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1. ¦ lim
n→∞

1p + 2p + · · ·+ np

np+1
, Ù¥ p > 0.

) ���¤È©
∫ 1

0

xp dx �Riemann Ú¿O�È©

lim
n→∞

1p + 2p + · · ·+ np

np+1
= lim

n→∞

n∑
k=1

(
k

n

)p
1

n
=

∫ 1

0

xp dx =
1

p+ 1
.

:µ ��±^Stolz ½n:

lim
n→∞

1p + 2p + · · ·+ np

np+1
= lim

n→∞

(n+ 1)p

(n+ 1)p+1 − np+1

= lim
n→∞

(
1 +

1

n

)p
1

n
[(
1 + 1

n

)p+1 − 1
]

= lim
n→∞

(
1 +

1

n

)p
1

(p+ 1)(1 + ξ)p
=

1

p+ 1
.

þª©1é(1 + x)p+1 ^¥�½n

f

(
1

n

)
− f(0) = f ′(ξ)

1

n
= (p+ 1)(1 + ξ)p

1

n
,

Ù¥0 ≤ ξ ≤ 1

n
, ¤±� n→∞, ξ → 0.

2. ¦ lim
n→∞

∫ 1+ 1
n

1

√
1 + xn dx.

) �È¼ê
√
1 + xn 3«m

[
1, 1 +

1

n

]
þ÷v

√
2 =
√
1 + 1n ≤

√
1 + xn ≤

√
1 +

(
1 +

1

n

)n
≤
√
1 + e

=⇒
√
2

n
≤
∫ 1+ 1

n

1

√
1 + xn dx ≤

√
1 + e

n

¤± lim
n→∞

∫ 1+ 1
n

1

√
1 + xn dx = 0.

:µ �K�8�´O�4�, Ø´È©. Áã�ÑÈ©, ½´�Ä an =

lim
n→∞

∫ 1+ 1
n

1

√
1 + xn dx �üN5, Ñ'�(J. �Ð��{ÏLÈ©?1�O.
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3. d­�y = sinx (0 ≤ x ≤ π

2
) � x ¶9�� x =

π

2
�¤�ã/, 37 x ¶^=

�±�¤�^=NNÈ´õ�º.

)

V =

∫ π
2

0

π sin2 x dx =
π2

4
.

4. ¦

∫ −√2
−2

dx

x
√
x2 − 1

.

) ∫ −√2
−2

dx

x
√
x2 − 1

=

∫ −√2
−2

dx

x2
√
1− 1

x2

=

∫ −√2
−2

−1√
1− 1

x2

d

(
1

x

)

=

∫ π
3

π
4

sin θ

sin θ
dθ = − π

12
.

ùp�
C�
1

x
= − cos θ, ¿5¿þe��éA.

�!O�Ø½È©.

1. ¦

∫
3 cosx+ 4 sinx

2 cosx+ sinx
dx.

) � I =

∫
cosx

2 cosx+ sinx
dx, J =

∫
sinx

2 cosx+ sinx
dx, K

2I + J = x+ C,

I − 2J =

∫
cosx− 2 sinx

2 cosx+ sinx
dx =

∫
d(2 cosx+ sinx)

2 cosx+ sinx
= ln |2 cosx+ sinx|+ C,

=⇒ I =
2x

5
+

1

5
ln |2 cosx+ sinx|+ C, J =

x

5
− 1

5
ln |2 cosx+ sinx|+ C

=⇒
∫

3 cosx+ 4 sinx

2 cosx+ sinx
dx = 3I + 4J = 2x− ln |2 cosx+ sinx|+ C.

ùp?¿~êÚ�^C L«.

:µ TK){Ø��.��±UXe){: �

f(x) = 2 cosx+ sinx,=⇒ f ′(x) = −2 sinx+ cosx,

=⇒
∫

3 cosx+ 4 sinx

2 cosx+ sinx
dx =

∫
2f(x)− f ′(x)

f(x)
dx = 2x− ln |f(x)|+ C
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2. ¦

∫ √
a2 + x2 dx, Ù¥~ê a > 0.(�K){Ø��¤

) - x = a sinh t, dx = a cosh t dt, t = sinh−1
x

a
=

1

a
(x+

√
a2 + x2), K

∫ √
a2 + x2 dx = a2

∫
cosh2 t dt =

a2

2

∫
(cosh 2t+ 1) dt

=
a2

4
sinh 2t+

a2

2
t+ C =

a2

2
sinh t cosh t+

a2

2
t+ C

=
x

2

√
a1 + x2 +

a2

2
ln(x+

√
a2 + x2) + C.

n!y²
∫ √2π
0

sinx2 dx > 0.

y² �C� u = x2,,�òÈ©«m� [0, π] Ú [π, 2π], é[π, 2π] þÈ©�²£:∫ √2π
0

sinx2 dx =

∫ 2π

0

sinu

2
√
u
dx =

∫ π

0

sinu

2
√
u
dx+

∫ 2π

π

sinu

2
√
u
dx

=

∫ π

0

sinu

2
√
u
dx−

∫ π

0

sinu

2
√
u+ π

dx

=

∫ π

0

sinu

(
1

2
√
u
− 1

2
√
u+ π

)
dx

3(0, π) þ, sinu > 0,
1

2
√
u
− 1

2
√
u+ π

> 0, ¤±

∫ √2π
0

sinx2 dx > 0.

o!�ëY¼ê f(x) ÷v f(x) = x2 −
∫ x

0

(x− t)f(t) dt, ¦ f(x).

) w, f(0) = 0. ò�§��

f(x) = x2 − x
∫ x

0

f(t) dt+

∫ x

0

tf(t) dt.

þªm>´ëY¼êCþ�È©, Ïd��, Ïd�> f(x) ���. ü>é x ¦�

f ′(x) = 2x−
∫ x

0

f(t) dt− xf(x) + xf(x) = 2x−
∫ x

0

f(t) dt

Ïd f ′(0) = 0, 
��¼ê f ′(x) E´ëY¼ê�Cþ�È©, ÏdëY��,

f ′′(x) = 2− f(x).

Ïd¤¦ f(x)7÷ve�~Xê�àg���©�§�½)¯K£)��¤,

y′′ + y = 2, y(0) = 0, y′(0) = 0.
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1�Ú¦àg�§ y′′ + y = 0 �Ï):dA��§ λ2 + 1 = 0 �� λ = ±i, �Ï)

y(x) = c1 cosx+ c2 sinx,

1�Ú¦�àg�§ y′′+ y = 2 �A): w, y0(x) = 2 Ò´A). Ïd y′′+ y = 2 �

Ï)�

y(x) = 2 + c1 cosx+ c2 sinx,

2d½)^�� c1 = −2, c2 = 0, ���¤¦�)� f(x) = 2− 2 cosx.

:µ rCþ��È©�§z��©�§. Ó��©�§�½)¯K´���. Ï

dÏL)�©�§�½)¯KÒ��È©�§�).

Ê!� f(x), g(x) 3«m[a, b] þëY. g(x) 3[a, b] þ�K. y²: �3ξ ∈ [a, b],

¦�
∫ b

a

f(x)g(x) dx = f(ξ)

∫ b

a

g(x) dx.

y² d f(x) 3[a, b] þëY, íÑk��� M Ú���m:

m ≤ f(x) ≤M (x ∈ [a, b]),

=⇒ mg(x) ≤ f(x)g(x) ≤Mg(x), (x ∈ [a, b]).

=⇒ m

∫ b

a

g(x) dx ≤
∫ b

a

f(x)g(x) dx ≤M

∫ b

a

g(x) dx.

e

∫ b

a

g(x) dx = 0, g(x) ëY�K, íÑ g(x) ≡ 0, Ïd(Øé?Û ξ Ñ¤á.

e

∫ b

a

g(x) dx > 0, K m ≤
∫ b
a
f(x)g(x) dx∫ b
a
g(x) dx

≤M d0�½nÒ�y�(Ø.

8!� f(x) 3[a, b] þRiemann �È, y² ef(x) 3[a, b] þ�´Riemann�È�.

y² Ïf(x) 3[a, b] þRiemann �È, ¤±k.:|f(x)| ≤M (x ∈ [a, b]).

∀x′, x′′ ∈ [a, b], deu �ëY5,�30uf(x′) Ú f(x′′) ¥m��ξ, ¦�∣∣∣ef(x′) − ef(x
′′)
∣∣∣ ≤ eξ|f(x′)− f(x′′)| ≤ eM |f(x′)− f(x′′)|.

é?¿©� T : a = x0 < x1 < · · · < xn = b, f(x) Ú ef(x)3[xk−1, xk] þ�Ì÷v

ωk(e
f ) ≤ eMωk(f),

�âf(x) 3[a, b] þ��È5íÑ

0 ≤ lim
|T |→0

n∑
k=1

ωk(e
f ) ≤ lim

|T |→0

n∑
k=1

ωk(f) = 0
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¤± ef(x) 3[a, b] þ�È.

:µ �K^�
¼ê�È5��d·K, ÏL�Oef(x) Ú f(x) 3©�«mþ�

�Ìy²
ef(x) ��È5. XJÏLf(X) � Riemann Ú5O�ef(x) � Riemann Ú

´'�(J�.

Ô!� f(x) ´[0, 1] þëY¼ê, ¦4� lim
n→∞

n

∫ 1

0

xnf(x) dx.

)

n

∫ 1

0

xnf(x) dx = n

∫ 1

0

xnf(1) dx+ n

∫ 1

0

xn(f(x)− f(1)) dx

Ù¥1��È©÷v

lim
n→∞

n

∫ 1

0

xnf(1) dx = f(1) lim
n→∞

n

∫ 1

0

xn dx lim
n→∞

n

n+ 1
f(1) = f(1)

�
�O1��È©, d f(x) 3[0, 1] þëY�f(x) k.:|f(x)| ≤M (x ∈ [0, 1]), �

é?¿� ε > 0, �3 δ > 0, ¦�� 1− δ < x < 1 �, |f(x)− f(1)| < ε

2
.

Ïd1��È©÷v∣∣∣∣n∫ 1

0

xn(f(x)− f(1)) dx
∣∣∣∣ ≤ ∫ 1−δ

0

xn|f(x)− f(1)| dx+
∫ 1

1−δ
xn|f(x)− f(1)| dx

≤ 2M

∫ 1−δ

0

xn dx+
ε

2

∫ 1

1−δ
xn dx

= 2M(1− δ)n+1 +
ε

2

n

n+ 1
≤ 2M(1− δ)n+1 +

ε

2
.

-n→∞, (1− δ)n+1 → 0, ¤±�3N , � n > N �(1− δ)n+1 <
ε

4M
, íÑ∣∣∣∣n ∫ 1

0

xn(f(x)− f(1)) dx
∣∣∣∣ < ε

2
+
ε

2
= ε.

��� lim
n→∞

n

∫ 1

0

xnf(x) dx = f(1).
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