M FEI(H) - BAdhmEs

2020548168, EM, 9:45 - 12:00

AEEI:

L BERALTREANRE, REATS RSN,

2. AEEI, ATEFEIRAM EIRHX, BIFMITERER;

3. FHR LI BRI R

4. ﬁ?‘fqﬂﬁFlQ:oo A LR R E BIBbE SR X- HAh LG (F1 AR 3R F K —
),

HEIEN:
1. [20 93]
(a) Let @ = B(0,3) = {x € R" : |z| < 1/2} be a ball of radius 1/2 in R".
Consider the function u(x) = log|log|z||. Such a function is smooth in the
domain 2\ {0} but approaches co as |z| goes to zero. Whether u(z) belongs

to some Sobolev space W1P()? If so, for which values of p does u(x) belong
to Sobolev space W1P(Q)?

(b) Let @ = {0 < x < 1,0 < y < z*}. Show that the function u(z,y) = 1/z
belongs to H'(£2), but does not belong to L3(Q2). Is this consistent with the
Sobolev embedding theorem?

2. [20 47] Let Q C R™ be a bounded open set. Prove the following properties of
Sobolev spaces.

(a) Let u € WHP(Q) and v € W&’q(Q), where 1 < p,q < oo satisfies % + % = 1.
Then
/ D%uvdx = —/ uD%vdx, la] = 1.
Q Q
(b) Assume u € Wol’p(Q), 1 < p < 0. Let @ be the zero extension of u to R™ \ Q
i.e., we define
i(z) u(x), €N
u(z) ==
0, z € R\ Q

Show that @ € Wy*(Q) for any open set 2 satisfying Q cc .

(¢) Given two nonnegative functions u,v € W1P(Q), we define w(z) = min{u(z), v(z)}
for x € Q. Then w € WHP(Q).
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3. [20 43] Let B = B(0,1) be an open unit ball centered at the origin, and denote
BT =Bn{r, >0} and B~ = BN {x, < 0}. Given u € W'"?(BT), 1 < p < oo,
we consider the reflection of u across the plane {z,, = 0}, i.e., we set

{u(z), z € BT

U(l‘l,“’ 7$n—1a_xn)7 r € B~
Show that @ € W'P(B) and

[allwrrm) < 2llullwiest)-

(Hint: write down the weak derivatives of @; you may need to use a cut-off func-
tion.)

4. [20 43] Let Q C R™ be a bounded open set with a C! boundary.

(a) Show that H%(Q) cc H'(Q) (Hint: use the fact H'(Q) cc L?(Q)).
(b) For any £ > 0, prove that there exists a constant C. > 0 such that

[Dullz2(0) < ellullgz) + CellullL2 (o)
holds for all u € H?(Q), by a contradiction argument based on the compact
embedding in item (a).
5. [20 93] Let Q C R™ be a bounded open set with C! boundary 9Q. Assume that
a’,b',c € L*>®() and
a? =a (i,j=1,---,n), (a¥(z)) > 01> 0 ae. z € Q.

Let L denote a second-order elliptic partial differential operator of divergence form

n

Lu:—Z(” uw 2 —{—Zb’ x)ug, + c(x)u.

ij=1

Suppose that the uniqueness of weak solution to the following Dirichlet boundary
value problem

{Lu: f inQ 1)

u= g on 02

holds for each f € H1(Q) and g € H'(Q). Show that there exists a constant
C > 0 such that the unique weak solution v € H'(Q) of (1) satisfies

lull i) < C (If 1) + 9l () -
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6. [20 93] Let 2 C R™ be a bounded open set. Assume that a¥/,b?, c € L>°(Q2) and
a? =d (i,j=1,---,n), (a¥(x)) > 601> 0 ae. x € Q.

Let L denote a second-order elliptic partial differential operator of divergence form

n

Lu=— Z;l (aij(gj)uxi)mj + Z; b (), + ().

Prove that either (a) for each f € H~1(Q) there exists a unique weak solution of

Lu= f inQ
u= 0 on 09,

or else (f) there exists a nonzero weak solution of

Lu= 0 in
uw= 0 on 0.



