1  =3y?

PN AL, SRl RERE

0 1
A=Df(0)= ;
-1 0

HAFETREN 22 +1 =0, MEFIEEN 2 = £io FILJESAE DU -F 5, dtibia e R A
RE T AL M R G0 T R e

THEEEEE TR, MR V(x,y) = %(x2 +y?), N v(0,0)=0, H%4(x,y)#(0,0) I
HV(x,y)>0, ALV BIEERE. IERTREARNMERS, 53

V=xx"+yy =x(y —x)+y(=x —y*) = xy —x* —xy —y* = —x* —y*.

ik, 2 (x,y) #(0,0) HT TEAH V(x,y) <0, XSERR A 350 A =% 12 0 07 F2 2H 1) g A& 1 )
RAELER) CA A7) B—T7H, Hx24+y? - 40 B, V(x,y) = +00. FTEA V AMUEIEERT,
MmHARTER . H Lyapunov OB E BT A, R SR A R AR E 1. O

Fit 4.3.1. AP 5B42 1A R G EENEE, BREELTERX A, £P4.2.1F, HZAESR=
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X2+ y2 G, TAFBHAGIRE A R = +2R?, mABIF R = =2(x* + yH) MARE T x,y &
BEPAE, AL R 2. SFRE Lyapunov 7 ik N E &K BLAKAE, LAY 4% A by B AR 70 A2
M,

A8 4.3.2 (ZOURESUER). F IR ERATE T LAt Hoh BB b 9 AIsk B R SR E, 4 R(t) =
x(t)? +y@)*, MR =-=2(x*+y*), m

%(x2 + ¥ < xt+yt < (P + YA

% R(0) = Ry > 0, Wy figay~f—H T fodp KR TR R A B X R 2o B LAE & A R
t>03% R(t) >0, TAFE

R,
1+ Ryt

R’ d /1 1 1
= <—)<23t<——_<2t:

—— = — 2% <R@O)K
S R dt\R R(t) R, 1+ 2Ryt ©<

R, R(E) =0, B (x(t),y(t)) = (0,0)0 EAMEHLHAIERME R ZES LA O1™1/?) &
RBRE, MmMARBHER. FL, RELLEHIHAALE, BRRIERENALZE,
24X Lyapunov e e HWE L FIR 2 4b: RN FERAT A GEME W E V < 0 1 Lya-
punov EREL, 1 {V = 0} XNMEA B REE & B PAT A . IXFHFHIL T Lyapunov f2 e M e # H g
gy R E TR AR#TL A E M, 5 IR 2 ) 4.5 791 LaSalle A28 )58, X BIAT4 H—
Ml
51 4.3.2 FBEARVMEEIEA Lyapunov R¥ Jo A BrHia 2 E M A6 F
(%%—iﬁﬁi?ﬂx' =y, y = —x — y. FlLyapunovfy$k 75 & FI7 R R &G A4 € 4.

MR B, BEAOR TG . ZRVER O RBGERF IR ILEDIAN 4 = +i, PRI MEAAR E VR
(EF4.2.1) AREAIMWE S BETERREVE . IAMIA SR AR ERE V(x,y) = %(x2 +¥%)s
TR RS, 53]

V=xx'+yy =xy+y(-x-y>)=-y*<0.

T2 V 2 1EE M LyapunoviR £, MM mfsE . (HIX 561431048 MEraey =01, &
i x #£0 M, #A V(x,0)=0. Fik Vv ARMERE, ANFEH Lyapunov Fe € 1 & 215 2T
Fe i 1 o O

BEZ. G T UML) Lyapunov K W, AFKMNAZRFE W <0 AR EUINGHT B

R ?
54.3.3

(%%Fﬂ%%%ﬁﬂéﬂ x'=y, ¥ =—-w*x—yy, £F w,y > 0. A Lyapunov &3 kP42 € .
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. EAHUIEE Vo (ny) = 232 + —atx? R Vo = —yy? < 0, [T F B8 B th R . 9 7 4
FERCRIRT ] x 15, 2 BUBRAE I e S, 4

1, @, 7/22_1( 7/>2 w 7 2
VO,y) =5y + X3+ Sxy+ x* =S|y +35x) +| >+ = | <
Ft v 2 IEg A, I HAAR e, o A i E AR 2
- Y y?
V=yy’+c02xx’+5(x’y+xy’)+?xx’
I T Voo Y, 1Y,
= —yy +2(y w2x yxy)+2xy— 5y .

PrEL v €. B B4.3. 10958 (3) Wil A, JR sia R AeE. L b, v 5 -V # I IR,
HOBAFAE R EL 1 > 0, V < —xeV5 B R RLSERr b4 R a8 E .

XAMEIERE A a] DL RIS 2: B B HFE X + yx’ + w?x = 0 kDL X' + %x, B S A IS
2| b g s E S . O

_ 51 4.3.4 FEER
3t ARX = —VU(x) LEEFTIF

CUG) = - IVUEO) <0,

Ex, & U 8 Z 8B &, N V() =U(x) — U(x,) £ &3 Lyapunovef £
MR T AR B AR F LR e, B/ AL — B IR S A2

T

0 = UGK(T)) - U(0)) = — f VUG dt,

0

M Buid R ORE A T R

Lyapunov & P25t 2 S UERE N, 203%A B 315 e ATV BOZBUT4. X 7152 2 48, BAT— K
R B X BRI, AT — M 2l B g TEAR S ATy R AL, fe i P 1E E — Y
V(x) = xTPx, ¥t x' = Ax fR{IHR S, BATSME V = xT(ATP + PA)x. TATH ILA Bk B IEE
FFE P, 34 5 N 9 0 RERE.
EIE 4.3.2 *LyapunoviEfE7iZ
StE RRAH TN X = Ax, K FIEE A B2 R I T A R NI B L 2 63T AR
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ERFEEQ, IETAE ATP + PA = —Q A AE—X A EZM P, 37T 5

+00
P= J e Qe dt. (4.3.2)
0

MERA. HIASEE e, WATFEAAAER T M,y > 0, 157
e < Me™,  t>0.
FITLA (4.3.2) ZaxP S8l SARAE SRR, il POSRR. XHER x # 0,
xTPx = J m(etAx)TQ(efo) dr > 0,
0
KA Q IE& H. e“x # 0, FTlL P 1EJE.

XA B PR L e'47 Qe SR F45

d
E(etATQetA) — ATetATQetA + etATQetAA.

(o]

M0 FAZ] oo, FIFHIBECER,, 193] ATP + PA = [efATQefA]0 = —Q.
Ja ik E—YE. & P, P, #2f#, & R=P, —P,, N

ATR+RA=0 = %(e‘ATRe”‘) = 0.
ZHFEESET R, B2 t — oo I X HRECEE T, i R = 0. 0

1 4.3.5 HWE—PNEXXBHEER
|7}$]Lyapunovﬁ31§§(jfi:ﬁ-¥'l BT A AR x' = —x> 4y, ¥ = —y K45,

g, RGEI FAL 2L AERE
0 1
A= ,
0 -1
FARHEE N A, = 0,4, = =1, BHITAFFEFAFEAE,  ZeVEA0As i PR HE AN BEH T IR R Rl i e
FRLRIET —x® HUFE I ANRE B o
Fe R T N BE R Eo(x,y) = %(x2 + ), R GRS 2]

Ey = xx'+yy' =x(=x*+y) = y* = —x* + xy — y*.
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EANFKIAAXIFAENAEIE. FHELLE, Wy=x/2, [#FH
E0<x,§)=%x2—x4>0, 0< x| <=

Fik, TCRAEAIRIE £ /N, E, #AGEIEN Lyapunov BREL, HiaEk AT xy. N THEX
MG, 2528 I IE 8 iR

2

1 x
Vi y) = 332 +xy 2= (y+3) +3%°

Zx

Vo= +yx' +(x+2y)y = (x+y)(=x*+y) + (x + 2y)(—y) = —x* — x*y — y%.
XTI xy XN SRR DT —x3y. 5 — i HERATEE 2

% (%x4> = x*x = X} (=X +y) = =x° + X%y.
Hr iy X3y 16T LS v, i —x3y M. BtE X

1 1 1
V(x,y) =Vy(x,y) + gxt = oxP +xy + 2 + 2t

—HHEIEE, MH S X +)? - o0 N V(x,y) > . 55—J51H,

. ) d
V=V2+_

14__4_3_2 ) 3 — _v4 _ 2 _ 6
dt<4x)—(x x3y —y?) + (=x° + x3y) = —x* — y? — x°.

AT R (x,p) # (0,0) #H V(x,y) < 0. H Lyapunov Fa & 4 & BN 5 mUR W e 1. XA
NV ARFEITCS,  HOE A R RS KA REE N /KPR, DRI A I 8] 1 17 5 BE AR A7 AE
1o T LA R sk B b2 B AR BT RS E Y

R FIE U, BrLfa e R FERETE SRR, 5 y(0) =0, W y(t) =0, 1M

X' ==x3 = x(t) = L,
V1 + 2x(0)%t
FRGEE LG V2 0y, AR, X S5LMAERESA ZEHMEEAY A . O

S 4.3

SRR 4.3.1. % g € CY(R), B x # 0 B xg(x) > 0. iE8A: 742 x"(t) + g(x(t)) = 0 49 R 242 2 {2
T A2 69,
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SRR 4.3.2. it A% X =y —xf(x,y), Y = —x—yf(x,y) R, LFb fERERULE
3 ike. (Row: FHK f(0,0) 8955 5)

@ 4.3.3. AREZAR X =y, Yy = -1+ x> QR Ra942 2,

SRk 4.3.4. 1T TR ®E A ARG FAE M

(1) x'=—-y—xy> V' =x-—x*y;

(2) xl — _y3 _ XS, yl — x3 _yS;

(3) x' = —x+2x(x+y)?, V¥ =-y+2p3(x+y)%
(4) x' =2x*y +y%, ¥ =—xy*+2x°.

Sk 4.3.5. T X' (8) = y(),y'(t) = —y(t)* — sin x(t) 49-F# % (0,0), (7, 0) &9 BF [A] B 1) A5 1
SR 4.3.6. X € £ 0, iTib4e T 5 AL R4S M

X' =(x+4y)z+1), Y =(x+ey)z+1), 2z =-2.

jo)RE 4.3

O] 4.3.1. FE N FAZ x"(t) + x(t) + x(t)* = 0, x(0) = Xy, x'(0) = 0 ¢95EAGME . B9 : sHEH
x, € R\ {0}, iZ A2 69 8 o & 2 B AR

4.4 *=FHEENTEFMEE A

AREFTP TS T8 BT R R A B2, IR el T S SRR E PR 2 I T
5= XA H TR Lyapunov BRECH] W47 23 A8 MR 7K, I T A R 0 a2 XLt~
Mo (HIXLE S5 EE BANGE E 30 368 AS [R5 £ B 5 A 08 o fer 72 AN AP T A a4z, AR R T
SHS AR B2 ML (nullcline) 75 E1E H 4 /A B K .

WP ARG X' = f(x,y), Y = g(x,y), BZ f(x,y) = 0 BN x-FEMIL, ek g(x,y) = 0 K
N y-FEEML. k4 B x' =0, Bt Edg s B B 7 A 55 k4 B y =0, Frbhinl&
Wit K5 1) 25 1% 2 i 2R HEAE P 1 o B B X I, FEH. f, g fES XN EA A E, AL
PEORIE X' 5y A XN & B R FFEDE T 5. 1l H FE ML s X LeR/5 5, [ feqs 24 /Al
B R 77 T R 2.

TEEE, FHEME —RARAZME. HlundfE f=0 ERA X =0, YuEEENSIERET
) 2 I IX 2k Hh 4. PRI SR 2R BRI 77 M5 8., DU B — A RE R E A% - B ELLL A FEL
T I 222 1n). EAh e Rl B, R4S &R . AR LL R G SO R A T7 .
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— {51 4.4.1 Lotka-Volterraigi €& -5t H!
& x(t) 5 y@t) »AEATRGAREEORE. RELOHTE-HBHEAR

x' = x(a — By), Y =y(=y +6x), a,B,7,6 > 0.

REFM& T ARG ER.

g, 7R RN, MRARF L ESEML R y = a/B, x = y/8. WA HE AT SR IO A
B e B R AR, BUESEA BT R € SR B H I

H(x,y) =6x—ylogx + Sy —alogy,
MEEHE—RIRNE

H=(6-y/x)x(a—By)+ (B —a/y)y(—y +x)
= (6x —y)a—By)+ (By —a)(—y + 6x) = 0.
RHEI O (x) = (4 2). RIS
y/x> 0

D’H(x,y) = :
0 a/y?
Frbh H 7258 — SR ™R, R HRAE (x, ) BEFIHRME. 4 x - 0,y - 0., x > +oo B
y = +oo B, H(x,y) - +oo. KtbE T B/ MERI AN KPFEAZE — RN R Wiz, T
EANGE R VLS A BRES E] =] 20AE” 9 A 20 e BTS2

[l 5%E ¢ > H(x,,y,), 7id

K.={(x,y) : x>0,y>0,H(x,y) <c}, I.=0K,={H =c}.
IR FAT NI K, 5 A AR LA R T 55 i # PR A IEER B, AT K, A2 58— RIR TP I SR 5. X
N H g, K g N ERE AR R &4, M p = (x,,y,) HER, AERURAL
& e, FFHEE ¢ (r) = H(p + re) FEREAIN T2 — RERHVEEI N A, BT VH(p) =0, A

¥e(0) =0, Y!(r) = e"D*H(p + re)e > 0.

FrbLl l(r) > 0 XA r > 0 BOr, B o, A IE. W ST m) 235 — R IR 8 a8 55 iy
Ye(r) = +oo. RIAFLEME—T] r.(e) > 0, ff H(p +r.(e)e) = c.
RUAZ S AR T 32 PL(r.(e)) > 0, — ol BUe BRI r, ST AR T 717 e. T2
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e —— p +r.(e)e FLHALE ——EBIMSHI N T, ZHFBANZE, BOVE IR 7> B 7
EAATRE AN Y. H T, & — 2 1L fij 50 P i 26

B RIRTHT 3G p, 1 p & T, JILLAEY F = (x,y) ££ T, EAMEANE. T
H=VH-F =0 X§iW F 45T, V). WAEFINIMKSHAG 2

y :[0,L] — T, Iy’ =1, y(0) = y(L).

G BT 1A, A7 AEHE SRR B u(s) > 0, 1 F(y(5) = v(s)y/(s). FEMEAFF m 2 = minee,q 0(s) >
0. RS L x() = y(s(6)), MAFREEMN T /(1) = v(s(). M s = 0 S L 55— FF 7 H It 40 g

1
TC:foﬁdS<—<+OO
KL x(T,) = x(0), 5% T, #R2JFHAIE. BEE ¢ SURAS B R 2 — R RUHAE, A 2 — 2% IL )
W 5| AR FRIA. O

N T AEF R S PUE T R AR HOR, £ G e = 8 =y =6 = 1, JIRHART FLZF SR MLk
Nx=1y=1 NEFE 2 1,1). FEFRHAMLZTER Hx,y) = x —logx +y —logy ]
KPR EEL AR y < 1 EYIECE x B0, £ x > 1 a8 y B0, B s e K s
BT I,

: X
Lotka—Volterrat® &Y 1) %1

MAZBIE 2 RAR B 2 Hr (6 — iR ol A 9 -

L R BRI IR AL T, SRV T A W HL JRy A SR AR 5
2. ] F L, AR ML 1 D A X,y AT
3. FksriEE. ARHLECR I E, FRIARAE. 2B AL IE (R R
o
LR, FEMZEEARAZML, wREURRAT “PUEIEA T RIZE 7, ASRE A L
B AR e, AN AE M E 0 BN IR o )5 T 5 208 BRI 2R =20 5
o BN RIATEE — DAL T
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— 514.4.2 JEZR4B
T e 3% i

0 = w, w' = —sinb.

RPLEZEE ) mR EHEERGIAAE—A 1. /g ata-Fa ey s hmE.

NET O REE R A, WK ¢, 0 AN AR T B B A R 5 1A A9 TR A, T RS B
EH THIE ] mg.

mg

FRL IR A B A Y

Ll i O BT E. BRI sh i y me?, N —mgt sin 6, Kl Newton¥ 3]
e

me20" = —mgtsinf = 6" + % sin@ = 0.

ORI BN T =g/t FE4 w = db/dr, #iAF 3] B r)IH— T R

g, 2T EARWIRFEML L 0 =0, 6 = k. WIRIZAZ R (k, 0) 2 P i, FEXA AL, &

BRI AL .
—cos(km) O

THIE, FFALE S S R, B LA T R A B AN Re e AR L T R A e 1, (BT e RE vl
lgshghie. £ H(6,w) = écoz +1 — cos 8, WIHTARHIE R 1532

%H(G(t), w(t)) =sinf 6 + ww' =sinbw —wsinb = 0.

BTGB RS E H WK TFES. 78 2k, 0) ML, H 8 Rk ME, HIEFE0 /M IEK P42
P HIT 28, TR I I S8 5P 487 A .

M —m <0 <am P, KFHEH=hTUSK o = +y2(h—1+cosb). # 0 < h <2, I}
SHMRBERREH N A2 B3R, by FWSCERE ) S A R — 2 L, SR R 2
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. 45 h =2, e (2, 0) WML, TR E#. F h> 2, W h—1+cos® > h—2>0, fTLL
w NEBRF5; RS [E — 7 A ik .

BT REZRT 0 BA 27-FE, K ik s th AR B 6 U5 1a 4%, BVl 45 2B ASA1 1 1
ERIHA. O

AW R G P LA RES B e B 1 e R AR, ROV EANTRA CEXRRS T, PUEHIR
HEFEENKTE . —BRARRRAR SR T BCE AR TR, B CLIE ] — & B RPUEL
ZA G, WA RE AR EEIEHAEE. NIETHEIIN o-RIRE, AT,

SRk 4.4

SRR 4.4.1. FEGAEM X =2y +xy, Y =x+y. L PFHEHERAGEE, BRESFME T EME
d A LagAan,

[e]E 4.4
BIRE 4.4.1. FEFEAX =Y,y =x—X°.
(1) K& &5 Flor LA,
(2) 4 H(x,y) = %yz - %xz + %x“.
(22) GEW] H B R 4his 2 F 1849,
(2b) iEA H=0 B REAAFR BHEM R, FKEHEXGEKET

(2c) ALY —1/4<H <04 H>08, FEo& HOKFELAEFGHIK, HHEL
Bl A B mE,

4.5 *o-tRIRESEHIME

b RAIAN I P s B R 2 T AR AN SR B N 1A TP I R S 4 R A B
2R, HR TN R T A S, AR EAT FPIE N R A K, HASEE— et ) b
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RGBT, A5 o-WPRE. LaSalle M EPEFE PR, Poincaré-Bendixson i€ P fliBendixson—

Dulac#E N, PABF 7T HUIE IR IIAT A,

_ EN 4.5.1 o-iRIRE
X 8 75 A4 (40.1), T FE @, Cry) HHFA £ > 0 A, S LI L

w(x,) ={y 1 BHE 1 > +oo, @, (x,) = ¥}.

— R 4.5.1 w-tRFREAIEARMR
st & HAAAA0 DA E X451, FEMMBEOSELTEN, I wlx,) =, . Zi@F LA
ROERTHRFERE.

WERR. B4 E IE R EE F BN K. SEHEL ti=J. i Bolzano—Weierstrass & ¥, 17 7£ % D; (x)
WS E] y € K, FTLL y € w(x,), KIREIESS

SHIEFEEL N i Ky = {®,(x,) : t > N} BAVEIEHw(x,) = ﬂ Ky.

# Y € w(xo), MAFAE t; — +oo, f @, (x0) — y. X]Lt/\.EEI’J N, % j RBKE t; > N, frEh
yEKy. KR, ¥ ye ﬂN:1 Ky, A E R4 N, T AR ty = N, i

1
d — —.
| tN(xO) yl< N

TIE ty = +o0 H @, (%)) =y, B y € w(xy). ERFIE. FA Ky # 2 B8 K BT, B E
w(x,) 2%,

I:IEU [N, +o00) i, ] t —— ®,(x,) ESE, FrLRHEIEIR; E@ 50 FaTER, W81 Ky

., NIEHENIMREER, KRR ox,) = F, UF,, X% F,F, Z2HANE=, Tﬁ@ﬁﬁ%% Gl
ﬂx%?:ﬂ;% U, U, il F; c U,. BAISEFED Ky BT U, U, H. BN, XA N EBREE
Yy € Ky \ (U, U0,). B4 K, IS {y} FAEH B IEBHRSI N, <N, < - Aly e K, f
Yy, = ¥ SEAEER m, 2k RS N > m, TR yy €Ky, €K,y B K, A5y €K,
Hik y € N, Kn = o(xy), BFEII y & U, U U,, FJ&. # LIRS RO XA Ky [N S F,F, M
T, MEELEMNIALZTIE U, U, 29, X5 Ky ElE7)E. Kt olx,) 1Ei8.

FJFEWIRAENE. 5 y € w(xo), BLt; — +oo, 1 @, (x,) > y. MEE s > 0, I ELARMNER
|

D(y) = Jlgg q)tj+s(x0) € w(xy).

# s <0, W2 j BRI ¢ +5 > 0, NI RF{D, (20} BLETHE K 1, BEMAFLE T 51 @, (%) 1
ST zeK. BTt +5— +oo, FIRWSERIELF Y] z € w(x,). IL5h,

®_(z) = lim @, (x,) = y.
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HME—VERILAE z = O (y). I LARBRAELE IE, FNHIA] B9 T #ANAE. O
4.5 i A BRSO R B EES X' = —x —y, ¥ = x —y. WNFHE (x,,¥,) # (0,0) H
RHIEN
x(t) _, | cost —sint || x,
=e .
y(t) sint cost ||y

BB 1 5 A, AT (%, yo) = §(0, 00}, IXAMEAAEZS . % I, I AR FAE, S

Gt R A,

AR, w-tRBRERT LUE— AP Al 53— 7 IFRATSEPR BT DGR, AN B T R4,

LAMEAL T R BAEIE B, AR PREE & B 25 A BRI IE . 5 b oo- TR PREE VT DA AN &2 IR M §UTE
) K IAZ M.
_ TIE 4.5.2 LaSalleATHRIE, BEAK
st BB FTAEMME.0.1), A K ROAEMEHZLBANEEORTE, HH V £ K 69—A4R
BAETC,#ALVKOAK bz . WE={xe€K:V(x)=0}, #4 M H E PR AXIE
£ UM ARARZACASEE POTEREZH. NEHEA x, €K,

dist (@t(xo),M) — 0, t > +oo.

HAH, M RA—TF8H 5 x,, N §,(x,) = X,.

LaSalle REER I, W V(®,(x,)) HH, WV 7E w(x,) FARFREE, M wlx,) C {V =0}. ik
iy PR FH (o ) A AS P, 5t mT LUK FLBR I 7E{V = O} B KA EE R«

MEPR. € x, € K. 1T K 5 HIERAAR, AHRLIE A HUE AR AT IR A AL T K LR E V(D,(x,))
FIRANTE HAT R AR, AR S ¢, 8 V(D,(x0)) = €.
M 4.5.1, wixy) FEF. BIFHAER T REFEAZ. SMER y € olx), T t; - +oo, fll
Dy (x) — y. HIELMEFR V(y) = €. XN wlx,) EHLFAZ, MPUEFEREE s #F
D (¥) € w(x), AT
V(®,(y) =¢.
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£ s =0 AR T2 V(y) =0, L
w(x,) CE.
HT w(xy) A& ARE, Wl M & KRR o(x,) C M.
e Ja UE BT T E B -t IR, 27 8510 ANEOL, WAFLE ¢ > 0 F1 t; — +o0, 1l
dist (@, (%), w(x)) > &
H K SR H A, i P, (x,) > y € K. IRl w- M IREERIE X, ¥ € w(x,), FT
dist (CIthk (%), w(X)) < |‘I’t,-k (x,) — yl — 0,
& . B bA
dist (®,(xy), M) < dist (@,(x,), w(x,)) — 0.
O
LaSalle N2 JZEEHE— 200 T T Lyapunov B V il 2 {V = 0} X —E5 8. Erl LA
THIEB Lyapunov &g P HUICTE A E BT e e 1

— f514.5.1 H Lyapunov BR¥FTEF AL E R BIF
BREEBI43.2F 0 AR, TR S HT AL T 89,

(4.5.1)

UERA. B—25: MEZRWIERATE. MMEEc>0, EXK, = {(x,y) eR?: i(x2 + %) < c}, A
K, 2B, HTHHMEEMBHEA V <0, BTl YNE (x0,y0) € K.» ISATEMEFIAFAE X [8] L5t
A V(x(®), y(1) < V(x,¥0) < ¢» HEMAEANGERTT K.

N HF R ESEEATIH X, MR T 54 K W, RIRSER B LRIE T R4
I 1) 1E [7) B AR A EME . K, A2 B IE M ANAR4E

F-H: IREEGV =0. K HNEXE={x,y) €K, :V(x,y) =0} KAV =—y* fr
PLE ={(x,0) € K.}, XARM K, 7 x fl B —2%Z& B (HE2WIEE: £46 E AFFHFAEAE
£

HL b, WREEEFPEGRANT EH, BavwRise ye) =0, #ibx' =y=07]
Hox(t) LNEE. n—J7H, AT y@) = 0 RAEZANTIES/E 0=y'(t) = —x(t) —y()* =
—x(t), Kt x(t) = 0. XHUEW] T BEIRZHFEEAE E HIN 2B H0E R A R fX — % A
. BTl E R RARE N

M = {(0,0)}.
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B4 MALSalle FERE., WERINDEMEH K, BHEARE, vec, JFHV <o,
FTBA LaSalle A B A4 O . Rk, SMEBAIE (xo.y0) €K, #H

dist((x(t), y(t)),M) — 0, [ > +o0.

H M = {(0,0)} 5153 tliin (x(0), y(1)) = (0,0). KN ¢ > 0 A] MERREL, MM WIMEEE T EA
K., LA ACSEE 15 AN ERWIME RO . BUAE, B14.3. 200 ELEM TR E M, A Al
THIAIE B O BRI 51 1, FRATT A 15 21 JR 55 A2 4 SRl A 5 1Y ]

#14.5.2 THHEHIELMLER
F AR 4.4.2 W ARG AE K AR T

0 = w, w' = —sinb — yw, y > 0.

iR, M PIRELEML DN 0 =05 w = —sin8/y. HEHIMRE HO, w) = %cu2 +1—cos6, N
H =sinbw+ w(—sinf —yw) = —yw? < 0.
[ 0 <c<2, H%
K. = {(G,w) <0<, HO,w) < c}.

HTEO=+r A H>2 K. Ebr FAEGHE -7 <0 <m . XFNH L0, TaBIERAEELE
K, A LA
E={06,w)€K, : H=0}={06,w) €K, : v =0}

LR BHERABSHEE T, Mo =0H6 =w=0LL0 NHEH Al o hE%TE,
B o = —sin@ = 0. HT 0<c <2, fEK THEEHR 6 =0. Kt E FHKAEER
{(0,0)}. H LaSalle ANZZJR B (E#4.5.2), &M K, HRMHIEH G T H S B4 E H REHIEE
Y5 Lyapunov fase M B, JR ST faoe. O

IR 4.5.1. AABITT AR S, LMEN H=0, $EEREKRFEEH; FRRN H<0, il
R F it Z AK-FE, @ LaSalle RE BB RAIE CRAFEANPINMATRLTE, FizE092, LaSalle
REREAZTFTBHALERG, C& Lyapunov & £ ik /£ KB 18] 5 7 FHEe A RIES,

LaSalle AR J5 3 2R AR B G@E 1 B s 2 (7] LA 5 #1E Lyapunov BRECEELLD, T
—RABR AR MR i, A APERRIRE T REIER S0 BEFE B, $
TEAREAHAZ X — 0 BRI A PR AR 52 IR BRZ R . TCHRAE—A “HIRMEL” IR %A 7
i (WA514.5.3), B4 H A PUE R -t REELRE A4 2
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EIE 4.5.3 Poincaré-Bendixson EIE
Ps’tﬁﬁ@ QBT ARBA0NNEOERETC, L— 5 EmBda 2R ERN. T L o-RRERS

A B, AR SR R — & B A BaE .

XA 8 B ) S8 BEUE B EE R BB ZR . Jordan 2R 8 B DL K P T EIUIE AN BEAHZE B Fh 5, 31X
HHABRAR T AE. SR P RGR A F45 10 1E =48 T m4E 23 [ v, P& UE W] DA I 55121
ik, AR BR A AT BE LU T4 R R R R E B RIS 2.

JFi8 4.5.2. Poincaré-Bendixson @ I K & H X AL X & B g vE—, LA Pk e a9fa s,
KR E Bt — F AT AR AL

Sad ok, AT AT LA A faf ik B — AN X 380N AN AT BeAA A SR EIE ?

— FIE 4.5.4 Bendixson-Dulac/EN

x' = f(x,y), ¥y =gx,y).

K GCR? A EFRIK, f,g € CH(G). #HEB € CLGMER TR HEKAE G PRAETH#AE,

RAEL G FREZAAR:
d(Bf) , 0(Bg)
+
ox dy

NS R RAE G WA B,

e, # B =1, LRHENERN Bendixson FHfs: ¥ 0, f + 0,g 75 5@ X I b R KF 4%
A5, N X3 A A7 J IS . XS BRI 2 1 R AR A 2

SERR. R T € G RFMBUE, HIE IR NN T. BRI —tk, S8 > ®,(x) 1
[0,T) E3&A H AT m X g Ji BBE A 47 i, B2 — 2k AR T B AT HE 42 Jordan il 2k e 3
T ER— M RXE Q. BT G aEBATCcG, A QCG.

B (f,g) W T 5 M2 1, TR LURR R B 4 B 5 0315 24 U1, T DA (Bf, Bg) 76 T FH5hi%:

67> 8 N%E. H Green A1

d(Bf) N d(Bg)
ox dy

dx dy,

0 =J (Bf,Bg)-ndS =J

Elo) Q
A R BRI BAE AL 7™ D I, A S 7™ A K25 A R AL P D i, A S P A N T PR TR
HEmETETE, Kt G WAL HIHIE. O

Poincaré-Bendixson 5 HHi 5 — /M IE [ AR BRI £ (. 25 REHR.B198 4 6 P10, (41
LIRS P, BT T R FTE R, I ER b 20 405, 6 s 4 —
ARG TE R P AR 22 SRR, 3 oo BRS04, s I, (i
B A UM (P ERE, R 0 FL PR EL, P, RUE PESS BRI P U7 22
L
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— 151 4.5.3

X' =x—y—x(x*+y?),
Yy =x+y-yx*+y?).

W {(x,y) : x*+y* =1} MR,

. 2 R=x>+y* N
R =2x[x —y — xR| + 2y[x + y — yR] = 2(x* + y?) — 2R(x* + y*) = 2R(1 — R).

AR R =2 <1 LA R > 0, B MEFFBAMI; EKF R = 12 > 1 B4 R <0, 55
P Rl

r?<R<r;
SR IR, T H A % A 47 5. Poincaré-Bendixson 7E H AR UEI Ik PN A77E B BFABIE. 1X BLiL fE
Bt R = 1R AR, (R >0 b, L o = 225 =1, il Erissh i 2.
YO<R<1IWBR >0, R>1H R <0, SHMPUEESEN R = 1; X568 HH0E &5 0E iR
. O

y

R<=1

s
L

</

AR IS L RS E AR PR AA

S

I TEIX AN TR AL R AL g 2B B AT PLE SGRAER,  H2 R ORIRATTZS — ATk B SR g i 451
¥, {HA]LLH Poincaré-Bendixson 7€ FLilE B AEAE T JLRE HABIE -
— 151 4.5.4
FJE-F @ B b AN

x'=x—(1+x*)y— x(x*+ 2y%),
Y =0+ xH)x+y—yx*+2y?).

#) Bl Poincaré-Bendixson & 3} i B 1% & % 4 £ JF F FL B B #id
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. B—2: FREERFEE. L R=x"+)". HEITH:

R =2xx" +2yy’ = 2x[x — (1 + x?)y — x(x* + 2yH)] + 2y[(1 + x)x + y — y(x* + 2y?)]
=2x% —2(1 + x?)xy — 2x2(x* + 2y%) + 2(1 + x?)xy + 2y? — 2y*(x? + 2y%) = 2R[1 — (x? + 2y?)].

%T*ﬁmﬂ%R<ﬁ+w%ﬂR%ﬁ%R=U&Mﬁm%%o%R:iﬁ,

1 1 1
[ — 2 2 > . - —_— )= -
R' =2R[1—-(x*+2y*)] =2 4(1 2) 4>0.

BT LBUE TR NI T BB RN . 14 R = 4 1Y,
R =2R[1—(x>+2y)] <2 -4(1—-4)=-24<0.

%uﬁﬁﬁﬂwﬁim%ﬁ%ﬁW%o%%E%WME,W%ﬁK=ﬁmw:i<2+ 2 <4
—ANEIERAESE ., FARRSRZTREH, WK SRR SAEA T, BT LS RE O A
FE T IE [ B D471
B4 IERHEFTEELER. W (ny) €K R—NTFHA ML X =y =0, Filkt
ﬁw_oom%RzZ>m@ﬂumwzmu—uuaﬁnﬂ%xMszl,%ﬁﬁ%%ﬁAE
gy etikeEs
x'=—1+x?)y, y' =1+ x?*)x.

Hx =y =0 MEATF1+x2>0EF x=y =0, HiX5 x2+2y*=1FJ&, LN K &
AL R

$ =2, N APoincaré-BendixsonEIE, 1TH (xy,y,) € K. KN K &K HIEFIAA, XM
IEFAPUEIRAASAERE K o B o-tkIREIET . BHAZE. XHEHN K WAL AL
FIT LA -1l FREE AN 4i7 /5 . HHPoincaré-Bendixson & B AIE AR & — K I #ARLE .. RIbiZ
RGAAER DA LA WA . O

JEI2 4.5.3. AP, BAVET AR ENK. BT HMA 0 FHITF 2
xy —yx' =x[QA+x)Dx+y -y +2y)] —y[x — (A +x?)y — x(x* + 2yH)] = (A + xH)(x? + y?).

ﬁu@—ﬂJ§_1+x>o B b JE R Bl 4E 4L B4 S A .

x+y

Hok, BMTVEERARGEAREAN RS R B PE, FELE, EEXANAABAR=c>0

%H%ﬁi AR AL HANR B AL Mi#H A R =0, w2 c(1+sin’0) =1122 £#ME 0 Tk,
R A EEE T 1,

EAAAPUEAE LS, ANEFE SR TR AT ST ? A 1 AW R HEE AR e, B

A IHEE ) — 2N BE 2, FH— AN SRR s pic 2R B BT A M s BRI AES] N — iR A 3, #4
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Bl —YERR I

I(s) = F— R A A
‘BN Poincaré iR [AI L. JEBAPIE ST NS T s, B TI(s,) = s,.. & |IT(s,)| < 1, TAHARIR A &
f@ﬁ'\;ﬁij& Sis }%,ﬁﬂfmiﬁﬁﬁﬁ?ﬁ%\ﬁ, % |H’(S*)| > 1, I)—]\IJKE% :[zjqé —‘/\ji Hflmgéﬁﬂﬁﬂiﬂl IEHIEEIJE
WEALER T — 4 B HOR 20 4
— ik 4.5.5 THEHEHAPUENIEFENET
stF@m b HaAE x = f(x), ATt x,(t) RAPA T HRIMME. LT 5T Y =
Df(x,(t))y A —A Floquet ®F 8% F 1, 2 & & #id @8 y(t) = x.(t). B —AKTFH

T

]

UERA. TR RER T I TRR G, 7521 X[ (6) = D e (0)x0(0), FTEA x; 52285 JiREHIfie. Ji & L
BOA P R, i x0(0) # 05 XA DX (T) = x(0), A DUR IR FEIEAEZ M & xL(0) BREIE & k1
#&—> Floquet 3f¢¥.

4 ®(t) &5 TR 2 ©(0) = LIVARAEIEAAFRE FE, HH1d A() = Df(x,.(2)). 15 = F I Liouville A
XG2.2)H TR TS

div £, (1)) dt). (4.5.2)

T
det ®(T) = det ®(0) exp (J
0

T

TrDf(x,.(t)) dt) = exp (J TrDf(x.(t)) dt) .

0
P MFloquetde 172 O(T) FIPAANRHEE, HIFRHET detd(T). KA —NEALUEH N, 1 TrDf =
div f, FrbhA A — 3+ 2 (4.5.2)F 1 w. O

Ul B UL BH, 25 R BRPUE — A BB IR 0 A 4, W sl v/ 1, AR PR 3R 5]
éﬁ}u%, 3%% RIE, BRI HEFELLL. PR e+ L AURN 1, BN EIE R it A2 AT) 2 R — A & 3
fift, X2 N BE e PUIE F2 8 T A BE 22 K (] 58 FE AL T 2 0 A 2R M ke
_ 151 4.5.5 DulactRZaI%EF
e 4 A G

x'=x(1-x—ay), Yy =y(d—-bx-y)
f % — %R B(x, y) = iﬁ“

_l-x—ay _1-bx—y o(Bf) 6(Bg)__l_l

Bf=———,  Bg=—— = 4 =—n -1 <0
WTH— MR EE, AR T AR ISE. 458 R 5 Poincaré-Bendixson & ¥, #F %
Bl AReAL )M AR, IAEFHFE L ANAABESHTRET XE—F
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&k 4.5
SRR 4.5.1. EF—FWREETAMNTFOMRH-STadh R A

x' = x(a —Bx —yy), Y =y(=8 +nx),

HFP 5834 A E8. B B(x,y) = L , #] A Bendixson-Dulac /& W iE8A & — %R N I 542 B 3
xy

Huid

SRR 4.5.2. % h € CY([0, +0)), & E-F @ & 4

x' = —y + xh(x* + y?),
Y = x+ yh(x?* + y?).

KR, >0 h#EETESE, B h(R,) =012 h'(R,) #0.

(1) iEF R A x? 4+ y> = R, R VA 2mr 9 A #A6G #id

(2) AR 4 4.5.5 iE 9 HJE-F U Floquet ’F A u = exp(47Ryh'(Ry)).
(3) A&7 W'(R,) 89 7% 5 FIBT 1% B B dhid a9 45 52 14

o) 2k 4.5

B)& 4.5.1. FE-Fd@ A%

x'=—=y+x(1—x?—y>)(x*+y> —4),
Y =x+y(1 —x%—y?)(x*+ y*—4).

(1) RAA R 5L AMBE, AR EAREFFIRE ORI, (B HE 2 =22+
y:, KriBRaimF,)

(2) *-F@ LA A, H% L ERmRE;

(3) 2 AR ZE@HA2 G4 AL 4.5.5 i 5 A § B AP #9 @ Floquer T, Azt d it H o i3
i — 2

4) @E 2 HMA,
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FLE SEM&EMEMSHIE

—A m AR ETFERT DML m 4E—F iR, Bk ety RR AL A SE AR B A AT DL T
LMETTHE. B2, REEPRE TR A b & S5 v DU AR 7R, 6 B 7 RE mT DA
WAL 5155 R S Wronskian ) 1A 20, RBUEAT I 36 AT DUl I R R EOE R IE M. AT
WL RN TTRE B R AR 28 = MR T7 RE B 3 B AR B R, 4R R AL R 802 A0 1E )
ZF B AL Frobenius /7 V4.

5.1 ERBEMEMERIEAKE

5.1.1 #LE|—MreeltHmiEd

—‘ﬂ}i m Bﬁﬁﬁjﬁ‘%% x(m) = f(t’ x’ xla ’x(m_l)) j@ﬁ xl = x’ x2 = x’, cee xm = X(m—l) ’f*bﬁzﬁﬂ
Bt iR R

m—1 = Xms x},'n =f(t’x19"':xm)'

FIr AR A s B o B 93 77 F2 B WA o 8t 75 B H A IR I WIE. x(2o), X/ (Eo), +++ , X V(t,), T EE
TR AR ME—, SE PR SEAROUE BEAER AT BN B 240 S BIR A — B T AR B R, X2k
EWaR

x™ 4+ a,, (x4 o+ a, (DX + ag(H)x = g(b) (5.1.1)

Xof L FR)— B ek 1 sk o0 D7 B A

0 1 0 0
0
0 0 1
= o o |X+]| |
0
0 0 0 1
8
—4y — —Qpy— Ay
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15 RBOES:, WA CEIUE P RIE A R0 X E_FAA7E.

%%ﬁ%%%éﬂzaﬁ B, B HF D = d/dt HERLENHTE P(D)x = 0, Hd P 2£ ik
PA) ="+ a, A"+ +a,. RN x(¢) = M, M2155] P(D)e* = P(1)et. Fit LR £ 1
i P(A) = 0 FIAR AT ui%_:ﬁic K 1R

— T 5.1.1 BRYFTARSMHE
ZEFAE A £ g =08 ay-,a, ., HAFEREQGFRTAL, HLCHHES XN
PA)=A"+a, A"+ +a, X P EIKBSEA

N N
P =T[Aa-2)m, Y mj=m.
j=1 j=1

W E g e —mE R ket K j=1,- N, k=0,-,m; — 1. ZEHAFHNFH, £
Moo+ i BRI, B, T2 E LKA ke cos Bt, t*e™ sin fit.

HUERA. A AR VRN T4 D(eMu(t)) = 2etu(t) + e*u'(t), B (D — ) (eMu(r)) = e*u/(t). EEZiL
FERAT S5 2T B IR r B TR

(D — ) (eMu(t)) = eM*u(t).
Hut)=tk Ho<k<r i, u®@)=0. [Hik

(D —Ap)m(tket') =0, 0<k<m;-1

HI 9 R0 57 I AC R, FTEL P(D) = H(D o)™, T LAEEAS theit #ii 2 P(D)x = 0.

NHAIEWIX m AMELIETER. ik lgﬂ]E’J*/\%% VA AN E . BUAEFE R — AN A 1A 1Y
Z A AT, AT AE K

N
Zeﬂijj(t) =0, degQ; < m; —1. (5.1.2)

[E5E j, FEG.LMWIIERBHT LiD) = TIMD — A,)™. % ¢ # j, FN degQ, < my, A (D —

C#j
A0)me (e41Q (1)) = ' QU™ (1) = 0. FTLAME L(D) 2 J5, KR4 j WLAAMKFTA T 2. 45 j 148
N
eN'R(D)Q;(1),  Ri(2) =[]z +4;—1,)m.

£

% 4, TAMIE, BBl Ri(0) = TG, — A)™ # 0. % Q, RUKCH r MAEZLIR, K E T
t#]

c.t”, W Ry (D)Q; 1 ¢ WA BERH R;(0)Q;, BN D IRIUAR 2 AR 2 W1 . %0 i A= 02
R;(0)c, # 0, X5 R(D)Q; = 0 FJ&. Btk Q; = 0. thT jAERE, i Q; #AE, MIFI ) m 4
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R LR TC k.

I JEUE BT A ER AR, W REANME x, FREEIYIER R (x(t), X' (&), - ,x(’”‘l)(to))T. =150
TR — W T R B SO P DL S e A Il R R A AR ME— PR U B RS C™ R B ) B 15 1 X
N — Mg, DRI 2 MR S (R R 4R 5002 m. BTH 218 8] m DNRETC MR, EATT L IR i —2H 2L,

WERTT AR RS, AR SSRFIEAR L i L. X A = a + i, A tfet = tre™ cos Bt +
i the sin Br. T J7HE RECHIEL, it LS A IR SIS AN R S 0 2 S A, 0 45— X FLHEAR A X A~ 5
B AR AN SL T MR, 15 B e 3 ) SE A O

1 5.1.1
|7;Tiﬁi¥73‘ﬁ x@® —2x" +x = 0.

fB. JTREX BLHRFIEZ AN (A2 - 1)? = (A — )X (A + 172, AL 1, -1, HEH 82, Nk
TIRERIfR LS e te! e te™ IZMEALE, Wom gy

x(t) = (Cl + Czt)e[ + (C3 + C4t)€_t.

51 5.1.2
|7;]‘<ﬁ¥7}‘ﬁ x® 4+ 2x" +x =0.

. JTREN RLRRE 2 TR (A2 + 1) = (A — )24 + 0%, FRASFHIEEN §, —i, HEEI N2, Fik)7
PRI el tet, e te™ WML &, IUAE I IAA B Mg 51 B i

x(t) = (C; + Cyt)cost + (C; + Cyt)sin t.

5.1.2 WronskifTHIX 5[/ 7%
2R N I R TSRO R

X" + p(t)x’ + q(t)x = 0, (5.1.3)

P1(8) @,(8)
P (6)  @3()

ERIWNME o, 0, £ ELIETK, AT H Wronski /7513 W(t) = FE TN RPWT . 1

Wronski 1751 204 & i i& — N —Bh T 2.
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fhEn 5.1.2
K p,q € C),py, 9, & (5.1.3) 89BAfE. 1

t
W(t) = W(t,) exp (—J p(s) ds). (5.1.4)
fo
Bt W Z 2448 E, 224K HE; aT—HFHABEEAX, B—FIE RN R G
] &g — 2 K.

HUERA. BHHECR T,
W = 0] — ¢/ p; = ¢1(—p9, — q9,) — (=pP} — q)p, = —p(e19, — P19,) = —pW.

—Ir &R ARG (5.1.4). #F W(t,) = 0, WP HIE n] &

@1 (%) P, (to)
@100) @;(to)

AR, PRIICARAEA RN F I ¢, ¢y, 1115
c191(to) + C5(t) = 0, 1@, (o) + c95(t) = 0.

ML ¢y, + cyp, ETFIRITREIR, 35 HBAE t, 2B R BUE A — M SECER N T, A 1) A
ME— PR X AMBRIE N E, FTLL o, @, LRIEM . B W(t,) £ 0, WA WG [ B4 T 5 A
BRI BEAE W RBUEL MR R, 7ty ACBCER EUE A — I S 508 S X AN B O, T DL /i 25
E O

il 5.1.2 2% =% Liouville A3 (3.2.2) /E75 8 (5.1.3) Frf LAY — B ik o 5 A4 L Y
R, PRz PR AR BOR R R —p().

— @l 5.1.3 EH—NAEERERTAIRERMN

e & (G.13) £REJCT EAAIERGM, WG —A5CERERXGBTRY

t exp (—J; p(r)dr)
Pr(0) = qm(t)j ds. (5.1.5)
®1(8)?

Lo

MWERR. % @, = up,. RATIEIAEH o, O EFRITHE, B3] u”e, +u' (e, + pp,) =0. I v =1/,
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BRUAAEE ) @, BRI 72 R 7R Al — B A5 21

exp (- f;, p(r)dr)
@1(8)?

v’+(2&+p>v=0 = v(t)=C
1

TR H B IRCE i sk 28 AN B, ATRA C = 10 A ¢ BRA0 3 ¢, 545331 (5.1.5). 1t
iN)

W(g1, ;) = exp (—J p(r) dr) #0,

0

WA TR O
$15.1.3 BA—MEEHEZMRE
|773‘7fi EPx" —2tx +2x =0 > 0) RA L BA p(t) = =2/t. T @y(t) =t XTAZEG—AF, K

K5 —

th 5742 AR,

e AR

t
1ds =t(t —1).
1

fexp (- fi(=2/nydr) | _ tftwds - IJ

§2 §2

@, (1) = tf

1 1

HT t(t—1) =t2—1t, %4 ¢, M ECHEIE o =t J5, AT DAEBUCE A BRI 28 /Mg 2. 35 1 WronskifT
H A

t 2
w(t, t?) = =t2#0 (t > 0),
1 2t
Frbh ¢, 02 M — IR, XFFE x =" G ST r WA rr—1)—2r+2=0r-1)(r—-2)=0
IR r = 1,2 &5, O

513 BREHE

DA B AR S50 B N
x" + p(t)x" + q(t)x = g(t). (5.1.6)

W @1, @y FETT IR T FER — IR (7 R — B T AR i 508 2 vk, JA 5 T RE RN
x(t) = Ci (D)@ (t) + Co(H)p,(2).

EIAERNIARIL C, C, BT DHUE LA R AL — A I R AR R ZIRPIRES
HT e, x7) PN ECRGE 5 AR NI, 3 5L 1R K28 5 1008 w5 BRI 2%

C{gol + C;qOZ = 0. (5.1.7)
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P1 P2

[PIRYR, Fa b, i RIRATE X = (o, x)T, WFFROT A ZEMAE RN X (1) = MR
P P
MG E IR x, &
X C,
X = , = X()1X().
x C,

N @, 0, ML, M 5.1.2 15 detX(t) = W(t) # 0 SHFE K t oL, L BRS¢ M
—HHE T C(1),Cy(t). BIFERBEZER X = X(C,,C)"T MEAMIES. BHE 1T x = Clo, + C,0,,
P AT X = Crpl + Copl X — 473K Z AR x' = Clo + Chp, + C1¢, + Copl . M E S AT
B, E AR AR AT 21)(5.1.7). PRk, & AN RN T AT SO AR MG hn s, T — B T
P2 B Gk A S8 AU 26— 17

TEIX — 46 F SR — G HL x” = Clo) + Chpl + C19) + Copll , FRN(5.1.6) 345 FIFF IR T 12, 3t
33 Clo! + Cll, = g. TEIAERL AT DL F 77 R AR SR AR AT € R Co (1), Co(t) 1.

c| o
AREH | el b ) (5.1.8)

2 | o4 g

— EIE5.14 ZHAENEHTZLR
% EIAEF R T AZ (5.1.6), % @, 0, AR TR A2 (5.1.3) 69— A #E. 2 WronskifT 7| X A
W(t) = p1(O@5 () — @} (Dp(t), MW () £ FTiTit K o] B AR A K, #tf T iR

o Pat)g(t) o P1(0)g(1)
Clt = ~T5m O = s
Bt A — /AR 5
xgo==—¢goj‘féggggds+¢xoj'f%%%$9d& (5.1.9)

WERR. JTREAL(5.1.8) M R AT I W(t) # 0. HESREA 15

g(1) 0O

BR0N0 N IO OO
we) W) 27T we) we)

0 @,(t)
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M to BRI B ¢, FFIEPIA AR H B IO %, A5 215 € o B Rk 50

Cl(t)=—f %é)(s)ds, Cz(t)=J %ds.

RN x, = Cy9y + Cop0,, HiAFF(5.1.9).
F T RBAVISUE RIS A L5 B W AR RO R — AN, i BT C), ¢ it

P.8 P18
C{§01 + C£§02 = _%% + %goz = 0.

Uk, = Co@, + Cop. FERSIARNAEF U2, BB S0 49
x, + px, +qx, = Ci¢| + Cop, + C1(¢] + pp; + qo1) + Co(@) + p@l + qp,)
g g
= (-0 + o)) = W =g
FrLA(5. 1.9) S22 — /M. tniRAE Cy, C, AR AR H L, BT I I ey, + ey, WAL A%
FUR SR O

51 5.1.4 FBIRFS5Duhamel A3\
K w > 0, K38 kT a9 #7442 A

x" + w?x = g(b), x(0) = xp,  x'(0) = vy,

. AHNIFFIR T RERSFIE T FEN 224+ w? = 0. HERE 5.1.1, FATHIIE cos wt 5 sin wt & A2 TS
RIIAR. R TAEEE ZAMRAE ¢ = 0 A3 /2 9,(0) = 0, L(0) = 1, BL ¢, (1) = coswt, p,(t) = isin wt.
XA BUAE B A T WronskifT 71 N IESET 1:

W(t) = cos? wt + sin” wt = 1.
FOERAMEE ANE, WX R T

t . . t
Slr;)wsg(s) ds + Sin Wi J cosws g(s)ds
0

xp(t) = —coswt J

0

; t
= % J' (sin wt cos ws — cos wt sin ws)g(s) ds = % J sin(co(t — 5))g(s) ds.
o 0

M55 IR ITREHIfE C, coswt + Co™" sinwt i 245 EVME L HALE C = x,, C; = vy, BIHAEFFIXTT
R A E g ] LS AR

x(t) = x, cos wt + % sin wt + % J sin(w(t — 5))g(s) ds. (5.1.10)
0
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]

514 BERBUE

M RBONE AL, B g() 2, 58, =M B A TRISR, AT e R —A PR2E ok H0as 7] o
TR, — EIERIB 2 vF 58 L e 5 B MR 2, TR RR A5 2 75 5 55 IR AR UL IRC.
Rl 5.1.5 fFERBIERITE « HN
FIEH RARAE TR TAZ P(D)x = g(t), £ F P AHFIES AKX, B 5%4TH g(t) = eMQ, (1), &
P Q, RN KREZAKX, M A AFIES X P & r AR, WTF K x,(t) = t"e¥R, (1), + R, 2FF
R n REAN. & A RRFLER, N r=0.

HWERR. B 2EATA P(D)(eMu) = eMP(D + Du, X EL 2 a8 EEEE T A A & r B
, MAEEZ TR S, P(D + 1) = D'S(D), S(0) # 0.
BAEIL P, NIRBAED n B2 20230, & 2w

TP, — P, TR =DSD)'R).

EMEFET P, XECR MIRBAEIL n+r, 1EF S(D) RN E, BEH D R ERE
IDFEA 7.
W R(t) = cpth+ RIRIA, Hd ¢, # 0. KN S(D) — S(0) M&E—IR#HE E /& — D, LA

S(D)(t'R) = S(O)c, t**" + IREA ML k +r — 1 FIZ2 T,

i3k D" 133 N
7@ = 50 D vy R k-1 2R
HEDALIEE, FrA R # 0 B T(R) # 0. iXUERH 7 254, B A R4EZS 0 P, B8 5 128w
W, DRI SR RIS R R T . WA e Q, € P, IFTEME—/I R, € P, 1 D'S(D)(t'R,) = Q,,.
i
P(D)(t"e*R,(t)) = e#P(D + 2)(t'R,) = e¥D"S(D)(t'R,) = ! Q,(1).

A A ARFHEMRRS, EIRIRIET r = 0, BT DUBHR BR B I i AN 75 23R DA ¢ O

5 5.1.5
|713L x" 4+ x = cost FHK—A4FE.

i, BT AT OO RFEAR DY £, ARSI cos ¢ CLJ@ T35 KM 22 18], Fi LR A € N
Acost + Bsint, MAEK B 5 EHSGZMMEANE, Al EdET cost. PIILEATAT & HIfiFfe
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A t, BRIRATTCAIRR AR N x,(t) = t(A cost + Bsint). IBUCR FHAT

X, = Acost + Bsint + t(—Asint + Bcost),
x, =2(—Asint + Bcost) — t(Acost + Bsint).

BET X)) + x, = —2Asint + 2Bcost. 543 cost HBIESZMAR LI REIFE]) A =0,B =1/2, il
— MRS x,(t) = %sint. e e i 1) 2 B K I I A2 b JT SRR, O

f515.1.6 ZIMASIEHEFHI
|7>Ti7}‘ﬁ X" =2x" +x =e' (1 +1) 89— AR

R, 27 RN NS RO RRRRIE 2 T2 (4 — 1)2, A S T2 ef fe—IRZ Wi, Frbhdidk ¢ #i
WIRE x, = t2e' (At + B). BEFHTESER (D — 1)(e'w) = e'u’ WX, HAX BK u(t) = t*(At + B),
MR FER] AN etu” = e'(1 + t). PIRFA 453 3

2 2 3

t t t

Horfr el (Cot + C,) RFFUUE, NEMRHR LS. BER C, = C, = 0, A2

2 3

2t L t3)
u(t)—2+6, xp(t)—e(2+6 .

X E SRR SR RIE T A FE AR 4 = 1 R REFFRITRENRER. Xy 4 =12
PA) = @A —-17 M—ER, 55 (D-1)> MUHZE e, il te:

(D—1)%' =0, (D —1)*(te') = 0.

PR IX AR ON AR, 9 TR R (D — 1) W BRI E s 8L, W2 . XM 1 vttt 4
RN 12t TTaR:. O

JEIE 5.1.1 (FF € REGERI RIBRYE). #5%@ 0 & tant, logt HAE & — Ak 55 8, A R4 XK = 1]

BEAHN, FRARABLFERER,; W HRE DN KXMAR R L, RREERG AR, K7 &
EHFER G TALN EM KR T, IRk “HE— AR X7 B A SR,

5.1.5 Cauchy-Euler/5%2
Cauchy-Euler TR HA W TR, ERFER RECF XS 2 E L.

t2x" + atx’ + bx = g(t), t>0. (5.1.11)
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KB RELH ¢ ~— o FRFFFE R MEXT D& E 5 A& R E M4 21t
MR, X IE R E RN REOTERIER. Bk, 2t =¢,  u(s) = x(e), HT
ds/dt = 1/t, #eE L EHEAH R AT 1S

1

X0 =W = 186),

x"(t) = % (%u’(s)) = —tlzu’(s) + %u”(s)% = tlz(u”(s) —u'(5)).

XN FRIERARN(5.1.11), 153 u”(s) + (@ — D' (s) + bu(s) = g(e®). i LAFF IR Cauchy-Euler /7 £
W /TR
u"+(a—-1Du' +bu=0.

BUE, HEEZRAIE x =, WE X' =, X" =r(r — D2 RNFFIRGREIAE ¢ 25,
BB E r BIUH A Z TR r2 + (a — Dr + b = 0, 1MIX 1E 22 J5 5 R B0 FE I RHE T F2.

TER, EXE <0k, & 1 =—t > 0,0(r) = x(-1), &3 3| [F—FCauchy-Euler /5 #2;
R ATHT ¢ A logt By Al S ik |t]” Al loglt]. BT ¢ = 0 B AFEMFE S, BEHNE:>05
t <0 _bHie, MASEEA N B Lk A 27 o i A

B15.1.7 XFrWAREBERNER

|7>Tif’ﬁ¥7}‘ﬁ 2x" —3tx’ +4x = 0.

MR Bx =" Jaf3E| (r —2)* = 0. FAHATIIR P AL E B L s = logt FAVHIE T7 R MR 22
e 5 se® MERMEAL G, BT LA RE 138 il ML 1% A2

x(t) = Cyt? + C,yt* logt.

HL b, AT AT PUGAE x = 2 logt — €& i FE IR R RATTE s R M s A n_Bax i) |
Pt 5AT1E X' = 2tlogt + t, X =2logt + 3. T2

t2x" — 3tx’ + 4x = t>(2logt + 3) — 3t(2t logt + t) + 4t*logt
=(Q2—-6+4)t*logt + (3 —3)t* =0.

DAL X B i — il "ok B A H R B AR B RE I EAR,, 1A 2 S ME I O
Cauchy-Euler Ji AR A2 — M 253 RT3 BlIndAT5 & R (d > 2) AR A B

0w, BRI u(x) FIBUEAKER r = |x|, FFiE v(r) = u(x), BIAERATHHE AR PR ECR Laplace HF
Ja RIE .
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_ ¥ 5.1.6 FEIFBKLaplace B FHIFTRIAT
KuA R FEYEEHHKELS AR, T o@r) =ux), L+ r=|x|, WA

d—1
r

Au(x) =0"(r)+ v'(r) (x #0).

EE A= 4+ 02 AARERXFRRA M ZATRA!! !

WERR. BUA r = x| =/ x? + - + x2, POV E O AT 15

X X
9,1 = = =0, u= drv7

1<i<d.

fisk—ka,, 1A

2 2 2

X; 1 1\ x; X 1 X

2 2 ! i 2 i i
oy u = 6,vr2 +0,v (; + X; - <_r_2> . 7) = arvﬁ +0,v (; — F)

XFEbRI NI dSRAT, 153

d Se g S -1
Au = Zaiu = 0% TI +7d,v - - 4,v =08+ Tarv.
i=1
r2 =1/r

=5=1
O
AR RI SRR R AT R L Au = 0 M5 TSRBH B T FE r*R7(r) + (d — DrR'(r) = 0, IX1E

J£ 75K Cauchy-Euler J712. X412 M35 77 72

d—1
U, —c? (U,r + TU,) =0,
FlRARE TR, 2 ]S A r2U, + (d - DrU, X—MHIES5H. Rk, ERRER RS, 2R
DLV 2 B RIEAZR IR 52, #8238 E F] Cauchy-Euler ! 7774,

SRR 5.1

SR 5.1.1. FEXNE (a,b) EEAEZZKG_NEBETAL Y + p(t)y + q(t)y = 0, i% u(t), v(t)
RRXANTAG—ANEARRRE, B HTAZEE R p,q Iz A RFEE—FHZ, Hu(t),v(t)X A

HEEE,



170 BT SR R T

SR 5.1.2. Ktdm T A2

(1) x™(t) + 3x'(t) — 4x(t) = 0.

(2) x@(t) — 4x"'(t) + 8x"(t) — 8x'(t) + 3x(¢) = 0.

(3) x®(t) + x(t) = 2¢!, x(0) = x'(0) = x”'(0) = x"'(0) = 1.

(4) 2x"(t) + 5tx'(t) + 13x(t) =0, t > 0.

(5) (2t + 1)*x""(t) — 42t + 1)x'(t) + 8x(t) = 0.
SI80 5.1.3. # B FAE X0 + 4x' (1) + 3x() = f(1), £F f & [a,+00) E4E, B Yt — +oo BT
A f(t) > 0. £ : ZHAREFMAH L Lt > +oo B AR Z x(t) — 0.
SR 5.1.4. FEFTA X+ f(Ox() =0, HF feCR)#HE [ |fO)]dt+ [ t|f(®)]dt < .

(1) iEPA: BEEV N o EfF % t > +oo B o(t) > 1,0'(1) = 0

(2) iEH: BAEEV —AFREYPEFY t > oo B Z )/t = 1,9'(t) - 1.

R FO)FER ¢ = +ootf AR @EA, JEBR P T A A KBRS T o) =

1+ f:o(t — 1) f()e(r)dr.

5.2 *EMMELE

AR RBOTRE, — R U TCTE R IEARIR AT SR A, (ERF e M5 REAEAE vl DAZE 8 A6 FH R L
JiiE, AR HerP B RBOTRAE B HESS FR o IR VRZ TR SRS IR bR B3, TR o R
RIS ST RE IR S 0 7 R R i SR R B2 B B o B A 15 18 — 4 B4 159 28 ) Laplace 5
FRFEAR 7]

—Au = Au, ul,—, = 0.

TEMRAEAF R RATE Au = u,, + %ur + rl—zuee- % u(r,0) = R(r)00). HTMAALWHR 6 5 06+ 27
Fon Rl — 5 ), Bt LA Te) R 1 20035 A2 T 2R AF ©(6 + 27) = ©(0). K B NRFEAE 77 2 5 LA
R(r)O(6), HA1F 2]

R' 1R 10" ©"(6) R’ R
= — =1 2 2 .
R rR _ro = o0 TR TR

FEIB R 0, AT MK v, Fir LA — B L 05 TR — AL, idv m?, TR 07+ m*e =0. 4T

8 u(r, 0) FERAAAR T R HAE R, SR 06 + 27) = O(6). KO TIRE, AT RKIMLIE R
m € Z 7 BEi 2 AT I 4R 2 A ER . XA RHRAE [ 5 R 2R T RN

r’R" + rR' + (Ar> — m*)R = 0. (5.2.1)

XANTTREANFEEA T R E, WA BT — 17 A RMENRVZE R AR . JATRAE r = 0 B FH Y SICR 8
&R, FHEE I G — AR T SN Bessel BRI IX 2 51 NVF 22 REIR ek B s i 7 2 Je
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— AN B W AR B BRSO o T R e, B E RORRHEARAE D98 (1 eR 4L
FEVT VR B LR, St WA S AR P 25 RE eI 55 U e

x" + p(t)x" + q(t)x = 0. (5.2.2)

— EX 521 BR5ENFS
% p,q AL b, PRVTAEAT, MIAR t, & 742 (5.2.2) 89°% & (ordinary point). & p,q T £ — /N
to INFEAT, MIAR t, & 1% 7 AZ69 4 & (singularity). 3F—/"N3 % ¢, & (t —to)p(t) F= (¢t — to)zq(t)
HRFE AT HIEAE B ¢ = t,, WAR t, £ E W ¥ & (regular singularity); & W A7 2 JE £ W 3
(irregular singularity). 3 TIEF R T4, F 254 &85 2 b L TR TR LB FEK p,q
*

52.1 BRMHTHEERY

x" + p(t)x" + q(t)x = g(t), (5.2.3)

IV p,qug 75 to WHETTRTE MHCHCRANL. & s = t — to, RIS REFRMIRN x(O) = ' a5, i&

TR 536 HA LT R, ARAEM @ = x(t,),a, = x'(t,) SEHERARE AT a,
RIB52.1 &AM
xt A2 (5.2.3), & p,q,.g & |t —ty] < R A&, NI EZTME x(t,) = ay, X'(t) = a;, 7

#2(5.2.3) Ak —RATARL. HTaylor & 4 RN F AL T B R —H 2, FHIFREEEANEF /2
P Ak 8k

MERR. FE= R0 R B R S Bk

p=>pis,  qO=Y.qs, g)=D.gs, s=t—t,
j=0 j=0 j=0

Hx = a,s", N

n=0

x' = Z(n + 1a,,;5", x" = Z(n +2)(n + 1Da,,,s".
n=0 n=0

I F R Bk B Cauchy AN A R, px’ 5 gx 1 s I RE0 7 =&

Z Pk (kK + 1)ap4q, Z dp—k Ay
k=0

k=0
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PR FE PRI s REL, 3 RIIEHEC R

(n+2)(n+ Datyrs = 8o — D Pri(k + Dtjers — D Gk (5.2.4)

k=0 k=0

A R E ag, s Qs ML @y FIRBANE. I, NEER a, ay 1R, it (5.2.4)
F&n =0, R ay; TS n =12, [EREHTFHME—HORE a5, a4, -

N THAIE I BTS2 B SE AR IERIREICEAR. B0 < p < R AN CANRZEE |s| < R W4EXTIL
S, DT AT BLEER M > 1, 4

|p;l < Mp~, lg;| < Mp~, g;| < Mp~/ (J = 0).
flan, ArEL4

M = max le,lp Zlqjlpf Zlg,lpf 1p.

iz =
HEHUHE % L > max {1, §,4M}, C > max{l, |a,|, |a;|, M}. FA T E 2= A ghEE B

la,| <CL"  (n>0). (5.2.5)
Y =010, XM C M LIRS, BEZME T ag, -, nﬂaam41as_; -, Wi

RS p IR 2
D 1Pkl (k + Dlag, | < MC Y, p~ Rk + DL = MCL™! ) (k + 19"
k=0 k=0 k=0

n
SMCL™(n+1)), 8/ < 2MC(n + )L™,
j=0

X q BIAA, AR 4

n n n
> Iguil lal S MC Y. p=0=HLk = MCL" Y. 97k < 2MCL™.
k=0 k=0 k=0

X AMETHRN(G.2.4), FHEH (n+2)(n + 1) > 2, 153

ol < Mp™ 2MC(n + 1)L 2MCL"
S m+2)(n+1) (m+2)n+1)  (m+2)(m+1)
MLn CLn+2

+ MCL"!' + MCL" + 2MCL™.

S
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L > 4M, SR UL 2MCLM < S22, BB |ay,a| < CLM2, ECH g T IAGHEY].
M |s| < 1/L B, H(5.2.5) 1351 D) |a,s"| < CZ:OZO(Llsl)” < oco. MH Y nla,|[s|™™, > n(n—
n=0 n=1 n=2
Dla,||s|"? WEEA |s| < r < 1/L _E—30s. LS 280 LU DR IR S48, T S 53k
R AERTLEL, Cauchy et 2 i FH; AR IRHEIR R (5.2.4) Ui B 2 At 2 S5 7 R Je 45
SENIE. B, PRI v 0 A 1 W — P o B FRAT TN T8 3 A AT A 5o A2 12 WAL I 0 (1) P — . O

B R RIEADREFAF: Airy 5 FE M Hermite 5 2. Airy 772 i L8 1 R Y5 235 55 7] 5
1] — 4 % Schrodinger H#E. BIUWIZERE —*u'(y) + V)u(y) = Eu(y). & y, /& — MR A A,
Bl V(yo) = E, V'(y,) # 0, M H Taylor BIHHE] V(y) —E = V)Y — o) + O(v — y0)%). A5
TATVE y, M OR B AP I, FRAE y — y, % e¥/3 WIRBEMZE, w15 2] Airy 72 u, — tu = 0 Bt
t A JE TSN TR, Airy J7RERR TR X 5 8B WIX 22 S 1 R 384T vy T I gt
SR HH X — JR B R TR () A R 1 A
515.2.1  Airy 5 IZHIRBUHR
{ﬁﬁmwﬁﬁ%%ﬁﬁ%

X' —tx=0 (5.2.6)

BB, TTDAB I = 0 2% A, BT TE A E x(0) = 3 a, " HifF]

n=0

oo o0
x" = Z(n +2)(n + Da,,t", tx = Z a,_,t".
n=1

n=0

ELACH BT a, = 05 HLEL " TS

a — an—l
T m+2)(m+1)

AR B =N EAR, FTUAREEZ TR 3 4. i1 a, = 0 BEITE ay, #HNE, T ag, a, 705107
A2 P SCIRST. B i

n>1. (5.2.7)

3 6

4 7
A BT AN 50 A2 WIHE (x(0), x(0)) = (1,0) 5 (0, 1), ‘EAMER R Airy 77 FE K — AR HEAL LA
AL B Airy B Al 55 BI S PR AR B A [ 8 LItk 20 &5 [ 58 MR & 2Rk 5 TS 55
ZE AL BRI A — Ak Ad(r) £E IETG 55 77 M3k, 11 Bi(t) 7277 MG, O

EIE 5.2.1 OEREE SN RN X)), B RN L R 3, R 2 — A XF R &
oL IRE ) C A AN B F A2 A, A AR K F IR A E 6K RO, F AT R AN LT X —
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Y. AJG B B AF & AR AR E R A w B, KR R R E ST AR AR, 4247 ST AR i 10 E TTAE A
BZ, bz E Ry “HBALBR” § S GFHR” .

Hermite 77 FENKR B —4E &R 715k T RE SR, Gl TR LLE, 207 n] LS Rk
—"(t) + 29P(t) = v + )y(2). (5.2.8)

T BRI ARE 5 HE TE I AR ) Gaussian FEIK, BATHE TS IE p0) = e/ 2x(1), BUK
T2

P() = e (X)) —tx(1),  P(E) = e A(x"(1) — 26X (1) + (12 — Dx(1)).

TR 2 AN (5.2.8), %?’J%&&ﬂkiﬁﬁl¥ e~/ M UFA3 3 N B F P ) Hermite 2. %
TG AR ) H IS T 1 I 1 ) B T RE

51 5.2.2 HermiteZIn3\
7118 Hermite 77 A% ff 69 7 28 3% FF

x" —2tx" +2vx = 0. (5.2.9)

g, XPZTRE t = 0 AR s FTBLS x = 3 a,t”, FEBL " R EUS

o0 o0 o0
x" = Z(n +2)(n + Da, ,t", —2tx' =-2 Z na,t", 2vx =2 Z a,t".
n=0 n=1 n=0

PRIEXAE R n > 0, TATE I T #EHER &

. 2(n-v)
2 = T D+ D"

BHAB S ARMALII HIEHE. v =N e NI, 5 N F&FEK 3 n = N J4&1kE, 774 N X
Z I LR E RO 2N BB TEbsEAL, XA 2 T IE Y Hy(6). $h0:

N | Friugas &5 AT 2 I

0 a, =1 Hy(t) =1
1 a, =2 H,(t) = 2t
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It LA
H,=1, H,=2t, H,=4t*-2, H,=8t—12t.
B TR (0 P RUAUE BRI B /2 Hy (1) Mam; 8O L0 B A 2. 0

5.2.2 IEMZF SFrobenius/3ik
FTFE (5.2.2) B ty /& X 5.2.1 Friia fr) 1B DI A3 A, bk Fvfe 28 o 1) R BCRT BEAS i [R]I fdedfr. (2
po = (t = to)p(t)|,,, » go = (t — to)ZQ(t)L:to-

XAMENIRATTE X, B R A SRR R A AT B 40 21 £ = .
FEIENFY m Ak, il AT BEMR (¢ — to)" MANEBERIRAR. Frobenius J7VAZ UK R AR e 52 vt T~
N

x(t) = (t = t)" D a,(t — to)", a, # 0. (5.2.10)
n=0
NG 7L, SR 1 R ECESR r i 2
F(r) :=r(r —1) + por + g, = 0. (5.2.11)

XANRT r B IR TR E T Frobenius ¢80 7] Bt B A WK FIX.
_ FIE5.2.2 FrobeniusEIE, EHEN
%ty A7 A2 (5.2.2) B9 EN] 3 &, FAZ (5.2.11) 89 AR 1y, 7,

(1) 2V FH—AF4=2(5.2.10)89 3F K %,
(2) ZFry—r, & Z, M5 HVA 1,1y T3k 69 % ANFrobenius B 4k 4 h — 48 A f#;
(3) & ARARF R AD £ HHK, F T AR2 A log|t — to| *A.

_E £ FrobeniusZ& $ 4K 42 3£ /™ B F 12 Pl 8.

WERR. & s =t —ty, HE y(s) = x(t; +5). BN Y/ (s) = x'(t, +5), y'(s) = x"(ty +5), BT LA 7 F%

PEIRATAT LUE s HEHCAE ¢, R mAE o.

SEAE t > 0 BT ig; B ¢ = erlos A M R . AEIX — B, I (5.2.2) M R D
N P, q. HIEMEF GHE X, tp(t) 5 2q(e) IR s g tir. 8 7 Al e 245 B i RiA 2 0d 1 581, 4T
XA ENT B A FTC Y p(6), q(8); BT O L R A I 5E L po, qo. T2 SRR AT LAS A

t2x" + tp(t)x" + q(t)x = 0, (5.2.12)
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e p(0) = 3 pyt, q0) = 3, q;t) 7ESMERRT. {7 E R0 Re
j=0 j=0

o0 o0
x(t)=t" Z a,t" = Z a,t"*’, a, # 0.
n=0 n=0

HEIWOR T S, 152

t*x" = Z(n +r)(n+r—1)a,t",

n=0

tp(H)x' = [i pjtj) (i(k + r)aktk“) , q(H)x = [i qjtf] (i aktk”) .
k=0 k=0

Jj=0 Jj=0

AR ¢ RECN (r(r — 1) + por + qo)ao. T ay # 0, FTLLAAUH r(r — 1) + por + qo = 0, 1X
MR HHRE (5.2.11).

FRECBL e+ R H. SR j + k = n, JHES a, 17 j = 0 DI REL, 155

n—1

Fr+mna, =—D(r + k)P + qur) n>l. (5.2.13)

k=0

BT (5.2.11) M5 — RN 7L RN F(2) = (z—r)(z =), FTLL F(r+n) = n(n+r —7). A& F—r
AR LR, W HE A R BT n > 1 EONARE, i (5.2.13) F A IR 80 R 5t a,
—HAE.

N HHIE AN R RS B — N IEEL o, i p, g IRBETE |t] < p BAXTIEL. SAG1E
WM >1,fi
lpjl <Mp~/,  |g;l <Mp™  (j=0).
NI K
[F(r+n)|  |n+r—T7]
n2 N
I HAA F(r +n) # 0, FTLELE ¢ > 0, 543 |F(r + n)| > cn? 0t A4k ERK n #5007, B FRIED]
SMER HARE n WA |a,| < CLM Hrh

—1 (n—)OO),

2M 2
%’ M, 1}’ C:laol_

L> max{
P cp

MECEEAGNTE, EREAE n = 0 I RARRAL, RFHRBIEX 0, ,n— 1 BRAL. 4 9 = (oL)™' < 1/2.
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A,

1 n—1 MCL" n—1

la,| < = 25 (Url + )| Pacicl + 1quic @] € == D (Ir] + k + 1)+
cn k=0 cn P
QMeL (|r|+”+1)291<wcm<cm.
cn? p=] cpL

Frh ZATH R 7 a0 At

o 9 2 r|+n+1

=" <<= — L =>1).
Y¢ =15 <o = <Irl+2 (2D

KATER T AGNIER, T/ Y a,t" #£ |t < 1/L WAEREL, HZEm—kr. B EED 0 <
§ <t <r<1/L b—3ush ARIEIJTHE (5.2.12), 14 xCORIE Fr /5 o H5ih S 2 i

MAETTFE (5.2.11) WP RA, 20 DLk — MR r, 0 —PMREERZEAZ IEEEL. 4]
1, USRI B 25 PR AR B S AR [R], ) 35 2 ZE AN o] e A2 TR ek, R i i &2 /b o
H—Frobeniusfi#, IXiE T 58 —4%.

Hir =1y & Z, A ry M ry HIAS I F(r; +n) = 0, BT LL2> 5145 21PN Frobeniusfi
x;(t) =ti(a;o+ aj t + ), ajo # 0.
BT WronskifT 71 2R e IR TS
W (x1, %,)(1) = a1 0a,0(r, — )21 + B SR

HITF 1y # ryy XA RARIKINE R EAANZ, ProfEse o S8 i S 5 LIX T A W (X, x,) # 0.
FRANETCR, 26 KL

wJalry—r, =N e NU{0}, BT & fA R Bt B 2
x(t) =t"h(t),  h(0)#0,
Horb h R A6/ IXTEJE AT B h(E) # 0. B FERT 23X, 55 AR TE S I g rT BN

x%,(6) = x,(0) f exp (=) p@)/rde) (5.2.14)

x;(s)?

" p(@) P
——~dr=pylogs+ Y —s/ + HH,
J - Dy 108 jZ::l]
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Fr AR A (5.2.14) h B AR B B LA T s—Po—2n H(s), Hir H 7857 S fd T H H@O) # 0. J7iE
(5.2.110) BIFRZH N ry+ 1, =1 = py, FTBA —py—2r, =1, —r,—1=—-N —1.

Sid Hs) = 3yl SETRU 13 5]
j=0

jz0 J T
Jj#N

h;,
JS_N_lH(S) ds = Z JNSJ‘N + hy log s.

Feln] x,(t) = t"h(t) Ja, 5B AT LUE B

X,(1) = 1" ) bt + ¢ x,(t) logt.

=0
MN > 1E, RE e WTRENE; N = 0 B, Hhy # 0, AT AT B0 SR L. 48 ¢ > 0 #epli i i 7
— iRy, oK logt S RK log |¢]. 5 = 2KARIIE. ]

51 5.2.3 Cauchy-Euler/5%2
|7%ﬁ t2x" 4 atx’ + bx =0 (¢t > 0).

N B 1) Frobenius FE x = 7, 153 r BAUHLE rr— 1) +ar+b=0.

TR Py £ oy, 33 0t FHMEAN r, AN logt. T HEREE RS E HT 2L
W HRIE. 1EBEAH s = logt, y(s) = x(e*), Bl x(t) = y(logt). HBERIENE tx'(t) = y'(s),
t2x"(t) = y"(s) — y'(s), KL E T RN T REOTHE ¥ + (@ — 1)y’ + by = 0, FeliE T RGN 22 +
(a—DA+b=0. HFETEAEMR r i, 7 REOTIER AT MR e, se’, Al s = logt
WMAEE] T ¢, " logt IXFEMIRR.

Rlit, fE Cauchy-Euler 77 F2IX AN AR v, FR R EUiR B % REBOTEN R 8U%, 1 EAR
T H B0 Bk 28 AN se™ o IXWAERE T A4 Frobenius 7T1A LR H K R, LA
HAFEFECGTE N 75 ZEAE MR I O

#1524 RERBFBROAMRBEEY

R AL
2x" —t(t +2)x" + (t +2)x =0, t>0

(r—=1D(r—2) = 0. WMMRAEZE 1, IXBA AU IX AR B 5 — & A A4 Frobenius 45 fi#; 1X
S RN IEHER) B — B nT Be I 40 BE, 55 —AMAE T BETY log t. A1 A A 57 B i oK HY oK.
FelRN x,(1) = t. BT x} =1, x! =0, TA11HH]

£2x!" — t(t +2)x) + (t +2)x, = —t(t +2) + (t +2)t = 0,
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FITEL x; = ¢ M. ETRERR DL 2, 2 x" TAREON

[+2 2
pO=-==-1-2

PR A 3K, 3 — MR DABCN

Lexp (= [{(-1=2/7)dr b osg?
xz(t)=tf p( f(sz /o) )ds=tf esi ds = te'.
XEAER =B S0 x, B0 x, BB, PN WronskifT 71 202

t te!
W(t,te) = = t%e' # 0.

1 (Q+1t)e

N TAER AR EARRIX r = 2 T8, 3 x, W x,, 55

3 t4

~ t
xz(t):t(et—1)=t2+2—!+§+---,

AT b A 451] B8 PR A 2 1 T A 1T DL S B4l Frobenius 2 28, FHA 0 . 1% 1F 72 i BE R i “ o] BE 5%
AR BT AN IR N B R R O

5.2.3 Bessel 5 £ 5Bessel k3§

WA>0,% z=VAr, R(&) = x(2). F#RSETE R'() =VAxX'(2), R'(r) = Ax"(2). 3t r = z/\/2
DL XA FEARAN(5.2.1), FA145.21

z?x" + zx' + (z2 — m?)x = 0.

FEREL AR T, r > 0, FTEL z 2> 05 M5 RE R & m?, W LLEA ARAR AR [m]. PIEAS /N R
Wik v >0,z > 0 KL BUERAR RS m| ) AR LS H v, (158 Bessel /7 12

2?x" + zx' + (z2 —v*)x = 0. (5.2.15)

XZATFERYL,z = 0 RIENZ S, BAFFEMAEENX x = 27 ) a,z", BRI 243% £
n=0
r? —v2=0. fTLAX AN RPAHEAMRN r = +v. Br = v, LR REHS 2

oo
22x" +zx' —v2x = ) ((n +v)* —v?)a,z"",
n=0
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1M 2°x = 3 a,_,z™, TATHEL 2+ {11 514, w43
n=2

(@ +v)?=2¥)a, = (2v+ a, =0.

Ev>0MEE2v+14£0, Ll a, =0. %t n > 2, LI 27 &%, 155

ay
n(n + 2v)

(n+v)*=v)a,+a,,=0 = a,=— (n > 2).

DR e P A A 50 R A ) SR BN . SR R b S SR A i E X

_ (—=DFa, _ (-DFa,T(v+1)
CITLehej+)  PRTE+v+D)

XHEXTSEH o > 0, GammaRH € NI () = fo s le=sds. MAEFKATS a, = 2r(1+1) 3| g —
K Bessel &R £ 1) 2% H e T 20

2k+v

RS G Ok z
I,(2) = Z‘o TG (5) : (5.2.16)

N RN U AR S I TR 3 1 AR, FRATT

J,(z) = 2°F,(z%) F,(w) = i (=Dw
T E AR T A ukIT(k+ v+ 1)

F, B0, AP AE e 2 oy

|wl
4k+1D)k+v+1)

it LA A SR RN + 0.

— 0.

o m R TUOR e #, - DRNGR F, ULEREEN B SBAESNA T w-IX 1A L
—HUEL. XER 0 < a < R, ¥ 2¥ 7 [a,R] LA ELERIS N34, KM 2°F,(z%) 7] PAFE [a, R]
A SR BRI I 5 B SR SR P IR 3 . X 2 G R RI Bessel 77 B2, HI M I 15 1) AR 20 41 20 A A
MR RIS T F. HIHEAETA z > 0 Ab#SE4S HBessel S PRI, 1T a,R AT LMTE
WEH, IXANEERRT (0, +00) HRRAL. TMTHE z = 0 Ak, TREAR T A E 5, JOHHUE N ELR25 BT B
FE IR RS RE . X AMSEUREAESE T, 1E [0, +00) EHIE X, A R — MBIt
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y=meNH,HEXTk+m+1)=(k+m) £ LXK

3 s (_1)k z 2k+m
Tn(2) = Z;) Kk + m)! (3)

TR KR A SRR R, T ELGHE /N SR 2 B8, T DA SR 7, W — B 4 3 A A Sl
R T VRO 2 2 SR A S AE AT

HOHIN I, HeE BAR TR IR AMB 2 24 2m. B/ —m R IR S 15— 585 4y
BE, Rt i [ —Fh Al FrobeniusZ0 5 [ 3h15 BI85 —AVMSTAR. BRI, R 2 2RI 10 55 — MR i
SE T BUGHRNE Z K Bessel IR V,: 4 m =0 W 'EEE S EH logz Tl; 4 m > 1 M EEEH z7m
U2V B O BRI 5, DRI R Y, R0 T, TR 46 R() = 0 3B B
VAR T (K5, T ST Rk 43 R A ) A, S e B 2 1)

— 115.2.5 EMBessel FHEAIFTILIN

2 4

(=1 /z z z z
Tol2) = Z (k1) <_) Sl ntae T rae

6

R &)
(=DF

Dk = S Q41 = 0.

W e & K YrBessel 77 42 64 fift.

WERR. 1E 2200 + 2J) + 2°T, P2 IARMUE k> 1IN
(2k)(2k - 1)a2k + 2ka2k + Arpp = (2k)2a2k + Are—o-

M
) N
2Rk T Rk — e
W N, B DL — ) RECE N E, T 220)) + 2T + 22T, = 0. Xt B b T A AN A feL
3, 1M A& Bessel /7 72 11— A& Hff filt. O

_ RN 5.2.3 EEH N Bessel MBI MNBIELA TN
T, A WA (5.2.16) 7 LA EE I Bessel d K, B i iR H A (5.2.15). AHE L m > 1,
— XX EHFEANzER R L, H X3z #0 A Z:

(2k)2 azk = 4k2

I5@) = 3@ = Tpir(@): 1@ = Ts(@) + s (2). (5.2.17)

FoXENEz=0ATEH L LECRA Nz > 0 FIMRE, F_XEz=04KZ. ik
9h, SEHEA z € R AH J)(2) = —J,(2).
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WERR. SR U PR JGEIOR 3 1 SATE. [BE R > 0. %

o0 (_l)kzzk+2m © (_1)k22k
F,(2) = . Hy(2)= .
(@) ,;0 22l (k + m)! @) kz::o 22kl (k + m)!

HH 2 50 $) Bessel B IR HLLF ,,(2) = 2™ ,,(2); 24 z # 0 BF, H,,(2) = z7"J,,,(2), A AR EE 4
T H, 1t z = 0 Wb &S E . 1E |z| <R L,F,, IE k TS50 A

B (zk + 2m)R2k+2m—1
KT 2ktmkl(k + m)!

FHARP AN 52 Lok
My 2k+2m 42 R? o
M,  2k+2m 4k+1Dk+m+1) '

FIr A i M, W8, Weierstrass FIBIVE UL F,, (IZ00 S B [-R,R] E—80. X T H,, 8%
k=0
W FEONE; 2 k> 11, 5 k I SR EAN L

sz2k—1
- 22ktmkl(k + m)!

k

i

Ny _ 2k +2 R? 0

Ny, 2k Aak+1D)(k+m+1)
i H, FIEB-REPEWAE [-R,R] E—Fulid. MANRIEAE z = 0 #8, T2 8070 i h i
BB BB TR 3 € B WLF,, 5 H, BiSEa UEOR . T R > 0 ARSI, LN E R
TS B REAS 78 U BT

X m > 1, BUOR 315 5

d . d © (_1)k22k+2m © (_l)k(2k+2m)zzk+2m—1
—(z"],(2) = — D, =>
dz dz & 22mk)(k + m)! ~ & 22mki(k + m))

o0 (_l)kzzk+2m—1

= =2z"J] :
,; (e m =1 2 i@
=751, SEH m > 0, BIRF1 5]
d/ m _d o (DR & (EDR2kz
E(Z Tn(@) = dz ,;0 22k+mkel(k + m)! kZ::l 22k+mic)(k + m)!

o (_1)j22j+1
==X 224m+1jI(j 4+ m + 1)

= _Z_mjm+l(z)s
Jj=0
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HPE=474 j=k—1. o — NSRS z # 0 WHHEGEH = SR, & Rwias b & 3 w55
1E z = 0 IESIE 4.
Yz # 0 B RFFIX P TRFN S HL, 2 0153

m m
];n+;‘]m:‘]m—19 J;n_;]m:_‘]m+1'

PRI 2 207, = Ty =T g, 26— 222 55 — 505 zjme = T+ - EHEY] 1 (5.2.17)1E
z # 0 WAL, 55— P AR LR, FTL% z - 0, 55— 3UFE z = 0 koL
PR I IR SRR PR . HiBessel 2 15 L,

m

J,(2) = zjm! +z2Q, (2),
Hrr Q,, 78 fi BT SE, [Hl
lim 2% =1t ™=h
=0 Z 0, m3>2.
J3—J7H, Jp(0) = 1, 1fij J;(0) = 0 X4k j > 1 fiar, firbA
Jm—l(o) + Jm+1(0) = B
’ m =

AR 188 AL E AT R A AR BUE R e R z = 0. &RJa, 1R T, — %Jm = —J 1 THUm = 0;
RIS 1/z KT, BIEERE J)(2) = —J,(2). Wi B NESEm A, HizsE Xt z =0 %o, O

Rl 5.2.4 EH [ Bessel R IEE S ZINAY
|7 Bl % m>0. %7, AU (5.2.16) = X 49742 (5.2.15) &9f&. K&K J,, 69 B & EAEAT

AR EARTRRE, M BEANAH X [0,R] £55H A RAERE.

WERR. SEHERRE A SR AR AT REE. R S E I, 452

z™m o (Dfm!
Tn(2) = 2mm| (1 + Z 22k + m)!z k) ’

k=1

F5 P BB iR s I — B0 sl RO AR SR R B, T BAE z = 0 IS T 1. IS, 71
§ > 0, HAFE 5 W ETE [0,8] LKTF 1/2. R J,,(2) # 0 584~ 0 < z < § BHOL.
HEEAN 2z, > 0 BIEFAMNES. TRAEPMARMIERS 2, WL z, - z,. #HJ, KIE
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e J,,(2z,) = 0. XHA T, 1 z, > 0 &b A] T,

J;{n(z*) — lim Jm(zn) _]m(z*) —

n—oo n— Z4

0.
7E (0, +c0) | Bessel FHER] LAFR LA 22 5%
1 2
x" + —x’+(1— —)x =0.
z

BRI REAEAE SA S JE S B A X ) B ELE, FREA T, 7E z, e B M FEIRAIME x(z,) = X'(z,) =
0. LMEWME A ME—VEBLIE: XHMER b > 0, fE%EH: z, 5 b WX Al B#A J,, = 0. Btk 7, M
HEED (0,+00) BIERNE, X5 E—BERUEWN] J,(2) # 0 (0 < z < 8) FJE. FrbliEE fiARe
TEATAT z, > 0 Wb TR 4.

Ja, HHEA[0,R] &H LT 2N IEE A, BEHPIA R X 2T SR IR — N AP 5.
P&Bolzano-Weierstrass ®E 2, ZFHHIS 15, HKRET [0,R]. XMRIERHE NE, M558 —B
K& #ONIEEL, BS8E BOP E. R [0, R] I IEE i R B A R O

TEAR oy J7 FErR, [ E 1Y Dirichlet IR J,,(VA) = 0. 1 LI HI 6 R, T A0 15 % 24T LA
WKIRIZEIG PR TN e MR e = J2, o ATEBNIX HAEW] T G0 R A AT BRI 55
NFER] Sturm JR% BARIERAE I IEF AL 24, U ERHEIR IR G s e 1H .

5.2.4 Legendre5%2: Z—NJLAIKIR

TNHMERHE B E AR R 58 3 Legendre 7 FE. TEHALERTH S? _LAH FHERALAR (0, 9), Forp
0 <6 <metf, o &AL f. BRI Laplace H+ R

Y——i<sin66—Y)+ 1 62_Y
%" " sing e 36) " sin’g 09>
25 FREERH A ik 2L 170 /it
~AgY = 1Y. (5.2.18)

L Y(6,9) = 00)D(p), HILTMMAN (5.2.18), HERLL 0(0)D(p), 155

1 d < : d@) 1 d*o

————Sinl— | - ————
©sin6 do dé ®sin’ 6 dg?

L) sin’ 0 FFRE T, ALK AR o 1R IR © IR

_qJ”(go) _sin@ d
d(p) ©(6)do

(sin 60’()) + Asin’ 6.
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S R @, AL AKHR 6, D PHIL# ST — AN &, ido8 m? T2 (e + 27) =
(p), AL
"+ m*d =0

HEORMEZAN TR K, W EHAET AL SR m e Z. i H 10 2

sin© dé sin?

L 94 Gnoee)) + (/1 _m )@(e) 0. (5.2.19)
R IRIETE m=0 K, &t =cosb, x(t) = O0), BHERG 115
®’'(6) = —sinB X/ (1), sin6@'(0) = —(1 — tH)x'(t).
HT dt/d6 = —sin6, #t—54

1 d : ’ _ i YA _ 2\ M _ ’
m@(sm%) ) = n (1= )X (1)) = (1 — )x"(t) — 2tx'(2).

EXANAAN (5.2.19), FHFKZEE R A = v(v + 1), 153 Legendre 7H%

A =t)x" =2tx’ +v(v +1x = 0. (5.2.20)
m# 0, AFERNZESRARMAE m?/(Q - t2) TET Legendre 2. Kk (5.2.20) 1E/Z&ERTH
3 B AR w R N AR A BT AR BRI ISR S X Rt = -1 5t =1t =0 & W A, 1M ¢ = £1

nn+1)—v(r+1)
n+2)(n+1)

an+2 -

ne

#Hv=NeN, 5N F&HMmK— &1k, 133]Legendre 2 Iz, Py. AT LI

P,=1, P,=t, P,= %(31?2 ~1), P, = %(51?3 = 30).
FEERT AN 389, S et ¢ = 1 BIENIPERERR 7 & X0 300 55— AN, MO A0 A B B B 5 2
_ @l 5.2.5 LegendreZ I\ AYRodrigues/A T\
A2 (5.2200 Ry =NeN. # N=0,1,2,--, T X

1 dv

T {GERV (5.2.21)

Py(8) =
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N Py & N XK%RAKX, Hit 2

(1 — t*)P}, — 2tPy + N(N + 1)Py = 0.

u‘EEH Aout) = (2= DV, XHEZR (2 — Do/ = 2Ntu Wik N + 1 RSB K, £ RE X
—1RE., —. ZHSEOX =0, Ain AEX ¢ RE, X SEIOEEIL X TR A

nﬂ”ﬁ%
dN+1

N +1 N +1
2 ) (N+2) (N+1) )
(=) = (2 — Du*? 4+ ( ) )2t uN+D 4 ( 5 )2u

= (> — Du™*? £ 2(N + Dt u®™*D + N(N + Du®,

tN"'l

)

Emj\% N+1

d
— (N+1) @
2N s (tw) = 2N (tu®™*) + (N + Du™) .

fe A IR A A, PR b A 2 A v, 15 2
(t2 = DuWN+2 4 2t y™N+) — N(N + Du™ = 0.

AT, —1/QVNY). #1HE(5.2.21),

(N) (N+1) (N+2)

u u u

Py=—, P,.=——, Pl= .
2NN N T 2NN N T QNN

A
(1 — )P — 2P} + N(N + 1)Py = 0.

BEu = (2 — DN BB ERTUE V. iRk N S s BN 2R, i u 4%
HIUCHEMET 2N, 3k N K SEUR 0 UEMET N. FTBA Py TR LF A N, 0

_ #Rl 5.2.6 LegendreZINI\AVIE3Z 4
1% Py, Py &8 (5.2.21) € X 89 Legendre % A X, €5 Al R 542 (5.2.20) Fv=M Hv =
AR, F M #£N,

J Py ()P (8)dt = 0.

HEBA. {8 Legendre /7 #25 B H £
—((A = PL(D) = NN + 1DPy().

AR N JTREIREL Py, B M OJTRETR LA Py, MBS AR Y. 73 BRAR > IO A TS A7 1 — 2. BERAK



5.2 RPAURL 187

Hh,

1

(NN +1) = M(M + 1))J Py(HPy(8)dt = f [P (= 2)PL) + Py (@ = )P, | dt
-1 -1
= [Py (1 — })P}, + Py(1 — tz)Pl’w]l_1 + J (1 - (PP, — P\ P;,) dt.

iJa — R AR R BB % AT T 1 — 2 12 ¢ = 1 AN, S TF. Kt

(N(N+1)— MM + 1))J Py (H)Py()dt = 0.
-1

M M,N ZAFMEHEA RN, NN+ 1) - MM +1) = (N - M)(N +M + 1) # 0. il 520N
F. O

>ER 5.2

SR 5.2.1. AREH T E KM 2x() + tx' (1) + (2 — %)x(t) =0.

SR 5.22. KFAEX"()—txX' @) —x(t)) =0 £t =0 REFHANEKHEL KO RBEKE, HEH
F eyt X,

S8R 5.2.3. KFAL x"(t) + (sint)x(t) = 0 & t = 0 RJETF 89 A £ % 09 B AR

SR 5.2.4. A SURBEKM tx"(t) = —x(t).

a) 5.2
@Rk 5.2.1. 4 G(x,t) = (1 — 2xt + t2)71/2,
(1) ¥ CHRBBEF A G(x,t) = 3 P,(0)t", X+ P, & Legendre 7 Ko

(2) AR Q1 =2xt+12)9,G = (x—1)G iﬁfl;[f];ﬂnf:%:i%%i n sz (n+1)P,,(x) — (2n+ 1)xP,(x) +
nP,_,(x)=0.

() Bxy <1 AL 1, 145 P, £ [x5,1] EXRAEK, A1 Liouville X, & (x,,1) EHiE—
Ny P, BB XGRQ,, FiEW: L x /18 |Q,(x)| = +c0.

io]@k 5.2.2. M Besselfy & & 7 742 x"(¢t) + tx(t) = 0 &9:BfF o

N
B 5.2.3. 3 8 A%k n, &L H,®) = (—1)Net2(‘l%e—t2

(1) i H, ARBAFZLKA 2" ¥y n kK ZAX, HikZ H) —2tH, +2nH, = 0.
(2) IERMEERAF G RK mn A [ H,(OH, (e dt = 0.
(3) iEW: HEFARK A [ H ()%™ dt = 2"(n)y/7.
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22y Sturm-LiouvilleIEif

AT LE BT S 2 R B R 45 58 5 — I 20RO AL B S B2 DA, Aslod 75 12 A A el 404 M
e s AR R S T AR R, R B SR O T ME. T R R R AN R AT X TR
P 53 73 I RE 26, — IBOASBE TSR W 5 IXRE IR 26— s REMB [RIINh i 2. RIVAE I {6 1) AT A,
Rl BEAME—. 1A JFEAE I EIE ST M S WA S BRI A I, 1018 A A
AAEZE. N AT S i R B, XS RURR IR IR RO S5 A TR A2 g e B AR AR .

W RKE Y ¢ KA EERE, ULt e [0,0] RonFr i LRI E. AT 8 H > 25K 8L
SC(BRRTETSL): S FRIGF S A A [ A7 4%, (ELAN ] 5 AT o ) e A1 A2 i ¢ = ¢ TEINOR/N PR il
AR ). W x = x(t) Rt i LRl Zom & BBz, AE/NBEREILBUT, H AT H] x7'(1)
Fon. & E(t) > 0 RWIRELE I(r) > 0 &R IR, ST RIE N

B(t) = EQOI(?).

t=0

P 6.1 PR A SCAAT A2 5h ) I 70 R R R 2 R oR S it R LA, SEERROR R LS O x(¢)
R NG TIR.

A 2 BERR IR BT ZE N R IS 7 P. AEXI 51 B(t) = B (16 E, 295€ x > 0 Il A IS /A B
FHA 2 A2 i) O AE D IE. ZRPE A - 30 5C AR 45 th PR [RI 248 M, = —Bax””, Bl 7 [ 7777 A ) i -

189
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N Mp = Px. IR J15E~F M, = M, R 25 AR 5 (18 ih 75 72
—Bx"(t) = Px(t), 0o<t<t. (6.0.1)
PR S R R T A el 22, DAL
x(0)=0, x(¢£)=0. (6.0.2)

FRRFO BT EAPRES. [RUEE T A AR R T) P21 (6.0.1)-(6.0.2) HHBLARZ AR ?

% A=P/B, WITFEN x" +Ax = 0. Je Uil 2 < O W HAEEME. #H A =0, N
x(t) = Cl + Czt.

Hx(0)=0/C,=0, Bl x(¢)=0HFC,t =0. KN ¢>0,ALLC,=0.

FHA<0, 5 A=—u? HA u> 0. XK x(t) = C,cosh(ut) + C, sinh(ut). H x(0) = 0 15
C, =0; 1 x(¢) = 01§ C,sinh(uf) = 0. T u€ > 0, F sinh(uf) > 0, ATl C, = 0. Ktk 1 < 0 B
A )R E

= A > 0, JrRE RN
x(t) = C, cos(VA 1) + C,sin(VA 1)

i x(0) = 0 /3 C, = 0. HARIEE, W C, # 0, T x(¢) = 0 /3 sin(V2¢) = 0. Ft, IEZ25 IR

R%E 2 2
nrmw nrm
= (). nm(T) . wenae
AL H IR, AH T AR TT DLBCA x,(8) = sin "Ti” /N Py BN Euler IR 5 77, X BT “IRFH" &
TEPEAB Y ) B SO U, A T R U I — o, 7% 2 B B 2 Ak 2 35 RE. Xl 2 x(0) =
x(€) = 0 [P/NGERE, 25 il B I — R I0UAN 1) s 70 BTV DO IR BiL& AE— A2

4 4

Eplx] = E;J x"(t)*dt — gj x'(£)? dt, x(0) = x(¢) = 0.
0 0

XA Rz R A T R
Bx® 4+ Px" = 0.
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ez b, BUH A n0) = n(€) = 0 1925 x + e, N

¢

4 Eplx +en] = f (Bx""n" — Px'n’)dt
de|._, 0

¢
= f (Bx(“) +px");7 dt + [Bx"'n' — (Bx"" + Px’)n]i .
0

i AL ) = 0, TS R ANBREEL A, BBl 9/ (0) 5 9/ () AT MR HUE. 328 513500 Pl A7 3K R 1) 7 AT
%, M HAHX"(0) = x"(€) = 0. X IERB S HNE R BRI 5%M. 4 g(t) = Bx(t) + Px(t),
M YR T FEAR 3 g’ () = 0, ATLL g(t) = C, + Cyot. FIA x(0) = x(¢) = x"(0) = x"(¢) = 0 15
£ g(0) = g(¢) = 0, T C, = C, = 0. Rk, VUK SEAE 7 F23% R4 S0 F o6 AR T A N R TR ) —
By 77 Bx" 4+ Px = 0. Jid >k, ZFr 7 BRI 2 x(0) = x(¢) = 0 I, B Bx” = —Px .RI13 %
x"(0) = x"(€) = 0, I HXF =B 7 FE FF R Ik S BUEAZ B DU 5 R PP 514 th R — 418
B,

XA

4

J x'(t)dt = x(¢) — x(0) = 0,
0
BT CAFRAT TR BE 9 1 e 2 x” ] Wirtinger A55 3, £33

¢

|

ik, = P < Py I,Ep[x] > 0 MR ARZ SCVF R EURTL; 2 P = Py I, J7 1A x(¢) = sin(xt/¢) L1
TR EERE TR H P> Py I, AT R R RS RN L BAPIRASEAE BRI Ik RE R
BT T P =P iBRIRAG B, X BB IR A AR S MR (1 58 8 25 ) 2 A e VEAE th 46 .

¢

x"(t)*dt > (%)zf x'(t)*dt.

0

ARSI, AR 5T IR AN LA R4 7 TR 4 B 5 R A 2 5 5 — R ) 5
—(p(Ox'(®)) + q(O)x(t) = Aw()x(t).

AR RO R A RES MDA R BOE SR, HBEATUIA B B LR [ RVFISE A 2 54
fE? EAVERHRI? ANRSEPS NI R E R A ? IX LA RE 58 1L 5% R 50— FEHDR
T Mepf K ? AT SR Sturm LUECE B FOAR K R, 12 EIRRFAEAE R L i — e o —
A 2% A, BV A8 5% AF
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6.1 SturmbbiXEIE

Sturm J7iAHIHRE L, A A SaSR H T RE B 5 3, 110 AT R A RO B P A A2 75 9k DL &
U] oA AT B 5 Ik et 5 72

x" + a(t)x’ + q(t)x =0, tel, (6.1.1)

Frag, Hrb T 2 —AXE,a,q9 € CU).

6.1.1 TRzt

5132 6.1.1 FFEFRHIFTEL B
K ox AHAE(6.1.1) B9IEEM. Ft,eT B x(t,) =0, W x'(t,) #0. Bbt, FE TR E FH x
R BT NIRA R E.

WUERR. JeHEix BLAE FH A9 I 2R MEE ) R ME —MEE B R, ¥y 2 T FE (6.1.1) BI—AMR, FFi 2
y(t,) =0, y'(ty) = 0.

R E €T, 5t > 1o, X K = [to, t]; & £ < to, % K = [t,8,]. BT a,q ERIXIA K FIELE, 1R R
M > 1, (F3XHMEER s € K #A |a(s)| + |q(s)| < M.
e RRIE AL ¢ > . SOTREAEER Y =y Mty B3] s € [t t], 135

ﬂ®=j;%nm, 3«@=—J(mmywnq@ww»m.

0 fo

SNl

S

YOI+ YO < W+ | (501 + o) e

/Q\,\
H®=Juﬂm+wwmma
M H(t,) =0,H >0, 3 H H'(s) <1+ MH(s). T

% (e"+MG-)F (s)) < 0.

B R IR s = o WAETF, R EALALE S, FFUAE AR T, (T H(s) = 0 %14
A5 € [tg, ] BAE, T y(5) = 1'(8) = 0. 2 1 <ty 7T WP — BRI AE R, SOHAER T 4 {H
AL AR
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BRI 2] 5] B BIAR x. 27 x(ty) = X/ (t) = 0, LIHRIME—PEIEASR H x = 0 T J, X5 x 24k
TR JE. L X' (1) # 0. B x' BEELENE, £77E 8 > 0, 43 X' 1E (1, — 6,1, + ) N T W5 x/(t,) [
=]

P E AR T WA A . IR RRE L, FAELRAN A t, € ], 1 x(t,) =0, t, - t.. H
AT x(t,) = 0. XEN ¢, # ., L

x(ty,) — x(t,)
ty—t,

0.

L m — oo, FHE NG X' (¢,) = 0. X EHE—BHSRTE, 8F A T WKH AL O

Aoty <t R AEFWONAF R, I HAZMRAE (6, 1) WA E R, BUK 6, 6, APHAEE

X(t)>0,  x'(t) <O0. (6.1.2)

FL b, x/() 5 x/(t) WARE.E X(t) <0, MAE ¢, AMFETIEAA x < 05 45 x/(t,) > 0, WHE
ty EMFE i A A x < 0. WHALXIE AN x >0 /&,

6.1.2 Sturma BEIE

& xy, %, ARITEE (6.1.1) IIFAME. BAH) Wronski 175150 W(t) = x,(6)x](1) — x,(£)x,(¢) T /&
W'(t) = —a(OW (). [E5E t, € J, MXHEEM ¢, AT ir kil

t
W(t) = W(t,)exp (—I a(s) ds) . (6.1.3)
fo
KIERm 5.1.2 72 (6.1.1) ERIRAH; BT LU Liouville A3 (3.2.2) N T-AH M —Fr
WO TR BT R R, W HAERNE, AN T EAAFEANERS.
— EIE6.1.2 SturmHPEEIE
& X, x, ZTAE (6.1.1) A ANERME, 7+ LEANMBARA R &, W
(1) xp,x, AKX, BERECMAELEES —AnERE; AXFFEHT, €MNEAR—K
¥ ¥
(2) & xp,x, BBELX, WEMGR IS, LA, £ x, WEZHMARREZ
B, x, A —ANE & Ik x, x, BAAHEAL®R.

W(ty) = xl(to)x;(to) - x;(to)xz(to) =0.
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m@mm%ﬁwmzoﬁé%temmaﬁw@amnﬁhma¢aéc=%%M@ﬁ@5
cxy 1E to LB RBUEI N E, SEIE N x)(t,). WIE A &0 HE— PR AE x, = cx;.

T xq,x, RYETCR. BB W £ T EANE. &t <t, & x; BIDHLEE S 8 x, -
—1(W R FTE), ATRLK x, (1) > 0 1E ¢ € (1, 1) PHEAL. H (6.1.2), FATTEFE] x](t,) > 0, x(t,) < 0.
T x,, %, A NILE A, o) 5 x,(t,) WARNE. FEH A S AAEH,

w(t,) = _xi(tl)xz(tl)s W(t,) = _xi(tz)xz(tz)-

i (6.1.3) ATRE] W(t)W(t,) >0, RN LaUGEHEH

x] ()X (£5)<0

x)(£)x]()x,(8)x,(t5) > O0=——=> X,(t})x,(t,) < 0.
HAME R, x, 7E (t1,1,) NEDH—DEFL.
1E (ty,8,) W, x; ARNZE, M H

(xz)’ XX, =X\ X, W

X 2 - _2
1 xl xl

W AEERF T, W x, /%, PERE A, PERS B BB 2 I —IRERAA, BT x, 1E (1,1,) NEZH—
NERL G LB, RRIEE AN

SL, FER BT FRE R 535 AT GRS x, £ (5,,8,) WEDA —DNF R XHN

£ (51,8,) WAL T, x,/x, MREEIR, TR RER —DF L T52 x££ (51,5,) A%
= O

\\\\\

6.1.3 SturmbbiEIE

HULE LLB A A MR — B S Em 1 7 e

u’ +a(t)u’ + Q(t)u =0,
V" + a(t)v” + R(t)v = 0,

tel, (6.1.4)

Hdva,Q,R e Cc().
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EIE 6.1.3 SturmltbiEIE
F)E (6.1.4) PO9Rm/NFAL, EAERE € T AA R(E) = Q). 1T u A FHF—AHAZIERM,
to<t, & uWAAMBAKE, N A FTARGE—ANERB o £ KN [t,t,] LEVH—A
Kb,

SEIR 6.1.1. R ELMEEHRA [1,6,]. £ R=0Q H v=u, Wi EERAHANSE, £FK
] AT L B T Kb UG | £ T VA 3 3| 9T IX 4],

u(t)>0 (4, <t<ty), v(t)>0 (t, <t<t).
FRU () >0, w(t,) < 0.4 H(t) = v/ (t) —u(®)v'(t) FHFACN (6.1.4) Bt H 15
H =v'v +ou” —u'v' —uw” = v(—aw’ — Qu) — u(—av’ — Rv) = —a(vw’ — uv’) + (R — Q)uv.
PRI
H+aH=R-Quv =0 (t; <t <ty). (6.1.5)
WO 7y A I il (6.1.5)1%

u(t) = exp (J

1

a(s)ds) >0 = (uH) = u(H' + aH) > 0.

e [ty, t,] ERRGY 5155
p(t)H(8,) > pu(t)H(ty). (6.1.6)

F—J7H, u(ty) = u(t,) = 0, ArkA

H(t,) = v(t;)u'(t) > 0, H(t,) = v(t)u'(t;) < 0.

#it 6.1.4 =igEEE
EEE 6,13 8MRIXT, & R-Q & [t,t,] EREAER, M H422 (6.1.4) ¥ F AN H A6 & —
MNERfF v E (1, 1) REY A —ANE R

Al1F v(ty) = 0, v(t,) = 0.
PLAEAIE w BURR (8, t,) ERIIERR, 54054 H = vu’ —uv’. AN R — Q #4E:, AE4m HAE A
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F, I FRIA T C (0,6), L R-Q>0F L.7ET Lu>0Hv>0,%

j WOR) - QOB i > 0.

151

X (uH) = u(R — Quo B0y, R 2L u(ty)H(ty) > u(t)H(,). A

H(t,) = v(t;)u'(t) 2 0, H(t,) = v(t)u'(t;) < 0.

6.1.4 FMRZHFIFE
FOTRRI— AN AETMEX ) T b8 B, KM T RS SRR ETE T b
Woh. & MRIE T B RS AT, RS T FRIRIRE.

ik 6.1.5 IEHRSHFIA
|7%7}‘7F¥_ (6.1.1) 89 ZHH L q(t) SO M Atk t €J M, MEHENFEMRET LESA AL

.

AR AT, W FEEN DB ER 6 <t 18

Q) =q(), R(®)=0

AR A AN ] BEAT PSS A 2 O
1M R EOFA R PRIETEIRIR G . 140, £E [1, +00) EHJE

1
" —_
x" + —4t2x =0.

CHNEEAxE) =\t (C, +Cylnt). 5 C, =0, EEMBREES; £ C, 0, 7 C,+C,Int =0 &
ZH MR IR TR EBEE IERE, A EERIR IR,

ek 6.1.6  FEPRIRHFHIAI
% Qe C(a,+x)), FELAEEFHK m>0, EFAAWt>a#A Q@) > m? iz, N 742

xX"+Q(t)x=0
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) EANFERMBAE [a, +00) ELIRIE T ; fm BALERAARARE & 69 B IE R AL 7/m. ‘

WERR. AEHL ¢ > a e € (0, m). WA TR 27 + (m — )’z = 0 A ff z(t) = sin((m —e)(t — ¢)). 'BAE

C, ¢+ —— I TIAMEATE A

m-—eg¢

1T QW) > m® > (m— o, il 6,145, FOTRIGBAERMMLAE (c.c+ ——) WHE

A ARG ], KUK ¢; = a+ =L, TG AR IFIXIR] (cppcp0) WHSH A%
&, FUILE ME T 24

Pt < b, REDTROFAMAES, & — 6 > a/m. TURIES € > 0, 78
T <ty — 1y B RIRIE T ¢ = b, AT (0,0 + ——) € (6, 1) WAREIEUTRIG— A
R, X5, HATPE. Bt o, — 6 < t/m. O
_ it 6.1.7  BAEEARMGE T
HqgeCl) B EEZtel Ao<m?> <qit) S M2 Ht,<t, FAE X" + q(t)x = 0 &9 /48
ARE o, M

HERR. GASEA OO Eam 6.1.6 MIUEY. FHEHUEMAMAZER, LI e > 0, LLETTE
2"+ (M + ez = 0 RN z(t) = sin((M + &)t — t,)). BN (M +¢)? > q(t), FreARATHE

u=x,0 =z UM 6.1.4 55 z £ (t,,t,) WEZES. z £ t, ANE—NESL  + M7:L -
It BA
T el /4
b=t > =L >0
]

>t 6.1
SRR 6.1.1. E9: Bessel ¥k J,(x) AALTG ZAEK L, HABARANE SEIELE x > +oo FHILEK
3| 7.
SIS 6.1.2. ALY () +P(O)x(t) = 0 %2 P € C(R), B AE3E i 3 n 143 n® < P(t) < (n+1)2
JER s 1% ARG AEAT AR R AR AR TS ¥T Ae & 27r-JB) B A o
SIEE 6.1.3. F EHA AL £ (x"(0) + 2 Ox'(0) + (1 +1n” Ox(0)) = —x(6)(1 + sine). FEH: %
ROMAERLT ZARE, BAAARAANREHRIEL t - +oo FALSE 7. (BBT: 4 x(t) =
u()e! =t g u by 42,)
SIS 6.1.4. % x = o(t) 2 HAL (p()X' (1)) + q(t)x(t) = 0 £ R K HI LT UM, Cintiit
TH e, >0 UK kL k, ERAEF0O<c < plt) Loy, ky Sqlt) <k, SRt el mio

(1) # k, <0, iE¥ o(t) £ZILE 5 —A K&,



198 $NE  STURM-LIOUVILLE %

(2) Fky,>0, Bt <t, A @t) 944K &, EH L, —t; > mey 1/(c:ky)0

6.2 IFEN|Sturm-Liouville43{E{& o) 55
ALEATIRFIX ] [, b] % &
tlx] 1= —~(p(Ox'(1) + q(Ox() = Aw(O)x(0), (6.2.1)
Hor
p € Ci([a, b)), q,w € C([a, b)), p(t) >0, w(t) > 0. (6.2.2)
o p, g, w RTIIEL EHISHE REERS, w FEA Sturm-Liouville AL ES: A 5L
¥ x40 R AR RS A S A AE FR K. ZE AN UGN 4 BS i S 2 1

a,x(a) + a,p(@)x'(a) = 0,

6.2.3
B.x(b) + Bop(B)X'(B) = 0, (6.2.5)

S ay, cty, B, By SEEHEL, HEHL a2+ a2 > 0, B2+ B2 > 0. KA “IEN” SAE X AR Flp, w F
PIX TE] B AR AR A IE. 25 X A TC 5, 808 p, w 1 B4k, MH 45 N3 R Sturm-Liouville FRi2.
EX 6.2.1 FHEESHFIERE
EAEAN L€ C, AAEFRA (6.2.1)-(6.2.3) HIEEM x, WAR A KX /AA/E 9] ARG 45448, A& x
K BT A IR

_ 5|3 6.2.1 Lagrange!BHFER5Green A3
KT RTA (6.2.1) Z3#PTE LMy FKAX, R u,v ZZAE C* KA. N

ut[v] - t[ulo = dit [p(ﬁv — ﬂv’)] . (6.2.4)

ARG

b - b

f (Ef[v] — u]v) dt = [p(wv —ﬁv’)] . (6.2.5)

a
a

7|
% u, v ARH LA T EM (6.2.3), NE#HETE.

SERR. A p,q NSRS, BTCA Tl = —(pw) + g, T2

utlv] —ﬁv =—u(pv) + (pu)v = % [pwv - pﬁv’].
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AT LRI AN AU
(pw')'v + pu'v' — p'uv’ — pu'v’ — puv” = (pu')'v — u(pv'y.

X (6.2.4) 1F [a,b] EAy, 433 (6.2.5).
B FFUEHL R0 K. SeE L. & o, =0, W oy # 0, L FFZAMHAHE] ula) = v(a) = 0. &
a, ;é 03 I)_I\IJ

play'(a) = —z—:u(ax p(a)v'(a) = —Z—:vm)% p(a)(w(a)v(a) — u(a)v'(a)) = 0
TEX 84 v, #5 B, = 0, W B, # 0, 1T u(b) = v(b) = 0. # B, # 0, N
(oY (b) = —%u(b), p(BY' () = —%v(b) = pB)EBb) - 2BW(B)) = 0,
2 2

FTB (6.2.5) KA A9 %

30 LR X SY AN, MO T T = == (p< ) +q WAL Lagrange 1253, U3 % #r e 2y
RERE. JXUR A ROMESE R, PR U L(a, b) HE X Ax = —lx] JHE 2
AT I BRSO ST 52 SO, T4 “A R R SR ER5E US4 T 3L BT 711
RE UL X RAZ 0B 1T P ST B, RRE U — R B R X IER L (6.2.1)~(6.2.3), i
5 ST A BB ERE 05 AR U D2 51 6.2.1 ELEDI ) Green A%,

O

6.2.1 SCHHIEE, EXMSEEM

— EI 6.2.2 HFHEE, EXMSREM
JE ] Sturm-Liouville A2 (6.2.1)-(6.2.3) £ T 7| M i

(1) FAHFAEAAAR A F 4
(2) BT REBIAFIEAE 6 4488 3 X T A AR ER

b

(u,0), = J u(tv(Ow(t) dt,

9 w(t) 40 (6.2.1)-(6.2.3) Fiik;
(3) A4 AR 64 45 HE 5 H 7 1) 7 2 — 2 8,

S B AR Hw B 5E (1 YA AL 23 18] ) AL R

b
L:(a,b) := gu : J lu(®)|>w(t)dt < +oo}.

a
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MERA. ¥ x IR TARAEME A MR IE . O T R RS0 A RO S8, BTLL X W 2
7[x] = Awx PAK[FE—HiB A& 38 u = v = x f-N Green AR, BRI AT HE, Hifi

b b

0= f (Er[x] —ﬁx) dt = (A —Z)J w(t)|x(0)]? dt.

lﬁw>oﬁmeﬁéﬁwxﬂwmuum>am1=11%§ﬁwﬁiiﬁiﬁ%ﬁﬁ%
FERFLL x(6) 485 2 ERAL 2> — R BN TT)

B oxy, x, 00l T AFRIRAFAEE A,,4,. B —BEL UMW MRIEEI LS. 8 u = x),
v = x, fAA Green A, 152

b

0= f (x_l‘r[xz] -

BT 2, — A, #0, 5] 2 x,(O)x,(Ow(t)dt = 0.
e, BESERREL x, x, JB T [F—HHEE A, B

b

k) dt = (- 1) | RO

a

(px)) +(Aw—qx; =0,  j=1,2
GE
d
3 [PCax; = xp0)] = x1(pxy) — x,(px}) = —(Aw — @x1x; + (Aw — g)x%, =0,

FITEL p(x, X, — x1%x,) W EL W smid F ok i, BADNERAE ¢ = a AT B a, = 0 1 x,(a) =
x(a) =05 % a, # 0 i, o
p(a)xi(a) = —x @, j=12,

RN G HAR 2%, Kt
p()(x, x5 — xix,) =0, a<t<h.

B Rty 1 x,(80) # 0, I 2 ¢ = x,(80) /x,(tp) 135 EAE ¢, A& x 2(to) = ex;(ty). T&x, 5 cex;
T 2 [F] — N ME TR R, EHME— 1S X, = cx,.

[ — AN EFLRHIE R AL y. 5 x = u + v AT ERERE R EL, W5 RS 10 55 R 2
RS, AT w5 o #RR SURFIE R AL WA CL&UE B SEAFAE BB 0] y 5K R, BT AAAE a, b € R,
ffi u = ay,v = by. T2 x = (a + ib)y. W AEFFE K H 25 (8] 2 —4E ). O

P IL SRR S = I AN T A . a0 B L A2k x(a) = x(b), X/(a) = x'(b) AR E
/TJEF Eeanii, 24 n e N* i ,—x" = n2x 1E [0,27] L@ T4 EE n? §9)% BRRAF ok %02 18]
cosnt 5 sinnt 5K}, & 4EW). 35 n = 0, B I R G SR AL, FRAIE R RS (A — 4R 7.
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6.2.2 FHEENFEMSSturmiRs EIE

N X A e S A S SR A VANAIE, £ S AR AE X 18] A5 5 A 4T 08 IX R 2 Btk U572 Bk
REUE A 4 PR AL B O A7 AR 1, SCRE R K Al BR A1 2 . O 1 38— B0 B 2 F 5 i ff 5%
1, BME—1) o € [0, ), B € (0, 7], 1§15

a;sina + a,cosa =0, Bysinf + B,cosf = 0. (6.2.6)

Z Ao m BRI X E [0, ) 5 (0, 7], &N TS — ANRFIEE X N & S e TN B, N4t —
F st
SHEE—ANEH A, A x = x(t, ) FEHME ] 75

—(px') + gx = Awx,
x(a,A) =sina, (6.2.7)
p(a)x’'(a,A) = cosa

I, IXAMEAMEONZ, I H B i 2 22 imid ST
LIERE—HFNA x =05 px’ =0, p> 0%t x' =0, YHARBFIME—MESHEE x 1HA
.25 (6.2.7) PTHYHET JE. IR EUE

Pt ) =[xt AP + [pOX(t. VP >0,  x=psind,  px'=pcosd,  O(a,d) = a.
(6.2.9)
FHEE O ASBE 8] PR M g SORGHEAN ] e (B3N 1 I AE ), IR R RS I i — A, A N 22 4 S 48 o s
/b 27, I THI S UE R X () 1 S A B A A7 AR AT — .
2|38 6.2.3 YELEPriiferfAfATLS
AR A (6.2.7) A AR R 1 € R, HER—# 6(,1) € C'([a,b]) #H 2 (6.2.8). EAA
E O#4r A Priifer A.

SER. I3 A, IF 4

_x(t,) _ p(Ox'(t,2)
“O=sen MO0
o 05 LA
u(t)®* +v(t)? = 1. (6.2.9)

Mix 5 px' #& C 8L, o > 0, bl u,v € C'([a, b]). 7E X

h(t) = v(tu'(t) — u(t)v'(t), 0(t) =a+ J h(s) ds.
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i (6.2.9) 3k F, 53 uu’ +vv' =0, T2
hv = v’u' —uvv’ = v +u*u' =/, —hu = —uvu’ + u?V = v +u' =0

FATHH T uod’ = 0?0, Bl w +ov =0 bl v 53], FH o = ho, V' = —hu.

F—J51H, 16" = h, frLh(sin8) = hcos, (cosb) = —hsin 8. FrLLEREN (u,v) 5 (sin 6, cos )
HRIE L — ekt T R

U =hV, V' = —hU.

HW¥IME (6.2.7) LK p(a,A) = 1, 343 u(a) = sina, v(a) = cosa. 1M 8(a) = a, fTLA sinB(a) = sina,
cos6(a) = cosa. H—Fr&tt T FEH YA 7] I ME— V£33 u = sin 6, v = cos 6, Ry (6.2.8).

B JE iEWIME—VE. 35 0 2 IS 1, 2 A —FoR S F )M, M sin@ = sin6, cos@ =
cos 6. [At

cos(8 — 6) = cosBcos 6 + sinsin 6 = cos? O + sin’6 = 1.

W O(t) —6(t) € 2mZ. Feih RVELL B, M 277 BB WEES, UL ZEELEX 6 [a,b] FAEEL S

t =a MEETE, FMLLNE. O
_ 5|3# 6.2.4 PriferAHIE
B MAE P AL (6.2.7) #3589 Prisfer A 0 X T (t,1) FHLT#, 7+ L2
o = %cosz 0 +(w—q)sin’8,  6(a,l) =« (6.2.10)
I, 3SFHEAt € (a,b],
a9 1
- — 2
a/1(t,/1) AP Ja w(s)x(s,A)*ds > 0. (6.2.11)

HUERA. XF (6.2.8) FHIMANERLT ¢ KT, FHMEH T (px') = —(Aw — q)x 153

p'sin6 + pb’' cos6 = % cos 6,

p'cosf — pb’'sinf = —(Aw — q)psin 6.
H—AIL cosb, 2 ILL sin 0, I —RIREH = o’ TAHH, 1532

00'(cos? 6 + sin’ 6) = % cos?6 + (Aw — q)psin’ 6.

B o >0, 213 p, {H155] (6.2.10).
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NTAET B A RF, eI P RS e 18 (6.2.7) El—Br &4

0x _ y ay _ _ '
T m, 3 (q(t) — Aw(D))x, y =px.

ARG AR T ¢ L, KT (x,y,4) ELLAIRLL AR L > 0, 55 — 5 A i U E RN 2 A i) I 42
AR B, x(¢,4) 5 p(OX' (6, 1) FESHGH AL |A| < L IFRT (¢,4) ELEAfL BT p >0, 1M

FikA
p =1/ X2+ (px')?
MUt p KT (¢, 4) BEEERT L.

HUESE (6.2.10) Bk T 6 MUAME IR EL. H A

F(t,6,1) = —— cos? 6 + (Aw(t) — q(1)) sin® 6
p(®)

K ¢ L, KT (6,1) EEATH, WIMH 6(a, 1) = a 5 2 TR, fESHH L |4 < L BFXMHS
BOELL A e B, 1531 0,0 4L R (6.2.10) X ikHH 0,0 4. NIt 6 1F [a,b] x [-L,L] L& T
(t,A) ELEA. BT L > 04F&,0 78 [a,b] x R _FIiESAT . X BiZHME R R 15 51 72 6.2.3 1)
T A P, DRA T 3 AR A2 (6.2.10) AR —NRIMEL, T bR B )L Il 25 ) e e —

é\

0x
z(t, 1) = ﬁ(t,/l).
PR S E B ST e e B, FRATATDAXT (6.2.7) KT A kT, T2

(pz") + Aw — @)z = —wx, z(a,A) =0, p(a)z'(a, 1) = 0.
€ XK(t) = px'z — xpz', BIUCR S IHACN x,z WHHE, 153
K' = (px')z + px'z' — x'pz’ — x(pz') = —(Aw — @)xz — x(—(Aw — @)z — wx) = wx?.

W2 K(a) = 0, FiTLA t
K(t) = J w(s)x(s, 1) ds. (6.2.12)

F—J7H, X x = psinf, px' = pcosf KT AR, H
z=p;sinf + pcosf o, pz' = p,cosf — psinb6,.
)iz

px'z —xpz' = pcosB(p; sinb + pcos6 ;) — psinb(p; cosd — psin66;) = p?6;.
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5 (6.2.12) thEL, 133 (6.2.11). BN Ew > 0, MAERM x AT ReAET XIE [a, ] BIERZE.

5| FAFIE. O
é\
w(d) = 6(b, 1). (6.2.13)
LB T o BEEE AR H A, IR TR E T 1 - oo BTHITN.
_ 5|3 6.2.5 KREANTEE

HAAF AL (6.2.7) A= XL (6.2.13) T2 694 2 A Raw(d) > 032K 1 e R Rz, 5%
&
lim w(1) =0, Alim w(d) = +o0. (6.2.14)
—+00

A—>—00

MERR. SEIUEIETE. o € [0,7),6(a,4) 2 0. # a > 0 1M1 6 fEFALIARIE, &t > a ZH KA HE
HIRFZI. B 8 > 0 T [a, ty), SN ZIE 2 SN A 6'(t) < 0. FI 52 (6.2.10) &9

) = —-
= M o

TE. 45 a =0,

0'(a. 1) = % >0,

FITEL 6(t,4) > 0 15 a BIFHEAAT AT I8 AT FF MIXAN A SRR U645 FH N R e IR BRI IE, 753
6(t,A) > 0,a <t <b. T7& w(d)>0.
FTHIE A 88— MR BR. i
p.=minp>0.  w,=mnw>0  Q =maxiq
F40<e < min{%, } 1 (t,9) Pl iEREWmE A = (a,m —¢), B = (b,e) HEZLTEN

2e — e p
€)= m—c+ Z2(t— @), BORFEN 0 = =2 <0. B h > 0, {4

L _psinte<o (6.2.15)

B A <03Hid Aw, +Q, < —h2 RN w(t) > w, H 2 <0, ATEL Aw() — q(t) < Aw, + Q, < —h2.
NN 6(a,)=a<m—e="=¢(a), FTLABUrHHERTE t = a AL T EHZ T .

DIE R BB 5 ELHAZ, 4 6 £ — IR Z]. F& 6(t,,1) = €(t,) € [e,m — €], FR%L
O — ¢ 1E t, ZHTRT, 1 FTF, i)

B/(t, 1) — £'(t) =0, = O'(t;, 1) > 0.
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Y — AT sin® 6(ty,A) > sin’ e, T L Priifer £ 7 F2H1 (6.2.15) 735

L cos26(t,, ) + (Aw(ty) — q(t) sin® 6(t,, A) < — — k2 sin’e < .
p(ty) D

K5 0/(t,4) > 0 F . B A4 T B4 T 7, B H, B TE T 0 < w(d) = 6(b, 1) <
£(b) = e WAL & AT LI A BUEFES /N, # w(2) — 0 as 1 — —co.

U VERIS M. & ¢ = 1/max p > 0. {14 N > 0. 2 A kM, 34444 1 € [a,b] #
Aw() — q(6) > N2. T2, |

el(tla A) =

0'(t,1) > ccos?6(t,A) + N?sin 6(t, 1) > 0. (6.2.16)

FTEL 6 55T ¢ kg idg, v LT 8 = 6(t, 1) TERR A&, i (6.2.16),

w(A)
b—a< J d9 —. (6.2.17)
« ccos’?d+ N2sin” 8

FE— MBS A B, 4 s = tan & AT, 153

J” ds _2J”/2 ds _zf‘” 1 4%
o ccos?d + N2sin’ 9 o ccos?9 + N2sin’ 9 o €+ N2s? N\/E

RBAFLE L > 0 Fl—FI B8 ) — +oo, MARX 41K j A w(A) < L. BN w(d) > a, WH L > a.
X 1] [or, L] 7T ML A 7E A BRAK I 7 BOK T2 96 o, BEFT 7 X 050 m. (EHK N > 0, B w 7614
X1 L (0 TERE 2 q H T, FE2E Ay, (8

Aw(t) — q(t) > N?, a<t<b, A=A,
FEEL JON) 4 A = Ay 38 (6.2.17) FIT Ay, Fodiii AN it ’"T? L, X N > 0 #
N+/c
b—a< mn .
N+/c
A N — +oo, HiiaTE, 5b—a>0 . H o) - 400 41— +oo0. O

EI 6.2.6 FFIHEGFECESSturmikis EE
AN Sturm-Liouville 7] 22 (6.2.1)-(6.2.3) 69 & SR 4F AEAE 7T LAHEZ A

LA <A<- <A, <, A, — +o0.
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FANFIEA AL T, BT A, WHE—KFEZHF AT XM (a,b) HEH n—1 KA.

WERR. G B R X, WIME R (6.2.7) Frifi e MfE x(t, 1) W e A il 5264, 2 B AT
ke Z 1#15 6(b,A) = B+ kr. ¥ w(1) = 6(b, ) HELE, s Hh5IH 6.2.5 8 R MeF|
(0, +00). Al XN =1,2,---, T7HE

w(d) =+ (n—1rx (6.2.18)

HHRA AR, mEiLh A, Gumbd n SR I0, Bl A4, RN, & A4, AET 4o, N
BEEINE — DA AR M, N 0(d,) € oM) X5 o, =B+ 7 —1)r - +o0 FJE. Kk
A, = +oo.

X G A EAF AR, S b AT R Ao i SRR R HE R MR, WG & x(a), p(a)x'(a) fif
T (sina, cosar) RN —4EE L b, R —NE MR HEFHE R UG, rfSMAE ¢t = a &b
FIYME N x(a) = sina, p(a)x'(a) = cosa. HWME A @ HIME—ME, FTERIMRHZ (6.2.7) HHTEE
WME T E IE. £ C 00 e A i Aok, &Ry g« FR. ASMANIE, bl R T
B+ (n—1Dm, Hrb n > 1, M FISEL AFEAD A, TFRHEE R R RS e 6.2.2 UEH.

PUEREE . W (6.2.8) 550 x(t,1,) =0 < 3j € Z, f§15 6(t,A,) = jm. THILE i 2
0<6(a, ) =a<m ZESAATLUEEObA)=B+m-Dr, Hho<p<sn. X j=1,--,n—1,
WG /N T jo, ARAKRT jo. M EEESFLE ¢ € (a,b), 813 6(t;,4,) = jr.

Fe VA —A jo ANATREROEA BB IR. AR, R LJETE s, < s, BEXAIKFE, M Priifer 77
e . .
ooy T =
1 s, AT 6 > jo. A UUGHIRIER jr, 4 s, 2B s, ARG 56—k B jr i
Z; WEEMIBE s, IS 0/(s,) <0, M HFEXAH 0/'(s,) = 1/p(s,) > 0, FJ&. HILEA jm ZLiLF
_A?j—('

BT HEBR H A (B 1. 26 j < 0. M a > 00, 45 6 FERI %L F jr <0, EMVIME a >0
WA, a5 B J5 1A R BIAKF 0. FES— IR BIE 0 FIEZI, WAMBELS H 67 <0, 1 Prifer 72
GHH O =1/p>0,T)E. Y a=0~HK,=aRKF0 M, JH 6'(a)=1/pla) > 0; 7£ a 44
WAH 6 > 0. HLFIEEIHEA jr <o, AL EJ71 R ERIKFE o, 5= 4 7 JE. B j <0
A5 HIFIXTE] (a,b) NI .

H& j>n &5MN

9’(81,/‘{”) =

> 0.

8(b,4,) =B+ (n—- 1)z < nrx.

A B < m M 2 ik 2] n, WA CAERNEL fi AT AU EJ7 1) T R nr; 1IX 58 H0K
Va6 =1/p >0 FJE. ¥ B =n, WERATNT nr. HF—BEBUKVFE2ZER— IR nr AAE
(a,b) NFRHEL. & j > n, RO MEERNE jr, FERBIANEY nr 48, Sl E N EJ7m T
2l jo Son, W EFFERTE. B j > n AR HIFIX R A 2 A
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X 1<j<n—1,  fiHcEEMEEEUEH K jor 200838 —IR, LUK RME—IE
FIMEIEH E R Z A8 —IR. AL (a,b) WINEIE SIS 7,27, - ,(n— D, e n—-14. O
#iL 6.2.7 FE—HHERHMNTS
JE N Sturm-Liouville 7] (6.2.1)-(6.2.3) ¥ /& T % —4F 4244 A, 89 K45 4E R A (a,b) R ARA
B, fA 1R FE )6 TUARMRLE (a,b) L&A E.

MERR. EPE 6.2.6 UL R BAE (a,b) WA 1 —1 = 0 N2 . 258 e B 78 23 X 8] Y 1B
AR SO, U B BN 2 D AT — A F L DRI 4RI R U (@, b) EARFFIR— 45
Febh —1 J& nl DU R ™ 4% N IE. O
— 516.2.1 MimEERHSI%

itit

—x" = Ax, x(0) = x(€) =0, t > 0.

I FERED TR BT 2R 2RE 3.

BB, 45 1=0,0 x =C, + Cot. MU FMKIRGH C, =05 C,f =0, LA AHEAE.
FA=—u><0,u>0,M =C,coshut+C,sinhut. 1 x(0) =07 C, =0, i x(¢) =015
C, sinh(ut) = 0, KA sinh(uf) > 0, FTLL C, = 0, 115 A H E /.
FA=u>>0,M x=C,cosut +C,sinut. H x(0) =015 C, = 0. BAFIEE, WIIH C, #0,
T A i i P26 A 3R I sin(ue) = 0, BT LAPS 21 A R RHEAE FVRFAE Bk 2000 T

2
ut = nm, n=12- = /1n=(E) , xn(t)=sinn—m.
¢ t
HARHIE R EL x, 75 (0,¢) WHIZE SN
2 (-
n’ n b b n b
BH n—14, 5k eH 2L O

6.2.3 Rayleighif 5L 5 /RIE
567 k& Dirichlet 51 x(a) = x(b) = 0. % x Z&SLRHIERR LY, 7 ETLL x FFR7E [a, b] LFRT,
il

b b
AJ wx?dt = J [—x(px") + gx?] dt

a

b b
= J (px? + gx?) dt — [pxx’]z = J (px? + gx?) dt.
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SN

b
J (px"* + gx*)dt
A=R[x] =@ . (6.2.19)

b
J wx? dt
a

XHi A Rayleigh 7. # q > 0, 77 N IE, WUIrf Dirichlet FrAE{EII N IE.

Robin 5t a] AN [/ —THEL. i, &
p(a)x'(a) = hyx(a),  p(b)x'(b) = —hyx(b), (6.2.20)

M —[pxx']t = —p(b)x(b)x'(b) + p(a)x(a)x'(a) = h,x(b)? + hyx(a)?. 1K Rayleigh /&N
b
j (px"? + gx?)dt + h,x(a)?* + hyx(b)?

Rlx] = _ . (6.2.21)

J wx? dt

2 q, hy, hy > 0 I ,Robin FFAE(E AR,
_ F1H6.2.8 Rayleigh-Ritz 5k /MR AR
st 742 (6.2.1) 5 Dirichlet #F %4 x(a) = x(b) = 0 28 A A9 45 LEAL 1) 28, % — 4 AE4E % 2

b
f (pu'? + qu?)dt

A= min == - . (6.2.22)

0#ueH;(a,b)
f wu?dt
a

P, BN <Ay <o RAIAFLAE, N

A, = min max R[u]. (6.2.23)
SCHy(a,b) 0#ues
dim S=n

Robin FA1E B (6.2.21) BFrt & &9 — ok AL, LA 48 2 69 #/HK X

X BLh tH— AL 55 S 8955 L. I8 Co(a, b) AFTATE (a,b) WEAREM Ct %
ZH RS 2 ], RIS A ) b TE K

1/2

b
lull = ( f (O + [ OP) dt)

a
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H(a,b) & XN Ci(a,b) KT XAEHM 56 &4k, BARHBL, & —An&m vl L —ANF {u,} C
Cla,b) Fw, o {u,} 5 {u)} S BIFE L2(a, b) TSl FPANKRE R A2 ZE7E FIRTE¥ R e T
T, R EAIB R —ATEE. AR w fl w4 BIFRE A L2 PR 28 —%e 15, 38 7T LATE ]
AL TTEEE —AE [a,b] F&Le LRI AU B IR TT; 33 AN E 40 21 ) F 1)
B B 4 BT R

EH] (6.2.22) HIREEAN LK — A2 7y, b EEAIE I M 21 SEUR S R — B/ 75 IE ]
(6.2.23) it 75 % Hilbert 28] 1 1% g 2. DR LA 3 B W 6 41 DA 4 RO

A, BE B ME T B AL A, v LB — B3 R E o iR FEME T Iy

b
f wurdt =1,

HHBUEREZ n(a) = n(b) = 0 1 C' BRE n. ZH T HI—Fr 38 7] LLE g

b b
{j (p(u+en)? + q(u+en)*)dt — 4, J w(u + en)? dt} = 0.
e=0

a a

d
de

BIR T IFEREL 2, 1521

f (pu'n’ + qun — AL,wun) dt = 0.

i T HIME T H T R A8 R T H(a, b), RNREAERCE B BTN A pu’ 2405 28 40T 34008 4055 3
By, ERE R LI ATIER. 4 g = (g - Lwu, E—HERXA L, u € H(a,b) H—F
SRR T, B g WELE. S9BREE N [0 pu'n' dt = — [ gnde. X ULH pu’ (58 SHET g I
G(t) = [* g(s)ds, M G € C'([a,b]) H.G' = g. H pu’ — G I FHCE, BTl ETE LT A AbAR 2%

WEXLTRENEL C. T2
Gt)+C

p(t)
RS, Rt u F—A C AR TG, WA —A C i3S u JLT A MEE; i G e C!
5 pec, 5% ue C?a,b]). BIE pu’ =& H CT BEL L (pu') =g = (g — L,w)u, Bl
—(pu') + qu = Lywu. Frbk, B R /METFAEELUE, B/ ME RS2 3 — R bk 3. B oe 7595 %
B —4E H' ME0ESARF OISR T A 2 BRI X BOESAI/E, /&4 H A Sobolev
2] R AR N T B2 By O R 2 DA 75 B — 0 TE U 18 E.
— f516.2.2 FE—HHEEMIT

u'(t) =

a.c.

—x" + q(t)x = Ax, x(0) = x(¢) =0,

AP g < Q) < Quan, BT I% P AR 4G 5 — 4R K 0.
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2. B u(t) = sin%[ RNEH 6.2.8 15— 4 AEE A 153

4 2
0 [(%) cos? ﬂ?t + q(f)sin’ %t] dt
A < Rlu] =

12

J sin’ ﬂ—t dt
0 t

F H
jf 2 7t f Tt t
sin —dt:J cos? —df = —
s T3
PLE q(8) < Quaxs 143 i
T
/11 < (?) + Jmax-
W7, MR u e Hé(O, ), #aWirtinger 45515 2]
t 2 ot
J u?de > (z) f udt.
0 f 0
FH () 2 guin, 5 i
T
.7€[u] > (g) + dmin-
T AEE w BUR M, B8 () + e <A < (5) + Gonae 0

R A FIE VL 25 IR FF p, w S FFMAZ, TSR q, T RE g, > gy, WEEA
FRLE A A 2 N B PO R AR Z 56 s 3 u,

b
J (g, — q)u*dt
qu [1/{] - qu [u] == = 0,

b
J wu? dt
a

FHE (6.2.23) BT A & KE, BT n 48728 0 HRME, /52 2,(q,) = 1,(q0).

6.2.4 FHERBFRMTEN

AT AN [ ARFALE PR AR I m] DA DX 73, AR AR Bl 7 T R 11 70 8 AR v O i 5 B iR (R 45 12
—MYHMERE TS H A AR BB TT 7 31X — 20 B MR I 75 2832 pR o i BL I G T R T RIS g
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— E¥ 6.2.9 ESHHMERMRIT
3t E W Sturm-Liouville 7742 (6.2.1) 52~ & &1 (6.2.3) AR A9 45 AEAAIP] AR, de 45 AE o8 4K 03
—H A

b

‘[lxnaﬂzwa)dtzlu

W {x,}ps1 & L2(a,b) PHIZEERL R, SFHAN f € Li(a,b), %

b
%=Jf@%@MOM

)
2

w(t)dt =0

N

F(0) =D cux,(0)

n=1

b
lim J
N—-oo

a

b )
‘[mm%mm=2ww.

FF H. Parseval % X mx, Z:

S, % f €Li(a,b) EHEANRFIERHAE, N f=0(ETLFRAEAEFELT).

A E BATEARRFE TR, PEASUE RIS, AT RLJSE —AN N T Ay B SEE u, s 1 (A—ul) ™
BN p AR, XU E A, IFH 2 B AEE . B S B ST E 2, BInTik (e
JRAFFAEE [, X EARER S UL BT AL, A 0 AT BeAE 4 & R by S 41 B BURFEME. 1X
RN 1E 2 B Hilbert 2% 7] 58 25 M1 5 0 5t AR 5L 7 B € SCIUR) R, T A2 /i T 28 8 o)
J7 BT EAE W Y SEAFAEAE, IEAC 1R, RRAE (B AR EPE AN 2

X85 5% SRS BATA x,(t) = sin(nzt/€), FiRAEIFui 2 Fourier IE54 %L, KL, 1EN]
Sturm-Liouville 2% 7] LA B Fourier X EERTEAE REL B T2 H3E .

St 6.2
SIRR 6.2.1. KETF 2| AN LAR ) A
(1) y"+2y =0, y0)=0, y'(7)=0;
2) y'"+@+Dy=0, y'(0)=y(r)=0.

SRR 6.2.2. GEPA t2x" — Atx’ + Ax = 0, x(1) = x(2) = 0 MAEATE AR A AL HAERMF. XA
L5723 626 7/AF?

SRR 6.2.3. % & [0,1] Lag4Fie AR A x(1) + (A + D)x(t) = 0, x(0) = x(1) = 0. iEMA: ZFIAL4Y
AFAEAEA— % S AE 753K

SRR 6.2.4. X f(t,x,y) £ [0,1]x RXR ESTH, Tk o(t) £FAZ x"(t) = f(t,x,x") (t €[0,1])
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a9 fE, ik & ¢(0) =a,p(1) = b.

(1) & @'(0) = ap. EH: £ Ja—ag| o, 40 =0(t,a) R4 EFHA L 0(0,a) = a,0'(0,a) = a
A LG R, TERA: O(t,a) EEARE t € [0,1] H4£.

(2) % u(t) =0,6(t,a), K u ity R & 77 A2 VA B AME u(0), u'(0).

(3) Extetkte[0,1],(x,y) € R2#AH d,.f >0, iE u' JE R,

(4) iEB: £ |B—Db| AHN, WAL X" = f(t,x,x') 8P #H2 P0) = a, P(1) = B.

6.3 *EENHAER)H

A — 9 ) IE ) Sturm-Liouville [7] @ PN i i _E RIS 0 BB INAE t = a 5 t = by IXFS%A
TS, F HEEAEREE PRI BB 2 (8] & —4E 1. FE A0 52 A I8 R A i s B BB AR ok

x(a) = x(b), x'(a) = x'(b).

EARD BT, AR MBS ZR. B, T —x" = n’x (t € [0, 27]) £ W 7 2% A
THMALNETC R FIRFE R L cosnt 55 sinnt. BEAL, XFARFF ORI R, AR AEAE R T — A
JaI 391 1) AR RS BE 15 [ BRI AR IR . ARV 55 A 7 e B SR IR, Jod SO P A £ 3 0 25033
AEFAN AR AE SR, R, A — R 20 AL F a6 A B BB AT Priifer A1 458 AN AEE M T-0F
FC A WA ) L.

AT N AR

x"(t) + wix = p(t) + Af(t,x,x), (6.3.1)
Hr wy > 0 2 EL, p &S 27 FIHREL, f 0T ¢ A2 2 AR, HHST (¢, x,0) 4L, KT
(x,0) FEET . S50 A IR/, T RETT DUE B2 8 28 R T B — AN/ sh. JATT3H4K 27 Ji .

6.3.1 RFEEESRERBESENt
i x 5T 2 JA AR, e 0 € T 2
x(0) = x(27), x'(0) = x'(27). (6.3.2)

sk, # x A8 [0,27] FRETTRE (6.3.1) I 2 (6.3.2), AT LA EAE 2 JEBAZESR. N EEIX A5
PS5 5 H.

3132 6.3.1 RBAHEOESENFMNMN
|7i§i73‘7F¥_ (6.3.1) 3% T t £ 21 I, F Bz HAEWME R A E—. — A2 Lk [0, 27]

R A IE SR 2 BRIAR, B AR R (6.3.2).
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WERR. S SN A2 (6.3.2) A& RN E U LR AE R

sk, ¥ x T R R WA S SHEEANEEE kRt e [2km, 2(k + D], [ X X(t) = x(t —2k7),
B x(0) = x(2)15%0, AN X 18] 25 H ) R BUE AR iE S AR B X/(0) = X/ (2n), —Fr S8t
R S AR, B X e CY(R).

EEANFXIE 2km,2(k + D) b, & s=1t—2kn. FIF p, f 7T t WM,
X(1) + w2x(t) = x"(s) + wx(s) = p(s) + Af (s, x(s), x'(s)) = p(t) + Af (£, %(t), X(1)).

A i L R AL B R TR X 08 SONIEANELAT il 25 wlX, FE HAHAE X 18] 1) — - S HUE e p
HAMFEHRIKR. Bt X e C2(R), IR s 2 i 5 R, & G841 X(¢ + 2m) = X(¢). # X =
e S AE 4. O

6.3.2 EHIRIBEA/ NS H AR

0 x(t; X, Vg, A) T RHE x(0) = xo, x'(0) = v, I, 7E T I B K HME S S HBEA, 5~
R RESL M E B AR UEX SR HA7AE T A [0, 2] |, IFELARSRT (X, 0o, 1) EELE AT

BUAE 5 SCH 3] oim s RS

F(xy,09,4) = x(27; X, Vg, 1) — Xy, (6.3.3)

G(xy, Vg, A) = X' (275 X4, Vg, 1) — Vy.

H 51 6.3.1, FBIWMENE 12 R4 F(xo, vy, 4) = 0,G(Xg, Vg, A) = 0 [FIf#. 54 1 = 0, Ta i E%
ZArXSEL

t
x(t; Xy, Uy, 0) = X, COS wyt + 2 sin wot + L J p(s) sin(w,(t — s)) ds. (6.3.4)
Wy Yo J,
Xt RS, 155
t
x'(t; X9, Vg, 0) = —wyX Sin wyt + U, COs Wyt + J p(s) cos(w,(t — s)) ds. (6.3.5)
0

1t = 2 MANFWHLAE KA, BRIKT X0, vy FIZEIETTREAL

27
cos(2wwy) — 1 wyt sin(27e,) || x, —ay’ JO p(s)sin(wy(27 — ) ds (6.3.6)

27
—w, sin(2rw,) cos(2mrw,) — 1 0 _J p(s) COS(COO(Zﬂ' _ S)) ds
0

c
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H2HATHI N
Ay = (cos(2mrwy) — 1)2 + sin2(27rcoo) =2 —2cos(2mw,) = 4sin2(7rco0). (6.3.7)

Jit A
Ay#0 <= w, &N

FEAEFRAME w, & N* T, 2P FRA (6.3.6) A ME—M#, 1ICA (Xp, Ug). H (6.3.4) 53] 1 = 0 K ME

— I 27 JE R

— I 6.3.2 IEHIREEARSINESR
st A2 (6.3.1), REFAFFKRXT p,f 9 EN MR EFHEEL, HX o, &€ N*. WEE L >
0,(Xy, Dp) BI—AMARIR U, AR {|A] < 1,} LEETHOHHK x, = x,(1) #2 v, = vy(1), £1F
%0(0) = X, 0y(0) = Uy, T LAFIE (x,(A),0,(1)) B R E9FEA 27-FEAfE. /2 U RN, X8 B HA#
{EAE—a9.

HUERA. 7E A (X, 0y, 0), ARILENE BAMEH . F (X, 0y, 0) = 0, G(X,,0,,0) = 0. H (6.3.4)-(6.3.5), 1£
A=0H4%H

A(F,G) _|cos@may)—1 wy Lsin(27ra,)

3(Xp,09)

—w, sin(2rw,) cos(2rw,) —1

BRATHIRA Ay # 0. KIEATTE (X, 00,0) X A F = G = 0 i 4R e #, 153
A, > 0 LA Ak — (3% 2 ] ol o

Xo = Xo(4), Vg = Up(A).
FH ) 390 R WIS (1) 5 SC, AH 6 2 FE BHIAAE 2645 B g1 BE 6.3.1, "B E4h A 27 J . Be pk e B
(1) Sy SR ME— PR B BH, 7EAR3E U %A 55 4 AWM. O

SEBLA e SR AR AE e RHERRBIME SR (o, Do) HIFAT I SUIAR. 5 B B AR e i
it Bo ek A0E BEASBEFRERAH ERAR G (19 53— S IR

A p S fRT  HGR T SRR AL, MRS s BRASRE W] L TER R T > 0. 4E (6.3.4)
5 (6.3.5) PN 5 2 BUN T, i s FEFERIAT 510N

T
A7 = (cos(w,T) — 1)2 + sin’(w,T) = 4sin’ co%' (6.3.8)

R AR IR 2% 72 o0, T ¢ 27Z.

15 6.3.1
’7%}?, x" + 2x = 3sin 2zt + Ax3 49 1-F) 27 #E.
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R AT =1w, =2 B2 ¢ 277 BETHI (6.3.8) JEZ.A =0 B, ¥ x,(¢) = Asin27t, RN
JiFE15 3] (2 — 4m?)Asin 2zt = 3sin 27t i)

3

A= ———.
2 — 472

EH6.3.2 7, A T = 1155]: 4 4] /NI, FE—NG x,() = —— sin 27t ABIEHT 1-F 0IA#,

2—472

I ELAE XA (0 <048k A " e — 1. O

51 6.3.2
|7%)/~“§}x” +2x = Asin 2zt + 5x3691- & A%

R, XANTRREFAAEEERE (6.3.1) b “BEAHEL MDA L A7 (TR, (5 A B i e 77 AT
RIERH. =0, x,(t) =02 1 M. & F,G &M T =1 M Bt 78 (x,, vy, 4) = (0,0,0)
b, FRIERZ. 3 HIE X0, v KT, B RN 2" + 2z = 15x(¢)°z, IEEMIIR ML e 2
Z" 42z = 0. 3HIEHNIE (2(0),2'(0) = (1,0) 5 (0,1), 1555 &35 /0 ik

cosyV2  27/2sin4/2
—\/5 sin \/5 cos \/E .

Fiv VA Je) 3003 el RN X (o, U) ) Jacobi FEFE N

cosV2—1 27/2sin4/2
—\/Esin 2 cosx/a—l ,

HATH N
(cos V2 — 1)? + sin® V2 = 4sin’ 72 > 0.
PSR EE B, 2 (4| 7o /NE, AR —ANRRIE A 1-F8 Mk, JF B e e 1% 485 A i —. O

6.3.3 EBIIRSHEHILIR

BER w, =n e N*. FFIRITIE X" + nx = 0 BT RN 2 FAWIME cosnt 5 sinnt.
I J) 300 o s ) B RAPE ST £,x = x” 4 n?x i A2 ker £, = span{cos nt, sin nt}. XA i 514751
Ay = 0 BYE S J 1 m m e A 2 A A i T3
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— Rl 6.3.3 HIREM AR IRERG
W p REL 2 ISR B HAAE P AL

x" + n’*x = p(t), x(0) = x(27), x'(0) = x'(27)
HAE, S HAY
27 27
f p(t)cosntdt =0, J p(t)sinntdt = 0.
0 0

Bk s, A 3R B BARR R — AN 45 e £ A cosnt + Bsinnt (A, B € R).

(6.3.9)

MERR. ol B, & x 2 AW, 5 FER L cosnt Ry, 53
27 27T
J p(t)cosntdt = J (x" 4+ n%x)cosnt dt.
0 0

X 5 — T B AR 7 P X
2 27
J x" cosnt dt =[x’ cos nt]é” +n J x'" sin nt dt
0 0
27

=[x’ cos nt]éﬂ + n[xsin nt]?r —n? J X cos nt dt.
0

M T n B HA x, X" B REAE 264, WAL iy %, A

27 27
J x" cosntdt = —nzj x cos nt dt,
0 0

MBS — AN IEAE 2% AT BT
IR, sinnt. X x” FAR AR IR AR, B 1G 3

K

27 27
J x" sinnt dt = [x’sin nt]gﬂ — nJ x" cosnt dt
0 0
27
=[x’ sin nt]é” —n[xcos nt]éﬂ - n? J x sinnt dt.
0

I FHENE, B I x(2r) = x(0) M. IS AN IR Rt

FAER . & X :
x,(t) = %J sin(n(t — s))p(s)ds.
0

(6.3.10)
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R R T, 155
t

xp(t) = J cos(n(t —s))p(s)ds, x)(t) = p(t) — n‘[ sin(n(t — 5)) p(s) ds = p(t) — n?x,(1).
0 0
FITEA x, TR — AR, JF H. x,(0) = x),(0) = 0. 1 t = 27 AL,

sin(2zn — ns)p(s)ds = —% J p(s)sinnsds = 0,

0

27

x,(2m) = %f
0

27 27

cos(2zrn — ns)p(s)ds = J p(s)cosnsds = 0.

0

x,(2m) = J
0

X e —ANEE SR T (6.3.9). FrEk x,, iR A WIAAE 21, R 5B 6.3.1 (4R 4 FA .
MR MR 28 T ker £, MUET# 1L/ x, + Acosnt + Bsinnt. O

B, 72 x" + x = cost AN RN — AN IEAZ KA, Brbl& A 2o I, R E RE0ES 2R
filt x,(t) = %t sin ¢, HATE T ¢ 7 Az B IS [a) 2 MR 3G K I AT, X2 A0 T8 5 [ A A [F] i
FR ARG B LR
FEAEZ M IR b, 2oV S T AR IEAN ST A IR — € AP AE, T2 Ul W 0 20 5 A0 SR AdEA% 7 7]
RIS KA. EAk
x(t) = Acosnt + Bsinnt + w(t),

Hrh w 5 cosnt,sinnt 1IEXZ, fEIEAZFM B3R w, IR TR 2 L, 15356 A, B WA R4
TR XA SRR A Lyapunov-Schmide 2346, $RME 77 F2 T Be o, AT 5= A2 T/ MRIE 73 3¢5 45
W HEARZME I BT ke .

6.3.4 HIEHD B E O] —E
E N, AR 0= n e N W, HESEE R £, = &y
BAAEE . W RS IR T RER A A WfE; B AR, MEAME—. X 2RIt iR
HEFER. X—UREERE. DMERELL L KAM (Kolmogorov—Arnold-Moser) 7 i5# A BL R,
HEATCHE B HAZE R —NERE RS, EEFH AP, &7 ke 8 B2 77 72
HFourier & T H % o
HBEHRE P REREIR SRR, ) g 20 27 ARS8 I A

Z" +wiz = g(t).
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¥ g 51K z I NFourierd i :

g =Y ge,  z(t) = )z

keZ kez

bt 5 — 1 Fourier mode, 152
(w2—k?)z, =g, kez. (6.3.11)

DIk, AT R RE A5 SR AR, BOR T RER R L g
Mwy =n e N, B n 55 —n 1/ \ljji Egﬁﬁﬂﬁﬂﬁfm FH L [ Fourier 2 800 211 /2
g, =8, = 0. WSHUHREN 5, KL EM T E— /N ERRI P I %A

27 27
J g(t)cosntdt =0, f g(t)sinntdt = 0.
0 0

T Bh_E— /N (08 4 4 1 5 35 R Y Fourierih B HA HOR A — AN HS2: AWRRE A B8 T T6i%
T LR

W g NETHAG (AR BITRA ERH 0, WL FUMRIRAEAE, SRS n AT
PN O Wm,ﬂ+wz—wwnﬁﬂ%%dﬂ—cwt FH AR 2 — n? = (o — n)(e, + 1)

AL, Y ey HE n B, MREEIRIERT DUR K. 1XFR 7'7?;:1&-}':5?)1_?

506.3.2 /NYIAE B 0 R 4 T R IR S MR OR . 0 2 AR SRR, B
AT IR N Ay = 4sin’(mwy). 24 w, BB, XTI REIET%; #FFourier®r
Hr, MR 0} — n? i TF. B —MEE U E P A Bab w2, Jm— Mk
#H ¥ Fourier 45 _F I 5H F1R K.

AN, AR E B R, Bl RIE A R KAMELR TR i /N RSO . sk b,
wy & N* iy ]1€r€1£|co0—k2| >0, LAY k| — +oo B, BEA |2 —k?| - +oo. BN — [ i AR5
RS, 22 AAARMEEF RS EBN B, AsHI— 5 BEASR Bl & T %
()53 BE. ATTHT I B e EoE BHOE 2 A A B ARIIRIIEIE TR B, FEA TR EKAMT;
%o

FELMHEIRP AT LASHIMEMF (normal form). HEME 7 HkerdEF A, JELMHEINSHEA
FASHGEER, FFrTReEF ARG, E—/ D T REE B0

x(t) = Acosnt + Bsinnt + w(t)

IERAEIX— R @i f, H w5 cosnt. sinnt IE5.
EMZRIEA RN b, SRR PRI PSR, R el PGSR ws 8RR R B, SRR T
A5 B RYETTFE. X2 Lyapunov-SchmidtZi4k . A SAa B 4E 77 R vk i LIRS PR IE 5 41
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fr, BEARE .

IR TR BN 71 2 G i A BEREFR R — MR IRBL . il i fE A A A, 1B &
RENS th A e RE SRR IO AE ISR T W R A% Dy 17 B, AR A2 DT AR e R, X — TAE A
REBOH 2, REEREELERIE . RE T RIILIRIIBE S5 RIR AT RE . AL AR AT e R 2E 2y
5

[Kltt, Lyapunov-SchmidtZ )4 5 1IERUE IEA R — Mot 80575 i Bt B 0 E () @7y
R TT IR T RS IR AN T ) T RE,  Je M B AR bR AR e fi Ak SR i 3h 1 R g8 A, e H]
MEASAH ], #R LM FAEILIRTT ) BT, AT (A PR JE I8 i) R, 7 EE0E S
AR AL AR 2R B R, 18 S5 FE Lyapunov-SchmidtZ) b “F1Ji%. Poincaré-Lindstedt /5 %5}
LHRIERE, AR B HKAME L

NiEE —NDufingM 77 #E, BARS HEEEESE N AAFR AR, FFR Ul BRI ] DOE 2, L
T B TR 1T A AR B
_ 151 6.3.3 Duffing® FIER—MHIRIEMAZ

F g T AL

x" +x = A(ux — x3), 1] <1, (6.3.12)

iR, Sy=x,z=x—-iy, TREIN Z=x+iy, x = Z—f 72 (6.3.12) AT1§

Z=x"—iy =y —i|-x+A(ux — x3)| = iz + AF(z, 2),

F2,2) = 2 +D)+ 5+ = 22— 27+ 22+ 325+ 327 + 7
BUAEAE R 1E 4 1) AR A
z=¢+ A0, Z=C+ 10, 0). (6.3.13)

NERZ I @, (AR HE R R T RERI . JeHE T @ MK, X (6.3.13) KT, 15
Bl 2= ¢ + A0 + ;L) FEE A MR, HFERAEM KR

¢ =i +O@), ¢ =i +O0(A).
Flk, FECERISE M 5t C-IXBA, O 2/ = ¢+ A (i¢ 9, @ — i 3;0) + O(A3). B~ Ji T XA

ipmHza=g+q@@b+ﬂg5houq
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EbebL B, 15348 s i) T 2
¢ =i¢ + A(F — HD)(&, &) + 0(22), (6.3.14)

Ho ST 0 58 U B
HD =i 8, P — i ;P — i. (6.3.15)
X B L Ao, BT ¢ 5 ¢ AT R &,

SHERCAE SR p, g ELBS AT 90(0PC ) = i(p — q — 1)CPE . BHEY p — g # 1 I, AL
HEE S © i P WU E F AR, Y p—q = 10, RS TERA M
R, TR RE AR BARN & o XA IR SR -

7E F At SURIUAIF R —£¢, 262, BUEATS AR R (p,q) = (1,0) Al (p, @) =
2.1), HATHEZIHIRIT. W

oD =EF+ - 2T - 2F, (63.16)

N (6.3.15) A] 1%
_ s i, 337 i
HD = 2§+8§ +8§§ +8§.

RIEEET F eIk 2. T2 (6.3.14) (8

¢ =it +il (—% + §|§|2) ¢ +0(2). (6.3.17)

KHE TR (6.3.12) KI—MrRIEME . EIFBATEE A ARLRIETL mRHEZE T A Brigesdr
SARTL, R ETRIAREEE L RIIRI IMERBERA T -k, 2 (4] 8o/, A
(6.3.13) ;E ARy, I H P 0(A2) fE1 XN —BU8AL .

PP R U R E T RIGIRBIA A 24ER], X r >0, % ¢ =re®, i1 (6.3.17) 7%

F=0(2), 6=1+4 (-% + ng) +0().
FrbL, —MILRIIE X — Y EAMCRIRNE, SRR, HEIFEAITN 2 BAEZ E
i, MBRE)—ME IR0 ZE, TS 2SR 2614 —g + zrz =0.
M ou> 0K, XGH
,_ AH

r=. (6.3.18)

Y u <0, FREAR KA EAEZ M SRR .
TR LS Bix,(t) = Acost + Bsint, M z,(t) = x,(t) — ix%,(t) = (A — iB)e', i
r2 = A2+ B2, bk (6.3.18) ZM T A2+ B2 = “?“ O
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Fid 6.3.1. %3t b 75 A24% B Lyapunov—-Schmidt 29, fe—M G 42894 35 3% %5 2] cost 5 sint ATk
AL, LAFER — AR RS K. AT ERB T AR —ANERRER, 2 XA
Fl: Lyapunov-Schmidt# I A 325 4% 7 v 5 E AN &), d B AL 7 & N B A #)3E (6.3.13) iX
AR T R, B LIE R

Ra & EZRA, FH(6.3.18) R AR — I MFEMH B0 A 4. BB IIEY R T ALH K A
EAGHO 2m-BIIARE, TF ERBEH SN RN, XA 1E A Lyapunov-Schmidt 2940 5 &k ¢ 2 32
% th P AR

TR R AL B BRE R SR, RIR R A MBI IR 2 AT T [ 2 4
JEL I A B DA A R SRARTE 55 2 A Fourierfi 45, RV FEA 277 A SR f) /N B PR o

iU EBARI P RN BRE.  IAEF B R D EE M EATRREIL . &d > 2,0 = (0, ..., 04) €
RY, FF I Le B AR 70 A BRAU TR . B —NREE AL h(t) = H(wt), HA H 2300 T
RIS, FR h AL o A A = B ER (quasi-periodic) BRI 3 .
g € C(TY), B RENLE Wz IR+ 7 2
x" + wix = g(ewt), (6.3.19)
FFEREEGHFEPR R R x(t) = X(wt). 2 0 = wt € T4 HEEXIEN, 5 (6.3.19) 1L A
[(co Vo) + wg]X(e) = 2(6). (6.3.20)

£ ¢ 5 X RN L Fourierd %4 :

g0 = Y, &ke®®,  X(0) = ), Xk

kezd kezd
SHINCECE] 2
I:C()é - (k . CU) ]Xk - gk, k S Zd. (6.3.21)
X B R A
W — (k- ) = (w,— k- )(wy+k - ). (6.3.22)

HREMEEAR, BHunE kG527 RIE (6.3.22) MAETF, WHATREFAE 5%
B, ko> w) 8 —w,. TEKME (6.3.21) BB 2T 5 2 MNECRB/N 2B X2
FTiB B NBRF ] R (small divisor problem).

N T X ey B, — b LU ] 5 B 1 T R R AR I SRR JE LR SR A o N ESR AR AE

WH y >0, >0 15 ,

(1 + k|
XK HEFEN—BrMelnikovAEIR Ao EIFA BRI BEG T R4 [ e #H RS, 10 A BRI 50 £t

Ik - @+ w| > ke 7 (6.3.23)
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TR, Tl FAET 0 — k-, 00+ k- o PESEAOAMESDT 0. Kk
(6.3.23) Hf

yan (1 + [KI)
Ak S T
B TR BTN R B R E M S, (T g € C(T), HFourier 2 T1E2% S
S, BT 1L RHCE S X SR T C(Td),

2
wp— (k- w) | > |8k-

KAMBEEXBEAAIER. SLMKAMB R 7LIE 7] #Hamilton R 4t
H.(I,6) = h(I) + eP(I, 6)

PRI . e = O, BRE T =1,, ZHEE LB EAHE w = VAT,). TIKAMH
WEREIENRE: AT NIPE UG, HA iR A AR I IR A AE
FERE B IR AR AR AR BRI, 75 2 BRI R T RE . S AR AR A 2

w-Vou=q(0)— J ©)deé.
ot = q(9) 20 qu( )
$TAEE Fourierta &, H
_ d
uk_ik-co’ k e 74\ {0}.
ﬁt%&j@%ﬂ%ﬁﬂﬂEl/‘JDiophantine/J\ (£341¢
4 d
|k'60|>|k7, k e 7\ {0}.

HRGE S A AL RS, MBI k- o + oy XEBAEE T7HE (6.3.20) IEZ2XFE
TEH)— NP

A FEARIEILIRZAF A REHE HKAMS: 1. & MIKAME #U4 7 2238 7] #lHamilton &5 1 . &
HHARRI SRR R R IE N BT, PARIBh A/ . U BT I PR WS AR A 2 I
ANAEIRTH,  [RI AR — 2R BR LA/ BEFT AT R 40 2 o A vhE ) JE L RK AMUE B 5 HE B RS A 3L
s ERSHILIRIID, AEARJefEILIRIEMIE, M FILRIX SN AT ReOR B T R I A INIE . A4
AN B A B ) 5 ik
FiE 6.3.2. Yw, € N, RS HETAEAE-FALGOE, LA EREA, §2AEFM4.
Lyapunov-Schmidt29 /¢, -F ¥ & &K & ¥k AL o B ARG EIHERFAR DT, AT @ a9ra 3 c 32
T RE Uk AR B RN 4510, KBRS AR, 2 AR 02 2R, 2 RFHRER
HHIAT DR

A AT TR R, R RNSHMBEAMEI ARG, KRF AT T 2HART 5
ANAERAT AL L TR0 H, Admdl R A6 R AL . KAMIE b & & 75 4238 B 7 48 2 45
#, ARBRACH A NRBN MR, X EEEG—F T k.
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S8R 6.3.1. KMBAIAARA X" + Ax = 0, x(0) = x(1), x'(0) = x'(1), HH&KE HiEF S-L &4
18 [°] AR 69 7+ B o

SRR 6.3.2. K x = f(t,x) T fatH T A, HikLAMEPRE G EE—EEF. ERF x()
AT R, %EAE x0)=x(T),

SRR 6.3.3. % p Ak 2n AR, geCY(R), FEHn?<gd(x)<m+1?x€eR), ¥ n
R EEH, GEP X"(1) + g(x) = p(t) 49 27 AL B LN H—,

SIER 6.3.4 (BEARAEILIRFZM T HITUAIHME). K w,>0,weRY, Hw & 524 Q LXK X,
KgelC®(T!>R), HBREAAEFKy>0,1>0 L mTHRKIELKLH

14

_— k e 7¢.
1+ k)

|k'win|>

7—%%75%$Tﬁf%%ﬁ&ﬁXeCWW%,&%x@::X@D%x%0+
COO - -
wix(t) = glewt) B9, X B8 T 47 k A 46124 {e*9} K& FF 49 Fourier % #.

SRR 6.3.5 (SR ARIEHIN BNRTRE)). X d>2 BAEE 7 vo@E 7k} #HE k| —
+o0o0 AR

‘U“EE}]: Xk =

0 < lo? — (k; - w)?| < Ik,

(1) B®F7] (’Wfi’éiiﬁf{kj}) 1 15 k; # tk, (j # 0). TEE: g(8) = D] |kj|_j/2 (eik/'e +e—“‘j'9) =
=1
T E 89875 5
2
(2) EHH [(co . Ve) + a)g]Xg 4 7 X, Fourier 2R £ %49 Fourier & #3g Ktk T/ & % M X,

(3) Hehi% 42 R A4 Fourier & LT 9 LA(TY) f2, B RAEZRAL, FHEH5 48 634 75
PEI XX E YNNI
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