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1. (15 points) Let (X,)n>0 and (¥y)n>0 be nonnegative, integrable, and adapted to
the filtration (F,,),>¢- Suppose that

BE(Xni1|Fo) < Xat Yo, 20,

with ano Y, < oo a.s. Prove that X,, converges a.s. to a finite limit.

n



2. (15 points) Define Sy = 0 and S, = X1 +...+ X, for any n > 1, where Xy, Xa,. ..
are independent with EX,, = 0 and var(X,) = o° for any n > 1. Use the martingale
(52 — no?) >0 to prove that if T is a stopping time with ET < oo, then

ES% = o°ET.



3. (15 pOil’ltS) Let X = ()(na n 2 0

S. Define
Tm:inf{nzlzX,:x}, xeS,
and .
Ny,x: Zl{Xn:y}1 T,y €8,
n=0
Also define

Wey = Pp(T, <T,), z,y€S8.

Suppose that z,y € S, z # y, and p,, = P,(T; < 0c0) = 1. Show that

> Pr(Nyz > k) =w,y(1 —wy )", E>1

) be a Markov chain on the conntab]

e state space



4. (15 points) Let p be a transition probability on the countable state space S, and
for the Markov chain X = (X,,)n>¢ with the transition probability p, define

7 T,=inf{n>1: X, =9}, yes.
grove that if the transition probability p is irreducible and positive recurrent, then

BT <00, z.y€8S.



5. (20 points) Given a nonne

gative supermartingale X = (X
times 79 < 7y < -.

n)n>0 and some st opping
, show that the sequence (X7, )n>0 is again a supermartingale.
(Hint: Truncate the times Tn, and use the conditional Fatou’s lemma. )



6/ (20 points) Let S be a countable state space. Prove that for every irreducible,
ositive recurrent subset S; C S, there exists a unique invariant distribution vy
restricted to Sk, and every invariant distribution is a convex combination ), cxvy.



