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Chain rule for Sobolev functions If f € WYP(U), F € C1(R), F' € L>(R), F(0) = 0, then F(f) € W1P(U)
and O;F(f) = F'(f)0;f, L™a.e. for all i =1,--- ;n. When £*(U) < oo, F(0) = 0 is not necessary.

F(0) = 0X 262 AU M FEE T IRISHIEB F(f) € WhPRE AR, Bk T,

Proof: Note that |F(f) — F(0)] < |[|[F'||o|f|, therefore we can only prove |F(f) — F(0)] € LP. When U
is of finite n-dimensional Lebesgue measure, then we know any constant function is an LP function. But when
L"(U) = oo, we must set F(0) = 0 since any nonzero constant is not an LP function. Therefore we’ve proved
F(f) e Lr.

Note that the proof of the chain rule does not require 9; F(f) € LP. Therefore we can prove 0;F(f) = F'(f)0; f.
O;F(f) € L? is trivial since F' € L*° and 9, f € LP.

ZAUA N H Evansfll Gariepy [fJMeasure Theory and Fine Properties of Functions (Revised Version), Chapter 4,
Theorem 4.4, on page 153.
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Proof: Let u®(z) = (e *x u)(x),V CC U. Then Duf = n. * Du in V. Since u€ is smooth in V', then there
exists a constant C. such that u¢ = C, in V.

Note that ||uc||, < ||9e]l1]jull, < oo uniformly on e. Therefore {C.} is a uniformly bounded sequence. Conse-
quently, there exists a subsequence C,, converges to some C' € R as i — co. Finally u¢ — u in W1P(V) (also a.e.)

yields that v = C a.e. in any V' CC U. Done.



