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I Assume nois o posilive integer. Let L < gy < 4 < % oand 1< p< o, For each ¢ 7 (0. 1),

define the index g, by
1 -+ 4

o — - 4

i 7 e

1, Show chat o f< E2(R%) 00 L9 tlen f e LY(R™)

i

Show that if [ e weak-L* (R") ©weak-£5 (R then f o« L0 (R

3. Using the result in the second item, show the following simple cose of the Maremkiewicz
Interpolation weguality. If 77 is a subilinear map from £7(R) 1o Che space of ineasuralile

functions on X" that is weak types (pogu) and pogy. then T s strong tvpe (p, g )

IL. Assimie L < pog.r < oo satisfy the relation | 4+ = = ?'! 3

Lo In the non-endpoint cose p > 1,9 > 1 and v < x, prove the following sssertion. If
J € LMR"™) and g € weak-L?. then foy = L7 and |[f = gl| ;0 gy < Cpg| [l Lo mmy(9]g-
Here ), 15 independent of [ and 4.

2. In the endpoine case p = 1 and r = g > L, prove the following assertion. If f & L' (R™)
and g € weuk-L3, then [+ g € wenk-LI(R") and f s g1y < €y {101 aelgly. Here C, is
independent of f and g.

3. 1f0 < o < n, define an aperator 7, on functions on R™ by

Tfte) = | sl

Use the second item to show that T, Is weak type (1, n/a).

II1. Complete the following computalions or proofs.

1. Show that §|_; (z) = zod=,
2. For each k > 0, let filz) = x|-0.1] * X[-k.4)-

(8) Show that f; € Co(R) by definition.



(b Slow that fi(r) = y_uzrlt:ﬂ.mu.r_ Prove that | fullpos -+ % as kb —

A, Let fi be ax in the sevond item, show

Ak = z fiin)

nCL

far any positive integer &

TV. We know that the Fourier transform maps Schwartz functions to be Schwartz {unctions,

In this paragraph. we consider the analogous proporties of Fourter transform an the circle

T:=R/Z

For f & LY(T), we define its Fourior transform _,F on &, by

I”:Lb [f{l‘]r Inohe gy,
4T

1. If f e CYT), show then
- 1
flk) = ﬂ('k ) cas |k oo
K
Conelude from this that if f ¢ L'(T), then f(k) 0 as k| —» 20

2,00 f ¢ (T, show
}'.'{!.'] -0 (—;-I:) as |k » 2,

for any positive integer n.
3. Let f(z) := 775 be n function in the complex plane. 1f viewing f as a function on

the circle, show that flk) decays exponentially as ik — .

V. Let X = [0,1] be equipped with the Lebesgue measure.

|. For n & W, let f.(z)} = cos(2anx). Then as 1 tends to infinity, f, — 0 weakly in L?,

but it does not ranverge to 0 in measure,

9 For n € N, let g,(r) = nxmism (%) Then as n tends to infinity, g, converges to 0 in
measure, but it does not converges to 0 wonkly in L7 for any p > 0.
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