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• RL«�N¢ê8Ü, NL«�N�K�ê8Ü, N∗L«�N��ê8Ü.

�!(20©) ���ÑXe�aÈ©��Y, Ø�¥mL§. �©

(a)

∫
sin3 x cos x dx (b)

∫ 1

0

x2020 dx (c)

∫ 1

0

dx√
x

(d)

∫ +∞

−∞

dx

1 + x2

�!(15©) �©

(a) �f´k�4«m[a, b]þ�k.¼ê. Qãf3[a, b]þiù�È�½Â, ±9f3[a, b]þ�i

ùÈ©
∫ b
a
f(x) dx�½Â.

(b) Qã���xk�4«m[a, b]þ¼êfiù�È�¿©7�^�, ¿d�í�Ñ[a, b]þ�ü

N¼ê�½iù�È.

n!(15©) �©

(a) �n���ê, �f3Rþk(n+ 1)��¼ê, �Ñf��Lagrange {��ngMaclaurin Ðm

ª.

(b) ¡?ê
∑∞
k=1 akÂñ, ´�Ü©Úê�{Sn}Âñ, Ù¥Sn = a1 + · · · + an. y²: éu?¿

¢êx, Xeü�?ê
∞∑
k=1

xk

k!
,

∞∑
k=1

(−1)k x2k

(2k)!

©OÂñuex − 1, cos x− 1.

o!(�18©) O�K, �¦��)�L§. �©

(1). ¦Ø½È©

∫
3
√
1 + 4
√
x√

x
, x > 0. (2). O�

∫ π/2

0

cos100 xdx.

(3). ¦¦Ã¡È©

∫ ∞
2

eax xb (ln x)c dxÂñ�¤k¢ên�|(a, b, c).
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Ê!(10©) �x ∈ [1, +∞), �n ∈ N∗. �©

(a) y²Xeð�ª∫ +∞

x

t−1 ex−t dt =
1

x
− 1

x2
+

2!

x3
− · · ·+ (−1)n−1(n− 1)!

xn
+ (−1)nn!

∫ +∞

x

ex−t

tn+1
dt.

(b) �un−1(x) =
(−1)n−1(n− 1)!

xn
. y²?ê

∑∞
m=0 um(x)ØÂñ.

(c) �x¿©��, �¯U·��Ü©ÚSn(x) =
∑n
m=0 um(x)5Cq

∫ +∞
x

t−1 ex−t dtí? `²

nd.

8?!(8©) �©

�Rþ�¼êfk?¿��ê, ¿�éu?¿k ∈ N, �3Ck > 0¦�

sup
x∈R

(
|x|k |f(x)|+ |f (k)(x)|

)
≤ Ck.

y²: éu?¿k, ` ∈ N, �3Ck,` > 0¦�

sup
x∈R
|x|k|f (`)(x)| ≤ Ck,`.

Ô?!(14©) �©

�u, v�Rþ�k.¼ê, ¿�§�Ñ�kk��mä:, 2�u, vÙ¥��3��k�«m	ð

�", ½Âu�v�òÈ�

u ∗ v(x) =
∫ ∞
−∞

u(x− y)v(y) dy.

(a) y²: u ∗ v3Rþ��ëY.

(b) �a > 0, Xe½ÂRþ�¼êHa(x): �0 < x < a�Ha(x) = 1/a, 3Ù¦/�Ha(x)ð�0.

�k��u1��ê, �a0 ≥ a1 ≥ · · · ≥ ak��ê. y²:

uk(x) := Ha0 ∗Ha1 ∗ · · · ∗Hak(x)

äk(k − 1)�ëY�ê, ¿�?�1 ≤ j ≤ k − 1, ¤á�O

sup
x∈R

∣∣∣u(j)k (x)
∣∣∣ ≤ 2j

a0a1 · · · aj
.
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�. z¯5©. �Y�g�
sin4 x

4
+ C,

1

2021
, 2, π.

�. (a) �Ñiù�È�½Â�5©, �ÑiùÈ©�½Â�1©.

(b) �ÑLebesgue ½n�5©. du[a, b]þ�üN¼êk.(2©), ¿��k�õ�ê�mä

:(2©), dLebesgue ½n���È5�.

n. (a) 5©.

(b) ü�¯�5©, �Ñü�¼ê��Lagrange½öCauchy{��Maclaurin Ðmª��3©, �

½x, �Ðmª�êªuÃ¡�, {�ªu"(2©).

o. (1-3)�6©, L§�(�(J�Ø�ü©.

(1), (2)��Y�g�

12

7

(
1 + 4
√
x
)7/3 − 3

(
1 + 4
√
x
)4/3

+ C,
(99)!!

(100)!!

π

2
.

(3) ¤¦�n�ê|(a, b, c)�N�¤Xe8Ü

R<0 × R2
⋃
{0} × R<−1 × R

⋃
{(0,−1)} × R<−1.

Ê. (a). |^©ÜÈ©±98B{½ö4í�y(4©).

(b) dulimn→∞ |un−1(x)| = +∞, K?êuÑ(2©).

(c) ©ÛÜn=��4©. Pf(x) =
∫∞
x

t−1ex−t dt. @o�x ≥ 2n �, ·�k

|f(x)− Sn(x)| = (n+ 1)!

∫ ∞
x

ex−t dt

tn+2
≤ (n+ 1)!

∫ ∞
x

dt

tn+2
=

n!

xn+1
≤ 1

2n+1n2
.

¤±�x >> 1�, �n = [x/2], @oSn(x)�±éÐ/Cqf(x).

8. *	�, �±�z�y²: éu?¿k ∈ N∗, �3Dk > 0, éu?¿ýé��u2�êx ∈ R,
¤á

|x|k|f ′(x)| ≤ Dk. (?) (1)

(4©) ?�ε > 0, dTaylor½n, �3θ ∈ (0, 1), ¦�

f(x+ ε)− f(x) = f ′(x)ε+
1

2
f ′′(x+ θε)ε2.

u´, ·�k

|f ′(x)| ≤ |f(x+ ε)|+ |f(x)|
ε

+
1

2
|f ′′(x+ θε)|ε.
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òε = 1/|x|k�\þª, ¿|^®�^�, ��

|f ′(x)| ≤ C2

2
|x|−k + |x|−k · |x|2k

(
|f(x)|+ |f(x+ |x|−k)|

)
≤ C2

2
|x|−k + C2k|x|−k + |x|−k · (2|x+ |x|−k|)2k|f(x+ |x|−k)|

≤
(
C2/2 + (22k + 1)C2k

)
|x|−k.

�Dk = C2/2 + (22k + 1)C2k, =y(?). (4©)

Ô. (a)��6©, �±©n�Ú½y².

(a1)duu∗ v = v ∗u, ¤±�Ø��u3��k�«m	�u", �M = supx∈R (|v|+1). (2©).

(a2) �uëY, @ou3Rþ��ëY. d�±9vk., �±y²u ∗ v��ëY. ¯¢þ, ?�x, y,

·�k

|u ∗ v(x)− u ∗ v(y)| =
∣∣∣∣∫ (

u(x− t)− u(y − t)
)
v(t) dt

∣∣∣∣ ≤M ∫
|u(x− t)− u(y − t)|dt.

2du��ëY¿�3��k�«m	�", =yu ∗ v��ëY.

(a3) ?�ε > 0, �M = supx∈R (|v|+ 1). ��SK6.5.2�y², �±��ũ ∈ C0
0 (R):∫

|u− ũ| < ε

4M
.

2dn�Ø�ª, ��

|u ∗ v(x)− u ∗ v(y)| ≤ |(u− ũ) ∗ v(x)|+ |ũ ∗ v(x)− ũ ∗ v(y)|+ |(ũ− u) ∗ v(y)|

≤ 2M

∫ ∞
−∞
|u− ũ|+ |ũ ∗ v(x)− ũ ∗ v(y)|.

2d(a1)±9þ¡�Ø�ª=yu ∗ v��ëY. (2©)

(b)��8©. �±©Xeo�Ú½y².

(b1) �u ∈ C0(R), @o

u ∗Ha(x) = a−1
∫ a

0

u(x− t)dt = a−1
∫ x

x−a
u(t) dt

áuC1, Ù�¼ê�
(
u(x)− u(x− a)

)
/a. Ïd, eu ∈ Ck, @ou ∗Ha ∈ Ck+1. (2 ©)

(b2) ��O���Ha0 ∗Ha1(x)3«m[0, a0 + a1]�	�u", ¿�3[0, a1]��Ç�1/(a0a1),

3[a1, a0]�~ê, 3[a0, a0 + a1]�5üNeü�". l
Ha0 ∗Ha1ëY�3��k�«m�	

�u". d(b1)±94í��uk(x) := Ha0 ∗ · · · ∗Hak−2
∗
(
Hak−1

∗Hak

)
(x) ∈ Ck−1. (2©)

(b3) ?�a > 0, ½Âò¼êN¤¼ê�²£�fτa�(τau)(x) = u(x − a). @od(b1), X

Ju ∈ C0(R), @o(u ∗Ha)
′ = 1−τa

a (u), Ù¥”1”L«ð��f. u´·����j ≤ k − 1 �,

u
(j)
k =

( j−1∏
i=0

1− τai
ai

)
(Haj ∗ · · ·Hak).
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∏
L«�f�

1−τai

ai
�EÜ, duτaτb = τbτa, ·�Ø73¿§��k�gS.

(2 ©)

(b4) �u, v÷v(a)�^�, ¿�u, vÑ3��k�«m	�u", w ∈ C0(R), @o¤á(u ∗ v) ∗
w = u ∗ (v ∗ w). -w = 1� ∫

u ∗ v =

∫
u ·
∫
v.

d±þüª, ·���

|u(j)k (x)| ≤ 2j

a0 · · · aj−1
sup |Haj ∗ · · ·Hak | ≤

2j

a0 · · · aj−1aj

∫
Haj+1 ∗ · · · ∗Hak =

2j

a0 · · · aj
.

(2©)


