Final Exam for Differential Equations

July 5, 2023

v always stands for the outward unit normal vector on the boundary, and U is always

a bounded domain in R".
1.(25 Marks)

(a)( 10 Marks) Consider Au = 0,u > 0 in B;(0) C R",u € C3. Prove that sup |Dlogu| < C,,.
B1(0)
2

(b)( 15 Marks) Consider u; = Au,u > 0 in Up,u € C3(Ur),V CC U is conneted. Then for each
0 <t; <ty <T,we have supu(-,t;) < C’igfu(-,tQ), where C depends on V,tq,ts,n
v

2.(20 Marks)
(a)(5 Marks) Consider

Au=1 imUCR"
u=0 on 0U

u € C*(U)NC(U), denote d = diam(U), prove that: —% <u<0.
(b)(5 Marks) Consider
Au=f mUCR"
u=¢ ondU

Prove that max |u(x)| < max|¢| + C' max|f].
U ou U

(c)( 10 Marks) Consider Au = f in U C R*,f € CYU), u € C3(U) N CYU). Prove that
sup |Du(x)] < C(1+ sup |Dul), where C' ~ U, f,n.
3. (15 Marks) Let u e HY(B1(0)), B1(0) C R?, f(x1,22) = z1 + 25 , W = {u € HY(B1(0)) :
u— f € H}(B1(0))}. Compute anfoB ©) | Du|*dz.
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4.(35 marks) Let T > 0, Ur = U x (0, T]. Assume the functions wy are normalized eigenfunctions
for —A in H}(U) such that {wy,}32, is an orthonormal basis of L*(U). Assume 0 < ¢ < T, u,(z,t) =

kf:l dr(t)wg(z) satisfy di(0) = (g, wy) and

/(u;n(:v,t)wk(x) + Vu, Vwy)dr = / fwrdr, 1< k<m
v U

where f € L*(0,T; L*(U)),g € L*(U).
(a) (10 marks)Prove that:

sup. [t (- )| 20y + il 220,712 ) < C (9l 2y + 1 20,0522 0))



where C' ~ U, T.

(b)(5 marks)IF g € HY(U), prove that: [l (- 0) g0 < ol o)

(c)(10 marks)Suppose f € L*(0,7;H*(U)),g € H}(U). Assume u € L*(0,T; HX(U)),u' €
L*(0,T; H'(U)) be a weak solution to:

u = Au+ f(x,1) (x,t) € Ur
u(z,t) =0 (z,t) € U x [0,T]
u(z,0) = g(x) relU
Prove that:
esssup lu(- D)l g0y < C (9l + 1/ 2oz
0<t<T
where C' ~ U, T.

d) (10 marks)If g € H*(U)N H}(U), f € H'(0,T; L*(U)), prove that:
0

esssup [}, (1) 220y < C (9l + 11 0z
0<t<T

where C' ~ U, T.

5.(15 marks) Suppose a;;(z,t) € CH (U x Ry), A&|? < ai;(x, )&E < A€, c(z,t) € L=®(U x Ry),
g€ H}(U), h € L*(U). Assume u € C*(U x R,) is a solution to:

uy = Y (aij(x, t)u;); +clx,t)u in U xRy
,J

u=70 on OU

u=g,u =h t=0

Prove that:
/(u2 + |Du\2 + u?)d:r: < et / (92 + |Dg|2 + hQ)d[E
U U

where C' ~ U, coefficients of L.
6.(10 marks) Assume u € C°(R" x R, ) is a solution of uy = Auin R* x Ry, If u =wu, =0 in
Bgr(0) x {t = 0}, prove that: u =0 in {(z,t) : |z| +t < R}



