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1. (10 points) Let f be a mapping between two measurable spaces (€2, F) and (R, B).
Show that if A generates the o-field B, then f~'A = {f~'A; A € A} generates the
o-field f1B.



2. (10 points) Let p be a finite measure on (R, R) and F(z) = u((—o0,z]). Show
that

/(F(x +¢) — F(z))dx = cu(R).



3. (10 points) Let Xi, X, ... be uncorrelated with £X,, = p, and var(X,)/n — 0
asn — oo. Let S, = X; +---+ X, and v,, = ES,/n. Show that as n — oo,
Sp/n — v, — 0 in L? and in probability.



4. (15 points) Let X, X5, ... be independent Poisson random variables with FX,, =
An € (0,00), and let S, = X; +--- 4+ X,,. Show that if >\, = oo, then as n — oo,
Sn/ES, — 1 as.



5. (15 points) Suppose the nth light bulb burns for an amount of time X, and
then remains burned out for time Y,, before being replaced. Suppose the X,,,Y,, are
positive and independent with the X’s having the common distribution F' and the
Y’s having the common distribution GG, both of which have finite mean. Let R; be
the amount of time in [0, ¢] that we have a working light bulb. Show that as ¢t — oo,
R/t - EX,/(EX, + EY}) as.



6. (20 points) Let X, X;, Xs,... be a sequence of i.i.d. random variables and let B
be a Borel set in R such that 0 < P(X € B) < 1. Define N to be the first index n
such that X,, € B if there is at least one such index, and N = oo if there is no such
index. Then for any w € Q such that N(w) < oo, define that Xy(w) = Xn(w)(w).
First show that N < oo a.s. Then show that Xy has the same distribution as X
conditioned to belong to B, that is, for any Borel set B’ in R such that B’ C B,

P(X € B)



7. (10 points) Let X1, X, ... be a sequence of independent random variables in L.
Recall that the metric space L? is complete. Show that > X, converges in L* if
and only if > FEX, and ) var(X,) both converge.



8. (10 points) Construct a sequence of independent random variables X7, X5, ... in
L?, such that y_ X, converges in L? but not a.s.



