USTC Midterm Exam Riemannian Geometry 2016 Spring

Your NAME:
Your STUDENT ID:

About this exam:

e It is a closed-book exam.
e 6 problems. 120 minutes.
e If you cheat, you will fail.

For some of you who feel nervous, here are some randomly chosen formulae:
[Warning: It is very possible that most of them are NOT needed in this exam.]

B0 (0) = — [P (V(¢), Vo) dt + (V,3) L.

ds a
LEG(0) = — [2(V(£), V5 V3V (1) + R, V)A(E)) dt + (V. VsV)E + (Vv fo, ).
(VxT)(wr, s wr, Y1, Ys) = X(T(wr, - wp, Y, Ye)) =32, T Vixws, ) =32, T( -+, Vx Y, ).
2% = g"*(0gki + 0igjk — Okgij)-

R, = =I5 L + T5 L — 9T, + 0T,

(VxR)(Y, Z, W) + (VYR)(Z X, W)+ (VZR)(X7 Y, W) =0.
}%FJV+—%E®9+%%jﬂ@g

W =Rm— — (RIC ) Dy

TiDT>(X, Y, Z, W) = Tl(X, Z)TQ(Y, W)=T\(Y, Z)To(X,W)=T1 (X, W)LY, Z)+T1 (Y, W)T5(X, Z).
() + () ()0, =0, 1<k<m.

ViV X 4+ R(Y,X)y=0

© Good Luck! ©



1.(20") Write down the definitions of

(a) Isometry and local isometry:

e Anisometry f: (M,g) — (N,h)is

o Alocalisometry f: (M,g) — (N, h)is

(b) Three definitions of the Laplace-Beltrami operator A:
e A=

(¢) The linear connection and the Levi-Civita connection

e A linear connection on M is

e A Levi-Civita connection on (M, g) is

(d) The conjugate points and cut points of p = v(0) along a geodesic v : [0, +00] — M:

e Wesay g = 7(to) is a conjugate point of p along ~y if

e Wesay g = 7(to) is a cut point of p along ~ if

(e) The length and energy of a curve v : [a,b] — M:
e L(y)=

e E(y)=




2.(20") Which of the following statements are correct? Write a “T” before the correct ones and
write an “F” before the wrong ones.

(

)

Any two points on a Riemannian manifold can be connected by a geodesic.
The distance function f(x) := d(p,x) is absolutely continuous.

If V! and V? are linear connections on M, and a,b > 0, then aV! +bV? is also a linear
connection on M.

If Xi(p) = Yi(p) and X5(p) = Ya(p), then (Vx, V1) (p) = (Vx,Y2) (p).

If p = v(a) has no conjugate point along v : [a,b] — M, then + is a minimizing geodesic
connecting p and g = y(b).

The Riemann curvature tensor satisfies Rm(U, S, T,C) = Rm(C, T, S,U).

Any pseudo-Riemannian manifold admits a unique linear connection that is torsion free
and compatible with the pseudo-Riemannian metric.

S? admits no Riemannian metric of non-positive sectional curvature.
T? admits a Riemannian metric of positive Ricci curvature.

RP? x RP? admits neither a metric of positive sectional curvature, nor a metric of
negative sectional curvature.



3.(20") Let M be a smooth manifold and let V, V' be two linear connections on M. For any vector
fields X,Y € I'(T'M), define
AX,Y)=VxY - VY.
(a) Prove: A is a 2-tensor.

(b) Suppose g is a Riemannian metric on M, and suppose V is a g-compatible linear
connection. Prove: V' is g-compatible if and only if

g(AX,Y), Z) = —g(Y, AX,Z)), VX,Y,ZeT(TM).

(c) Asin the Levi-Civita case, a curve v is called a geodesic of V if V54 = 0. [The geodesic
equations, exponential maps etc can be extended to this setting without any difficulty.|
Prove: V and V' have the same geodesics if and only if

AX,Y)=—A(,X), VX,Y eIl(TM).



4.(20") Endow 5% x S? with the canonical product metric g = 7}g; + 7592, where g1 = g2 = Ground-
Prove: It is an Einstein manifold, but it is not locally conformally flat.



5.(20") Let M, N be connected Riemannian manifolds of the same dimension and let fi, fo : M — N
be local isometries. Moreover, suppose there exists a point p € M so that

filp) = f2(p) and  (df1), = (dfa),.

Prove: f; = fo. [Hint: First prove this near p.]



6.(20") Let M = {(z,y) | y > 0} be the upper half plane. Define a Riemannian metric on M by
g =y"(dv @ dz +dy @ dy),

where k € R is a constant.

(a) Calculate the Christoffel symbols of (M, g).
(b) Prove: the vertical lines are geodesics, and aa_x is a Jacobi field along any such geodesics.

(c¢) Find the (sectional) curvature of (M, g).
[Hint: You can use the results from (a) AND (b).]

(d) Find all k so that (M, g) is complete.
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