Examl for Differential Equations

April 18, 2023

v always stands for the outward unit normal vector on the boundary, and (2 is always
a bounded domain in R".
1.(10 marks) Suppose Au =0 in Byg € R™ u > 0 .Prove that:

C,
sup |[Viogu| < —
Bf‘ g I_R

2.(15 marks) Suppose Zij aij()ui; = 0 in By(0) C R™ uw > 0,0 < M < (a;;) < Al a;; €
C*(By).Prove that:
S;p |V10gU| S O(n7 |aij|01(32)a )‘7A)
3.(10 marks) Consider Lu = a;j(x)u;; + b;(z)w; + c(x)u, A < (a;;) < Al, max |a;;| +max [b;| < A,
Q Q
feld(), peCO0),cx)<0.If uec C?*(Q)NC(Q) solves the equation:

Lu=f in Q
u=¢ on 0

prove that max |u(x)| < max lo| + C max | f].
Q Q
(Hint:We can assume Q C {0 < z; < d}, and consider w = u + (e®? — e**1)F.)
4.(5 marks) Consider the equation
Au=f in Q°
u=¢ on 0f)

u—0 as|z] = occ.

Prove the uniqueness of the solution.
5.(20 marks) Consider the equation

Au=f in Q
u=¢ on 0

Assume that u € C?(Q) N C(Q), ¢ € CHQ).
(a)(5 marks) Reduce the gradient estimates to the boundary gradient estimates. That is:

sup |Vu| < C(sup |[Vu| + 1)
v B



,where C depends on | f|col, |¢|co, 2
(b)(15 marks) Prove the boundary gradient estimates. That is: sup |[Vu| < C, where C depends
B

on |flerl, leler, 2
6.(Green function)

(a)(10 marks) Find the green function G(z,y) in Br(0) C R?, and calculate %ﬁy’y), y € 0BR(0).
Hint: I'(z,y) = 5-log|z — y|.

(b)(15 marks) Suppose that QO C R" is a C' bounded domain, G(z,y) is the Green function on
Q, f€C(Q), p € C(09). Consider the equation:

Au=f in
u=¢ on Of)

Prove that u(z) = [, G( Y)dy + [o0 ¢(y) 25 y) = do,.

7.(integration by parts)
(a)(5 marks) Consider the equation:

Au=2 in
u =0 on Of)

Prove that:"32 [, [Dul*dx + 5 [, (2 - v)|Dul*do = —2n [, udx
Hint: Multlply (z - Du).
(b)(5 marks) Assume that Q' CC Q, Au=0in Q, u € L*(Q2). Prove that:

/ | Dul*dx < C(n, dist(Q’,Q))/quaE
Q/

Q

Hint: Multiply u&?.
(c)(5 marks) Assume that Q' CC Q, Au= f in Q, u € L*(Q), f € L*(Q). Prove that:

N |D?ul*dz < C(n,dist(Q,Q)) /Q f* +ulde
(d)(5 marks) Assume that Au =0 in By, u > 0. Prove that:
/B |Dlogul*dz < C(n)
Hint: Multiply u~'&2.
8.(Critical index problem)(15 marks)

Assume that 1 < a < Z—jrg, u > 0. Consider the equation: Au + u®* = 0 in R™. Multiply this
equation by u*Aw and find the appropriate constant a, such that we can prove:

w2 Du|* < 0;(Cru® | Dul?u; + Couu; + Cau'uiju;)



