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1. �ò)��3�K�þ§ÁòÚ�K��¿þ�"

2. 4ò�Á"

1�Ü©µÄ�VgÚ5�£25©¤

1. [5©] Qãn�î¼�mE3¥��þ�FrenetIe$Ä�§§=Frenetúªµ

d

ds

 t(s)

n(s)

b(s)

 =

 0 κ(s) 0

−κ(s) 0 τ(s)

0 −τ(s) 0


 t(s)

n(s)

b(s)



2. [3©] E3¥Ç��~ê�LÇ��"~ê��´ �ÎÚ� .

3. [9©] �S�E3¥�Ü¡§ëêL«´r = r(u, v), (u, v) ∈ D ⊂ R2. PE,F,G�

¡S�1�Ä�/ª�Xê§L,M,N�1�Ä�/ª�Xê"

(a) ��Ñ¦¡S�¡È�úª Area(S) =
∫
D

√
EG− F 2dudv .

(b) GaussÇK = LN−M2

EG−F 2 .

(c) �¡�:p ∈ S?�GaussÇK÷v K(p) < 0 �§·�¡T:�V

:"

4. [4©] �S�E3¥�Ü¡§Ù1�Ä�/ªIIÚWeingarten C�W÷vXe'Xµé
¡þ�:p ∈ S?�?¿ü���þ~v, ~w ∈ TpS§k II(~v, ~w) = 〈W(~v), ~w〉

5. [4©] ¡Sþ�:p÷,�ü ��þ~v ∈ TpS�{Çκn(~v) �dT:?�ü�Ì
Çκ1, κ2Ú~v�Ù¥��Ì��e1�Y�θ��û½"��Ñù�'Xª

κn(~v) = κ1 cos
2 θ + κ2 sin

2 θ .

1�Ü©µO�Úy²K£75©¤

1. [20 ©] �α : I → E3 ´3�î¼�m¥��K�§Ç¼êκ(s) > 0, ∀ s ∈ I, s�l
�ëê"
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(a) y²�3�þ|ω : I → E3 ÷v

ṫ(s) =ω(s) ∧ t(s)

ṅ(s) =ω(s) ∧ n(s)

ḃ(s) =ω(s) ∧ b(s)

þª¥�· �Lés¦�ê, =ṫ(s) = d
dst(s). �þ|ω(s)¡�����Ý|"

[J«µòω(s)^FrenetIe�½XêL«Ñ5§�\þã�§¦)Xê]

(b) y²±α(s)�O�§ω(s) ��1�����þ��«¡

r(s, t) = α(s) + tω(s)

´�Ð¡"

(c) y²ω(s) ≡ ω0,∀ s ∈ I ��=��α(s) ´�ÎÚ^�"

)�:

(a) du{α(s); t(s),n(s),b(s)} �α(s)?���Ie§��

ω(s) = λ1(s)t(s) + λ2(s)n(s) + λ3(s)b(s).

�\þã�§��

κ(s)n(s) =− λ2(s)b(s) + λ3(s)n(s)

−κ(s)t(s) + τ(s)b(s) =λ1(s)b(s)− λ3(s)t(s)
−τ(s)n(s) =− λ1(s)n(s) + λ2(s)t(s)

'�ü>Xê��λ1(s) = τ(s), λ2(s) = 0, λ3(s) = κ(s). =ω(s) = τ(s)t(s) +
κ(s)b(s).

(b) �y²�«¡
r(s, t) = α(s) + tω(s)

´�Ð¡§�IO�ÙGaussÇ�""��O���

rs =α̇+ tω̇, rt = ω

rss =α̈+ tω̈, rst = ω̇, rtt = 0.

Ïd1�Ä�/ª�XêN = 0§

M =
1

|rs ∧ rt|
〈rst, rs ∧ rt〉

=
1

|rs ∧ rt|
(ω̇, α̇+ tω̇, ω)

=
1

|rs ∧ rt|
(ω̇, t, τt+ κb)

ω̇ ÷v

d

ds
ω(s) =τ(s)ṫ(s) + τ̇(s)t(s) + κ(s)ḃ(s) + κ̇(s)b(s)

=τ̇(s)t(s) + κ̇(s)b(s)

�\M�L�ª��M = 0. lGaussÇK = 0§¡��Ð¡"
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(c) �ω(s) ≡ ω0�§

0 =
d

dt
ω(s) =τ̇(s)t(s) + κ̇(s)b(s)

dut(s),b(s)��§Ïdτ(s), κ(s)þ�~ê§ld�ØÄ�½n����
ÎÚ�"�L5§XJ®����ÎÚ�§Kτ(s), κ(s)þ�~ê, lþãí�
L§��ω(s)�~ê"

2. [20 ©] Enneper¡´��dëêL«

r(u, v) =

(
u− u3

3
+ uv2, v − v3

3
+ vu2, u2 − v2

)
�Ñ�¡"

(a) y²Enneper¡´4�¡¶

(b) ¦Enneper¡þ�Ç�£=��þ�Ì����¤§¿y²Ç��²¡
�¶

(c) ¦Enneper¡þ�ìC�£=��þ�{Ç�"��¤§¿`²ìC
�??��"

)�µ

(a) ��O���1�§1�Ä�/ª�Xê©O�

E =G = (1 + u2 + v2)2, F = 0

L =2, M = 0, N = −2

lÌÇ�

κ1 =
2

(1 + u2 + v2)2
, κ2 = −

2

(1 + u2 + v2)2
.

Ïd²þÇH = 0§Enneper¡´4�¡.

(b) dF =M = 0§��WeingartenC�3Ä.ru, rve�Ý
L«�(
E 0
0 G

)−1(
L 0
0 N

)
=

(
L
E 0

0 N
G

)
Ïdru, rvþ�Ì��§lëê�u-�Úv-�þ�Ç�"��O���

(ru, ruu, ruuu) =
(
(1 + v2 − u2, 2uv, 2u), (−2u, 2v, 2), (−2, 0, 0)

)
=〈(1 + v2 − u2, 2uv, 2u), (0,−4, 4v)〉
=0

=ëê�u-�´²¡�"Ó�/§v-��´²¡�"

(c) �α(s) = r(u(s), v(s))�Enneper¡þ�ìC�§KÙ��þ

α′(s) = u′(s)ru + v′(s)rv

�ìC��"ÏdÙ{Çκn(α′(s)) ≡ 0, =

0 = L(u′(s))2 + 2Mu′(s)v′(s) +N(v′(s))2 = 2((u′(s))2 − (v′(s))2).

lu′(s) ± v′(s) = 0. éëêsÈ©§��u ± v = const. =u ± v = const.3N
�re���¡þ�ìC�"
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3. [20 ©] �S : r = r(u, v)��Këê¡�GaussÇK??�"§n = n(u, v)�S�ü
 {�þ"½ÂS�²1¡�

S̃ : r̃(u, v) = r(u, v) + λn(u, v),

Ù¥λ > 0´¿©��ê"

(a) y²¡SÚS̃3éA:��²¡²1¶

(b) �κ1(p), κ2(p)�p = r(u, v) ∈ S?�ÌÇ§éA�Ì���e1, e2 ∈ TpS"y
²e1, e2 ��p̃ = p+ λn(u, v)?�Ì��§éA�ÌÇ�

κ̃i(p̃) =
κi(p)

1− λκi(p)
, i = 1, 2

[J«µ��e1 = aru + brv, |^WeingartenC��½ÂW(ru) = −nu, W(rv) =
−nv§9ÌÇ�5�W(e1) = κ1e1.]

(c) y²¡S̃ÚS�²þÇÚGaussÇ÷vXe'Xµ

K̃ =
K

1− 2Hλ+Kλ2
, H̃ =

H − λK
1− 2Hλ+Kλ2

¿`²�¡Säk~²þÇH ≡ 1
2λ�§¡S̃äk~GaussÇK̃ = 1

λ2
.

)�µ

(a) dr̃u = ru + λnu, r̃v = rv + λnv�§¡SÚS̃3éA:��²¡²1§�äk�
Ó�ü {�þñ(u, v) = n(u, v).

(b) �Ì��e1 = aru + brv, K

κ1e1 =W(e1) = aW(ru) + bW(rv) = −(anu + bnv).

l
ar̃u + br̃v = e1 + λ(anu + bnv) = (1− κ1λ)e1. (1)

Ï¡S̃�ü {�þñ(u, v) = n(u, v)§ÙWeingarten C�÷v

W̃(r̃u) =− nu, W̃(r̃v) = −nv

d(1)�e1��p̃ ∈ S̃?���þ§

W̃(e1) =
1

1− λκ1
W̃(ar̃u + br̃v)

=− 1

1− λκ1
(anu + bnv)

=
κ1

1− λκ1
e1.

aq�§����e2�p̃ ∈ S̃?�Ì��§ÙÌÇ�κ2/(1− λκ2).
(c) d(b)�

K̃ =κ̃1κ̃2 =
κ1κ2

1− (κ1 + κ2)λ+ κ1κ2λ2

=
K

1− 2Hλ+Kλ2

aq�§²þÇ�÷v

H̃ =
H − λK

1− 2Hλ+Kλ2

�H ≡ 1
2λ��K 6= 0�§K̃ = 1

λ2
�~ê"

4



5µ¯¢þ§3�Ä(c)�§dK�Ð�b�^�“GaussÇ??�"/¿Ø´7I
�§Ï�eH ≡ 1

2λ�3,�:p ∈ S?K = 0, KH̃(p̃) = ∞§�S̃��K¡gñ"Ï
dK 6= 0 3Sþ??¤á"

4. [15 ©] �S�E3¥�K¡§α(s) = r(u(s), v(s)) �S þ�^�K�§p = α(0) ∈ S,
s�l�ëê"Pt = α′(0)��3p:?���þ§h ∈ TpS�¡3p:?�t��
�ü ��þ§�{t,h} �¡�½��Ó§=t ∧ h = n§Ù¥n�¡S�ü {�
þ"½Â�α(s) ⊂ S3p = α(0)?�ÿ/LÇ�

τg = 〈
dn

ds
(0),h〉,

Ù¥n = n(s)�¡3α(s)?�ü {�þ"

(a) PW : TpS → TpS�¡3p:?Weingarten C�§`²

dn

ds
(0) = −W(

dα

ds
(0)).

(b) �κ1, κ2�¡3p:?�ÌÇ§e1, e2�éA�ü ��Ì��§�{e1, e2,n}�
�½�(=n = e1 ∧ e2)"ee1�t�Y��ϕ§y²

τg = (κ1 − κ2) cosϕ sinϕ.

(c) y²�α(s)�¡Sþ�Ç���=�Ùÿ/LÇτgð�""

)�:

(a) dWeingartenC��½ÂW(ru) = −nu, W(rv) = −nv�

W(
dα

ds
) =W(u′(s)ru + v′(s)rv)

=− (u′(s)nu + v′(s)nv) = − dn

ds
.

(b) Ïe1�t�Y��ϕ§�{e1, e2}�{t,h}½��Ó, �òt,hL«�

t = e1 cosϕ+ e2 sinϕ, h = e2 cosϕ− e1 sinϕ.

d(a)��§
dn

ds
(0) = −W(

dα

ds
(0)) = −W(t)

Ïd

τg =− 〈W(t),h〉
=− 〈W (e1 cosϕ+ e2 sinϕ) , e2 cosϕ− e1 sinϕ〉
=− 〈κ1e1 cosϕ+ κ2e2 sinϕ, e2 cosϕ− e1 sinϕ〉
=(κ2 − κ1) cosϕ sinϕ

(c) �α(s)�Ç�§Ù��þt�Ì��§Ïdt = e1 ½t = e2. lY�ϕ =
0, π/2. d(b)�τg ≡ 0.
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