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Description:

For any A € R?, we define s-dimensioanl Hausdorff measure as follows:

s . s diam(C;)\* > ‘
HE(A) = 5li)r(r)1+ Hi(A), H5(A 1nf{z () :AC Lchj,Cj € R, diam(C;) < 6}
=
If we restrict {C;} to be a family of closed balls, then we actually construct the spherical Hausdorff

measure S?¢ as follows:

< ) s diam(C;)\° >
S°(A) = 515(% S5 (4), S5(A): 1nf{2 () A C ]L_Jl C;,C; = B(zj,r;) € RY, 2r; < 6}
Now, we want to discuss on the density defined by measures. Suppose also 0 < s < d.

1. For any A C R¢ which is £%-measurable with finite d-dim Lebesgue measure, the upper density defined

as follows satisfies
. LYANB(z,r))
lim sup

r—04 [:d(B(.’I,‘, T))
2. For any A C R? which is H*-measurable with finite s-dim Hausdorff measure, the upper density defined

=1, ae xz €A

as follows satisfies

) H (AN B(z,r)) _

lim su €[27°1], a.e.x € A.
o By Y

Problem:

Prove or disprove: For any A C R¢ which is S*-measurable with finite s-dim spherical Hausdorff measure,

the upper density defined as follows satisfies

limsu S*(AN B(x,r))
o S5 (B(x, 1)

Remark: If the last formula holds, then we may draw a conclusion that the reason why the upper density

=1, a.e.x € A.

of Huasdorff measure may not attain 1 a.e. is that there is no restriction for the covering family {C;}.



